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The Formulation of the Chern-Simons Action for
General Compact Lie Groups Using

Deligne Cohomology

By Kiyonori GoMI1

Abstract. We formulate the Chern-Simons action for any com-
pact Lie group using Deligne cohomology. This action is defined as
a certain function on the space of smooth maps from the underly-
ing 3-manifold to the classifying space for principal bundles. If the
3-manifold is closed, the action is a C*-valued function. If the 3-
manifold is not closed, then the action is a section of a Hermitian
line bundle associated with the Riemann surface which appears as the
boundary.

1. Introduction

For a connection A on a principal SU(2)-bundle over a compact oriented
3-manifold M, the Chern-Simons action functional (CS action) [12, 7] is
1

2
S(A)W/MTT(AAdAJrgA/\AAA).

If M has no boundary, then 2™V =15(4) ig C*-valued, but if M has boundary,
then 2™V ~15(4) takes values in the fiber of a Hermitian line bundle associ-
ated with the boundary. This description can be applied to all connected,
simply connected compact Lie groups because any principal bundle of such
a structure group is topologically trivial on a 3-manifold.

In the case of general compact Lie groups, Dijkgraaf and Witten [6]
defined an extension of the Chern-Simons action as follows. It is known
that there exists a certain connection on the universal bundle EG called

the universal connection [11]. By means of the universal connection A, we
can identify a smooth G-bundle equipped with a connection over M with
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a smooth map from M to the classifying space BG. Then we introduce
differential characters [5]. A degree p differential character o € HP(X,R/Z)
is by definition a homomorphism from the group of p-singular cycles of X
to R/Z such that there exists a specified (p + 1)-form w and the relation
a(01) = [ w holds modulo Z for all (p + 1)-singular chains. We define
= fI?’(BG,R/Z) by the characteristic 4-form S—#TT(FU A Fy,), where Fy,
is the curvature form of A,. Then the CS action

S :Map(M, BG) — R/Z

is defined by S(v) = v*aw,(M).

In this definition M is treated as a 3-singular cycle. So this action is well
defined only if the underlying 3-manifold M has no boundary. Therefore
we need some alternative tool in order to formulate the action when M has
a boundary. The purpose of this paper is to formulate the action using
Deligne cohomology [2, 3, 4]. The Deligne cohomology HP(X,F9) is by
definition the hypercohomology group of the complex of sheaves F9 :

Fdlos d d q
Ty — Ax Ax,

where Ty is the sheaf of unit circle valued functions on X and A& is the
sheaf of p-forms on X. One of the reasons to introduce Deligne cohomol-
ogy is that there is a natural isomorphism between the group of differential
characters H?(X,R/Z) and the Deligne cohomology group H?(X, F?). An-
other reason is that Gawedzki [8] defined a topological term of the Wess-
Zumino-Witten model for a general target space using Deligne cohomology.
Applying his method to the 3-dimensional case, we can formulate the CS
action as an analogy.

Using Deligne cohomology we define the CS action as follows. First we
take a Cech cocycle representation of a certain Deligne cohomology class
c, € H3(BG, F?) which is uniquely determined by the characteristic 4-form
on BG. Secondly we construct an open covering {Wz} of Map(M, BG),
where M is a compact 3-manifold. For each open set W4 a T-valued function
A4 is defined by integrating the Cech cocycle. If M is closed, these
functions give rise to a global function which we call the CS action

Apnr : Map(M, BG) — T.
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If a 3-manifold is not closed, the local functions do not glue together
to form a global function. But they give rise to a section of a certain
Hermitian line bundle. For a closed Riemann surface X the line bundle
Ly, — Map(X, BG) is constructed by transition functions with respect to
an open covering. We call this line bundle the Chern-Simons line bundle.
The transition functions are defined by integrating the Cech cocycle which
represents ¢,. The isomorphism class of this line bundle depends only on the
Deligne cohomology class ¢,. In the case of a 3-manifold M with boundary,
the local function Az, 4 gives rise to a global section

Ay Map(M, BG) — r* Lo,

where r is the restriction map to the boundary. We also call this section
the CS action. The CS action defined here satisfies some properties that
are considered to be the axioms of “Classical Field Theory.” In particular,
it is compatible with the gluing operation of 3-manifolds.

The organization of this paper is as follows. In Section 2. we define
Deligne cohomology and summarize basic properties. In Section 3. we define
the Chern-Simons action for general compact Lie groups and the line bundle
associated with a closed oriented Riemann surface. We also observe the
fundamental properties of the action and the line bundle.

Acknowledgments. 1 would like to thank Prof. Kohno for useful com-
ments on this subject.

2. Deligne Cohomology

In this section we define Deligne cohomology [2, 3, 4] and observe its
important properties.

DEFINITION 2.1. Let A% be the sheaf of smooth p-forms on a smooth
manifold X, and Ty the sheaf of unit circle valued functions on X. We
define a complex of sheaves F? by

1
——=dlog
V-1 d d

Ty Ak e A%

The hypercohomology group HP(X,F?) is called the Deligne cohomology
group.
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Usually we compute the Deligne cohomology by Cech cohomology.
Taking an open covering {U;} of X, we compute the Cech cohomology
HP({U;}, F9). Then HP(X,F9) is obtained by the direct limit taken over
the ordered set of open coverings of X, where the order is defined by the
refinement of coverings. If we take a good covering [1], then HP({U;}, F9)
is isomorphic to HP(X,F?). In this paper we use D to denote the total
differential operator on the Cech double complex.

THEOREM 2.2 (Brylinski [2]). The Deligne cohomology HP (X, FP) fits
in the following exact sequences

0 — HP(X,T) — HP(X, FP) 25 AP+(X)y — 0,

0 — AP(X)/AP(X)o — HP(X,FP) L, HPY(X,7Z) — 0,

0 — HP(X,R)/HP(X,Z) — HP(X,FP) (m) RP'H(X, 7) — 0,
where AF(X)g is the group of integral k-forms on X. RF(X,Z) is defined
by

{(w,u) € AF(X)g x H¥(X,Z)|r(u) = [w],r : H*(X,Z) — H*(X,R)}.

The homomorphisms 61, 62 are defined as follows. Let (g,w',---,wP) be
a Cech cocycle representation of a Deligne cohomology class. The image
under 81 is just %dw” glued together, and the image under 6o is the cocycle
\/%—1 log 6g, where § is the Cech derivation.

A trivial example of Deligne cohomology is H°(X, FY). We can easily
see that HY(X,F%) = HY(X,Ty). In this case the Deligne cohomology
group is the group of T-valued functions on X. As another example of
Deligne cohomology, we explain the classification of Hermitian line bundles
with Hermitian connection. The set of isomorphism classes of line bundles
over X has a group structure realized by tensor products of line bundles.
It is well known that H?(X,Z) = H'(X,Ty) is isomorphic to the group of
isomorphism classes of line bundles over X. If we endow a connection with
a line bundle, we can classify the isomorphism classes of them in terms of
the Deligne cohomology.

THEOREM 2.3 (Brylinski [2]). The group of isomorphism classes of
Hermitian line bundles with Hermitian connection over X is isomorphic
to the Deligne cohomology group H' (X, F1).
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ProOOF. Let (L,V) be a Hermitian line bundle with a Hermitian con-
nection over X. We can take an open covering {U;} such that there are
local sections {s; : U; — L|y,}. We define the transition functions {g;; :
UinU; — C*} by s; = gij5;. Because L is equipped with a Hermitian
metric, g;; takes values in T. By the Hermitian connection V we define
the connection forms {a;} by Vs; = —v/—1a; @ s;. Then we have a Cech
cochain (g;;,;) € C'({U;},F'). This cochain is a cocycle because the
following relations are satisfied:

9ij9ikgki = 1,

1
o — o = —_1dloggij.

7=

If we take other local sections s/, then we have the Cech cocycle (9155 5)
which is cohomologous to (g;;, ;). This construction of the Cech cocycle
gives a homomorphism from the isomorphism classes of Hermitian line bun-
dles with Hermitian connection to H'(X,F!). If local sections {s;} give
(9ij, @) whose cohomology class is trivial, then we have a global horizontal
section of L. This implies that (L, V) is trivial and the homomorphism is
injective. If we are given a cohomology class in H'(X, F!), then we express
the class by a Cech cocycle with respect to an open covering. Obviously the
Cech cocycle gives rise to a Hermitian line bundle with a Hermitian connec-
tion. Hence the homomorphism is surjective and the theorem is proved. [

If a Hermitian line bundle with a Hermitian connection is given by a
Deligne cohomology class, the curvature form and the 1st Chern class cor-
respond to the images under —d1, 82 of Theorem 2.2 respectively.

There exists a natural isomorphism between the differential character
group of Cheeger-Simons and the Deligne cohomology.

DEFINITION 2.4 (Cheeger-Simons [5]). Let X be a smooth manifold
and Sy, (X) the group of smooth g-singular cycles of X. A differential charac-
ter a of degree p is defined as a homomorphism « : S,(X) — R/Z such that
there exists a specific (p + 1)-form w satisfying a(d7) = [ w modulo Z for
all (p+1)-singular chains of X. The group of such homomorphisms is called
the degree p differential character group and is denoted by HP (X,R/Z).
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THEOREM 2.5 (Brylinski-McLaughlin [3]). There ezists a natural iso-

morphism X
HP(X,R/Z) = HP(X, FP).

3. The CS Action for a General Compact Lie Group

In this section we observe the formulation of the Chern-Simons action
functional using Deligne cohomology. Roughly speaking, (the exponential of
27my/—1 times) the CS action is a C*-valued function on the set of principal
bundles with connection. So we have to choose a bundle with connection
before we define the action. Firstly we fix a compact Lie group G. It is
well known that any smooth G-bundle E over a manifold M can be realized
as the pull back of the universal bundle EG by a smooth map v from M
to the classifying space BG. More generally, it is known by Narashimahn
and Ramanan [11] that there exists the so-called universal connection A,
on EG for any compact Lie group G, and any connection A on E can
also be realized as the pull back of A, by the smooth map from F to EG
covering v : M — BG. This enables us to identify a smooth map from M
to BG with a G-bundle equipped with a connection. We denote the space
of smooth maps from M to BG by Map(M, BG). The map space has the
compact-open topology.

We choose a Deligne cohomology class in H3(BG, F3). On EG we have
the universal connection A, which we fix throughout this paper. The
standard argument of the characteristic classes implies that the 4-form
#TT(FU A F,) is an integral 4-form on BG, where F), is the curvature
form of A,. It is well known that the odd cohomology groups of BG van-
ish. By the help of Theorem 2.2, we can uniquely choose a Deligne co-
homology class ¢, that corresponds to the integral 4-form above. If we
take a good covering {U,} of BG, then we can express ¢, by a Cech co-
cycle (Gagarazas: Wagayan: Wagay s Wo) € C3({Ua}, F2) such that 3dwd =
#T r(Fy A Fy)|u, . The explicit formula of this cocycle is known by Brylin-
ski and McLaughlin [3].

DEFINITION 3.1. Let {U,}aer be an open covering of BG and K =
{00, 01,092,03} a triangulation of a compact oriented smooth 3-manifold M,
where o, denotes a p-simplex. For the covering and the triangulation, we
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choose a map ¢ : K — I. We denote the image of ¢ by ¢,. For a pair
A ={K, ¢}, we define an open set of Map(M, BG) by

Wa = {y € Map(M, BG)|y(op) C Us, (p=0,1,2,3)}.
All choices of A = {K, ¢} give the covering {Wy} of Map(M, BG).

LEMMA 3.2. (1) Let Wa be an open set with A = {K, ¢}, and K' a
subdivision of the triangulation K. We define an induced map ¢' : K' — I
as follows. For each simplex o' € K' there exists a unique simplex o0 € K
including o’ whose dimension is the lowest. The map is defined by ¢, = ¢5.
For A" = {K',¢'} we have Wy = Wy as sets of maps.

(2) Let Wa,,Wa, be open sets with Ag = {Kq, ¢°}, A1 = {K1,¢'}. We
take a common subdivision K of Ko, K1. To the subdivision we induce maps
O, ' from ¢°, ¢t respectively. We put Ag = {f(, QBO},/L = {f(, gBl} If we
define the intersection of Wa, and Wa, by

Wa, "N Wa, = WAoﬁth
= {v € Map(M, BG)|vy(op) C UQ;O NU:; (p=0,1,2,3)},
op op

then the intersection is independent of the choice of the subdivisions.

REMARK 1. For triangulations K; and K3 such that | K| = | K3, there
exists a common subdivision of them [10].

PRrROOF. We can directly verify (1) by the definition of the induced map
¢ : K' — I. Using (1) we can prove (2). O

For a triangulation K = {0y, ..., 04} of a d-dimensional manifold X, we
define the set of flags of simplices of K by

FK(p) = {(Up,0p+1,... ,O‘d)‘O’i c K,O‘Z‘ C 80‘i+1,i =D,... ,d— 1}.

If X is oriented, o4 has the orientation which is compatible with that of
X. If a flag (0, ...,04) is given, then the orientation of o), is induced from
that of o4. We perform the integration over a simplex along the induced
orientation.
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DEFINITION 3.3. Let M be a compact oriented smooth 3-manifold,
{U,} a good covering of BG, and (g,w",w?,w?) a Cech cocycle representa-
tion of ¢,. From the covering of BG we induce the open covering {Wy} of
Map(M, BG). For each open set Wy # () we define a function

AM;A:WA—)T

by the following

* 01
_ ;)/17 Yooy bayboy H 9S00 90, By bery (1(00))-
Fr(1)”7

Fk(0)

LEMMA 3.4. Let Wa be an open set of Map(M, BG) with A = {K, ¢}.
For a subdivision K' of K, we induce the map ¢' : K' — I and put A’ =
{K',¢'}. On Wa =War we have

Arra(y) = Anar (7).

PROOF. By the construction of ¢’ we have

]
T
\2*
oy
I
]
]
T
\Q*
oy
|
]
]
T
\Q*
o?& w

Fuer (3) 3 o3 aé 3 a3 og 3
o3Co3 o3Co3
— x 3
RS
Fr(3) "7

We can calculate the other terms using the property of the Cech cocycle,
i.e. W a..a. =0. So the lemma is proved. [

LEMMA 3.5.  Qver the intersection Wa, N Wa, # 0 we have

AM§A1 (V)AM;AO (7) !
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= Xpv— Z / ¢>32 %
Fox (2

REMARK 2. We omit the tilde for brevity.

ProoF. This is shown by direct computation using the cocycle condi-
tion of the Cech cocycle and Stokes’ theorem. [J

LEMMA 3.6. Let p = (g,w!,w? w ) o= (g W w? W) be Cech co-
cycle representations of ¢,. We have ' — p = Dv, where v = (£, 7, 72) is

a Cech 2-cochain. When we define Anra using the cocycle representation
w, we write Ay 4. The following formula holds.

AM,,LL—Q—DU;A (V)AM,,M;A (’7) -1

—exp /1 z/y% Z/

Fak (2) Fak (1)

< 11 Eb9y b0, b0y (1(00))-

Fak (0)

ProoF. The calculation of Ajs p,,4 using Stokes’ theorem gives the
formula. J

THEOREM 3.7. Let M be a compact oriented 3-manifold without bound-
ary. We define a map

Apm(y) : Map(M, BG) — T

by Aplw, = Ama . This map is well-defined and depends only on the
Deligne cohomology class c,.



232 Kiyonori GoM1

PROOF. The well-definedness of Ay, is proved by Lemma 3.5. If we fix
an open covering of BG, we can prove that Ajs is independent of the cocycle
representation by Lemma 3.6. In order to prove that Aj,; is independent
of the choice of open covering of BG, we consider a refinement of an open
covering. In this case we can take the induced covering of Map(M, BG) and
cocycle representation of ¢, that does not change the value of Aj;. So this
proposition is proved. [

We call Ay the CS action. The action satisfies the properties which are
considered to be the axioms of “Classical Field Theory.” For the original
action refer to [7].

ProPOSITION 3.8. Let M be a compact oriented 3-manifold without
boundary. The CS action Aps satisfies the following properties.

(a)(Functoriality) Let ®* : Map(M, BG) — Map(M', BG) be the map
induced from a diffeomorphism ® : M' — M. For v € Map(M, BG), we
have

Apr (@) = Ap (7).

(b)(Orientation) We denote the manifold with opposite orientation to
M by —M. Then we have

A-m(v) = Am (),

where the bar denotes complex conjugation.
(c)(Additivity) If M = M U My (disjoint union), then we denote the
restriction of v to My, My by v1,y2 respectively. We have

Anrung, (1) = Abry (71) Angy (72)-

PrROOF. These properties are the consequences of the local sum defini-
tion of the action. For (a), we construct a triangulation K’ of M’ and a map
¢’ by pulling back K and ¢ of M. Then the functoriality of the integration
shows (a). If one reverses the orientation of M, then the integration over
the oriented simplex changes sign. Thus (b) is proved. The formula in (c)
is obtained by separating the summation of the simplices. [
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PROPOSITION 3.9. Let M be a compact oriented 4-manifold bounding
M. If we have v : M — BG by restricting v : M — BG, then we have

v—1 ~ %
A () = exp W |7 Tr(Fy, A Fy,).
T JMm

PrOOF. If (g, w!,w? w?) is a cocycle representation of ¢, then we have
dwd = 1 g2 Ir(Fy N Fu)ly, by definition. We triangulate M by K
{50, .. 04} and chose a map qb K — I. We compute the right hand side
of the formula as follows.

V-1 F*Tr(F, A F,) \/_Z/ ~*dwj~) FZ/

47T M ‘7354 '

Fi3)
Applying Stokes’ theorem and the cocycle conditions, and canceling the

summation over the simplices in the interior of M, we obtain the left hand
side of the formula. [

The original Chern-Simons action is also computed by integrating over
a bounding 4-manifold. This implies that our definition of the action for a
general compact Lie group is an extension of the original one.

As stated in the introduction, Dijkgraaf and Witten [6] formulated the
CS action for general compact Lie groups using the differential characters
of Cheeger-Simons. We chose the differential character a,, € H3(BG,R/Z)
specified by the characteristic 4-form 8—712T7"(Fu A F,), where F, is the
curvature form of the universal connection. In this case the action S); :
Map(M, BG) — R/Z is defined by Sp(y) = v o (M). The isomorphism
of Theorem 2.5 and H3(BG) = 0 imply the exact correspondence between
a,, and ¢,. This establishes the next result.

THEOREM 3.10. For an arbitrary closed oriented 3-manifold, the for-
mulation of the Chern-Simons action in this paper coincides with that of

Digkgraaf and Witten, i.e. exp 2m/—1Sy () = Anm (7).

Next we formulate the CS action in the case that the underlying 3-
manifold has boundary. For the purpose we describe a certain line bundle
associated with a Riemann surface 3 using Deligne cohomology. Let K be
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a triangulation of ¥ and ¢ : K — I a map, where I is the index set of
an open covering of BG. Putting A = {K, ¢} we have an open set U4 of
Map(X, BG). The collection {44} gives an open covering of Map(X, BG)
(see Definition 3.1).

DEFINITION 3 11 Let ¥ be a Riemann surface, {U,} an open covering
of BG, and (g, w',w? w?) a Cech cochain in C3({U,}, F3). We define a Cech
cochain (G 4,4, QA) € C*({Ua}, F1) by the following

Gaon() = V=1 3 [ audy )
2) V92

1
- Z / “’¢>21¢22¢>;2 _w¢21¢gl¢32)

1
x H {9¢80¢21¢92¢},29¢g0¢g1¢g1¢529¢80¢30¢},1¢£2} (7v(0)),
Fr (0)

(txQa)(v) = - Z /U Yixwd )= > / Vex ‘%01%)

Fre(1)

+ Z LX(%UO%I%Q)(’V(UO)),

Fr (0)

where X is a section of v*T'(BG) — ¥ which is thought of as a tangent
vector at v € Map(X, BG), and txw is the inner product of a tangent
vector X and a differential form w.

LEMMA 3.12. If a Riemann surface ¥ is closed and (g, w",w?,w?) is a
cocycle, then the cochain (G a,a,,4) defined in Definition 3.11 is a cocycle.

ProOOF. We prove D(G 4,4,,4) = 0. By using the cocycle condition
of (g,w',w?,w3) and Stokes’ theorem, we have

(6G)apa14,(7) = (Gaya, GZ;AQ Gaga,) ()

= expvV-1{ > / W¢21¢3,1¢31)

For (1)
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—1 —1
0 TL (9 00,00 08, 96800809808, 908 a1, 2, ) V(00D

and
1
Lx (6Q)A0A1 - ﬁdlog GAOAl (7)
2
5 [t
Far (1

= 2 (g on, a1, — “lpon,e,)) (100D
Fax (0)

Because 9% = (), the cocycle condition holds. [J

Note that if a Riemann surface has boundary then the cochain (G4, ,
4) is not necessarily a cocycle.

COROLLARY 3.13. If we define a homomorphism
v C({Ua}, F2) — CH({Ua}, F)
by Y ((g,wl,wQ,w3)) = (G, Q) using Definition 3.11, then we have

Y (Z°({Ua}, 7)) € Z'({Ua}, 7).

DEFINITION 3.14. Let X be a Riemann surface without boundary. Fix
a good covering of BG and a Cech cocycle representation of ¢,. We have the

open covering {Ua} of Map(X, BG) and a cocycle (Ga,4,,24). We define
a Hermitian line bundle

Ly — Map(X%, BG)

by
Ly =][{UaxC}/~,

where the equivalence relation is given by

(77, 20) ~ (7, 21) © 20 = Gaga, (V)21
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for (v,z) € Ua, x C. A Hermitian metric on Ly, is defined by the usual
metric on C. We also define a Hermitian connection V by the 1-forms {{24}.

We call Lyx; the Chern-Simons line bundle.

PROPOSITION 3.15. Let ¥ be a Riemann surface without boundary.
The isomorphism class of the CS line bundle with the connection (Ls, V)
depends only on the Deligne cohomology class c,.

In order to prove this proposition we use the following theorem.

THEOREM 3.16. The homomorphism of Corollary 3.13 induces the ho-
momorphism of Deligne cohomologies

v : H3(BG, F%) — H'(Map(%, BG), F').

PrROOF. First we fix an open covering {U,} and show that 1 induces
Y B ({Ua}, F2) — H'({Ua}, F1).

For (¢,7',7%) € C?({U,}, F?) we define (K4) € CO({Ua}, F') as follows.

Kat) = eov13- % [om o 3 [ om
Fg(2)” 72 )"

Fr(1
< ]I ¢ %%1% (0))-
Fr(0)

We can verify 1 (D(§,7r1,7r2)) = D(K4) by direct computation using
Stokes’ theorem. This implies that

v (B ({Ua}, 7)) € B'({Ua}, 7).

Hence ¢ induces the homomorphism 1) of Cech cohomologies.

Secondly, we show that the homomorphism of Deligne cohomologies in-
duced from ) is well-defined. An open covering {U’,} is a refinement of
{Ua} if there exists a map of indices p : {a'} — {a} such that U}, C Uyar)-
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The refinement of the open covering of BG induces a refinement of the cov-
erings of the map space as follows. If a triangulation K of 3 and a map
¢ : K — {a’} are given, then we have an open set

Uy = {y € Map(X, BG)|v(0p) C Uy, (p=0,1,2)},

where A" = {K,¢'}. We can define a map R: {A’} — {A} of indices of the
coverings of the map space by R(A") = {K,po ¢'}. Tt is easy to see that
Uy, C Upary- So we have a refinement {U),} of {Ua}. These refinements
induce homomorphisms of Cech cohomologies p, R which commute with ¢
as follows.

AU}, F3) —L— B3{U.).F9)

3| Ik
HY({Ua}, 7Yy —E BY({U), FY)

Taking the direct limit, we obtain the well-defined homomorphism
U : H3(BG, F3) — H'(Map(%, BG), F1),
which is induced from . [J
REMARK 3. The general formula of Theorem 3.16 is known [9)].

PRrROOF OF PROPOSITION 3.15. By Theorem 2.3 an isomorphism class
of a line bundle with a connection corresponds uniquely to a Deligne co-
homology class. The Deligne cohomology class that corresponds to the
isomorphism class of (Lyx, V) is expressed by ¥(c,). So the isomorphism
class is uniquely determined by ¢,,. [

PROPOSITION 3.17.  The curvature form of (Lx, V) is

1
—/ ev* Tr(F, \ Fy),
4 »

where ev : Map(X, BG) x ¥ — BG is the evaluation map and fz 1s the fiber
integration along 3.
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PRrROOF. Let (g,w!,w? w?) be a cocycle representation of c,. Note
that s-dw? = #T’I"(Fu A Fy)|u,. We obtain the curvature form by the
computation of —df24 using the following formula

LX) LXOd/ YrWFtP = / Y (exy+ ixod + (—D)Fduy, - 1xy )P O
o op

P

For a 3-manifold M with boundary ¥ we denote the restriction map by
r: Map(M, BG) — Map(X, BG).

The pull back r* Ly, is by definition 7* Ly = [[{r s x C}/ ~. Tt is easy to
see that r Uy = W5, where the open set Wj; with A={K, ¢} is defined
by the triangulation K of M such that oK = K and the map ¢ : K — I
such that ¢|8K = ¢. When A = {K,¢} and A = {K, ¢} satisfy the above
relation, we write A = A for short.

THEOREM 3.18. Let M be a compact oriented 3-manifold with OM =
3, and fix a cocycle representation of ¢,. We define a section

Ay : Map(M, BG) — r* Ly

by Anmlr—120,(7) = (7, App. (7)), where DA = A. This section is well-defined
and takes its values in the unit norm.

PROOF. Let Wj ,Wj, be two open sets such that 04y = 04, = A.
By Lemma 3.5 we have A,z = Ay; 5. So Awl—1y, is well-defined.
Let Ua,,Ua, be open sets of Map(X, BG). On the non-empty intersection
U4, N~ U, we have AM‘T_luAO = GAOAlAM‘r—luAl using again Lemma
3.5. This shows that A, is indeed the section of r*Ly;. By definition A MiA
takes its values in the unit norm. ]

We also call A,; the CS action.

PROPOSITION 3.19. Let M be a compact oriented 3-manifold with
boundary X, and u, ' cocycle representations of ¢,. When we use the co-
cycle representation p to define the CS action and the CS line bundle, we
write Apyy and Ly, . The CS action satisfies the following formula

¢* (AM,M) = AM7M/7
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where ¢y is the linear map on the space of sections induced from the bundle
isomorphism ¢ : Lx, ,, — Ly .

PrRoOOF. If two cocycle representations pu,u’ are given, then we have
w — = Dv, where v = (¢, 7%, 7%) . By Proposition 3.15, the line bundles
Ly, and Ly, are isomorphic. The bundle isomorphism ¢ is defined by

(v,2) = (v, 2Ka(7)),

where (7, z) € Uy xC and K 4 is the function defined in the proof of Theorem
3.16. By Lemma 3.6 we have ¢.(Anrplr-120,) = Aniplr—124,- This implies
the formula in the proposition. [

For v € Map(M, BG) we canonically identify the fiber r*Lon|., with
Lon|g,, where 0y = (7). So the CS action takes its values in the fiber of
the CS line bundle A () € Lom|y,-

PROPOSITION 3.20. Let M be a compact oriented 3-manifold with non-
empty boundary OM = .. The value of the CS action and the CS line bundle
Ly, satisfy the following properties.

(a)(Functoriality) Let ¢* : Map(X, BG) — Map(X, BG) be the map
induced from a diffeomorphism ¢ : X' — X. For v € Map(M, BG) there is
a natural isometry

0"+ Lxloy = L3ly(0y)-

Moreover, if ¢ : ¥/ — X is the restriction of ® : M’ — M, then we have
A (2 (7)) = " (Au (7))

(b)(Orientation) Concerning the orientations of manifolds, the following
holds.

E—E\a»y = ‘CE*‘B'W

A m(y) = Au(y).

(c)(Additivity) If ¥ = ¥1 U Xg, then we have

Lsius, ‘8’71L|372 = Ly, ‘871 ® EZ?|3’Y2'
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Moreover if M = My U My, with OM; = %;, then we have

Anpunn (71 U2) = Ay (71) @ A, (72)

under the isometry.

(d)(Gluing) Suppose that a closed Riemann surface ¥ is embedded in
M. If we cut M along X, we have a new manifold Mey with OMey: =
OMUXU—-X. Let eyt be the map induced from v by restricting M to My,
and & the map induced from ~ by restricting M to X. Then there is the
contraction

T?“g : EaMcut ‘6’}’(:71.75 = [’BM’&}/ ® ['E‘g & /"‘;}’g - £8M‘B’y7

and we have

TT& (AMcut ('Ycut)) = AM (’)/)

ProoF. Note that the CS action and the transition functions of the
line bundle are expressed by summations of local terms. So the properties
(a), (b), (c), (d) are verified in the proof of Proposition 3.8. (]

PRrROPOSITION 3.21. Let X be a Riemann surface without boundary and
I the unit interval. We identify a map I' : ¥ x I — BG with a path
v : I — Map(X, BG). Then the value of the CS action

AL (D) € L5l @ Ly,

coincides with the parallel transport along v determined by the connection

V.

SKETCH OF THE PROOF. We should verify that the CS action of I’
satisfies the differential equation of the parallel transport determined by
the connection V. For this purpose we construct a path in /4 by endowing
3 x I with a specific triangulation that is induced from the triangulation of
3. Then explicit calculation of the action with respect to this triangulation
shows the following

d (1
dt (ﬁ log AEX[07t](F|ZX[O,t])) = —14Q4.
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This will complete the proof. [

PRrOPOSITION 3.22. A map v : M — BG is a stationary point of the
action Ayr if and only if it induces a flat bundle.

ProOOF. First we take a map g : M — BG. We can make a path
of connections on YJEG by setting A; = ;A + ta, where « is a g-valued
1-form on Y§EG and «|y,, = 0 if 9M # §. This is also a connection on the
bundle over M x I, so we take 7, : M x I — BG correspondingly. Using
Proposition 3.9 we have

_ _ V-1 N
Anr(70) Ant(70) ™" = Aanixjo (Velons) ' exp I Y Tr(Fu A Fy)
T JMx[0,t]

and Agnr(7Ve|gy,) is independent of ¢. We denote the curvature of A; on the
bundle over M x {t} by F;. The curvature of A; on the bundle over M x I
is Fy + dt A a. Finally we have

v Tr(Fy A Fy,) =2dt NTr(a A F).

Hence the connection Ag induced by g is a stationary point of Ay, if and
only if Fy =0.
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