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A Filtering Model on Default Risk

By Hidetoshi NAKAGAWA

Abstract. In this paper, we present a filtering model on a default
risk related to mathematical finance. We regard as the time when a
default occurs the first hitting time at zero of a one dimensional process
which starts at some positive number and is not directly observed.
We discuss the conditional law of the hitting time under imperfect
information. We use the reference measure change technique and a
new formula on a kind of conditional expectation to obtain a so-called
hazard rate process. It is also discussed what the relation between the
hazard rate process and the conditional law of the hitting time is like.

1. Introduction

First of all, we present a filtering model on a default risk related to
mathematical finance. The model is an extension of the filtering model
introduced by [7].

Fix a finite time horizon T' > 0. Let (€2, B, P) be a complete probability
space and (Bt)te[o,T} be a weakly Brownian filtration. Let n and m be some
positive integers.

B, B’ and W, which are processes with values in R, R"™ and R™ respec-
tively, are defined as Brownian base of (Q2, (B;), P). We have this Brownian
base fixed.

We introduce three sorts of processes — they are one, n and m dimen-
sional process, which are denoted by (Xi)icp0,17: (Zt)tcp,r] and (Yi)eepo,1]
respectively.

Let X and Z satisfy the following stochastic differential equations.

(1) dX; = dB;+ bo(t, X3, Zt)dt, Xo=x9 >0,
(2) dZt = 01 (t, Xt, Zt)dBé + bl (t, Xt, Zt)dt, ZO =20 € Rn,

where by : [0,7] x RxR"” — R, 01 : [0,7] x R x R" — R™*" and
by : [0,7] x R x R" — R™ are bounded and continuously differentiable
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functions. We assume that by € C»12((0,7) x R x R R) and

1,--+,n) are bounded.
We define a random time 7 by

(3) 7 = inf{t € [0,T]|X; = 0}.
We set 7(w) = +o0 if i[%fT] X¢(w) > 0. We may consider that 7 is the time
telo,

when the underlying systems halt. We often call 7 the default time from a
financial viewpoint.
Let (Y2):ejo,) satisfy

(4) dYVt = 02(t7 Yt)th + b?(ta Xt/\T> Zt/\T7 }/t)dta }/0 =Y € Rm7

where o2 : [0,7] x R™ — R"™ " and b2 : [0,7] x R x R" x R — R™
are bounded and continuously differentiable functions.

We sometimes call X, Z and Y “main system”, “sub system” and ”ob-
servation” respectively, following the terminology of filtering problem.

Here we assume that the diffusion part of the main system (1) is given
only by a standard Brownian motion, which is independent of the other
Brownian motions. We show in the appendix that under some hypothe-
ses some general cases can be reduced to the above one by a coordinate
transformation.

Let a;(t,z) = o;(t,x)o;(t,z)T, i = 1,2. We suppose that ay satisfies
the uniform ellipticity condition, that is, for some € > 0, as(t,y) > €1, for
any t € [0,T], y € R™, where I,,, is an m-dimensional unit matrix. Then
oa(t,y) ! exists and satisfies

1
NG

Denote by (G7) the right-continuous filtration generated by the process

oo (t,y) "I < —=[¢|, ¢eR™ te[0,T], ye R™ as.

put in e. For example,

G = ﬂ o{Xs,s <u}.
t<u
We also define the filtration (F;) as
Fi= (G Vo{rnu}).

t<u
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Then each filtration satisfies the usual conditions. Apparently 7 is an (F;)-
stopping time.

Let Nt = 1<y, that is, Ny is a default-counting process.

The subject of this paper is to discuss the existence and the explicit
representation of a nonnegative (G} )-progressively measurable process h(t)
such that

N, — /Ot(1 ~ N)h(s)ds, t€0,T],

is a (P, (Ft))-martingale.

We call such a process h(t) the (G} )-hazard rate process (under P) since
h(t) has a connection with the distribution of the default time 7 as will be
discussed in section 5..

Let
2

2 Ty
t) = — ——)d te|0,T
o) = [ sew(-gl)ds e[0T

and let (1) = —q(t)’liq(t).

As for the hazard rate process, we obtain the following theorem. (See
Theorem 5.1 for the exact statement.)

THEOREM. The (G} )-hazard rate process h(t) under P is given by

where H(t;Y) and K(t;Y) are (GY)-progressively measurable processes
given in (30) and (31) respectively.

We also show some formula on a conditional expectation. The formula
is utilized to prove proposition 4.1, which is the key to achieve the above
theorem.

Let By = a+ By for a given a > 0. Let 7* = inf{t € [0, T]| By = 0} and

}"tW: ﬂ(gzv\/a{T“/\u}).

t<u

We have G}V ¢ FV < gPV for t € [0,T).
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Letting Ni* = 1170<4y, we immediately see that the process M* defined
by

o) My = Ng = [0 NEAG)ds

is a (P, (F}¥ )ieo,1))-martingale.
Then we have the following result.

THEOREM 1.1. Let a(t) and a(t) be (By)-predictable processes taking
values in R and R™ respectively such that

E[/OTa(t)%t} < o0 and E[/OT & (t)2dt] < oo
Then P-a.s.
© B[ a(aB.+ [ a(Taw )
/E )T IFEVaw,
+ /0 (1= N& ) {ko(s; W) = q(s) " k(s; W) }dM,

where E[ - |FYV] stands for its predictable version, ko(s; W) and k(s; W) are
given in (8) and (9) respectively.

Intuitively and formally, we think of ko(s; W) and k(s; W) as below;
ko(s; W) = E[/ a(u)dB, +/ a(u)TdW, |G, 79 = o,
0 0
Ksw) = Bl1-N)( [ adb,+ [ a@Taw,)gl)
0 0

Theorem 1.1 is an extension of the following proposition for the case
of Brownian filtrations to (F}V). The general version of this proposition is
seen in [8].

PROPOSITION 1.2. (1)If 4(s) is a R™-valued, (Bs)-progressively mea-
surable process satisfying

B[ Jats)ds) < o
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then P-a.s., for allt € [0,T],
t t
B[ a(»)Taw,Ig!) = [ Bla)TIg jaw..
0 0
(2)If a(s) is a R-valued, (Bs)-progressively measurable process satisfying

E[/OT a(s)?ds] < oo,

then P-a.s., for all t € [0,T],

E[/Ota(s)st|QtW] _ 0.

The author would like to thank Prof. S. Kusuoka for his helpful advice.
2. Preparation

Let

T — )2 " 2
g(t,z,y) = \/;Trt(exp(—(%y)) - exp(—(_;y))), t>0, z,y > 0.

Asis well known, g is the fundamental solution of the following heat equation
with a Dirichlet boundary condition:

ou 10%u
a(t,w) = 5@(@([;), t>0,f13€(0,00)
wt,0) = 0, t>0.

Denote by W¥ the space C([0, T]; R¥) and by i a k-dimensional Wiener

measure. We will write W for W1,

Let vy, (1), u > 0,21 > 0,29 > 0 be a probability measure on
C([0,u]; R), which is the law of (Bs)sc[,, conditioned to start from 1, to
stay in (0,00) for s < u and to reach z9 at time u under P, that is, for any

bounded and continuous function f: R" — R and 0 <t < -+ <ty < u,

[ vz o). o)
— / g(tlamlvy1>g(t2_t17y17y2)'“g(tn_tnflvynflvyn)g(u_tnaynam2>
(0,00)™ g(u,xlaxQ)

X f(ylaayn)dyl dyn
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Hereafter we think of 17,7 (df), u € [0,T] as the probability measure on W
by setting 0(s) = 22 for u < s < T, vy, (df)-a.s.
Then we see that for any bounded and continuous function f : R" —

R7
EIl [f(Btla e 7Btn)77_ > U]
_ / dxgg(u,azl,xQ)/ VT (d0) F(O(t), -+, O(1n)).
0 A%%

We also define 1/57’3?1(-) as the limit of vy,?(-) as 23 | 0 with respect to
the weak topology on probability measures.

u,xr
Next, we make a few remarks about the measure v’,”
:

vy - First, it is re-
markable that the density of the finite dimensional law of three dimensional
Bessel Bridge leaving x; at time 0 and reaching z9 at u is given by

p(ty, o1, y1)p(te —t1,y1,y2) - P(tn — ta1, Yn—1, Yn)P(U — tn, Yn, T2)
p(u, z1, x2)

9

where p(s,z,y),s > 0, > 0,y > 0 stands for the transition density of
three dimensional Bessel process. The well-known fact that p(s,z,y) =
xg(s,,y)y~ ! implies the following result. (Refer to Knight [6].)

LEMMA 2.1. The law of one dimensional Brownian motion conditioned
to stay in (0,00) between x1 > 0 and xo > 0 over period [0,t] coincides with
the one of three dimensional Bessel Bridge leaving x1 at time 0 and reaching
x9 att.

Consequently we can regard v, (), u > 0,21 > 0,22 > 0 as the law of

three-dimensional Bessel Bridge between x; and zo over [0, u].
Similarly, it is not hard to see

lim g(u - tnayn7m2) _ l(u — T, yn)
2210 g(u,x1,22) l(u,x1)

for 0 <t <--- <ty <u, where l(s,z) = (2ws3)_%xexp(—§)1{z>o} so the
density of the law of (By,,- -, By, ) under Vg”‘,gl with respect to dy; - - - dyp,
is equal to

g(t1, w1, y1)g9(te — t1,y1,92) - 9(tn — tn1, Yn—1, Yn) (4 — ty, yn)
l(u7x1) ‘
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PROPOSITION 2.2. For any bounded continuous functional F : W —
R,

E[NFF (B o)l

_ / P e ds) / v5(d0) F (6).
0 A%Y%

Proor. Let 0=ty <t; <--- <ty =T and let fN:RN—>Rbea
bounded continuous function.
We have

E[N%fN(Bgl/\T‘H""Ba )]

tNAT

T

= | PO € BN (B pr- - By p )l = o
N=1 .4,

= Z/ P(t% € ds)
n=0 n

X/ fN(:Ula"'afL‘naO?”'aO)
(0,00)™
x P(Bf €dwry, - ,Bf €dw,,m" > t,|T" = s).

The joint distribution of (Bf,---,Bf ,7%) under P restricted to
{tn < 7%} is calculated in the following way.

P(Bf <1, ,Bf <, 7" > 5)
x1 €2
= /0 d219(t1»a,21)/0 dzog(ta —t1,21,22) - - -

X /Oa:n dzng(tn — th—1, 2Zn—1, 2n) /:o l(u—ty, zp)du.
Hence, the joint density with respect to dxy - - - dx,ds is equal to
g(tr,a,z1) - g(tn — tn—1,Tn—1,Tpn)l(s — tn, Tp).
We also see that for s > t,,,
/(0,00)” dxy - dxng(ty,a,x1) - gty — the1, Tn—1, Tn)l(s — tn, Tp)

= P(1%* € ds)/ds
=1(s,a).
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Therefore it follows that
P(B} €dzxy,---,B} €dx,, 7" > ty|T¢ = 5)

g(ti,a,x1)g(ta — t1, 21, 22) - g(tn — tn—1, Tn—1,2n)l(s — tp, xy)
I(s,a)

X dxq - - dzy,.
This means that the finite dimensional distribution of (B{),<s under P
restricted to {7® > ¢, } and conditioned to {7 = s} coincides with the f.d.d.
of (B%)y<s under VS:S. That is,

E[Nia“fN(Bgl/\T“? T BgN/\T“)]

N1 .4
- ¢ s0 ce c..
_ HZZO /t P(r* € ds) /W VO(d0) Fr(B(t1), - 0(t0), 0, -, 0).
T
= / P(r% e ds)/ ngg(de)fN(Q(tl)j...79(tN))'
0 W

From this equality and the monotone class argument, we can conclude
that for any bounded continuous functional F': W — R,

E[N§F(B)..0)
T
- / P(r € ds) / V0(do)F(9). O
0 wil 7
3. Proof of Theorem 1.1

Before we begin to prove Theorem 1.1, we present some lemmas.

LEMMA 3.1. Fizt € [0,T]. Let F : [0,T] x W x W™ — R be a
measurable functional such that for allt € [0,T],

F(t,-,) : WxW" — R

is a continuous functional, E[|F(t,B* W)|] < oo, and F(t,B* W) is
(G2 -measurable.
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Then
(1) E[(1—-NHF(t, B, W)|G,"]
/ dxgtax/ Ve (dO)F (1,0, W),
(2)  E[N{F(r*,B*W)|G}"]
/ dsq(s / VSO(d0)F (5,0, W),
3)  E[NSF(r, B W)|FV]

_ /0 : ( /W vy 2(dB)F (.6, 1) ) AN

PrOOF. (1) By noting that P(Bf € dx|t® > t) = q(t)"'g(t,a,x)dx,
we have

E[(1 — NO)F(t, B®, w)]
—  E[F(t, B%w), 7" > 1]

= / dmgtax/ Vé”z(dﬁ)F(t,H,w).

Let ¢(-) : W™ — R be a nonnegative (G}")-measurable functional.
Then we have

E[(1 = N{)F(t, B, W)p(W)]
= [ p(dw)p(w) EI0L = N)F(t B, w))
W) / dug(t,a, ) / VL (dO)F (¢, 0, W)].
0 w
Since ¢ is taken arbitrarily, the first statement is proved.
(2) By Proposition 2.2 we have
E[N{F(7% B*, w)]
/ P(1% € ds)E[N{F(t%, B, w)|T* = ]

/dsq / VOG(dH) (s,0,w).
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Therefore, for any nonnegative (G}')-measurable functional ¢(-) : W™ —
R, we have

E[N{F(r*, B*,W)p(W)]
- / i (duw) p(w) EINP F(7%, B, w)].

/ dsq(s / V00 F (5,0, W),
Similar to the proof of (1), this implies the conclusion.

(3) Let ¢(+) : [0,7] — R be a bounded continuous function. First, we
remark that

E[N{F(7%, B*, w)p(T" A t)]
(s)E

= /dsq

= /dsq s/\t)/wu()a(dé’) (s,0,w).

[F(s, B*,w)p(s At)|T* = §]

Let C : W™ — R be a bounded (G}")-measurable functional. Then
we have

E[N{F(t, B, W)g(1* A t)C(W))]
- /Wmﬂm(dw)C(w)E[Nt“F( , B w)o(m A t)]

—  E[p(r® A)C(W)NE /W V0 (d0)F (7,0, W),
— E[p(r* ACW) /Ot (/W VO(d0)F (5,0, W) ) dNZ)

By the usual monotone class argument, for any bounded, (F}")-measurable
random variable © : Q — R,

E[NSF(7°, B*, W)6©)
0,a

- o (it

So the proof is complete. [J

)F(s,0,W))dNS],
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LEMMA 3.2. Let a functional F satisfy the same condition as in the
last lemma.

For every bounded, (ftW)—predictable process f: [0,T] x @ — R, we
have

B[ P B W) )ang|
= [ Bl NS [ a0 50, WA s)as
0 A%%
E| / F(s; B, W) £(s)(1 — N2_)A(s)ds]

/E )(1—NZL) / dxg(s,a,x)

X/W Voo (dO)F (530, W)IA(s)ds.

PRrOOF. (1) We note that ¢(s) = P(7% > s) = P(1t* > s|GV) for
s €[0,T].

Similar to the proof of Lemma 3.1(3), monotone class argument implies
that it is enough to show the result for the case such as f(t) = ¢(7* At)C(t),
where ¢(-) : [0,7] — R is a bounded continuous function and C(t) is a
bounded (G}V)-predictable process.

Thanks to Lemma 3.1(2), we have

/ F(s; B, W)@(% A s)C(s)dN?]
E[EIN{$(r")C(=*) P (" B*, W)|G}"]]
- / dsa()A(s) [ v5(d0)p(s)C(s)F (s:0. W)

= [ Blps)C0) [ rian)F (536, W)]\(s)ds

0 w
= [ BB - NG Ip)C) [ o) F(si 0, W)A(s)ds
= /E [(1—-N2)p(r® /\S)C(s)/WVSZS(dQ)F(S;H,W)])\(s)ds.
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(2) Since {7 > t} is an atom of o{7 At} and independent of (G}V'), the
equality

E[(1-NL)OIFR] = (1 - N )g(t) " B[(1 - N{)O[G,"]

holds for every random variable ©. Using Lemma 3.1(1) and the above fact,
we have

/ F(s; B, W) f(s)(1 — N )A(s)ds]

_ /E )(1— N9 )E[F(s; B, W)|FW]|A(s)ds

- / E[f(s)(1 — N% )q(s)"E[(1 - N&)F(s: B, W)|GY A (s)ds
- / E[f(s)(1 — N )g(s)"!

x/ dacg(s,a,x)/ Voo (dO)F (530, W)IA(s)ds. O
0 w

Now we will S?OW Theorem tl 1.
Let L; :E[/ a(s)dB, +/ a(s)Yaw,|FV]. Since
0
L = E[E[/ 5)dB, +/ AW, B, F]
0

- E[/O 5)dB, +/ (s)TdW| A,

so Ly is a (P, (FV)iej0.1))-square integrable martingale with Ly = 0. So
it follows from the (F}"))-martingale representation theorem (see Kusuoka
[7]) that there exist (FV)-predictable processes a(s) and a(s) taking values
in R™ and R respectively such that

E[/O la(s)[2ds] < oo, E[/O a(5)?A(5)ds] < oo

and

Lt:/Olt (s)Tdw, +/ s)dM2.
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Given K; an (F}V)-martingale given by
t t.
K, = / b(s)TdW, + / b(s)dM®
0 0

for some (F}V)-predictable, bounded processes b(t) and b(t), taking values
in R™ and R respectively.
The property of quadratic variation implies that

E[lLiK:] = E[L, K]
= E / 5) b(s)ds + / s)dNY]
- [/ $)Th(s ds+/ ()b(s)(1 = N%)A(s)ds]
- /0 Bla(s)"b(s) + a(s)b(s)(1 — N&)A(s)]ds.
On the other hand, we note that

() FLK] = BB al)dB,+ [ 6 aw A K]

= FJ /0 ta(s)st /O b(s)TdWy)]

+E /0 "a(s)Taw, / "b(s)Taw]
+E[(/Olt (s)dB, +/ a(s)"dw,) /b )dMe].

The first term of (7) vanishes because B and W is independent and the
second term of (7) leads to

| /0 () Tb(s)ds]

/O " Bla(s)Th(s)]ds
[ BlEa) I s

We can choose a predictable version from equivalent processes of
E[a(s)|FY] and will also write E[&(s)|FYY] for the predictable one. (See
Revuz-Yor [9].)
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Since M{ is a (B;)-semimartingale, the last term of (7) coincides with
t s .
E / / b(u)dM ) {o()dB, + a(s) AW}

/ / w)dB, + / w) AV, )b(s)dM¢
+/ $)b(s)d[B, M4, +Z/ (s)b(s)d[W", M¥),].
We observe that
/0 t ( /0 " b(u)dM) {a(s)dB, + a(s)dW:}
is a (Bt)—martingale, SO ips mean is zero. Since the quadratic covariation
processes [B, M?] and [W*', M%) i =1,---,m are all zero, it follows that the
last term of (7) also vanishes.
Let ®:[0,7] x W x W™ — R be given by
B(s;a+ B, W) = [/ w)dBa +/ W TdW,|GEW] for s € [0,T] as.
For s € [0,T],w € C([0,T]; R™), let
(8) bo(siw) = [ v32(d0)0(s:0,w)
9) k(s;w) = / dxg(s,a,x / Voo (A0)D(s5;60,w),
If we regard a(u) as a(u, B, B', W) and so on, we have
D(s;0,w) = E'[/OS a(u, 0, B',w)dd(u) + /Os a(u, 0, B',w)dw(u)].

Then we have

E[/Ot ®(s;a+ B, W)b(s)dM?]
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_ E[/Ot ®(s:a+ B, W)i(s)dN?]
- E[/Ot B(s:a+ B, W)h(s)(1 — N®)A(s)ds].
Here we use Lemma 3.2 by setting f(t) = b(t) and F = & to obtain
(10) E[/Ot ®(s:a+ B, W)i(s)dN?]
_ /Ot E[(1 — N )b(s)ko(s; W)A(s)ds
and

(11) E[/Oté(s;HB,W)B(s)u — N%)A(s)ds]

= [ B0~ N)als) ks WA,
Therefore it follows

(12) [ b {as) - Fla()FY)

+b(s)(1 — NE)A(s){a(s) — (ko(s; W) — q(s) " k(s; W) Hds
=0

Since the equality (12) holds for every bounded, (F}V)-predictable pro-
cesses b(s) and b(s),

a(s) = Ela(s)|FY]  a.es€0,T],P—a.s
and
(1 — N )Y{a(s) — (ko(s; W) —q(s) k(s; W)} =0  a.e.s €[0,T],P — a.s.
Hence we obtain the desired result. [

4. Calculation of the Conditional Density

Now we get down to study our filtering model. First of all, we progress
by using the measure change technique, as is mostly used for nonlinear
filtering problem.
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Let

T
R = eXp(_ /O {bO(tv Xta Zt)dBt + ﬁl (t7 Xt/\T, Zt/\‘r7 Y;)Tth}

1 (T
_5/0 {bo(t,Xt,Zt)2 + ’/Bl(t7Xt/\TaZt/\T7)/;f)‘2}dt),

where 3, (t,z, z,y) = 05 L (t,y)ba(t, z, z,y). Denote by P an equivalent prob-
ability measure on (2, B) defined by
P

(13) 5=R

Let

~ ¢
B = B+ / bo(s, Xo, Zs)ds,
0
~ t
W, = Wi+ / B1(8, Xonrs Zonr, Yo)ds.
0

We see that (By), (B)) and (W) are independent (P, (Bt)tE[O7T])—Brownian
motions due to Cameron-Martin-Maruyama-Girsanov theorem, so (B;), (B})
and (W}) are Brownian base of (Q, (B;), P).

Then we have

dX, = dBy,
dZt = Ul(t,Xt,Zt)dBé+b1(t,Xt,Zt)dt,
dY, = oo(t,Y;)dW,.

It follows that (G¥ )telo,7] coincides with the natural filtration generated by
(Bt)te[o,T]- Similarly, we remark that the filtration (G} );e[o.7] coincides with
the natural filtration generated by (Wt)te[o,T] since dW; = oa(t, Y;) " 'dY.
In other words, (G )telo,r] can be regarded as a m-dimensional Brownian
filtration, which has (W) as its base of (€, (G)), P).

Let B, = ﬂ o{B,,B", Wy;s < u}.

Hereaftert\fv: will denote by EJ - | an expectation under the probability

measure P and by E[ - ] under P.

The measure change from P to P makes some computations easier since
X becomes standard Brownian motion and both X and Z come to be inde-
pendent of Y. However, we want to acquire the connection between default
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time and observed information under the original probability measure P.
Indeed it is very significant to clarify the conditional Radon-Nikodym den-

dP
sity with respect to the filtration (F;). For the purpose, we take B’ that

is, R~! instead of R and make it easier to deal with.
Let

T - ~
(14) p= R_l = eXp(/O {b(](t, Xt; Zt)dBt + ﬁl(@ Xt/\T7 Zt/\T7 Yt)Tth}
1 r 2 2
5 | At X0 2% 1810 Xinr Zunr Yo ),

and let .
w(t7$az) = ~/O bO(t7£7z)d§
Then we have

oY

dip(t, Xi, Z;) = a(ta Xy, Zy)dt + bo(t, Xy, Z)d Xy + Vo00(t, Xy, Zi) T dZ
1 0bg
5%(t7Xt,Zt)dt
1 & 0% y
5 ———(t, Xy, Zy)a? (t, Xy, Z,
+2ZZ:1 aziazj(ta ts t)al (t, ts t)dt,
0 o \T
h (2 ... 2.
where V, <821’ ’azn)
Therefore

T
/ bo(t, X, Z,)dX,
0
= Q)Z)(Ty XT7 ZT) - w(())x()a ZO)
T
- / Vot Xe, Z0) Vo1 (1, X, Z0)dBL + by (¢, Xy, Z,)dd]
0

T 1 8y
_/0 {55 (0 X0 Z0) o+ 5 5 (0 X, Z2)de
1 & 0%

- T (t, Xy, Z)d" (¢, Xy, Zy) )t
2 57 02102 !
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Substituting it into (14), we have
4 T /
(15) p = exp(¥(T,Xr, Zr) = ¥(0,a0.20) = | Aol X0, Z)dB]
T A~
+ [ Bt Xins, Zine, Yo Y,

T 1
_/0 {A(t, X1 Z0) + 51B1(t, Xinr, Zone Vo) Phat),
where

ﬂO(tv'x?Z) = O'l(t,l',Z)TvZQZJ(t,ZIT,Z),

Bilt,z,z,y) = (oa(t,y) ) it 2, 2,y)
Alt,z,2) = %{bo(t,x, 22 4 %(t,x, 2)
+ ”znz:l %(u x, z)a’ij (t,z,2)}
+ Vbt x, 2) by (t, z, 2) + 8—w(t,x, ).

ot

Besides, for given § € W, we think of the following stochastic differential
equation:

(16) dZs = o01(s,0(8),Zs)dB. + bi(s,0(s), Zs)ds, s € [0,T),

ZO = 20-

We write for Z(0, zo; B!)(t), t € [0,T] the strong solution of (16). (We omit
2o hereafter.)
Now we can represent the density as

p = HTXT BB D) ~60.20.20) (T, X, B'; 7,Y).
Here for each ¢ € [0, T] fixed, let
G(t,0,n;u,y)
= cxp(~ [ Bols,05), 20 ) () an(s)

4 [ a6 n ), Z0:m) s A ), (5) V()
0
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_ /(:{A(S,H(S),E(‘g;n)(s))

+ 5181(5,6(s A ), Z(8;m) (s A ), y(s) s,

for 6 € W,ne W™ u € [0,00) and y € W™,

In the rest of this section, we find out the stochastic differential equation
satisfied by the density process p; = E[p|F]. In particular, We will make
use of Theorem 1.1 to show the stochastic integral equation which the (F;)-
conditional density satisfies.

Let f; = E|[p|B;], which is a (P, (Bt)iefo,r)-martingale. Because of the
fact F; C B, we have

pt = E[E[P|Bt”ft] = E[ftlft]'

We note that f; has the following two representations.

t
(17) fo= 14 /0 Fo_bo(s, Xs, Zs)dB,s

t ~
+ / FouB1(5, Xonrs Zonr, Ye) LAV
0

and
(18) fi = ew(t,XtE(X;B/)(t))—¢(0,wo,zo)é(t,X’ B;1,Y).

We prepare for some further notation. Notation such as g(s,zg, z),
S,T . . .
Vo'z (*) and so on are given in the last section.

(19) Hy(siy) = e O [daglsiana) [ 7 (d8) @ (i)
X B (s,, 2(0: 1) (5), y(s) =N G 5,0, ey,
(20) H(s;y) = e v(0e020) / Via, (d0) ® 11 (dn)G(s, 0,13 ),
W xWn

and

G(s,0,my)

= exp(= | ol 00w Z05m) () dn(u) ~ | Alu,00u), 2(0: ) (w))du

+ [ B 6. Z(05m) (), () ()

— 5 [ 191 60). 206 ) ). )P
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for § € Wl n e W" and y € W™. Moreover

(21)  Hp(s;u,y)

_ o—%(0,@0,20) Vo (d0) @ g (d)G(s, 0,754, y)
W xWn
x B1(s,0,E(6;m)(w), y(s)),
G(S7 07 777 U, y)

= Gl my)esp( [ Ai(w.0,20:n) (). y() Tdy(v)

uNs
1

5 [ 130020 ), yo) Fav).

The following result is our goal in this section.

PROPOSITION 4.1. p; satisfies the following a stochastic integral equa-
tion
(22) p=1+ / P (7(5) IV, + r(s)dNL),

where
s L
) = (= Nadals)  Hals V) + Noo [ (s, V)N
K(s) = (1= Ny {pitH(s;Y) =1},
In particular, both v(t) and k(t) are (F;)-predictable processes.

PROOF. First of all, we notice that we can identify B and W under P
at present with B and W under P in the last two sections. Since Y and W
are equivalent under P, we will treat them equally. Let ® be a functional
that satisfies, P-a.s., for ¢ € [0, 7],

o - t -
b(t; X,Y) = E[/ Fo_bo(s, Xs, Zs)dB,
0
t .
+/O fs—ﬂl(sts/\TaZs/\’rvy-s)TdWS‘gt)(’Y]'
It follows from (17) and (18) that

(23) d(X,Y) = Eftlg”]—1
_ / PEXLEXm) ()= 020,20 G(t, X, 1,7, Y)
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By applying Theorem 1.1 to (17), we have

- 13 -
pr = Ell+ [ fibols, X, Z,)dB,
0
t ~
+/0 fsfﬁl(saXs/\T7ZS/\Ta}/S)TdWS|ft]
t
= 1+ [ Bl Bals Xnr, Zune Yo TIF N
t A
+/ (1—N8_){/ v3° (d0)B (s 0, w)
0 A%%
_q(s)*l/ d:cg(S,xO,x)/ Z/S’io(dG)@(s;G,w)}dMs.
0 w
We have
[ w2, @)(s:6,w)
Y%

_ /VOxO(de)(Hci(s;e,w))—l

W

- / VO ,Z0o (de) ® Mn(dﬁ) v, xo,Zo)G(& 97 m; Y) -1
W xWn

= H(s;Y)—-1

On the other hand, Lemma 3.1(1) implies

(24) /W ng,fo(dH)(i)(s;H,w)

= /w Voo (d0) (1 + O(s;0,w)) — q(s)

= E[1-N)(1+&(s;X,Y))GY] - qls)
(1= Ny)E[£|GXY1GY] - a(s)

= E[(1 - Ny)f|GY] - a(s).

Hence we have
- t -
25) p = E[1+/Ofsb0(s,Xs,ZS)dBS

t -
4 /0 FoeB1(5, Xonrs Zonr Yo) VAW, | Fi)
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t
= 1t [ ElfeBuls Xonrs Zon, Vo) TP,
0
t _ -
+ [0 = N {H(s:Y) = als) EI(L = N £]6) YA
We remark that f,_ is replaced by f; owing to its continuity, so we have

EN[fsfﬂl (37 Xspry Zsnrs }/s)’fs]
= (1 - ) [fsﬁl (3 Xsnrs Lsnrs }/s)’]:s]
+ N E sﬂl (5 XS/\T7 Zs/\7'7 YS)|FS]

[
= ( )Q() 1E[(1_ s)fsﬁl(SaXs/\ﬂ SAT )|g ]
+ N, E[fs (SvXS/\T7ZS/\T)YS)|fS]'

Since we observe that on the set {7 > s},
fsﬁl(sa XS/\T7 Zs/\T7 Y;) = ﬁl(sa Xsa E<Xa B/)(S), Y;)G(S, X7 B,7 Y)

Hence it follows from Lemma 3.1(1) that

(26) E[i (s Xo, 2 B) (s > Y.)G(s. X, B.Y)G)
/ dzg(s, o, x)e? (= wm)(s) = (0,20,20)

) [ (d8) @ o)
WxWn
X 61(57 €T, E(@, 77)(5)’ Y(S))G(Sv 9, UR Y)

On the other hand, we notice that F; C GY VGX: At since o{T At} C QTM ,
where gt = G V G#. Hence we have

~[fsﬂl(s XS/\TazS/\Tv )‘f]
= [N E[fs‘gy \ gT/\S ]61(8 XS/\T7 Zs/\Ta Y;)|fs]
E[Nye ¥07020) 8y (5, Xonr, Zons, Ys)G(s, X, B';7,Y)

~ t
< Blexp(v(t, X1, 20) = [ (s XK. 2)TdB,

/ A(s, X, Zs )d8)|gt \/gT/\t |7
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We can observe
~ t
E[exp(w(t,Xt,Zt)—/ Bo(s, X5, Zs)TdB,

/ A(s, X, Zs )d8)|gt ngt]

~ i 1 rt
_ E[exp(/ bo(s. Xe, Z)dBy — 5 [ bo(s. Xe, Z0)%ds)|G) v G5
TNt 2 TNt
. t
- E[exp(/ bo(s, Xs, Z5)d B3, / bo(s, X, Z:)%ds) G571
TNt
=1
since exp (/ bo(s, X, Zs)dB /bo s, Xs, Zs) ds) isa (P, (G;"?))-mar-

tingale.
Therefore, by using Lemma 3.1(3), we have

(27) NSE[fS/Bl(SaXs/\TaZs/\TaYS)U:s]
= E[NSG*TIJ(O,Io,ZO)ﬂl(S? Xs/\Ta ZS/\T7 YS)G(S, Xa B/; T, Y) |st]
E[N,e ¥02020) 3 (s 0,2(X, B')(1),Ys)G(s, X, B';7,Y)| F]

_ / 5(s;u,Y)dN,.
0

Since ps—v(s) = E[fs—P1(s, Xsar, Zsnr, Ys)|Fs] and v(s) is (Fy)-predictable,
we can achieve from (26) and (27),

(28)  2(s) = p (1= NoJals) " Hplsi¥) + Noo [ Hplsi, V)N,

As for k(s), since we observe that

(1- st)Q(S)ilE[(l - Ns)fs’gr] = (1 = Ns—)ps—,

(29) R(s) = (1= No)(H(s;Y) —q(s) T E[(1 = Ny) f5163])
= (I=Ns)(H(5Y) = ps-).

Hence we obtain the consequence. [
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5. Hazard Rate Process and Survival Probability under the Orig-
inal Measure

Now we can state our main result about the hazard rate process under
the original probability measure P.

THEOREM 5.1.  The (G}')-hazard rate process under P is given by

_H(HY)
) = AN

where
(30) H(t;y) = e Om02) H (t; ),

H(t;y) is given by (20) and
(31)  K(ty) = /Ooo dzg(t, 2o, )

< [, (d9) @ pa(dn)e = EO OG0, y)
forye W,

PrOOF. First, remember that A(t) is (G} )-hazard rate process under
P. Tt follows from Proposition 3.1 in Kusuoka [7] and Proposition 4.1 that
the (G )-hazard rate process under P, h(t), is given by

h(t) = (1+ k(0)AE) = p H(t; Y)A()
We have

(1= Ni)pe = (1= No)g(t) "E[(1 = No) fi[G)]
= (1—Nyg(t)™'
X E[(1— Ny)e? X0 20002020 G4, X, B';7,Y)|G)]
= (1= Nyg(t)™!
x E[(1 — Ny)e? X2 =v0m0.20) (¢ X B, Y)|GY ]
= (1= Np)g(t) te ¥ Oz020) g (1Y),

The last equality follows from Lemma 3.1(1). Hence we have

_H(Y)
h(t) = D Y)q(t)/\(t). 0




Filtering Model on Default Risk 131

REMARK 5.2. We remark that on the set {T > ¢}, we observe

e 1 P(Xt c d$|ft)
(32) MO =l =

)

that is, it is an illustration of Duffie and Lando’s result ([1]). In order to
check it we have only to notice
d (t,x0,x)

.. g
—q(t) = —1
g4 = ~lim ==

It is claimed in [2] that under some assumptions, the equality

(33) P(r > T|F) = (1= Np) Elexp( - /t ' h(u)du )|} ]

holds. However, in general, the equality (33) does not necessarily hold even
though h(u) is the (G} )-hazard rate process under P. Refer to [3], [4]
and [7].)

Here we will say that the model is standard under a probability measure
P* if (G))-hazard rate process under P*, h*(u), exists and satisfies, for
every t € [0,71],

PHr>T|F)=(1- Nt)E*[exp(— /tT h*(u)du) GY].

Although our model is proved to be standard under P, it may not be stan-
dard under the original measure P.

From now on, we investigate the relation between the survival probabil-
ity with respect to P and P-hazard rate process h(t).

If we let 3(t;Y) = K(t,Y) 'H(t;Y), 3(t;Y)is a (G))-progressively
measurable process such that

(L =N )y(@) = (1= N )y (8 Y).
Denote by p; a (P, (G ))-martingale defined by

dpe = pry(HY) AWy, po =1,
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that is
N L T 17 1t 2
pt:exp(/ F(u;Y) qu—f/ 17 (u; Y)| du).
0 2 Jo

Now we define another probability measure Q on (Q, B) by dQ = prdP.
Let A be a Q:’F -measurable, bounded random variable.
It follows from Proposition 7 in [7] that for ¢ € [0, T7,

E[A(1 — Nr)|Fi

T
= (=N exp(= [ h(wdu) 6}
Let Ly = F aQ GY]. Then by using the Bayes’ rule,
dp'’~*

BN esp(~ [ b)) 67
= L'BlLrAexp(- /tT h(u)du ) G ].

Note that

dQ dP .
T RG] = BRI

E[prE[R|G |G 1E[R|G) | E[R|G)]
= Elpr|G71E[R|G)] = pE[R|G) ).

L, = E|

The last equality follows from the fact that p; is a (P, (G}))-martingale.
Let 5y = E[p|G}]. Recalling Proposition 1.2, it is easy to see

t
hi—1+4 /0 Elf.B1(5, Xonrs Zonr, Vo) T1GY 1AW,

The calculation after this can be done as we did in the last section.
Let

Hp(tsy) + Jo dva()A(v) Js(t; v,y)
K(t;y) + f3 dvg(v)A(v)J(t;v,y)

Js(tivy) = /W Vo0 (dw) @ pi (d) G (t, w50, ) B (¢,0, E(w; m) (v), y (1))

J(tv,y) = /Wug”go(dw)®,un(d77)é(t,w,77;v,y).

c(tyy) =
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for y € W™,
Direct computation of pg implies

N t N
o= K(t:w) + | deg(wAw)J(t50,9).
Notice that c¢(s;Y") satisfies

c(8;Y) = g "E[fsB1(8, Xonr, Zsnr, Ys)|GY ],

and we have .
pr=1 +/ psc(s; Y)Tdws,
0
which has the following explicit solution:

t ~ 1 st
pr = exp(/o c(u; Y)TdW, — 5/0 |e(u; Y)\Qdu)

Cameron-Martin-Maruyama-Girsanov theorem implies
WF =W, — [3¢(s;Y)ds is a (P,G))-Brownian motion and

t
E[R|GY] :exp(—/ c(u; Y)Tdw !l — / le(u; Y))? du
0
Therefore
t t
- p 1 - 2
L= exp( [ 13w ) = elws V)W) =5 [ 3w ) - efus¥)Pdu).
Now we can present the following.

PROPOSITION 5.3. Let t,s € [0,T] with t < s. For any (GY)-measur-
able, bounded random variable A,

E[A(1 = N)|F]
= (1-N)E[A exp(— /: h(u)du)

< exp( [ (3(usY) — elw V) aw ]

_ %/ts 15 (u; V) — e(u; Y)|2du>|gty]v
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where (WF) is a (P, (G}))-Brownian motion.

REMARK 5.4. We attempt to give a simple illustration of the above
result from a financial view. Let r; be a (G} )-adapted, non-negative process
that means the risk-free instantaneous interest rate. We suppose that P is
a so-called equivalent martingale measure. If we consider a defaultable
security whose payoff at the terminal time 7' is given by 1(,~7; and that
pays no coupon before T', its price at time ¢, P(¢,T), is defined by the last
proposition:

P(t,T)
= (- N Blexp(~ [ fru+ b))

cesp( [ 30 ) — el )y Taw
1 (T

5 [ BwY) = cwy)Pdn)ig )

Roughly speaking, the credit spread can be explained by the hazard rate
plus some fluctuation caused by the difference between the filtrations (F3)
and (G)).

Appendix

Here we use a differential geometric approach to present a way of trans-
formation from a more general case to our simple case which is defined in
section 1.

Let Zy = (29, Z0)" = (20, Z},- -, ZHT satisfy the following stochastic
differential equations:

d
dzZj =" 6™(Z)dB, + b'(t, Zy)dt, i=0,1,---.d,
k=0

where 69 and b® are bounded and smooth functions. We have

d(Z, Z7); = aV (Zy)dt,
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where

d
i(z) = 6™(2)6% (2), i,j=0,1,---,d.
k=0

We assume that the matrix (a); jo,.. 4 is non-singular. We often take
z € R as (20, 2') € R x R? and so forth.

PROPOSITION A.1. Assume that @’ is twice continuously differen-
. p 1
tiable and let g(2') =

Besides, let Y = g(Z)Z? and Y} = Z}, i=1,---,d.

Then there exists a function a®(y°,y') such that a°(0,y") = 1 for all
v € R? and
dY?, Y%, = a% (YL, Y/)dt.

PrROOF. Ito’s formula implies

aYy? = g(Z))dZ{ + Z)dg(Z]) + d(Z°, g(Z"))

> 09 onmi, 1 %9 o 5
= 9Bz + BY 5 (EDiZi+ 5 3 o5 (B)dE By
89 7! 0 7
= 0z

o L B _
S D (32 5™ o) e v,
=1 k=0

+ 5, (V) YY)t

(Y@ (g(v) Y0, Yt}
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This means that Y is a diffusion process. Besides, we have

d(Y°, vy,
= {g(¥))?a"(g(Y!) 'Y YY)

d
- 0 ~0i -
+29(5)g(¥)) Y0 30 5 LA (gL Y)

i=1
n—1 02d39 n 99 N ~ij N—1y-0 v/
+ (Y)Y Y = (V) A (Y)av (9(Y) 1Y, YY) Yt
=19y OyJ
Let
34)  aly’,y)
= 9" (9() 'y’ )
d
_ 0 _0i
+200)90) 70 Y 556 (9) )
i=1
d dg dg
n—1,0\2 AN OWAP Y] N—=1,0 _/
o) X 505,508 )y,

Then it is easy to see d(Y?, Y?); = a%(Y;)dt and a°°(0,y’) = 1, so we obtain
the result. [

Adding to the last proposition, we observe that the property that Y, = 0
if and only if Z? = 0 is also valid. Therefore it is not different in essence to
take up Y instead of Z. That is the reason we may assume without loss of
generality that

(35) a%(0,2/) =1 for any 2’ € R%
Define the function H : R'7?¢ x R1*¢ — R by
d .. . .
(36) H(z,y)= ) a”(2)y'y’.
i,j=0

We consider the following Hamiltonian system:

%I(t) = vyH(x(t)ay(t))v $(O):u

%y(t) = =V H(z(t),y(t), y(0)=v,

(37)
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and let z(¢;u,v) and y(¢;u,v) be solutions of the above equations.
Let

PROPOSITION A.2. Assume that ® : R'7? — R4 js ¢ diffeomor-
phism. Define (1 + d)-dimensional process Z; = (Zp, Z}) = (Z0, Z},-- -, Z§)
as

Zy = o YZ,).

Then (0,Z!) = ®=((0,Z})) and there exists a (1 + d)-dimensional (gﬁ)-
Brownian motion B = (B, B!,---  BY) and a matriz-valued function T'(2)

in the form of
1 T
I(z) = ( (2) I‘O(z) )

such that the martingale part of Z vanishing at time 0 is given by

/OtF(Zs)dB

ProOOF. From the definition of ® and the hypothesis of diffeomorphism,
it follows that (0, z") = ®(0, 2’), so the first statement is apparent.
Let d(Z', Z7); = a” (Z;)dt. By the definition of Z;, we notice that

Zi =042, 7)), i=0,1,---,d.

Since it follows from Ito’s formula that

; 0P P
dZ} = Z (20, z})dzf + Z ERmmil (22, Z0)a™(Zy)dt,
kl 0
we have
d .
oD OB
Z 8Zk Zt7Zt kl(Zt) a (ZtJZt)d

k,1=0
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Denoting by A, A and D the (1 + d)-dimensional square matrices (a%),
i

. [0}
(a*) and (M) respectively, it follows that
z

A=DADT.

This equality implies A~ = DTA~1D, thus

d k l
o0d 0d
as(Z) = > 5 (20 Z)an( (20, Z) 5 (20, 2,
k,I=0

where (a;;) is the (i, j)-component of A~! and so is a;;. In short, super-
indices are used for an original matrix, while sub-indices for the inverse.
Now we need the following lemma.

d .
oP? B OPJ

> (20, 2))ai(2(Z), Z))) o (Z7, Z{) = Aok
0z 0z

PRrROOF. We define the function S : R x R x R4 — R by

S(t,u,v) = /Ot{;ix(s; u,fu)Ty(s; u,v) — H(xz(s;u,v),y(s; u, v))}ds.

We can check that S satisfies the following properties that

(38) VuS(t,u,v) = Vx(s;u,v)Ty(s;u,v) — v,
(39) VoS(tu,v) = Vea(s;u, ) y(s;u,v),
where of

Vul () = (505 )01

for a differentiable function f = (fO, f1,---, fOT.
From (36) and (37) it follows that

(40) S(t,u,v) /{V H(z(s;u,v),y(s;u,v)) Ty (s; u,v)
m(s,u, v),y(s;u,v))}ds
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t
0
— H(z(s;u,v), y(s;u,v)) }ds
t
= [ Halsiuo)ylsiu0)ds
0
= tH(u,v).
The last equality holds because of the property of Hamilton type equation.

Next let
S(2°,2") = 5(2°,(0,2"),(1,0)).

Due to (40) and the assumption (35), it is not hard to see
S(2°,2") = 2YH((0,7),(1,0)) = 2°,

that is,
a8 08
920 (2) =1, (9zk(
On the other hand, by noticing H(®(2°,2"), ¥(2°,2")) = H((0,2'),(1,0)) =
1, we observe

20.2)=0.

dS oS

8z0(z ) = @(20 (0,2),(1,0))
- gqg(z T (R0, 2) — H(®(2°,2), (2, 2)))
- gq;(z T (0,2 -1,

and (38) implies that for each k =1,--- .d,

dS 0d

8’“( ,z’) 8k(z z)T\Il(z 2.

Therefore it follows from these results that

(41) ng (2%, NTw(20, ) = 2,
(42) 0% (%, NTw(0 ) =0, k=1,---.d

ak
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Moreover we have

%t ) 0

azo(z 73/) - 8yiH((I)(Z ’Z/)7\I](ZO’Z/))
d
= 2) @@L, )W),
7=0

S0
. 1Y
0 _ ~ 0
W20 ) = 3 anij(fb(z ’Z/))azo (27, ).

=
Substituting this for (41) and (42), we get the desired conclusion. [J

This lemma asserts that a’° = % and a¥ =0,i=1,---,d, that is,
1 T
1 0
Az) = | -2
= ()
since agp = 4 and ag; =0, =1,---,d.

If we let M* be a martingale part of Z* with My = 0, then
d(M', M7\, = d(Z', Z7),.

Hence from Theorem V.3.9 in Revuz-Yor [9], it follows that there exists a
(1 + d)-dimensional Brownian motion B such that

¢
Mt:/ I'sdBs,
0

where T is the matrix such that A = T'TT. O

In particular, we notice

d
1 . .
dM = 5dBf;, dM} =Y "T*(Z,)dBf, i=1,---,d.
k=1

Provided that Z; has a drift coefficient vector

b(t7 Zt) = (bo(t7 Zt)’ ) bd(tv Zt))Tv



Filtering Model on Default Risk 141

we observe by comparing both drift terms that

k d a?q)z 0 Nkl
Z (20, 2R (t, 2) + = k; T a2, 7)a"(2),
so it follows that in terms of matrix,
b=D"'(b-ec),

where

) 1 Zd: 82(I)i (D 1 (DT)fl)kl

=

2 5 0zkd2!

After letting X; = 27;, from the last proposition we can achieve a stan-
dardized representation (X, Z}):

dX; = 2dZ; = dBY + bo(t, Xy, Z})dt

and
dZt/ = al(Xtv Zt/)dBl,f + bl(ta Xt7 Zt/)dtv
where
/ 0 1 /
bo(t,z,2') = 2b°(t, 3% 2 ),
1
nws) = (TiGes)
2 irj=1,eeed
1 1 d 1 / 5
bi(t,z,2') = <b (t, 530,2'), < (8, 3% 2 ))
and B’ = (B',---, BY)T. Moreover we can observe that Z? = 0 is equivalent
to Xt =0
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