J. Math. Sci. Univ. Tokyo
8 (2001), 501-540.

Self-Similar Solutions of a Nonlinear Heat Equation

By Thierry CAZENAVE, Flavio DICKSTEIN, Miguel ESCOBEDO
and Fred B. WEISSLER

Abstract. In this paper, we study the asymptotic behavior of cer-
tain solutions of the nonlinear heat equation u; — Au + |u|*u = 0
in (0,00) x RN , where a > 0. We focus especially on solutions that
may change sign and that do not necessarily have a radial behavior as
|2] — oo.

1. Introduction

Given «a > 0, consider the nonlinear heat equation
(1.1) up — Au+ [ul®u=0 t>0, zeRY

It is well known that if ug € Co(R?Y), there exists a unique, global solution
uof (1.1), u € C([0,00), Co(RY)), satisfying the initial condition u(0) = ug.
For ¢ > 0, u is as smooth as the regularity of the mapping u +— |u|*u allows,
and at least u is C! in t and C? in z.

The asymptotic behavior of these solutions as ¢t — oo has been studied
in particular by Gmira and Véron [13]; Kamin and Peletier [16]; Brezis,
Peletier and Terman [3]; Escobedo and Kavian [7, 8]; Escobedo, Kavian
and Matano [9], Mizoguchi and Yanagida [18], Herraiz [15], Kwak [17]. It
is determined by the decay of ug(z) as |x| — oo, as well as the oscillatory
properties of ug, and its description often involves self-similar solutions
of (1.1). (We recall that a solution u of (1.1) is self-similar if it can be
expressed in terms of its profile f(x) as u(t,x) = t_if(x/\/f))

In this paper, we are interested in the case where the initial value uy(x)
is not necessarily asymptotically radial as x| — oo and may change sign.
Nonnegative initial data of such type have been studied in [16] using a scal-
ing argument. By this, one constructs self-similar solutions, thus solutions
with homogeneous initial values. One also obtains, at the same time, the
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asymptotically self-similar behavior for a class of general solutions. Here,
we consider separately the questions of the existence of self-similar solutions
and of the convergence of general solutions. This may, in some instances,
give more flexibility in the methods one can apply, see the comments below.
Our main results are the following.

THEOREM 1.1.  Suppose a > 0 and let w € C(RY \ {0}) be a homoge-
neous function of degree 0. It follows that there exists a self-similar solution
u,, of (1.1) with profile f, € Co(RY) such that |x|%fw(a}) —w(z) — 0 as
|z| — oo.

THEOREM 1.2.  Suppose a > 0, let w € C(RY \ {0}) be a homogeneous
function of degree 0, and let uy, be a self-similar solution of (1.1) with profile
f € Co(RY) such that |x\§fw(x) —w(z) — 0 as |z|] — oo. Given uy €
Co(RN), let u be the solution of (1.1) with the initial condition u(0) = ug.
If a < 2/N suppose, in addition, that w > 0, w #Z 0, that f, > 0 and that
ug > 0. If |x|%uo(x) —w(x) — 0 as |z| — oo, then

(1.2) sup (|22 + t)a [u(t, z) — uy(t, z)| — 0,
xRN

as t — oo. In particular, té||u(t)||Lo<> — || follLe ast — oo.

THEOREM 1.3.  Suppose a > 2/N and let w € C(RN \ {0}) be a homo-
geneous function of degree 0. Let ug € Co(RY) and let u be the solution
of (1.1) with the initial condition u(0) = ug.

(1) If |z|7uo(x) —w(z) — 0 as |x| — oo, for some 2/a < 0 < N, then

(1.3) sup (|zf* +1)2 u(t, ) — e"Svg(x)| — O,
xERN

as t — oo, where vo(x) = w(x)|z|~7. In particular, t2||u(t)||L~ —
C>0ast— o0 ifwZ0.
(ii) If |z|Nug(x) — w(z) — 0 as |x| — oo, then

N
2

(1.4) sup —(t+ 21%)

t,x) —L(w)G logt 0
2eRN logt ’u( ,LL’) (w) t($) og |t—>_<>>o )
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where Gi(z) = (47Tt)_%€_T is the heat kemel and l(w) =

%f{lflzl} w(&)dE. 1t follows in particular that 417;; |lu(t)|| e —

[l(w)| as t — co.

In the case @ < 2/N, there are the restrictions w > 0 and ug > 0 in
Theorem 1.2. Even if w > 0, the restriction ug > 0 is essential, as shown
in Kwak [17]. Indeed, there may exist many different self-similar solutions
of (1.1) with profile f € Co(RY) such that |y|%f(y) —w(y) — 0 as |y| — oo.
The following two results concern the cases ug 2 0 and w 2 0.

THEOREM 1.4. If a < 2/N, then there erists a constant v > 0 with
the following property. Let w € C(RYN \ {0}) be a homogeneous function of
degree 0 with w > vy, and let u,, be a self-similar solution of (1.1) with profile
fu € Co(RN) such that |x|%fw(:c)—w(:ﬂ) — 0 as |z| — oo. Letug € Co(RY)
and let u be the solution of (1.1) with the initial condition u(0) = ug. If
\x\%uo(x) —w(x) — 0 as |z| — oo, then (1.2) holds.

THEOREM 1.5. Suppose o < 2/N and let w € C(RN \ {0}) be a homo-
geneous function of degree 0. Let F,, be the set of the profiles f € Co(RY)
of self-similar solutions of (1.1) such that \y\%f(y) —w(y) — 0 as |y| — oc.
Let ug € Co(RYN) satisfy |$|%u0(x) —w(z) — 0 as |x|] — oo and let u be
the solution of (1.1) with the initial condition u(0) = wug. The following
properties hold.

(i) Fo has a minimal element f. and a mazimal element f7, corre-
sponding to the self-similar solutions u>(t,r) = t_éff(x/\/f)
(ii) limsup(|z|® + t)é(u(t,x) — uf(t,z)) < 0 and ligninf(|x\2 +

t—o0
t)é(u(t x) —u, (t,x)) > 0, uniformly in x € RY.
(iii) If up(z) < ( x) for some T > 0, then (1.2) holds with u,(t,x)
replaced by u (t,x).
(iv) If uo(z) > ul(r,2z) for some T > 0, then (1.2) holds with u,(t,z)
replaced by ul (t,z).

It follows from Theorem 1.4 that if o < 2/N and if ug € Co(RY) is
such that 1|ir|n inf \m]%uo(:r) > =, then the corresponding solution u of (1.1)



504

T. CAZENAVE, F. DICKSTEIN, M. ESCOBEDO and F. B. WEISSLER

is positive for ¢ large. This property raises the more general question. If
liminf |z|7up(z) = ¢ > 0 for some o > 0, does u(t) become positive for ¢

|z|—o00

large? Here is an answer to this question.

THEOREM 1.6. Let a,0,¢c > 0, let ug € Co(RY) and let u be the so-
lution of (1.1) with the initial condition u(0) = ug. Assume further that
liminf |z|7ug(z) = c.

|| =00

(i)

(i)

Suppose o > 2/N. If 0 < N, then u(t) > 0 for t large. If 0 > N,
then ug can be chosen so that u(t) takes both positive and negative
values for all t > 0.

If &« < 2/N, then there exists a ¢ > 0 satisfying the following. If
o < 2/a, orifo =2/a and ¢ > € then u(t) > 0 for t large. If
o>2/aorifo=2/a and c < then ug can be chosen so that u(t)
takes both positive and negative values for all t > 0.

REMARK 1.7. Here are some comments on the above results.

(i)

(i)

(iii)

The case a > 2/N of Theorem 1.1 was already established in [16,
Theorem 2]. (Theorem 2 of [16] is stated for nonnegative w, but the
proof clearly applies to the general case.)

The case a > 2/N of Theorem 1.2 was essentially obtained in [16,
Theorem 2] (see (i) above for the positivity assumption), the main
difference being the optimal convergence rate (1.2). The same ob-
servation applies to part (i) of Theorem 1.3.

In some of the cases not covered by Theorems 1.2—1.5, the as-
ymptotic behavior of solutions that change sign and that have non-
asymptotically radial initial values is already known. (See the pa-
pers cited above.) In some other cases, it can be deduced from
previous results and Theorem 1.6. For example, let ug € Co(RY)
and let u be the corresponding solution of (1.1). If \x\%uo(x) — 00
as |z| — oo, then it follows from Theorem 1.6 that u(t) > 0 for ¢
large. On the other hand, |w\%u(t,x) — 00 as |z| — oo by Proposi-
tion 5.5. Therefore, the asymptotic behavior of u(t) is described by
Theorem 2.1 in Gmira and Véron [13].

It seems that the case of initial values ug satisfying \x]%uo (z) = w(z)
as |z| — oo with |w(z)| < co in certain directions and |w(x)| = oo
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in other directions is open. For example, in the case N = 1, one can
construct self-similar solutions whose profile f satisfies f(z) — a"a
as * — oo and ]x|%f(x) — f as x — —oo for some finite /.
Does it describe the behavior of the solutions of (1.1) whose initial
value satisfies \x]%uo(x) — 400 as * — 400 and ]m|%u0(x) — { as
xr — —oo?

(v) It follows from Theorem 1.2 that the self-similar solution wu,, with
profile f,, € Co(RY) such that |x|%fw(a}) —w(r) — 0 as |z|] — o
is unique if &« > 2/N. If a < 2/N, it follows from Theorem 1.2
that it is unique if w > 0, w # 0 and wu, > 0; and it follows from
Theorem 1.4 that it is unique if w > v (without requiring u,, > 0).

Our proof of Theorem 1.1 is based on the following elementary observa-
tion. If u(t, x) is a self-similar solution of (1.1) and has an initial value ¢ at
t =0, then ¢ is clearly homogeneous of degree —2/a. Conversely, suppose
one can construct a solution u of (1.1) with some initial value ¢ which is ho-
mogeneous of degree —2/a. Clearly, )\%u()\Qt, Ax) is also a solution with the
same initial value . If, for example, u is the unique solution corresponding
to ¢, then u(t,xz) = )\%u()\zt, Azx), i.e. wu is self-similar. The problem of
existence of self-similar solutions is then essentially reduced to the solvabil-
ity of the Cauchy problem for homogeneous initial values of degree —2/a.
Note that if @ > 2/N, then w(:c)]x]*% belongs to L'(R™) 4+ LP(RYN) for
some p < 00, S0 it is easy to solve the Cauchy problem for such initial
values (see Theorem 8.8). However, if a < 2/N, then |z|a ¢ L (RM).
Our proof (which works in both the cases @ > 2/N and o < 2/N) is
based on an explicit supersolution and the maximum principle. As far as
we are aware, the idea of constructing self-similar solutions by solving the
initial value problem for homogeneous initial data was first used by Giga
and Miyakawa [12], for the Navier-Stokes equation in vorticity form. The
idea of [12] was used later by Cannone and Planchon [4], Planchon [20]
(for the Navier-Stokes equation); Angenent and Aronson [1], Ribaud [21,
22], Kwak [17], Snoussi et al. [25, 26] (for nonlinear parabolic problems);
Cazenave and Weissler [5, 6], Ribaud and Youssfi [23], Furioli [11] (for the
nonlinear Schrédinger equation); Ribaud and Youssfi [24] and Pecher [19]
(for the nonlinear wave equation).

Our proof of Theorem 1.2 in the case o > 2/N is based on simple
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estimates for the heat semigroup. When o = 2/N, we also use an explicit
supersolution of (1.1) and a uniqueness result of Brezis and Friedman [2].
For v < 2/N, we essentially use the techniques of Escobedo, Kavian and
Matano [9]. Theorem 1.3 relies only on estimates of the heat semigroup.
Theorems 1.4 and 1.5 use a uniqueness property for radially symmetric
self-similar solutions, and Theorem 1.6 relies mostly on Theorems 1.2-1.4.

The remaining of the paper is organized as follows. Section 2—7 are
devoted to the proofs of Theorems 1.1—1.6. For completeness, we collect
in the appendix (Section 8) some estimates for the linear heat equation,
and a well-posedness result for the equation (1.1) with initial conditions in
LY(RN) + LP(RN).

Notation. If o < 2/N, we denote by I'g the profile of the positive,
radially symmetric, self-similar solution of (1.1) with exponential decay.
(See [3, 7, 8, 9, 27].) Moreover, Co(RY) is the space of continuous functions
on RY converging to 0 as |z| — oo and S’(RY) is the space of tempered
distributions on RY. Finally, L}(RY) + LP(RY) is the subset of S'(RY)
whose elements can be expressed as the sum of a function in L!(R") and a
function in LP(RY).

The authors express their appreciation to the referee for his thorough
reading of the manuscript and his pertinent remarks.

2. Construction of Self-Similar Solutions

In this section, we prove Theorem 1.1. We will use the following two
lemmas.

LEMMA 2.1. Let ug € Co(RY) and let u be the corresponding solution
of (1.1). If lug(z)| < Clz|"=, then |u(t,z)| < max{C, (4(a + 1)/a?)a} -
(|2 +)~a.

PROOF. Set w(t,z) = k(|z|* + t)’i. We have

a 1 2N 4 1 2
we A 4wt = K(jaf? o) (-2 4 2 AT DI )
ot e T QP+

_atl 4(a+1 o
Z k(|$|2—|—t) a (—%—Fk )
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Therefore, if £ > (4(a + 1)/a2)§, then w is a supersolution of (1.1). Fix
kE > max{C, (4(a + 1)/042)%}. For e sufficiently small, |ug(z)| < w(e,x).
By the maximum principle, |u(t, z)| < w(t+¢€,z), and the result follows by
letting € | 0. O

LEMMA 2.2. Let Q be a smooth, bounded domain of RN, let ' CcC Q,

let p € C(Q), let C,T > 0 and set Q = (0,T)xQ. It follows that there exists
v € C([0,T]) with v(0) = 0 such that if the function u € C([0,T], L*(Q))
is Ctint € (0,T) and C? in x € Q and satisfies |uy — Au| + |u| < C in Q
and u(0,z) = ¢(x) in Q, then ||u(t) — @[l po @y < Y(t) for all t € [0,T].

Proor. By the maximum principle, v— < u < v, where vy is the

solution of
Oy — Avy =+C in Q,

vg =+C in (0,7) x 09,
v4(0,z) = p(z) in Q.
In particular, v— — ¢ < u— ¢ < vy — @, so that we need only show that

v+ — @[l Loy — 0 as t | 0. If we denote by J(t) the heat semigroup with
Dirichlet boundary condition in €2, then

ve(t) —p=(£C — ) = T([t)(£C — p) £ C/o T(s)lds.

Since the integral clearly converges to 0 in L*°(Q2) as ¢t | 0, we need only
show that if ¢ € C(Q), then ||¢) — T(£)1)|| ey — 0 as t | 0. To see this,
we fix a function £ € C°(Q2) such that £ = 1 in ', and we set w(t) = T(¢)y
and z(t) = Ew(t). It follows that

2zt — Az = —wAE —2Vw - VE in Q,
z=0 in (0,7) x 09,
2(0,2) = &(x)Y(z) in Q,

So that

z(t) = T(t)(&yY) = _/0 T(t — s)(w(s)AE + 2Vw(s) - V&) ds.
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Therefore,

12(t) = T@) (€)= (@) < C/O (t = )73 (w(s)l| 2wy + [V (s) ] g2v o)

t
< 0/ (t—s) i1+ 53)—0,
0 £10

where the second inequality follows from the analyticity of J(¢) in L2V (Q).
On the other hand, & € Co(Q), so that [|E¢ —T(2)(E)|| Loo () — O as t | 0;
and so,

19 — T(@E) Y| ooy < NEY — 2(8)[| oo () < 1€ — T (@) (D) || (0)
+[|T@) () — 2(t) ||l L~ (o) WO,

which completes the proof. [

PrROOF OF THEOREM 1.1. Set ¢(x) = w(m)|x|_% and, given p,v > 0,
set

¥y () = min{p, max{—v,¢(x)}}, " = min{p, ¢(x)}.

Let ul, be the solution of (1.1) with the initial value ¥. It follows that ul
is nondecreasing in p and nonincreasing in v. By Lemma 2.1, there exists
Cy, depending on ||w||z, such that

(2.1) |k (t,2)| < Cu(|a| + Vi) =,

for all t > 0, € RY. Therefore, there exists a function u* (¢, ) such that
uy (t,x) | ut(t,x) as v — oo. It follows from (2.1) that

(2.3) ut(t, )| < Cullz] + Vi) "=,
for all t > 0, z € RY, and that

(2.4) uf — Aut + |uf|ut =0,
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in (0,00) x RV, In addition, if @ cc RV \ {0}, then it follows from (2.3)
that there exists C' such that |0yut — Au*| + |u*| < C on (0,00) x §2. Since
Y (x) = YL (x) in Q for v sufficiently large, we deduce from Lemma 2.2 that

(2.5)  ut(t,z) T Y*(x) uniformly on compact subsets of R™ \ {0}.

It is clear that u* is nondecreasing in u. Therefore, we let 4 — oo, and we
see as above that u” T u as u — oo, where u satisfies

ug — Au+ |[ul®u=0 t>0zcRY,
26) 4 Jul <Collel +v) s t>0xeRY,

u(t, ) T ¢(x) uniformly on compact subsets of RV \ {0}.

Given A > 0, we define, for w = w(t,z), wy(t,z) = )\%w(AQt,)\x). Of
course, if w satisfies (1.1), then so does wy. It follows that (ul), is the
solution of (1.1) with the initial value

oy

()r(0,2) = A2 O) = 9154 ().

2 2
Therefore, (uy)) = uiz“ | u*** as v 1 co. On the other hand, it is clear
[N %

that (uf)x | (u*)y, and we conclude that (ut), = u)‘%“ for all A > 0.
Letting p1 — oo, we deduce that (u*)y T u. Moreover, it is also clear that
(ut)x T uy as p — oo, and we conclude that uy = w for all A\ > 0, i.e.
u is self-similar. If f is the profile of u, i.e. wu(t,x) = t‘éf(x/\/f), then
we deduce from the last condition in (2.6) that |x|%f(x) —w(x) — 0 as
|z| — oco. O

REMARK 2.3. We note the following two properties of the self-similar
solutions constructed in the proof of Theorem 1.1.
(i) If w > ', then uy, > uyy.
(ii) If w(z) = c € R, then u,, is radially symmetric.
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3. Proof of Theorem 1.2

We note first that it suffices to prove Theorem 1.2 where u,, is the self-
similar solution constructed in the proof of Theorem 1.1. To see this, we
apply (1.2) where u(t,z) is the solution of (1.1) whose initial value is the
profile of a self-similar solution with the stated properties. We begin with
the following lemma, which is an application of Kato’s inequality.

LEMMA 3.1. Letu,v be two solutions of (1.1) with the initial conditions
u(0) = ug and v(0) = vo, ug, vy € Co(RN). It follows that |u — v| < 2w,
where w is the solution of (1.1) with the initial condition w(0) = |up—wvo|/2.
In particular, |u(t) — v(t)] < et®|ug — vy

PROOF. Set z = |[u—w|, so that z; — Az+||u|*u— |v|*v| < 0, by Kato’s
parabolic inequality. Since | |u|®u — |v|%v| > 27 u — v|**!, we deduce that
2y — Az +27922F1 < 0. Setting Z = 2/2, we have z; — AZ + 227! <0 and
z(0) = w(0), so that z < w. Hence the result. O

We now consider separately the cases o > 2/N, a =2/N and a < 2/N.

THE CASE a > 2/N. Let wyg = |up — fu|, so that |$\%wo(w) — 0 as
|z] — oo. Tt follows from Lemma 3.1 that |u(t) — u,(t + 1)| < e®wyp, so
that by Corollary 8.4,

(3.1) sup (|22 + ) ult, 2) — uy(t + 1,2)| — 0,
T€RN

as t — 0o0. Note that we may apply the estimate (3.1) with ug = u,(2), i.e.
u(t) = uy(t + 2). Changing t to t — 1, we deduce that

(3.2) sup (Jz]2 + )& Juw(t, ) — uy(t + 1,2)] — 0,
RN

(1.2) now follows from (3.1) and (3.2).

THE CASE a = 2/N. We will use the following two lemmas. The

first one is elementary and the second one is an application of Brezis and
Friedman [2].
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LEMMA 3.2. Let K be a compact metric space and let (on)n>0 C

C(K,R). If op(x) | 0 as n — oo for all x € K, then sup p,(x) | 0 as
N — oo, zeK

PrROOF. Supppose by contradiction that there exist 6 > 0 and
(n)n>0 C K such that ¢p(z,) > 6. Without loss of generality, we may
assume that x, — =z € K asn — oo. Given n > m > 0, we have
on(xn) < om(zn) = ©m(x) as n — oo. Therefore, lim sup @, (x,) < @m(x).

n—oo

We obtain a contradiction by letting m — co. O

LEMMA 3.3. Suppose a = 2/N. Given ¢ > 0, let u. be the self-similar
solution of (1.1) constructed in the proof of Theorem 1.1 with w(x) = ¢, and

let f. be its profile. It follows that sup (1 + \$]2)%f5(x) —0ase|0.
zeRN

Proor. It follows from Remark 2.3 that u. is nondecreasing in €. In
particular, u. > ug = 0. We first claim that u.(¢,z) | 0 as ¢ | 0, for all
t >0,z € RN, Indeed, let u > 0 be the limit of u. as € 1 0. We see that u
satisfies (1.1) in (0,00) x RY. Also, if @ cc R \ {0} and ¢ > 0,

lim sup [[u(t) || oo (@) < limsup |luc(t)|| Lo (@) = esup |lz| =,
t]0 t]0 €

Letting ¢ | 0, we see that ||u(t)||Lq) — 0 as t | 0. By Theorem 2 of [2],
we conclude that u = 0, which proves the claim. In particular, we see that
fe(x) | 0ase | 0. Applying Lemma 3.2, we deduce that f.(x) | 0 uniformly
on compact sets of RY. Fix now 6§ > 0. Since (1 + |x\2)%f5(m) — € as
|x| — oo, we see that if K is sufficiently large and if 0 < ¢ < §/2, then

sup (1+ |x\2)%f5(a:) < sup (1+ \w|2)%f§(x) < 6.
|z|>K |z|>K 2

On the other hand, it follows from what precedes that if € is sufficiently
small, then

sup (1 +|z[2)2 fo(z) < 6.
|lz|<K

Since 6 > 0 is arbitrary, this completes the proof. [
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PROPOSITION 3.4. Suppose a = 2/N. Let ug,vg € Co(RY) and let
u,v be the corresponding solutions of (1.1). If |z|™|ug(x) — vo(z)| — 0 as
|x| — oo, then

| — 0.
t—o00

sup (|22 + )% [u(t, ) — v(t, z)
zERN

PrROOF. Let wg = |ug — vo|/2, so that

(3.3) |z|Nwo(z) — 0.

|z[—o0

If w is the corresponding solution of (1.1), then it follows from

Lemma 3.1 that |u — v| < 2w, so that we need only show that sup (|z|? +
zERN
£) 2 w(t, z) — 0.
— 00
Fix e > 0. Given R > 0, let zg = wol{|z|<Rry and let z be the cor-
responding solution of (1.1). It follows from (3.3) that if R is sufficiently
large, then 0 < wp — zp < f./2, where f. is as in Lemma 3.3. We deduce

from Lemma 3.1 that

(3.4) limsup sup (|z|? + t)%|w(t,x) —z(t, )|

t—o0 ZCE]RN

< 2limsup sup (jof? + )2 u(t,z) = 2 sup (|2* + 1) f(a).
t—oo geRN zE€RN
Given tg > e* and A > (Ne4)%, set
A __l=? (1_ 1 )
Z(t,x) = e Torh \' " Toslio D))

[(to + ) log(to +1)] =

It follows from a straightforward calculation that, setting 7 = t 4 to and
p=la]?/r,

G AZ 4 7o = 2 {—N+£(2— 4 >+A%e_ﬁ<1_loéf>}
Tlog T 8 log T
Z ) 4 2 _p
> — = — AN le
- TlOgT|: +8( log to * ¢
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> Z [ N+P 4 Ak > 0.
Tlog T 8

Therefore, choosing A large enough so that Z(0) > zp, we deduce that
2(t) < Z(t). Therefore, (|z|? —|—t)%z(t, x) < Cllog(t + to)]fg. Applying
now (3.4), we conclude that

limsup sup (Jz|> + t)%w(t,x) <2 sup (|Jz|> + 1)%1"5(3:).

t—oo geRN xRN
The result follows by letting € | 0 and applying Lemma 3.3. [J

We now can prove (1.2) in the case a = 2/N. It follows from Proposi-
tion 3.4 that

sup (\sc]2 + t)%]u(t,x) —uy,(t+1,2)] — 0,
zERN t—00

and one concludes as in the case a > 2/N.

THE CASE a < 2/N. It is convenient to introduce the self-similar vari-
ables. We recall that u(t, z) satisfies (1.1) if and only if v(s,y) = eau(t, z)
with s =log(1 +¢) and y = x/+/1 + ¢ satisfies

1 1
(3.5) vs —Av— -y - Vv — —v+ |v|% = 0.
2 ol
Also, f € Co(RY) is the profile of a self-similar solution of (1.1) iff

(36) Ay V- AR =0,

The following lemma is an essential tool in our proof. (See the proof of
Lemma 2.6 in [9].)

LEMMA 3.5. Let v10,v20,v30 € Co(RY) such that

0 < wv1,0,v20 < v30 <10+ V20,
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and let vy, v, v3 be the solutions of (3.5) with the initial values vy g, v20 and
v3,0, respectively. It follows that

vi(s) + v2(s) — v3(s) = £(s)

for all s > 0, where £ it the solution of (3.5) with the initial value £(0) =
V1,0 + V2,0 — V3,0-

PROOF. By the maximum principle, 0 < v1(s),v2(s) < v3(s) for all
s > 0. We now claim that vs(s) < vi(s) + va(s). Indeed, z = v1 + v2
satisfies z(0) > v3 and
1 1
ze — Az — §y -Vz— az +|2|%% = (v1 + vg)o‘Jrl — v‘f‘“ - US‘H >0,
so that by the maximum principle z > wvs, which proves the claim. We next
observe that, since 0 < vy, ve < v3 < v1 + vo,
a+1 > U?—H + U2a+1 _ a+1‘

(v1 4+ v2 — v3) U3

Therefore, z = v1 4+ vy — v3 satisfies 2(0) = v1,0 + v2,0 — v30 and
1 1
2t — Az — i Vz— az—i— 2|2 = (v1 +v2 —v3) T =0T — gt 4yt >0,

so that by the maximum principle z > £. O

LEMMA 3.6. Let wo, 29 € Co(RN), wo,20 > 0, wo # 0, 29 # 0 satisfy
\y\%(wo(y) + 20(y)) — 0 as |y| — oo, and let w and z be the corresponding

solutions of (3.5). It follows that sup (1 + |y|%)|w(s,y) —z(s,y)| — 0 as
RN
s — 00. ve

Proor. Fix e > 0. Let f. be as in the proof of Theorem 1.1 with
w(r) = e. For M > 0 sufficiently large, we have wolygjysan < fe. If
w1(s) is the solution of (3.5) with the initial value wolyfy>ary, we de-
duce that wi(s) < f.. On the other hand, there exists ¢ > 1 such that
wolyyl<ary < clo. Since cl'g is a supersolution of (3.5) for all ¢ > 1, we de-
duce that wa(s) < cl'g, where ws is the solution of (3.5) with the initial value
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wolyy|<ny- Since |w(s) — wi(s)| < 2ws(s) by Lemma 3.1, we obtain that
w(s) < fe+2cly. As well, z(s) < f. + 2¢Tl, by possibly choosing ¢ larger.
It follows that for R > 0 sufficiently large, (1 + |y|a)|w(s,y) — 2(s, y)| < 2
for |y| > R. Next, w(s) — I'g and z(s) — I'¢ uniformly as s — oo by
Theorem 1.2 of [9]; and so, (1 + |y|%)|w(s,y) —z(s,y)| < e for s sufficiently
large and all |y| < R. It follows that

2
sup (1 + ’y’a)‘w(&y) - Z<5>y)‘ < 267
yeRN

for s sufficiently large. Hence the result, since € is arbitrary. [J

COROLLARY 3.7. Let wg,29 € Co(RY) and let w(s) and Z(s) be the
corresponding solutions of (3.5). If wy > 0, wg # 0 and

(3.7) timsup [y (o(y) = To(y)) <0,
y|—o0

then

(3.8) limsup sup (1 + |y|%)(5(s,y) —w(s,y)) <0.

§—00  yeRN

In particular, if wo,zo > 0, wo,z0 Z 0 and ]y[i |wo(y) — zo(y)| | — 0, then

Y|—o0

2~ ~
sup (14 [y|=)|w(s,y) —Z(s,y)| — 0.

yERN ‘ S—00

PROOF. Let zp = max{wy, zo} and let Z(s) be the corresponding solu-
tion of (3.5). Since Z(s) > Z(s), we need only show that

(3.9) limsup sup (1 + |y|=)(Z(s,y) — @(s,y)) < 0.

§—00  yeRN

We claim that

(3.10) lim sup [y|= (Zo(y) — @o(y)) < 0.

ly|—o0



516 T. CAZENAVE, F. DICKSTEIN, M. ESCOBEDO and F. B. WEISSLER

Indeed, consider |y,,| — oo such that ]ynlé(fg(yn)—ﬁ;g(yn)) =o0. lfZo(yn) =
Zo(yn) for n large then o < 0 by (3.7). Otherwise, 0 = 0. This shows the
claim. Let now ¢o € C(RY), @9 > 0, o #Z 0, wo < wWo, and let ¢(s) be
the corresponding solution of (3.5). Finally, let

(3.11) z0 = Zo — wo + o < Zo,

and let z(s) be the corresponding solution of (3.5). Note that zp > ¢g # 0
and that \y\%zo(y) — 0 as |y| — oo by (3.10). Since 0 < wp, 29 < Zp <
wWo+ 29 by (3.11), we deduce from Lemma 3.5 that w(s)+z(s)—2(s) > ¢(s).
Therefore, Z(s)—w(s) < z(s)—¢(s) and (3.9) follows by applying Lemma 3.6
to the right-hand side. [J

We now can prove (1.2) in the case a < 2/N. We need to show that if

v > 0 satisfies ]y|%vo(y)—w(y) — 0 as |y| — oo and if v is the corresponding
solution of (3.5), then

2
sup (14 |y|=)|v(s,y) — fu(y)] — 0.
yeRN $—00

This follows from Corollary 3.7, by letting wg = vg and zy = f,.
4. Proof of Theorem 1.3

PROOF OF PROPERTY (i). We have |u(t)| < e'®|ug|, thus |u(t,z)| <
C(1+4t+ |z[2)~2 by Corollary 8.3. Fix

0 <e<min{N —o,ac — 2}.

We deduce that

o(a+1) aoc—¢ _o+te
2 -
)

|ul*ul(s,z) < C(1+s+|z))" 2 <Cl+s)""2 (1+s+|zf°)

and so, by using again Corollary 8.3,

=2 u(s)[*u(s)| < C(1+ )" T (14 s+ (t—s) + |2}) 7%
=C(l+s) T (1+t+|22) 7.
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Therefore,

t t
(4.1) )/0 A (5[ s) ds gC(t+|x|2)”T*E/O (14 )25 ds

<O@t+|zP2) 2.
We deduce that

(t+ [2*) 3 [u(t,2) — ePvo(x)]
< (t+ a2 (Jult, @) — ePuo(@)] + e (up — vo) ()])
< C(t+ o) 72 + (t+ [2f) 2 | (w0 — vo) ()] 2 0,

uniformly in z € RY, by using (4.1) and Corollary 8.4. [J

PROOF OF PROPERTY (ii). We have
t
u(t) — ePug = —/ =98 u(s)|u(s) ds.
0

Since |u(s)| < e*®|ugl, it follows from Lemma 8.5 that |u(s)| < C(1 4 s +
|m\2)_% log(2+5). Applying Lemma 8.7, we deduce that e =94 |u(s)|*+! <
Cl+t+ |x|2)_% (1+ 3)_% (log(2 + 5))*"!. Therefore,
t+|xf2)2
sup LEID 10 — et ()
cerN  logt

t

1 o
<Cpyp [0+ s)~ % (log(2 + ))*+ ds — 0,

and the result follows from Lemma 8.6. (I
5. Proof of Theorem 1.4

Throughout this section, we assume that a < 2/N. Given w € C(R¥ \
{0}) a homogeneous function of degree 0, we denote by F,, the set of the
profiles f € Co(RY) of self-similar solutions of (1.1) such that |y|% fly) —
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w(y) — 0 as |y| — oo. We begin with the following result, inspired by
Lemma 2.5 of [9].

LEMMA 5.1. Let f € F, andk > 2. Letvy = f+kl'g and wg = f—kIg,
and let v and w be the corresponding solutions of (3.5). It follows that v(s)
is nonincreasing in s and w(s) is nondecreasing in s.

Proor. Note that
(5.1) [z +y|*(z +y) — |z > 27y,

for all x € R and y > 0. We have

1 1
—Avg =y - Vo — —wo + [vo|*vo = | f + kLo|*(f + kLo) — [f|*f — kTG

> (k*27* — KTy >0,

by (5.1). Therefore, vy is a supersolution of (3.6); and so, v(s) is nonin-
creasing. The other statement is proved in the same way. [

The next ingredient we need concerns the solutions of the problem

N -1 1
u"+< +C>u/+—u—!u|“‘u=0, r >0,
r 2 o

uw(0) =6, 4'(0) =0,

(5.2)

where § > 0. If § = +a &, then u is constant. If 6] > a~a, then it
is not difficult to see that w blows up in finite time. If |§] < a~a, then
one can easily adapt the techniques of [3] to show there exists ¢ = ¢(0)
such that r%u(r) — cas r — o0o. It is clear that ¢ is odd, and it is well-
known that there exists 0 < 6* < a~a such that c(0*) = 0 and ¢(0) > 0
for 0* < § < a~w. In addition, v > 0 if * < 0 < a~a while u changes
sign if 0 < 6 < 0*. Moreover, c is increasing and convex on [0*, a‘é) and
c(f) — oo as § — aa. (For all these properties, see [9]). In particular, c is
continuous on [6*, ofé). The same property holds on [0, 6*], as shows the
following result. (See [14] for the analogous result for the equation with the
other sign.)
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LEMMA 5.2. The mapping 6 — c(0) is continuous (—ofé,ofé) — R.

Proor. Fix 6§y € (—ofé,afé) and let ug be the corresponding solu-
tion of (5.2). Let 6 € (—a‘é,a_é) and let u be the corresponding solution
of (5.2). Set ¢g = ¢(0y) and ¢ = ¢(f). Next, let vo(r) = réuo(r) and
v(r) = réu(r). It follows that vy(r) — ¢p and v(r) — ¢ as 7 — oo, and that
vo and v are solutions of the equation

r N-1 4 4 2(N-2) o) v
(5.3) v"—l—(§+ . —J)v’—l—(@—T—M)ﬁ:O.

By continuous dependence, v — vg in C1([0, R]) as 6 — 6 for every R > 0.
Finally, let

¢(7«)=g+N—1 _ 4 q)(r):/orgzb(s)ds.

r ar’

It follows from (5.3) that

4 2(N-2) v
D(r), I S(ry( = 44y —a4a) al Y
(X0 (1)) = =0 (= = T2 — ol*) .

Integrating between r > 0 and r > r, we deduce that

T —®(r)+P(s)
"U/(T)| < 6_¢(T)+q>(£)"l),(f)|+/ 672

S

Integrating again,

T
)] < o)+ 0 [ e+ as

. r rs e—fb(s)—i-q)(a)
|U|] /T /T T dU dS.

4 2(N-2)

,U()é

Note that

/ "m0 gy < / RPRCI P / T CL A

r 0 L=
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by dominated convergence. Also,

rops o—®(s)+0(0) TS o= [y é(r)dr
/ / 72 do’ ds — / / 72 dO' dS.
r Jr o r Jr g

By L’Hopital’s rule,

o

s ,— [2é()dr
/ =07,
1

as s — 00, so that

00 Seffjd)(T)dT
[
1 1 g

r s e—@(s)—l—q)(o)
/ / ————dods — 0,
v Jr o r—00

uniformly in r > r. It follows that

Therefore,

4 2N -2 .
R e A [ EC)
for r > r, with e(r) — 0 as r — co. We now fix r such that
4 2N -2 .
(5.5) 2e(r) < co, 6co<$ + a0 + (6¢9) )5([) < ¢y,

lvo(r)| < 2co,  Jug(r)] < 1.
For |0 — 0| sufficiently small, we have in particular
(5.6) [v(r)] < 3co, [V'(r)] < 2.

We claim that |v(r)| < 6¢g for all » > r. Indeed, assume by contradiction
that there exists R > r such that |v(r)|] < 6¢p for all r < r < R and

[v(R)| = 6¢p. It follows from (5.4), (5.5) and (5.6) that |[v(R)| < 5¢p, which
is absurd. Consider now 7 > r. We obtain as above that

(5.7) [o(r) = vo(r)] < [v(F) = vo(F)| + [0'(F) — v () [e(F) + Ce(7),



Self-Similar Solutions of a Nonlinear Heat Equation 521

for all r > 7. Given 6 > 0, fix 7 large enough so that (C' + 1+ |v((7)|)e(T) <
6/2 and suppose |6 — | is small enough so that |[v(F) — vo(7)| < /2 and
[/ (F) —vy(F)| < 14 |vj(7)]. Tt then follows from (5.7) that |v(r) —wvo(r)| < é
for all » > 7. Letting r — oo, we obtain |c¢ — ¢g| < 6. Hence the result. O

The following result is then an immediate consequence of Lemma 5.2.

COROLLARY 5.3. Let ¢ = sup{|c(0)]; 0 <0 < 0*}. If K > €, then the
radially symmetric self-similar solution of (1.1) with profile f € Co(RY)
such that r%f(r) — K as r — oo is unique and positive. If 0 < K < ¢,
then there ezists a radially symmetric self-similar solution of (1.1) with
profile f € Co(RN) such that r%f(r) — K asr — oo and f changes sign.

PROPOSITION 5.4. Suppose o < 2/N and let ¢ = sup{|c(f)]; 0 < 6 <
0*}. Let ug € Co(RY) and let u be the corresponding solution of (1.1). If

lim inf |x|%u0(x) > ¢, then u(t) > 0 for t sufficiently large.

|z|—o0

PROOF. Let v be the solution of (3.5) with initial value ug. We need to
show that v(s) > 0 for s large. Let K > K’ > ¢. Note that by Corollary 5.3
and Remark 2.3 (ii), the profile of the (unique) radially symmetric self-
similar solution of (1.1) which behaves like K’ rTa as T — 00 is frr. Next,
we observe that there exists k > 2 such that ug > wg with wg = frr — kL.
If we denote by w the solution of (3.5) with initial value wo, it follows from
Lemma 5.1 that w(s) is nondecreasing. Since w(s) < fx+ by the maximum
principle, we see that w(s) has a limit ws as s — co. Since wy is radially,
symmetric, S0 is weo. Also, since |wo— fx/| < kI'g and kL' is a supersolution
of (3.5), we deduce from Lemma 3.1 that |w(s) — fx/| < 2kI, so that

(58) fK/ — ZkFO < w(s) < fK/.

Clearly wy is a solution of (3.6), so it follows from (5.8) that we, € Fir.
Since wq, is radially symmetric, we have we, = fi+ by Corollary 5.3. Apply-
ing (5.8), we see that there exists R such that w(s,y) > fx/(y)/2 for |y| > R
and all s > 0. We now deduce from Lemma 3.2 that w(s,y) > fx/(y)/2 for
ly| < R and s sufficiently large. It follows that w(s,y) > fx'(y)/2 > 0 for
s sufficiently large and all y € RY. The result follows, since v(s) > w(s). O



522 T. CAZENAVE, F. DICKSTEIN, M. ESCOBEDO and F. B. WEISSLER

Theorem 1.4 now follows from Proposition 5.4, Theorem 1.2 and the
following result.

PROPOSITION 5.5. Let 0 > 0 and let w € C(RY \ {0}) be homoge-
neous of degree 0. Let ug € Co(RN) and let u be the corresponding solution
of (1.1). If |x|%up(z) — w(x) — 0 as |z| — oo, then for every T > 0,
|z|7u(t, z) — w(z) — 0 as |z| — oo, uniformly in t € [0,T].

ProoF. Fix T > 0. We observe that |u(t)| < e"®|ug|, and we deduce
from Lemma 8.1 that there exists M such that u(t,z) < M (1 + |z|)~7 for
all 0 < t < T. Applying again Lemma 8.1, we obtain that, by possibly
choosing M larger,

(5.9) e u(s)[u(s)] < ML+ Jz])~(FD7,

for all 0 < s <t <T. Next, since

u(t) — ePug = — /Ot =98y (s)[u(s) ds,
we deduce from (5.9) that
(5.10) u(t) — e"ug| < C(1+ |a|) =7,
for all 0 < ¢ < T. Finally,
[ lz|7u(t) — w(@)| < | |2|7eug — w(@)] + |z|7|u(t) — e ugl.

The result follows by applying Lemma 8.1 to the first term on the right-hand
side and (5.10) to the second term. OJ

6. Proof of Theorem 1.5

Throughout this section, we assume that o < 2/N. We begin with the
following lemma.

LEMMA 6.1. Let wy,ws € C(RV\{0}) be homogeneous of degree 0, and
let f € Fo, g € Fu,. If w1 > wy, then there exist h € F,, and k € F,,, such
that k < f,g < h.
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PROOF. Let vg = max{f, g} and let v be the corresponding solution
of (3.5). Since vy is a subsolution of (3.6), we see that v(s) is nondecreasing
and we denote by vy its limit. Let wg = |f — vg|/2 and let w be the
solution of (3.5) with the initial value wg. It follows from Lemma 3.1 that
lv(s) — f|] < 2w(s), so that

max{f, g} <v(s) < f+2w(s).

Note that \y\%wo(y) — 0 as |y| — oo, so that w(s) — Iy as s — oo by
Theorem 1.2 of [9]; and so,

(6.1) max{f,g} < v < f+ 20.

Since v is clearly a solution of (3.6), we deduce from (6.1) that ve, € Fy,.
The first statement follows with h = v, and the second statement is proved
in the same way. [J

COROLLARY 6.2. F, has a minimal element f, and a mazimal ele-
ment [, i.e. f; < f<fI forevery f € F,.

Proor. We first claim that if f,g € F,, then

(6.2) |f =gl < 2T.

Indeed, |y|5|f—g\ — 0 as |y| — oo, so that by Lemma 3.1 and Theorem 1.2
of 9], |f — g] < 2v(s) with v(s) — I'g as s — co. Hence (6.2). Let now

= inf f(0
m flenfuf( )

so that here exists (fn)n>0 C F, such that f,(0) — m. It follows easily
from (6.2) and a local compactness argument that there exist a subsequence
ng and a solution f of (3.6) such that f,, — f uniformly on bounded
subsets of RY. Applying again (6.2), we see that f € F,. We claim that
f is minimal. Otherwise, there exist ¢ € F, and zy € RY such that
g(xo) < f(xg). By Lemma 6.1, there exists h € F,, such that h < f and
h # f. By the strong maximum principle, A(0) < f(0) = m, which is
absurd. The maximal element is constructed in the same way. [J
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COROLLARY 6.3. With the notation of Corollary 6.2, the following
properties hold.
(i) If wi,ws € C(RN \ {0}) are homogeneous of degree 0 and wy > wo,
then f > ft and f > [o,.
(i) If w € C(RN \ {0}) is homogeneous of degree 0, then sup (1 +

yeRN
1 1, . _
‘y‘z)a‘fcj;rs*f:)r‘ 0 and sup (1+|y‘2)a‘fw 7fwf€| 0.
€10 yERN el0

PROOF. (i) By Lemma 6.1, there exists g € F,, such that g > f
and g > fI. By maximality, g = f7, so that fI > fI. The second
statement is proved in the same way.

(ii) Here also, we only prove the first statement. By (i), f. . is non-

decreasing in . Therefore, f . has a limit f as e | 0, and

(6.3) fore 2 F2 15

It is clear that f is a solution of (3.6), and it follows from (6.3) that f €
F.. Using again (6.3), we deduce by maximality that f = fI. Therefore,
(1+ |y|2)éfj+a L (1+ ]yP)éfw+ as € | 0. Using Lemma 3.2, we conclude
that the convergence is uniform. [J

We are now in a position to prove Theorem 1.5. Property (i) is simply
Corollary 6.2. To prove property (ii), we need only show (using the self-
similar variables) that if vg € Co(RY) satisfies |y|%fu0(y) —w(y) — 0 as
ly| — oo, then

(64)  (1+lyP) £ (y) < lminf(1+ [y*)3v(s, )

. 1 1
< limsup(L + [y[*)v(s,y) < (L+|y[*)= 5 (y).

§—00

Given any € > 0, there exists k£ > 2 such that vy < wy with wg = fj'+8—|—k1“0.
If w denotes the solution of (3.5) with the initial value wp, then on one
hand v(s) < w(s), and on the other hand, it follows from Lemma 5.1 that
w(s) is nonincreasing. Therefore, w(s) | ws as s — oo, and it follows
easily that we is a solution of (3.6). Since |wg — f.[,.| < kI and kL is a
supersolution of (3.5), we deduce from Lemma 3.1 that [w(s)— f.F, | < 2kT.
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Therefore, |weo — fj 1| < 2kTg and it follows that we, € Fiye; and S0, since

1
w(s) > fif, ., we = f, .. Therefore, (14 |y|?)aw(s) | (1+|y|? ) o+ . and,
by Lemma 3.2, the convergence is uniform. We deduce that

. 1 :
limsup(1 + [y[?)=v(s,y) < limsup(1 + |y[2)=w(s,y) < (1+[yP) = f(v),

uniformly in y € RY. By letting ¢ | 0 and applying Corollary 6.3, we
deduce the right-hand side estimate of (6.4). The left-hand side estimate is
proved similarly. Finally, properties (iii) and (iv) follow easily from (6.4).
Indeed, if vg > fI (respectively, vg < f.), then v(s) > fI (respectively,

v(s) < f5)-
7. Proof of Theorem 1.6

We first prove the positive part of properties (i) and (ii), i.e. that u(t) >
0 for ¢ large. We consider separately the cases a < 2/N, a = 2/N and
a>2/N.

THE CASE o < 2/N. The property follows from Proposition 5.4.

THE CASE a = 2/N. Without loss of generality, we may assume that

|z|Nug(x) — ¢ as |z| — oo. Letting w(x) = ¢, we deduce from Theorem 1.2

that (1.2) holds. Note that

£ (|2 + ) ult inf (|22 + )= uy(t,
nf (o +D)wu(t,z) > inf (o + )= uu(t,2)

1
— sup (Jo> + t) |u(t, 2) — uy(t, 7)].
zeRN

Using (1.2), we deduce that

inf (jof? +t)oult, z) > lnf (y? +1)= fuly) —e(t),

zeRN

with () — 0 as t — oo. Since ian(\yyz + 1)éfw(y) > 0, we see that
yeR

u(t) > 0 for t large. This proves the part of (i) corresponding to the case
a=2/N.
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THE CASE a > 2/N. We need only prove that if l|irfa inf |z|Nug(x) > 0,
r|—0o0

then wu(t) > 0 for ¢ large. Without loss of generality, we may assume that
|z|Nug(z) — ¢ > 0 as |x| — oo, that ug(z) is radially symmetric and that
there exists 7 > 0 such that up(r) < 0 for 0 <r <7 and ug(r) > 0 for r > 7.
We then apply Theorem 1.3, and we deduce from (1.4) that u(¢,0) > 0 for ¢
large, say for t > tg. On the other hand, it follows from Proposition 5.5 that
there exists R > 0 such that u(t,z) > 0 for 0 < t <ty and |z| > R. Since
uo(r) has only one zero on the interval 0 < r < R, we deduce that u(to,r)
has at most one zero on the interval 0 < r < R (apply e.g. Lemma 2.2
of [10]). Since u(tp,0), u(tog, R) > 0, it follows that u(tp) > 0 on {|z| < R}.
Thus u(tg) > 0, so u(t) > 0 for ¢t > t.

We now prove the negative part of properties (i) and (ii). We consider
ug € Co(RY) such that |x|7ug(z) — ¢ > 0 as |z| — oo. It follows from
Proposition 5.5 that, given any ¢ > 0, u(t,x) > 0 for |z| large. Therefore,
we need only construct ug as above such that u(t) takes negative values for
all £ > 0. We consider separately the cases o < 2/N and a > 2/N.

THE CASE a < 2/N. It follows from Corollary 5.3 that given 0 <
¢ < € there exists a changing sign self-similar solution u. of (1.1) satisfying
|z|?/®uc(t,z) — ¢ as |z| — oo for all t > 0. Suppose now that o > 2/a,
d > 0 and let ug(z) = min{u.(0,z),d|z|~?}. We have |z|7up(z) — d as
|| — oo. On the other hand, u(t) < wu.(t), so that u(t) takes negative
values for every ¢t > 0.

THE CASE o > 2/N. We will use the following lemma.

LEMMA 7.1. Suppose a > 2/N. Given ¢’ > N, there exist ug €
Co(RYY and ¢ > 0 such that || Ug(z) — ¢ as |z| — oo and such that
the corresponding solution u of (1.1) satisfies u(t,0) <0 for all t > 0.

PROOF. We need only show that the solution v of (3.5) with the initial
condition v(0) = %o satisfies v(s,0) < 0 for all s > 0. Let h € C®°(RY),
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h > 0 satisfy h(y) = |y|= for |y| > 1. Set

N+do 1

1) k= - =

(7.1) k 1 5 >0
_ 4o'(0’ = N +2)
(7.2) p= maX{L o — N }
8 o 1 1+ ka

: = 2 ——eT||Ah+ Sy

(7.3) a maX{ h(0), o N€4 h + 2y Vh + o hHLoo({ly‘2<p})}

4y ¢ = (Z) (o +0)

ly|2

Let w(s,y) = e **(h(y) — ae™ %), so that by (7.1),

1 1 1 1+k "— N 2
wy—Aw—~y-Vw——w = e ** [—Ah——y-Vh— + hraZ e‘%].
2 «a 2 «a 4

Note that |w|* < d*(||h]|z~ + a)* < (6/ — N)/8 by (7.4); and so, |w|*w >

_lyl

—ceFge™ 4 (0! — N)/8. It follows that

1 1
(7.5) ws — Aw — Sy Vw — —w + |w|%w
a
1 1+k "— N 2
Zc'e_ks[—Ah—iy‘Vh— + ah—i—aa 3 6_%}.

For |y|? > p, we have

o’ 1 1+k304 U/—N
ly| (—Ah — 5y Vh- h)

4
o 1
Z(U N Jd(o N+2))>0’
4 p
by (7.1) and (7.2). For |y|? < p,
1 1+k "— N 2
—Ah—§y'Vh— i “h+a” 3 e >0,

by (7.3). Therefore, we deduce from (7.5) that w is a supersolution of (3.5).
Note that |y|”v(0,y) — ¢ > 0 and that w(s,0) = e *(h(0) —a) < 0
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by (7.3). Consider now ug(z) = w(0,z). We have v(s,0) < w(s,0) < 0,
which completes the proof. [

Let now 0 > N and ¢ > 0. Fix N < ¢’ < o and let ug be given by
Lemma 7.1. Set ug(z) = min{ug(z),c|lz|=7}. We have |z|ug(x) — c as
|z| — o0o. On the other hand, u(t) < u(t), so that u(t) takes negative values
for every t > 0.

8. Appendix

We study here the asymptotic behavior as |z| — oo and as t — oo of
solutions of the linear heat equation. We also present an existence and
uniqueness result for the nonlinear heat equation (1.1) with initial data
ug € L'(RN) + LP(RN), p < oo.

LEMMA 8.1. Let w € C(RN \ {0}) be homogeneous of degree 0 and
o> 0. Ifug € Co(RYN) satisfies |x|"up(x) — w(x) — 0 as |x| — oo, then

2|7 Pug(z) — w(z) — 0,
|z —00

uniformly in t € [0,T], for every T' < oo.

PROOF. We have

_lz—y?

(el e2unta) ~w(e)) = [ 5 (alun(y) - wl@)

N
2

(8.1) (4nt)

We first consider the case ug(r) = w(w)|x|™1fz>Ry, where R > 0. We
deduce from (8.1) that

= o _le—yl? o, |—0
(47t) 7 | 2| etPug (x) — w(@)| S/ e At ||z7ly| " w(y) — w(z)|dy.
{ly|>R}

Let B > 0. Given |z| > 2min{B, R}, we break the integral I on the
right-hand side of the above inequality in three parts,

I§h+b+h=/ +/
{R<|y|<|z|/2} {ly|>|z|/2}{|z—y|>B}
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+f .
{lyl>lzl/2}{|z—y|<B}

Since [z —y| > [z[/2 on {|y| < |z[/2},

|2 2|2

l=2
fisem / [ 2l7 |y~ w(y) — w(z)| dy < Cla|N 7 Tar
{R<|yl<|z|/2}
and since | |z|7|y|"w(y) —w(z)| < K < oo when |y| > |z|/2, we see that
_B? NE B?
I, < Ke st 8t dz<Ct2e st .
]RN
Finally,

122 s
B ([ efd) s (el () - i)

{le—y|<B}
<0tz sup |27y w(y) —wlz)].
{le—y|<B}

Set p(a) = |81|1:p1 |s1|1£ |w(z +w) — w(2)|, so that p(a) — 0 as a | 0. Since
|zl lyl ™ w(y) —w(@)| = [(lyl/1z]) "7 wly/]x]) — w(z/]x])]
< [(lyl/l«))™7 = lwllzee + lw(y/l2]) = w(z/lz])],

we deduce that for |z| > 2B and |z — y| < B,

2yl w(y) - wia)] < O ,+p(‘ )

Therefore,

Iy < Cts (E +p(£));

] ]

and so,

B
||2]7ePug(x) — w(z)| < C|:E]N+"t7%e e —I—Ce R —I—C —I—C'p( )
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where C' is independent of B. Setting B = y/x, we then see that, given any
T >0,

(8.2) [ lz|7e P up(2) — w(@)] < eult, [2)),

where
ew(t, |z|) — 0,

as |x| — oo, uniformly in ¢ € [0, T, for every T' < occ.
We now consider the general case. Given R > 0, we write ug = ur+vr+

WR, where UR = 1{|x|<R}u0, VR — 1{‘:,:‘2R}|x|_"w, and WR = 1{|:B|ZR}(UO —
|z|~?w). By assumption, [wg| < 6(R)1{z>ry|z[~7 with §(R) — 0 as R —
oo. Therefore,

[l2l7e P ug — wl| < [a]”|e P ur| + [|a]eug — ]

+6(R)| 2|7 (o= ry 2] ~7) — 1 + 6(R).
Since ugr has compact support, it is clear that

2
lePupg| < Ct~Fe 5

Using (8.2) twice, we deduce that

|2
2|7 P ug(z) — w(@)| < Cla|7t™ 2 e™ st + eu(t, |z]) + e1(t, |2]) + 8(R),
and the result follows. [

LEMMA 8.2. Let w € C(RN \ {0}) be homogeneous of degree 0, let
0 <o <N and set Y(z) = w(x)|z|~7. It follows that

(8:3) () = 5[ ).

where g € C®(RYN) and |z|7¢g(z) — w(x) — 0 as |z| — oco.

PROOF. Given A > 0, we define the dilation operators dy and Dy by
dyp(z) = X p(Az) and Dyu(t, ) = A\u(A\’t, Az) for all ¢ € S(RY) and all
u € C([0,00), S(RY)). These operators are extended by duality to S'(RY)
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and C(]0, 00), S’(RN)), respectively. Since clearly ' (dyp) = Dy (et?¢) for
all o € S(R™), the same relation holds by duality for all p € S'(RY). Since
Y € 8'(RN) satisfies dy = 1, it follows that v(t) = et satisfies Dyv = v
for all A > 0. Moreover, 1) € LP(RN) + LI(RV) for 1 < p < N/o < q < o0,
so that v € C*((0,00) x RY) by the smoothing effect of the heat equation.
It follows that Av(\%t, A\z) = v(t,z) for all A\ > 0, i.e. v is a self-similar
solution of the heat equation. In particular, setting g = v(1) € C*°(RY)
and letting A = t*%, we obtain the formula (8.3). In addition, one verifies
easily that v(t,z) — ¢(z) as t — 0 uniformly on {|z| > €}, for every ¢ > 0.
This implies that

t2 ( ? ) w(x)
— ) —
g \/E t10 )
for |z| = 1; and so, |z|7g(z) — w(x) — 0 as |z| — co. O

COROLLARY 8.3. Given 0 < 0 < N and A > 0, there exists C such
that if ug € LL _(RN) satisfies |ug(z)| < A(T+|z[2)"2 for some T > 0, then

loc
et Bug| < C(T +t + |z]?)”2,
for allt >0 and all z € RV,

PrROOF. Let ¥(z) = |z|7@ and g = e®¢. Tt follows from Lemma 8.2
that there exists C' such that g(z) < C(1 + |z|*)™2, so that by (8.3),
[e!2)(x) < C(t + |z|?)~ 2. Therefore,

A1+ |22 < CA+t+ 2P 2.

By scaling, e'®[(1 + |z|>)72] < C(7 +t + |z[>)~2 and the result follows. OJ

1

COROLLARY 8.4. Ifug € LL _(RY) satisfies |z|ug(z) — 0 as |z| — oo

for some 0 < 0 < N, then

sup (t+ |x|2)%]emuo(x)| — 0.
(EGRN t~>oo

ProoF. Given R > 0, let pp = |u0|1{|m|<R} and QDR = |UO|1{\3:\>R}- It
is clear that |e!®ug| < e®pp + e*®. Furthermore, pp € L'(RY) and
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o™ < g(R)|z|~7 with e(R) — 0 as R — oo. It follows from Corollary 8.3
that

(8.4) 2P () < (ROt + o) 5,

for all t > 0 and all z € RY. We now estimate e®pr. We have

N _lz—yl?
(4rt)¥ e pp(a) = / T o) dy
{ly|<R}

2
_ =l

<o ?/ 5 up(y)] dy
{lyl<R}

2
lyl

12
<5 / ¢ Juo(y)| dy
{lyl<R}

_l=22 B2
<e st e ||luollp1(qla<Ry);

and so,

N—o |z

(t+ |x‘2)%etAgoR(x) < C(R)t™ 2 e st (1 + _)5.

52 o
Since the function s — e~ 8 (14 s?)2 is bounded, we deduce that

N—o

(8.5) (t+ |2*) 3 e pp(z) < C(R)E 2.

The result follows from (8.4) and (8.5) by letting ¢ — oo then R — oco. O

In the case of initial values that behave like ||~V as |z| — oo, there are
the following results.

LEMMA 8.5. There exists C' such that if (x) = (1 + \:13]2)_%, then
tA N _lal? o\
e“p(x) <Clog(2+1t)(1+t) 2e 4 +C(1+t+ |x|*) 2,

for allt >0, z € RV,
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PROOF. Setting u(t) = ey and v(s,y) = e = u(t,z) with s = log(1 +

2
[y]

t) and y = x/v/1 +t, we need only show that v(s,y) < C(se” 4 + (1 +
\y\2)’%). Note that

1 N
(8.6) vS—Av—§y-VU—Ev:0,

2 2
and, setting f(s,y) = 86_%, fs —Af — %y -Vf— % — =% Consider
now ¢ € C®°(RY) such that ¢(y) = |y|™™ + |y|~V~! for |y| > 1. Tt follows
that

1

N
Ay V- S o=

§|y|’N’1 — 2Ny N2 =3(N + 1)y V3 >0,

for |y| > ro sufficiently large. On the other hand, for |y| < ro, —A¢ — %y .

|y

Vo — %qﬁ > —Me~ "4 if M is large enough; and so, M f(s,y) + ¢(y) is a
supersolution of (8.6). The result follows easily. [J

LEMMA 8.6. Let w € C(RN \ {0}) be homogeneous of degree 0. If
ug € Co(RY) satisfies |x|Nug(z) —w(x) — 0 as |z| — oo, then

t+ |z[2)2
sup (Tﬂkmuo(m) —l(w)Gy(x)logt| — 0,
z€RN ogt t—00

where Gi(x) = (47rt)*%e*% is the heat kernel and f(w) =

- de.
2 {|§|:1}w(§) ¢

PROOF. Set A(t,x) = |ePug(x) — £(w)Gy(x)logt|. It follows from
Lemma 8.5 that, given K > 0,

¢ 2)% C yf2
sup MA(WB) <=4 C sup (1+|yPe
{la2>kty  logt logt (2> k)
and so,
(t+le)> P

limsup sup Alt,z) <C sup (1+y[*)e” = — 0.
too {fof2>key  logt {lyl>K} Koo
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Therefore, we need only consider the set {|x|? < Kt}; and so, it suffices to
show that

N

2

t
8.7 A(t,z) — 0.
( ) xselﬁg\f IOg t ( ,SC) t—o0

We show (8.7) in two steps.

Step 1. Consider first M > 0 and ug(z) = \m\_Nw(:U)l{|w|>M}. By

scaling, we need only consider the case M = 1. Setting v(t) = etBug, we

have

|z —yl?
(mt) T, Vi) = /{ | t—%}e_ Ty Nw(y) dy = I + I,
y|>

where I; = f{‘y|>5} and I, = First,

f{6>|y\>f%}'
ly|2
B < flles™ [ e dy= (4m) ¥ uls.
RN

Next, we observe that

/{6>|y|>t—%} [y wy) dy = /:% % (/{5_1} w(§) df) = 2((w) log(6V/1).

Therefore,

22 I
I — (w)e "t logt] < 2¢ % ¢(w) log |

_lz—yl? ||

+ ] e / e e N gy
{6>]y|>t~ 2}

< 2[¢(w) log 4|

+Clog(6Vt)|wllLe sup e 1 —e 1
{s>]yl>t"2}

It follows from the above estimates that

2

(4mt) > v(t,Vitx) — E(w)e‘%

logt
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_ (47) 2 |w|| 6N + 2]4(w) log 6|

- logt
log 6 lz—y|? ||
ro(s+ L |)|| le sup e AT e,
2 logt 1
{6>|y|>t 2}

Given € > 0, we first fix 6 > 0 small enough so that C|lw|~ sup sup -
z€RN {6>]y|}

lz—y|?

]2
le”" 2 —e 4 | <e. We then see that

. (4m ) .
lim sup su t.\Vtx 1| <e.
msup sup [T, Vi) — (w)e” | <

Since € > 0 is arbitrary, (8.7) follows.
Step 2. Conclusion. Given M > 1, let ug = u; + ue with wuy

uolyfjz|<nrry- Setting g, v = ‘ZL"_NW($)1{|$|>M}, we have |ug — @, M|
§(M)p11 with §(M) — 0 as M — oo and u; € L*(RY). Set

IN I

P
uy — E(w)e_% log t|| 0.

Since ug = u1 + Yu,m + (U2 — Y ), we have

N
1 ta _l=?
B < @IIWHU + mlle%w,M — lw)e™ 1 log |

£ 8(M) [ 1l = By + By + Bs.

log 13

Given ¢ > 0, we first fix M large enough so that Bs < ¢/3 for ¢ large, which
is possible by Lemma 8.5. Next, it follows from Step 1 that for ¢ large
enough By < ¢/3. Thus B < ¢ for t sufficiently large. Hence (8.7), since
€ > 0 is arbitrary. OJ

We finally consider initial values that behave like |z|~7 as |z| — oo, for
o> N.
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LEMMA 8.7. Suppose o > N. There exists C > 0 such that if a > 0
and ug(z) = (a + |z[2)"2, then

(8.8) (a+t+[a) 7 ePug(z) < Ca= 7,
for allz € RN, t > 0.

PrROOF. By scaling, we need only consider the case a = 1. Since ug €

N

LYRM)NL>®(RY), we have the elementary estimate e/®ug(x) < C(1+t)" 2
This proves (8.8) for |z|? < 1+ t. Next, we have that

(89)  (L+t+|ef)> e ugla)

1+t+!x!2>%/ e
=(——— 1 .
(—= [ ) E dy

We estimate

T — 2 o $2 o
(8.10) / e T (14 [y Fdy < e or / (1+[y]) "% dy
{lyl<|z|/2} RN
< Ct> o)™V,

and,

(8.11) / e~
{lyl>|1/2}

|z— 1/\

Py g <o) d [ et ay
RN
< cte |z V.
We deduce from (8.9), (8.10) and (8.11) that
(14t +[22) > Pug(z) < CL+t+ [22) 7 || N < C,
for |z > 1 +t. This completes the proof. (I

Our last result concerns the initial value problem for the equation (1.1)
for initial values ug € L*(RY) 4+ LP(RY), p < oo.

THEOREM 8.8. Suppose ug € LY(RY) + LP(RN) for some p < co. It
follows that there exists a unique solution u € C((0,00), Co(RM)) of (1.1)
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such that |u(t) — ug| — 0 in S'(RN) ast | 0. Moreover, u = v + w with
v e C([0,00), LY(RN)) and w € C([0,00), LP(RN)).

ProOOF. Given n € N, let ugp, = min{n, max{ug(z), —n}}. It fol-
lows that ug, € LP(RY), so that there exists a unique solution wu, €
C(]0,00), LP(RN)) N C((0,00), Co(RN)) of (1.1) with the initial condition
un(0) = up . We deduce from Lemma 3.1 that, given n,¢ € N,

(8.12) |t (t) — wg(t)| < e |ugn — ug,l.

Now, we observe that (even though possibly ug & L'(RY™)) ug, — Upe €
LYRY) and |lug,, — ug¢||pr — 0 as n,{ — oo. Indeed, if ug = ¢ + ¢ with
o € LYRY), ¢ € LP(RY) and o1 = 0 then, assuming n < ¢,

[on—wods [ ol [ e+ [ pl—o
RN {luo[>n} {l¢|>n} {lp|>n}y T

Applying (8.12), we deduce in particular that u,(t) — ue(t) € L*(RY) N
L®(RYN) for all ¢ > 0 and that

N
(8.13)  un(t) = ue(t)l[Lr + 12 lun(t) = we(t)|[ L < [luon —voellLr — 0,

as n, ¢ — oo. It follows from the second inequality in (8.13) that there exists
a function u € C((0, 00), Co(RY)) such that u,, — u in L>=((g, 00) x RY) for
every € > (0. One sees easily that u satisfies the equation (1.1). Next, using
the first inequality in (8.13), we deduce that u,, —u; is a Cauchy sequence in
C(]0,00), LY(RY)). Therefore, u — u; € C([0,00), L*(RY)). The existence
part follows, with v = u — uq and w = u;.

We now prove uniqueness. Let v and v be two solutions as stated. It
follows from Lemma 3.1 that

[ult) = o(t)] < "2 u(s) —v(s)] < eI uls) — uo| + e u(s) — o,

for all t > s > 0. Letting s | 0, we deduce that u(t) = v(¢). O
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