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Irrationality of Fast Converging Series of

Rational Numbers

By Daniel DUVERNEY

Abstract. We say that the series of general term wu, # 0 is fast
converging if log|uy| < ¢2™ for some ¢ < 0. We prove irrationality
results and compute irrationality measures for some fast converging se-
ries of rational numbers, by using Mahler’s transcendence method in
the form introduced by Loxton and Van der Poorten. With very weak
assumptions on sequence un, this method allows to obtain only irra-
tionality results.

1. Introduction

“+o0o

Let (uy) be a sequence of complex numbers. We say that > ">

fast converging series if

Up, 1S @

(1.1) lun| < Ch*"

for some constants C' €]0, +oo[ and h €]0, 1].
In this paper, we will be interested in the irrationality properties of fast
converging series of rational numbers of the form

+oo
(2773
n=p ‘nln

with a, € Z ~ {0}, b, € Z ~ {0}, u, € N~ {0} and satisfying

lim w, = +o00

n——+00

(1.3) cu? <1 < u2  for some positive constants ¢ and ¢/
an = 0O(u?) for some constant a €]0, 1]
by, = O(u5,) for every € > 0.
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276 Daniel DUVERNEY

It is well-known since Liouville [15] that one can prove irrationality and
transcendence results by approximating real numbers by sequences of ra-
tionals with good convergence properties. More precisely, the basic (and
elementary) result in diophantine approzimation theory, with respect to
irrationality problems, is the following

THEOREM 1.1. Let o € R. Suppose that there exists a sequence P, /Qy,
of rational numbers satisfying

P, e(n)
O<la——| <
' @n| ™ @n
with lim e(n) = 0. Then « is irrational.

n—-+o0o

For a proof, see for example [5, Theorem 1.5].

In some elementary cases, Theorem 1.1 allows to prove the irrationality
of @ when « is a series of rational numbers and P,,/Q,, is the partial sum of
order n. The most classical proofs of irrationality using this method date
back to Fourier [10], who gave the now standard elementary proof of the
irrationality of e, and to Liouville himself [15], who proved the irrationality
of

400

1
(1.4) 0=> —5,  meN~{01}.
mn

n=0

However, these two proofs rely heavily on two facts :

- First, the numerators in the series are all equal to 1.

- Second, every denominator in the series divides the following one : n!
divides (n 4 1)!, and m™* divides m("+1*,

Hence, these two series are Engel series ([5, Chapter 2], [22, Chapter
4], for example), for which theorem 1.1 allows to obtain an irrationality
criterion.

However, it seems impossible to obtain a general criterion for series
converging so slowly. On the contrary, conditions (1.3), which rest only on
the speed of convergence of the series (and not on the arithmetical properties
of its terms), allow to obtain such a criterion (Theorem 3.1 below).

The scope of the paper is as follows. In section 2, we will present a
brief review of the history of fast converging series and their irrationality
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properties. As in this paper we are not interested in their transcendence
properties, we will only mention Mahler’s method [20] when it works. In
section 3, we will present our new results, including irrationality statements
and computation of irrationality measures. Section 4 will be devoted to the
proof of our main irrationality statement (Theorem 3.1.). In section 5, we
will prove corollaries to Theorem 3.1. Finally, in section 6, we will prove
theorem 3.2, which gives irrationality measures for fast converging series.

2. A Brief History of Fast Converging Series

2.1. Sylvester and Lucas
The oldest result on the irrationality of fast converging series seems to
be due to Sylvester [24], who proved in 1880

THEOREM 2.1. Let o €]0,1]. Then a can be expanded, in a unique
way, in a series of the form

1
(2.1) a= —,

n=0 Un
with up, € N {0,1} and upy1 > u2 —up, + 1 for every n € N. Moreover, a
is rational if and only if ,

(2.2) Upi1 = U2 — Uy + 1
for every n > Nj.

For a proof of Theorem 2.1, see [24], [22, Chapter 4], [11, Chapter 1], [5,
Exercice 2.9]. As a matter of fact, it is very easy to verify that « in (2.1) is
rational when (2.2) is satisfied ; indeed

1 1

unH—l_un—l Up,

Unp1 = UG+ Up + 1 &

9

so that, in this case,
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Sylvester’s theorem 2.1 shows that fast converging series of rational num-
bers can achieve rational values. Another example can be obtained from a
formula given by Lucas in 1878 ([17], [18, p. 184]) :

o= x
2.3 = <1).
( ) nz_:o 1_:1:2n+1 1_$ (‘:L‘| )

In the formula (2.3) as in Sylvester’s theorem, the terms of the series
cancel each other, because
:L‘Qn $2n x2n+l

1 _ $2n+1 - 1 - 1:277. 1 _ x2n+1 )

which proves (2.3).
For z = a/b, with a € Z, b € N\ {0} and |a| < b, we obtain a fast
converging series whose sum is rational :
—+o00 a2'nb2n a

—~ b2n+1 _ a2n+1 b _ CL.

(2.4)

It is interesting to observe, following Lucas, that (2.3) also gives a fast
converging series whose sum is an irrational quadratic number ; indeed, if
we take x = 1/®, where

C1+V5

(2.5) o 5

is the golden number, we obtain

+oo
1 7-V5
2.6 =
2:6) -5
where F}, is Fibonacci sequence, defined by

(27) Fy =0, =1 Fau=F+F, 1 (n > 1).

Naturally, in (2.6) sequence F), can be replaced by any Lucas sequence
[23, p. 41].
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2.2. Golomb, Erdos and Strauss

Now we have to jump over more than 80 years, exactly until 1963. At
this time, Golomb [12] proved the irrationality of the sum of the reciprocals
of the Fermat numbers

+oo 1
n=0

The proof is very complicated for such a result (in fact, Sp is transcen-
dental by Mahler’s theorem ([19], [20, p.5], [5, Exercice 12.13]), but contains
some interesting remarks. It rests on the formula

+oo 1172n —+00 $2n 2
2.9 —— = <1),

1
which is a direct consequence of (2.3). Taking = = 3 in (2.9), Golomb

obtains
+o0o 1
2.1 =9 _ — § )
( 0) Sl SZ? S2 ~ 22n ]

He then proves that the expansion of Sy in base 2 is not periodic, which
proves that So, and therefore Sp, is irrational. However, this part of the
proof is too complicated, because the partial sums of the series giving S,
are sufficient to prove its irrationality as indicated in section 1 .

Golomb’s paper motivated an important work of Erdds and Strauss [7] ;
these authors studied irrationality of fast converging series of the form

+o0o
(2.11) S3=>_

n=0

1
)
n

where u,, € N~ {0}. They called such series Ahmes series (Ahmes was
the aegyptian mathematician who wrote the Rhindt papyrus more than
3000 years ago). They didn’t completely succeeded in giving a criterion
of irrationality without arithmetical conditions on the w,’s. For example,
they proved
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THEOREM 2.2. Let u, be an increasing sequence of positive integers
satisfying

(2.12) limsup 2L > 1
U
n

(2.13) LCM (ug,ut, ... ,Up)/Uns1 is bounded.
Then the series Ss is rational if and only if uny1 = u2 — u, + 1 for all
n >ng.

As an application, Erdos and Strauss obtained the following remarkable
generalization of Golomb’s result.

THEOREM 2.3. Leta € N~ {0,1}, and let b, € Z, such that the series
> ‘bna_2n‘ is convergent and a®" + b, # 0 for every n > 0. Then

+o00
1
(2.14) Si=> i
‘= a® + b,

18 1rrational.

Erdos’ works on this subject led him to set the following question ([8, p.
64], [9, p. 105]) :

+o0
u
(2.15) Is it true that if n'QH — 1 then g — is irrational unless up1q =
u? Up
n=0

u2 —u, +1 forn >mng ?
We will give a partial answer to this question in Corollary 3.2.

2.3. Recent results
In 1993 Badea [2] generalized Sylvester’s results and proved the following

THEOREM 2.4. Let ayn,u, be sequences of positive integers such that

the series
+oo
S5=Y
=0 Un
is convergent. Suppose that
(2.16) Ungpr > (2 — ) + 1

n
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Then S5 is a rational number if and only if

a
(2.17) Uns1 = (W2 = up) 41

n

for everyn > N.

In fact, in [2] Theorem 1.5 appeared as a corollary of a more general
result whose proof is based on the fact that any non increasing sequence
knt+1 < ky, of positive integers must be constant for n > N ; this proof is
similar to the proof of Sylvester’s theorem 1.2, althought it is more compli-
cated.

Motivated by Badea’s work, Hancl gave in 1996 another criterion of
irrationality for fast converging series of rational numbers [13]. As an ap-
plication, he obtained

THEOREM 2.5. Let k be a positive integer, and let u, be a sequence of
positive integers such that uy > 2 and

(2.18) kuZ _y — (3k — Dup_1 < up < kuZ_q — kuy_q

for every n > ng. Then the number

18 irrational.

It should be noted that, for the first time, Badea considered fast converg-
ing series of rational numbers with numerators different from 1. However,
in Badea’s as well as in Hancl’s results, the numerators must be positive.

Recently, I proved in [6] the following

THEOREM 2.6. Let an € Z ~ {0}, b, € Z~ {0}, u, € N~ {0} satisfy

lim wu, = +o00
n—s-4oo

(2.19) Un1 = Pu +O0(u3), BEQ;, 0<y<2
log |a,| = o(2™), log |b,| = o(2™).
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Then S7 = zi% I s rational iof and only if
bpun,
b b
(2.20) Upp1 = ﬂui _ On410n An+20n41

n
anbn+1 Ban—i—lbn—l—Q
for n > ng.

It is clear that Theorem 2.5 is a direct consequence of Theorem 2.6.

The method used for proving theorem 2.6 is quite different from the one
used by Badea and Hancl. It comes directly from Mahler’s transcendence
method in the form of Loxton and Van der Poorten [16], and turns out to be
rather similar to the method of Erdos and Strauss. Mahler’s transcendence
method allows to obtain irrationality results in some cases, as it has been
recently observed (see [3], [4], [1]).

The new results presented in section 3 are extensions of Theorem 2.6,
basically obtained by following the same ideas.

2.4. More fast converging series with rational sums

Let us give some other amusing examples of fast converging series of
rational numbers with rational sums. We will use Theorem 2.6. Suppose
that a,, b, and u, in series S7 satisfy (2.20) for n > 1 and for some 3 € Q7.
Then, by arguing the same way as for Sylvester series, we have

an12bni1 an41by
Upp1 — 5 = Bup | Uy — 57— | .

6an+1bn+2 /Banbn—l—l
Hence
YRR SRS R SR
bnt1 Ung1 — an+2bn—|—1 b, _ an+1bn Uy,
n n
Ban+1bpy2 Banbn i1
Therefore

+o00 +o00
Z (07%% Z Qp, 1 An+1 1

bptn, b an41b b Qptob
ey ‘nln ne1 n Uy, n+1Yn n+1 Uny1 — n+2Un-+1

ﬁanbn-‘rl Ban—f—lbn—l—Q
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and we obtain

X q a 1
2.21 o :
(2.21) Z boy, by asby
n=1 u

 Baibs

Example 2.1. Let 8 = 1,a, = 2", b, = 1,u, = o  + 1, where a €
N~ {0,1}. It is easy to check that u,; = u2 — 2u,, + 2. Therefore, (2.20)
is satisfied and we get, by using (2.21),

“+o00

o 2
(2.22) o) =) e (a € N~ {0,1}).
n=1

Ezample 2.2. Let a € Z~ {0}, and consider polynomial P(X) = X2 —
aX — 1. Let w > 1 be a root of P. Then the other root is —1/w. Define
the general Lucas sequence V,, [22, p. 41] by

(2.23) Vi =w" + <—l>n .

w

1\2
Note that V,, € N and that V5 = <w — —) +2 = a?2+2. In the case where
w

a =1, w is the golden number ® and V,, is the classical Lucas sequence

(2.24) L, =9"+ (—é)n.

Let 8 =1, a, =4", b, = 1, up, = Vorn +2. One checks easily that, for n > 1,

w —dupy+4= (" w422 4w +w T +2)+4

2n+1
=w —+ w

72n+1
+ 2= Un+1-

Hence (2.21) applies and we get

+oo
4" 4 4
2.25 = § — - -
(2.25) 72(@) ZVpt+2 V-2 o
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Fzample 2.3. With the notations of example 2.2, let 8 = 1, a, =
(=2)", by =1, up = Van — 1. Then

w4 2u, —2= (W w122 FwT —1) -2

72n+1

= anH +w — 1 =1upy1.
Therefore, by using (2.21), we have
+o0o
(—2)" ) —2
2.26 = = = .
(2:26) 73(@) ;Vgn—l Va+1 o?+3

REMARK 2.1. Formulas (2.22) and (2.25) are well-known (see for ex-
ample [21, p.140] and [14, Theorem 3]. Very likely, it is the same for the
formula (2.26), but I don’t know any reference. Series 01,09 and o will
appear naturally in Corollary 3.5 below.

It is interesting remarking that formulas (2.22), (2.25), and (2.26) come
from sums of rational fractions.

THEOREM 2.7. For every x € C, with |x| < 1,

2y 2z
2.27 E = .

+oo n,.2" 2

4" 4x
2.28 E = .
( ) n:1(1 + xQ”)Q (1 _ $2)2

(2.29) io Core” 2
’ n:1x2n+l—x2"—|—1_x4+x2+1'

PrOOF. For proving (2.27), observe that the function

IX gng2”

fl@)y=>"

1 + xQn
n=1

is analytic in D = {x € C/|z| < 1}. As (2.27) holds for every z = 1/a with
a € N~ {0,1} by (2.22), (2.27) holds in D by analytic continuation.
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The proof of (2.28) and (2.29) is the same ; observe that (2.28) and

1
(2.29) hold for every z = - = 5(04 — Va2 +4) when a € N~ {0} by
(2.25) and (2.26). When o — 400, x — 0, which proves (2.28) and

(2.29) by analytic continuation. [J

REMARK 2.2. One can obtain other formulas from (2.27), (2.28), (2.29)
by term-by-term derivation. For example, by deriving (2.27) we obtain
(2.28). But (2.29) seems of a different nature. If we differentiate it term-
by-term, we get

f (42 (1—a?"") 2222 - 1)

2.30 = .
( ) (xQnJrl o CIZ'Qn + 1)2 (l’4 + $2 + 1)2

n=1

Ezample 2.4. If we replace, in (2.28), (2.29), and (2.30), by 1/a with
a € N~ {0,1}, we obtain other fast converging series of rational numbers
with rational sums. However, these series do not satisfy the assumptions of
theorem 3.1 below, contrary to (2.22), (2.25), and (2.26) : the numerators
an are too large.

3. Presentation of the results
Our main result will be the following

THEOREM 3.1. Let a, € Z ~ {0}, b, € Z ~ {0}, u, € N~ {0} be

sequences satisfying conditions (1.3) with o < = Let

+o0 a
(3.1) S=) .
n=0

— bpun

Then, if S is rational, there exist sequences p, € N\ {0}, g, € N~ {0},
depending only on wu, (and not on a, and b, ), such that

Pn o An+1 bn An42 bn+l qn+1
(3.2) Uptl = — U, — Upy + —————
dn an, bn+1 Gp41 bn+2pn+1
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for every n > N(«) and, for every p €]3a,1 — 4a/],

Pn = O(u%_zun-&-l)a n = O<u%)
(33) Un+1 7 @ < 1
u% Gn| Qnug'

As for Sylvesters’, Erdés and Strauss, and Badea’s results, there is re-
ciprocal to this theorem. Indeed, if (3.2) is satisfied, then

an+2bn+1 gn+1 DPn ( an+1 bnan )
— =y Uy - ——— ).

Un+1 —
ant1bnt2Pnt1  Gn anbnt1Pn
Hence
! Y B |
b1 an+2bn+IQn+1 bn, An41bnqn Up,
Upp] — Uy —
an+1bn+2pn+1 anbn+1pn
Therefore 2 can be written as a difference of consecutive terms of
nUn

the same sequence, and we have, with N = N(«),

+o0o +oo
Z Qp, o Z Qp, 1 Ap+1 1
bnuy, by, an+1bnqn brn+1 ant2bn+1Gn+1
n=N n=N Up — ——————— ntl — ———F————————
anbn—i—lpn an+1bn+2pn+1
anN 1
= = e Q.

by " an4+1bNgN
N — NH1ONAN
anbN 1PN

Proving theorem 3.1 will be more difficult. This will be done in section
In Theorem 3.1, unfortunately, the sequence p,/q, is not explicitely

known. However, this restriction can be overcome in some cases. For ex-
ample, consider the entire function
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with u, € N~ {0} and

lim w, = 400
(3.5) nteo )

cu?Z < Upy1 < dug for some constants ¢ > 0 and ¢ > 0.

Then almost all values of f(z) at rational points are irrational ; more pre-
cisely we have

COROLLARY 3.1. Let (un) € N~ {0} satisfy (3.5), and let f(x) be
defined by (3.4). Then f(r) is irrational for every r € Q*, except perhaps
for one value of r.

As a second example, we can give a partial answer to question (2.15).

COROLLARY 3.2. Let u, € N~ {0} satisfy lin}r U = +00 and
n—mroo

(3.6) io (“Z%l - 1) < .

n=0

Suppose that a,, € {—1,1} for everyn € N. Then 329 In ¢ Q if and only
u
if !
2 An+1 4 A2

Un+1 = Uy — Unp,
an, Anp+1

for everyn > N.

This contains, as a special case, Theorem 2.3 of Erdos and Strauss, as
well as its alternate case, namely

COROLLARY 3.3. Leta € Nx\{0,1}, and let b, € Z such that the series
S lbnla™2" is convergent and a®" + b, # 0 for every n > 0. Let e = +1.
Then

+o0o n
g
Ss =Y :TLM” ¢ Q.
n=0

Theorem 3.1 also allows us to generalize Theorem 2.6 to the case where

B¢Q:
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COROLLARY 3.4. Let an € Z~ {0}, b, € Z~{0}, up, € N\ {0} satisfy

lim wu, =400,

n—--+00
(3.8) U1 = Bud +0(u), BERT, 0< <2,
log ‘an‘ = 0(2n)’ log |bn| = O(Qn)'
Then Sg = :{:8 b(ln s rational if and only if B is rational and
nun
(3.9) Uns1 = PBu2 — 4nt1%n On420n41

n .
ananrl BanJrl bn+2

As a special case of corollary 3.4, we obtain irrationality results on series
containing linear recurring sequences with subscripts in geometric progres-
sion.

COROLLARY 3.5. Suppose that d € N\ {0}, a,, € Z~{0}, b, € Z, with
(3.10) log|an| = 0(2") , log |b,| = o(2") if b, # 0.
Suppose that v, € N is a linear recurring sequence satisfing

d
Un+d = =1 ¥nUn+d—h;
(3‘11) { n+ Zh_l n+

v = Yoy Anw,
with ap, € Z, Ap e R*, wp e R* forh=1,... ,d, ag # 0, and
(3.12) lwi| > |wa| >+ > |wg|, |w1] > 1.
Assume that von + b, # 0 for every n € N~ {0}. Then
a
Sin = —
10 ; Von +bn

is irrational, except if there exist rational numbers p and q, a rational integer
a, and i € {1,2,3}, such that S190 = p+qoi(a) ; in these cases Syg is rational
by (2.22), (2.25) and (2.26).
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Ezample 3.1. Let a € N~ {0,1}. For v, = ", we obtain under
hypothesis (3.10)

SllzngQa

o?" + b,
n=1

except if a, = k2" and b, = 1 for every n > N, where k is a non zero
constant natural number.

This generalizes corollary 3.3, under a slightly stronger hypothesis on
by,

Ezxample 3.2. If we consider Fibonacci sequence, which satisfies

- Foe Lo (1))

where @ is the golden number, we obtain, under hypothesis (3.10) :
+o0

an,
Siz=> T + b, ¢ Q.
n=1

Note that transcendence and algebraic independance results on series like
S12 can be obtained by Mahler’s method, but with very strong regularity
hypothesis on a,, and b, ([20, pp. 13 and 99], [21], [25]).

As a last corollary of Theorem 3.1, we can give precise results on the
irrationality of f(r) when u, satisfies (3.8) (compare to Corollary 3.1).

COROLLARY 3.6. Suppose that u, € N~ {0} satisfies

lim wu, =400
(3.14) n—too
Un+1 = Pup, + O(up), B € Ry, y €]0,2[.

Let f be the entire function defined by

(3.15) fla)y=> =.
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Then f(r) is irrational for every r € Q*, except when r € Z and when there
exist n € N\ {0}, 6 € N~ {0} such that, for every large n,

nlr

(3.16) Un = 6Vp, With v, € N
T
Vpi1 = NV — 10, + o

Corollaries 3.1 to 3.6 will be proved in section 5.

Now it it natural to ask if irrationality measures can be given for fast
converging series, that is, if one can prove some of them are not Liouville
numbers. We will give a positive answer under the hypothesis of corollary
3.4. However, for technical reasons which will appear in the proof, we will
have to suppose that 3 in (3.8) is not a Liouville number.

THEOREM 3.2. Let a, € Z ~ {0}, b, € Z~ {0}, u, € N~ {0} satisfy

lim w, =+
n—--+00

(3.17) Uns1 = Bul +O(u}), BERL,0<y<2
log |an| = 0(2"), log|b,| = o(2").

Assume that B is not a Liouville number, which means that there exist
K >0 and X\ > 2 such that, for every rational A/B # f3,

A K
3.18 8- —‘ >
o =512
Assume moreover that, if 8 € Q,
(3.19) Uni1 7 Pu — Intlon,,, + —nt2intl

n
anbn+1 6an+1 bn+2

for every n > N. Then, for every ¢ > 0, there exists qo = qo(¢) € N such
that, for every rational p/q satisfying |q| > qo,

(3.20)
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2A 4+ w

with 7 =4 , w=1inf(2 —~,1).
REMARK 3.1. In the case where § € Q, we can take K =1 and A = 2

in (3.18). Hence
4+w

T=4—-.
w

So theorem 2 of [6] gives a better irrationality measure (for example 9
instead of 20 when w = 1). This is due to the fact that the general con-
struction used to prove Theorem 3.2 is not so well suited to the case 5 € Q
than the one used in [6]. In particular, for rational 3, one could use A =1
in (3.18). As it will appear in the proof, the condition A > 2 in Theorem
3.2 will only make the proof simpler, and is not necessary.

Ezample 3.3. Theorem 3.2 applies to the general series S1¢ of Corollary
3.5, because here § = wy, is an algebraic number and we can take A = 2+¢ by
Roth’s Theorem. For instance, in the special case of series S12 in Example
3.2, we have 8 = v/5 (whence A = 2) and v = 0 by (3.13). Therefore, w = 1
and 7 = 20.

4. Proof of Theorem 3.1

4.1. Lemmas

In what follows, sequences a,, b,, and u,,, satisfy the hypothesis of Theo-
rem 3.1. However, note that the upper bound wu, .1 < ¢'u? is not necessary
in Lemmas 4.1 to 4.5.

LEMMA 4.1. There exists A > 0 such that

wot - Up—1 < A"y,  (n>1).

PrOOF. Put A = max(up/u1,1/c). Then Lemma 4.1 follows by induc-
tion, because uy1 > cu%. O

LEMMA 4.2. There exists 0 > 1 and B > 0 such that

u, > BO*" (n>0).
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Proor. Put v, = cu,. Then vy > v2 for every n € N. As

111’2 v, = 400, we can choose N such that vy > 1 ; by induction,
n—-: 0o
one sees that v, > (vy)?" ™ for n > N, which is Lemma 4.2 with § =

()2 > 1.0

ui(a_l)).

—+oco
LEMMA 4.3. =
;1 brug

ProOF. Let M € N such that u, > ¢2 for every n > M. Induction
on J shows that up4; > cul, ™ for every n > M and j > 1 (note that
up, > uy, > ¢ 2). As a, = O(u?), there exists a constant D > 0 such that

+
|ag|
<D
Sl $
k=n+1 k= n+1
=< 1 1
—1 _ —1
< De? Z mam = P =iy 1
U l= =g
Un

As lim wu, = +oo, Lemma 4.3 is proved.
n—--—+00

The following lemma is similar to Dirichlet’s Theorem on diophantine
approximation ([5, Theorem 1.6], for example). [

LEMMA 4.4. Let p €]0,1[. For every n > No(u) there ezists (ppn,qn) €
N2, ¢, #0, p, # 0, such that

Upt1  Pn 1
4.1 - —
1) uZ o gn| T gnuh
(4.2) qn = O(u)

DPn = O(ulr:_zun-i-l)'

PROOF. Denote, as usual, by [z] the integral part of z. Put @, =
[uh] + 1, and consider the numbers

(4.4) ap = il [i“"“], i=0,1,...,0n.

2 2
Up, Un
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Two cases can occur.

First case : There exist ¢ < j such that o; = ;. Then

Unit1 _ Pn
ul o gn

i

with ¢, = 7 — 4 and p, = jun;rl — [z ungl} Clearly ¢, < Q, < 2u}, for
un n
large n ; thus (4.1) and (4.2) are fulfiled. Moreover

_ Up4l pUn+1
Pn = Qnu—% < 2UTLW7
which proves (4.3).
Second case : The numbers «; are all distinct for ¢ = 0,1,... , Q.

Let us divide the interval [0, 1] into @,, intervals with length 1/Q,,. By the
pigeon-hole principle, at least one of these intervals contains two distinct
a;’s. Therefore there exist ¢ < j such that |a; — aj| < 1/Qp. If we put, as

before,
. . .Un4-1 .Unp41
n =J —1 andpn_|:] n;]_[l n—;}j
un un

we see that

1
_ng Sﬂu

1
Qn
and Lemma 4.4 is proved. Observe that p,, # 0 for large n because of (4.1)
and the fact that u,11 > cufl. O

LEMMA 4.5. Let pn €]0,1], and let p, and gy, be defined by Lemma 4.4.
Then

Pnln gn _ O(u_l_“)
Un41 Up,

PROOF. By (4.1), we have

nlni1 = pnui + O(u?j“).
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Therefore

Unp1  Un o \ppu +OWE ) un

2—p
_ _ @O(un 3)_ ~ q_”O(u;Ll—u)
pus +O(up *)  Pn

As up11 > cu?, we have by (4.1)

Pn

g for large n.

This proves Lemma 4.5. [J

4.2. Proof of Theorem 3.1

Suppose that a,, by, u, satisfy the hypothesis of Theorem 3.1. Let S be
defined by (3.1).

Let p €]0,1], and let p,, and ¢, be defined by Lemma 4.4 (we will choose
the value of pu later).

We put

(45) Ap = (pnbnbn-f—lanun an—HQn (Z bk:uk:) Pn n+1a721'

An easy computation shows that

An = anan+1bn (pnun - q_n> + Rn - Sn:
Un+1 Up
ak
(46) Rn pnb bn+1anun Zk n+2 b m
ag
Sy = ant1qnb? Zk n+l Uk'

By Lemmas 4.3 and 4.4, we have for every ¢ €]0, 1]

S = O(uf1)O(uf) O )O (up * V).

n n
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As u, = O(ui/fl), we get, by keeping one u,, ! in the last factor,

(4.7) S, = O(uiit(#/2)+€*(1/2)u;1)‘

Similarly :

R = O(ul ™21 11)0 (1) O (14 1) O (ul ) u, O )

(4.8) R, = O(ul (50/2) (u/2)+(3€/2)71u_1).

n
By using (4.7), (4.8), and Lemma 4.5, we obtain

(4.9) A = OB WIDHEI =1y | oy B2+ /24621, 1y
T O,y

n

I

3
We will choose p in such a way that each of the three numbers e 5

S

1
- + 5 -1, 2a + g —3 is megative. Put pu = ta ; then we must have

t>3, (t+5Ha<2, (t+4)a<l.

The third condition implies the second one. Hence we have to find ¢ such
that

1
J<t< — —4,
0%

which is possible only if & < 1/7, and is equivalent to find p satisfying

(4.10) w€]3a, 1 — 4al.
By (4.10), the three numbers Sk ba + A 1, 20+ L ! are negative.
. — ==, —+ == ——= v
Y 2 272 T2 2 2 8

Now if we choose € small enough, each of the three numbers 704 — g + %,
5 3 1
o + K + S 1, 2a + K + ¢ — — is negative. Therefore, by putting
2 2 2 2 2

3. p € da 3e 1
411) &= Sl R % 92 — =
(4.11) max(z 2ty 2+2+2 O‘JerFE 2)’
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we have by (4.9)

(4.12) A, = 0(ud quyt),  with § < 0 for e < ol ).

Now we observe that

+o0 a n—1 a
(4.13) b’“ =S - b’“
KUk P
Define the following rational integers :

Kn = bobl cee bn_luoul e Up—1

(4.14) B, = Kn(pnbnbn+1anun - an+1an%)
1 a
Cn = Kupnbny1a2 + B, Y0, - ko
kUK

Multiply A, by K, in (4.5) ; by using (4.12), (4.13) and (4.14), we obtain
(4.15) B,S — Cp = K,O(ulqu, ).

But by using Lemma 4.1 we can obtain an upper bound for K, ; for ¢ €0, 1],
there exists v = v(e) > 0 such that

K| < vmupte L oulte < pn AT lte < A2l
Hence
(4.16) K, = O((vA?) u,ull?)).
Therefore (4.15) can be written as

(4.17) BpS — C, = O((vA%) a1 2y,

For € < e1(a, i), we have 6 + % < 0. If we choose such an ¢ and fix it,

we obtain, by using Lemma 4.2,

lim (B,S — C,) =0.

n—-+o0o
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Assume that S is rational ; as B,,, C,, are integers, this implies
(4.18) B,S—-C,=0 for n>N(a).

Now consider the determinant

Bn _Cn
Bn+1 —LUn+41

(4.19) A, = '

By (4.18) we have A,, = 0 for n > N(a). But if we multiply the first

column of A,, by ZZ;(I) lj& and add it to the second one, we obtain by
kUL

using (4.14)

2
Bn —BnPn bn+ 1G4,
an,

2
Bpi1 — n+1pn+1bn+2an+1_Bn+1
b,

Ay, =

We replace B,, and By, ;1 by using the second equality in (4.14), and develop
A,. We get

Gn41 by,
Up,

A, = KnKnia

2
(_anan—i-l bn+1 bn+2pnpn+1un

2
+ Apyq bnbn+2pn+1qnun + anan+1bn+lbn+2pn+IQnun+l
2
_anan+2bnbn+1QnQH+l) .

The term in the brackets is zero for n > N(«) ; if we divide it by
An0n+10n+10n+2Pn+1qn, we obtain (3.2), and Theorem 3.1 is proved.

REMARK 4.1. The method used for proving Theorem 3.1 is a weak
form of Mahler’s transcendence method in the form introduced by Loxton
and Van der Poorten. This will be apparent in the special case where

(420) Unp4+1 = ﬂu% + T, /6 € Q*Jrv

first studied in [6].
If we introduce

ful@) =B+’
(4.21) +00 T
Pu(®) = Dp=n bi(fi© fe—1 0+ 0 fas1) (@)’
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we easily see that
“+o00
ag 1
(4.22) = Qn <—> .
k=n

Now we can compute explicitly the [1/1] Padé-approximants to ¢y, namely
find py, vy, pn satisfying

(4.23) (LnT + Vp)Pn — pnT = O(x?’).

By (4.21) we see that

an n+1 o 4
4.24 n(T) = —x+ =+ 0O(x"),
(424) onl@) = o+ a4 0(t)

so that (4.23) is equivalent to

gy vy =0
(4.25) a“ ot
an— —pn =0.
n

If we put 5 =n/é and look for integers pin, vy, pn, We can take

Mn = _an+16b721
(4.25) Vp = nbybpiian
pn = nbntra;.

This explains the number A,, defined in [6], formula (10). In the present
paper, we have only modified the definition of A,, be replacing n by p,, and
6 by gp in order to obtain more general results (see formula (4.5)).

5. Proof of Corollaries 3.1 to 3.6

5.1. Proof of Corollary 3.1
Suppose that f(r) € Q and f(r') € Q, with r = a/b, ' = d'/V,
a,a’,b,b € Z~ {0}, r #r'. By Theorem 3.1 we have for n > N

(5.1) Un+1 = q—nun — —~Up + —



Irrationality of Fast Converging Series of Rational Numbers 299

! /
Pn o a a dn+1
5.2 u =—u, — —Up + — .
( ) i Adn " v b Pn+1

Substracting (5.2) to (5.1), we obtain

(5.3) Uy = It
Pn+1

Therefore, if we replace in (5.1) gp+1/Pn+1 by uyn and ¢, /pn by up—1, we
get forn > N +1

2
Un

(54) Unp+1 =

Un—1

Un+1

Hence limy,_, 4o — = 0, contrary to the assumption.
un

5.2. Proof of Corollary 3.2

Suppose that :i% In ¢ Q, a, € {—1,1}. By Theorem 3.1 we can
u
write for large n "

Pn 9 Onil I An+2 9n+1

Upt1l = —U;, Up .
4n (n Gn41 Prtl
Pn _ D
For every n, put — = —* where p;, and g, are prime to each other. Then
n n
we have
/ /
p an+1 An+2 Qp41
(5.5) Uy = D2 = Bty Ont2 i
qn Qnp An41 pn+1
a
As e {~1,1} and u, € N, Py,4q must divide g;,. This implies p;, ., < g,

for n % N, that is
q/
(5.6) P < —pp, forn > N.

n

Therefore, by induction we have

(5.7) P, <Dy



300 Daniel DUVERNEY

But we have by (3.3), for every u €]0, 1],

/
Un+1 DPn _
—Pn— O(uzm.
ui g, ()

Hence

’ u
- p—7 =(1- n—;l + O(u,*).
dn Un

/

By (3.6), this implies that the series ) (1 — p_7> is convergent : therefore
‘;n

limy, 400 p—fl = 1 and the infinite product [] p—f‘ is convergent, so that p/, is
n n

/
bounded by (5.7). As lim, 4 p—f =1, ¢, is also bounded, which implies
an

p/
(5.8) —r =1 forn> Ny,

n
and completes the proof of Corollary 3.2.

5.3. Proof of Corollary 3.3
We apply Corollary 3.2. Here

(5.9)

n

u, =a? +b,
a, =c¢e"

. _on .
As the series Y b,a=%" is convergent, we have

(5.10) up~a*", b, = o(a®").
Moreover
Un+1 anaQ" bn+1 b2
n n n n

By (5.10), each of the three series in the right hand side of (5.11) is conver-

Unp+41
uj,

gent. Hence )
n 2 N1

— 1> is convergent. By Corollary 3.2, we have for

(5.12) Upy1 = U2 — Uy + €.
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Multiply (5.11) by u2, and substract it from (5.12), we obtain
Up = a®" + b, = (200> — bpyy +b2) + 1.
Hence
(5.13) b1 —eb? = a?" (2eb, — 1) + 1 — by,.
Following [7], observe that (5.13) implies
boi1 = a* (0n(2 +bpa™2") — e —ebya™" +ea™?").

As b, = o(a™%"), for every n > No > N satisfying b, # 0, we therefore
have

(5.14) lbpi1| > a®" |ba.
But b, = 0= b,1 = (1 —a?®") # 0, so that (5.14) holds for every n > N3,
with N3 = N or N3 = Ny + 1. By induction, we get for every k > 0

Na+k__oN.
by 4k| = [bnya® 2

_2N3+k

Therefore limy_ 4o [bny+k| @ # 0, and this contradiction proves

Corollary 3.3.

5.4. Proof of Corollary 3.4
By lemma 4.2, we have for every a > 0

(5.15) an = O(uy), by =0(uy).

n
Suppose that Sg € Q ; then, by Theorem 3.1,

DPn o an—l—lbn an+2bn+1Qn+1
—un — ——— Uy + ——————

5.16 Un+1 =
(5.16) r Gn anbnt1  Ang1bngoPntt

for n > N(a). But by hypothesis

5.17 Upi1 = Pul +0(w)), with0 <~y < 2.
+ n n
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Substracting (5.17) to (5.16), we obtain
b b
(5.18) @B — P = guO(U) %) — n41% Gn I Un+29n+14n+1 Q_;L
anbn+1 Un anbn+2pn+1 Uy,

In (4.10), we choose
p=(1—-a)3a+a(l —4a) =4a — 70’
By (3.3), we have
(5.19) @n = O(ule=70%).

n

Therefore (5.18) implies, by using u,+1 = O(u?),

(5.20) qnﬁ — Pn = O(uz*2+4a77a2) + O(uzla77a271) + O(u18a721a272)‘

n
Hence, by multiplying (5.20) by gn+1, we obtain

(5'21) QnQn-Hﬂ — PnQn+1 = O(u%_2+120‘_21°‘2) + O(U}L5a_21a2_l)

+ O(u26a—35a2—2)
. .
Similarly, replace n by n + 1 in (5.20), and multiply by ¢, ; we get

(522) QnQnJrlﬁ N O(u%774+12a721a2) + O(u18a721a272)

n

+ 9] (ui0a749a2 74) ]

Now we choose « so small that each of the numbers v — 2 4+ 12a — 2102,
15a — 2102 — 1, 260 — 3502 — 2, 2y — 4 + 1200 — 2102, 18a — 21a? — 2,
40a — 490 — 4 is negative. With such a choice of a, (5.21) and (5.22) imply

lim (QnQn—l-lﬁ - ann—f—l) = nEI_POO(QnQn—I—lﬁ - pn—i—lQn) =0

n—-+o0o
Therefore
= lim,,_,
(5'23) { /8 n +oopn/Qn
hmnHJrOO(annJrl — Pn+1qn) = 0.

AS pn, Qn, Pnt1, @na1 are integers, this means that p,gni1 — prri1gn =0
for n large enough. Hence, for n > Nj(«)

(5.24) P Poil _ iy Pr_ g
Gn  Gn+1 "t gn

So € Q, and Corollary 3.4 is proved by using (5.24) and (5.16).
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5.5. Proof of Corollary 3.5
Put w,, = von + b, = Alw%n + 22:2 Ahw%n + b,,. We then have
Uy = A1w? +t,

5.25 d .
(5.25) th = Apwj + by

h=2

Observe that, by (3.10) and (3.12),

ty ~ Asw?" if d>2and |wg| > 1
(5.26) { 22 oz

tn = O(Jw1[**") (for every £ > 0) otherwise.

We see immediatly that

n 1
(527) Un+1 — A—lu% == tn+1 - 2tnw% — A_lt%’

As u, ~ Ajw?", we see, by using (5.26), that there exists v €]0,2[ such
1

that up41 — A—lu% = O(uy,). Hence Corollary 3.4 applies ; so, if S19 € Q,

we have A1 € Q and, for every n > Np,

1 a a

2 n+1 n+2

Un+l = oty = = St AT
1 n n+1

Comparing this equality to (5.27) yields

n 1 a n a
(5.28) byt — 2w’ — A—ti = 402 4 8,) + AR
1 (7% An+1

Now we distinguish four cases.

First case : d > 2 and |wa| > 1. By taking the equivalents in (5.28), we
obtain in virtue of (5.26)

n n an+1 n
—245w3 Wi~ — Ay .
an

n a 1<A1
Therefore w?" ~ nil L
Ay, 2A2
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This is impossible because |wa| > 1 and log |a,| = o(2™).

Second case : d = 1. In this case t, = b, € Z. We write (5.28) in the
following form :

n a 1 a a
(5.29) w? (A1 ntl 2tn> =2ty — 2ty o4 02

An+41

Suppose that the rational number Ay — 2t,, is different from 0 ; in this

An
case, denoting by 6 > 0 the denominator of Ay, we have

1
‘Ala”“ — 2| > —,
an, 6 |an|
which implies by (5.29) :
n 1 a a
2 2 n+1 n+2
wy <6la,||—1t2 —t — t, + A .
) — | n| Al n n+1 an n 1an+1

By using (5.26), we get w?" = O(|w1|") for every & > 0, a contradiction.
Hence (5.29) implies, for every n > N > Np,

A2 o
G
(5.30) .

_ti — g1 —
Al 7% An+41

a a
n+1 tn-f-Al n+2 —0.

Replacing t,, and t,4+1 from the first equality into the second yields

lan+2 _ lan—l—l 2
2an+1 2 (0799 '

Therefore, for every n > N,

2n7N 27N 2n
(5 31) lam—l _ laN—i—l _ laN+1
' 2 ap, 2 an 2 an '




Irrationality of Fast Converging Series of Rational Numbers 305

ECLNH
an

So, as log |a,| = o(2™), > 1isimpossible. Taking the inverses in

1Tlany1

aN+1 < 1is also impossible. Therefore =
2 anN

an

=1

1
(5.31), we see that B
By (5.31), this implies

Anp41
Qnp,
Thus ¢, = A; for every n > N + 1 by using (5.30), which means that
Up = A1(W?" +1). As Ay € Qand u, € Z, wy € Z ; as |wy| > 1, then

w; € Z~{-1,0,1}, and

(5.32)

=2 for every n > N + 1.

+oo on

(5.33) Z i jﬁ Z T

Third case : d > 2 and |wy| = 1. Let P(X) = X7 — ZZ:1 ap X4 be
the characteristic polynomial of vy, defined in (3.11). As we = £1 is a root
of P, we have

(5.34) P(X) = (X —w2)Q(X), Q€ Z(X),
and wi,ws, ... ,wy are the roots of Q). But Ay, Ao, ..., Ay are the roots of
the system

Vo = A+ A+ -+ Ag

v = Arwy + Aswy + -+ - + Aqwyq

vic1 = AT Aswf T Agt?

Hence, by Cramer’s formula,

1 (2 1 1
w1 U1 w3 wq
d—1 -1 d—1
(5.35) Ay = % ; : -
w1 w2 w3 wqd
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So As is a symmetric rational fraction in wi,ws, ... ,wy with integer coef-
ficients. Therefore Ay € Q. Write Ay = r/s, r,s € Z, s # 0. We then
have

+oo

>
10 sA Wi + sAgwd" + -+ sAqw?" + 1+ sby

n=1

Hence, if d = 2 we are led back to the second case. If d > 3, as |ws| <
lwa| = 1, we are led to the fourth case.

Fourth case : d > 2 and |we| < 1. As wjws...wy = —ayg € Z ~ {0}
and 1 > |wo| > |ws| > -+ > |wg|, we cannot have |wjws| < 1. Therefore
|wiws| > 1. We have by (5.29), for every ¢ > 0,

(5.36) Atani1 — 2tnan = O(|wy [T,

Put t!, = t, — by ; then t/, ~ Aow3" by (5.35), and (5.36) yields

(5.37) Alani1 — 2anby — 2t an = O(|wy| 719,

As Ay € Q and |w2| < 1, this implies

(5.38) Arans1 — 2a,b, = 0.

for every large n, whence

(5.39) —2a,, = O(|wa| 2O (Jwr | 712,

Suppose that |wjws| > 1. By choosing ¢ small enough, (5.39) implies
an = 0 for every large n, a contradiction. Hence |wiws| = 1. This implies
that d = 2, otherwise |wiws...wy| would be less than 1. Therefore the
characteristic polynomial of sequence v, is of the form

PX)=X?4+eX+1, ecZ
As |wi] > 1, P has no rational root. Let ¢ # Id be the morphism of
conjugaison in quadratic field K = Q(w1). As o(wi) = we, v, € Z, and

A1 € Q, we have

vy, = Ajwi + Agwly = vy, = Ajwy + o(A2)w.
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Therefore Ay = Ay and
(5.40) tn = Ajws + by,.

Replace in (5.29) and use (5.38) ; we get, as |wiws| = 1,

1
Ay Qnp,

2n+1

—24; =

As A; € Q and |wo| < 1, this implies

1 Gp+1 Gp42
5.41 —24; = —b% — b1 — b, + A :
(5.41) 1= b o - L~
n 2b
By (5.38), we have nil _ 20 Replacing in (5.41), we get
(07%% Al
L o9

Put b, = Aic, ; (5.42) becomes

(5.43) Cnt1 = 2 — 2= f(cn); f(z) = 2% —2.

(Arw?" +5,)% — (A102" " £ bnr) — 2L (4w +by) + A

307

An4-2
Anp+41

It is easy to see that f(z) > x for every x > 2. Therefore, if ¢ > 2, then
¢, is increasing ; if ¢, has a limit ¢, then ¢ = ¢2 — 2, which is impossible
because ¢g > 2. Hence lim,— o ¢, = 400 and for large n we have, by

1 no .
(5.43), cpy1 > 5@% By Lemma 4.2, b, = Aic, > A;C'0*" with 6 > 1, a

contradiction. Therefore ¢y < 2. If ¢y < —2, then ¢; > 2 and we can argue

the same way and get a contradiction, whence
(5.44) co € [-2,2].
As f(z) € [-2,2] for every x € [—2,2], we have

(5.45) cn €[-2,2], VYnelN
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But ¢, = b,/A; and b, € Z. So (5.45) implies that ¢, takes only a finite
number of values. Therefore there exist N € N and k£ € N~ {0} such that
cN+k = cN. By using (5.43), we immediately get by induction

(5.46) Cnak = Cn = fF(cpn) for every n > N.
But f* is clearly a monic polynomial with integer coefficients and degree 2%.

Moreover f1(0) = —2; f2(0) = f(f(0)) = f(—=2) = 2; £3(0) = f(f?(0)) =
f(2)=2.... Hence

(5.47) ) =22+ £2  VkeN- {0

By (5.46), we see that ¢, is a rational root of an equation with integer
coefficients of the form

(5.48) 224 t2=0.
Therefore we have only four possibilities :
(5.49) ehn=-2,¢cn=1, ¢, =—-1, ¢, =2.

But if ¢, = —2, then ¢,,4.1 = 2, and if ¢,, = 1, then ¢;,41 = —1. Therefore
¢n, = —1or ¢, =2 for every n > N + 1, and

(5.50) b, = —Ajor b, =2A; for every n > N + 1.

In the first case, we have a,4+1 = —2a, by (5.38), so that

N +o0

an an (—2)"
5.51) Sip = _ n 4+ ,
( ) 5o ;_:1141(&)% +w12 )+ by, Alg_:l(w%N)?”—l—(wl_QN)?"—l

In the second case, we have a,,4+1 = 4a, by (5.38), and we get

N +o0

an an 4n
(552) SlO = n _9on + e .
;z‘h(w% ~|—w12 )+b, A1 nz::l (w%N)Q” —i—(wl’zN)Q” +2

The proof of Corollary 3.5 is complete.
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5.6. Proof of Corollary 3.6
Let a € Z~ {0}, b € Z~ {0}. By Corollary 3.4, f(%) ¢Qif BeR Q.

So, if f(%) € Q, by (3.9) there exist (1, 8) € N2 such that, for n > N,

n a oa
We can suppose
(5.54) GCD(n,6)=1 ; GCD(a,b)=1.

Let d = GCD(a,n), n=dn', a = da’. Then (5.53) becomes

6 /
(5.55) bupi1 = P2 auy, + Ui'

The fraction éa’/n’ is irreducible ; therefore 7'|6 by (5.55). But
GCD(n/,6) =1 ; hence ¥’ = 1, n = d, a = a'n, so that we can write
(5.55) in the form

b
(5.56) bup+1 = %ui —a'nu, + 6d’.

Let p be any prime divisor of 6 ; by (5.56), p|u, for every n > N. Put
6 = pd', u, = pul,, and replace in (5.56) ; we obtain

nb
(5.57) bul, | = Wuf -

anul, +6d.
Hence we see by induction that 6|u,,. Put
(5.58) Up, = OUp,

and replace in (5.56). We get

(5.59) b1 = nbv2 — d'nu, +d.
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As GCD(d',b) =1 by (5.54), (5.59) implies that b|(nv, — 1). Put
(5.60) nu, — 1 = bk, forn > N.

Now multiply (5.59) by 7, and replace nv,, by using (5.60). We obtain
(5.61) b1 = (B* + 2b — a'n)k,.

By (5.60), b and 7 are prime to each other, as well as b and a’ by (5.54).
Therefore

(5.62) GCD(V* +2b —a'n,b) = 1.

Suppose that b > 1 ; let p be a prime divisor of b. By (5.61) and (5.62),
plky, for every n > N. More precisely, by putting

ken = kjp*™, b = p°b'
(5.63) pikn, ptt

an)>1, a>1
we have by (5.61) and (5.62)

(5.64) a+an+1)=aln),

which is impossible because a(n) > 1.
Therefore b = 1 and (5.59) becomes

(5.65) Vpy1 = n02 — a'no, +d,

which proves Corollary 3.6.
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6. Proof of Theorem 3.2

6.1. A lemma on irrationality measures
We give a complete proof of a classical lemma allowing to compute irra-
tionality measures.

LEMMA 6.1. Let o« € R. Suppose that there exist constants a > 0,
b>0,h=>1, afunction g : N — R% , increasing for n > N and satisfying
lim g(n)n—400 = +00, and a sequence Cy, /By, of rational numbers such that

(6'1) ‘BnCnJrl - Bn+1cn’ 7é 0 for everyn > N
(6.2) [Bul = O(g(n)*)

(6.3) |Brao — Cr| = O(g(n)™")

(6.4) gn+1) <b(g(n)* for every n > N.

Then, for every ¢ > 0, there exists qo = qo(¢) € N such that, for every
rational p/q satisfying |q| > qo

(6.5)

where m = ah? + 1.

See [5, Theorem 9.7] for an effective version of lemma 6.1 (there is a
misprint in this book ; the condition ”b < 1” should be replaced by ”b > 0”).

PROOF OF LEMMA 6.1. By (6.2) and (6.3), there exist £ > 0 and £ > 0
such that, for every n > N

(6.6) { | Bn| < k(g(n))"

B — Cp| < £/g(n)

Choose ¢ such that

(6.7)

N | —
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Now let (p, q) € Z x Z, with |q| > ¢1. Let v be the least integer satisfying
gl ¢ 1

glv) 2

It is possible to find such a v because lim,, 1o g(n) = +o0o. By (6.7),
we have v > N + 1. As v is the least integer satisfying (6.8), we have
g(v — 1) < 2|q| ¢, which implies, by (6.4), g(v) < b(2|q|¢)". Using (6.4)
again, we get

(6.8)

(6.9) g(v) < g(v+1) <B"*(2]q O
Now we consider the determinant
B C
AV — 14 14 ,
BV+1 Cu—i-l

which is not zero by (6.1) ; this means that the vectors (B,,C,) and
(By41,Cyy1) form a basis of R2. Therefore, one of the two determinants

B, C, ‘ Byy1 Cupq
q p q p
is not zero. Put s = v or v + 1, such that
By, C
bs=1| 7 T°|#£0.
" la p 7

As b5 € Z, |6s| > 1, that is |[pBs — q¢Cs| > 1. Therefore 1 < |g(Bsa—Cs)—
Bs(qa — p)|, which implies
1 < gl |Bsa = Csf + | Bs| [gor — pl -
By using (6.6), we get
gl ¢
1< =—+kg(s)*|ga—p|.
L5+ ka(s) lao =
1
Hence, by (6.8), 5 < kg(s)* |gae — pl.
Using (6.9), we finally get
1
okpalh+1) (2 |q| g)ahQ ’

lgoc — p| >

which proves lemma 6.1 by choosing gy = (&) such that ah? pa(ht1) gah® <
- U
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6.2. Proof of Theorem 3.2
By (5.15), we have a,, = O(uf) and b, = O(uf) for every a > 0. Put

(6.10) { wo = inf(2 — 7,1 — 3a)

Wa
= — —a.
H=7X

As A > 2 we see that, for a small enough
1
(6.11) 3a<7a<u<§<1—4a,

so that (4.10) is fulfiled.
1
Now we follow the proof of Theorem 3.1 until (4.7).As p < 50 We see

that (4.11) becomes, for o small enough, and ¢ = «,

(6.12) §= —g + 2a,

so that (4.17) can be written as, because u,1 = O(u2) and € =

(6.13) B,S — Cp, = O(u, " 6%).

Similarly we have by (4.16), with ¢ replaced by a,

(6.14) K, = O(u:t?®).

Now we have to find an upper bound for B,,. By (4.14) and (3.3) we have
| Bul < |Kul O(un)O(uly)un.

Hence, by (6.14),

(6.15) By, = O(uzt#t0).

In Lemma 6.1, we therefore choose

g(n) = ul*
. 2+ p+ 6
(6.16) p— 6a
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It remains to prove that (6.1) holds. Assume that there exist infinitely
many n such as B,Cp4+1 — Bp11C, = 0. Then a look at (4.19) shows that
(5.16), and hence (5.18), hold for infinitely many n. Therefore we have for
infinitely many n, as pp1+1/qn+1 — 5,

= 2= 007 4 O ) + Oy,

an

So, for a small enough, we get

(6.17) - 7;—" = O(u;“*).

O(up ™) = O(u;®). Therefore K = 0, which is impossible, and py,/gn =
B for infinitely many n ; this means that 8 € Q. So (6.1) holds by (3.19).
By lemma 6.1 and (6.16), we get (6.5) with m = 4(2 + u + 6a)/(n — 6a),
which proves Theorem 3.2 by choosing o small enough.

By (3.18) this implies, if p,/q. # B3, K/q = O(u,“~), whence K =
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