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Analytic Discs Attached to Half Spaces of C" and

Extension of Holomorphic Functions

By Luca BARACCO and Giuseppe ZAMPIERI

Abstract. Let M be a real hypersurface of C*, M+ a closed half
space with boundary M, z, a point of M. We prove that the existence
of a disc A tangent to M at z,, attached to M T but not to M (i.e.0A C
M™ but A ¢ M), entails extension of holomorphic functions from the
interior of M to a full neighborhood of z,. This result covers a result
in [9], where the disc A is assumed to lie on one side M+ of M. The
basic idea, which underlies to the whole paper, is due to A. Tumanov
[8] and consists in attaching discs to manifolds with boundary. Further,
holomorphic extendability by the aid of tangent discs attached to M
and of “defect 0” is a particular case of a general theorem of “wedge
extendibility” of CR—functions by A. Tumanov.

§1. Introduction

We treat the problem of extension of holomorphic functions from one
side, say M+ of a real hypersurface M C C¥ to a full neighborhood of a
point z, € M. We prove that if there exists an analytic disc A attached to
M™ but not to M (i.e. verifying A C M ™ but not A C M), and tangent

to M at z,, then any holomorphic function f in ]\04 TN B foraball BD A,
extends at z,. This generalizes the former result of [9] where the full disc,
instead of only its boundary, was assumed to belong to M.

The problem of extension of CR functions on M to either side of M,
was completely solved by Trepreau and Tumanov in [4] and [5]. They
characterize this extension by means of “minimality” that is absence of
complex hypersurfaces in M. A CR function f on M is always a ‘jump” f =

fT—f~ of holomorphic functions f, f~ on M T and M respectively. This
is related to our problem but we have a gain in generality. Thus for instance
M can be non—minimal and nevertheless a tangent disc, which maybe leaves
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M far from z,, can provide extension for holomorphic functions on ]\04 TNB
for B D A. On the other hand if there are points z, € A\ M in any
neighborhood of z,, then extension takes place in the sense of germs (cf. [1]
for a more precise statement).

We owe our general method to the theory of infinitesimal deformation
of analytic discs by Tumanov. Let us explain it in further detail and point
out the novelty of our contribution. Starting from an initial analytic disc
A, we produce a family of discs A, through z, smoothly depending on a
real parameter 7, with the same CR data as A such that A, the derivative
of A, in 7 i.e. the so—called “infinitesimal deformation” of A, is transversal
to T,,M and “points” to the negative side M~ of M. In proving this, we
notice that the normal component of A has holomorphic extension from the
boundary to inside regardless of the assumption that A has “defect” 1 as
was assumed in the former papers. Transversality of A, in combination with
tangency of A provides, via Taylor expansion in 7, a disc which is actually
transversal to M. By attaching a new family of discs through nearby points,
whose CR components are just translations of the formers, we then fill a
full neighborhood of z, in M~. Cauchy’s formula in this family of discs

provides the desired extension of any holomorphic function from M™*™ N B
(with B D A) to a full neighborhood of z,.
We are deeply indebted to A. Tumanov for many invaluable advice.

§2. Statement and Proof

Let M be a real hypersurface of C*, M ™ one of the two closed half spaces
of boundary M (M locally on one side of M), A = A(7) 7 € A an analytic
disc of C", z, = A(1) a point of 9DAN M. Let T*M = TM NiTM be the
complex tangent bundle to M and let { B} denote the system of spheres of
center zg.

Let C*“ denote the functions whose derivatives up to order k satisfy a
Lipschitz condition with exponent a,0 < o < 1.

THEOREM 1. Let M be a C*>® hypersurface, and let A be a disc C
up to the boundary and small (in CY*-norm). Suppose
C
(1) ;A1) e T;M
(2) OAC M™
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(3) DANMT # 0.
Then if B contains A there is B’ such that any holomorphic function on

BN MY extends to B’.

PROOF. We choose complex coordinates z = = + iy, z = (21, 2’) such
that zo = 0, and M is described (at zp) by:

(4) y1 = h(x1,2"), h(0) =0, dh(0) = 0.
We set A(1) = (w1 (7),w'(7)), (w1(7) = u(7) + iv(7)), define
(1) = —h(w(r),w' (1)) +v(r) TEA

and call the “C-component” of A. Note that by (2) {(7) < 0 V7 € A, by
(3) ¢(m1) < 0 for some 71 € A, and finally ((1) = 0 because A(1) = 0.
For a small real parameter n we seek a family of analytic discs through z
Ay = (uy + vy, w') (CH* up to the boundary) and with ¢ component:

Ca, (1) = (1 =n)Ca(r)

and 2’ components
2o Ap(T) = w'(7).

This is obtained as the holomorphic continuation from 0A to A of the
solution u,, + iv, of the system:

(5) { un(7) = h(un(7), w'(7)) + (1 = n)¢(7),

() = T1(uy (7)),

where T} is the Hilbert transform normalized by Thu(1) = 0. (5) is in turn
equivalent to:

() { uy = =T (h(un(7),w'(7)) + (1 = n)¢(7))

vp(7) = Ti(u(7)).

The first of (6) is the celebrated “Bishop equation”. The introduction of
“C-component” with ¢ < 0 in Bishop equation corresponds to “attach discs
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to manifolds with boundary”. This idea is due to Tumanov [8]. We need
the following variant of [8] Prop. 2.2 p.635.

LEMMA 2. Let h be C**(C",R). Then Yw € C*¥12(9A,C" 1) and
¢ € CFL2(OA,R) small, there exists an unique solution u, of (6) in
CFL2(9A,R). Thus u, + ivy, is holomorphically extendible to A, it be-
longs to C*=12(A, C), and with the notation A, = (u, + ivy, w') we have:

(7) A, e C*L 9.A, € OFL

PROOF. Let

F: CF12(9A,R) x CF12(9A,C 1) x CF1¥(0A,R) x R x R
— CFL2(9A,R)
(u, ', ¢, 2,m) = u+ Ti(h(u,w') + (1 = n)¢) — .

We have when the functions w’ are holomorphic

A, extends holomorphically to A

(8) uy(1) =
vy = h(uy, w) + (1 —n)¢ on 0A,

if and only if
F=0.

If h is C%, then F is C' (as application between functional spaces) and
its differential evaluated at (ug, w, o, o, 7o) is given by

F'(u,w',2,m) = u+ Ty (0xhu + Oy hw'’ + 811;,h113’ +(1=ny)—n¢) —x

We have

. F(0,0,0,0) = 0
©) { F'(u) = u+ T1(0zhu).
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Thus the equation F' = 0 has solution u, in C¥~1*(9A,R). We note that
Opuy, is solution of

(10) Onty + T1(0hOyuy —¢) =0
Let us rewrite (10) as G(8,u,) = 0. Since 9, h and ¢ are C*~1 then
G is C' as application of C¥~L®(9A,R) into itself. In particular Opuy €

CF=1(OA,R) ie. OpOyu, is C*2(0A,R). As for 9pdyv, (v, = Thiu,) we
observe that

849&7”17 = 30377(}1(“77»“’) + (1 - 77)0
= 09(0z, hOyuy — ()
= Oy, h0pOyuyy + 02, hOguyOyuy — 9pC.

Thus it also belongs to C¥~2. Finally for 7 = |7|e’, Cauchy-Riemann
equations yield

(11) g (uy + ivy) = i€, (uy + ivy)
Clearly from (11), (7) follows. OJ

End of proof of Theorem 1
For r = y; — h we claim that

(12) Re < Oro A,0:0pA4,; > |,=1 <0.
In fact we first find a real function A on A, A\(1) = 1 such that
< Adro A,0,A, > extends holomorphically to A.
To this end it is enough to solve the equation
ASmoirA = Th (ReAoirA) + 1
and to remark that 0,4, = (0, (u, + iv,),0), whence:

< Adro A, 0,A, >=< Aoiro A, 0,A; > .
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Let us denote by ¢ the above holomorphic function. We have Reggn = —CA

It follows
Regon = 0

Red(1) = 0
Rep (1) > 0.

Then Hopf’s lemma applies and gives (12) (recall that we have chosen
A(1) =1). We apply now Lemma 2 and get the Taylor expansion:

(13) 07 Ay = 0-A + 1070y Ay =0 + o(n).
Since < dro A,0;A > |;=1 = 0, then we get from (12),(13):

(14) Re < O0roA 0.4, > |r—1 <0 Vnsmall

Thus A, is transversal to M and “points outside M*”. Then we get the
conclusion of the proof of Theorem 1 according to the following slight vari-
ant of results by [8].

LEMMA 3. Let M™T be defined by v < 0 and let D be an analytic disc
in CY*(A,C), small, with D(1) = 29 € M, and satisfying

(15) { 0D — M™

Re <OroA,0;D > |,—1 <O.

Then if B is a sphere of center z, with B D D, there is B’ C B such that

o
any holomorphic function on BN M™ extends to B'.

PROOF. Let 20 =0, M : y; = h((z1,2'), r = y1 — h with h(0,0) = 0,
Oh(0) = 0. Consider the discs

Dg = (ug + ivg,w' —w'(8))) B€0,1], 8—1

where ug is a solution of

(16) ug = Tp(h(ug, w' — w'(3)) — ()
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(Here ¢ is the “(-component” of D.) By an easy variant of Lemma 2 the
equation (16) has an unique solution and we have that

(17) Dg, 0;Dg are C' with respect to 7.
We get from (15),(17):
(18) e < 0r(z0),0-D(1) ><c <0 VG small.

Since Dg(1) € M for all 3, then

(19) Re < Or(z), Dp(1) — 29 >= o(f)
From (18) and (19) we get
vs(83) > 0.
Set n = —0r(z,), denote by I the interval tn for 0 < ¢ < ¢, and observe

that for Dg small and suitable c:

(20.a) z+0Dg C Mt Vz in a neighborhood of I,

(20.b) z+ Dz C M* Vzin a neighborhood of cn.

Also define the domain V' = U(z+ Dg) for z in a neighborhood of I. Remark
that V contains a neighborhood B’ of z, as soon as ¢ > vg(3). Also, since

o
D is C1®—small, we can suppose that VM7 is connected and that V C B
(because D is contained in B, and the Dg’s are close to D).

For f holomorphic in M ' N B, we then define on V:

1 f(z+ Dg(7) —ivg(B)er)
F(z)= 37 o p— dr.

We have that F' is holomorphic and coincides with f on the open subset

defined by (20.b). Then F and f coincide on the whole domain V' N M.
Thus f is extended to V' (which contains B’). This concludes the proof of
Lemma 3. U



324 Luca BARACCO and Giuseppe ZAMPIERI

The proof of Theorem 1 is also complete. [J

COROLLARY 4. Let M be C*%, let A be C* in A and let zo = A(1) €
M. Suppose
9-A(1) e TSM
AcCMT

Amﬁ+#0

Then for any B with BN AN MT # () there exists B C B such that
holomorphic functions extend from BN M™ to B'.

PrROOF. For any choice of A; € A and of ® : A — A, analytic

diffeomorphism C® up to the boundary, we define a new disc A; by A =
Ao®. Since AC M™T then 04; C M.

Let z; = A(m1) € Mt and take Ay C A with 71 € Aj; this gives a
disc A; such that z; € 90A;. Also A; can be supposed to be small. Then
Theorem 1 applies. [

REMARK 5. Corollary 4 has the following consequences:

(i) ([4]) Let M be pseudoconvex. Then any disc A tangent to M and
attached to M (i.e. verifying 9A C M ™) must be in M. In fact

first one sees that A C M ™ (otherwise the pseudoconvexity of M™
is violated) and then one applies Corollary 4.

(ii) Assume there is a germ at zg of an analytic hypersurface S contained
in M. Then according to [6], there is not the extension property

for germs of holomorphic functions from M ™ to C". It follows that
any analytic disc A C M™ tangent to M at zo verify AN B C M
for some B. Note that if one attaches a small disc to S through z,
with the same Tg S-components as A N B, this must coincide with
AN B (by the uniqueness of the solution to Bishop’s equation); and
this must be contained in S because S is complex. Hence in fact
ANBCS.

COROLLARY 6. Let M be C*%, let A be C1 in A and let zo = A(1) €
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M and assume

OACTSM
DA C Mt

Then any holomorphic function in BN\ M™T (with B D A )which extends
holomorphically to a full neighborhood of some point z; € 0A it also extends
to a neighborhood B’ of zy.

ProoF. By Theorem 1 it is not restrictive to assume z; € M. Then it
is immediate to find a new domain M ™ D M™ which coincides with M at
2o such that

o

{ f extends to M+

OANMT # 0.
Then Theorem 1 applies. [

We consider now the case of codM =1 > 1. We choose coordinates
z=(2,2"),2 = (21,..,2) such that M is defined by ' = H(2',2"), H =
(h1,..,h)", and also write r; = y; — hj. A wedge W with edge M is a
domain of type

W ={(,7") € B;y — h(z',2") e T}

where B is a neighborhood of zy and I is an open cone of R;,. Theorem 1
can be easily generalized as follows:

PROPOSITION 7. Let M be C*>®, codM > 1, let A be an analytic disc
in CY*(A,C), and let W be a wedge with edge M. Assume:

OACWUM
OrA(l) e TEM
OANW #0

Then if B D A, there exists B' C B such that any holomorphic function on
BNW extends to B’.
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Proor. We choose coordinates such that M is defined by y; =
hj(z',2"), put w” (1) = 2" 0 A(7), {'(1) =y’ 0 A— H o A and find a solution
u' = w; of the system:

W (r) = -Ti(HW,w")+ (1 —n)¢ (1)) T€dA.
By putting A, = (uy, + iT1(uy), w"), we get a family of discs which depend
C' on n. Also 8, A, depend C' on n; thus we get again
(21) 0:A; = 0: A+ 10,0-A + o(n).
Let A\(7), 7 € OA be a real [ x [ matrix which solves
ARed'r = —THA(Smd'r).
It follows that Ad'r extends holomorphically to A. Let 6} € R! verify Vr
O0N(A(T)) € T°  (T° denoting the polar of T).
Then
(22) Re < 0y or, 8;0, A, > (1) < 0.

In fact
< OpAOr, 0, Ay >=< 0p\d'r, 0 Ay >
extends holomorphically. Moreover

Re < O\or, 0, A, >= —0p\('.

Now 0A € W U M implies ¢'(7) € TV U {0} for I cC T', and thus also
X" €T since A is close to id;y;. It follows

-0 (1) > 0 V1 € DA
—0uA' (1) >0 atT=m.

Then Hopf’s Lemma gives (21). By using (20) we get a disc A, transversal

to M which points to n def 0; A, with < 0'X0'r,n >< 0. If we let 0
describe the whole I'°, we conclude n € —T.

Also any holomorphic function f on W N B with B D A, is extended to
the n—direction. Note on the other hand that the convex hull of I" and n is
R!. Then by the Airapetyan-Henkin “edge of the wedge” Theorem (cf. e.g.
[6, Th. 1.2]), f is extended indeed to a full neighborhood of z,. O
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