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Division Theorems in Higher-codimensional Boundary

Value Problems for £-modules

By Yuichi Sucikt

Abstract. We prove a division theorem with coefficients of rela-
tive bimicrofuntions for £&-modules. Our proof is based on the Cauchy-
Kowalevski theorems for £-modules. As one of applications, we solve
Takeuchi’s conjecture. We also apply his conjecture to higher-codi-
mensional boundary value problems.

1. Introduction

Let X be a complex manifold. We denote by Ox the sheaf of holomor-
phic functions on X and by Dy the sheaf of differential operators with holo-
morphic coefficients on X. Sato-Kawai-Kashiwara [12] defined the sheaf Ex
of microdifferential operators on the cotangent bundle T*X. If rx : T*X —
X is the projection, then my ~'Dy is a subring of £x. Kashiwara-Kawai [6]
proved the division theorem with coefficients of relative microfunctions for
D-modules (also for &-modules). In the case of D-modules, we can prove
the theorem by using the generalized Cauchy-Kowalevski theorems for D-
modules with algebraic method today (see Kashiwara [5]). In the case of
E-modules, their proof of the division theorem used the theory of quantized
contact transformations. However, the author thinks that their proof is
complicated, so we give another proof in this paper. Let M be a coherent
Ex-module. Since Ox is not an £x-module, we have to find a suitable defini-
tion of the holomorphic solution complex RHom ¢ (M, Ox). This complex
was defined through the work of Bony-Schapira [2] and Kashiwara-Schapira
[9]. Ishimura [4] stated the Cauchy-Kowalevski theorem for £-modules by
using RHom ¢ (M, Ox). Our proof uses the Cauchy-Kowalevski theorems
for £-modules.

There are many varieties of division theorems. Tose [18] proved the
division theorem with coefficients of second microfunctions in the case of
1-codimension. Kataoka-Tose [7] and Schapira-Takeuchi [13] developed the
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theory of bimicrofuntions. Takeuchi stated the division theorem with co-
efficients of relative bimicrofunctions for D-modules. We prove a division
theorem with coefficients of relative bimicrofunctions for £-modules. We
cannot apply the theory of quantized contact transformations, so the proof
of this division theorem also uses the Cauchy-Kowalevski theorems for &-
modules.

Our aim is the study of higher-codimensional boundary value problems.
Uchida [19] obtained the extension of real analytic solutions. Takeuchi [16]
applied the theory of bimicrofunctions to the edge of the wedge type the-
orems, and he also stated a conjecture. We solve his conjecture, and we
prove a local Bochner type extension theorem for hyperfunction (real ana-
lytic) solutions (cf. Takeuchi [17]).

This paper is a revised version of the author’s master thesis in the Tokyo
University. The author would like to express his deep gratitude to Prof.
Ishimura, Kataoka and Takeuchi for giving their many aids throughout this
work.

2. Review on Preliminary Notions and Results

Let us recall the definition of RHom (M, Ox).

Let X be an n-dimensional complex manifold. We denote by D”(X) the
derived category of the complexes of sheaves on X. Take a point px € T*X.
Suppose that M is a coherent £x-module on an open neighborhood of px.
Then, we can choose a finite £x-free resolution of M :

(2.1) Y L S LIy VY

We assume that X is an open subset of C™. Then, there exists a natural
homeomorphism 7*X ~ X x C". We can represent px as (z,£) € X x C".
We write by (,) the canonical pairing map T, X x Ty X — C. We set
{&}°% :={v € T, X : Re (v,{) < 0}. By considering T, X ~ C", we get that
{£}°* is a half space of C".

Let G C C" be a proper convex cone in {{}°® and let D C X be an
G-round open neighborhood of xz. Then, Kashiwara-Schapira [8] defined
the ring E(G, D). By choosing G and D, the resolution (2.1) gives rise to
the following complex of finite free E(G, D)-modules :

0— E(G, D)NT — E(G,D)N’“*1 — = E(G,D)N1 — E(G, D)NO — 0.
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We write this complex by M*(G, D).

We denote by Xg the set X endowed with the G-topology, and by ¢¢ :
X — X¢ the natural continuous map. To construct RHom ¢ (M, Ox), we
need the following proposition.

ProOPOSITION 2.1 (Kashiwara-Schapira [8]). There exists a G-round
open neighborhood U of x such that for any pair Qg C Q1 of G-open subsets
of X with Q1 — Q¢ CC U, we have :

¢ 'Roq.RTq,_o,(Ox) € D*(E(G, D)g,).

We set Z = O — Q. We write by O(G,Z) the object
¢¢~ ' Rpa R z(Ox).

We denote by DP(Qq;px) the localization of D(Q;) at px. Further
information of DP(Q1;px) can be found in Kashiwara-Schapira [10]. Re-
mark that the connection between Ox and O(G, Z) is as follows. There is
a natural isomorphism

O(G, Z) ~ Ox

in D(Q1;px). We have the natural functor DP(©;) — DP(Qy;px). Fol-
lowing Ishimura [4], we denote by

RHomg, (M, 0x)px

the image of the complex RHom g p)(M*(G, D),0(G, Z)) in DP(Qy).
For any object F' € DP(X), we write the micro-support of F' by SS(F).

THEOREM 2.2 (Kashiwara-Schapira [9]). Set V' := Int(Z) x Int(G°%)
C X xC"~T*X. Then, we have an estimation of the micro-support :

SS(RHom g p)(M*(G, D), 0(G, Z))) NV C supp(M) N V.

Let Y be a d-codimensional complex submanifold of X and let f be an
embedding map from Y to X. Then we have the natural morphisms :

t g1
vy Ly < 1Tx I e x
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Let p € Y xx T*X. We set px := fr(p) and py :='f’(p). We define the
full subcategory D?(X;px) of DP(X;px) as :

DY(X;px)
= {F € D"(X;px) |'f (py) N f= " (SS(F)) C {p} near px}.

Kashiwara-Schapira [10] defined the microlocal inverse image :
£t DR(X;px) — DP(Yipy).

If Fe D?(X ;px), then f~ 1F is as follows. Take the refined microlocal
cut-off F' — F at px. Then, we may set f, 'F := f~1F.

We say that f is non-characteristic for M at p if M satisfies the following
condition :

(2.2) L py) N £ H(SS(M)) C {p} near px.

Suppose that f is non-characteristic for M at p. Then, Sato-Kawai-
Kashiwara [12] defined the inverse image i;l/\/l. Note that f'M is a
coherent £y-module on a neighborhood of py. The Cauchy—Ifowalevski
theorems for £-modules are as follows.

THEOREM 2.3 (Ishimura [4]). Suppose that f is non-characteristic for
M at p. Then, we have the natural isomorphism :

fo ' RHom g (M, Ox)py = RHomg (' M, Oy )y,

in D*(Y; py).

Sugiki-Takeuchi [14] gave a more precise proof of Theorem 2.3.

Let M be an n-dimensional real analytic manifold and let N be a d-
codimensional submanifold of M. We suppose that X (resp. Y) is a com-
plexification of M (resp. N). Then we get the following diagram :

tf;\’

THY —N . TEX

l tf/ J/ f7r
—_—

Y —— Y xxT*X T X.
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We set :

Cn =H"""(un(Oy)) ® orypy

Cnix = H"(un(0x)) ® ory|x,
where px(+) is the microlocalization functor and oryy, ory|x are the orien-
tation sheaves. Cy (resp. Cy|x) is called the sheaf of microfunctions (resp.
relative microfunctions).

The division theorem with coefficients of relative microfunctions for £-
modules is as follows.

THEOREM 2.4 (Kashiwara-Kawai [6]). Let M be a coherent Ex-mod-
ule on a neighborhood of px. Suppose that f is non-characteristic for M at
p. Then, we have :

RHom g (M,Cnix)px[d] ~ RHom g, (i;l/\/l, CN)py -

Kashiwara-Kawai [6] transformed Cy|x into the sheaf of microfuntions
with holomorphic parameters CO by using the theory of quantized contact
transformations to prove this theorem, but we give another proof here. Our
proof uses the Cauchy-Kowalevski theorems for £-modules.

PROOF. Set I':= RHomg (M,Ox)py. By Theorem 2.2, we get F' €
D'J%(X ;px ). Take the refined microlocal cut-off F/ — F at px. We apply
Theorem 6.7.1 of [10] to F’. Then, we obtain :

(2.3) R fi, (un(F') = v (wy)x @ f71F),

where wy|x is the relative dualizing complex. We shall calculate (2.3). We
get :

MN(F/)I?X = /’LN(F)I)X = RHomSX (M7 MN(OX))IJX'

By Theorem 2.3, we also get :
N (P Yy = v (5 F)py = RHomg, (f 7'M, i (Oy))py -

It completes the proof. [1
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3. A Division Theorem with Coefficients of Relative Bimicro-
functions for £-modules

In this section we prove a division theorem with coefficients of relative
bimicrofunctions for £-modules. Let us recall the theory of bimicrofunc-
tions.

Let M" be a real analytic manifold and let X” be a complexification of
M". Suppose that gy : M — M"” and g : X — X" are submersions. Then
we get the following diagram :

N fN M 9gm M//

L,

y —4 -+ x —% ., X

Moreover, we suppose that hy := gy o fy and h := g o f are submersions.
Set L := g~'(M"), H := h='(M"). Then, we obtain sequences of
manifolds N C L C X, N C H CY. We also get the following diagram :

t gl
THH xg ThY Y THL xp TiX

WHI ml

NXHT;IY —= NXLTEX.

DEFINITION 3.1 (Kataoka-Tose [7] and Schapira-Takeuchi [13]). We
set :
Cnpg = Hn_d(uNH(Oy)) & ory
Cnr = H"(unr(Ox)) ® ory,

where png(+) is the bimicrolocalization functor (See [13] and Takeuchi [15]).
Cnm (resp.Cnp) is called the sheaf of bimicrofunctions (resp. relative bimi-
crofunctions).

Note that we have :
Tyl xp T X ~ T(*MXLTZX) (T X) CcT*(T7X) ~ T(TZX)(T*X),

where we used the Hamiltonian isomorphism —H : T*(17X) =~
T(TEX)(T*X). For any F' € DP(X), the support of the complex ppsr(F) is
estimated in the following way.
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PRrROPOSITION 3.2 (Funakoshi [3] and Koshimizu-Takeuchi [11]). For
any F € D(X), we have :

supp(uamrL(F)) € T 1y x) (T2 X) N Cry x (SS(F)).

We shall recall the condition of non-microcharactericity to state the
division theorem. We define the relative cotangent bundle T*(X/X") by
the following exact sequence :

00— Vi=X xyn T*X" — T*X — T*(X/X") — 0.
Considering Hamiltonian isomorphism, we have :
VI TEX xy V — THX/X") xx V ~ Ty (T*X).
Note that T X xx V — T*(X/X") xx V is a locally closed embedding.

DEFINITION 3.3 (Bony [1]). Let ¢ € V and let M be a coherent Ex-
module on a neighborhood of q. We say that M is non-microcharacteristic
for Y along V at ¢ if M satisfies 73" (¢) N Cy (supp(M)) = @.

We state a division theorem with coefficients of relative bimicrofunctions
for £-modules.

THEOREM 3.4. Letp € N X T;X CV and let M be a coherent Ex-
module on a neighborhood of px. If M is non-microcharacteristic for Y
along V' at p, then there exists a quasi-isomorphism :

(3.1) Rtf]'VL!RHomgx (M,Cnp)[d] ~ RHomgy(iglM,CNH)

on wlfll (py).

PROOF. Set F' := RHomg (M,Ox)p,. By the condition of non-
microcharactericity, we get F' € D']Dc (X;px). Here we use Proposition 3.4 of
[17]. Take the refined microlocal cut-off F" — F at px. Then, there exists an
open neighborhood Wy (not necessary conic) of px on V' and an open conic
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neighborhood Wi of {2} x x T4 X in T* X such that (Wo+W7)NSS(F') = .
Hence, we obtain :

R NN L (F') ~ pyva(wyjx @ f71F)
on 771_{1 (py). By applying Proposition 3.2, we get :
pnL(F') =~ pnp(F) ~ RHom ¢ (M, unr(Ox)).

Moreover, by Theorem 2.3, we get

pni(FF) = pnvn (f;'F) = pvn (RHomg (f "M, Oy )y )
~ RHomgy(i;IM, pnE(Oy)).

Therefore, it completes the proof. [
4. Applications
We solve the conjecture of Takeuchi [16].

THEOREM 4.1. Letp € N xT; X CV and let M be a coherent Ex-
module on a neighborhood of px. If M is non-microcharacteristic for Y
along V' at p, then we have :

(4.1) RJHomEX(M,CNL) =0
for any j < d on le(px).

PrROOF. By the assumption of non-microcharactericity, we know
the finiteness of the morphism ’f},; on the support of the complex
RHomg (M,Cnr). Hence (4.1) follows from (3.1). It completes the
proof. [J

We apply this result to higher-codimensional boundary value problems.
Let us recall the definition of partially ellipticity by Bony-Schapira [2]. We
define the relative cotangent bundle T*(M/M") by the following exact se-
quence :

00— AN =M X ppr T;\}//X” — T]TJX —)T*(M/M”) — 0.
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Note that A >~ M x;, T/ X C V = X xx» T*X" C T*X. We have the

injection :
T*(M/M") xpyy A — T*(X/X") xx V ~ Ty (T*X)
and the projection 7p : T*(M/M") xpr A — A.

DEFINITION 4.2 (Bony-Schapira [2]). Let ¢ € A and let M be a co-
herent Dx-module on X. We say that M is partially elliptic along V at ¢
if M satisfies 75 *(q) N Cy (char(M)) = @.

We denote by Bjs the sheaf of hyperfuncions on M. We set the projec-
tion 6 : T5y X — T{M. Then, our main result is as follows.

THEOREM 4.3. Let M be a coherent Dx-module on X. Suppose that
M satisfies the conditions :

(i) M s partially elliptic along V' on N xp, TEX,
(ii) M is non-microcharacteristic for Y along V- on N X, TEX,
(ili) T%;X Nchar(M) C T X.

Then we have :

(4.2) Hj(RHgRHomDX (M,CN|X))
~ HJ(MNRHomDX(M,BM) ® ory|ar)

for any 5 < d.
We need some results to prove this theorem.

DEFINITION 4.4 (Takeuchi [16]). We define the sheaf Cyps on
TyM xp Ty X as :

Cny = Hn(MNM(Ox)) Pory .

We have the injection ¢ : Ty M xp T; X — TyM xp Ty X and the
projection p : TN L xp T7 X — ThM xpT; X.
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PROPOSITION 4.5 (Takeuchi [16]). Let ¢ € TR M xp T/ X and p €
N xp T{X C A be its base point. Suppose that M is partially elliptic along
V at p. Then we have a natural isomorphism at q :

RHomp, (M,Cnm) = tRp, RHomp (M, CNL).

We have the projection 7y : T\M xp T[ X — N x, T7 X.

LEMMA 4.6. Letp € N Xy, TEX C A CV and let M be a coherent
Dx-module on X. Suppose that M satisfies the following conditions :

(i) M is partially elliptic along V' on p,

(ii) M is non-microcharacteristic for' Y along V on p.

Then, we have

(4.3) Hj(RHomDX (M,Cnm)) =0

for j < d on mn~t(p).
ProoF. Apply Theorem 4.1 and Proposition 4.5. [
We have the projection 7y : T M X pr T]’(4X — TN M.

PROPOSITION 4.7 (Takeuchi [17]). There exists a distinguished trian-
gle :

(4.4) RO RHomp, (M,Cyix) — pnRHomp, (M, By) ® oryjar —
RﬁM*RHomDX (M,Cnpr) — +1

in DP(T%M).
We shall prove Theorem 4.3.
PROOF. By applying Lemma 4.6, we get (4.3) for j < d on mx~H(N x,

T} X). Hence, the isomorphism (4.2) follows from the condition of Theorem
4.3 (iii) and the distinguished triangle (4.4). O



Higher-codimensional Boundary Value Problems 605

REMARK 4.8. To prove the isomorphism (4.2), Takeuchi [17] assumed
that f is non-characteristic for M (see Definition 4.10). However, our proof
did not use the assumption.

The projection Ty, X — M induces the natural injection

Ty X X T"M———T"(T5;X) =~ Tirr, x)(T*X).

DEFINITION 4.9. Let M be a coherent Dx-module and let p € T*M.
We say that M is hyperbolic in the direction p if M satisfies

k(T X % {q}) N Cry, x (char(M)) = 2.

DEFINITION 4.10. Let M be a coherent Dx-module.

(i) We say that M is elliptic if M satisfies T, X N char(M) = @.
(ii) We say that f is non-characteristic for M if M satisfies

T3 X N frY(char(M)) = @.

We assume that d > 2 and that p € T]’{,M is a fixed covector. Then, by
some well-known results and Theorem 4.3, we obtain the following results.

THEOREM 4.11. Let M be a coherent Dx-module and let
char(M) = U Vj
j=1

be the irreducible decomposition of the characteristic variety of M. We
assume that each V; satisfies one of conditions below.

(i) The hypothesis of Theorem 4.3 holds for V.
(ii) Vj is hyperbolic in a direction p and satisfies V; NN x Ty X C Ty X.

(iii) Vj s elliptic, and f is non-characteristic for V;.
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Then, we obtain
Hj(uNRHomDX (M, Bum))p =0
for any j < d.

Note that (ii) is the result of Kashiwara-Schapira [8] and that (iii) follows
from Kashiwara-Kawai [6].

COROLLARY 4.12 (Local Bochner type extension theorem). Let M
be as in the above theorem. Then, there exists an open convexr cone
Qo C M with the edge N such that the polar set of Cn(Qp) C TnM con-
tains p in its interior, and every hyperfunction (real analytic) solution u €
FoHomp (M, Byr) on = M\ Qg automatically extends to an open neigh-
borhood of N as a hyperfunction solution (real analytic) solution to M.

Example 4.13. Put X := C° and suppose that z = (z1,---,25) is a
coordinate of X. Moreover, we set Y := {21 = 20 = 0} C X. We write the
real parts of z as © = (x1,---,25). Then, we can represent the coordinate
of M and N as M = {(z1,---,25)} D N = {z1 = z2 = 0}. We write the
coordinate of T*X by (z;(dz), where ¢ = ((1,---,(5) € C°. We define two
differential operators by

P o= (02— 2)(0y + ids)
Py = (6% - 552)(82 + ’i84).

Let us consider the following system M :
Plu =0 y PQU =0.

By easy calculation, we get the irreducible decomposition of the character-
istic variety of M :

char(M) = {1 + ¢ =0} U{¢1 — (5 = 0} U {¢1 +i(3 = (2 +i(s = O}.

Note that f is not non-characteristic for M. If we put p := (0;dx;) € T;\}M,
then the system M satisfies the condition of Theorem 4.11. This example
cannot be treated by Takeuchi [16], [17].
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