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A Note on the Uncertainty Principle
for the Dunkl Transform

By Nobukazu SHIMENO

Abstract. Analogues of Heisenberg’s inequality and Hardy’s the-
orem are studied for the Dunkl transform.

1. Introduction

The uncertainty principle in harmonic analysis says “A nonzero function
and its Fourier transform cannot both be sharply localized”. There are two
typical formulations of the uncertainty principle for the Fourier transform
on the real line R, Heisenberg’s inequality and Hardy’s theorem.

In order to be clear about the normalization we state our definition of
the Fourier transform:

Fo) = % / 7 f@)e VT,

Heisenberg’s inequality states that for f € L?(R),

[ e [~ opopoz 7wt

—00 — 00 — 00

with equality only if f(x) is almost everywhere equal to a constant multiple
of e=P*” for some p > 0. A proof is given in Weyl [13, Appendix 1].

Hardy [6] proved a theorem concerning the decay of f and f at infinity;
let p and ¢ be positive constants and assume that f is a function on the
real line satisfying | f(z)| < Ce™** and |f(A)| < Ce 7’ for some positive
constant C. Then (i) f =0if pg > 1/4; (ii) f = Ae~P"* for some constant
A if pg = 1/4; (iii) there are infinitely many f if pg < 1/4.
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Root systems provide a rich framework for the study of harmonic analy-
sis, which give generalizations of the classical Fourier analysis. In [4], Dunkl
introduce an integral transform associated with the eigenfunctions of the
Dunkl operators for a root system and proved the Plancherel theorem. In
[3], de Jeu studied the Dunkl transform by completely different method and
proved the inversion formula and the Plancherel theorem. The Dunkl trans-
form has practically important properties of the classical Fourier transform;
it is self-dual, it has period 4, and the Gaussian is invariant under the Dunkl
transform.

In this paper we study analogues of Heisenberg’s inequality and Hardy’s
theorem for the Dunkl transform. We give an alternative proof of Heisen-
berg’s inequality for the Dunkl transform (Theorem 3.1), which was first
proved by Rosler [10]. We prove an analogue of Hardy’s theorem (Theo-
rem 4.1) for the Dunkl transform.

Acknowledgement. The author is indebted to Professor Margit Rosler
for a kind comment on this work and for a fruitful discussion.

2. The Dunkl Transform

In this section, we review on results of Dunkl [4] and de Jeu [3].

Let a = RY be a N-dimensional real vector space with inner product
(-,-). The norm is denoted by |z| = (z,x)"/2. For o € a\ {0} let 74 denote
the orthogonal reflection with respect to the hyperplane orthogonal to a.
Let G C O(a) be a finite reflection group. Let R be the corresponding root
system. We will assume that R is a normalized root system, i.e. (o, ) =2
for all @ € R. Choose and fix a positive system Ry C R.

A complex valued function k& : a — ko on R which is G-invariant
is called a multiplicity function. In this article we always assume that
Rek, > 0 for all « € R.

Let h = a®gr C be the complexification. We denote the symmetric inner
product on b by (-,-) and the norm by |z| = (2,%)"/2. For £ € b let O
denote the corresponding directional derivative. Define the Dunkl operator
T by
flx) = f(raz)

(Tef) (@) = Oef) (@) + > kal Ozé oo

aERy
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We have [T¢, T;)] = 0 for any &, n € h. Given A € h consider the following
system of differential-difference equations on a:

(2.1) Tef = (N6, e

THEOREM 2.1 (de Jeu [3, Theorem 2.6]). Assume Rek, > 0 for all
a € R. Then there is a unique solution Expg(\, k,-) of (2.1) such that

(i) Eng()\, k,O) =1,

(ii) Expg(A, k, x) is holomorphic in X € b and analytic in z € a.

Indeed, de Jeu [3] proved stronger results and Opdam [8] studied Expg
in detail.

Let
ha) =[] I(a,z)*
acERy
and
7= ko
aERy

Then h is a homogeneous G-invariant function of degree . Define the
normalization constant

ch = ((QW)_N/2 /]RN h(m)ze_x2/2dm>

de Jeu [3, Corollary 4.17] proved that the constant ¢, is strictly positive
(see also [3, Remark 4.12]).
For f € LY(RYN, h?dx), let

FO) = (2m) N2, /R ) Exp(~V TN K a)h() e,

the Dunkl transform of f. If k, = 0 for all & € R, then it is nothing but
the Fourier transform on R,

We recall main results of de Jeu [3], the inversion formula and the
Plancherel theorem for the Dunkl transform.

THEOREM 2.2 (de Jeu [3], Theorem 4.20, 4.26).
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(1) Assume Reky >0 for all a € R. Let f € LY(RY, h2dx) and suppose
that f € LY(RYN h2dzx). Then

f(z) = (2m) N2, /R N FNExpa(vV—=1A, k, 2)h(\)%dA.

(2) Assume ko >0 for all a € R. If f € LYRY, h2dx) N L2(RYN, h%dz),
then f € L2(RY, h2dx) and

[ rnezas = [ GO0
]RN

RN

REMARK 2.3. Let k be a complex number with Rek > 0. Define

2Tk + D)

1
zF2

jk(w) Jk—%(x)v
where J, is the Bessel function in the standard notation. If N = 1 and
G = Zs, then

vV—=1\z
EZQ( V1IN k,z) = jk()‘l‘) + —jk+1()\l')
2k+1
The Zg-invariant part of Ez,(v/—1\, k, x) is Ji(z), so the Dunkl transoform
specialize to even functions is given by

Fa) = /O " (@) Tu(w)a*d,

which coincides with the classical Hankel transform. We refer the reader to
Dunkl [4, Section 4] and Koornwinder [7, Section 2] for details.

REMARK 2.4. The Dunkl transform sometimes appears “in nature” as
the spherical Fourier transform on Riemannian symmetric spaces X of the
Euclidean type. Let G be the Weyl group for X and k = m/4, where m,
is the root multiplicity for the symmetric space. Then the restriction of
the Dunkl transform to G-invariant functions coincides with the spherical
Fourier transform on X. We refer the reader to de Jeu [3, Remark 4.27]
and Opdam [8, Remark 6.12] for details.
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3. Heisenberg’s Inequality

In this section we give a proof of Heisenberg’s inequality for the Dunkl
transform, which was first proved by Résler [10].

THEOREM 3.1.  Assume that ko > 0 for all « € R. For f € L*(RY,
h2dx),

/ (221 () P e / ATV PRV A
RN RN

> (14 3 [ @]

with equality only if f(x) is almost everywhere equal to a constant multiple
of e—Plal? for some p > 0.

PROOF. First we review on an orthogonal basis for L?(R", h?dz) after
Dunkl [4]. Let {&1,...,&n} be an orthonormal basis of RY. Define the h-
Laplacian Ay, = ZZ]\L 1 Tgi . Let P,, denote the space of polynomial functions
on RY that are homogeneous of degree n. Let H” = P, N (kerA},), the space
of h-harmonic polynomials. Let dw be the normalized rotation-invariant
measure on the unit sphere S¥~1 ¢ RY. Then we have an orthogonal de-
composition L(S, h2dw) = 320, &H!. Let {pg.n) }je, be an orthonormal
basis of H!.

Let m, n be non-negative integers and j € J,. Define

B < T'(N/2)m! > 2
= \FNEL(N/2) + 7 + m + n)

and

(31) wm,n,j (33) = Cm,npg-n) (x)L(n‘i"H‘N/Q—l)(|$‘2)6_|I|2/2’

m
where L%‘ ) denote the Laguerre polynomial in the standard notation. It
follows from Proposition 2.4 and Theorem 2.5 of Dunkl [4] that

{Vmmnj : m,n=0,1,2,...,j€ Jp}
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forms an orthonormal basis of L?(RY, h2dz). Moreover by [4, Theorem 2.6]
we have

(32) G = (—V/=1)" 2"y
By the recurrence relation for the Laguerre polynomial
tLy(t) = —(n+ 1)Ly () + (o +2n+ 1)Ly () — (n+ a) Ly (b),
we have

(3.3) |2 n(2) = — (M + Domi1 (@)
+ (n+v+ (N/2) 4+ 2m) Yy pn ()
— (TL + v+ (N/Q) -1+ m)¢m_17n7j(x).

Here we put ¢_1,; = 0.

Let (-,-) and || - || denote the inner product and the norm of L%(RY,
h%dz) respectively. For f € L*(RN, h%dx) define amn; = (f, Ymn ). We
have

(34) [= Z am,n7j¢m,n,j7
m,n,j

(3.5) F=" tmni(—V=1)"""p 5.
m,n,j

By (3.3), (3.4) and (3.5) we have

I LI+ 1] )12
= i (- Pomngs £) + (- P—V=1)" ™ g, f)
m,n,j
=2 amns*(n+ v+ (N/2) + 2m)
m,n,j

> 2(y+ N/2)|If1%,

with the equality only if ap, , ; = 0 except for m = n = 0.
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For f € L*(RN,h2%dx) and ¢ > 0 define f.(z) = f(cz). Since h(cx) =
Y h(x), it is easy to see that

I 1fel® = 272011 11112,
By de Jeu [3, Theorem 2.8],
EXpG(_ \ _16_1)\7 k? CIE) - EXp(—\/ _1/\, k/‘, .1')

Thus it is easy to see that

~

(3.6) FeA) = N2 (),

and hence
I -1 fell? = V722 11

Therefore we have
LI+ I LFI1P = 20y + N/2)1F )1
The minimum value of the left hand side as a function of c¢is |||-|f|||/|-|f]. O

REMARK 3.2. After we wrote a draft of this article, we noticed that
Theorem 3.1 was already proved by Résler [10]. We decided to include our
proof of the theorem because it is slightly simpler than that in [10].

Our proof of Theorem 3.1 is indeed similar to that of Rosler [10]. Rosler
used expansions in terms of generalized Hermite polynomials and recurrence
relations among them, which were given in [9]. We used expansions in terms
of the basis given by Dunkl [4] and recurrence relations for the classical
Laguerre polynomial. Our proof of Theorem 3.1 is inspired by de Bruijin
[2] who proved Heisenberg’s inequality for the Fourier transform using the
Hermite polynomials (see also [5, Section 3]). Since there is a basis (3.1) of
L?*(RY h2dx) that satisfy (3.2) and we consider variances for | - | that is a
radial function, we could prove the theorem by using the recurrence relation
for the Laguerre polynomial instead of that of the Hermite polynomial in

2].

REMARK 3.3. In view of Remark 2.3 and 2.4, we obtain Heisenberg’s
inequality for the classical Hankel transform and the spherical Fourier trans-
form on a Riemannian symmetric space of the Euclidean type as a corollary
of Theorem 3.1. The Heisenberg’s inequality for the classical Hankel trans-
form was proved by Bowie [1].
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4. Hardy’s Theorem

We now state and prove an analogue of Hardy’s theorem for the Dunkl
transform.

THEOREM 4.1. Assume Reko, > 0 for all « € R. Let p and g be
positive constants. Suppose f is a measurable function on RN satisfying

(4.1) |f(x)] < Cexp(—plz|?) zeRY
and
(4.2) [N < Cexp(—g|A*) A eRY,

where C is a positive constant. Then we have following results:

(1) If pg > 1/4, then f =0 almost everywhere.

(2) If pqg = 1/4, then f(x) = Aexp(—p|z|?), where A is an arbitrary
constant.

(3) If pg < 1/4, then there are infinitely many such functions f.

PrOOF. The proof follows closely that of Sitaram and Sundari [12],
where analogues of Hardy’s theorem were proved for certain function spaces
on semisimple Lie groups.

We may assume p = ¢ without loss of generality by scaling (3.6). The
main part is to prove (2), which states that f is a constant multiple of
exp(—|z|?/2) if p = ¢ = 1/2. Once this is proved, the proof of (1) become
self-evident. Also, the functions ¢, ,; defined by (3.1) give an infinite
number of examples for (3).

Assume p = ¢ = 1/2. We claim that

(4.3) IF(A)| < Cexp(|A[2/2) for all X € b.

Let
ay ={z€a: (r,a) >0foral o € R}

We have

(4.4) Z fg:EEXpG (—vV=1\, k; gz)h(x)?dz.

geG
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Recall from de Jeu [3, Corollary 3.2] that
(4.5) |Expa(—vV—1I\, k; z)| < |G|/ 2ema¥occ m(gra) = 5 e RV,

By (4.1), (4.4) and (4.5), we have
O <€ [ exp(-Ja 2+ (o) (o)

for some positive constant C', where y € GIm A Nay. Moreover we have

a+

IF(N)] < C/ exp(—|z|?/2 + (x, w))h(z)>dx

= Coxp(luf*/2) / exp(—|a /D + p)de

—pay
< C'exp(|A[%/2)

for some positive constants C' and C’, which proves (4.3).
Under condition (4.1), f(A) gives an entire function on A € b because of
(4.5). Since f satisfy estimates (4.3) and (4.2) for ¢ = 1/2, it follows from

[12, Lemma 2.1] that
(4.6) FO) = Aexp(—|A]*/2)
for some constant A. Thus f(z) = Aexp(—|z|?/2) by (3.2). O

REMARK 4.2. In view of Remark 2.3 and 2.4, we obtain Hardy’s theo-
rem for the classical Hankel transform and the spherical Fourier transform
on a Riemannian symmetric space of the Euclidean type as a corollary of
Theorem 4.1.

REMARK 4.3. In [11] the author gives an analogue of Theorem 4.1 for
the Heckman-Opdam transform, which is the trigonometric counterpart of
the Dunkl transform.
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