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Diffeomorphism Types of Good Torus Fibrations

with Twin Singular Fibers

By Masatomo ToDA

Abstract. The diffeomorphism type of a good torus fibration with
twin singular fibers whose 1-st Betti number is odd is determined by
some topological invariants.

1. Introduction

In this paper, we will study some remaining problems about the diffeo-
morphism types of good torus fibrations (GTF) with twin singular fibers.

The types of singular fibers of good torus fibrations were classified.
Among the singular fibers which are not multiple, the simplest one seems to
be I or I . A singular fiber of type I} (resp. I; ) consists of an immersed
2-sphere which intersects itself transversely at one point with intersection
number +1 (resp. —1). In this paper, all the diffeomorphisms will be
assumed to be orientation-preserving. The following theorem is known.

THEOREM 1.1 (Matsumoto. [5], [4]). Let f; : M; — B; (i = 1,2) be
GTF’s over a closed surface with at least one singular fiber. Suppose that
each singular fiber is of type I} or I{ and that (M) # 0. Then M is
diffeomorphic to Ms if and only if g(B1) = g(Bs), e(M;) = e(Ms) and
o(My) = o(Msy). The symbols g, e and o represent the genus, the Euler
number and the signature, respectively.

REMARK 1. Let f : M — B be a GTF satisfying the condition of
Theorem 1.1. Let k-, k_ be the numbers of the singular fibers of type I}, I;
of M, respectively. Then o(M) = —(2/3)(k+—Fk_) and e(M) = k++k_ (]6],
[7]). Therefore, the diffeomorphism type of the total space is determined
by ki, k— and g(B) if ky # k_.
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What happens if o(M) = 0, that is, k4 = k_7 In this case, if the base
space is 2-sphere, it is known that we can deform the projection map slightly
so that all the singular fibers are simple twin singular fibers ([4]). The twin
singular fiber consists of two smoothly embedded 2-spheres intersecting each
other at two points whose signs of intersections are +1 and —1.

The following Theorem is known.

THEOREM 1.2 (Iwase. [1]). Let f: M — S? be a GTF over a sphere.
Suppose that each singular fiber is non-multiple twin singular fiber. Then
the diffeomorphism type of M is determined by (i) e(M), (i) m (M), (i)
the information about whether M is spin or not, (iv) the information about
whether M is of typel or typell. Here w1 (M) is the fundamental group of
M.

However, the case when o(M) = 0 and the base space is an arbitrary
oriented surface has not been solved. In this paper, we consider this case.
Unfortunately the author could not get a complete solution in this paper,
but we could have the following Theorem. Hereafter, all base spaces which
are treated in this paper are closed, and H{(M) = H{(M;Z). We call a
twin singular fiber even if m+n =0 mod 2, where mR + n.S is the divisor
of this singular fiber. (See §2.)

THEOREM 1.3. Let f: M — B be a GTF with at least one even twin
singular fiber. Suppose that each singular fiber is non-multiple twin singular
fiber, and that rank Hy (M) is odd. Then the diffeomorphism type of M is
determined by (i) e(M), (i) rank Hy(M) or g(B), (iii) the information
about whether M is of typel or typell.

REMARK 2. If rank H;(M) is odd, then rank H; (M) = 2g(B) + 1. In
the case when each singular fiber is of type If , I or Tw, it is known
that if o(M) # 0, then 71(M) is isomorphic to m1(B) ([5]). Therefore, if
rank H; (M) is odd, then o(M) = 0.

If each type of singular fibers is of type I 1+ or I, then Theorem 1.3 can
be rewritten as follows.

THEOREM 1.4. Let f: M — B be a GTF. Suppose that each singular
fiber is of type I or I, , and that e(M) # 0, (0(M) = 0) and rank Hy (M)
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is odd. Then the diffeomorphism type of M is determined by (i) e(M), (ii)
rank H1(M) or g(B).

As a corollary, we have a similar result about the case when each singular
fiber is of type I}, I or twin.

What happens if rank H;(M) is even? We consider the case when
e(M)=2and g(B) = 1.

THEOREM 1.5. Let f: M — B be a GTF. Suppose that each singu-
lar fiber is non-multiple even twin singular fiber, and that e(M) = 2 and
g(B) = 1. Then if 71 (M) is isomorphic to the following one, then the
diffeomorphism type of M is determined.

Class 1. < a, B, 7| ¢ =1, [1,a] =1, 8] = [a, f] =1 > (¢ > 0).

Class 1. < o, B, 7| 7¢=1, [1,a] =[1,8] =1, [, B] = 77" > (¢ = 2n,
3n, 4n, 6n, n > 1).

Class 2. < o, B, 7| =1, a lra=1¢, [r,f] = [, 5] =1 > (1 < d,
d+1<e, c|d®—1).

Class 2. < o, B, 7| =1, alra=7% [1,8] =1, [0, 8] = 77" >
(1<d,d+1<e, cld®—1, ged(c,d —1) = 2n, 3n, 4n, 6n, n > 1).

Class 3. < a, B, 7 | [1,a| =[1,08] =1, [a,f]l =7"" > (n > 1).

Class 4. < a, B, 7| [r,al =1, 778 =7"1 [0, 8] =7 > (n=0,1).

As an extension of Theorem 1.5, we have the following Theorem.

THEOREM 1.6. The same result of Theorem 1.5 holds if we change the
clause “Suppose that each singular fiber is non-multiple even twin singular
fiber, and that e(M) =2 and g(B) = 17 in Theorem 1.5, to “Suppose that
each singular fiber is neither multiple nor odd twin singular fiber, and that
e(M)=2,¢9(B)=1and o(M)=0.”

2. Definitions

In this section, we give the definitions of good torus fibrations, twin
singular fibers and singular fibers of type I} and I .

First we give a precise definition of good torus fibrations (GTF) ([4]). A
proper map f : M — B between manifolds is a map such that the preimage
of each compact subset of B is compact and f~1(0B) = OM.
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DEFINITION 2.1 ([3], [4]). Let M and B be oriented 4 and 2-dimen-
sional smooth manifolds, respectively. Let f : M — B be a proper, surjec-
tive and smooth map. We call f : M — B a good torus fibration (GTF)
if it satisfies the following conditions:

(i) at each point p € IntM (resp. f(p) € IntB), there exist local
complex coordinates z1,z2 with z1(p) = 22(p) = 0 (resp. local complex
coordinate £ with £(f(p)) = 0), so that f is locally written as £ = f(z1,22) =
2"z or (Z1)"™ 24y, where m, n are non-negative integers with m+n > 1, and
Z1 is the complex conjugate of z1;

(ii) there exists a set I' of isolated points of IntB so that

flf '\ B-1): f'(B-T)-B-T
is a smooth T2-bundle over B —T.

We call f, M and B the projection, the total space and the base space,
respectively. Given a good torus fibration f : M — B, those points p
of IntM at which m + n > 2 make a nowhere dense subset . We may
assume that f(X) = T'. We call T the set of singular values. The fiber
F, = f~(z) is a general or singular fiber according as x € B—T orx € T

A singular fiber has a finite number of normal crossings. The comple-
ment F,—{normal crossings} is divided into a finite number of connected
components. The closure of each component is called an #rreducible com-
ponent of F,. Irreducible components are smoothly immersed surfaces,
and F} is the union of them: F, = ©1 U ---U O,. Each irreducible com-
ponent is naturally oriented. Thus it represents a homology class [©;] in
Ho(f~Y(D,); Z), where D, (C IntB) denotes a small 2-disk centered at x
such that D, NT = x. Ha(f~}(D,); Z) is a free abelian group with basis
[©1],- -+, [0, with which the homology class [F}] of a nearby general fiber
Fy (y € Dy — ) is written as [F}] = m1[©1] + - - - + m4[Os], m; > 1. The
formal sum Y¥m;0; is called the divisor of the singular fiber F,. F, is said
to be simple or multiple according as ged(my,--- ,ms) =1 or > 1.

Let Fy be a general fiber over a base point 29 € B —TI". Let [ : [0,1] —
B —T be a loop based at xy. As is easily seen, there exists a map h : Fy X
[0,1] — M — f~1(T) such that (i)f(h(p,t)) = I(t) for all (p,t) € Fy x [0, 1];
(ii)the map h; : Fy — F} defined by hi(p) = h(p,t) is a homeomorphism,
where Fy = f~1(I(t)); (iii)ho =identity of Fy. The isotopy class of h; :
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Fy — Fy = Fy is determined by z( together with the homotopy class [I]. hy
induces an automorphism (hq). : Hy(Fo; Z) — Hi(Fo; Z). Fix an ordered
basis < p, A > of Hy(Fp; Z) so that it is compatible with the orientation
of Fy. Then (h1)s is represented by a matrix A called the monodromy
matriz. This gives a map p : m(B —I',x9) — SL(2,Z). Recalling that
the product I -1’ of loops is the loop which goes first round [/ and then
I, we easily see that to make p an anti-homomorphism we must adopt

"1 to ()t (h)u() = ap + e

(h1)«(A) = bu + dA. This rule is written as ( (h1)«(1), (h1)«(N\) ) = ( w,
A )A. This convention coincides with the one in [3] but is different from the
one in [4]. A different basis ( ', \' ) gives a different anti-homomorphism
o m(B—T,z9) — SL(2,Z). p isrelated to p by p = C~1-p-C, C
being a matrix in SL(2, Z). The conjugacy class of matrix p([l]) is called
the monodromy associated with [l].

Let x be a point of I'; D, a small disk in IntB such that D,NI"' = z. Let
2’ be a point on dD,. Then 0D, is considered as a loop based at 2’. (The
direction of 0D, is determined by the orientation of D,.) The monodromy
associated with the loop 9D, is called the local monodromy of the singular
fiber F,.

To this paper only three types of singular fibers are relevant. They are
I f , Iy and Tw.

the following rule assigning A =

DEFINITION 2.2. A singular fiber is of type I;™ (resp. type I ) if it is a
simple singular fiber consisting of a smooth immersed 2-sphere (in the total
space) which intersects itself transversely at one point, where the sign of
intersection is +1 (resp. —1). The local monodromy of a singular fiber of

11 1 -1
type I (resp. I;) is represented by {0 1] (resp. [0 1 })

DEFINITION 2.3. A singular fiber is of type Tw if it consists of two
smoothly embedded 2-spheres R, S intersecting each other transversely at
two points p4, p—. The sign of intersection at py (resp. p_) is +1 (resp.
—1).

The divisor is mR+nS. We call this singular fiber (m, n)—twin singular
fiber. When m +n =0 mod 2 (resp. m +n =1 mod 2), this is said to
be even (resp. odd).
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If F, is a twin singular fiber, the intersection numbers R- R, R-S, S-S
are zero. Therefore, the neighborhood f~1(D,) is obtained by plumbing
D? x §? and S? x D?. This plumbing manifold is called a twin. We denote
it by the symbol Tw. The boundary d(Tw) = d(f~*(D,)) is diffeomorphic

1
to T3 = S' x S x S!, and the local monodromy is trivial 0 Cl) .
3. Properties of a Twin

First we recall some properties of a twin. A twin is a manifold which
consists of two S? x D?’s plumbed at two points with opposite signs. Let
R, S be the core of two S? x D%*s. They generate Ho(Tw; Z) = Z & Z.
Let D(r), D(s) be 2-disks properly embedded in Tw such that R - D(r) =
S-D(s)=1and R-D(s) =S5 -D(r) =0. 0D(r) and 9D(s) are circles in
O(Tw) = T3. We call them 7 and s, respectively. Choose a circle [ in 9(Tw)
such that < [, r, s > is an oriented basis of H(9(Tw); Z). The ambiguity
of the choice of [ is not essential, because if [; and Iy are two choices of [,
then there exists a diffeomorphism h : Tw — Tw such that ( h«(l1), hi(r),

hi(s) )= (la, 7, 5).

ProrosiTION 3.1 ([9]). For any diffeomorphism h : 0(Tw) — 9(Tw),
define A" € GL(3, Z) by ( hy(), ha(r), ha(s) )=(1, 7, s A" in H1(O(Tw);
Z). Then h can be extended to a diffeomorphism h : Tw — Tw if and only
if Ah € Hy, where

=1 0 0
H={|* a b|e€GLB3,Z)Ja+b+c+d=0 mod 2}.
* ¢ d

Let I, 7, 5 be the circles 0D? x {*} x {}, {x} x St x {x}, {¥} x {x} x S!
in 9(D? x T?), respectively.

ProproSITION 3.2 ([1]). For any diffeomorphism h : 9(D? x T?) —
O(D? x T?), define A" € GL(3,Z) by ( hi(l), he(7), hi(3) ) = (I, T,
5 )AM in H1(0(D? x T?); Z). Then h can be extended to a diffeomorphism
h:D?xT? — D? x T? if and only if A" € Hy, where

+1 * x
Hy={| 0 *x x| eGL(3,2)}.

0 x =%
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For any integers m > 3, let S,, be a compact, connected, planar sur-
face whose boundary has m components St,---,S.. The boundary of the
manifold S, x T? = S, x S' x S! has m copies of T3. Let l;, 7, 5; be
the circles S} x {x} x {x}, {#x:} x ST x {x}, {x} x {x} x S (x; € S}) in
O(Sm x T?), respectively.

PROPOSITION 3.3 ([1]). For any diffeomorphism h : 9(Sy, x T?) —
O(Sm x T?) which satisfies h(S} x ST x S1) =Sl x St x St (i=1,--- ,m),
7, 8i) Al in Hy(0(SyxT?); Z). Then h can be extended to a diffeomorphism
h:S, xT?— S, x T? if and only if A" € Hs, where

€ 0 O m

Hy={&, |pi a b| €@ GLB3,2)|Y pi=0,) g =0}
g c¢ d i=1 i=1

REMARK 3 ([1]). Let f; : T3 — T3 (i = 1,2) be a diffeomorphism.
Then, by Waldhausen’s theorem, f; is isotopic to fa if and only if (f1). =
(2w, where (fi). : H\(T% Z) — Hi(T% Z).

PROPOSITION 3.4 ([1]). Fori = 1,2 let f; : (Tw) — dD?* be a map
which is decomposed as f; = p o ¢;, where p : 9D? x St x §1 — 9D? is
the projection map to the first factor and ¢; : O(Tw) — OD? x S' x S' is
a diffeomorphism. Assume that (f;)* : H1(0(Tw); Z) — Hy(0D?; Z) maps
l, r, s to avy, by, cvy, respectively, where a, b, ¢ are integers and v is a
generator of Hi(OD?; Z). Let f be either f1 or fo.

(i) There exists a diffeomorphism ¢ : O(Tw) — I(Tw) such that ¢ is
isotopic to identity and that f1 = fo o0 .

(ii) The map f can be extended to a projection map of a GTF f: Tw —
D? which has only one twin singular fiber as a singular fiber if and only if
b#0 orc#0.

(iii) The twin singular fiber of f is simple if and only if ged(b,c) = 1.

COROLLARY 3.1 ([9], [3], [1]). Let f be as in Proposition 3.4 and as-
sume that ged(b,c) = 1. Let m,n be non-negative integers such that
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ged(m,n) = 1. Then there exists an f, an extension of f such that f
is fiber preserving, orientation preserving diffeomorphic to a (m,n)-twin
singular fiber if and only if b4+ c=m +mn mod 2.

It is well-known that an even twin singular fiber is not fiber preserving,
orientation preserving diffeomorphic to an odd twin singular fiber.

PROPOSITION 3.5 ([1]). (i) Let A be a simple loop in D? x T? such
that [\ € w1 (D? x T?) is a primitive element. Then x(D? x T?;\) is
diffeomorphic to Tw for any framing of A.

(ii) x(Tw; S) is diffeomorphic to D* x T?.

Let M be a manifold and ¥ be a sphere embedded in Int(M) which has
trivial normal bundle. Then x(M;¥) means the manifold obtained from M
by the Milnor surgery on X.

PropoSITION 3.6 ([1]). Let Cy, Cy be two curves in O(Tw) such that
there exists a diffeomorphism h : O(Tw) — S' x S' x S' which maps Cy,
Cs to the curves {*} x {*x} x St and {¥'} x {¥} x St (* # '). Assume that
[C1] = [Ca] = 2al +br 4+ cs € Hi(0(Tw); Z) for some integers a, b, c. Let
D; be a 2-chain in Tw such that

(i1) [D1] = [Do] in Ha(Tw,0(Tw); Z),

(iii) D1 and Dy meet transversely.

Then D1 - Dy = bc mod 2, where D1 - Dy is the intersection number.

4. Main Results

First we determine the symbol

M(A1;B17"' aAg7Bg;CI>"' aCkJ;DlaDQ)

0 1
and C;, Dy, Dy € SL(3,Z). Let B be an oriented closed surface whose
genus is g. Cutting B along a set of loops based at v} € B gives a 4g-gon
P with sides aflbflalbl o a;lbg_lagbg to be identified in pairs. Removing
an open disk Dy around v} gives a polygon P which is P with a sector

for any A;, Bj € SL(2,Z) s.t. A7 By ABy - Ay By A By = [1 0],
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of a disk removed from each vertex. P x T? is a 4-manifold. We repre-
sent each straight edge of P which is obtained from aj (resp. b;) by the
same symbol a; (resp. b;). Let x4, (resp. xp;) be a point on the straight
edge a; (resp. b;) and let a;  (resp. :c;)j) be a point on the straight edge
a;l (resp. b;l) which will be identified with z,; (resp. ;) in B and
let o} (resp. ;) be an element of m(B,v,) which is represented by the
path formed by the straight lines v, to xggij (resp. wq, ;) and xp,_; (resp.

xl, ) to v), which is the loop in B based at v{,, where v{, is the center of

o
p. iet p: m(B,v) — SL(2,Z) (Automorphism of 7 (7?)) be an anti-
homomorphism which satisfies p(a)) = A; and p(8;) = Bj. Identifying
pairs of fibers over the straight edges of P by the homeomorphisms which
is induced by this anti-homomorphism gives a 4-manifold My with a bound-
ary 0Dg x T? = T3.

Let lg, 10, So be the circles 9Dg x {x} x {*}, {x} x St x {x}, {*} x {*} x S1,
respectively. We denote (Sy12 x T?) Upe, Uk Tw; Usp, (D? x T?) Usn, Mo
by

M(Al, Bl, v ,Ag, Bg; 01, tee ,Ck; Dl; DQ), where ¢Ci7 ¢D1 and ¢D2 are
diffeomorphisms such that

b, O(Tw;) — S} xT? (i=1,--- k),
¢p, : O(D* x T?) — S}, x T2,
¢p, 1 OMy — Sjpp x T?,

which are defined by the elements of SL(3, Z), respectively as follows, by
Remark 3.

Choose a basis ( l;, i, s; ) of H1(0(Tw;); Z) as in §3. The diffeomor-
phism ¢¢, is determined by C; € SL(3,Z) so that ( ¢c;«(li), dc,(r3),
bc,x(s:) ) = (i, 74, 3; )Ci. Likewise choose a canonical basis ( I, 7, 3)
of H1(0(D? x T?);Z) as in §3. The diffeomorphism ¢p, is determined
by D1 € SL(3,Z) so that ( ¢p,«(l), ¢p,«(T), ¢D1x(5) ) = ( let1, Tt
Sk+1 )D1. The diffeomorphism ¢p,, is determined by ( ¢p,«(lo), @Dy« (70),

1 0 O
GDyx(50) ) = ( lkt2, Trt2, Skt )D2. Here Dy= |{m 1 0
n 0 1

At present, we can not see whether this differential manifold

M(AlaBla o aAg7Bg;Cl7 e 7Ck7D17D2>
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has GTF structures or not, but we will see later any manifold which we
deal with in this paper has at least one GTF structure.

Let f : M — B be a good torus fibration which has k& non-multiple
twin singular fibers as singular fibers, where B is an oriented closed surface
whose genus is g. Evidently there exists Ay, B1, --,Aq, By € SL(2,Z) and
Cy, -+ ,Ck, D1, Dy € SL(3, Z) so that

M(AluBl)'” aAg)Bg;Cl7'” 7Ck;D1;D2)

is diffeomorphic to M. Here

1 0 0 10 0
Di=|0 1 0| and Do=|m 1 0
0 0 1 n 0 1
LEMMA 4.1.
1 0 0 1 00
M =M(A, By, - ,A4,Bg;C1,--- ,Ci; |01 0f5|m 1 0])
0 0 1 n 0 1
15 diffeomorphic to
M,:M(Alth"'aAg?Bg;
0 1 ¢ 0 1 e 1 0 0 1 0 0
x 0 x|, [x 0 x|;|m 1 0f;[0 1 0]),
x 0 % x 0 n 0 1 0 0 1
where €; (i =1,--- k) is 0 or 1. m/, n' are integers which are determined
by C1,--+,Cg, and m, n.
a; b, ¢
ProOOF. Define C; = [ * *x x| (i = 1,--- k), where C; €
ko ok

SL(3, Z) are determined by ( QbC'Z*(lz)a qZSCi*(Ti), QZ)CZ.*(SZ') ) = ( li, T, 84 )CZ
We consider f; : Tw; — D? to be the projection map which is obtained
by restricting the projection map of the GTF f : M — B. We consider
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fi : 0(Tw;) — OD? to be the restriction of f; : Tw; — D;. l; can be consid-
ered as a generator of H1(0D?% Z) , and ( ¢¢,«(l;), ¢c,x(ri), do(si) ) = (
L’, i, S; )Cu SO (fz)* : H1(8(Tw);Z) — H1(8D2, ) maps 7;, S; to bJZ,
cils, respectively. Recall that all twin singular fibers are assumed not to
be multiple. Thus by Proposition 3.4 (iii), ged(b;,c¢;) = 1, and there exists
integers x;, y; such that x;b; + y;¢; = 1 because of the Euclidean algorithm.
By Proposition 3.1, the diffeomorphism type of the total space does not
change if we change C; to C;A;, where A; € Hy ([1]). Therefore, we can

0 1 €;
change C; to C] = | * d; * | ,wheree¢; (i =1,---,k)is 0 or 1. For ex-
* € *
1 0 0
ample, if x; —¢; +y; +b; =0 mod 2, we define A; = | —zja; 2 —c
—yiai  Yi b
Likewise, by Proposition 3.3, for
1 00 1 0 0
A= —d1 1 0|®---& —dk 1 0
—e] 0 1 _—ek 0 1
1 00 1 00
D E;g:ldi +m 1 0l®|-m 1 0] € Hg,
¥F ei+n 0 1 -n 0 1
we can see that M is diffeomorphic to M’. O
Hereafter we will denote
M(A17 Bla o
0 1 €1 0 1 1 0 0 1 00
* x 0 m' 1 0|;[0 1 0])
* x 0 n 0 1 0 0 1
0 1 € 0 1 e '
byM(Aerla : A97397 * 0 * sttty | X 0 * 7|: /:|)
n
* 0 % * 0 %
Let a1, B1,---, 04, By be homotopy classes which are represented by
loops in M whose base point is vy, and which determine monodromy ma-
trices Ay, By, -+, Ay, By, respectively. Let o, 7 be generators of the fun-

damental group 71(f~'(vg)) & Z ® Z corresponding to 7;, 5; which are
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the elements of the canonical basis ( l;, i, s; ) of Hi(0(Skyo x T?); Z),
respectively. Note that r; (resp. s;) is homologous to r; (resp. s;) for i # j.

We can calculate the fundamental group of M’ by making use of van
Kampen’s theorem as follows.

PROPOSITION 4.1. Let w1 (M') be the fundamental group of

0 1 ¢ 0 1 e m
MI:M(AlaBla‘”vAg’Bg; z1 0 Y|, | Tk 0 Yk 7|:n:|)’
z1 0 # 2z 0 tg

a: b i gl .
whereAj:[cj dﬂ’Bj:[rj sﬂ j=1,---,9).

Then mi(M') =< a1, b1, .04, Bg, 0, T | 0T =70 Ney

]._lTaj = ijfrdj’ ﬁj_lgﬁj = gPit"i, ,8]_17—63 = g% (,7 =1,--- 79)7 1 =

ovithi (i=1,--- k), al_lﬂl_loqﬂl e ozg_lﬂg_lozgﬂg = MrT" >,

—_ a; ~Cq
oa; = oc%TY,

(07

PROPOSITION 4.2. Hi(M') is isomorphic to Z*9®(Z?/K), where K is
the subgroup of Z* generated by [_ZL] , {%} (i=1,---,k) and the column
- i
vectors of Aj — E and Bj — E (j=1,---,9) (E stands for [(1) (1)] ).
LEMMA 4.2. For any element P of SL(2,Z),
0 1 € 0 1 e m
M,:M(AlaBl)”'aAg)Bg; Tl 0 Y1 sty | Tk 0 Yk a|: :|)
z1 0 # zr 0 tg

is diffeomorphic to

M'=M(P~'A,P,P7'B,P,--- ,P"'A,P,P"' B, P;

0 1 ¢ 0 1 e m
R T T R ;Pl{n]),
21 0 2 0 i
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PrROOF. We can easily prove by using the diffeomorphism which is
determined by transformation of basis of fibers. [

In this section, we treat only the case when rank Hy(M) = odd. Of
course, rank Hi(M') is odd, too. In this case, a diffeomorphism type of M
(i.e. M) is very simple.

LEMMA 4.3.
0 1 €1 0 1 €L m
M/:M(ALBl?”'?Ag?Bg; I 0 1 sty | Tk 0 Yk ’|:7’L:|)
z1 0 1 2z 0t
is diffeomorphic to M" = M( 1 e LAy 1 e
P N 0O 1|10 1| |0 1]|°
1 f 0 1 €1 0 1 €L m,
[0 lg] g O 1| ,---, g O 1]1; {0 ] ), where rank Hy(M')
1 0 0

is odd and e;, f; (i
determined by M'.

1,---,9), gi(i = 1,--- k) are integers which are

ProoF. By Proposition 4.2, rank H(M) = 2g + 1, and rank (4; —

Y1 Yk mi
E.,By-E,--- ,A;—E,B;, - E, [tl], ,[tk},[n])—l(Estands

1
for [0 (1)]) Since rank (A; — E) < 1, det(A; — E) = 0 holds. That is,
a b

for A1 = ad —bc = 1), (a —1)(d —1) — bc = 0 holds. Thus
c d

1
traceA; = a4+ d = 2. By Lemma 4.2, we can assume that A; = [0 611]

(e1 € Z). See [10]. By rank([g 601 By —E,Ay—E,--- Aj— E, By —
E, {?1} R [?ik:} , [1:]) = 1, in the case when ey # 0, all elements of the
1 k

second row of each matrix are zero. Thus in this case, M’ is diffeomorphic to
M". Likewise in the case when e; = 0, we can see that M’ is diffeomorphic
to M". O



378 Masatomo ToODA

REMARK 4. We will see that M"” = M( (1) 611 , (1) j;l 7
0 1 & 0 1 e ,
1 e 1 m
"[0 19],[0 fﬂ;glo 1l g 01 ;[0})
1 0 0 1 0 0

has a GTF structure as follows. M can be decomposed so that M"” =
(M7 — Uk Tw;) Use, Twi, and M" — UF_ Tw; has a structure of a torus

fibration f: M” — UF_ Tw; — B — UF_ IntD?. Since

0 1 ¢
(e (li)s po(1i), deyn(si) = (L7, 8) g5 0 1| (i=1,--- k),
1 0 0

(f' o ¢c,)s; H1(O(Tw;); Z) — H1(OD?; Z) maps l;, i, s; to 0, 1;, €l;, re-
spectively. Thus by Proposition 3.4 (ii), we can extend a GTF structure
on M” —UF_ Tw; to a GTF structure on Tw; (i = 1,--- ,k). By Proposi-
tion 3.4 (iii), all singular fibers are simple. By Corollary 3.1, the i-th twin
singular fiber can be regarded as (m,n)-twin singular fiber, where m, n are
non-negative integers so that m—+n = 14¢; mod 2. In particular it is even
(resp. odd) if ¢, =1 (resp. 0).

Comparing the first GTF structure of M with the one of M” which is
induced as above, we can see that the i-th twin singular fiber of M” is even
(resp. odd) if and only if the corresponding twin in M is even (resp. odd).

Hereafter we will assume that M has at least one even twin singular
fiber. Obviously we can assume that the first twin singular fiber is even
without loss of generality.

LEMMA 4.4. M" = [é 61]7[1 f1]7__.7[1 69]7[1 fg};

1 0 1 0 1 0 1
0 1 €k
9101
1 0 0 1 0

€1

M(
1 o
R /" V| ;[0})isdiﬁeomorphictoM"’:M(
0
0
0
1

o 1l a) o0 1)
0 1 0 1 10 0

0
Proor. By Corollary 3.1, we can assume that the first twin singular
fiber is (1,1)-twin singular fiber. We can deform this singular fiber to two

1
0 1
0 0
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singular fibers which are of I and I; ([4]). By Picard-Lefschetz formula
([8]), the monodromy matrices of singular fibers of type I (resp. I; ) are

1 1 q 1 -1 tivel
o 1|2 |, | respectively.

M" —UF_,Tw; — D? x T? is the total space of a GTF which has two
singular fibers of type I;" andl; and has a boundary. We define homology
classes 'yfr and v, which are associated with Il+ and I, respectively. ay
and a_ are critical values.

In what follows, we want to prove that

Ny = M" — Uk ,Tw; — (D? x T?)

is isomorphic to

Ny = M" — Uk_,Tw; — (D? x T?)

whose monodromy matrices are trivial. Here we say that two GTF f; :
N; — Bj and fs : Ny — By are isomorphic to each other if and only if
there exists an orientation preserving diffeomorphisms ¥ : Ny — N, and
® : By — Bs, where ®o f; = fo0oWV. By seeing the proof of the statement of
[8] (p. 169), it is simply extended to the case of containing singular fibers
of type I; and having an arbitrary oriented base space. Note that this
statement does not assume that the monodromies are epimorphisms. Thus
we can use the following assertion.

ASSERTION. Let f1 : M — B and fo : M — B be two GTF’s each
of whose singular fibers is of type Ifr or Iy and whose base space B sat-
isfies that OB # ¢, with the same set of critical values, say ay,--- ,ay,.
Suppose that f{ '(vo) = f5 (vo) and the corresponding canonical anti-
homomorphisms 71 (B — Ut a;,v0) — Auty (Hi(f; ' (v0), Z)) and m (B —
U a,v0) — Auty (Hi(fy  (vo), Z) coincide, that is, the two sets of mon-
odromy matrices are completely coincide. Then there exists an isomorphism
O:fi = fo,p={®: B — B,V : M — M} such that ®(vy) = vy, P
induces identity on 71 (B — U a;) and ¥|f~(vg) = identity.

We assume that by choosing an appropriate configuration

C= (0517517"' 7ag7ﬁg;7fra’7;772a"' 77]@77]€+1)
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which consists of homotopy classes which are represented by loops on By,

plas) = () = [ 3] G =10 ot = [ 1] s =

[1 _11], () = [1 0} (1t =2,---,k+ 1) hold, where p; is the mon-

0 0 1
odromy representation associated with f;. Obviously there is a config-
uration C' = (o}, 81, ,a’g,ﬂg;’yf',ﬁyl—','yé,u- , Veg1) O By such that

pale) = pa(3) = | o 1] 6= 10 mt) = [ 1] o) =

1 -1 1
[0 1 ], p2(Vh) = [0 (1)] (¢t = 2,---,k+ 1), where p is the mon-

odromy representation associated with fs. Clearly there exists an orien-
tation preserving homeomorphism ® : By — Bj such that ®(a4) = d/,,
P(a_) =da_, 4(C) = C’'. By deforming it if necessary, we may assume
is a diffeomorphism. Then N is considered a GTF over B; with the pro-
jection dlo fo : Ny — Bj. Thus from the beginning we can assume that
B1 = By = B and C = C". Obviously f; : Ny — B and fy : Ny — B satisfy
the assumption of the Assertion. Thus we have only to prove the existence
of such a configuration C in order to prove that f; is isomorphic to fs.
A trivial configuration Cy = (o, 81, - -, ag, Bg;wf,yf,w, cer L Yge1) on By

satisfies p1(oj) = [(1) 611], p1(B;) = [(1) Jil], (G=1,---,9), Pl(?’f—) =

1 1 _ 1 -1 1 0] ,. .
|:0 1]7,01(71)— |:0 1 :|7/01<PYZ)_ |:0 1:| (1—27"'7k+1)7WhereP118
the monodromy representation associated with f;. There exist homeomor-
phisms E;r, L, ./\/lj+ and M : {B1 — {a},a-},vo} — {B1 —{a+,a-}, v}
(1 <j<g)sothat C = (M;fg o-- -oj\/ll_f1 0Ly 00 L) 4(Cy), where

(C;L)" n >0, (Mj)" n >0,
L} =< identity n=0, M} = q identity n=0, (j=1,---,g) is the
(L))" n<0, (M;)" n<0

configuration required.
For example, the homeomorphism £j is characterized by

‘C;r#(alvﬁla"' 7ajaﬁj7"' 7agaﬁg;’71+77177’727"' 7'7k:+1)

= (alaﬁlv"' 765]'7/8]'7"' ’Oég;ﬁgZWfrﬁfﬁ%“‘ 7’7/€+2)7

where &; = o;[Bj-1,a;-1] - [B1, 1]y [, B1] - - - [ej—1, Bj—1] and 4] is a
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certain conjugate of v, . See [5].

Therefore, f; : Ny — By is isomorphic to fs : No — By. The dif-
feomorphism ¥ : N7 — Ny induces the diffeomorphism ¥ U id : Ny Uge,
Uy Tw; Ug,, (D? X T?) — No Ugoge, UigTwi Uwog, (D* x T?). Hence

0 1 e
1 €1 1 fl 1 e 1 f
sy ] 4B LA
0 1 0 1 0 1 0 1 1 0 0
0 1 e o 10
R /" O I N ) is diffeomorphic to M" = M( AR
0 0 1
1 0 0
1 0 0 1 1 0 1 e 0 1 e -
[0 1]; 00 1|, ]9 0 1T}, .-+, g O 1 7[0]) By
1 0 0 1 0 0 1 0 0

seeing the assertion of [8] (p. 169), all twists of the structure of the torus
fibration of the boundary of the diffeomorphism ¥ : N7 — Ny can be gath-
ered into S,% 41 X T?. Hence we can assume that ¢ is identity on S} x T2
(i=2,--- k), that is Vo ¢c, = ¢¢, (i =2,--- k).

By Proposition 3.1, the diffeomorphism type of M” does not change if we

0 1 €5 0 1 €5
change C;" = |g; 0 1| (i=2,---,k) of M" to Cl'A; = |gi 0 1
1 0 0 1 0 0
1 0 0 0 1 ¢ 1 0 0
giei 1 0| = (0 O 1|, where A; = |¢gice; 1 0| € Hy. Thus
—-g; 0 1 1 0 0 —g; 0 1
S . ~ [1 0] [1 o} 011
M" is diffeomorphic to M"” = M( R ;10 0 1],
0 1 0 1
1 00
0 1 e 0 1 e _y
00 1|,--,]0 0 1 ;m]).
1 0 0 1 0 0
A similar argument of the proof of Lemma 4.1 shows that M” is diffeo-
- 0 1 1 0 1 e
morphic to M! = [(1] (1)], (1) (1]] : |:O 0 1],]0 0 1
- 1 00 1 0 0
0 1 e 1 0 0 1 0 0
-, 10 0 1|, |m 1 0| ;]0 1 0] ). Finally we will see
1 0 0 1 00 -1 0 1
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that M{ (7’ # 0) is diffeomorphic to M”” by using an isotopy which does
not change the neighborhood of singular fibers. For a GTF IR M{’ — B,
we construct an isotopy ¢} : B — B, t € 0,1, n € Z —0. Let T =
{at,a_,as, -+ ,a;} be the set of singular values. Denote a disk which is
surrounded by a circle S,% 41 In B by D,, and choose a base point a in
D,. Forn € Z — {0}, let v, : [0,1] — B —T be a loop which satisfies
Y (0) = 7 (1) = a and goes round the singular value of the singular fiber
of type I} if n > 0 or of type I; if n < 0 |n| times toward the positive
direction. There exists an isotopy ¢ : B — B, t € [0,1], n € Z — {0},
¢o = identity such that for some open U C B — D,, o |lu = identity,
o (a) = y(t), ¢*(Dy) = D,. A diffeomorphism ¢7™ : B — B induces

a diffeomorphism wfml C M — MY, where MJ" = M( (1) (1)] 2T
0 1 1
1
[0 (1]] ;10 0 1],
1 0 0

0
1

Q)

€2 k

= O O

1 0 1 1 0 0
o 1} .,---, 10 0 1|10 1 0f;
0 0 1 0 0 1 0 1
0
0 0| ). Actually an isotopy qbl_m, induces a diffeomorphism which

-1 0 1
influence only a gluing map ¢p, which represents an obstruction for ex-

isting a cross-section. See [8]. Therefore, M} is diffeomorphic to Mj". A
similar argument shows that M{” is diffeomorphic to M". Hence M" is
diffeomorphic to M"'. O

Hereafter we will denote M (E,--- ,E;Cy,- -+, Cy; {TZ} ) by M(E?9;Cy,

-, Ch; [7:} ). A closed 4-manifold M is said to be spin if and only if for
any x € Hy(M;Z/2), xox =0 € Z/2, where z o x is the self-intersection
number. A closed oriented 4-manifold M is said to be of typell if and only
if for any « € Ho(M; Z), xox =0 mod 2, where z o x is a self-intersection
number. Otherwise, it is said to be of typel. The following Lemma means

that there exists both GTF of typel and one of typell. Hereafter we will
0 1 1

denote |0 0 1| by C.
1 0 0
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LEMMA 4.5.
0 1 ¢ 0 1 e 0 1 ¢ 0
M"=M(E*?; |0 0 1{,{0 0 1],--,[0 0 1 ;[0])
1 0 O 1 0 O 1 0 0

(1. = 1,k > 1) is of typel if e1e2---€, = 0, and M" is diffeomorphic to

M(E%; C ; [8] ) #(k—2)(S? x S?)#(5*xS?). Iferey--- e = 1, then M"

is of typel I and M"" is diffeomorphic to M(E?9; C'; [8} )#(k—1)(5%x S?).

PRrROOF. First we show that M = M (E?; C ; ) is of typell. Let

0

|
F, be an oriented, closed surface whose genus is g. Then M is decomposed
as M = ((F, — IntD?) x T?) Ugpe, Twi. We consider the Meyer-Vietoris

sequence
Hy((F, — IntD?) x T% Z/2) & Hy(Twr: Z/2) 25 Hy(M; Z/2)
2 Hy(0((F, — IntD?) x T%); Z/2) =
Hi((F, — IntD?*) x T%* Z/2) @ Hy(Twy; Z/2),

where A is the connecting homomorphism and j,, i, are maps which are
induced by inclusions. Since any homology group is a vector space, there
exists a subspace V so that Ha(M; Z/2) = Im(j.)®V . The self-intersection
number of any element of Ho((Fy—IntD?*)xT?; Z/2), Ho(Tw; Z /2) is zero,
thus the self-intersection number of any element of Im(j,) is zero, too. The
map which gives a self-intersection number for each element of H(X; Z/2)
is linear, thus we have only to examine self-intersection numbers on V' to
see whether M is spin or not. An element v € V which is not zero is
distinguished by A(v) # 0 and i,(A(v)) = 0. Choose a basis < l; > of
Hy(Twy; Z/2) and a basis < dy, b1, , dg, By, 755 > of Hi((Fy — IntD?) x
T% Z)2) = @%972Z /2. ay, By, ,Qg, Bg and 7, § are homology classes
which correspond to a1, 51, -+ -, ay, B4 and 71, 51, respectively.
Since ( QSCI*(ll)? QSCI*(Tl)? gbCl*(Sl) ) = ( li, 71, 51 ) C,

l1 = ¢cya(r1),
71 = —0cy«(T1) + Py (51),
51 = dpcy«(lh)-
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Since 1-chain O(F, — IntD?) x {*} x {x} is homologous to 0 in (F, —
IntD2) x T2,

i«(l1) = (07 ® 03) @ 0ly,
ix(T1) = (17 @ 03) @ 0l4,
ix(51) = (0F @ 13) @ (—1)l;.

Hence Ker(i.) is generated by [;. Let C be a 2-chain (F, — IntD?) x
{x} x {#} in (Fy — IntD?) x T?, and C; be the 2-chain in Tw so that

0C7 mod 2 is equal to r;. Then A([C' + C1]) = l;. By Proposition 3.6,
[C 4+ C1]*(mod 2) = 0 holds. Therefore, M = M(E?; C ; [8] ) is spin.
Thus M is of typell.

Define D?xT? = x(Tw;; S;) (i = 2, -+ , k), where ¥ is the Milnor surgery
and T'w; is the i-th twin in M"| see [4]. Since l;, r; and s; in Hy(0Tw;; Z)
correspond to —7; = —({x} x ST x {x}), [; = OD2 x {x} x {*}, 3; = {*} x

0 1 ¢
{x}x St in Hy(0(D?xT?); Z), respectively, gluing maps of Tw; |0 0 1
1 0 0
62
(i = 2,--+,k) correspond to gluing maps of D? x T2
2,--- k), respectively. These matrices are elements of Hg in Proposmon

3.2, thus we can change these matrices to unit matrices without changing
the diffeomorphism type of M"’. Therefore, by Proposition 3.5, we can
change M"" to M by performing the Milnor surgery on all twins except the
first twin.

Conversely, s; is isotopic to s1, and s is isotopic to 0 in T'w1, thus M is
obtained from M, by performing the Milnor surgery on k£ — 1 disjoint loops
{sh, -+, s,.} in M which is isotopic to s1. Since (S?xS?)#(5?xS?) = (52 x
S2)#(S5?% 8?) and M is of typelI, M" is diffeomorphic to M#(k—2)(S? x
S2)#(S%?xS?%) if M" is of typel, and M™ is diffeomorphic to M+#(k —
1)(S? x S2%) if M" is of typell ([11]).

In what follows, we will see that X; = M(E?%; C , C ; {8} ) is of

0 1 0
typell, and Xg = M(E%9; C; |0 0 1] ; {8] ) is of typel. We consider
1 0 O
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the Meyer-Vietoris sequence for the decomposition X, = ((F, — (IntD? U
IntD3)) x T?) Ugpe, Twi Uge, Tws (€2 =0, 1) as above.

Hy((F, — (IntD} U IntD3)) x T?% Z /2) @ Hy(Twy U Tws; Z/2)
2 Hy(Xey; Z/2) S Hy(O((F, — (IntD2 U IntD2)) x T?); Z/2)
% Hy((F, — (IntD? U IntD3)) x T? Z/2) & Hy(Tw; U Twy; Z/2).
We have
Zz' = ¢Ci*(7‘i)7

,fi - _€i¢0i*(ri) + ¢C¢*(3i),
S = ¢Ci*(li) (Z =1, 2)’

where ea = 0 or 1. For their images,

ix(l1) = (0F @ 05 © 11;) @® (0l & Oly),
i«(T1) = (17 ® 05 & 0l1) @ (011 & 0l2),
i+(31) = (0F © 13 ® 0l1) @ ((—1)l1 @ Olg,
ix(l2) = (07 ® 03 @ (—1)l1) @ (011 @ Olz),
ix(o) = (17 © 05 @ 0l1) @ (011 @ 0la),
i+(52) = (0F @ 15 @ 1) @ (01 © (—1)l2)

hold.

Therefore, Ker(i,) is generated by I; + I3 and 71 — 7. Let C be the
2-chain (F, — (IntD}UIntD3)) x {*} x {*} in (F, — (IntD?UIntD3)) x T?,
and let C; (i = 1, 2) be 2-chains in Tw; such that 0C;(mod 2) is equal to
ri. A([C + C1 + Cs]) =11 + 13 holds. Let C’ be the 2-chain I x S* x {*} in
(Fy—(IntD3UIntD3)) x T?, I being an arc in F, — (IntD?UD%) connecting
0D? and 0D3, and let C! be a 2-cochain in T, such that dC!(mod 2) is
equal to —e;r; + 8. A([C' + C] + C4]) = 71 + 9 holds. Hay(X,,;Z/2) =
Im(j,)® < [C+C1+Cq), [C"+C1+C%] > and any self-intersection number
on Im(j,) is zero, thus we have only to examine [C + Cy + Ca)?(mod 2)
and [C" + C] + C%)*(mod 2). By Proposition 3.6, [C + C; + Cs]*(mod
2) =0, [C"+ Cf + C52(mod 2) = C - Cf + Ch - Ch(mod 2) = —1 — €3 hold.
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Therefore, X (e2 = 1) is spin. Thus X is of typelI. We change X7 to X by
performing Gluck-surgery on 2-sphere S? in Twy. Thus X1 = M#(S? x S?)
and Xo = 7(X1;8%) = 7(M#(S? x §2); 5?) = M#7(S? x S?; {x} x §?) =
M+#(S?x5?). See [1]. Therefore, Xy is of typel.

€162+ --€; = 0 means that some of €, - ,¢, are zero. Then M is
constructed by a connected sum of Xy and some S? x S? or §2xS2. Since

Xo is of typel, M"" is of typel, too. Hence M" = M(E?*I; C ; [8] )
4k — 2)(S? x S2)#(52%52).

€162+ - - €, = 1 means that all eg, - - - , €5, are equal to 1. M’ is constructed
by a connected sum of X, and some S?x.S? or S?xS?. If $? % S? is contained
in them, M"" is constructed by M#(S%x5?%) and some S? x S% or S?xS2.
M#(52 >~<52) is diffeomorphic to X; because all €9, - - - , €1 and €, are equal
to 1. On the other hand, M#(S?%S?) is of typel, thus this is Xy. But X
and X are of typel and of typell, respectively. Thus it is not diffeomorphic
to each other. This is a contradiction. Therefore, M" = M(E?9; C ;

[8] V4 (k — 1)(S?% x S?). Of course, M"" is of typell. O]

THEOREM 4.1. Let f: M — B be a good torus fibration with at least
one even twin singular fiber. Suppose that each singular fiber is non-multiple
twin singular fiber, and that rank Hy (M) is odd. Then the diffeomorphism
type of M is determined by (i) e(M), (ii) rank Hy(M) or g(B), (iii) the
information about whether M is typel or typell, as follows.

If M is of typel, then

M = 2B C 5 | (| helhn) - 2)(8? x SIS %5,

If M is of typell, then

0
M = M(E®; € 5 | (| he(hn) - (57 x 57,

Here e(M), H (M) and g(B) are the Euler number of M, the 1-dimen-
stonal homology group of M and the genus of B, respectively.

Conversely, these manifolds have such GTF structures.

PRrROOF. %e(M) is a number of twin singular fibers. By Lemmas 4.1,
4.3, 4.4 and 4.5, the first part of this Theorem is obvious. By Remark 4,
we can see that each manifold has such a GTF structure. [J
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REMARK 5. If rank Hi(M) is odd, then rank H; (M) = 2g(B) + 1. In
the case when each singular fiber is of type If , I or Tw, it is known
that if o(M) # 0, then 71(M) is isomorphic to m(B) ([5]). Therefore, if
rank Hy(M) is odd, then o(M) = 0.

If each type of singular fibers is of type I 1+ or I;, then Theorem 4.1 can
be rewritten as follows.

THEOREM 4.2. Let f : M — B be a good torus fibration. Suppose
that each singular fiber is of type IlJr or I, and that e(M) # 0, and that
rank H1(M) is odd, (c(M) = 0). Then the diffeomorphism type of M is
determined by (i) e(M), (ii)rank H (M) or g(B), as follows.

M = 2B C 5 [ (| he(hn) - (5 x 57,

0
Here e(M), Hy(M) and g(B) are the Euler number of M, the 1-dimen-

stonal homology group of M and the genus of B, respectively.
Conversely, these manifolds have such GTF structures.

As the Corollary, we have a similar result about the case when each
singular fiber is of type Il+, I7 or Tw.

COROLLARY 4.1. Let f; : M — B be a good torus fibrations. Suppose

that each singular fiber is of type I} or I, or non-multiple twin singular
fiber, and that e(M) # 0 and rank Hy(M) is odd (oc(M) = 0). Then the
same result of Theorem 4.1 holds.

5. Some Special Cases

In this section, we assume that each singular fiber is simple and each
twin singular fiber is even. In this section, we will consider the special case
when e(M) =2, g(B) =1 and 0(M) = 0 (rank H, (M) = even). It means
that a singular fiber of GTF f: M — B is an even twin singular fiber or a
pair of singular fibers whose type are I fr and I, respectively.

LEMMA 5.1. (i) For any []; ﬂ € SL(2,Z), M = M(A,B; C; [2] )

is diffeomorphic to M(APB", AYB*%; C ; {2] ).
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(ii) For any P € SL( M(A,B; C; {2} ) is diffeomorphic to

N
N
- =
I

1 .
M(P~YAP,P~'BP; |21 0 | ; P! [2] ), where [icl %/1} = p-1
0

z1 tl
0 1
1 0}
(iii) Let < A—E, B—E > be the subgroup of Z* generated by the column
1 l
vectors of A — E and B — E. (E stands for [0 ﬂ .) Assume {ZZ{] -

[2 €E<A—FE,B—FE>. Then M = M(A,B; C; [2] ) is diffeomorphic
/
to M(A,B; C ; [7:,} )=M(A,B; C; [:ﬂ ).
We omit the proof of Lemma 5.1, because it is easily proved by seeing
Proposition 2 of [10].

0
LEMMA 5.2. For M = M(A,B; C ; {n] ), there exists a certain

A" € SL(2,Z), so that it is diffeomorphic to either M(A', E; C ; L(” )

0

or M(A',—FE; C ; [
n

1 0
}) (E stands for {O 1])

PrROOF. By [10], we see that there exists C' € GL(2,Z) so that A =
+C*® and B = £C77 for some integers s and ¢, because AB = BA. By
replacing C' by CY, where g = gcd(s, —q), we may assume that s and —¢q
are relatively prime, i.e., ps — qr = 1 for some integers p and r. For A,
B e SL(2,Z), APB" = £CP*71" = £(C and A’B* = £C%C~% = £ E. We
note that APB" = +C' is an element of SL(2, Z). By applying Lemma 5.1
(i), this completes the proof. O

By Lemma 5.2, hereafter we will be able to assume that B = £F.

b 1 0 ol,. .,
d , = [0 1},0,{n})zsdzﬁeomor—

R I B e e e e

LEMMA 5.3. (i) M = M( “
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1 0 0
+ 0 1| C ; [_] ). e is any integer, and n is an integer which is

determined by M.
5 a b 10 0 o . 1 e
(i) M ( L d} , [O 1} ; C [n} ) is diffeomorphic to M ( [0 J

A I IR s B
)

. e 1s any integer, and n is an integer which is determined by M.

—
S oo 2
[

ProOOF. (i) This is easily proved by a similar argument of the proof of
Lemma 4.4. Note that we use only two homeomorphisms Ef and £, and

1
that p1(81) = £ [O ﬂ is commutative with any element of SL(2, Z).

1
(ii) By Lemma 5.3 (i), M is diffeomorphic to M( [CCL Z] {0 i}

1
+ [0 ﬂ ; O [2] ). By applying Lemma 5.1 (ii) for defining P =

1 —e . . . 1 e|lla b
1 | we see that M is diffeomorphic to M( [0 1} [c d] ,

01 1
1 0 en 1 ella b 1 0
[ v] e o1l [Thmady ][] = [ ]l

Let us consider a necessary condition under which the fundamental group
- ._0_ _|la b _|r q] _ 1 0],. .
ofM—M(A,B,C7[n_ ) (A= [c d]’ B = L 5} =+ {O 1]) is iso-
: ! / !/ O / a/ b/ /
morphic to that of M = M(A",B'; C ; y ) (A = o od , B =
v od 1 0] iy
o= + 0 1 ). By Proposition 4.1, the fundamental groups of
M and M’ have the_presentation m(M) =< o, 8,7|7¢ = l,a lra =
878 = 5 a1 e = 77" > and T (M) =< o, 08, 7|7¢ = 1,
o = 7 R = 1 o/ BB = 7 > respectively. We

can easily prove the following Proposition.

PROPOSITION 5.1.  Any element of (M) (resp. m(M')) can be
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uniquely represented by a*B'TY (resp. &FV7T) 0 < w < o(r) (resp.
0 <w' < o(r")), where o(t) (resp. o(7')) is the order of T (resp. T').

In this section, we are assuming that rank Hi(M) = 2 (i.e.
rank Hi (M) = even). In this case, the following Proposition holds.

PROPOSITION 5.2. Let ¢ : m(M') — m (M) be an isomorphism.
(rank Hy(M) = 2.) Then there exists a certain integer t so that ¢(1') = 7.

PROOF. By Proposition 5.1, we can put ¢(7') = a¥897¢ (0 < t < o(7)).
Let @, 3 and 7 (resp. 7') be the elements of Hy(M) (resp. Hy(M')) which
are images of a, § and 7 € 7 (M) (resp. 7" € m(M’')) by the Hurwitz
homomorphism. Let ¢ : Hy(M') — Hi(M) be the isomorphism which is
induced by ¢. Since rank Hy(M) = 2 and H{(M') =< &, 3, 7|[&, ] =
1,7¢ = #/¥-1 = #=7" — 1 > the order of 7' is finite. Thus there exists a
certain integer 7 # 0 so that 7" = 1. Hence ¢(7) = 1 = (¢(7'))" =1 =
(@'t =1 = a™pirt =1l = fu=iw=0=>u=v=0.

Let H be the cyclic subgroup of 71 (M) which is generated by 7. Obvi-
ously H is a normal subgroup of m(M). Then the order of H (i.e. #H) is
|c|. By using the Reidemeister Schreier rewriting process, we can prove the
following Lemma.

LEMMA 5.4. Define G = m (M) =< o,3,7|7¢ = 1l,a lra = 79,
B3 = 5, a7 laB = 77 > (s = £1) and let H be a normal sub-
group of G which is generated by 7. Then the order of the cyclic group H
(i.e. #H) is|c|. That is, H=<r71|t¢=1>.

In what follows, let us consider an invariant.

LEMMA 5.5. Define 1 (M) =< a,3,7|7¢ = l,a 'ra = 74,7173 =

a e = 7" > and m(M') =< o, 3,77 = 1,/ =
7R = 8 oG = 7Y > If m (M) s isomorphic to
w1 (M), then |c| = |d|. That is, this number is an invariant of the group

which has a presentation as above.

PROOF. Let H (resp. H') be the subgroup of w1 (M) (resp. m (M'))
which is generated by 7 (resp. 7). By Lemma 5.4, H =< 7|7¢ =1 >
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and H' =< /|7’ = 1 > hold. On the other hand, let Tor(m(M)) (resp.
Tor(mwi1(M'))) be the subset of 71 (M) (resp. m1(M')) which consists of
elements of 7 (M) (resp. w1 (M')) whose order is finite. By Proposition
5.1, Tor(m(M)) C H =< 7|7 = 1 > (resp. Tor(m(M')) C H =<
7|7'¢ =1 >) holds. Obviously,

Z/lc|Z |c| # 0,
T M)) ==
or(m (M) { <1> |e]=0,
and
’ (e = { 212 €] #0.
orim Cl<1i> | =0

hold. (Tor(mi(M)) (resp. Tor(mi(M'))) is the subgroup of m (M) (resp.
m(M)).)

Since 71 (M) is isomorphic to m(M'), Tor(m(M)) is isomorphic to
Tor(mi(M')). Thus

{ | = Ie| lc] > 2,
Tor(m(M)) =Tor(m(M')) =<1> |¢|=0,1.

Thus we have only to examine the case when |¢|] = 0 or 1. That is,
we have only to show that Gy =< o, 3,7|7" = 1,a " 'ra = i 8713 =
%, a" 7 laB = 77" > (c = 0) is not isomorphic to G1 =< o/, #, 7|7t =
1’a/—17_/a/ — T/d/,ﬁ/_lT/ﬁ/ — T/s/,o/_lﬁ/_lalﬁ/ _ T/—n’ S 72 (C/ _ 1)‘ If
these two groups were isomorphic to each other, then Gg would have to be
abelian, too. Thus 747! = 7571 = 77" = 1. By Lemma 5.4, Hy =< 7|70 =
1 > (Hy is the subgroup of Gy which is generated by 7), that is, the order
of 7 is infinite. Thus d =1, s =1 and n = 0 hold. Then Gy = Z3. This is
the contradiction. This completes the proof. (Concretely, the invariant |c|
is represented by |c| = #Tor(m (M)) — rank Hy (M) +2). O

REMARK 6. By seeing the proof of Lemma 5.5, we have that

Tor(m(M)) = H if |c| # 0. (Tor(m1(M)) =< 1># H =< 7|79 = 1 >=
Z if|e| =0.)

Therefore, if |¢| # 0, then the isomorphism ¢ : w1 (M') — 71 (M) induces
the isomorphism between H' and H, that is ¢(H') = H. Thus ¢(7') = 7¢
is the generator of H, that is, gcd(t,c) = 1 holds. (See Proposition 5.2.)
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If |e| = 0 and rank H1(M) = 2, then there exist ¢, ' € Z such that
pop () = ()", where ¢ : m(M’) — (M) is the isomorphism. (See
Proposition 5.2.) ¢t = 1 holds. That is, ¢ = 1 or —1. Therefore, ged(t,c) =1
holds.

LEMMA 5.6. Let ¢ : m(M') — m(M) be an isomorphism.
(rank Hy (M) = 2.) Then there exists some [:j, ;),] € GL(2,Z) so that

d"s" =d mod |c|,

d“s" =5 mod |c|

hold.

REMARK 7. Since ad—bc =1,ad =1 mod |c| holds. That is, d™! = a
mod |c| holds. Since, s =1 or —1, s7! = s(= p) holds.

Proor orF LEMMA 5.6. By Proposition 5.1 and Proposition 5.2, we
can write ¢(o/) = aBU7%, ¢(8') = o V7%, ¢(r') = 7*. Since the images
of relators are 1, ¢(a/~'7'a/) = ¢(7'%) holds.

Hence " ,

{ (,rt)d sV (Tt)d u >0,
(Tt)a—“s“ — (Tt)d’ u<0
hold. (We note that s~! = p holds by Remark 7.)

By Remark 6, ged(t,c) = 1 holds. By Lemma 5.4, the order of 7 is |c].

Therefore,
{ d“s' =d mod |c] u>0,

a %s'=d mod|c] u<0
hold.

By Remark 7, a=! = d mod |c|. Thus regardless of the sign of u, d"s’ =
d’ mod |¢| holds. Likewise we have d¥s” = s’ mod |¢| from the relations

ﬁ/flT'ﬁ/ — 7_/s"
We will show [ZL‘, H € GL(2,Z) (ie. det [5, Z,] — +1). By

Proposition 5.1 and Proposition 5.2, we can write ¢~ 1(a) = o/%3"7'%,

(b_l(ﬁ) _ a'd,,@/JIT/“;/, ¢—1(7_) —
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Since ¢ o ¢ Ha) = a, (a*BU7Y)%a¥ BV (7H)? = @, then
uitu' v guutvi ke — o Thus un + w/'v = 1, v + v = 0 hold. Like-
wise we have v’ +u'v" = 0, v’ +v'v' = 0 from ¢ o ¢~ (3) = 3. Therefore,

u v 1
[u/ U,] [u, U,] = { O]. Hence det [u U,] = +1 holds. O
v

v u v 0 1 u

LEMMA 5.7. Let ¢ : m(M') — m (M) be an isomorphism.
(rank Hy (M) = 2.) Then if n =0,

n' =0 mod ged(c,d — 1,5 —1)

holds.

PROOF. By Proposition 5.1 and Proposition 5.2, we can write ¢(a’) =
au/@va’ Qb(ﬁ/) _ au’/@v’Tw” QZ/)(T,) — 7t Since o/_lﬂ’_lo/ﬁ' _ 7_l—n’,
o/f = FaT™". Thus ¢(a)e(5) = ¢(B)p(a)p(r')™. That is,
(auﬁva)(au’ﬁv’Tw’) _ (au’ﬂv’Tw’)(auﬂv,rw)(Tt)fn’

auﬂvau’ﬁv’de“/s”/+w’ u >0
The left-hand side = R A A, ’
auﬂvau ﬁv Twa s +w u/ < 0.

Similarly,

au’ﬁv’auﬁv,rw’d“s”erft w>0
the right-hand side= { -7

au’ﬁv’auﬁva’a*usv-‘rw—t

Since n =0 and a~ '3~ 'aB = 1, by Lemma 5.4,

wd”' s" 4+ w' = w'd*s’ +w —t mod |c|

e w(ds” —1) —w'(d*s* —1)+t =0 mod |c|
holds regardless of the signs of u and u’.

By Lemma 5.6, w(s' — 1) —w'(d' — 1) + " =0 mod |¢| holds.
Hence t =0 mod ged(e,d — 1,8 — 1) holds.

By Remark 6, n’ =0 mod ged(e,d’ —1,s" — 1) holds.

By Lemma 5.5, n’ =0 mod ged(¢/,d — 1,8 — 1) holds. O

REMARK 8. It does not go well that we try to remove the assumption
n = 0 from Lemma 5.7. For example, we have the following result by
practicing the same method of Lemma 5.6 and Lemma 5.7 for the relation

/

al—lﬁl—lalﬁ/ =7
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REsuLT. Let ¢ : my(M') — 71 (M) be an isomorphism (rank Hy (M) =
2). Then

{ (1—-d)n’ =0 mod ged(d,d — 1,8 — 1) s=1,
(I1-=d)n’ =0 mod ged(2,d,d —1,8 =1) s=-1

hold.

However, these are identical equations if d = d’. Thus these do not
match the methods of this paper.

THEOREM 5.1. Let f : M — B be a good torus fibration. Suppose
that each singular fiber is non-multiple even twin singular fiber, and that
e(M) =2 and g(B) = 1. Then if m(M) is isomorphic to the fundamental
group of one of the following manifolds, then M is diffeomorphic to that
selected manifold.

Class 1. Mc’l’O:M(E (1)],[1 0];0;[0])

0 1 0
(c=0)
771(Mc,1,0) =< a,/@,T’TC =1, [7-7 Oé} [ ] « 6] =1>.
, 1 0] [1 0 0

Class 1’. AMC,Ln:AM({c 1] o 1} C; [n})

(c=2n, 3n, 4n, 6n, n > 1)

m(Meipn) =<a,B,7|r¢ =1, [r,al =[1,0] =1,[a, f] = 77" >.

Class 2. M40 :M([GCO iﬂ , [(1] (1)] 1O [8])

(1<d,d+1<c, cld®—1 (cis the natural number which is larger than
d + 1 and is divisor of d*> — 1.), (ag,bo) is the pair (a,b) whose ag is the
smallest natural number a which satisfies ad — bc = 1.)

m(Meapo) =< o, 3, 7|7¢ = Latra=74[r08 =0 =1>.

Class 2. MC,d’n:M([aO bo},{l 0];0;{0])

c d 0 1 n
(1<d, d+1<eg cld—1, ged(c,d—1) = 2n, 3n, 4n, 6n, n > 1,
(ag,bo) is the pair (a,b) whose ag is the smallest natural number a which
satisfies ad — be = 1.)
T (Mean) =< a,8,7|7¢ = 1,0 ra = 74

[, 8]
Class 3. MOJ,n:M([(l) ﬂ,[l O],C,{O}

=1,[a, 0] =77" >.
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(n=>1)

m(Moin) =< a,B,7|[r,0) =[r,0] =1,[a, ] = 77" >.

Class /. Mﬂ_lln :M([(l) ﬂ 7 [ 01 _OJ :C [2])

(n=0,1)

Wl(M(Ill,n) =<a,B,7|[ral =1, =171 [a,f] =777 >.

Here e(M), g(B) and w1 (M) are the Euler number of M, the genus of
B and the fundamental group of M, respectively.

Conversely, these manifolds have such GTF structures.

Furthermore these fundamental groups are not isomorphic to each other.
In particular, these manifolds are not homeomorphic to each other.

Proor. First let us consider the Class 1. By Theorem 4.1, if
rank Hy (M) = 3, then M = Mpy;0. Thus we have only to examine the
case when rank Hy(M) = 2.

By explaining in the /begi/nning of this section and Lemma 5.2, /we E:an
assume that M = M([Z, Z,} VB, C, LS,]) (s =1)or M = M([z, Z,] ,
B | YD ¢ = —1). B lying L 5.1 (i poal

Gy = . y applying Lemma 5.1 (i) for . os| =

-1 0 a v
0 _J,we can see that M([C, J

d -v 0
to M( [ dd ] ,EFE;C; o ). Thus we can assume that ¢ > 0 without

} ,t+FE;C; [S,]) is diffeomorphic

loss of generality. By Lemma 5.3 (i), we can assume that 0 < d' < ¢/,
provided that we assume that d’ = +1 if ¢ = 0. By Lemma 5.1 (iii), we can
assume 0 < n’ < ged(d,d’ — 1,8 — 1) provided that we assume that n’ > 0
if ged(c/,d" —1,s' — 1) = 0. Therefore, the total space M is diffeomorphic

a v s 0 0 ) _
to M([c’ d’} 1o s’} :C [n,]), d>0,0<d <difd #0,d ==+1if
d=0,0<n <ged(d,d -1, —1)if ged(c,d — 1,8 —1) £ 0,0 < n' if
ged(d,d —1,8 —1) =0, ==£1 ---(x).

Hereafter by writing this ¢, d', n/, ' by ¢, d', n/, s’ of (%), we will
distinguished from ¢, d’, n’ s’ of G‘z: & v Which will be determined as below.
Denote Gi:,d,m, =< o, 0,77 = 1, o = 7 g E =
o718 1/3 = 7~ >. Denote Goan = Gi’,d’,n" Denote G =
<G5yl >0,0<d <ifd £0,d =+1if =0,0<n < ged(c,d —
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1,8 = 1) if ged(d,d — 1,8 —1) £0,0 < n if ged(d,d — 1,8 —1) =0 >.
G is a set of presentations. For any M, m (M) is isomorphic to a certain
element of G. Conversely, for any element Gi; & of G, this Gi: & 18 the
isomorphic to the fundamental group of a certain M of (%). o

If G(S;'I,d',n’ € G and G.10 = m1(Mc1,0) (¢ > 0) are isomorphic to each
other, then ¢ = c holds by ¢ > 0 and Lemma 5.5. By Lemma 5.6, 1“1V = d’
mod ¢, 1¥1" = ¢ mod ¢, thusd =1 mod ¢, s =1 mod ¢. Since s =
lor—1,s =1landd = 1hold,if ¢ > 3. By Lemma 5.7, n’ = 0 holds. Hence
if ¢ > 3, then any element of G which is isomorphic to G 1,0 = m1(M1,0)
is itself. For a group G, we denote the set which consists of all elements of
G which are isomorphic to G by the symbol << G >>. Then for ¢ > 3,

<< G >>=<Ge1,0 > (c>3)---(1)

holds. Thus, since 71 (M) is isomorphic to a certain element of G, if w1 (M) is
isomorphic to Ge 10 = m1(Mc1,0) (¢ > 3), then ¢, d', 0/, s of (x) are satisfy
a v 1 0 0
/ ! __ ! __ ! __ 3 _ . .
d=c,d=1,n"=0¢=1. Tha‘ms,M—M([C 1],[0 1],0, _ ])
(c > 3).
Since a’-1—b'c = 1, by the Euclidean algorithm, we can write a’

=1

/ . . .. 1 0 1 0]

b'=0+k-1 (kis an integer). By Lemma 5.3 (ii), M( 0 1] ;
Ly 1

[8]) (¢ > 3) is diffeomorphic to M([‘é } [0 ?] M) (c > 3).

Again, by Lemma 5.7, n = 0. Thus for ¢ > 3, M = M., that is M =

e ] o aferla):

Let us consider the case when ¢ < 3. That is, ¢ = 1 or 2. (Recall
that rank Hy(Mo10) = 3.) If (M) is isomorphic to G110 = m1(Mi1,1,0)
(¢ = 1), then ¢, d 0/, s’ of (x) satisfy the condition ¢ = 1, d = 0

"=10,s =1or —1 as above. By Lemma 5.3 (ii) and Lemma 5.7,
-1 1
M (¢ = 1) is diffeomorphic to either M(H 0 ] , [O ﬂ - C; [8}) or

S Y e ) e P

Lemma 5.1 (i), these two manifolds are diffeomorphic to each other. By
Lemma 5.3 (ii) and Lemma 5.7, M is diffeomorphic to Mj 9. That is,
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1 0 1 0 0 .
M—M([1 1],[0 1],0,[0}). Simultaneously, we have

<< G0 >>=<G110,G10> - (2).

-1 -1 10
In the case when c=2, M is diffeomorphic to either M ( [ 9 1 ] ) {0 1 ] 3

i R P YR A P A

70 _01 , thus M is diffeomorphic to Ma 10 as above, that is, M =
10 1 0 0
M([2 1},{0 1],0,{0]). We have

—1
<< G27170 >>=< G27170,G27170 > (3)

This completes the proof of the Class 1.

If Gi’,,d’,n’ € @ is isomorphic to Geq0 = m(Mcgp) (1 < d, d+1 < ¢,
c|d®> — 1), then ¢ = ¢ by ¢ > 0 and Lemma 5.5. By Lemma 5.6, d“1? = d’
mod ¢, d“'1¥ = s mod ¢. Since ¢[d?>—1,d* =1 mod ¢. Thusd' =1ord
mod ¢ and s’ =1 or d mod ¢ hold. Since 1l <d<c—1,d# —1 mod ¢
holds. Since ' =1 or —1, s’ = 1. d’ is either 1 or d. By Lemma 5.7, n' =0
holds. Since 1 < d and d + 1 < ¢ hold, ¢ > 3 holds. Thus for ¢, d (1 < d,
d+1 < e, c|ld®—1), we have << Gegp >> N << G0 >>= ¢ by (1).
Hence d’ does not equal to 1,

<< Gego>>=<Geao>(1<dd+1<e¢, cld>—1)---(4)

holds. Therefore, if 7 (M) is isomorphic to Geao = m(Mcap) (1 < d,
d+1<c, cld®—1),c,d,n', s of () satisfy the conditions ¢ = ¢, d’ = d,
n' =0, s = 1. Since d'd — b'c = 1, by the Euclidean algorithm, we can
write ' = ag + ck, V' = by + dk (k is an integer, and (ag,bp) is the pair
(a,b) whose ag is the smallest natural number a which satisfies ad —bc = 1).
Therefore, for ¢, d (1 <d,d+1<¢, c|d®>—1), M = M40 as above. That
is, M = M( “CO bo‘; , (1) (1) C; [8]) (1<d,d+1<c¢,c|d®—1). This
completes the proof of the Class 2.
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If G§:7d,,n, € G is isomorphic to Go 1, = m(Mo1,,) (n > 1), we have
d=0,d =1,s =1as above. Since Go1.,/[Go.1.n, Go1n] = Z>® Z /n, for
n>1,

<< Goip>>=<Goip>Mm>1)---(5)

holds. Thus, if 7 (M) is isomorphic to Go 1., = m1(Mo,1n) (n > 1), ¢, d,
n', s’ of (x) satisfy the conditions ¢ =0,d =1, n' =n, s =1, and we have
M = My, (n>1) as above. This completes the proof of the Class 3.

If 71 (M) is isomorphic to Gain = ”1(M0_,1,n) (n=0,1), d, d, s of (%)
satisfy that ¢ = 0,d =1 or -1, s =1 or —1. We note that n’ = 0 or

—1. By Lemma 5.7, n’ = n. Since the matrix {Z, :j, of Lemma 5.6 is

an element of GL(2,Z), (d',s') = (-1,1), (1,-1) or (—1,—1). Thus M
is diffeomorphic to M&_Ln, M. 11,n or M, ll,n‘ Simultaneously, we have
—1

<< Gain >>C< th),—l,nvG(H,na Go_1, > forn=0,1. By Lemma 5.1 (i),
M& = M()_,ll,n = M&l thus M = MO_,ll’n, and for n =0, 1,

—1n —1,n

<< Goin>>=<Gy 1, Go1nGoly, > (n=0,1)...(6)
holds. This completes the proof of the Class 4.

If Gi:,d’,n’ € G is isomorphic to Ge1n = T (Mean) (¢ = 2n, 3n, 4n,
6n, n > 1), the same argument of the Class 1 shows that ¢ = ¢, d' = 1,
s = 1. Since Ge1n/[Gein, Gein] = Z? @ Z/gcd(c,n) is isomorphic to
Gern [ |Geams Ger ) = Z?®Z [ ged(c,n'), ged(e,n) = ged(e,n’) holds. Let
us seek ¢ and n which satisfy that the number of n’ satisfying ged(e,n) =
ged(e,n’) and 1 < n/ < ¢ is at most 2. Define k = ged(e,n) = ged(e,n’),
c=1, 2on = %l Since gcd(¢,¢) = ¢, if ¢ # 1, then the number of 7’
satisfying ged(¢,n') = 1 and 1 < 7/ < ¢ is represented by the Euler function
¢(¢). If ¢is 1, then it is 0. Since ¢(¢) is the multiplicative function and if p is
a prime, then ¢(p") = p"—p" !, by denoting the canonical decomposition of
by e=piips® - ppt, o) = (07 — pt (P52 —p3* ) - (Rt — Pt )
holds. There must be no prime factor of ¢ which is larger than 3, for
the sake of satisfying ¢(¢) = 1 or 2. Therefore, ¢ = 2, 3, 22 = 4 or
2-3=6,n=1or¢—1. Hence (¢,n) which we require are (2n,n),
(3n,n), (3n,3n —n), (4n,n), (4n,4n — n), (6n,n) and (6n,6n —n). It
means that << Ge1, >>C< Ge i, Gele—n > (¢ = 2n,3n,4n,6n,n > 1).
Simultaneously, it means that if 71 (M) is isomorphic to Ge 1 = m1(Me 1)

n =
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(¢ =2n,3n,4n,6n,n > 1), M is diffeomorphic to either M., or M1 c—p.
-1

By Lemma 5.1 (ii) (P = 0 _01}), Proposition 3.1 and Lemma 5.1

(iii), Me1n = Meie—n (nle, n > 1). Thus M is diffeomorphic to M.,
(¢ =2n,3n,4n,6n,) and

<< Gc,l,n >>=< Gc,l,ch,l,c—n >

(c=2n,3n,4n,6n,n > 1)---(7)

holds. This completes the proof of the Class 1’.
The same argument of the Class 1’ shows the Class 2’.

<< Gc,d,n >>=< Gc,d,na Gc,d,cfn >

(1<dd+1<ccld—1,gcd(c,d—1) =2n,3n,4n,6n,n > 1)...(8)

holds. This completes the proof of all Classes.

The existing GTF structures is trivial as in the previous section. We
can see that each fundamental group is not isomorphic to each other from
the reason that there is no common elements in (1), (2), (3), (4), (5), (6),
(7), (8). This completes the proof. [J

Note that in Theorem 5.1, the assumption g(B) = 1 is meaningless, by
Proposition 4.2.

By using a same method of [4] and [5], we can easily prove the following
theorem (the case of I;” and I; ). Hence we omit the proof of the following
theorem.

THEOREM 5.2. The same result of Theorem 5.1 holds if we change the
clause “Suppose that each singular fiber is non-multiple even twin singular
fiber, and that e(M) =2 and g(B) = 1” in Theorem 5.1, to “Suppose that
each singular fiber is neither multiple nor odd twin singular fiber, and that
e(M)=2,¢9(B)=1and o(M)=0.”

REMARK 9. Unfortunately the results of this section do not mean that
all GTF’s which are not treated in this section and satisfy e(M) = 2 and
g(B) =1 have a certain exotic GTF.
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Finally we will show an Example. We consider the diffeomorphism type
of a GTF whose invariant which is determined by Lemma 5.5 equals 3. That
is, m1 (M) has the presentation < a, 8, 7|7° = 1,a 'ra = 7¢, 37176 = 7%,
a 187 taB = 77" > (s = £1). The following Example contains the new
result in addition to the result of Theorem 5.1 (Theorem 5.2).

Example 5.1. A GTF whose invariant which is determined by Lemma
5.5 equals 3 and satisfying the assumption of Theorem 5.1 (Theorem 5.2)
is diffeomorphic to the following one:

ouy ) [ 9o o
o} 1)1 8o

oul} 3 %)<l
oul} Sl

Thus there are 4 types of such GTF’s.
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