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Crystalline Fundamental Groups I — Isocrystals

on Log Crystalline Site and Log Convergent Site

By Atsushi SHIHO

Abstract. In this paper, we define the crystalline fundamental
groups for fine log schemes (satisfying certain condition) over a perfect
field of positive characteristic by using the category of isocrystals on log
crystalline site and prove their fundamental properties, such as Hurewicz
isomorphism, the bijectivity of crystalline Frobenius and the comparison
theorem with (log version of) de Rham fundamental groups (log version
of Berthelot-Ogus theorem for fundamental groups).
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Introduction

In arithmetic geometry, we consider various cohomologies such as Betti,
etale, de Rham and crystalline ones for algebraic varieties. Their definitions
are quite different, but all of them satisfy several nice properties in common,
and in certain situations, we have various comparison theorems between
them. Grothendieck proposed the philosophy that cohomology theory is
motivic: That is, there exists a theory of motivic cohomology such that
all the reasonable cohomology theories factor through it. The comparison
theorems can be thought as a consequence of this philosophy. Now most
mathematicians believe his philosophy, and it is one of the central subjects
in arithmetic geometry.

On the other hand, various theory of (the pro-unipotent quotient of)
rational fundamental groups have been studied in arithmetic geometry: The
topological rational fundamental group is studied by Quillen ([Q]). The
etale fundamental group is defined and studied by Grothendieck ([SGA1]).
The de Rham fundamental group is studied by Sullivan ([Su]) and Chen
([Che]). The theory of mixed Hodge structure on rational fundamental
groups is studied by Morgan ([Mo]), Hain ([Ha]), Navarro Aznar ([Nav])
and Wojtkowiak ([W]).

In his celebrated paper [D2], Deligne gave the construction of the topo-
logical, I-adic and de Rham fundamental groups by means of Tannakian
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categories and fiber functors, and he extended the philosophy of Grothen-
dieck to the case of the pro-unipotent quotient of rational fundamental
groups. If we follow his philosophy, there should be a theory of crystalline
fundamental groups for smooth varieties over a perfect field of characteristic
p > 0, and if the given variety is liftable to characteristic zero, there should
be the comparison theorem between de Rham fundamental group and crys-
talline fundamental group. But in [D2], the crystalline fundamental group
is defined only for smooth varieties which are liftable to a field of charac-
teristic zero, and in this case, it is defined by introducing the crystalline
Frobenius to the de Rham fundamental group of the lift. Since the crys-
talline fundamental group should be defined for any smooth variety X over
a perfect field of characteristic p > 0 (even if X is not liftable), and since
it should depend only on the reduction, the construction of the crystalline
fundamental group in [D2] is not the best possible way.

In this paper, we construct the theory of crystalline fundamental groups
for schemes (satisfying certain conditions) over a perfect field of character-
istic p > 0 by using the theory of Tannakian categories and fiber functors.
In fact, we work in more general setting: We work not only for schemes,
but also for log schemes in the sense of Fontaine, Illusie and Kato ([Kk1]).

A log scheme is a scheme endowed with a ‘log structure’, which is a
pair of certain sheaf of monoids and certain homomorphism of sheaves of
monoids. (For precise definition, see [Kk1] or Chapter 2 in this paper.) It
is a generalization of the notion of a scheme, and it is useful for the study
of degeneration of varieties, for example. Recently, a generalization of the
above four cohomology theories to the case of log schemes and a general-
ization of the comparison theorems are developed ([Kk1], [Nak], [Nak-Kk],
[Kf2], [Ma], [T1] etc.). Hence it might be natural to say that the cohomology
theory of log schemes should be also motivic.

Moreover, one is tempted to say that there should exist the theory of
rational fundamental group for log schemes which is motivic. If we believe
this philosophy, there should be various rational fundamental groups for
fundamental groups (corresponding to the above four cohomology theories)
which are related by various comparison theorems. In this paper, we con-
sider de Rham fundamental groups and crystalline fundamental groups for
log schemes: We extend the definition of de Rham fundamental group to
the case of certain log schemes, and give the definition of crystalline fun-



512 Atsushi SHIHO

damental group for certain log schemes, and prove the comparison theorem
between them.

Now let us briefly explain the content of each chapter.

In Chapter 1, first we recall the definition and basic properties of Tan-
nakian categories. After that, we introduce the notion of nilpotent part
NC of an abelian tensor category C. It is a useful notion for us because
it corresponds to the pro-unipotent quotient of a pro-algebraic group via
Tannaka duality of Saavedra Rivano ([Sa]) in the case where C is a neutral
Tannakian category. In general, the category N'C is not necessarily abelian
even if C is so. We give a simple sufficient condition for the category NC
to be abelian. This criterion is useful to prove that the several categories
which we consider later are in fact Tannakian categories.

In Chapter 2, first we review basic definitions concerning log schemes,
which are developed in [Kk1]. We extend some of the basic notions to the
case of formal schemes, because we often use log formal schemes in later
chapters. After that, we prove the following proposition: For a log smooth
exact morphism f : (X, M) — (Speck,N) of certain fine log schemes
(where k is a field), X iy := {2 € X | (f*N)z = Mz} is open dense in X if
X is reduced. (For precise statement, see Theorem 2.3.2.) In the case of a
log smooth integral morphism of fs log schemes, this is due to Tsuji ([T2]).
In later chapters, this proposition is used to provide a simple and geometric
sufficient condition for several categories associated to a morphism of log
(formal) schemes to be Tannakian.

In Chapter 3, we develop the theory of de Rham fundamental groups
for log schemes. For a morphism of log schemes f : (X, M) — (Speck, N)
(where k is a field) and a k-rational point z in X sy, satisfying certain con-
dition, de Rham fundamental group 7$%((X, M)/(Speck, N), x)) is defined
to be the Tannaka dual of the category N'C'((X, M)/(Speck, N)) of nilpo-
tent integrable log connections. So it is a pro-unipotent algebraic group
over k. Then we prove the following theorem: For a pair (X, D) of a proper
smooth scheme X over a field k£ and a normal crossing divisor D in X, we
can associate a log structure M on X. Then, if the characteristic of k is
zero, the de Rham fundamental group of the log scheme (X, M) is isomor-
phic to that of X — D. In particular, de Rham fundamental group of the
log scheme (X, M) of this type depends only on X — D (and base point).
After that, we investigate the relation between the category of integrable
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log connections and the category of isocrystals on log infinitesimal site (a
log or a log formal version of infinitesimal site of Grothendieck [G]), by the
method in [B-O, §2], [O1, §1].

In Chapter 4, we develop the theory of crystalline fundamental groups for
log schemes. For morphisms (X, M) 1, (Speck, N) — (Spf W, N) of (for-
mal) log schemes (where k is a perfect field of characteristic p > 0 and W is
the Witt ring of k) and a k-rational point = in X 4, satisfying certain con-
dition, crystalline fundamental group 7{”*((X, M)/(Spf W, N),z)) is de-
fined to be the Tannaka dual of the category N Ieys((X, M)/(Spf W, N)) of
nilpotent isocrystals on log crystalline site (which is defined by Kato [Kk1]).
It is a pro-unipotent algebraic group over the fraction field of W. We prove
two important basic properties of crystalline fundamental groups: One is
the crystalline version of Hurewicz isomorphism, which gives the isomor-
phism of abelianization of crystalline fundamental group and the dual of
first log crystalline cohomology group. The other is the bijectivity of crys-
talline Frobenius. After proving them, we consider the following problem:
Let (X, D) be a pair of a proper smooth scheme X over a perfect field k
of characterictic p > 0 and a normal crossing divisor D in X, and let us
denote the log structure on X associated to this pair by M. Then does
the crystalline fundamental group of (X, M) over Spf W depend only on
X — D (and base point)? (Here we should remark that it is not good to
compare with the crystalline fundamental group of X — D: it is too big
in general, for so is the crystalline cohomologies.) We give the affirmative
answer to this problem in the case dim X < 2, by using resolution of singu-
larities by Abhyankar ([A]) and the structure theorem of proper birational
morphism of surfaces due to Shafarevich ([Sha]). In Part II ([Shi]) of this
series of papers, we consider this problem in another method and we give
the affirmative answer in general case. Finally in this chapter, we investi-
gate a relation between the category of isocrystals on log infinitesimal site,
the category of HPD-isostratifications and the category of integrable formal
log connections, following the argument in [02, (0.7)] and Kato [Kk1, §6].
We also prove the descent property of the category of isocrystals on log
crystalline site.

In Chapter 5, we prove the comparison theorem between de Rham fun-
damental groups and crystalline fundamental groups. The statement is as
follows: Let k be a perfect field of characterictic p > 0, W the Witt ring of
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k and V a totally ramified finite extension of W. Denote the fraction fields
of W,V by Ky, K, respectively. Now assume we are given the following
commutative diagram of fine log schemes

(X, M) = (X, M) =  (Xg,M)

! fl !
(Speck,N) < (SpecV,N) «— (SpecK,N)
N !
(Spec W, N),

where the two squares are Cartesian, f is proper log smooth integral and
X, is reduced. Assume moreover that Hag ((X, M)/(Spf V, N)) =V holds,
and that we are given a V-valued point z of X ¢5,. Denote the special fiber
(resp. generic fiber) of x by x (resp. xx). Then there exists a canonical
isomorphism of pro-algebraic groups

ﬂ_;I‘yS((Xk’ M)/(Spf W, N),z1) xx, K = W?R((XK,M)/(SPGCK, N),zk).

In the case of cohomologies (without log structures), the corresponding
theorem is proved by Berthelot and Ogus ([B-O2]). So we call this theorem
as the Berthelot-Ogus theorem for fundamental groups.

The method of proof is as follows: First, we introduce the notion of log
convergent site, which is a log version of the convergent site of Ogus ([O1]),
and define the convergent fundamental group

T (X, M)/ (SpE?, N), ) (7 =W, V)

by using the category N leony((X, M)/(Spf?, N)) of nilpotent isocrystals
on log convergent site. Then we prove the base change property

,/_r(l:onV((Xk’M)/(Spr/V’N)’xk) X Ko K= Witonv((Xk,M)/(Spr,N),Z'k).

Second, we investigate the relation between the category of nilpotent iso-
crystals on log convergent site and the category of nilpotent isocrystals on
log infinitesimal site. This, together with the result in Chapter 3, allows us
to prove the comparison

ﬂ%OnV((ijM)/(Spf‘/’N)7xk) = W?R«XK;M)/(SPGCK, N),JJK)
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between de Rham fundamental group and convergent fundamental group.
Finally, we investigate the relation between the category of nilpotent iso-
crystals on log convergent site and the category of nilpotent isocrystals on
log crystalline site (here we use the results in Chapter 3 and Chapter 4),
and prove the comparison

7O (X, M)/ (Spt W, N), ) = 70 (( Xy, M) /(Spt W, N), x)

between convergent fundamental group and crystalline fundamental group.
Combining the above three isomorphisms, we finish the proof.

In Part IT ([Shi]) of this series of papers, we will study the general theory
of log convergent cohomology systematically and relate it to rigid cohomol-
ogy in certain case, and give an application to the study of crystalline
fundamental groups.

After writing the first version of this paper, the author learned that
Chiarellotto and Le Stum ([Chi-LS], [Chi]) also studied on closely related
subjects. They also study the crystalline version (rather, one should say
‘rigid version’) of the rational fundamental group using rigid analytic ge-
ometry (without log structures).

This series of papers is a revised version of the author’s thesis in Tokyo
University. The author would like to express his profound gratitude to his
thesis advisor Professor Takeshi Saito for valuable advice and encourage-
ment. He also would like to express his thanks to Professors Yukiyoshi
Nakkajima, Takeshi Tsuji and Nobuo Tsuzuki for valuable advices to the
first version of this paper. The author would like to thank to the referee for
reading the first version of this long paper carefully and patiently, and for
giving him many advices, especially on the structure of the paper. With-
out his advices, it would be impossible to make this paper understandable.
The author would like to express his thanks to those who encouraged him
during the revision of this paper. Without their encouragement, he could
not finish the revision of the paper. The author revised this paper dur-
ing his stay at Univerisité de Paris-Sud. The author would like to thank
to the members there for the hospitality. Finally, the author would like
to apologize to the editors and staffs of Journal of Mathematical Sciences,
University of Tokyo, especially to Mrs. Tkuko Takagi, for the long delay of
the revision of the paper, and express his thanks to them for their patience.
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The author was supported by JSPS Research Fellowships for Young
Scientists in 1996-97, while the main part of this work was done. As for
the author’s stay in Univerisité de Paris-Sud, he is supported by JSPS
Postdoctoral Fellowships for Research Abroad.

Conventions

(1) In this paper, all sheaves are considered with respect to small etale
site unless otherwise stated.

(2) Let V be a complete discrete valuation ring of mixed characteristic
(0,p). A formal scheme T is called a formal V-scheme if T is a p-adic
Noetherian formal scheme over Spf V' and I'(U, Or) is topologically
of finite type over V for any open affine U C T.

(3) Let V be as above and let K be the fraction field of V. For a
scheme or a p-adic formal scheme T, we denote the category of
coherent sheaves of Or-modules by Coh(Or). For a p-adic formal
scheme T over Spf V', we denote by Coh(K ® Or) the category of
sheaves of K ®y Op-modules on T which is isomorphic to K ®y F
for some F' € Coh(Or). For elementary properties of Coh(K ® Or)
(in the case that T" is a formal V-scheme), see [O1, §1]. We call an
object of Coh(K ® Or) an isocoherent sheaf on T'.

(4) Tensor products of sheaves on formal V-schemes (V' as above) and
fiber products of formal V-schemes are p-adically completed unless
otherwise stated. (Note that the exception occurs in the proof of
Lemma 4.3.3.)

Chapter 1. Formalisms of Tannakian Categories

In this chapter, we recall the definition and basic properties on Tan-
nakian categories which we will use later.

1.1. Tannakian categories

In this section, we recall the definition of Tannakian category and the
structure theorem of a neutral Tannakian category, which is due to Saavedra
([Sa]). After that, we introduce a notion of nilpotence on categories.

In this section, we give no proofs. For the proofs, see [Sa], [D-M] and
[D3].
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First we recall the definition of tensor category.

DEFINITION 1.1.1. Let C be a category and let ® : C xC — C be a
functor.

(1) An associativity constraint for (C,®) is a collection of functorial
isomorphisms

d={oxyz: XY ®Z) — (XQY)®Z}xyzec

such that the following diagram is commutative for all objects X,

Y, Z, U:
XY e(“Zel) —— Xe(Y®2Z)oU)
id®e¢y,z,u
¢X,Y,Z®Ul ¢X,Y®Z,Ul
(X0Y)®(ZoU) (X0 (Y eZ)eU

¢X®Y,Z,UJ{ H

(XeY)e2)eU —— (X0 (Y ®Z))oU.
ox,y,z®id

(2) A commutativity constraint for (C,®) is a collection of functorial
isomorphisms

Yi={Yxy : X®Y —Y®X}lxyec

such that ¥ xy o ¥y, x = id holds for any objects X,Y".

(3) An associativity constraint ¢ and a commutativity constraint ¢ for
(C,®) are compatible if the following diagram is commutative for
any objects X,Y, Z :

oxX,v,Z2 VxeY,z
0 —

X®(Y®Z) (X®Y)®Z Z®(X®Y)

lid®¢y,z l(i’z,x,y
bx,2,y Px, z®id

XRZY) —/—— (X02)Y —/— (Z®X)®Y
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(4) A pair (1,u), where 1 is an object in C and u is an isomorphism
1—1®1, is called a unit object of (C,®) if the functor

C—C; X—1X
is an equivalence of categories.

DEFINITION 1.1.2. Let C be a category, let ® : CxC — C be a functor,
let ¢ be an associativity constraint for (C,®) and let 1) be a commutativ-
ity constraint for (C,®) such that ¢ and ¢ are compatible. Then a 4-ple
(C,®, ¢,1) is called a tensor category if it has a unit object 1 € C.

It is known that the unit object of a tensor category is unique up
to unique isomorphism. In the following, we denote a tensor category
(C,®,¢,1) simply by (C,®) or C, by abuse of notation.

When we are given a tensor category (C,®), we can define the functor

®:cf—>c

el

for a finite set I in the natural way ([D-M, (1.5)]).
Next we recall the definition of rigidity for tensor categories. To do this,
first we recall the definition of internal hom.

DEFINITION 1.1.3. Let (C,®) be a tensor category. If the functor
T +— Hom(T ® X,Y); C° — (Set)

is representable, we denote by Hom(X,Y) the representing object. We
denote the object Hom(X, 1) by X*.

Let X,Y € C and assume the internal hom Hom(X,Y) exists. Then, by
the definition of internal hom, there is a functorial morphism

exy :Hom(X, V)@ X —Y
for X,Y € C, which corresponds to the identity map via the isomorphism

Hom(Hom(X,Y) ® X,Y) = Hom(Hom(X,Y), Hom(X,Y)).
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Then one can define the notion of reflexive object as follows:

DEFINITION 1.1.4. An object X in C is called reflexive if there exists
X*, X* and the map X — X™ corresponding to ex 1 o 9x x+ via the
isomorphism Hom(X ® X*,1) = Hom(X, X**) is an isomorphism.

Let X := {X,}ier and Y := {Y;}ics be finite families of objects in C
and assume there exist internal hom’s Hom(X;,Y;) (¢ € I). Then, one can
define the morphism

éxy : Q) Hom(X;,Y;) — Hom(®jerXi, ®icrY;)
i€l

as the morphism corresponding to the morphism

() Hom(X;, Vi) @ (Q) Xi) = Q) (Hom(X,;, ;) ® X;)
i€l icl icl
®ieﬁ>i,Yi ® Y,
i€l
(where the first isomorphism is defined by using the associativity constraint
and the commutativity constraint) via the isomorphism

Hom(® Hom(X;,Y;), Hom(®icr Xi, @icrY;)) =
iel
Hom(((X) Hom(X;, ;) @ (R) X,), (R V).

iel icl el

DEFINITION 1.1.5. A tensor category (C,®) is called rigid if
Hom(X,Y) exists for all objects X and Y, the morphisms éxy are iso-
morphisms for all finite families of objects X := {X;}ier and Y := {Yi }ier,
and all objects are reflexive.

DEFINITION 1.1.6. An abelian tensor category is a tensor category
(C,®) such that C is an abelian category and ® is a bi-additive functor.

Now we recall the definition of Tannakian categories. The following
definition is due to Deligne ([D3, (2.8)]).
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DEFINITION 1.1.7. Let k be a field. A tensor category (C,®) is called
a Tannakian category over k if it is a rigid abelian tensor category such
that End(1) = & holds and there exists a fiber functor (:= exact faithful
tensor functor) C — Vecy for some extension field K D k, where Vecg
denotes the category of finite-dimensional vector spaces over K. If there
exists a fiber functor C — Vecy, then (C, ®) is called a neutral Tannakian
category.

As for the structure of a neutral Tannakian category, the following the-
orem is shown by Saavedra ([Sal).

THEOREM 1.1.8 (Saavedra). Let k be a field and (C,®) be a neutral
Tannakian category over k. Let w : C — Vecy be a fiber functor. Then the
functor

(k-algebras) — (Groups); R +— Aut®(C % Vecj, — Modpg)

is representable by a pro-affine algebraic group G(C,w) over k. Here, Aut®
is the group of tensor automorphisms and Modpr is the category of R-
modules.

Moreover, w induces an equivalence of categories

C — Repy(G(C,w)),

where, for a pro-algebraic group G, Repy(G) denotes the category of finite-
dimensional rational representations over k.

Next, we introduce the notion of nilpotence on categories.

DEFINITION 1.1.9.

(1) Let C be an exact category and let A be an object in C. An object
FE € C is called nilpotent with respect to A if there exists a filtration

O=FkFyCFE CEC---CE,=F
such that there exist exact sequences

0—F,_1—FE —>A—0
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for 1 < i < n. We define the nilpotent part N4C of the category
C with respect to A as the full subcategory of C which consists of
nilpotent objects with respect to A.

(2) Let C be an abelian tensor category. Then we define the nilpotent
part NC as the nilpotent part with respect to the unit object.

(3) Let C be an abelian tensor category. Then C is called nilpotent if
C = NC holds.

By definition, the following corollary of Theorem 1.1.8 holds:

COROLLARY 1.1.10. Let C be a nilpotent neutral Tannakian category
over a field k. Then G(C,w) of Theorem 1.1.8 is a pro-unipotent algebraic
group over k. Moreover, there exists a natural isomorphism of (ind-finite
dimensional) vector spaces over k :

(Lie G(C,w)™)* = Ext}(1,1),
where * denotes the dual.

1.2. A criterion of abelian-ness

Let C be an abelian tensor category and consider the nilpotent part A'C.
In general, N'C does not necessarily have nice properties: For example, it is
easy to construct an example that NC is not an abelian category. In this
section, we give a simple sufficient condition that the nilpotent part of an
abelian tensor category is again abelian. In later sections, we will use this
result to show several categories are in fact Tannakian.

PropoSITION 1.2.1. Let C be an abelian tensor category and let 1 be
the unit object of C. Assume that End(1) is a field. Then NC is an abelian
category.

To prove Proposition 1.2.1, we prepare some elementary lemmas:

LEMMA 1.2.2. Let the notations be as in Proposition 1.2.1 and let E
be an object in C. Then E is nilpotent if and only if there exists a sequence
of objects in C

E=E,—-FE,— - -—E, =0,



522 Atsushi SHIHO

where all maps are surjective in the category C and Ker(E] — Ej ) is
isomorphic to 1 for each i.

ProoF. For a filtration
O0=FEyCFE,C---CE,=F

satisfying F;/E;_1 ~ 1, define E] by Coker(E; C E). Then one can check
that these E!’s satisfy the above condition by using the snake lemma.

Conversely, suppose given E!’s satisfying the above condition. Then if
we put E; := Ker(E — E!), E;’s form a filtration of E satisfying E;/FE;_1 =
1.0

LEMMA 1.2.3. Let the notations be as in Proposition 1.2.1 and let
be an object in NC. Then:

(1) If ¢ : E — 1 is not a zero map, then ¢ is surjective.
(2) If ¢ : 1 — E is not a zero map, then ¢ is injective.

PROOF. Here we prove the assertion (1). One can prove the assertion
(2) by dualizing the proof, using Lemma 1.2.2. Let

O=FEyCFE,C---CE,=F

be a filtration as in Definition 1.1.9(1) with A = 1. We prove the assertion
by induction on n.

If n = 0, the lemma is trivial. If n = 1, F is isomorphic to 1 and the
lemma is proved by the assumption that End(1) is a field.

Let us consider the general case. Let

0—E, - E% 150

be the exact sequence defined above. The inductive hypothesis for ¢ o f :
E,_1 — 1 shows that ¢ o f is zero or surjective. If ¢ o f = 0 holds, there
exists a map ¢ : 1 — 1 such that ¢ = ¥ o g. Since 9 is either zero or
surjective by assumption, ¢ is also zero or surjective. If ¢ o f is surjective,
¢ is also surjective. Hence the assertion (1) is proved. [J
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LEMMA 1.2.4. Let the notations be as in Proposition 1.2.1 and let E
be an object in NC. Then,

(1) If0 — F AN N 1 — 0 is an exact sequence in C, then F is
in NC.
(2) If0 — 1 — E — F' — 0 is an ezxact sequence in C, then F' is

in NC.

PRrOOF. Here we prove the assertion (1). We can prove the assertion
(2) by dualizing the proof of (1), using Lemma 1.2.2.
Let

O=FyCEiC---CE,=F

be a filtration as in Definition 1.1.9(1) with A = 1. We will show the lemma
by induction on n. If n = 1 holds, then g is an isomorphism and therefore

F = 0. Let us consider the general case. The composition F,_; < E, %1
is zero or surjective by Lemma 1.2.3.

First let us assume that g o ¢ = 0 holds. Then the diagram

0 0
1 — 1
0O— F —— E 2.1 0

and the snake lemma imply F' ~ E, 1. Therefore F' is nilpotent.
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Next let us assume that g o ¢ is surjective. Then the diagram

0
1 — 0
0O—— F —— E g .1 0
[ : |
0 —— Ker(goi) —— E 1 9o 1 0
0 0

and the snake lemma imply that there exists an exact sequence
0 — Ker(goi) — F —1—0.

On the other hand, the inductive hypothesis implies that Ker(goi) is nilpo-
tent. Therefore F' is also nilpotent by definition. [J

PROOF OF PROPOSITION 1.2.1. Let E, F be objects in NC and let ¢
be a morphism from F to F. Then, Ker¢ and Coker¢ are defined in the
category C. We have only to show that Ker¢ and Coker¢ are nilpotent.

Here we only show that Ker¢ is nilpotent. (By dualizing the proof, we
can show the case of Coker¢.) Let

O=khchc---CcF,=F

be a filtration as in Definition 1.1.9(1) with A = 1. We will show the
assertion by induction on m. If m = 0, the assertion is trivial. If m = 1,

the assertion follows from Lemma 1.2.4. Let us consider the general case.

For an exact sequence 0 — Fj,, 1 _, F f

1 — 0, the composition
fod: FE— F — 1 is zero or surjective by Lemma 1.2.3. Let us assume

that f o ¢ = 0 holds. Then there exists a morphism ¢ : F — F,,_1 such
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that ¢ = i o ¢ holds. Hence Ker¢ = Kery holds and the assertion follows
from the inductive hypothesis.
Next let us assume that f o ¢ is surjective. Then by the diagram

0 —— Ker(f o ¢) ok} 0
| e
0 ——  Fo F—1.1 0

and the snake lemma, Ker¢p = Ker(Ker(f o ¢) — Fj;,—1) holds. On the
other hand, by Lemma 1.2.4, Ker(f o ¢) is nilpotent. Then, by inductive
hypothesis, Ker¢ is also nilpotent. [

Chapter 2. Preliminaries on Log Schemes

In this chapter, first we will recall basic definitions and basic properties
on log schemes, which are due to K. Kato ([Kkl1]). After this, we prove
the following proposition (Proposition 2.3.2): Assume given a log smooth
exact morphism of fine log schemes f : (X, M) — (S, N), where S is the
spectrum of a perfect field k. Let us consider the following three properties:

(1) (Assuming the characteristic of k is positive) The morphism f is of
Cartier type. (For the definition of a morphism of Cartier type, see
Definition 2.2.16.)

(2) X is reduced.

(3) The set Xftriv :={x € X |(f*N)z — M;z} is open dense in X.

Then we have the implications (1) = (2) = (3).

This result, together with the result in Section 1.2, gives a simple suffi-
cient condition for some categories which we shall define in later chapters
by using log schemes to be in fact Tannakian.

Here we note some conventions and notations which are used throughout
this chapter and the later chapters: In the following, the monoid means a
commutative monoid with a unit element, and a homomorphism of monoids
is required to preserve the unit elements. When we regard a ring (which
is always commutative and unital) as a monoid, we do so by means of
multiplication. For a monoid P, denote its Grothendieck group by P8P and
denote the subgroup of invertible elements by P*. For a homomorphism of
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monoids h : P — @), denote the associated homomorphism P# — Q#P of
the Grothendieck groups by h8P. For a monoid P and a scheme X, denote
the constant sheaf on X with fiber P by Px.

Finally, thoughout this chapter, p denotes a prime number, unless oth-
erwise stated.

2.1. Basic definitions
First we recall the definition of pre-log structures and log structures on
schemes or p-adic formal schemes ([Kk1, (1.1),(1.2)]).

DEFINITION 2.1.1.

(1) Let X be a scheme or a p-adic formal scheme. A pre-log structure
on X is a pair (M, «), where M is a sheaf of monoids on X and
a: M — Ox is a homomorphism of sheaves of monoids.

(2) A pre-log structure (M, «) is called a log structure if o induces the
isomorphism a~1(0%) — O%.

(3) A log scheme (resp. a p-adic log formal scheme) is a triple (X, M, «),
where X is a scheme (resp. a p-adic formal scheme) and (M, «) is
a log structure on X. In the following, we denote the log scheme
(resp. p-adic log formal scheme) (X, M, «) by (X, M), by abuse of
notation.

(4) Let V' be a complete discrete valuation ring of mixed characteristic
(0,p). Then a p-adic log formal scheme (X, M) is called a log formal
V-scheme if X is a formal V-scheme.

A morphism of log schemes (resp. p-adic log formal schemes)
(X, M,a) — (X', M’ o) is defined as the pair (f,g), where f: X — X’
is a morphism of schemes (resp. p-adic formal schemes) and g : f~1 M’ —
M is a homomorphism of sheaves of monoids on X which makes the fol-
lowing diagram commutative:

fflM/ _9 . M
o]
1oy L oy,

Next we recall the definition of the log structure associated to a pre-log
structure ([Kk1, (1.3)]).
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DEFINITION 2.1.2. Let X be a scheme or a p-adic formal scheme and
let (M, a) be a pre-log structure on X. Then we define the log structure
(M*?, a®) associated to (M, «) as follows: M“ is defined to be the push-out
of the diagram

0% < o (0F) — M
in the category of sheaves of monoids on X and «a® is defined to be the
morphism

M* — Ox; (a,b) — a(a)b (a € M,b € Ox).

Next we define the definition of the pull-back of a log structure ([Kk1,

(L.4))).

DEeFINITION 2.1.3. Let f: X — Y be a morphism of schemes or a p-
adic formal schemes and let M := (M, ) be a log structure on Y. Then we
define the pull-back f*M of the log structure M to X as the log structure
associated to the pre-log structure

S oy oy

Let the notations be as above. In the following, we shall often denote
the log scheme or the p-adic log formal scheme (X, f*M) by (X, M), by
abuse of notation.

The category of log schemes (resp. p-adic log formal schemes) has fiber
products ([Kk1, (1.6)]).

Next, we define the notion of coherence, fineness and fs-ness of log
schemes or p-adic log formal schemes ([Kk1, §2], [Kk2, §1]).

DEFINITION 2.1.4. Let P be a monoid.

(1) P is said to be integral if the natural homomorphism P — PSP is
injective. It is equivalent to the following condition:

a,b,ce P,ab=ac = b=c.

P is said to be fine if P is integral and finitely generated.
(2) P is said to be fs if P is fine and the following property is satisfied:

a € P, a" € P for somen = a € P.
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DEFINITION 2.1.5. Let (X, M) be a log scheme or a p-adic log formal
scheme. Then X is said to be coherent (resp. fine, fs) if etale locally on
X, there exists a finitely generated monoid (resp. fine monoid, fs monoid)
P and a homomorphism Py — Ox whose associated log structure is
isomorphic to M.

It is known ([Kk1, (2.6)]) that the category of coherent log schemes (resp.
coherent p-adic log formal schemes) is closed under fiber products in the
category of log schemes (resp. p-adic log formal schemes). Next proposition
is due to K. Kato ([Kk1, (2.7)]):

PrROPOSITION 2.1.6.  The inclusion functor from the category of fine log
schemes (resp. fine p-adic log formal schemes) to the category of coherent
log schemes (resp. coherent p-adic log formal schemes) has a right adjoint.

ProOOF. We only sketch the construction of the functor in the case of
log schemes.

It suffices to construct the functor for a coherent log scheme (X, M, «)
such that there exists a finitely generated monoid P and a homomorphism
B : Px — M satisfying (Px)® = M. Let X — SpecZ[P] be the mor-
phism induced by «a o 3, and put P := Im(P — P%). Let X' be
X Xgpecz[P] SPEC Z[P™] and let M’ be the log structure on X’ associated
to the natural homomorphism P)i?,t — Oxs. Then the desired functor is
defined by (X, M) — (X', M'). O

In the following, we denote the right adjoint in the above proposition by
(X, M) — (X, M),

As a corollary to the above proposition, one can see that the category of
fine log schemes (resp. fine p-adic log formal schemes) has the fiber product:
For a diagram of fine log schemes

(X1, My) — (Y,N) «— (X2, M>),

it is defined by (X1, M1) X (y,n) (X2, M2))™®. It should be noted that it does
not coincide with the fiber product in the category of log schemes (resp. log
formal schemes) in general. In the rest of this paper, the fiber products of log
schemes (resp. p-adic log formal schemes) are taken in the category of log
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schemes, even for the fiber products of fine log schemes (resp. fine p-adic
log formal schemes). When we would like to consider the fiber products in
the category of fine log schemes (resp. fine p-adic log formal schemes), we
do not abbreviate to write the superscript .

Now we recall the definition of a chart. (We also introduce the termi-
nology ‘quasi-chart’, which will be used in Chapter 3.)

DEFINITION 2.1.7.

(1) For a fine (resp. cohorent) log scheme or a fine (resp. coherent)
p-adic log formal scheme (X, M), a chart (resp. quasi-chart) of
(X, M) is a homomorphism Px — M for a fine (resp. coherent)
monoid P which induces (Px)* = M.

(2) For a morphism f : (X, M) — (Y, N) of fine (resp. coherent) log
schemes or fine (resp. coherent) p-adic log formal log schemes, a
chart (resp. a quasi-chart) of f is a triple (Px — M,Qy — N,Q —
P), where Py — M and Qy — N are charts (resp. quasi-charts)
of M and N respectively and () — P is a homomorphism such that

the diagram
Qx —— Px

| |

fAIN — M
is commutative.

We define the notion of a chart (resp. a quasi-chart) for a diagram of
fine (resp. coherent) log schemes or fine (resp. coherent) p-adic log formal
schemes in a similar way.

For a fine log scheme or a fine p-adic log formal scheme (X, M), there
exists a chart etale locally, by definition.

To prove some results for fine log schemes, it is sometimes important to
take a ‘nice’ chart. So here we introduce the notion of good (resp. almost
good) chart. (The notion of good chart is introduced in [Kf2, (2.1.4)].)

DEFINITION 2.1.8. Let (X, M) be a fine log scheme or a fine p-adic
log formal scheme and let ¢ : Px — M be a chart. Let z € X and
let ¢, : P — Mjz be the stalk of the homomorphism ¢ at Z. Then,
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the chart Py — M is said to be good at x (resp. almost good at x) if
qS;l(O)X(j) = {1} holds (resp. qS;l(O)X(j) forms a group.)

REMARK 2.1.9. With the above notation, one can easily check the fol-
lowing:
(1) The chart Py — Ox is good at z if and only if the composite
p 2 Mz — M3z/ (’))X(@ is an isomorphism.
(2) The chart Py — Ox is almost good at z if and only if QS;I(O)X(’E) =
P* holds.

As for the existence of a good chart or an almost good chart, we have
the following:

ProprosITION 2.1.10.
(1) Let f:(X,M)— (Y,N) be a morphism of fine log schemes (resp.
p-adic fine formal log schemes). Assume (Y, N) admits a chart ¢ :

Qy — N and let x be a point in X. Then there exists an etale
neighborhood U of Z(:= a geometric point with image x) and a chart
(Py ¥, M|y, Qy 2 N.Q — P) of the composite (U, M|y) —
(X, M) 7, (Y,N) extending ¢ such that the chart ¢ of (U, M|y)
is almost good at x. (In particular, for a fine log scheme (resp. a
p-adic fine log formal scheme) (X, M) and a point x, there exists
etale locally a chart which is almost good at x.)
(2) Let (X,M) be a fine log scheme (resp. a p-adic fine log formal
scheme) and let x be a point in X. Assume one of the following:
(a) X = Speck for a perfect field k.
(b) M is an fs log structure.
Then, etale locally, there exists a chart which is good at x.

The following lemma, which is shown in [Kk1, (2.10)], is important for
the proof of (1) of the above proposition (we omit the proof):

LEMMA 2.1.11. Let (X, M) be a fine log scheme or a fine p-adic log
formal scheme and let x € X. Assume given a finitely generated group
G and a homomorphism h : G — MSEP such that the homomorphism
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G — MEP/O% _ induced by h is surjective. Then, if we put P := h™'(Mj),
then the homomorphism P — Mz can be extended to a chart Py — My
on an etale neighborhood U of x.

PROOF OF PROPOSITION 2.1.10. First we prove the assertion (1). Take
a neighborhood U’ of z such that there exists a chart ¢ : P{;,, — M|y of
(U', M|y). Let us consider the following diagram:

Q 990 g p
wl (f;osof)@wfl

N, Iz

Mia

where, for a homomorphism ? of sheaves of monoids, 7z denotes the stalk of
? at Z. Denote the right vertical homomorphism (fZ o pz) @1z simply by 7.
Then the composite (Q & P')8P T ME — MEP/O% ; is surjective. Put
P := (78?)~}(Mjz). Then, by Lemma 2.1.11, the homomorphism P — M
extends to a chart ¢ : Py — M|y on a neighborhood U of z. Then one
can see that the triple (Py 2, M|y, Qy 2 N,Q idg0 Q @ P’ — P) defines
the desired chart.

Let us consider the assertion (2). As for the case (a), it is true by [Kk1,
(2.5)(2)] when k is algebraically closed. In general case, we can take a good
chart etale locally by using Lemma 2.1.11. The case (b) is nothing but
[Kk2, (1.6)]. O

REMARK 2.1.12. There exists a counter-example for (2) of the above
proposition if we do not assume neither (a) nor (b).

We introduce the following terminology, which we shall use in Section
2.3.

DEFINITION 2.1.13. A fine log scheme (X, M) is called a log point if X
is a spectrum of a field £ and there exists a good chart Px — N globally.

Finally in this section, we recall the definition of log differential modules.
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DEFINITION 2.1.14.

(1) Let f:(X,M) — (Y, N) be a morphism of log schemes. Then we
define the module of log differentials w(lX M)/(Y,N) 85 the quotient of

Q}(/y @ (Ox ®z MEP)

divided by the Ox-submodule locally generated by the elements of
the following types:
(a) (da(a),0) —(0,a(a) ® a), where a € M and o : M — Ox is
the structure morphism of the log structure M.
(b) (0,1 ® a), where a € Im(f*N — M).
(2) Let f: (X,M) — (Y,N) be a morphism of p-adic log formal
schemes. Then we define the module of log differentials w(lx’ M)/(Y,N)

by w(lX’M)/(Y’N) = linn w(an,Mn)/(Yn,Nn)’ where, for a p-adic log

formal scheme (Z, L), Z, is the closed subscheme defined by p™ and
L, is the log structure on Z,, which is defined as the pull-back of L.

In the following, we denote the element (0,1 ® a) € w(IX M)/(YN) (a €
M) by dloga, following the tradition. As in the usual case, we denote

: 1 q
the q—jch e%terlor pro.duct of W(X,M)/gY,N) over O_X by Wix M)/ (Y.N): In tl.le
following, if there will be no confusion concerning log structures, we will
denote w?X, a)/(v,n) SImply as wi /y» by abuse of notation.

2.2. Several types of morphisms

Throughout this section, for a p-adic log formal scheme (X, M), denote
by X, (n € N,n > 1) the closed subscheme defined by p"Ox and denote by
M, the log structure on X,, which is defined as the pull-back of M.

First, we recall the definition of a closed immersion and an exact closed
immersion ([Kk1, (3.1)]).

DEFINITION 2.2.1. A morphism i : (X, M) — (Y, N) of log schemes
or p-adic fine log formal schemes is called a closed immersion (resp. an
exact closed immersion) if the underlying morphism of schemes X — Y is
a closed immersion and the induced homomorphism ¢* N — M is surjective
(resp. isomorphic).
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Next we recall the definition of a log smooth (resp. log etale) morphism
(KK1, (3.3)).

DEFINITION 2.2.2. A morphism of fine log schemes f : (X, M) —
(Y, N) is log smooth (resp. log etale) if the following conditions are satisfied:

(1) The underlying morphism of schemes X — Y is locally of finite
presentation.
(2) Suppose given the following commutative diagram of fine log

schemes
(T, Lo) —— (X, M)

| i
(T,L) —2— (Y,N),

where ¢ is an exact closed immersion such that the ideal Z :=
Ker(Or — Or,) satisfies Z2 = 0. Then there exists etale lo-
cally (resp. uniquely) a morphism ¢ : (T, L) — (X, M) such that
coi=a and foc=>b hold.
A morphism of p-adic log formal schemes f : (X, M) — (Y, N) is said to
be formally log smooth (resp. formally log etale) if the induced morphism
(Xn, Mp) — (Yn, Ny,) are log smooth (resp. log etale) for each n.

One can check that the log smoothness and the log etaleness (resp. the
formally log smoothness and the formally log etaleness) are stable under
the base change in the category of fine log schemes (resp. fine p-adic log
formal schemes.) The following lemma is immediate ([Kk1, (3.8)]):

LEMMA 2.2.3. Let f : (X,M) — (Y,N) be a morphism of fine log
schemes and let us assume that f*N = M holds. Then f is log smooth
(resp. log etale) if and only if the underlying morphism of schemes of f is
smooth (resp. etale). The same result holds for a formally log smooth (resp.
formally log etale) morphism of p-adic fine formal log schemes.

We will call a morphism f : (X,M) — (Y,N) of fine log schemes
smooth in classical sense (resp. etale in classical sense) if f is log smooth
(resp. log etale) and f*N = M holds. The terminology ‘formally smooth
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in classical sense’ (resp. ‘formally etale in classical sense’) will also be used
in the same way.
As in the case of usual schemes, we have the following proposition ([Kk1,

(3.10)]):

PROPOSITION 2.2.4. Let f: (X,M) — (Y,N) be a log smooth mor-
phism of fine log schemes (resp. a formally log smooth morphism of fine
p-adic formal log schemes). Then the log differential module WX, M) /(Y,N)
is a locally free Ox-module of finite type.

Next we recall the definition of an integral morphism of log schemes or
p-adic log formal schemes ([Kk1, (4.2)]).

DEFINITION 2.2.5. Let f : (X,M) — (Y, N) be a morphism of fine
log schemes (resp. p-adic log formal schemes). For x € X, let P, Q, be
Mz /O% 4 (f*N)z/Ox 4, respectively. Then f is said to be integral if one
of the following equivalent condition is satisfied:

(1) For any morphism of fine log schemes (resp. fine p-adic log formal
schemes) (Y',N’) — (Y,N) to (Y,N), the fiber product
(Y',N") x(y,ny (X, M) in the category of log schemes (resp. p-adic
log formal schemes) is fine.

(2) For any x € X, the homomorphism @, — P, induced by f is
injective and for any homomorphism of fine monoids @, — R, the
monoid defined as the push-out of the diagram R «— @, — P, is
fine.

REMARK 2.2.6. Here we give a remark on the condition (2) of the
above definition. It is known ([Kk1, (4.1)]) that the following conditions on
a homomorphism A : Q — P of fine monoids are equivalent:

(1) h is injective and for any homomorphism of fine monoids Q — R,

the monoid defined as the push-out of the diagram R «— Q) P
is fine.
(2) The ring homomorphism Z[Q] — Z[P] induced by h is flat.

The following lemma is proved in [Kk1, (4.4)] (we omit the proof):
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LEMMA 2.2.7. Let f : (X, M) — (Y,N) be a morphism of fine log
schemes or fine p-adic log formal schemes and assume Ng/O)X,g s generated
by one element for any y € Y. Then f is integral.

Now we recall an important proposition on the existence of a nice chart
of a log smooth or a formally log smooth morphism which is proven in [Kk1,
(3.5), (4.5)], [Kf1, (4.1)] (We omit the proof).

THEOREM 2.2.8 (K. Kato). Let f:(X,M)— (Y,N) be a morphism
of fine log schemes (resp. fine p-adic log formal schemes), and assume given
a chart Qy — N of Y. Then the following two conditions are equivalent:

(1) f is log smooth (resp. formally log smooth).
(2) FEtale locally on X, there exists a chart (Px — M,Qy — N,Q — P)
extending the given chart of Y satisfying the following conditions:
(a) The homomorphism Q% — PP induced by the chart is in-
jective and the order of the torsion part of the cokernel is
invertible on X (resp. prime to p).
(b) The induced morphism

X — Y Xgpecz)q] SPEC Z[P]

(resp. Xp — Yy, X Spec Z[Q] SpecZ[P] )

is etale (resp. is etale for any n).

(c) There exist elements x1,--- ,x, € P such that the image of

x;’s by the morphism Px — M dlog w(lx M)/(Y,N) form a basis

of w(leM)/(Y’N) as an Ox-module.
If f is integral, we can take the chart as above such that the homomorphism
of monoids Q — P satisfies the conditions in Remark 2.2.6.
Moreover, if we choose a point x in X, we can take, etale locally around
x, the chart (Px £ M,Qy — N,Q — P) such that it satisfies the above
conditions and that the chart ¢ is almost good at x.

REMARK 2.2.9. The first conclusion of the above theorem remains true
if we drop the condition (c) in (2) and replace the condition (b) in (2) to
the following condition (b’):
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(b’) The induced morphism
X —Y XSpeCZ[Q] Spec Z[P]

(resp. X, — Yy, XgpeczjQ) SPecZ[P] )

is smooth (resp. is smooth for any n).

REMARK 2.2.10. There is also a result on the existence of a nice chart
for a log smooth morphism of fs log schemes satisfying certain condition
([Kf2, (3.1.1))).

The above theorem has many important consequences. First we have
the following:

COROLLARY 2.2.11. A log smooth, integral morphism of fine log
schemes is flat.

Proor. Obvious by Remark 2.2.6 and Theorem 2.2.8. [J

Next, the following proposition (the lifting of log smooth morphism of
log schemes) can be shown by reducing the case of usual schemes, by using
the above theorem ([Kk1, (3.14)]). We omit the proof.

PROPOSITION 2.2.12. Let f: (X, M) — (Y, N) be a log smooth (resp.
log smooth integral) morphism of fine log schemes, and let i : (Y, N) —
(Y', N') be an exact closed immersion of (Y, N) into a fine p-adic log formal
scheme such that Y is a scheme of definition of Y'. Assume X is affine.
Then there exists a fine p-adic log formal scheme (X', M) endowed with
a formally log smooth (resp. formally log smooth integral) morphism [’ :
(X', M") — (Y',N') and an isomorphism

(X,a M,) ><(Y’,N’) (Y7 N) = (X> M)
Moreover, such a set of data is unique.

As the third consequence of the above theorem, we prove a certain lifting
property which is slightly stronger than Definition 2.2.2 for a formally log
smooth morphism of p-adic fine formal log schemes.
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ProOPOSITION 2.2.13. Let f : (X, M) — (Y,N) be a formally log
smooth morphism of p-adic fine log formal schemes and let i : (T', L") —
(T, L) be an exact closed immersion of p-adic fine formal log schemes such
that the morphism i @ Z/pZ : T] — T is a nilpotent closed immersion.
Now let us assume that we are given the following commutative diagram:

a

(1,L)) —— (X, M)

d /|

(T,L) —>— (Y,N).

Then there ezists etale locally a morphism ¢ : (T, L) — (X, M) such that
coi=a and foc="b hold.

PrROOF. First we prepare some notations: For a monoid P, let us
denote the fine log structure on SpfZ,{P} (where Z,{P} is the p-adic
completion of the monoid ring Z,[P]) associated to the pre-log structure
P — Z,{P}; x — z(x € P) by P* For a homomorphism of monoids
a : () — P, denote the morphism (SpfZ,{P}, P*) — (SpfZ,{Q}, Q%),
which is induced by «, by &.

Since we can work etale locally to prove the assertion, we may assume
that there exists a chart (Pxy — M,Qy — N,Q % P) of f which satisfies
the conditions in Theorem 2.2.8 (2). Then the morphism f factors as

w b
(X, M) -5 (Y, N) X(8pt2,{@}.Q).a (SPf Zp{ P}, P*) = (Y, N),

and g is formally log etale. Since g is formally log etale, we can reduce to
the case f = h to prove the proposition. Further we can reduce to the case
f=a.

Since we may work etale locally, we may assume T is affine. Put 7 :=
Ker(Op — Ogpv). Then we have the following commutative diagram

1 — 1+7 — L — L — 1
| NC) l

1 — 147 — L& — (L) — 1

Y
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where two horizontal lines are exact and the square (*) is cartesian. The
commutative diagram given in the statement of proposition gives the fol-
lowing diagram:

Qv ., pep

v | w |
Iep (L')e.

The obstruction for extending b* to a homomorphism ~ : P8 — [8P
compatible with a* lies in the group Ext!(Coker(a®P), 1+ T).

We prove that the group Ext!(Coker(afP),1 + Z) vanishes. Since the
orders of the torsion elements in Coker(a8P) are prime to p, it suffices to
prove that the group 1 + Z has only p-primary torsion. Since i ® Z/pZ is
nilpotent, there exists an integer N € N such that ZV € pOr holds. Hence
we have 1 +7 = mn(l +7Z)/(1 +1I™). So it suffices to show that the

group (1+2Z")/(1+2I") = 17 /2" has only p-primary torsion, and it is
obvious.

So there exists a homomorphism ~ : P8 — L8P which is compatible
with the above diagram. Since the square (x) is cartesian, v induces the
homomorphism P — L and it defines the desired morphism ¢ : (7, L) —
(X, M) = (Spt Z{P}, P*). So the assertion is proved. [J

Next we recall the definition of an exact morphism.

DEFINITION 2.2.14.

(1) A homomorphism of fine monoids h : P — @ is said to be exact
if (h&)~1(Q) = P, where h8P is the homomorphism P& — Q&P
induced by h.

(2) A morphism f : (X, M) — (Y, N) of fine log schemes or fine p-
adic log formal schemes is said to be exact if the homomorphism
(f*N)z/O% 5 — Mz/Ox% ; is exact for any r € X.

The following facts are known ([Kk1, §4]).

LEMMA 2.2.15.

(1) An integral morphism of fine log schemes or fine p-adic log formal
schemes s exact.



Crystalline Fundamental Groups I 539

(2) If a morphism f : (X,M) — (Y,N) of fine log schemes or
fine p-adic log formal schemes 1is exact, the homomorphism
(f*N)z/O% . — Mz/O% . is injective.

Next we recall the definition of a morphism of Cartier type.

DEFINITION 2.2.16.

(1) Let (X, M) be a log scheme over Spec F),. Then we define the ab-
solute Frobenius F(x r) : (X, M) — (X, M) as follows: The mor-
phism of schemes underlying Fx 57 is the usual absolute Frobenius
of X, and the homomorphism F (;(17 M)M — M is defined by the

multiplication by p via the canonical identification of F(;(l, M)M with
M

(2) Let f:(X,M) — (Y,N) be a morphism of fine log schemes over
Spec Fy,. Then f is said to be of Cartier type if f is integral and
the morphism (f, Fix ) from (X, M) to the fiber product of the
diagram

f

Fy n
) (v N) L (X, M)

(Y,N

is exact.

Finally we recall a result of Kato on the existence of Cartier inverse
isomorphism for log schemes ([Kk1, (4.12)]). (We omit the proof.)

PROPOSITION 2.2.17. Let f: (X, M) — (Y, N) be a log smooth inte-
gral morphism of Cartier type between fine log schemes over SpeclF,. Define
the log scheme (X', M") by the Cartesian diagram

(X', M) —— (X, M)
| 4l
(V,N) 9 (v, N),

and let h : (X, M) — (X', M) be the morphism induced by (F(x ), f)-

Then there exists a canonical isomorphism of Ox/-modules

ct. wg(//y AN H(wy,y)
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characterized by
C~adlog g*(b1) A- - -Adlog g* (b)) = the class of h*(a)dlogby A---Adlogb,
fora € Ox/,by,....by € M.

2.3. A note on reducedness of log schemes
For a morphism (X, M) — (Y, N) of fine log schemes, define Xy 4, C
X by
Xitiv:={z € X|(f*N)z — Mz}.
(That is, X4y is the locus on which the difference of the log structures
f*N and M is trivial.)
First note the following:

PrOPOSITION 2.3.1. Let f: (X,M) — (Y,N) be a morphism of fine
log schemes. Then Xy, is open in X.

PROOF. Let x € Xf.iy and y = f(x). Let ¢ : @ — N be a chart of
(Y, N) around y. Let ¢ be the composite

QP — NE — (FN)2 2 M2,

Then the map
QT — M:fgp/o;( z

induced by ¢ is surjective, for x is contained in Xy ¢i,. So if we put R :=
¢~ 1(Mjz), then, by Lemma 2.1.11, we can extend ¢ to the chart

Rx Rx

ool

ffN — M

of the morphism (X,M) — (X, f*N) etale locally. So the morphism
f*N — M is isomorphic on a neighborhood of z. So we have the asser-
tion. [

Now we state the main result in this section.
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PROPOSITION 2.3.2. Let k be a field and let f : (X, M) — (Speck, N)
be a log smooth exact morphism of fine log schemes. Assume moreover that
k is perfect or (Speck, N) is a log point (Definition 2.1.13). Let us consider
the following three properties:

(1) (Assuming the characteristic of k is positive) f is of Cartier type.
(2) X is reduced.
(3) Xftriv C X is dense open.

Then we have the implications (1) = (2) = (3).

REMARK 2.3.3. If f is log smooth integral and the log structures M, N
are fs, the above three conditions are equivalent. This is due to Tsuji ([T2]).

First we show the implication (1) = (2).

PROOF OF (1) = (2) IN PROPOSITION 2.3.2. The following argument
is due to Tsuji. Let (X', M’) be the fine log scheme obtained by pulling
back f by the Frobenius morphism of (Spec k, N). Then there exists a
Cartier inverse isomorphism

1wl — Hi(wy).
Then the composite
c' 0, -

is injective. On the other hand, this map is nothing but the char(k)-th
power map. Hence X is reduced. [

Next we prove the implication (2) = (3). Before the proof, let us recall
some terminologies concerning commutative algebra for monoids, which is
developed in [Kk2, (5.1),(5.2)].

DEFINITION 2.3.4. Let P be a monoid.

(1) A subset I C P is called an ideal of P if PI C I holds.

(2) An ideal I of P is called a prime ideal if P — I is a submonoid of P.

(3) For a submonoid S C P, we define the monoid S~!P by S~1P :=
{s7ta|a € P,s € S}, where

sflal = 851a2 < tsjag = tsgaq for some ¢t € S.
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For a monoid P, we denote the set of invertible elements of P by P*.
Then one can see that P — P> is a prime ideal of P. We have the following
proposition, which is well-known in usual commutative algebra:

ProPOSITION 2.3.5. Let P be a monoid and let I C P be an ideal of
P. Define the radical /T of I by

VI :={a e P|a" €I for somen € N;n > 1}.

Then /T = N J holds.

IcJ
J:prime ideal

PROOF. One can check the inclusion v/I C N J easily.

1cJ
J:prime ideal

Conversely, let us assume a ¢ v/I. Let S be a submonoid of P generated
by a and let f : P — S~!P be the natural map. Then, by definition of
a, f(I) does not meet with (S1P)*. Hence f~1(S7!P — (S71P)¥) is a
prime ideal of P which contains I and to which a does not belong. So the
assertion is proved. []

Now we begin the proof of (2) = (3).

PROOF OF (2) = (3) IN PROPOSITION 2.3.2. Since we already know
the openness of Xy_ ¢y, we may assume X is irreducible and we only have
to show Xy ¢4y is non-empty. Moreover, since we may work etale locally,
we may assume that (Spec k, N) is a log point. Let Qr — N be a good
chart.

Let x € X and take a chart (Qy — N, Px — N,Q = P) of f satisfying
the conditions in Theorem 2.2.8 which is almost good at = (here we replaced
X by an etale neighborhood of z). Put I := a(Q —{1})P C P. We remark
that I is not equal to P. Let us consider the following commutative diagram
induced by the chart which is chosen above:

Q — P

| |

(f*N)z/O%x z —— Mz/O% 5
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Since ) — N is a good chart, the left vertical arrow is an isomorphism,
and the exactness of f implies the injectivity of the lower horizontal arrow.
So 7 o « is injective. On the other hand, one can easily check that the
homomorphism 7 sends P* to 1. Hence a(Q — {1}) does not meet with
P*. So I is not equal to P.

Now let us consider the following Cartesian diagram of schemes:

X —"— Spec k[P]/(I)

I I

X' —L— Spec k[P]/(VI).

Since X is reduced, we have X = X’'. Let Jq,Js,---,J, be the minimal
prime ideals of P which contain I. Since X is irreducible, we may assume
Im(g) is contained in Y := Spec k[P]/(J1) = Spec k[P — Ji]. Put U :=
Spec k[(P — J1)8P] and regard it as a dense open subscheme of Y via the
morphism induced by the ring homomorphism k[P — J;] — k[(P — J;)®P].
Let V be g~ '(Im(g) N U). Then V is a non-empty set of X. It suffices to
show that V' C X4y holds.

Since the injectivity of the morphism of log structures follows from the
exactness of f and Proposition 2.2.15, it suffices to show the surjectivity.
To show this, we only have to show the following claim: For any element
p € P, there exist p/,p” € P — J; and ¢ € Q such that pp’ = ¢p” holds.

To show this claim, we prepare two lemmas:

LEMMA 2.3.6. Let the notation be as above. Then we have VI = I.

ProOOF. Let p € /T and set y = h(z). Since X is reduced and h is
flat, the ring (k[P]/(I)), is reduced. Hence p = 0 holds in (k[P]/(I)),. Let
P be the kernel of the map k[P] — k[P]/(I) — r(y). Then there exists
an element ¢ = Y, _p ik ¢ P, such that gp = 3", _p cx(kp) € (I) holds.

Let us assume p ¢ I. Let k be an element of P which is not contained
in P. Then, by the almost goodness of the chart at =, one can check that
k is contained in P*. So, for such an element k, we have kp ¢ I and hence
we have ¢ = 0. Therefore we have ¢ € P and this is a contradiction. So
p € I holds and the assertion is proved. [J
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LEMMA 2.3.7. For anyp € Jy, there exists an element p’ € P—Jy such
that pp’ € I.

PROOF. Assume p € N;<;J; and p ¢ U;~;J; holds. If we take an element
p' € Jip1 — J1 (note that there exists such an element because of the mini-
mality of .J;’s), we have pp’ € N;<;4+1.J;. Repeating this process, we can show
that there exists an element p’ € P—J; such that pp’ € N_, J; = VI=1.0

PROOF OF (2) = (3) IN THEOREM 2.3.2 (continued). We will show
the following assertion: For any element p € P, there exist p/,p" € P — J;
and ¢ € @ such that pp’ = ¢p” holds.

Let po = p € P. If pg ¢ J1 holds, we are done. Otherwise, there exists
elements rg € P — Jy,q0 € Q@ — {1} and p; € P such that porg = gop1 holds
by Lemma 2.3.7.

If py ¢ J; holds, we are done. Otherwise, there exists elements r €
P—Ji,q1 € Q@ — {1} and py € P such that p;r; = gip2 holds.

Similarly, we can define p;11 € P if we have p; € J;. If we have p; ¢ J;
for some i, we are done. So let us assume the contrary, that is, we assume
p; € Jp for all i. Then we have (p;) = (g;pi+1) as ideals in (P — J;) P
and since ¢; ¢ ((P — J1)"'P)*, (p;) ; (pi+1) holds. This is a contradiction,

since we can construct an infinite ascending chain of ideals in a Noetherian
ring k[(P — J1)"'P]. O

2.4. Examples
In this section, we give some typical examples of log schemes or p-adic
log formal schemes.

Ezxample 2.4.1. Let X be a scheme or a p-adic formal scheme. Then
the pair (O%,0% — Ox) is a log structure on X. This log structure is
called the trivial log structure on X. The functor

(Schemes) — (Log schemes),

(resp. (p-adic formal schemes) — (p-adic log formal schemes) )

defined by X — (X, triv.logstr.) is fully faithful. So, one can naturally
regard a scheme (resp. a p-adic formal scheme) as a log scheme (resp. a
p-adic log formal scheme) which is endowed with the trivial log structure.
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The trivial log structure is fs, since it is associated to the pre-log structure
{1}x — Ox.

Ezample 2.4.2. Let P be a monoid and let R be a ring (resp. a p-
adically complete ring). Let R[P] (resp. R{P}) be the monoid ring (resp.
the p-adic completion of the monoid ring) with coefficient ring R. Put X :=
Spec R[P] (resp. X := Spf R{P}.) and S := Spec R (resp. S := Spf R).

Let ¢/ : P — R[P] (resp. ¢’ : P — R{P}) be the natural monoid
homomorphism and let ¢ : Px — Ox be the homomorphism of sheaves of
monoids induced by ¢’. The log structure on X associated to the pre-log
structure (Px, ) is called the canonical log structure on X.

The canonical log structure is fine if P is fine, and it is fs if P is
fs. If P is fine and the order of the torsion part of P8P is invertible on
Spec R (resp. prime to p), the natural homomorphism (X, can. logstr.) —
(S, triv. logstr.) is log smooth.

Ezxample 2.4.3. Let X be a toric variety of dimension d over a field k.
Then, locally, X can be written as Spec k[P] for an fs monoid P satisfy-
ing Pe? = Z?. Let us endow it with the canonical log structure. Then,
one can glue the log schemes (Speck[P],can.logstr.) and it gives an fs
log structure on X. This log structure is called the canonical log struc-
ture of a toric variety X. By the previous example, the natural morphism
(X, can.logstr.) — (Speck, triv. logstr.) is log smooth.

Ezample 2.4.4. Let X be a scheme and D a closed subscheme, and
denote the open immersion X — D — X by j. Then the inclusion

defines a log structure (which is not necessarily fine) on X. This log struc-
ture is called the log structure associated to the pair (X, D). Let us give
two typical examples of fs log structures associated to certain pairs.

First, let us assume that X is regular and that D is a normal crossing
divisor on X. Let = be a point in X. Then there exists a connected etale
affine neighborhood U of z and a regular sequence z1,---,z, € T'(U, Oy)
such that D x x U is defined by the equation 2125 --- 2. = 0 for some r <
n. let ¢ : N — M|y be the morphism defined by ¢(e;) := z;, where
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e; (1 < i < r) is the natural basis of I'(U,N};) = N". Then the composite
N, — M|y — Oy defines a pre-log structure, and one can check that
M|y is isomorphic to the log structure associated to the above pre-log

a

structure via the homomorphism (Nj;)* — M|y induced by ¢. Hence
M is an fs log structure, and if X is defined over a field k, the morphism
(X, M) — (Speck, triv. log str.) is log smooth.

Second, let X be a toric variety and let D C X be the complement of the
open torus of X. Then, it is known ([Kk2]) that the canonical log structure

on X is isomorphic to the log structure associated to the pair (X, D).

Example 2.4.5. Here we give the simplest example of a log smooth
integral morphism of fs log schemes which do not satisfy the properties in
Proposition 2.3.2.

Let k be a field and let n > 2 be an integer prime to the characteristic of
k. Let ¢ be the monoid homomorphism N — £ defined by ¢(1) = 0, and let
¥ be the monoid homomorphism N — k[t]/(t") defined by (1) = t. The
pair (N, ) (resp. (N,v)) naturally defines a pre-log structure on Speck
(resp. Speckl[t]/(t™)). Denote the associated log structure by N (resp.
M). Let f: (Speckl[t]/(t"), M) — (Speck, N) be the morphism naturally
induced by the following commutative diagram

«

k[t]/(t") «— k

d d

B

N — N,

where «, § is defined by a(z) = z (x € k), B(m) := nm (m € N). Then f is
a log smooth integral morphism of fs log schemes, but Spec k[t]/(t") is not
reduced.

Ezxample 2.4.6. Let S be the spectrum of a discrete valuation ring, and
let s be the closed point of S. Let X be a regular scheme and let f : X — S
be a flat morphism of finite type. Denote the special fiber of f by ¥ and
let us assume that Y;eq is a normal crossing divisor of X. Let M (resp. N)
be the log structure on X (resp. S) associated to the pair (X, Yieq) (resp.
(S,s)). Then, f induces naturally a morphism (X, M) — (S, N) between
fs log schemes, which will also be denoted by f.
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Put YV := 22:1 n;D;, where each D; is a prime divisor and each n; is
a positive integer. Let us assume moreover that each n; is invertible on
S. Then, etale locally, one can take a chart of the form (Ng 2 0g, N’)“( LA
Ox,N L NF) (where k is an integer satisfying 1 < k < r) which satisfies
the following conditions:

(1) « is defined by (1) = (m;)k_, with {m;}}_, C {n;}7_,.

(2) The morphism

X — 5 Xa*,SpecZ[N],,B* SpecZ[Nk]

is etale in the classical sense. (Here a* : SpecZ|N] — S and §* :
Spec Z[N*] — X are the morphisms induced by a, 3, respectively.)

So, f is a log smooth integral morphism by Lemma 2.2.7 and Theorem
2.2.8.

Let g : (Y,Ml]y) — (s,N|s) be f xgs. Then g is also a log smooth
integral morphism between fs log schemes. By Remark 2.3.3, the following
conditions are equivalent:

(a) (Assuming the characteristic of s is positive) g is of Cartier type,
(b) Y is reduced.
(¢) Ygtriv C Y is dense open.

and the condition (b) is obviously equivalent to the condition that all n;’s
are equal to 1.

Chapter 3. Differentials on Log Schemes

In this chapter, we define de Rham fundamental groups for certain fine
log schemes by using the category of nilpotent integrable log connections,
and then prove a relation between integral log connections and isocrystals
on log infinitesimal site. (This is a log version or a log formal version of

[B-O, §2].)

3.1. Definition of de Rham fundamental groups

In this section, we give the definition of de Rham fundamental groups
for certain fine log schemes. First we give the definitions of log connections
and log formal connections.
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DEFINITION 3.1.1. Let (X,M) — (S,N) be a morphism of fine log
schemes (resp. a morphism of fine formal V-schemes, where V' is a complete
discrete valuation ring of mixed characteristic). For E € Coh(Ox) (resp.
E € Coh(K ® Ox), where K is the fraction field of V'), a log connection on
E (resp. a log formal connection on E) with respect to (X, M) over (S, N)
is an additive map

V:E— E®w(1X’M)/(S7N)

where w! is the log differential module (resp. the formal log
(X,M)/(S,N)
differential module)) which satisfies

V(az) = aV(z) + 2z ® da

forae Ox and x € E.
A log connection (resp. a log formal connection) V on F is integrable if
the composition

\Y4 \Y4
E— E®wixmsx — EOwix s

is zero, where we extend V to

E®wix sy — £ @ wix s

by setting
rQwr— V() Aw+ 2 ® dw.

We denote the category of coherent sheaves on X with integrable log con-
nection with respect to (X, M) over (S, N) by C((X,M)/(S,N)) (resp. the
category of isocoherent sheaves on X with integrable log formal connection
with respect to (X, M) over (S, N) by C((X,M)/(S,N))).

In the following, we sometimes denote the category C'((X,M)/(S,N))
(resp. C((X,M)/(S,N))) simply by C((X/S)"®) (resp. C((X/S)¥)), if
there will be no confusions on log structures. When the log structures M
and N are trivial, we further abbreviate to write the superscript 1°8.

Let the notations be as above and let (E, V) be an object in C'((X/5)!°8)
(resp. C((X/S)%)). Then we define the de Rham complex DR(E, V)
associated to (E, V) by the complex

n+1 V

0—>ElE®w§(/Sl---—>E®wX/S—>E®wX/S cee
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where where we extend V to

n n+1
E®wixan/sn) — E@WN w sn

by setting
TQwr— V() Aw+ 2 ® dw.

~ For (E,V), (E',\V') € C((X/S)"*8) (resp. (E,V),(E,\V") €
C((X/S)8)), we define the tensor product (E", V") := (E,V) ® (E',V')
by

E"=FE®FE, V':=s50(V®id)+ide V/,

where s : F ® w}(/s ®@FE — E®F ® w}(/s is defined by s(a ® b ®
¢) := a® c®b. Then one can check easily that the category C((X/S)"#)
(resp. C((X/S)'°%)) is an abelian tensor category with this tensor structure
with the unit object (Ox,d), where d : Ox — w}(/s is the composite of
the usual differential Ox — Q}( /s and the natural morphism Qﬁ( /s
w}(/s. Hence we can define the nilpotent part NC((X,M)/(S,N)) (resp.

NC((X,M)/(S,N))). By using the result in Section 1.2, we can show the
following proposition:

PROPOSITION 3.1.2. Let k be a field. Let f: (X,M) — (Speck,N)
be a morphism of fine log schemes and assume that HSy((X,M)/
(Speck,N)) = HX,DR(Ox,d)) is a field. Then the category
NC((X,M)/(Speck, N)) is Tannakian.

PRrROOF. Since the category C'((X,M)/(Speck, N)) is an abelian ten-
sor category with unit object (Ox,d) and End(Ox,d) = HIz((X, M)/
(Speck, N)) is a field, the nilpotent part NC((X,M)/(Speck, N)) is also
an abelian category by Proposition 1.2.1. Moreover, one can check that the
tensor structure on C'((X, M)/(Speck, N)) induces that on NC((X, M)/
(Speck, N)) and that it is a rigid abelian tensor category, by using the fact
that E is a locally free Ox-module for any object (E,V) € NC((X, M)/
(Speck, N)).

Hence it suffices to show the existence of a fiber functor. Let x €
X and let &' be the residue field of z. Let us define the functor w :
NC((X,M)/(Speck,N)) — Vecy by (E,V) + El|;. Then, since F is
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locally free for any (E,V) € NC((X, M)/(Speck, N)), w is an exact tensor
functor. Then, by [D2, (2.10)], the functor w is faithful. So w is a fiber
functor. Hence the assertion is proved. [J

Now we define the de Rham fundamental groups:

DEFINITION 3.1.3. Let k be a field and let f: (X, M) — (Speck, N)
be a morphism of fine log schemes. Assume that Hg (X, M)/(Speck, N))
is a field. Let  be a k-rational point of Xt iy. (Assume the existence of
such a point z.) Then we define the de Rham fundamental group of (X, M)
over (Speck, N) with base point x by

mIR((X, M)/(Speck,N),z) := GINC((X,M)/(Speck,N)),ws),
where w, is the fiber functor
NC((X,M)/(Speck, N)) — NC((x,M)/(Speck, N)) ~ Vecy,

induced by the exact closed immersion (z, M) < (X, M) and the notation
G(---) is as in Theorem 1.1.8.

We will sometimes denote the de Rham fundamental group m{®((X, M)/
(Speck, N), z) simply by 7®((X/Spec k)8, 2), when there will be no con-
fusions on log structures. When the log structures are trivial, we drop the
superscript 198,

REMARK 3.1.4. The existence of the point x assures that the category
NC((X,M)/(Speck,N)) in the above definition is actually a neutral Tan-
nakian category.

REMARK 3.1.5. In the case without log structures, the above definition
is due to Deligne ([D2]).

Here we give one useful sufficient condition for the category NC((X, M)/
(Speck, N)) to be Tannakian:

PROPOSITION 3.1.6. Let k be a perfect field and let f : (X, M) —
(Speck, N) be a log smooth integral morphism of finite type between fine
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log schemes. Assume moreover that X is connected and reduced. Then
HY%: ((X,M)/(Speck,N)) is a field. (In particular, the category
NC((X,M)/(Speck, N)) is a Tannakian category by Proposition 3.1.2.)

PROOF. For a finite extension k C k' of fields and a scheme Y over X ®y,
K, let us denote the ring H{y (Y, M)/(Speck’, N)) simply by HI%g_dR(Y/k:’).
First, let us note the following elementary claim:

CLAIM 1. Let k C ¥ C k” be finite extensions of fields and put X’ :=
Xk, ff=fepk : (X' ,M) — (Speck’,N). Let U be a connected
component of X7, . and let x € U(k"). Then the homomorphism

-triv
Q: Hl(())g—dR(U/k/) - Hl(())g—dR(x/k/) =k’
is injective, and it is isomorphic if ¥’ = k" holds.

PROOF OF CcLAIM 1. Since U is smooth over k and connected, it is an
integral scheme. Let K be a function field of U. Then, since U is contained
in X’

Foriyr We have

Higqr(U/K'") = Hgr(U/K') € Ker(K — Qi /1),

and the elements in the right hand side are algebraic over k’. Hence, for
each element a € Hﬁ)g_dR(U /k'), the composite

kla] — Hl%g-dR(U/k,) — Hl%g-dR(x/k/) = k"

is injective, since it is a homomorphism of fields. So « is injective. On the
other hand, we have the natural inclusion &' C Hy), 4 (U/K'). Hence a is
surjective if k' = k" holds. O

Next, we prove the following claim, which is the key point of the proof:

CLAIM 2. Let k, X, f be as in the statement of the proposition, and let
U be a connected component of Xy ¢iy. Then the natural homomorphism

B Hl%g—dR(X/k) — Hl%g—dR(U/k)
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is injective.

Let Xy triv = ]_[?:1 U; be the decomposition into the connected compo-
nents with U = U;. First, to prove the claim 2, we prepare the following
claim:

CLAIM 3. To prove the claim 2, one may assume the following condition

(%):
() For each i, U;(k) is non-empty.

PROOF OF cLAIM 3. Let k C k' be a finite Galois extension such that
Ui(K') # 0 for any i. Put X' := X @, k', U] :=U; i K, f' = f Rk :
(X', M) — (Speck’, N) and put U" := Uj. Let

X' =[x}
j=1

UinX; =[] O
lel;;
be the decomposition of X', U/ N X} into the connected components, re-
spectively. (Here I;; is an index set depending on ¢ and j.) Then

(X5) proteiv = H H Oiji,

=1 ZGIZ']'

Ui =11 LI 0w

7j=1 le[ij

give the decomposition of (X J') F-trivs U/ into the connected components,
respectively.

Let  be a k’-valued point in U; C X. Then, since & C k' is Galois,
each O;; (1 <j <m,l € I;;) contains a k'-valued point above xz. Hence
O;;1(K") is non-empty for all 4, j, 1. On the other hand, since k C k' is Galois,
X contains a k'-valued point above x for each j. Hence the intersection
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X} NU/ is non-empty for all 4, j, that is, I;; is non-empty for all 7, j. Let us
choose an element [; € I1; for 1 < j < m.
For 1 < j <m, let 3; be the natural homomorphism

Hl%g—dR(X]/'/k,) - H Hloog—dR(Oljl/k,)
lely;

and let 7; be the composite

Bj T
Hl(())g—dR(X]/'/k,> — H Hl?)g—dR(Oljl/k ) 2 % Hlog dR(Oljl /k )
lely;

Let us consider the following diagram:

Hlog ar(X/k) —— Hl%g ar(X'/K) — H;n=1 Hl?)g—dR(X]/'/k/)
| ]
long(U/k) Hl(t))g dR(U//k/) — H] 1HZGI1J long(Oljl/k)

where 6x, 0y are the homomorphisms induced by the scalar extension.
Since we have

Hl?)g—dR(X//k/) = Hl%g—dR(X/k) Ok k/a

Hy qr(U'/K) = HYy qr(U/k) @1 K,

the homomorphisms ¢x, 6y are injective. Therefore, if we prove that v;’s
are injective, it implies the injectivity of [ j B; and so we obtain the injec-
tivity of 8. So, to prove the claim, we may replace X, U, k by XJ’, O1ji;, K
respectively. Since O;j;(k') is non-empty for each i, j, [, we may assume the
condition (x) to prove the claim. O

PROOF OF CLAIM 2. By claim 3, we may assume the condition () to
prove the claim 2. So we assume it.

For an element z € Hlog ar(X/k), denote the closed set {x € X |z =
Oink(z)} (where k(x) is the residue field of z) by C, and regard it as a
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reduced closed subscheme of X. Since X is reduced, it suffices to show that
C, = X holds for a € Ker(g).

Let a € Ker(3) and let a; be the image of a in Hﬁ,g_dR(Ui/k‘). By claim
1 (in the case k = k' = k") for U; and a k-rational point in U; (whose
existence is assured by the condition (x)), the composite

k C Hyyy qr(X/k) — Hygar(Ui/k)

is an isomorphism. Hence there exists a unique element b; € k C
HI%g_dR(X/k) such that a; = b; holds in Hl%g—dR(Ui/k)' Hence we have
Ui C Cq—p,. Let us denote the closure of U; in X (regarded as a reduced
closed subscheme) by D;. Then we have D; C C,_p,. Since D; is reduced,
a — b; is equal to zero in Hl%g-dR(Di/k)-

Now let us assume that D; N D; # () holds. Then, b; = b; holds in
Hﬂ,g_dR((Di N Dj)red) since they are both the image of a in Hﬁ)g_dR((Di N
Dj)reda). Since b;,b; € k, we have b; = b; in k. Since Xy C X is
open dense by Proposition 2.3.2, we have X = (J; D;. This fact and the
connectedness of X implies that b; = b; holds for all i. On the other hand,
since a € Ker(), we have b = 0. So b; = 0 holds for all i. Therefore we
have D; C Cy_p, = C, for all i. So one get the equality X = C, and so the
assertion is proved. [J

Now we finish the proof of the proposition by using the claims. Let U
be a connected component of X iy and let x be a closed point of U and
let k' be the residue field of z. Let us consider the following diagram:

3 o
k C Hp, qr(X/k) = Hp, ar(U/k) == H(x/k) = K.

By claim 1, « is injective and by claim 2, 3 is injective. So there are inclu-
sions of rings k C Hy), 4z (X/k) C k', and they imply that Hy gz (X/k) is
a field. OJ

REMARK 3.1.7. Let f: (X,M) — (Speck, N) be a log smooth inte-
gral morphism of finite type between fine log schemes with k£ perfect and
X connected. Then the above proposition says the reducedness of X is a
sufficient condition for the category N'C((X, M)/(Speck, N)) to be Tan-
nakian. Here we remark that it is not a necessary condition, by giving a
simple counter-example.



Crystalline Fundamental Groups I 555

Let us assume the characteristic of k is zero. Let X be Spec k[t, s]/(t™s™)
(m,n € N,(m,n) =1,n > 2) and let M be the log structure associated to
the monoid homomorphism

o N? — k[t, s]/(t™s™); (1,0) —t, (0,1) — s.

Let N be the log structure associated to the monoid homomorphism ( :
N— k1 0andlet f:(X,M)— (Speck,N) be the morphism of log
schemes induced by the following diagram:

klt,s]/(t™s™) —— k

| d

N2 % N,
where a,b is defined by a(x) = z (z € k), b(1) = (m,n). Then X is not
reduced. On the other hand, HJ;((X, M)/(Speck, N)) is nothing but the
kernel of the differential

t,s]/(t"s™)dlogt & Kt, s]/(t™s™)dlog s
K|t, s]/(t™s™)(mdlogt + ndlog s)

d: K[t s/ (tmsn) — B

Note that the module on the right hand side above is a free K[t, s]/(t"s™)-
module generated by dlogs. We can calculate the differential as follows:

d( g a;t's’) = E a;j(j — E)t’sjdlog s.
0<i,j 0<4,j
i<morj<n i<morj<n

Therefore, we have

a:= Z aijtisj € Ker(d) <= a;; =0 unlessmj —ni =0

0<i,jg
i<morj<n

<= a;;j =0 unlesst = j =0
<= ack.

Hence HJR((X,M)/(Speck,N)) is a field. So the category NC((X, M)/
(Speck, N)) is Tannakian.
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The basic example of a morphism f : (X, M) — (Speck, N) for which
we would like to investigate the de Rham fundamental group, is the fol-
lowing: k is a field of cahracteristic zero, N is the trivial log structure, X
is a proper smooth variety over k, M is the log structure associated to a
pair (X, D) (where D is a normal crossing divisor) and f is the morphism
induced by the structure morphism of X. In this case, we have the following
proposition:

ProproSITION 3.1.8. Let the notations be as above and let x be a k-
valued point of U := X —D. Let j be the open immersion (U, triv.logstr.) —
(X,M). Then the homomorphism

ju s 7(U/Speck, &) — 7™ ((X, M) /Speck, z)

is an isomorphism. In particular, the de Rham fundamental group of
(X, M) with base point x depends only on U and x in this case.

PROOF. We prove that the functor
7 NC((X,M)/Speck) — NC(U/Speck)

induced by j is an equivalence of categories.

For (E,V),(E',V') € NC((X,M)/Speck) (resp. NC(U/Speck)), the
group of homomorphism Hom(E, E’) in the category NC((X, M)/Speck)
(resp.  NC(U/Speck)) is naturally isomorphic to the group H°(X,
DR(Hom((E,V),(E',V"))) (resp. HY(U,DR(Hom((E,V),(E',V))))),
and the set of the isomorphism class of extensions

0 — (Ox,d) — (E,V) — (E,V) — 0
is isomorphic to the set H'(X,DR(FE,V)) (resp. H(U,DR(E, V))). Since

the categories NC'((X, M)/Speck), NC(U/Spec k) are nilpotent, it suffices
to show the homomorphisms

jEE,V) : H'(X,DR(E,V)) — H'(U,DR(E|v, V|v))
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are isomorphisms for £ € NC((X,M)/Speck) and i = 0,1 to prove the
categorical equivalence of j*. Moreover, by using five lemma, one can see
that it suffices to show the homomorphisms

j': Hip((X, M) /Speck) — Hip(U/Speck)

are isomorphisms for i € N.

To show j¥’s are isomorphisms, one may assume k = C. Let X" U?",
D?" be the complex analytic spaces associated to X, U, D, respectively. Let
I an (resp. Qyan(dlog D*)) be the sheaf of meromophic forms on X
which are holomorphic on U*" (resp. which are holomorphic on U*" and
logarithmic along D?".) Then, we have the isomorphism

Hix(U/Speck) = H'(X™, j™Qran)
by [D1, (6.4.3), (6.6.1)], and we have the GAGA isomorphism
H'g((X,M)/Speck) = H'(X™, Qyan(dlog D™)).

Via these isomorphimsms, the homomorphism j’ is compatible with the
homomorphism

55 HY (X, Qxan (dlog D)) — H (X, j*Qpran)

defined by the inclusion of sheaves Qyan(dlog D*) — jI*Qan. By [DI,
(3.13)], the homomorphism ;%" is an isomorphism. Hence j® is also an
isomorphism and so the assertion is proved. [J

3.2. Log connections, stratifications and isocrystals on log
infinitesimal site

Throughout this section, let p be a fixed prime number, let V be a
complete discrete valuation ring of mixed characteristic (0,p) and let K be
the fraction field of V. Let f : (X, M) — (S, N) be a log smooth morphism
of fine log schemes over Q (resp. a formally log smooth morphism of fine
log formal V-schemes). In this section, we prove the equivalence of the
following three categories:

(1) The category C((X,M)/(S,N)) of integrable log connections (resp.

~

The category C'((X,M)/(S,N)) of integrable log formal connec-
tions).
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(2) The category Str((X,M)/(S,N)) of log stratifications (resp. The
category S/t\r((X, M)/(S,N)) of formal log stratifications). (For def-
inition, see Definition 3.2.10.)

(3) The category Ciy((X,M)/(S,N)) of crystals on log infinitesimal
site ((X, M)/(S,N))ins (resp. The category Iine((X,M)/(S,N)) of
isocrystals on log infinitesimal site ((X, M)/(S, N))int). (For defi-
nition, see Definitions 3.2.12, 3.2.13).

We shall use this equivalence in the proof of Berthelot-Ogus theorem for
fundamental groups in Chapter 5.

Our method of proof is a log version of that in [B-O, §2] and [O1, §1]:
First, we prove that the category in (1) is equivalent to the following aux-
iliary category.

(4) The category D((X,M)/(S,N)) (resp. D((X,M)/(S,N))) of pairs
(E,p), where E is a coherent sheaf (resp. an isocohorent sheaf)
on X and ¢ is an order-preserving, 1131” Oxn-linear ring homomor-
phism Diff(Ox,Ox) — Diff(E, E) (resp. Diff(K @y Ox, K Qv
Ox) — Diff(E, E)), where Diff means the sheaf of log differential
operators. (For precise definitions, see Definitions 3.2.6, 3.2.8.)

Then, we prove the equivalence of the category in (4) and that in (2), and
finally we prove the equivalence of the categories in (2) and (3).

First, we recall the notion of log infinitesimal neighborhood which is due
to Kato ([Kk1, (5.8)]).

PROPOSITION-DEFINITION 3.2.1 (Kato). Let C be the category of
closed immersions (X, M) — (Y, N) of log schemes such that M is fine
and N is coherent and let C, be the category of exact closed immersions
(X, M) — (Y,N) of fine log schemes such that X is defined in Y by an
ideal J with the property J"t' = 0. Then the canonical functor C, — C
has a right adjoint ¢ : C — Cy,. For (X,M) — (Y, N) in C, the object
obtained by applying ¢ has the form (X,M) — (Z,Myz). We call this
(Z, Myz) the n-th log infinitesimal neighborhood of (X, M) in (Y,N).

Let f: (X,M) — (Y,N) be a closed immersion of log schemes such
that M is fine and N is coherent and assume that there exists a quasi-
chart (Px — M,Qy — N,Q = P) of f such that P is fine and ofP is
surjective. Then the n-th infinitesimal neighborhood (Z, Mz) of (X, M) in
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(Y, N) is constructed as follows ([Kk1, (5.8)]): Put R := (a8P)~}(P) C Q#P.

Then the natural homomorphism ) — ()P factors as @) LA R — Q®P. Let
B* : Spec Z[R] — Spec Z[Q)] be the morphism induced by 3. Put

Y/ =Y XSpeCZ[Q],B* Spec Z[R]

and endow Y’ with the inverse image N’ of the canonical log structure of
SpecZ|R]. Then Z is the (classical) n-th infinitesimal neighborhood of X
in Y and My is the inverse image of N'.

REMARK 3.2.2. We can define the notion of n-th log infinitesimal
neighborhood for a locally closed immersion (X,M) — (Y, N) of log
schemes such that M is fine and N is coherent, because it is well-defined
locally and we can glue it.

For a morphism of fine log schemes (X, M) — (S, N), we can define
the n-th log infinitesimal neighborhood of (X, M) in (X, M) x (s n) (X, M)
(note that the fiber product is taken in the category of log schemes) because
the diagonal map (X, M) — (X, M) x (g ny (X, M) is locally closed and
(X, M) x(s,n) (X, M) is a coherent log scheme. We denote it by (X", M™).
We can regard Oxn» as Ox-modules in two ways through the morphisms

ot (X7 M™) — (X, M) x(gn (X, M) “2ET (X M) (i = 1,2).

We call the Ox-module structure of Ox» defined by f; (resp. f2) the left
(resp. right) Ox-module structure.

Now we introduce two kinds of morphisms between log infinitesimal
neighborhoods. Before this, let us note the following lemma:

LEMMA 3.2.3. Let (X,M) — (S,N) be a morphism of fine log
schemes and let (X™, M™) be the n-th log infinitesimal neighborhood of
(X, M) in (X, M) x(gn) (X,M). Let p;(i = 1,2) be the composition

(X7, M™) — (X, M) x(g.n) (X, M) "2 (X M). Then:

(1) The log structure of (X", M™)\, X (x,m) ./~ (X™, M™) is fine.
P2 p1
(2) The map (X, M) — (X", M"™) X x ar) (X™, M™) is an ezxact closed

immersion.
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PROOF. Since the assertion (1) is local, we may assume there exists a
chart of (X, M) — (S,N). Choose a chart (Px — M,Qs — N,Q % P).
Then the diagonal map (X, M) — (X, M) x (g ) (X, M) has a quasi-chart

(Px — M, (P ®q P)(xxex) — M @y M,Pog P 5 P),

where P @ P is the monoid defined by the push-out of the diagram P <~
Q % P and (3 is defined by B(p,p’) = pp’ (p,p’ € P). Let R be 58P~ 1(P) C

i-th incl.

(P®g P)®P and let y; (1 = 1,2) bemaps P —  P@®g P — R. Then the

log structure of (X", M™) x(x ar) (X™, M™) is associated to R\ @©p /' R,
72 m
and it suffices to show this monoid is integral. Let ¢; (i = 1,2) be maps

(PSP x PEP) /(8P — PEP x ((PEP x PEP) /Qep) ‘Pl pep o (pep ep),

where the first map is defined by (p,p’) — (pp/, (p,p’)) for (p,p’) € PeP.
Then the maps §; are isomorphisms and via 6;, R is isomorphic to P X
(P&P/Q#P). So R @p R is isomorphic to

{P x (PEP/Q®P)} @p {P x (P®"/Q®)} = P @ (PP /Q%P)%.

So R @p R is integral. This proves the assertion (1).

With the above notations, the morphism in (2) admits locally a chart of
the form (Py — M,(R®p R)xnxyxm — Mxnxxm, RGp R -5 P) (where
we denoted the log structure of the log scheme (X", M™) x x ar) (X, M™)
by Mxnyx, xm) such that, via the isomorphism R@p R = P @ (P8P /Q8%P)?,
the homomorphism e coincides with the first projection P® (P& /Q8P)? —
P. From this fact, one can check easily that the morphism (X, M) —
(X7, M™) X (x ) (X™, M™) is an exact closed immersion. [J

Let ¢ be the composition

(XnaMn) X(X,M) (XmaMm) - (X’ M) X(S,N) (X’ M) X(S,N) (X’ M)
(X, M) x5, (X, M)
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and consider the following diagram:

(X, M) — (X", M") X(x ) (X™, M™)

! L

(Xn+m,Mn+m) N (}(7 M) X (S,N) (X7 M)

(Here the morphisms other than ¢ are the ones which are induced by the
definition of log infinitesimal neighborhoods.) Then, by the above lemma
and the universality of log infinitesimal neighborhood, there exists uniquely
a morphism

(X", M") X(X,M) (X" M™) — (Xn+m7Mn+m)v

which is compatible with the above diagram. We denote this map by 0y, .

In terms of charts, the morphism 6, ,, can be described as follows: As-
sume (X, M) — (S,N) has a chart (Pxy — M,Qs — N,Q — P) and
X = Spec A and S = Spec B are affine. Let R be as in the proof of Lemma
3.2.3 and let Y be Spec ((A®p A) ®@z(pe,p Z[R]). Then there exists a nat-
ural morphism Y — SpecZ[R]. Let L be the log structure on Y defined
as the pull-back of the canonical log structure on SpecZ[R]|. Then (Y, L)
admits a chart

p:R— (A®p A) @zipe,p ZIR], r— (1@1)®r (reR).

We define a map 6 : (Y, L) xx ) (Y, L) — (Y, L) as the map which is
induced by the following diagram of rings and monoids:

{(A®p A) ©zpa,p ZIR])} ©4 {(A®E A) @zpeyr ZIR]} <222~ Re&p R

d Js

(A®p A) ®zipg,p) ZIR] — R,
where maps f, g are defined by

fllavb)el)={col)ol}e{(1xd) @1},
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el e (@y)={1e) e (s )} e{(lel) (z,y)},
9((z,y) = (z,27") & (,),

for a,b € A and (z,y) € R (z,y € P*P).

Note that (X", M™) is the (classical) n-th infinitesimal neighborhood of
(X, M) in (Y, L). One can check that the morphism 6 induces a morphism
(X", M™) x(x,m) (X™, M™) — (X" M"™™) and this map coincides
with 6, ,, above.

Now we define another important morphism between log infinitesimal
neighborhoods. Let ¢ be the composition (X", M") — (X, M) X(g

(X, M) PraZphy (X, M) x(g,n) (X, M) and consider the following diagram:

(X, M) —— (X7, M™)

| I

(X", M™) —— (X, M) x(sn) (X, M).

(Here the morphisms other than t are the ones which are induced by the
definition of log infinitesimal neighborhoods.) Then, by the universality of
log infinitesimal neighborhood, there exists uniquely a map (X", M"™) —
(X™, M™) which is compatible with the above diagram. We denote this
map by 7,.

In terms of charts, the morphism 7, can be described as follows: Assume
(X,M) — (S,N) has a chart (Py — M,Qs — N,Q — P) and X =
Spec A and S = Spec B are affine. Define R, ¢ and (Y, L) as in the case of
Onm. We define a map 7 : (Y,L) — (Y, L) as the map which is induced
by the following diagram of rings and monoids:

(A®p A) ®@zipg,p) ZIR)] e

d Js

(A®B A) ®zpa,p) ZIR] «—— R,

where maps f, g are defined by

fl(a®b)®1)=(b®a)®1,
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f(Ae)e(ry)=01x1)® (y,z),
9((z,y)) = (y,z),

for a,b € A and (z,y) € R (z,y € P*P).
Then one can check that 7 induces a map (X", M") — (X", M"™) and
this map coincides with 7, above.

REMARK 3.2.4. What we described about log infinitesimal neighbor-
hood holds also in the case of log formal V-schemes (with appropriate mod-
ifications). We use the same notations also in the case of fine log formal
V-schemes.

Next we prove the relation between log differential module and the log
infinitesimal neighborhood, which is also due to Kato.

Before stating the proposition, we prepare some notations. Let f :
(X, M) — (S, N) be a morphism of fine log schemes. Let A,, : (X, M) —
(X™, M™) be the n-th log infinitesimal neighborhood of the diagonal mor-
phism (X, M) — (X, M) x (g n) (X, M). Let p; (i = 1,2) be the composite
of the canonical map (X", M") — (X, M) X (g ) (X, M) and the i-th pro-
jection. Let U — X be an etale morphism of schemes and let m be an
element of I'(U, M). Then we have p}(m) € I'(U, M") (i = 1,2) and

(3.2.1) Ay opi(m) =m = A} op5(m).

(Note that the etale site of X™ and that of X is equivalent via AY. So
we can regard M"™, Oxn as sheaves on X¢.) Let us consider the following
homomorphisms:

T(U, M") - T(U, M™/0%,.) -2 T(U, M/O%),

where a is the natural projection and b is the homomorphism induced by
A,. Then, by equation (3.2.1), we have bo a(pj(m)) = bo a(p5(m)). Now,
since A, is an exact closed immersion, b is an isomorphism. Hence we
have a(pj(m)) = a(p5(m)). Hence, locally on U, there exists an element
u of O%, such that pj(m) = pj(m)u holds. One can check, by using the
fineness of M™, that one can glue this element v and it defines uniquely an
element in ['(U, O%,) C I'(U, M"™). We denote this element by (m~!,m),
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in this section. By the uniqueness of the element (m~! m),, the image of

(m~',m), by the homomorphism T'(U, M™) — (U, M™) (n’ < n) coin-

L m),s. On the other hand, by using the equation p3(m) =

cides with (m~
pi(m)(m~t,m), and the fineness of M, we have A%((m~1,m),) = 1. In
particular, we have (m~!,m), — 1 € Ker(T'(U, Ox») — T'(U, Ox)).

The above element is compatible with a chart in the following sense:
With the above notation, let us assume that we have a chart (Qg —
N, Py % M,Q S P). Let d : P ®g P — P be the homomorphism
defined by d(p,p’) = pp’ and put R := d®~}(P). Then, as we have seen,
(X™ M™) has naturally a chart R — M"™, which we denote by 1. Let
p € P. Then one can check that the element (¢(p)~!, ©(p)). coincides with
the image of (p~1,p) € R(C (P &g P)%P) by .

Now the relation between log differential module and the log infinitesimal
neighborhood is described as follows ([Kk1, (5.8.1)]):

PROPOSITION 3.2.5. Let (X, M) 4, (S,N) be a morphism of fine log

schemes and let T be Ker(Ox1 — Ox). Then there exists a canonical
isomorphism of Ox-modules

® - T =5 Wix, M) /(SN

which satisfies the following condition: For m € M, the image of the element
at(m=t,m)) —1 € T (where o' : M' — Ox1 is the homomorphism
defining the log structure) by ® is equal to dlog (m).

Henceforth we sometimes identify these modules via .

PrOOF. Denote the structure homomorphism M — Ox of the log
scheme (X, M) by a. For an Ox-module E, let us define the module
Der (g ny((X, M), E) of log derivations of (X, M) to E over (S,N) to be
the module consists of pairs (D, Dlog) of D € Derg(X, F)(:= the module
of derivations of X to E over S in the classical sense) and Dlog : M — E
satisfying

(1) Dlog(ab) = Dlog(a) + Dlog(b) (a,b € M),

(2) a(a)Dlog(a) = D(a(a))  (a€ M),

(3) Dlog(f*(c)) =0 (ce f7IN, f*: f7IN — M).
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Then it follows from [Kfl, (5.2)] that the homomorphism
U Homox(w(lKM)/(S’N),E) — Der(g n)((X, M), E); u+ (uod,ucdlog)

is an isomorphism.
Next we define a homomorphism

A Der(S7N)((X, M),E) — Homop, (Z, E).

Let (D,Dlog) be an element in Der g n)((X, M), E). Let us introduce a
structure of a ring on Ox @& E by

(z,e)- (2,€) = (za, xe’ + 2'e).

Then it is an Ox-algebra. Let 7 : Spec (Ox @ E) — X be the correspond-
ing morphism of schemes, and let 6 : X — Spec (Ox @ F) be the morphism
induced by the projection Ox & E — Ox. Then these morphisms induce
the morphisms of log schemes

(Spec (Ox @ E),7*M) — (X, M),

T
0:(X,M)— (Spec(Ox ® E),n*M),

respectively. Denote the structure morphism 7*M — Ox & E of the
log scheme (Spec(Ox @ E),7*M) by (. Let us consider the following
commutative diagrams:

_ mla _ _ mla _
10y &—~ 7'M 710y &— 7'M

T

OxoFE 2 M, OxaFE R M,
where the homomorphisms ~;, é; (i = 1,2) are defined by
n() = (2,0), @) =(z,D(), (xrcr 'Ox),

61(m) = m, 62(m) = m - (1,Dlog(m)), (m € 7~ M).
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(Note that (1,Dlog(m)) € (Ox & E)* C n#*M holds.) Each of the above
diagram defines a morphism (Spec (Ox & E),n*M) — (X, M). So they
defines a morphism g : (Spec (Ox © E),n*M) — (X, M) x g (X, M),
and one can check the commutativity of the following diagrams:

(X, M) —2— (X, M) g (X, M)
| d

(X, M) —"— (Spec(Ox & E), n* M),
(XaM)X(S,N) (XaM) = (XvM)

dl |

(Spec (Ox @ E), 7*M) SENIEN (X, M),

By the first diagram and the universal property of log infinitesimal neigh-
borhood, there exists uniquely a morphism g' : (Spec (Ox @ E), 7*M) —
(X1, M*') such that the composite of g' with the natural morphism
(X1, M) — (X, M) xg,n) (X, M) is equal to g. By the above two dia-
grams, one can see that there exists the following commutative diagram

Ox1 —— Ox

gly*J/ H

Ox o F L Ox,

which is Ox-linear with respect to left Ox-module structure on Ox: and
the structure of Ox-module on Ox @ E via 7*. Hence g'* induces an Ox-
linear homomorphism g'* : Z — E. We define A((D, Dlog)) € Hom(Z, E)
by A((D,Dlog)) := g**.

Next we construct a homomorphism

A’ : Homo, (Z, E) — Derg n)((X, M), E).
Suppose given an element ¢ in Homp, (Z, E). Let us introduce a structure

of an Ox-algebra on Ox & 7 as in the case of Ox @ E in the previous
paragraph. Then the Ox-linear homomorphism of rings i : Ox®Z — Ox1
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defined by i(x,y) = = +y (where we consider the left Ox-module structure
on Ox1) is an isomorphism. Let ¢ : Ox @Z — Ox @ E be the O-algebra
homomorphism defined by @((z,y)) := (x,¢(y)), and let D and [/)To/g be
the following homomorphisms:

~ A* i—1 > i,
D:0x ®0s Ox — Oxy1 — Ox T 5 Ox & E 225 E,

— 1 .1 ~ .
Dlog: M' % 01 = O0x T 5 O0x o E 221 B,

where o' : M! — Ox1 is the structure homomorphism of (X!, M1).

One define (D, Dlog) by D(z) := D(1 ® x), Dlog(m) := [m((m_l,m)l).
Then one can check that the pair (D,Dlog) defines an element in
Der(g z (X, M), E). We define A'(p) by A'(¢) := (D,Dlog). Hence we
have defined the homomorphism A’.

One can check that A and A’ are mutually inverse. (Details are left to
the reader.) Hence A is an isomorphism. Define the functorial isomorphism

®p : Homp, (w}(/S,E) — Homop, (Z,FE)

by ®r := Ao U, and define ® : 7 — w}(/s by & := (pwk/s(idwk/s)’ Then
® is an isomorphism.

Finally we show that the element al((m_l,Nm)l) —1 € 7 is sent to
dlog (m) by ®. Let us define the homomorphism ® : Ox 7 — Ox @wg(/s
by ®(x,y) := (z,®(y)). Then, by using the descriptions of ¥, A,A~1 = A’
above, one can see that the image of the element (m~!,m); € M! by the
composite

1 i~ 1L P roj.
]\41 Oz_) Oxl l—> OX A g) OX @W}(/s & UJ}(/S
is equal to dlog (m). On the other hand, we have z := a!((m~!,m);) -1 €
Z. So we have i~ ! o al((m~!,m)1) = (1,2). Then one can see dlog (m) is
equal to ®(z). So the assertion is proved and the proof is finished. [J

Now we define the notion of the sheaf of log differential operators.

DEFINITION 3.2.6. Let (X,M) — (S, N) be a morphism of fine log
schemes (resp. fine log formal V-schemes). For E,F € Coh(Ox) (resp.
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Coh(K ® Ox)), we define the sheaf of log differential operators (resp. for-
mal log differential operators) of order < n Dift"(E, F) by Diff"(E, F) =
Homop, (Oxn» ® E, F') and the sheaf of log differential operators Diff (E, F')
by Diff (B, F) = lim Diff"(E, F).

We define an OXZ—module structure of Diff"(E, F') by (af)(z) = f(ax)
for a € Oxn, f € DIff"(E,F), z € Ox» ® E. This induces a 1&1 Oxn-
module structure of Diff (E, F'). "

For f € Diff"(E, E) and g € Diff"™(E, E), we define the product f*g €
Diff"t™(E, E) by the composition

6% o ®id i

This operation x defines an Ox-algebra structure of Diff (E, E).

In the rest of this section, we put O := Ox for a scheme X and O :=
K ®y Ox for a p-adic formal scheme X.

In certain case, the local structure of the sheaf of log differential opera-
tors Diff (O, O) of O can be described as follows:

LEMMA 3.2.7. Let (X,M) — (S,N) be a log smooth morphism of
fine log schemes over Q or a formally log smooth morphism of fine log
formal V -schemes. Assume that X, S are affine and that there exists a chart
(Px 5 M,Qs — N,Q — P) satisfying the conditions (a), (b), (¢) of (2)
in Theorem 2.2.8. Let x1,--- ,xy, € P be elements such that dlogz; (1 <
i < m) forms a basis of w}(/s, and put &, = (o(z) Y p(@)), — 1 €
['(X™ Oxn). (Note that & ,,’s are compatible with respect to n.) Then:

(1) Oxn is a free left Ox-module with basis

{ea =T l0<lal =Y a; <n},
=1 =1

where a 1= (a1, ag, -+ ,am) is a multi-index of length m.

(2) Let {Da}o<|aj<n be the dual base of {&5}o<|aj<n in Diff" (O, 0), and
denote their image in Diff(O,O) by the same letter. (Since & p’s
are compatible with respect to n, the definition of D, € Diff(O, O)
is independent of n.) Then there exists a ring isomorphism

P : O[Tl,TQ,- c ,Tm] — DIH(0,0),
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which sends T; to D) :== D i .
(07..‘ 717‘.. 70)

PrROOF. Here we prove the assertions only in the case of fine log
schemes over Q. (The similar method can be applied to the case of fine
log formal V-schemes. Details are left to the reader.)

Let a: P®g P — P be the homomorphism induced by the summation.
Put R := a#~1(P) and let Y be (X X5 X) Xspec zipaqp)SPec Z[R]. Let L be
the log structure on Y induced by the canonical log structure on Spec Z[R).

Now we show the assertion (1) by induction on n. The assertion is trivial
ifn=0. Let A: (X, M) — (Y, L) be the exact closed immersion which is
naturally induced from the diagonal morphism (X, M) — (X, M) X (g )

(X,M), and put Z := Ker(Oy 2, Ox). Then, by the paragraph after
Proposition-Definition 3.2.1 and Proposition 3.2.5, we have the canonical
ismorphism Z/Z? w}(/s which sends &1 € Z/Z? to dlog x;. Hence Z/Z?
is a free Ox-module with basis {;1}/",. By using the exact sequence

0 —Z/I> — Ox1 — Ox — 0,

we see the assertion for n = 1.
Let us consider the general case. Let f be the composite

1st proj.

(Y,L) — (X, M) x(sny (X, M) —" (X, M).

Then, one can see that the chart (Px — M, Ry L LP LA R) (here 3

1st incl.

is the composite P "— " P &g P — R) satisfies the conditions (a),
(b) of (2) in Theorem 2.2.8. Hence f is log smooth. On the other hand,
A (X,M)— (Y,N) is an exact closed immersion and f o A = id holds.
Hence we have Yi.uiv O A(X). So f is smooth in classical sense on a
neighborhood of A(X). So we have Z"/Z""! = Sym"(Z/Z?) and it is a free
Ox-module with basis {¢2||a| = n}. Then the assertion follows from the
inductive hypothesis and the exact sequence

0—I"/T" — Oxn — Oxn-1 — 0.

Next we prove the assertion (2). Let 1 be the composite Ry 4L —
Oy and put & = w((xi_l,:vi)). Then we have & modZ"! = ¢ ,. Put
§4:=1[~, &" for a multi-index a = (a1, -+ , ap) of length m.
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By definition, Diff(Ox,0x) = @,Ox - D, holds. We will calculate
D, * Dy for multi-indices a,b of length m. Recall we have defined the
morphism 6 : (Y, L) x(xar) (Y;L) — (Y, L) which is compatible with
bkt (XF, MF) X (X, M) (X', MY). First the image of & by the map 6* :
Oy — Oy ® Oy is calculated as follows :

6%(&) = 67 (B((z; ", 1)) —1)
ﬂ((ﬂf )) ® B((z; ", xi) — 1
= (B((z; )) -)® (ﬁ((ﬂﬁ- L) - 1)
+(ﬁ(( zi)) = 1) @1+ 1@ (B((z; ', 2:) — 1)
:§¢®Ei+§¢®1+1®fi-

Hence for a multi-index ¢ = (¢1, ¢a, ..., ¢,) of length m, we have

m
:H ERETELER®LI+H1I®E)
o
_ Pitqi qi+Ti
0 Y o aea
=1 0<pj,q;,ri
Pit+qi+ri=c;
So we have
* v i+ai i
Ok (&i41) :H( Z NPT kg,
=1 0<pigir, PUOTE 7
Pitqitri=c;
Therefore,
i)
(3.2.2) Da % Dy(&fap41p) = H(Z N -!r'!)’
=1 ™ Diqi:T;

holds, where the sum (*) is taken over (p;, g, ;) satisfying
Pi:qi,7i >0, pitaq+ri=c, pitq=a, ¢q-+ri=>b.

The symmetry of the right hand side of the equation (3.2.2) implies
Dy« D, = Dy x Dy. Hence we can define a ring homomorphism & :
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o[, Tz, ...,Tyn] — Diff(O,0) which sends T; to D(;. Moreover, by the
equation (3.2.2), we can write D, * Dj by the linear combination of D.’s
(c<a+0b)

(3.2.3) Do Dy= Y kD,
c<a+b

where k. are integers and k. is non zero.

Now let a := (ai,- - ,ap) be a multi-index which satisfies |a| > 2.
Choose a multi-index b := (by,- - , by,) satisfying b # 0,a and b; < a; (1 <
i < m). Then the equation (3.2.3) implies that D, can be expressed by a
linear combination of Dy x D,_p, and D, (¢ < a) over Q. (Note that X is
defined over Q.) Hence D, is in a sub-Ox-algebra of Diff(Ox, Ox) which
is generated by D, (¢ < a). Using this fact inductively, one can show that
® is surjective.

Finally we prove ® is injective. Let us put D*® := Dz‘f)l * - D?%l for
a multi-index a of length m. Assume that ®(3,, <, faT*) = 0 for some
n € Nand f, € Ox (Ja] <n). Then

(3.2.4) 0= > fD*

la|<n

holds. By the equation (3.2.3), for any multi index a,

D** = "kqcDe

c<a

holds for some k, . € Z such that k,, # 0. Using this, the right hand side
of the equation (3.2.4) can be written as

> 9aDa+ Y kaafaDa

la|<n lal=n

for some g, € Ox. Since D,’s form a basis of Diff (O, O), kg fa(la| = n)
equals to zero in the above expression, hence f, = 0 if |a| = n. One can
show that f, = 0 holds for all ¢ by using this argument inductively. Hence
® is injective. [J
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We define the category D((X, M)/(S,N)) (resp. D((X,M)/(S,N))) by
using the sheaf of log differential operators (resp. the sheaf of formal log
differential operators) as follows:

DEFINITION 3.2.8. Let (X,M) — (S,N) be a morphism of fine log
schemes (resp. fine log formal V-schemes). Then we define the category
D((X,M)/(S,N)) (resp. D((X,M)/(S,N))) as follows: An object is a
pair (E, ), where E is a coherent sheaf on X (resp. an isocoherent sheaf
on X) and ¢ is an order-preserving linn Oxn-linear ring homomorphism
Diff(0,0) — Diff(E, E). A morphism from (E,¢) to (E',¢') is an O-
linear homomorphism « : F — E’ which makes the following diagram

commutative:
Diff(0,0) —%— Diff(E,E)

/ ]
Ditt(E, E) —U%Y), pig(E, E).

Then, we have the following equivalence:

PROPOSITION 3.2.9. Let f : (X,M) — (S,N) be a log smooth mor-
phism of fine log schemes over Q (resp. a formally log smooth morphism of
fine log formal V -schemes). Then we have an equivalence of categories

C((X, M)/(S,N)) = D((X, M)/(S, N)).

(resp.  C((X,M)/(S,N)) = D((X, M)/(S,N)). )

PrROOF. We give a proof only in the case where f is a log smooth
morphism of fine log schemes over Q. (The case of fine log formal V-schemes
can be proved in a similar way. Details are left to the reader.)

First we introduce two auxiliary categories. Let C1((X,M)/(S,N)) be
the category of log connections (which are not necessarily integrable), and
let DY((X,M)/(S, N)) be the category of pairs (E, ), where E is a coher-
ent sheaf on X and ¢ : Diff'(Ox,Ox) — Diff'(E, E) is an Oxi-linear
homomorphism which sends the natural projection Oxy1 — Ox to the
natural projection Oy1 ® E — E. (A morphism from (E, ) to (E’,¢')
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is defined as an Ox-linear homomorphism « : E — E’ which makes the
following diagram commutative:

Diff (Ox,0x) —— DiffY(E,E)
(3.2.5) g@’l ao—l

Diftl (B, By —209e),

DiffY(E, E').)
Then there exists a canonical fully-faithful funtor C((X,M)/(S,N)) —
CY((X,M)/(S,N)) and a canonical functor D((X,M)/(S,N)) —
D'((X,M)/(S,N)).

To prove the proposition, it suffices to show the following three claims.

cLAIM 1. There exists an equivalence of categories ¥ : C1((X, M)/
(S, N)) — D'((X, M)/(S,N)).

cLAM 2. The functor D((X,M)/(S,N)) — DY((X,M)/(S,N)) is
fully faithful.

cLamM 3. (E,V) € CY((X,M)/(S,N)) is an object in C((X,M)/
(S,N)) if and only if X((£, V)) is an object in D((X, M)/(S, N)).

Now we prove the above three claims.

PROOF OF CLAIM 1. Let (E,V) be an object in C1((X,M)/(S,N)).
Let us identify Z := Ker(Ox1 — Ox) with w(x a)/(s,n) and define 0 :
E— E®Oxi by §(e) =V(e)+e®1 for e € E. Then we can calculate
(ae) for a € Ox as follows:

O(ae) = V(ae) +ae®1
=(@®l)-Vie)+(1l®a—a®l) - (e@1)+(a®@1)-(e®1)
=(1®a) - (V(ie)+e®1)

= (L@ a)f(e),

where the third equality follows from the equation (a ® 1) - V(e) = (1 ®
a) - V(e). The above calculation show that 6 is right Ox-linear. Now let
us define € : Ox1 ® E — E ® Ox1 by extending 0 Ox:-linearly, and
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let ¢ : Homop, (Ox1,0x) — Hompe, (Ox1 @ E, E) be the homomorphism
a— aoe(a € Homp, (Ox1,Ox)). Then one can check that the pair (E, ¢)
is in DY((X, M)/(S,N)). We define the functor ¥ by X((E,V)) := (E, ¢).

Let us define the quasi-inverse X of the functor X. Let (E,¢) be an
object in DY((X,M)/(S,N)). For an element o in Homp, (Z,0Ox), let
us define & € Homp, (Ox1,Ox) as the unique element satisfying &(1) =
0,&|7 = a. Then define the homomorphism

V: E — Hom(Hom(Z,0x),E) = EQT = E @ wix yr/(s.n)

by e — (a — ¢(&)(1 ® e)), and let us define X'((E,¢)) by X'((E,p)) :=
(E, V). One can check that this functor ¥’ gives the quasi-inverse of . [J

PROOF OF CLAIM 2. Let (E,¢),(E',¢') € D((X,M)/(S,N)) and as-
sume given a homomorphism « : E — E’ which makes the diagram (3.2.5)
commutative. It suffices to show the commutativity of the following dia-
gram for any n:

Diff"(0,0) —Y— Diff’"(E,E)

o] wo- |
Ditt (B, By 2N, pign(, BY).

We prove this assertion by induction on n. To show this, we may consider
etale locally. Hence we may assume that we are in the situation in Lemma
3.2.7. Then, by Lemma 3.2.7 (2), it suffices to show the equality

aop(D*D'")=¢'(D*D")o(id® a)

for log differential operators D, D’ of order k,I < n — 1, respectively. This
is shown as follows:

aop(D*D")y=ao(p(D)*e(D")) (pisaring hom)
=aop(D") o (idop(D))o (6, ®@id)
¢'(D)o(id® ¢ (D))o (id®id ® a)
o (5k7l ®1id) (induction)
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=¢/(D") o (id® ¢'(D)) o (67, ®id) o (i[d @ a)
= (¢'(D) x¢'(D)) o (id®a)
=¢'(D*D)o(id®a) (¢ is a ring hom).

Hence the claim is proved. [

PROOF OF CLAM 3. Let (E,V) € CY(X,M)/(S,N)) and put
(E,¢) = X((E,V)). First, note that (E,V) (resp. (E,¢)) is in the
category C'((X,M)/(S,N)) (resp. D((X,M)/(S,N))) if and only if it
is in the category C'((X,M)/(S,N)) (resp. D((X,M)/(S,N))) etale lo-
cally. Hence we may consider etale locally, that is, we can assume that the
morphism (X, M) — (S,N) is as in the situation of Lemma 3.2.7. Let
&in (1 <i<m,n€N) be as in Lemma 3.2.7. (Then the elements {& 1}",
form a basis of Ker(Ox1 — Ox) = w(lX,M)/(S,N)') For a local section
e € I, put

V(e) = Zei & 5@'71 (S E (= w%X,M)/(S,N)’
=1

Vie) = Z €j ®§1 € E® W(lx,M)/(S,N)'

j=1
Then,
(3.2.6) VoV(e) = Z (eji — 6@')&71 N1 eEE® W(QX,M)/(S,N)
1<i,j<m
1<j

holds. Then, by definition of the functor 3, one can see that ¢ is calculated

as follows:
{ p(Dw)(1®e) = e,

©(Di))(Era @ €) = e,
where §;; is Kronecker’s delta. Using the above equations, definition of the
product * and the equations in the proof of Lemma 3.2.7, we can deduce
the following equations:

(D)) * (D)) (1 @ e) = ejs,
©(Dy) * o(Dj) (€2 @ €) = bidjne + bire; + Gjrei,
©(Diy) * p(Djy) (Ek2812 @ €) = (dirbj1 + bubdjk)e.
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From these equations and the equation (3.2.6), we have the following:

(E,V) integrableﬁVe € E,VoV(e) =
<—Veec L, €ij = €j;
<= p(D)) * (D)) = p(Dgj)) * (Diiy)-

By this equivalence and (2) of Lemma 3.2.7, we can deduce the following:
(E, V) is integrable if and only if there exists an Ox-linear order-preserving
ring homomorphism ¢ : Diff(Ox, Ox) — Diff (E, E) extending .

Hence, to prove the assertion of the claim, it suffices to show that
any Ox-linear order preserving ring homomorphism ¢ : Diff(Ox,Ox) —
Diff(E, E) whose restriction to Diff'(Ox, Ox) is Oxi-linear is necessarily
11m Oxn-linear. Let z € 11m Oxn and D € Diff(Ox,Ox). We prove the
equahty zp(D) = o(xD) by 1nduct10n on the order n of D. When the order
of D is < 1, this equality follows from the assumption that ¢|pg (Ox,0x)
is Oxi-linear. To prove the equation in the case n > 2, we may assume
D := D' x D" for some D', D" whose orders n’,n” are less than that of
D. Let z, be the image of z in Oxn, and put 6;’;,’71,,(3:”) = > 1LYk ® zk(
Yk € Oy, 21, € O X"")' Then we have the following equations:

p(xD) = p(zn(D"+ D"))
= (> _ypD'* zD")

k

= oypD' * zD")
k

= Z o(yrD") * p(zxD") (i is a ring hom.)
= Z yrp(D") * zpp(D”)  (inductive hypothesis)
= fﬁn(cﬂ(D ) *(D")) = zp(D).

Hence the proof of the claim is completed. [J

Since we have proved the three claims above, the proof of the proposition
is now finished. [J
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Next we define log stratifications and formal log stratifications.

DEFINITION 3.2.10. Let (X, M) — (S, N) be a morphism of fine log
schemes (resp. fine log formal V-schemes) and let E' be a coherent (resp.
an isocoherent) sheaf on X. Then, a log stratification (resp. a formal log
stratification) on E is a family of morphisms €, : Oxn®@F — E®@Oxn(n =
0,1,2...) satisfying the following conditions:

(1) Each €, is an Oxn-linear isomorphism and ¢y = id.

(2) For any n' > n, e, modulo Ker(Oy,» — Oxn) coincides with €.

(3) (Cocycle condition)  For any n and n/,

(ld ® 6,;;’n/) (o) 6n+n’ — (en ® ld) o) (ld ® En/)
o ((S:;n/ ® ld) : OXn+n’ QF — FER® OX,,L ® OXn’

holds.

We denote the category of coherent sheaves with log stratifications (resp.
isocoherent sheaves with formal log stratifications) on (X, M) over (S, N)
by Str((X, M)/(S, N)). (vesp. Str((X, M)/(S,N)).)

Then we can show the following proposition:

ProPOSITION 3.2.11. Let (X,M) — (S,N) be a log smooth mor-
phism of fine log schemes (resp. a formally log smooth morphism of fine log
formal V -schemes) and let E be a coherent (resp. an isocoherent) sheaf on
X. Then there exists a canonical equivalence of categories

D((X, M)/(S,N)) = Stx((X, M)/(S, N)).

(resp. D((X, M)/(S, N)) = Stx((X, M)/(S,N)). )

PrOOF. We treat only the case of fine log schemes. The case of fine
log formal V-schemes can be shown similarly.

Since Oxn» is locally free by Lemma 3.2.7, F ® Oxn =
Hom(Hom(Oxn,O), E) holds. Given an object (F,p) in the category
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D((X,M)/(S,N)), we define the homomorphism ¢,, : Oxn®@F — EQOxn
by the composite

Oxn @ FE — 'Hom(Hom(OXn R F, E), E)
£, Hom(Hom(Oxn, 0), E) = E @ Oxn.

It is obvious that these €,’s satisfy the condition (2) of Definition 3.2.10.
In the conditions in (1), the condition €y = id is clear and Oxn-linearity of
€n, follows from the assumption that ¢ is @n Oxn-linear. To prove that
€, 18 isomorphic, let us introduce a homomorphism 7, : £ ® Oxn —
Oxn» ® E which is defined by n,(e ® ) = 7,5(x) ® e, where 7, is the ho-
momorphism Oxn — Oxn induced by the morphism 7, : (X", M") —
(X™, M™). Then n, is a 7,i-linear, bijective and it reduces to identity modulo
Ker(Oxn — Ox). Hence (1, o €,)? is Oxn-linear and reduces to identity
modulo Ker(Ox» — Ox). So it is bijective. Hence ¢, is also bijective.
Finally we can prove the condition (3) by using the assumption that @ is
a ring homomorphism. (We leave the detail to the reader.) So (E,{€,}n)
defines an object in the category Str((X, M)/(S, N)).

Next suppose we are given a stratification €, (n € N) on E. Then for
a € Diff" (0, 0), we define p(«) € Diff"(E, E) by the composition

Oxn @ FE -1 E® Oxn 229 E.

Then obviously ¢ is an order-preserving, £1Lnn Oxn-linear homomorphism.
Using the condition (3) of Definition 3.2.10, one can show that ¢ is a ring
homomorphism. Hence the pair (F, ¢) is in the category D((X, M)/(S, N)).

One can check easily that the above two funtors are the quasi-inverse of
each other. Hence the assertion is proved. [

Now we define the infinitesimal site for a morphism of fine log schemes
or fine log formal V-schemes. It is a log version or a log formal version of
the infinitesimal site defined by Grothendieck ([G]).

DEFINITION 3.2.12. Let (X, M) — (S, N) be a morphism of fine log
schemes (resp. fine log formal V-schemes). Then we define the infinitesi-
mal site ((X, M)/(S, N))int of (X, M) over (S, N) as follows. An object is
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a 4-ple (U, T, Mr, ¢), where U is a scheme (resp. a formal V-scheme) which
is etale (resp. formally etale) over X, (T, My) is a fine log scheme (resp.
fine log formal V-scheme) over (S, N), ¢ is a nilpotent exact closed immer-
sion (U, M) — (T, Mr) over (S,N). A morphism from (U, T, Mr, ) to
(U, T, My, ¢') is defined as a pair of morphisms f : (U, M) — (U', M), g :
(T, M7) — (1", My+) over (S, N) satisfying go ¢ = ¢/ o f. A collection of
morphisms {(U;, T;, M1, ¢i) — (U, T, Mr, ¢)}; is a covering if the induced
collection of morphisms {T; — T'}; is an etale covering and U; = T; xp U
holds. We sometimes denote (U, T, Mr, ¢) simply by T

Next we define the notion of a crystal or an isocrystal on infinitesimal
site as follows:

DEFINITION 3.2.13. Let (X,M) — (S,N) be a morphism of fine
log schemes (resp. fine log formal V-schemes). Then a crystal (resp.
an isocrystal) on the infinitesimal site ((X,M)/(S,N))¢ is a sheaf £ on
((X,M)/(S,N))int satisfying the following conditions:

(1) For T € ((X,M)/(S,N))int, the sheaf & on T induced by £ is a

coherent sheaf (resp. an isocoherent sheaf) on 7.
(2) For a morphism f : T — T" in ((X, M)/(S, N))int, the canonical
homomorphism f*&p — Er is an isomorphism.
We denote the category of crystals (resp. isocrystals) on the infinitesi-
mal site of (X, M) over (S, N) by Cins((X,M)/(S,N)) (resp. Lins((X, M)/
(S, N)))-

We often denote the category Cins((X, M)/(S,N)) (resp. Lins((X, M)/
(S,N))) simply by Cine((X/5)'8) (resp. Iint((X/S)°8)) when there will
be no confusion on log structures. When the log structures are trivial, we
abbreviate to write the superscript 1°8.

Now we prove the equivalence of the category of log stratifications (resp.
formal log stratifications) and the category of crystals (resp. isocrystals)

on the infinitesimal site:

ProOPOSITION 3.2.14. Let (X,M) — (S,N) be a log smooth mor-
phism of fine log schemes (resp. a formally log smooth morphism of fine log
formal V -schemes). Then there exists a canonical equivalence of categories

Str((X, M)/ (S, N)) ~ Cing (X, M)/(S, N)).
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(resp.  Str((X,M)/(S,N)) =~ Lut((X, M)/(S,N)). )

Proor. We only sketch how to construct the functors giving the equiv-
alence of categories.

First suppose given an object £ in Line((X, M)/(S,N)). Let p; (i = 1,2)
be the morphisms (X", M") — (X, M) x sy (X, M) FhBrOl o A,
Then, by the definition of crystals (resp. isocrystals), there exist isomor-
phisms p3€x — Exn < pi€x, that is, the isomorphism €, : Oxn ® Ex —
Ex ® Oxn. Then one can check that the pair (Ex, {€ey},) defines an object
in the category Str((X,M)/(S,N)) (resp. S/\tr((X7 M)/(S,N))).

Next suppose we are given an object (E,{e,}) in the category
Str((X, M)/(S,N)) (resp. Str((X,M)/(S,N))). Let (U, T, L,$) be an ob-
ject of ((X,M)/(S,N))¢. Since (U, M) — (S,N) is log smooth (resp.
formally log smooth), there exists a section of ¢ : (U, M) — (T, L) etale lo-
cally on T'. (Definition 2.2.2, Proposition 2.2.13.) Let s : (7", L) — (X, M)
be the composite of this section (7" is etale over T') with the morphism
(U,M) — (X,M). Then E determines a sheaf s*E on T”. Suppose
there exist two sections s,t¢ : (T',L) — (X, M). Then, by the universal-
ity of log infinitesimal neighborhood, there exists an integer n such that
sxt: (T, L) — (X, M) x(g,ny (X, M) factors as

(T',L) = (X", M™) — (X, M) x(sn) (X, M).

Then pullback of €, : Oxn ® E — E ® Oxn» by u determines an iso-
morphism t*E — s*E. This fact and the cocycle condition of the log
stratification (resp. the log formal stratification) {e,} show that the above
sheaf s*FE descents to T'. One can check also that the resulting sheaf on T
is independent of the choice of the sections, and that it is coherent (resp.
isocoherent). (In the case of formal log schemes, we use the rigid analytic
faithfully flat descent of Gabber ([O1, (1.9)]).) The fact that the above Er’s
form an object of Cins((X,M)/(S,N)) (resp. ILins((X,M)/(S,N))) can be
proved also by using the cocycle condition of {e,}.

It can be checked easily that the above two functors are the inverse of
each other. OJ

Combining Propositions 3.2.9, 3.2.11 and 3.2.14, we obtain the following
result, which is the main result in this section:
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THEOREM 3.2.15. Let f: (X, M) — (S, N) be a log smooth morphism
of fine log schemes over Q (resp. formally log smooth morphism of fine log
formal V -schemes). Then the following three categories are equivalent:

(1) The category C((X,M)/(S,N)) of integrable log connections
(resp.  The category C((X,M)/(S,N)) of integrable log formal
connections).

(2) The category Str((X,M)/(S,N)) of log stratifications (resp. The
category S/\tr((X, M)/(S,N)) of formal log stratifications).

(3) The category Cins((X, M)/(S,N)) of crystals (resp. The category
It (X, M)/(S, N)) of isocrystals) on log infinitesimal site (X, M)/
(8, N))int.

COROLLARY 3.2.16. Let f : (X,M) — (SpecV,N) be a proper log
smooth morphism of fine log schemes. Let us denote the generic fiber of
f by (Xk, M) — (Spec K, N) and the p-adic completion by (X, M) —

(Spf V, N). Then there exists a canonical equivalence of categories

C((Xk,M)/(Spec K,N)) — Ine((X,M)/(Spf V, N)).

ProOOF. First, by Theorem 3.2.15, the category C((Xg,M)/
(Spec K, N)) is equivalent to the category Str((Xg,M)/(SpecK,N)).
Next, by [O1, (1.4)], there exists canonically an equivalence of categories
Coh(Oxp) — Coh(K ® Oy,) (where X}, X™ are the n-th log infinitesi-
mal neighborhood of the diagonal morphism), and this functor induces an
equivalence of categories Str((Xg,M)/(Spec K, M)) — S/\tr((f(, M)/
(Spf V, N)). Moreover, again by Theorem 3.2.15, Str((X, M)/(Spf V, N))
is categorically equivalent to Iin¢((X, M)/(Spf V,N)). By combining them,
we obtain the assertion. [

Finally, we give some remarks on the category of isocrystals on log in-
finitesimal site which we need later.

REMARK 3.2.17. Let (X,M) — (S,N) be a formally log smooth
morphism of fine log formal V-schemes. We remark that the category
Ling((X,M)/(S,N)) is an abelian tensor category.
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Indeed, by Theorem 3.2.15 (Proposition 3.2.14), it suffices to show that
the category S/\tr((X, M)/(S,N)) is an abelian tensor category. Since Oxn
is a locally free Ox-module with respect to both right and left Ox-module
structures, formal log stratifications are inherited to kernels and cokernels
of sheaves naturally. Hence kernels and cokernels exist in the category
S/\tr((X, M)/(S,N)), and it is easy to check that the image and the coimage
coincide. Therefore E/it\r((X ,M)/(S,N)) is an abelian category. The tensor
structure is given by (E,{e,}) ® (E',{€,}) := (E® E',{id ® €, 0 ¢, ® id}).

REMARK 3.2.18. Assume that we are given the following commutative
diagram of fine log schemes (resp. fine log formal V-schemes)

(X, M) —— (X', M)

1
(Sv N) AR (S,v N/)7
where f and f’ are log smooth (resp. formally log smooth). Let (X", M™),
(X", (M")*) (n € N) be the n-th log infinitesimal neighborhood of
(X7 M)7 (leM,) in (Xa M) X (S,N) (X7 M)7 (XlaM/) X(S",N") (X,aM/)a re-
spectively. Then, by the above diagram, we have the compatible family of
morphisms ((X')", (M')") — (X™, M™), and it induces the functor

g*: Str((X,M)/(S,N)) — Str((X', M")/(S’, N")).

(resp. g* : Str((X, M)/(S, N)) — Str((X', M) /(S N")). )
Hence, by the equivalence of categories in Proposition 3.2.14, The ‘pull-
back’ functor

9"+ Cine((X, M)/(S, N)) — Cine((X', M)/ (5", N'))

(resp. g™ : Tin¢((X, M)/(S, N)) — Line (X', M) /(S",N")) )

is defined.
It is possible to define the pull-back functor of the topos associated to
the infinitesimal site in general, but we do not pursue this subject here.
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REMARK 3.2.19. Assume that we are given the following cartesian
square of fine log formal V-schemes

(X, M) <<— (X', M)

7| a
(S,N) —— (8, N),
where f and f’ are formally log smooth and S’ is defined by S :=
Spec Og/(p-torsion). Define X™, (X’)" as in Remark 3.2.18. Then one can
see easily (by [O1, (1.2)]) that the functor Coh(K ® Oxn) — Coh(K ®
O(x1yn) gives an equivalence of categories. Hence so does the functor

9"+ St((X, M)/(8, N)) — Str((X', M')/(S', N)).
So, the pull-back functor

9"+ Lt (X, M)/ (S, N)) — Lt (X', M") /(S N'))
gives an equivalence of categories.

REMARK 3.2.20. Let (X, M) — (5, N) be a formally log smooth mor-
phism of fine log formal V-schemes, and assume we are given the following
diagram of formal V-schemes

X « XxX0O xO = x®

! ! ! |
S — sO g S@)

1)

T

where the horizontal lines are etale hypercoverings (up to level 2). Then
one can define functors

p = Lint (X, M)/ (S, N)) — L (X, M)/ (5O, N)),

bi: Iinf((X(O)aM)/(S(O)>N)) - inf((X(l)vM)/(S(1)>N)) (Z = 172)7
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which are induced by the above diagram. Let Aj,; be the category of the
descent data of isocrystals with respect to these functors, that is, the cate-
gory of pairs (£, ), where £ € I (X, M) /(S N)) and ¢ is an isomor-
phism pa(£) == p1(E) in L (XD, M) /(SN N)) satisfying the condition
p12(¢) 0 paz(p) = p13() in Line((XP, M) /(S?), N)). Then there exists a
canonical functor

Tint (X, M)/(S,N)) — At

induced by p. By using rigid analytic faithfully flat descent of Gabber ([O1,
(1.9)]), one can check that this functor gives an equivalence of categories.
That is, the category of isocrystals on log infinitesimal site admits the
descent for etale coverings.

REMARK 3.2.21. One can find the calculations similar to those in this
section in a paper of Ogus [O3, 1.1]. He defines the rings of HPD-differential
operators for log smooth morphisms of fine log schemes of positive charac-
teristic. On the other hand, our rings of differential operators are defined
without using PD-structures and hence behave well for log smooth mor-
phisms of fine log schemes over Q or formally log smooth morphisms of fine
log formal V-schemes.

Chapter 4. Crystalline Fundamental Groups

Throughout this chapter, let p be a prime and let k be a perfect field of
characteritic p. Denote the Witt ring of k£ by W and denote the fraction

field of W by Ky. Let (X, M) be a fine log scheme over k, let (X, M) 7,

(Spec k,N) < (Spf W, N)) be morphisms of fine log formal W-schemes and
let = be a k-valued point of Xy ¢,. In this chapter, we give a definition of
crystalline fundamental group 7" ((X, M)/(Spf W, N),z) of (X, M) over
(Spf W, N)) with base point x, and prove some basic properties.

4.1. Definition of crystalline fundamental groups

Let (X,M) be a fine log scheme over k and let (X, M) 1,

(Spec k, N) <> (Spf W, N) be morphisms of fine log formal W-schemes.
Denote the canonical PD-structure on W by v. Put W, := W ® Z/p™Z for
n € N and denote the PD-structure on W,, induced by v also by ~.
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K. Kato defined in his article [Kk1] the notion of the log crystalline site
(X, M)/(Spec Wy, N,7¥))erys and crystals on it. In this section, first we
recall the basic definitions on log crystalline site. We also consider the log
crystalline site ((X, M)/(Spf W, N,7))crys over a formal base. Then, using
the category of isocrystals on the log crystalline site over a formal base, we
give the definition of crystalline fundamental groups. Finally, we give some
basic properties which they should satisfy: The first one is the crystalline
version of Hurewicz isomorphism and the second one is the bijectivity of
crystalline Frobenius.

First let us recall the definition of log crystalline site:

DEFINITION 4.1.1. Let (X,M) be a fine log scheme over k and let
(X, M) N (Spec k,N) <> (Spf W, N) be morphisms of fine log formal
W-schemes. Let W,,~ be as above. Then we define the log crystalline
site (X, M)/(Spec Wy, N))erys (resp. ((X, M)/(Spf W, N))erys) as follows:
An object is a 5-ple (U,T,L,i,6), where U is a scheme etale over X,
(T,L) is a fine log scheme over (Spec W,, N) (resp. a fine log scheme
over (SpecW,, N) for some n), i : (U, M) — (T,L) is an exact closed
immersion over (SpecW,, N) (resp. over (SpfW,N)), and 6 is a PD-
structure on the defining ideal of U in Op which is compatible with ~.
A morphism from (U, T, L,,6) to (U, T',L',i,68") is a pair of morphisms
f:(UM)— (U,M), g: (T,L) — (T',L') over (Spec W,,, N) (resp.
over (Spf W, N)) satisfying i’ o f = g o4 which is compatible with PD-
strutures. A covering is the one which is induced by the (classical) etale
topology of T.

We often denote the 5-ple (U, T, L,i,6) simply by T, and we often de-
note the site ((X,M)/(Spec Wy, N))earys (resp. ((X,M)/(Spec W, N))crys)
simply by (X/W,,)2%, (resp. (X/W)wg,), when there will be no confusion
on log structures.

We define the structure sheaf Ox /y, (resp. Ox /) on (X/Wn)g%,s (resp.
(X/W)es) by

Oxw, (T) :=T(T,Or).

(resp. Oxyw(T):=T(T,0r). )

Next we recall the notion of crystals and isocrystals on log crystalline
site:
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DEFINITION 4.1.2. Let the notations be as above. A crystal on the site
(X/W, )Crys is a sheaf of O/, -modules F such that, for any morphism
g: T — T in (X/W, )crys, the induced map ¢*Fr — Fp is isomorphic,
where Fp is a sheaf on T induced by F. A crystal F on (X/W,)u8, is
called coherent (resp. locally free) if each sheaf Fr is a coherent (resp.
locally free) Op-module for any 7' € (X/ Wn)lc?%,s Similarly we define the
notion of crystals on (X/W)eSs and coherent (resp. locally free) crystals
on (X/ W)}f;%s We denote the category of coherent crystals on (X/ W@lﬂ%s
(resp. (X/W)E.) by Cerys((X/W,)108) (resp. Crys((X/W)o8)).

DEFINITION 4.1.3. Let the notations be as above. We define the cat-
egory of isocrystals Ierys((X, M)/(Spf W, N)) (we often denote simply by
Lerys((X/W)8)) on the log crystalhne site (X/ W)Crys as follows. The ob-
jects are coherent crystals on (X/ W)Crys For coherent crystals £ and F,
morphisms are defined by

Homy,, . ((x/wyes) (€, F) := Ko @w Home,, . (xjwyos) (€, F).

When we regard a crystal F as an isocrystal, we denote this object by
Koy® F.

Let (X,M) be a fine log scheme over k and let (X,M) 7,

(Spec k,N) < (Spf W, N) be morphisms of fine log formal W-schemes.

Then we denote the nilpotent part Nkooy,y leys((X, M)/(Spf W, N))

of the category Ileys((X, M)/(Spf W, N)) with respect to Ko ® Ox/w

by Nleys((X,M)/(Spf W, N)). (We often denote it simply by

N Ierys((X/W)8), when there will be no confusion on log structures.)
Then we have the following proposition:

PROPOSITION 4.1.4. Let (X,M) be a fine log scheme over k and let

(X, M) — (Spec k,N) — ! (Spf W, N)) be morphisms of fine log formal W -
schemes. Assume that K0®H0((X/W)Crys, Ox/w) is isomorphic to a field.
Then the category N Iepys((X/W)'°8) is a Tannakian category.

PROOF. Let C' be the category of sheaves of Ox/w-modules on
(X/ W)g%,s and let C be the abelian category obtained from C’ by inverting
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the morphism ‘multiplication by p’. Then C is an abelian tensor category
and ITerys((X/W)8) is a full subcategory of C. Hence N Tepys((X/W)108) is
a full subcategory of NC.

First we claim that N leys((X/W)1°8) is equivalent to NC. That is, we
claim that each object in N'C is an isocrystal.

Let E be an object in N'C. To show the assertion, we may assume there
exists an exact sequence in C

0— F — E 5 Ky @ Oy py — 0,

where F is an object in N eyys((X/W)1°8). Let Fy be a crystal representing
F and Ej be an object in C’ representing E. Then there exists a morphism
fo 1 Eo — Oxyw which represents p"f for some n. Then Ker(fo) is
isomorphic to F in the category C. So there exists morphisms in C’

g1 : Ker(fo) — Fo,

hl . F() I Ker(fo),

such that hjog; = p™ and g1 0 h; = p™ holds for some m € N. Also, Im( fj)
is isomorphic to Ko ® Ox/w in the category C. So there exists morphisms
in C’

92 : Im(fo) — Ox/w,

he : Oxw — Im(fo),
such that ho o go = pl and goohy = p' holds for some | € N. If we pull back
the exact sequence

0— Ker(fo) e Eo — Im(fo) — 0

by ho and then push it out by g1, we get the exact sequence

0 — Fy — Ey — Oxyw — 0,

where E is an object in ¢’ which also represents E. By the above exact
sequence, one can check that Ej is a crystal. Therefore, E is an isocrystal.
So the category N lepys((X/W)'°8) is equivalent to NC.
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Then, by Proposition 1.2.1, the category NIcrys((X/W)log) is an abelian
category. Moreover it is easy to check that N Ierys((X/W)°8) has a canon-
ical tensor structure which makes this category a rigid abelian tensor cate-
gory.

To show the category N Iyys((X/W)'°8) is Tannakian, it suffices to prove
that there exists a fiber functor & : Nlyys((X/W)'8) — Vecy,, where L is
a field.

We prove the existence of a fiber functor as above. Since Ky Qw
HO((X/W)&Es, Oxyw) is a field, p* # 0 holds in HO((X/W)e%s, Ox/w)-
Hence there exists an object Ty, := (Upn, Ty, Ln, in, 6,) in (X/W)e3 such
that T, is affine and p™ # 0 holds in I'(T;,, Or,, ). Put A :=[],, o5 IT'(Th, Or,,).
Then A is a W-algebra and the canonical homomorphism W — A is in-
jective. So we have Ko ®w A # 0. Let I be a maximal ideal of Ky @y A
and put L := (Ko ®w A)/I. Then we can define the functor

Nlerys((X, M)/(Spt W, N)) = (Ko ®w A-modules)

— Vecy,

where ev is defined by & — Ko @w ([ [,y E(T)) and the second arrow
is induced by the ring homomorphism Ky ®y A — L. We denote this
functor by €. One can check that ¢ is an exact tensor functor, noting that
the essential image of ev consists of free modules. Moreover, by [D2, (2.10)],
¢ is faithful. Hence ¢ is the desired fiber functor. OJ

Now we define crystalline fundamental groups:

DEFINITION 4.1.5 (Definition of #7"”*). Let (X,M) be a fine log

scheme over k and let (X, M) 4, (Spec k, N) — (Spf W, N) be morphisms
of fine log formal W-schemes such that the underlying morphism of schemes
of f is of finite type and that Ko @y HO((X/W)wg,, Ox w) is a field. Let
x be a k-valued point of X, over Spf W. Then we define the crystalline
fundamental group of (X, M) over (Spf W, N) with base point z by

mV (X, M) /(Spf W, N), 2) := GN Terys (X/W)'8), wy),
where w, is the fiber functor

NICTYS((X/W)log) - NIcrys((x/W)log) >~ VecK
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and the notation G(---) on the right hand side is as in Theorem 1.1.8.
When there will be no confusion on log structures, we will denote the
crystalline fundamental group m"”*((X,M)/(Spf W,N),z) simply by
7V ((X/W)8 2). When the log structures are trivial, we abbreviate to
write the superscript 1°8,

REMARK 4.1.6. The existence of the point x assures that the category
Nlerys((X/W)8) in the above definition is actually a neutral Tannakian
category.

Here we give a wuseful sufficient condition for the category
N Ierys((X/W)18) to be Tannakian, which is analogous to Proposition 3.1.6:

PROPOSITION 4.1.7. Let (X,M) be a fine k-scheme over k and let

(X, M) 1, (Spec k, N) <> (Spf W, N) be morphisms of fine log formal
W -schemes. Assume that f is log smooth integral of finite type and that
X is connected and reduced. Then Ky Qw HO((X/W)IC%,S, Ox/w) is a field.
In particular, the category /\/Icrys((X/W)log) is a Tannakian category by
Proposition 4.1.4.

PROOF. For a finite extension k C k' of fields and a scheme Y over
X ®y k', let us denote the ring HO(((Y, M)/(Spec W (K'), N))erys: Oy w (i)
simply by Hl%g_crys(Y/W(k’)).

First, let us note the following claim:

cLAIM 1. Let k C k' C k" be finite extensions of fields and put X' :=

Xk, ffi=ferk : (X' ,M) — (Speck’,N). Let U be a connected
component of X}, and let € U(k”). Then the homomorphism

-triv
a:Q®z Hloog-crys(U/W(k/)) — Q®z Hl?)g-crys(x/W(k,)) =Q®z W(k”)
is injective, and it is isomorphic if &' = k” holds.

PrROOF OF crLAIM 1. Let us take a diagram

v Tlui =[]0

el i€l
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where U;’s and U;’s are affine and connected, ¢ is an open covering of U and
¢ is a closed immersion such that each Uj is formally smooth over Spf W (k')
and that U; xgpew Speck = U; holds. Let iy be an index such that x € Uj,.

First we prove that the restriction a; : Hﬁ)g_crys(U /W(K)) —
Hﬁ,g_crys(Uio/W(k")) is injective. Let a be an element in Ker(aq). Since

the restriction H (U/W(K')) — ®ierH

log-crys log—crys(Ui/W(k/)) is injective,
it suffices to show that the restriction of a to Hﬁ)g_crys(Ui JW (k")) is zero for
any i € I. Let U—g (resp. Uxg) be the union of U;’s such that the restriction
of a to Hgg_crys(Ui/W(k’)) is zero (resp. is not zero). It suffices to prove
that U is empty. Assume the contrary. Then, since U is connected, there
exist 41,42 € I such that the restriction of a to Hﬁg_crys(Uil/W(k’)) (resp.
Hl?)g_frys(UiQ/W(k’))) is zero (resp. not zeNro) and that ({ilﬂUiQ is non-empty.
Let U’ be the open sub formal scheme of U;, such that U' x5 U;, = U;, NUj,
2

holds. Let o’ is the image of a by the homomorphism
Hl(())g—crys(U/W(k/)) - Hl%g-crys(UiQ/W(k/)) - F(ﬁiw (9[]12)

(The injectivity of the second arrow follows easily from [Kk1, (6.2),(6.4)].)
Then the restriction of a’ to T'(U’, Op,) is zero, since it is the image of a by
the homomorphism

Hipgcrys(U/W (k') — Hidrys(Uiy N Ui /W (K')) = T(U", Op).

Now, note that the restriction F(UiQ,OU ) — I‘(ff’,(’)g,) is injective.
2

Hence a’ = 0 holds. So the restriction of a to Hl%g-crys(Uiz/W(k/)) is zero,

and it is a contradiction. Hence we have U,y = (). Therefore ; is injective.
Next we prove the injectivity of the restriction
Qg . Hl%g-crys(Uio/W(k,)) - Hl%g-crys(x/W(k,» = W(k‘ﬂ)
Let D be the p-adically complete PD-envelope of the closed immersion
x — U;y = U;,. Then we have the following commutative diagram:

0
H, log-crys

(Ulo/W(k/)) —2 Hl%g—crys(m/W(k/))

! |

(U, Og, ) _° I'(D,0p),
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where the vertical arrows are injective. Hence it suffices to prove the injec-
tivity of b. It follows from the fact that b is isomorphic to the inclusion of
rings

W (K {t1,- - tp} — W(E (g, t)

etale locally (for some r), where W (k”)(t1,- -+ ,t,) is the p-adic completion
of PD-polynomial ring.
Since aq,as are injective, so is @. On the other hand, we have the

natural inclusion W (k') C Hl%g_crys(U /W (K')). Hence « is surjective if

k' = k" holds. Hence we obtain the assertion. [J
Next, we prove the following claim:

CLAIM 2. Let k, X, f be as in the statement of the proposition, and let
U be a connected component of Xy_¢,. Then the natural homomorphism

5 : Q Rz Hl%g—crys(X/W(k)) I Q Rz Hloog—crys(U/W(k))
is injective.
Let Xy triv = ]_[?:1 U; be the decomposition into the connected compo-

nents with U = U;. First, to prove the claim 2, we prepare the following
claim:

cLAIM 3. To prove the claim 2, one may assume the following condition

(%):
(x): For each i, U;(k) is non-empty.

PROOF OF CLAIM 3. The proof of this claim is the same as that in claim
3 in Proposition 3.1.6, noting that we have the base change isomorphism

W(k/) ®W(k) Hl%g—crys(X/W) = Hl%g—crys(X Xk k//W(k,))a

W(k/) ®W(k) Hl?)g—crys(U/W) = Hl%g—crys(U Xk k//W(k/))v
for a finite extension k C k', which can be deduced from [Hy-Kk, (2.23)] in

the same way as the case of usual crystalline cohomology. O

PROOF OF cLAIM 2. By claim 3, we may assume the condition (x) to
prove the claim 2. So we assume it. Let a be an element in Ker(g).
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By claim 1 (in the case k = k' = k") for U; and a k-rational point in U;
(whose existence is assured by the condition (x)), the composite

Ko CQ®z Hl(())g—crys(X/W) — Q®z Hl(())g—crys(Ui/W)

is an isomorphism. Hence there exists a unique element b; € Ky C Q ®z

Hl%g_cryS(X /W) (1 < i < n) such that the restrictions of a and b; coincide
in Q®z Hily erys(Ui/W).

Let us take a diagram

(X, M) <= TT(X0, M) = [T(X5, M),
jeJ jeJ

where X;’s and X j’s are affine and connected, ¢ is an open covering of X
and ¢ is an exact closed immersion such that each (X;, M Xj) is formally log
smooth integral over (Spf W, N) and that (X, MX]-) X sptw,n)(Speck, N) =
(X;, M) holds. Let a € Ker(3) and let a; (j € J) be the image of a via the
composite

Q®z Hl?)g—crys(X/W) — Q®z Hl%g—crys (X]/W) — Q®z F(Xj7 Of(y)
= Q®z Aj.

It suffices to show that a; = 0 holds for any i € I.
By the connectedness of X, it suffices to show the following two asser-
tions:

(1) aj = 0 holds when X; N U is not empty.
(2) When X; N X is not empty and a; = 0 holds, then a;; = 0 holds.

First let us prove the assertion (1). Assume a; is not equal to zero. Then, by
multiplying by p™ for some m € Z, we may assume that a; € A;,a; ¢ pA;.
(Note that A; is flat over V.) For 1 < ¢ < n, let Xj; be the open sub
formal scheme of X satisfying Xj; X%, X; = X; NU;. Then the image of
a; and b; in Q @z I'(Xj;, (’)in) coincide. Hence we have b; € W. Denote

ajmodp € I'(X;,0x;) =: Bj, bymodp € k simply by @j, b;, respectively.
Then @; # 0 holds.

For an element z € Bj, denote the closed set {x € X;|z = Oink(x)}
(where k(z) is the residue field of ) by C, and regard it as a reduced
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closed subscheme of X;. Then, we have U; N X; C C’Erl—)i. Let us denote
the closure of U;NX; in X; (regarded as a reduced closed subscheme) by D;.
Then we have D; C Caj 5, Since Dj; is reduced, @; — b; is equal to zero in

I'(D;, Op,). Now let us assume that D; 1Dy # () holds. Then, b; = b holds
in T((Di N Dyr)red> O(p;n Dy)re ,) since they both coincides with the image of
aj. Since bi, by € k, we have b; = by in k. Since X ptriv C Xj is open
dense by Proposition 2.3.2, we have X; = |J; D;. This fact, connectedness
of X; and the assumption X; N U; # () imply the equation b; = by for any
i satisfying X; N U; # (. On the other hand, since a € Ker(3), we have
by = 0. So b; = 0 holds for all i satisfying X i NU; # 0. Therefore we have
D; C Ca]- 5 = Caj for all such i’s. So one get the equality X; = Ca].. Since
X is reduced, we have @; = 0 in Bj;. This is a contradiction. Hence a; = 0
holds.

Next let us prove the assertion (2). Since X; N X/ is not empty, there
exists an index 1 < i9 < n such that X; N X;» NU;, # 0 holds. Since aj =0
holds, the restriction of a to Q ®z Hloog—crys(Xj N X NU;, /W) is equal to
zero. Since the map Q @z Hy), ..y (Uig /W) — Q @z Hyy o (X; 0 X N
Ui, /W) is injective (which can be proved as in the proof of injectivity of the
homomorphism «; in claim 1), the restriction of a to Q ®z Hﬁjg_crys(Uio/W)
is zero. Then, by the argument in the proof of the assertion (1) (replacing
Xj, X;,Up by Xj/, X1, Uy, respectively), one can show the equality a; =
0.0

Now we finish the proof of the proposition by using the claims. Let U
be a connected component of Xy, and let x be a closed point of U and
let k&’ be the residue field of x. Let us consider the following diagram:

Ko CQ®z Hl?)g—crys(X/W) i) Q®z Hl?)g—crys(U/W)
— Qg H(z/W) = Qg W(K').
By claim 1, « is injective and by claim 2, 3 is injective. So there are

inclusions of rings Ky C Hgg_cryS(X/W) C Q®z W(K'), and they imply
that Hl%g_dR(X/k:) is a field. O

In the rest of this section, we give two most basic properties of crystalline
fundamental groups. The first one is Hurewicz isomorphism.
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THEOREM 4.1.8 (Hurewicz  Isomorphism). Let (X, M) R

(Spec k, N) — (Spf W, N) as in Definition 4.1.5. Then, for any k-rational
point x of Xy uiy over Spf W, there is a canonical isomorphism

(Lie 7™ ((X/W)'°¢,2))" = Ko @w H' ((X/W)%s: Ox/w)-

crys?

Proor. Obvious by Corollary 1.1.10. OJ

Next we define the crystalline Frobenius and show that it is isomor-
phic under certain condition. Let (X, M) be a fine log scheme over k and

(X, M) 1, (Spec k,N) — (Spf W, N) be as in Definition 4.1.5. Suppose
there exists a lifting

o+ (SptW,N) — (Spf W, N)
of the absolute Frobenius of (Spec k, N) and let
Fabs - (X, M) — (X, M)
be the absolute Frobenius. Then there exists the functor
(F™%)* : Norys (X, M) /(SPEW, N)) — Nlerys((X, M)/ (Spt W, N))
and it induces the morphism of crystalline fundamental groups

(F*%), : 7™ (X, M) /(Spt W, N), z) ®k, o+ Ko
— wfrys((X, M)/(Spf W,N), x)

for any k-rational point x of Xy gy, where o* : Ky — Ky is the homomor-
phism induced by o. We call this map (absolute) crystalline Frobenius.
Let (X®, M®) be (X, M) X(sprw.ny,o (SEW,N). Then F** induces
the morphism
F:(X,M)— (X® p®)



Crystalline Fundamental Groups I 595

called relative Frobenius. This map induces the morphism of crystalline
fundamental groups

F, 7™ ((X, M)/(Spf W, N), z) — 7 ((X®) M®))/(Spf W, N), F(x)).
we call this map relative crystalline Frobenius.

THEOREM 4.1.9. Let the notations be as above and moreover assume
that f is log smooth integral and of Cartier type. Then the absolute crys-
talline Frobenius

(F5), : 77 ((X, M)/(Spt W, N), z) ® 0 Ko
— 7Y (X, M) /(Spf W, N), z)

and the relative crystalline Frobenius
F, : 7(X, M) /(Spt W, N), z) — 73 (X®) MP))/(Spf W, N), F(x))
are isomorphisms.

PROOF. Let s be the natural morphism (X®, M®)) — (X, M). Tt
suffices to prove that the functors

s* Nfcrys((X/W)log) — NIcrys((X(p)/W)log)a

ok :Nfcrys((X(p)/W)log) —>Nfcrys((X/W)log)7

give equivalences of categories. For £ = Ky ® &, = Ko ® 56 €
N ey (X/W)108) (vesp. N Tepys((X®P)/WW)8) the group of homomorphism
Hom(&, ') in the category N Terys((X/W)'8) (resp. N Lepys((X®P)/T)lo8))
is naturally isomorphic to the group

Q @z H((X/W)%e, Hom(E, €'0)) =: HO((X/W)e5,, Hom(E, £"))

(resp.  Q @z H((X®) /W) 2%, Hom(&, o))

crys?

— HO((XW) /W), Hom(€,€')) ),

crys»
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and the set of the isomorphism classes of extensions

0—>K0®(9X/W—>g—>€—>()

(resp. 0—>K0®(’)X<p>/w—><§—>5—>0 )

is isomorphic to

Q @z H' (X/W)&e: £0) = H' (X/W) &5, €)

crys? crys?

(resp. Q@7 H'(XP) /W), &) = H' (X/W)35s.E) )

Since the categories N Terys((X/W)'8), N Tpys((X®) /TW)18) are nilpotent,
it suffices to show that the homomorphisms

57 (X W)%,,€) ©1cy.0 Ko — HI((XW/W)5 5°€),

F*: H(XP /w)le &'y — HI((XP)/W)le  F*eh,

crys’ crys?

are isomorphisms for any & € N pys((X/W)1%8), £ € N Lpys (X ) /T)l08)
and ¢ = 0,1 to prove the desired equivalences of categories. Moreover, by
using five lemma, one knows that it suffices to show the homomorphisms

s 1 Ko @010 (Ko @w H'((X/W)$Es, Oxjw))
— Ko @w H'(XP /W), Oxm w),

crys?

F*: Ko Qw Hi((X(p)/W)L3§s70X<p)/W)
— Ko @w H'(X/W)$%, Ox/w),

are isomorphisms for i € N. But they follow from [Hy-Kk, (2.23), (2.24)].
Hence we obtain the assertion. [J
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4.2. On independence of compactification

Let k£ be a perfect field of characteristic p > 0 and let W be the Witt
ring of k. Let f : X — Speck be a proper smooth morphism of schemes
and let D be a normal crossing divisor in X. Then, as we saw in Section
2.4, we can define the log structure M on X associated to the pair (X, D)
such that (X, M)ty = X — D =: U. Therefore, for z € (X — D)(k), we
can define the crystalline fundamental group 77" ((X, M)/Spf W, z). It is
expected that this fundamental group is the crystalline realization of the
motivic fundamental group of U. So it is natural to consider the following
problem:

Problem 4.2.1. Let the notations be as above. Then, is the crystalline
fundamental group 77"*((X, M)/Spf W, z) independent of the choice of the
compactification (X, D) of U as above?

In this section, we will give an affirmative answer to this problem under
the condition dim X < 2. We need this condition here because we use
the resolution of singularities (see [A] or [L]) and the structure of proper
birational morphisms of surfaces ([Shal).

THEOREM 4.2.2. Let X; be proper smooth varieties over k and let D;
be a mormal crossing divisor on X; (i = 1,2). Denote the log structure
on X; associated to the pair (X;, D;) by M;. Assume that we are given an
isomorphism X1 — D1 = X9 — Dy and we denote this scheme by U. Assume
moreover that dimU < 2 holds. Then, for any k-rational point x in U,
there exists an isomorphism

ﬂ_il‘yS((X17 Ml)/SprV, x) iad 71.?ryS((Xg, Mg)/Spf W, $)

PROOF. Let X’ be the closure of the image of diagonal map U — X X
Xs. Let D' be X' —U. Then by the embedded resolution for D’ C X', there
exists a proper birational morphism X3 —— X’ such that D5 := f 1D rea
is a normal crossing divisor on X3. (For this embedded resolution, see [A].)
Since pr;og : X3 — X; (i = 1, 2) is proper birational, we may assume that
there exists a proper birational morphism X5, N X1 which is identity on
U. If dimU = 1 holds, this implies X» = X; and the theorem is obvious.
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Hence we may assume dimU = 2. By [Sha, p.55], f can be written as a
composition of blow ups at closed points which are not in U. Hence we may
assume that f is a blow up at a closed point which is not in U. We prove
that the functor f* : Nerys((X1, M1)/Spt W) — N Ierys((X2, M) /Sptf W)
gives an equivalence of categories. By the argument in the proof of Theorem
4.1.9, it suffices to show that the homomorphisms

f*:Qez H (X1, M1)/Spf W)erys, €) — Q ®z H? (X2, Ma)/Spf W, f*€)

are isomorphisms for any € € N Ieys((X1, Mq)/Spf W) and j = 0,1. Hence
the theorem is reduced to the following lemma:

LEMMA 4.2.3. Let (X1, M), (X2, Ms) and f be as above and let £ be
a locally free, coherent crystal on the site (Xl/W)}f}%S. Then the homomor-
phism
HI (X1 /W)eE,, &) — H ((Xo/ W), [¥E)

crys? Crys?

is an isomorphism for j =0, 1.

PRrROOF. First, by base change theorem for log crystalline cohomology
([Hy-Kk, (2.23)]), we can enlarge the field k to a finite extension. Hence we
may assume that f is a blow-up at a point z € D (k).

For a site S, we denote the topos of sheaves on the site S by S~. Then
there exists a canonical morphism of topoi

ux, /w: (Xi/W)98s — X7

crys i,et”

Then there exists a map of complexes
(421) RUXI/W’*(C/’ — Rf*RUXQ/Wy*f*S

which induces the map between the log crystalline cohomologies above.
Then it suffices to show that the map (4.2.1) is a quasi-isomorphism. To
prove it, we may work etale locally. Hence we may assume (X1, D1, 2) lifts
to (Y1,C1,y), where Y] is a formal scheme which is formally smooth over
Spf W, C is a relative simple normal crossing divisor on Y1, and y is a
W-valued point of (. let us denote the blow up of Y; with center y by Y5
and the inverse image of C; by Cs. Then (Y3, C5) is a lifting of (Xo, Ds).
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We denote the map (Y3, Cy) — (Y1,C1) by h. By [Kk1, (6.2)], the formal
log connection (F,V) on (Y1,Cq) corresponding the crystal £ is defined,
and by [Kk1, (6.4)], the map (4.2.1) is expressed by the map

E®w; — Rh(h"E @ wy),

where w; = Wiy, o)W the right hand side is the de Rham complex of
(E,V) and h*FE ® w, is the de Rham complex of h*(E, V). If we can show
the equality Rh.wi = w?, then the right hand side can be written as

he( WEQwy) ¥ E® hywy ~ E® w;
and the lemma is proved. Hence it suffices to prove that Rh,wi = wi.
First we consider the case that there are two components of C; which
contain y. In this case, the map h is formally log etale. Hence, by [Kk1,
(3.12)], h*w! = wi holds. So we have

Rh*wg = Rh*h*wil = w?.

Second we consider the case that there is only one component of C
which contains y. Denote this component by C11. In this case, we have the
following exact sequences

(4.2.2) 0 — h*w? — W) — 0,
(4.2.3) 0 — h'wl — wi — wh — 0,
(4.2.4) 0 — h*w? — wi — wi|p — 0,

where B is the exceptional curve, and if we denote the intersection point
of B and Cy; by w, w is defined by QE/W(log w). Hence wh and w3|p is
calculated as follows:

wh = Q}S/W(logw) = 0p(-1),

wy|p = h*wi(B)|p = O(B)|p = Op(-1).
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Therefore Rh,wh = 0 and Rh,(w3|p) = 0 hold. So, by the exact sequences
(4.2.2), (4.2.3) and (4.2.4), we have

Rh,wi = Rhh*wf = wi.
Hence the proof of the lemma, is finished. [J

Since the proof of Lemma 4.2.3 is finished, the proof of Theorem 4.2.2
is completed.

REMARK 4.2.4. In the forthcoming paper [Shi], we consider Problem
4.2.1 in another method and we give the affirmative answer in general case.

4.3. Formal log connections, HPD-isostratifications and
isocrystals on log crystalline site

Throughout this section, let k be a perfect field of characteristic p > 0, let
W be the Witt ring of k£ and put Ky := Frac W, W,, := W ®zZ/p"Z. In this
section, we define the log version of HPD-isostratifications defined in [02,
§7], and study the relation between HPD-isostratifications and isocrystals
on log crystalline site. As a consequence, we prove the descent property
of the category of isocrystals on log crystalline site. Then we recall the
relation between isocrystals on log crystalline site and integrable formal log
connections, which is essentially due to Kato ([Kk1]). We use these results
in the proof of Berthelot-Ogus theorem for fundamental groups in Chapter
5.

First let us define the notion of HPD-stratifications and HPD-isostrat-
ifications on log schemes:

DEFINITION 4.3.1. Let S be either SpecW,, or Spf W. Let (X, M)
be a fine log scheme over k and let (X, M) — (Speck,N) — (S,N) be
morphisms of fine log formal W-schemes. Let (X, M) — (Y, J) be a closed
immersion of (X, M) into a fine log formal W-scheme (Y, J) over (S, N).
Let D := D x ) ((Y, J))!°8 be the p-adically complete log PD-envelope. Let
D(1) be Dx an) (Y, ) % (s.n) (Y, J))!8 and let D(2) be D x 1) (Y, J) X (5.3
(Y,J) x(sn) (Y, J))°8. Then we have the projections p; : D(1) — D
(t =1,2), pij : D(2) — D(1) (1 < i < j < 3) and the diagonal map
A:D— D(1).

(1) We define an HPD-stratification on an Op-module E as an isomor-

phism € : p5E — p] E which satisfies the following two conditions:
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(a) A*(e) =id € Endp(E).
(b) (Cocycle condition)

Pia(€) o p33(€) = pis(e) € Hompa) (3, ¢ E),

where g3 = p2 0 pe3 and q1 = p1 o p12.
We denote the category of coherent sheaves of Op-modules with
HPD-stratifications by HPD((X, M) — (Y, J)).

(2) Let us assume S = Spf W. Then we define an HPD-isostratification
on a Ko®w Op-module E as an isomorphism € : pJ E — p]E satis-
fying the two conditions in (1). We denote the category of isocoher-
ent sheaves on D with HPD-isostratifications by HPDI((X, M) —
(Y, )).

Let (X, M) be a fine log scheme over k, let (X, M) — (Speck, N) —
(Spf W, N) be morphisms fine log formal W-schemes and let (X, M) —
(Y,J) be a closed immersion of (X, M) into a fine log formal W-scheme
(Y, J). Denote the fine log scheme (Y, J) X (spt w,3) (Spec Wy, N) by (Y, Jn).
Then we have the canonical functor (see [Kk1, §6])

(4.3.1) Cerys((X, M)/(Spec W, N)) — HPD((X, M) — (Y, J»)),
which is compatible with respect to n. Hence it induces the functor
(4.3.2) Cerys((X, M)/(Spf W,N)) — HPD((X, M) — (Y, J)),
and by inverting ‘multiplication by p’, it induces the functor

(4.3.3) Irys((X, M) /(Spt W, N)) — HPDI((X, M) — (Y, J)).

Let us consider the case that (Y,J) is formally log smooth over
(Spf W, N). Then, the proof of [Kk1, (6.2)] shows that the functor (4.3.1)
is an equivalence of categories. Hence so is the functor (4.3.2). From this,
one can conclude that the functor (4.3.3) is fully-faithful.

Moreover, one can prove the following:

PROPOSITION 4.3.2. Let the notations be as above and assume more-
over that (Y, J) is formally log smooth over (Spf W, N) and that we have
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(Y, J) X(sptw,n) (Speck, N) = (X,M). Then the functor (4.5.3) is an
equpivalence of categories.

PrROOF. We only have to show the above functor is essentially surjec-
tive. Since the functor (4.3.2) is an equivalence of categories, it suffices to
show the following lemma (for U = 0).

LEMMA 4.3.3. Let the situation be as above. (Note that in this situa-
tion, the p-adically complete log PD-envelope D in Definition 4.3.1 coincides
with Y'.) Let L be a p-torsion free coherent sheaf of Oy -modules and let € be
an HPD-isostratification on Ko® L. Let U be an open subset of Y (possibly
empty), let L' be a p-torsion free coherent sheaf of Oy |y-modules and let
a be an isomorphism Ko ® L' — Ko ® L|y. Assume that L' is €|y -stable
when viewed via o. Then, there exists a coherent extension L of L' to'Y
and an isomorphism o : Ko ® L — Ky ® L extending o such that L" is
e-stable when viewed via o/ .

PRrOOF. The proof is the log version of [02, (0.7.4)].

Replacing a by p"« for a suitable n, we may assume that « comes from a
morphism L' — L|y. Replacing L' with its image in L|y, we may assume
that L' C L|y. Choose m so that p™ annihilates L|y /L', and let L,, be
the restriction of L to the subscheme of definition Y;, defined by p™ and
L. C Ly|y be the image of L’ in L,,|y. Choose a coherent extension M,,
of L, to Y, and let M be the inverse image of M,,. Then Ky ® M is
isomorphic to Ko ® L and M|y is isomorphic to L'. Hence we may assume
that L' = L|y holds.

The rest of the argument is based on the proof of rigid analytic faith-
fully flat descent due to O.Gabber (cf. [02, (0.7.2)], [O1, (1.9)]). Let
D(1),D(2),p; : D(1) — Y (i = 1,2),p;j : D(2) — D(1)(1 < i < j < 3)
be as in Definition 4.3.1. Put F := Ky ® L and we define the map
0: E — piE by 0(z) = e(p3x).

By [Kk1, (6.5)], the maps p; : D(1) — Y are flat. Hence piL C piE
holds. Put ¢ := 0|1, and let L” be 6~ 1(piL).

First check that L” C L holds. Let Ag : pfE — E be a map z ® y —
rA*(y) for z € E and v € Op(;). Then Ag o6 = id holds and Ag sends
piL into L. If x is a local section of L”, §(x) € pjL holds and hence
x =Apgof(x) € L holds. Hence L” C L holds and so L” is coherent.
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Hence we have only to show that L” is compatible with 6. (Since L|y
is compatible with 6, L”|; = L|y holds and Ko ® L” = Ko ® 07 1piL =
0~'p;(Ko ® L) = E holds.) Since p; is flat, L” C L implies piL"” C p}L.
Hence we have to show that the map ¢’ = 6|7 : L” — piL factors through
piL”. Since the assertion is etale local, we may assume that Y = Spf A holds
and that there exists a chart (Py — L,Qw — N,Q — P) of (Y,L) —
(Spf W, N).

Until the end of this proof, we denote the p-adically completed tensor
product by ® and use the symbol ® only for usual tensor products.

Let fi (resp. f2) be the map P@®g P — P (resp. P®g P &g P — P)
induced by the summation and let R(i) be (f£?)~1(P) for i = 1,2. Let A(1)
(resp. A(2)) be the rings

(A&A) &z, (PooryZp{R(1)}  (vesp. (ARARA)Ry, (pa, PayryLpiR(2)} ).

Then the natural map A(1)®A(1) — A(2) is isomorphic. If we set
I(1) := Ker(A(1) — A) and I(2) := Ker(A(2) — A), we can identify

I(1)®A(1) + A(1)®I(1) with I(2) via the above isomorphism. By [Kkl,
(5.6)], D(i) is the usual PD-envelope of Y in Spf A(7). So it is affine. Put

D(i) = Spf B(i) for i = 1,2. By [B-O, (3.7)], the ideal I(1)B(1)®B(1) +
B(1)®I(1)B(1) of B(1)®B(1) has the induced PD-structure. Hence there
exists a map 3 : B(2) — B(1)®B(1) which makes the following diagram
commutative:

Let 6 be the composition B(1) — B(2) 2, B(1)®B(1). We denote
the group of global sections of E also by E. Then, by the cocycle condition,
the following diagram is commutative:

E  —Y-  E&BQ)

(4.3.4) el lid@é

E®B(1) —— E®B(1)®B(1).
0®id
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Consider the following diagram:

"o B@1) 299 Lé

g % E&BQ) 29 E&BQ1) ® B().

By definition, the square on the bottom left is Cartesian. Since p; is

flat, the large rectangle on the right is also Cartesian. Thus it suffices to
prove that the composition

" —EY% EéBQ) "2 E&B() 9 B(1) "2 B/L&B(1) ® B(1)

is the zero map. Since E/L is p-torsion, the natural map
E/L®B(1)® B(1) — E/L&B(1)&B(1)

is isomorphic, so it suffices to show that our map becomes zero after we
follow it with this isomorphism. If z € L”, then 6(x) € L&B(1) holds, and
so (0 ®id)0(z) = id ® §(z) € L&B(1)®B(1) holds by the diagram (4.3.4).
This proves the assertion. [

Since the proof of Lemma 4.3.3 is finished, the proof of Proposition 4.3.2
is also finished.

As a consequence of Lemma 4.3.3, we can prove the following descent
property (cf. [02, (0.7.5)]):

COROLLARY 4.3.4. Let (X, M) be a fine log scheme over k and let

(X, M) R (Spec k, N) — (Spft W, N) be a morphism of fine log formal
W -schemes such that f is formally log smooth. Then the descent for finite
Zariski open coverings holds for the category Ieys((X, M)/(Spf W, N)).

PRrROOF. The proof is the same as that of [02, (0.7.5)].
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We have only to show the descent for the open covering {X; — X }i—1 2
such that (Xs, M) lifts to a fine log formal W-scheme (Y, L) which is for-
mally log smooth over (Spf W, N). Let U be X; N X,. Now we are given
crystals & over (X;, M) for ¢ = 1,2 and an isomorphism of isocrystals
a:Ky®& — Ky®& on (U, M). If we regard these objects via the cate-
gorical equivalence of Proposition 4.3.2, we are given a coherent sheaf Lo on
Y, an HPD-isostratification €5 on Ky® Lo such that L is es-stable, a coher-
ent sheaf L; on Y|y, an HPD-isostratification €; on K¢ ® L; such that L is
€1-stable and an isomorphism « : Ko® L; — Ko® Lo on Y|y which is com-
patible with a.. (L;’s correspond to &;’s.) By the above lemma, there exists a
coherent sheaf L, on Y and an HPD-isostratification €, on Ky® L/, such that
L), is ej-stable, Ko ® Lo is isomorphic to Ky ® Lf, with HPD-isostratification
structures and the isomorphism o/ : Ko ® Ly — Ko ® Lo = Ko ® L) on U
is induced by Ly — L). If we denote the crystal corresponds to (L}, €})
by &£}, the isomorphism o' gives the descent data of crystals & and £ and
there exists a crystal € on (X, M) such that €|x, = & and €|x, = &, hold.
Since Ko ® &} is isomorphic to Ky ® &, the isocrystal Ko ® £ is the object
corresponding to the descent data. [

More generally, we can prove the descent property of the category of
isocrystals on log crystalline site for etale coverings. To state this, let us
introduce the following notation:

Notation 4.3.5. Let Sk be the category of fine log formal W-schemes
of the form [[;.;(Spf W(k;), N;), where |I| is finite and each k; is a finite
extension of k. Let (S,N) := [[,c;(Spf W (k;), N;) be an object in S and

let (X, M) N [L;c/(Speck;, N;) <% (S, N) be morphisms of fine log formal
W-schemes. Let X; be the scheme (i o f)~1(Spf W (k;)). Then we denote
the category [[;c; Lerys((Xi, M)/(Spf W (k;), N;)) simply by Ieys((X, M)/
(5. ).

Assume moreover that we are given a closed immersion (X, M) — (Y, J)
of (X, M) into a fine log formal W-scheme (Y, J) over (S, N). Denote the
structure morphism (Y, J) — (S, N) by g and put Y; := g1 (Spf W (k;)).
Then we denote the category [[,.; HPDI((X;, M) — (Y;,J)) simply by
HPDI((X, M) < (Y, J)).

el

Then the descent property is described as follows:
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PROPOSITION 4.3.6. Put S := Spf W. Let (X, M) be a fine log scheme

over k and let (X, M) 7, (Speck, N) < (S, N) be morphisms of fine log
formal W -schemes such that f is formally log smooth of finite type. Assume
we are given a commutative diagram of formal W-schemes

X «— xO0 . x@O =Z x@
iof | | | !
S — SO - g0 = 5@

where the horizontal lines are etale hypercoverings (up to level 2). Let
P < Lerys (X, M)/ (S, N)) — Ly (X©, 1) /(5@ N)),
it Teays (X, M) /(SO N)) — Ly (XD, M)/ (SD,N)) (i =1,2),

Pij : Lerys (X, M) /(S N)) — Lerys(XP), M) /(5P N))
(1<i<j=<3),
be the functors induced by the above diagram. Let Acys be the category
of pairs (€,p), where £ € Iys(X©, M)/(SO), N)) and ¢ is an isomor-
phism pa(€) = p1(€) in Lerys(X W, M) /(SD), N)) satisfying the condition
p12(0) 0 p23(p) = P13(¢) in Ierys (X, M)/(SP), N)). Then the functor
D Icrys((X) M)/(S’ N)) — Acrys

induced by p gives an equivalence of categories.

PROOF. Let X = (J,cp Ux be an open covering by finite number of
affine open subschemes. Put X () := [[,cp Un, X(1) := X(0) Xx X() and

X(Q) = X(O) XX X(O) Xx X(O) Put X((;g = X(]) XX X(z) Then we have the

following diagram:

© L = @
Xop = Xo o Xo o Ao
i D
Xy < Xy < Xy < Xy
oD
(4.3.5) Xo « X0 < xQ = x@
! ! ! !
X — x0 - @ xO Z x@

! ! !
S — O - g Z <@
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Let Acryg iy (i = 0,1,2) (resp. Af,y) be the category defined as Acpys
by using the diagram

(0) 1) = 2)
Xoy = Xg <= Xy < X5
! ! ! l
S — s . g Z g©
X < Xo < Xgy < Xy
resp. | ! ! !
S S — S = S
Then there exist functors
q; : Acrys,(O) - ACrys,(l) (Z =1, 2)7

Gij + Dorys,(1) — Daryszy (1< <G <3),

which are induced by the diagram (4.3.5). We define the category Acrys as
the category of pairs (€, ), where £ € Ay (o) and ¢ is an isomorphism

(&) = q1(&) in Acrys,(1) satisfying the condition p12(p) o p23(p) = p13(¢)
in Agpys (2)- Then we have the functors

(4.3.6) Larys(XD, M) /(S,N)) — Agpyeiy (1 =0,1,2),

and a diagram of functors

Alrys — Acays
(4.3.7) T T
0]

Lerys (X, M)/(S, N)) —— Aerys,

which are induced by the diagram (4.3.5).

Assume that the functors (4.3.6) are equivalences. Then the upper hor-
izontal arrow in the diagram (4.3.7) is an equivalence. On the other hand,
the vertical arrows in the diagram (4.3.7) are equivalences by Corollary
4.3.4, because the vertical hypercoverings in the diagram (4.3.5) are Cech
coverings by finite Zariski open subschemes. Therefore @ is also an equiv-
alence. So, to prove the proposition, it suffices to prove the equivalence of
the functors (4.3.6). So we may replace X by X; (1 = 0,1,2).
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Note that a connected component Xq of X(;) is an open subscheme of
an affine open subscheme U of X. Since the morphism f|y : (U,M) —
(Speck, N) is log smooth, there exists an exact closed immersion (X, M) —
(Y',J) into a fine log formal W-scheme (Y, J) over (S, N) such that (Y, J)
is formally log smooth over (S, N) and that (Y',J) x(g ny (Speck, N) =
(U, M) holds. Then the morphism U < Y’ is a homeomorphism. Let
Y <« Y’ be the open subscheme of Y’ which is homeomorphic to X, via
the homeomorphism U < Y’. Then we have (Y,J) x(g n) (Speck, N) =
(Xo, M). Therefore, to prove the proposition, we may assume the existence
of an exact closed immersion (X, M) — (Y,J) into a fine log formal W-
scheme (Y, J) over (S, N) such that (Y, J) is formally log smooth over (S, N)
and that (Y, .J) x (g n) (Speck, N) = (X, M) holds.

Now we prove the proposition under the assumption of the previous
paragraph. Since we have an equivalence of sites X¢t ~ Yer, we can form
the commutative diagram

X « X0 — xO Z x@
(4.3.8) ! ! | l
Y « YO — y@O Z y©®

saisfying the following conditions:

(1) The horizontal lines are etale hypercoverings, and the upper hori-
zontal line is the one given in the diagram (4.3.5).

(2) The morphisms (X@, M) — (Y® J) (i = 0,1,2) induced by the
vertical arrows are exact closed immersions over (S®), N),

(3) (Y(‘i), J) is formally log smooth over (S(i), N) and (Y®,.J) X (), N)
(Sp,N) = (X(i)7 M) holds, where SY) := Spec Ogi) /pOgi) .-

Then we have the equivalences of categories

(4.3.9) Tays((X, M) /(S, N)) = HPDI((X, M) — (Y, ),

(4.3.10)  Iys((XD, M) /(SD, N)) = HPDI((X @, M) — (YD J)).
Let

p : HPDI((X, M) — (Y, J)) — HPDI((X© M) — (YO J)),
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p; - HPDI((X), M) — (v, 7)) — HPDI(X™), M) — (v, 7))

Pl - HPDI(XW, M) — (YD J)) — HPDI((X?, M) — (Y@, J))
(1<i<j<3),

be the functors induced by the diagram (4.3.8). Then the functor p’ (resp.
j8 p;j) is compatible with the functor p (resp. p;,pi;) via the equivalence
of categories (4.3.9) (resp. (4.3.10)). Let Apppr be the category of pairs
((E,¢€),¢), where (E, €) € HPDI((X (), M) — (Y, .J)) and ¢ is an isomor-
phism p)((E,€)) — p)((E,¢)) in HPDI((XM, M) — (Y1) J)) satisfying
the condition p,(¢) o phs(p) = pis(p) in HPDI(XP), M) — (Y3 J)).
Then the equivalences (4.3.10) induces an equivalence of categories

(4311) Acrys — AHF’DI;
and one can check that the functor
U : HPDI((X, M) — (Y, J)) — ApnppI

induced by p’ is compatible with ® via the equivalences of categories (4.3.9)
and (4.3.11). Hence it suffices to prove that the functor ¥ gives an equiva-
lence of categories.

Let (D(i), Mp(;)) (resp. (D(i)(j),MD(i)(j))) be the p-adically complete
log PD-envelope of (X, M) (resp. (XU), M)) in the (i+1)-fold fiber product
of (Y,J) (resp. (Y, .J)) over (S, N) (resp. (SU), N)). Let

reYO —y, oYM Sy O =1,2),

r Y® — YW (1<k<1<3),
r(i) : D(@) O — D(i), () : DEHY — DEHO (k=1,2),
r(i)w : D(H)® — D)V 1<k <1<3),

be the projections and let A(Y') (resp. A(D(i))) be the category of pairs
(E, ), where E' € Coh(Ko ® Oy()) (resp. E € Coh(Ko ® Op;)) and
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¢ is an isomorphism 73E —— riE (resp. r(i)5E — r(i);E) such that

r1a(p) 0 133(0) = 1i3(p) (vesp. 7(i)ia(p) o r(i)35(¢) = 7(i)i3(¢)) holds.
Then we have the canonical functor

r*: Coh(Ky® Oy) — A(Y),

r(i)" : Coh(Ko ® Opgy) — A(D(i)),

which are induced by 7,7(i), respectively. To prove the the categorical
equivalence of WU, it suffices to prove the following assertions:

(1) The functor r* is an equivalence of categories.
(2) The functors r(:)* (i = 1,2) are fully-faithful.

Since the diagram

Y « YO — y@®O = y@®
is an etale hypercovering, the assertion (1) follows from the rigid analytic
faithfully flat descent of Gabber ([O1, (1.9)]). Moreover, one can check, as
in the proof of [O1, (1.9)], that the descent of morphisms in the category
Coh(Ko ® Op(;)) holds for etale hypercoverings. So we have the assertion
(2) if we have the following claim: The diagram

D(i) « D(i)(o) - D(z‘)(1> E D(i)@)

is an etale hypercovering.

We prove the above claim. Since the morphisms X)) — D(:)0) (i =
1,2,7 = 0,1,2) are homeomorphisms, the diagram is a hypercovering.
Hence it suffices to show that the transition morphisms are formally etale.
Here we only prove the formal etaleness of the morphism D (1)) — D(1),
which we denote by g. (The other cases are left to the reader.) Let
z € D(1)©® and put y := g(z). Then, by [Kkl, (6.5)], we have the iso-
morphisms

OD(I)(O),:TK = OY(O)7j<t17 T 7t’r‘>7
OD(I),Q = OY7§<t17 T atT>7

for some 7 € N, and the homomorphism g* : Opyy — OD(l)(o)@ is
identified with the homomorphism

OY<0),gj'<tl)' o atT‘> — OY,§<tlv : 7t'r‘>
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induced by the morphism Y(®) — Y via the above isomorphisms. Hence
g is formally etale. So the claim is proved and the proof of the proposition
is now finished. [J

Finally let us recall the relation between HPD-isostratifications and in-
tegrable formal log connections, which is essentially due to K. Kato ([Kk1,
(6.2)]).

Let (X, M) be a fine log scheme over k, let (X, M) 4, (Speck, N) —
(Spf W, N) be morphisms fine log formal W-schemes such that f is log
smooth, and let (X, M) — (Y, J) be a closed immersion of (X, M) into a fine
log formal W-scheme (Y, J) which is formally log smooth over (Spf W, N)
and satisfies (Y, J) X (gprw,n) (Speck, N) = (X, M). Denote the fine log
scheme (Y, J) X(sprw,n) (Spec Wy, N) by (Yn, Jn). Then, by [Kk1, (6.2)],
there exists a canonical exact fully-faithful functor

®,, 1 Corys((X, M) /(Spec W, N)) — C((Yn, Jn)/(Spec Wy, N)),
which is compatible with n. Hence we have the following proposition:

PROPOSITION 4.3.7. Let the notations be as above. Then we have a
canonical exact fully-faithful functor

Lerys (X, M) /(Spf W, N)) — C((Y, J)/(Spf W, N)).

PrROOF. For Ko ® E € Iuys((X,M)/(Spf W, N)), the functor is de-
fined by Ky ® E — Ky Qw lgl o, (E,), where E,, is the restriction of E
n

to Cerys((X, M)/(Spec W, N)). The exactness and the fully-faithfulness
follow from those of ®,,’s. [J

Chapter 5. Berthelot-Ogus Theorem for Fundamental Groups

Throughout this chapter, let k be a perfect field of characteristic p > 0,
let W be a Witt ring of k£ and let Ky be the fraction field of W. Let V be a
finite totally ramified extension of W and let K be the fraction field of V.

The purpose of this chapter is to give a proof of the following theorem:
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THEOREM (=Theorem 5.3.2). Assume we are given the following com-
mutative diagram of fine log schemes

! fl !
(Speck,N) < (SpecV,N) <« (SpecK,N)
N !
(Spec W, N),

where the two squares are Cartesian, f is proper log smooth integral and
Xy, is reduced. Assume that Hg (X, M)/(Spf V,N)) =V holds, and that
we are given a V-valued point x of Xy.¢iv. Denote the special fiber (resp.
generic fiber) of x by xy (resp. xx ). Then there exists a canonical isomor-
phism of pro-algebraic groups

ﬁirys((Xk,M)/(SprV,N),l'k) X K, K= ﬁ?R((XK,M)/(SpeCK, N),ZL‘K).

The above theorem gives the comparison between crystalline fudamental
groups and de Rham fundamental groups. In the case of cohomologies,
this type of theorem (in the case without log structures) has been proved
by Berthelot and Ogus ([B-O2]). So we call the above theorem as the
Berthelot-Ogus theorem for fundamental groups.

The idea of proof of the above theorem is as follows: First, in Section
5.1, we define the convergent fundamental group

T (Xk, M)/(SpE?, N), @) (7 =W, V)

by using the category of nilpotent isocrystals on log convergent site and we
prove the base change property
(5.0.1)

O™ (Xg, M)/ (Spf W, N), mp) x ko K = 7™ ((Xy, M)/(Spf V, N), z).

Second, in Section 5.2, we prove the comparison
(5.0.2) O™ (Xp, M)/(SpEV, N), 2x) = 7% ((Xi, M)/(Spec K, N), zx)

between de Rham fundamental group and convergent fundamental group.
Finally, in Section 5.3, we prove the comparison

~

(5.0.3) 7" ((Xi, M)/ (Spf W, N), ax) = 7y (X, M)/ (Spf W, N), x)

between convergent fundamental group and crystalline fundamental group.
Combining (5.0.1), (5.0.2) and (5.0.3), we finish the proof.
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5.1. Convergent fundamental groups

In this section, we give a definition of log convergent site for certain log
schemes, and using the category of nilpotent isocrystals on log convergent
site, we give a definition of convergent fundamental groups. Convergent
fundamental groups is useful because it can be defined even over a ramified
base. (Note that one cannot define crystalline fundamental groups over
a very ramified base because there exists no PD-structure on it.) After
defining it, we prove the base change property of convergent fundamental
groups.

Throughout this section, for a formal V-scheme X, we denote the closed
subscheme defined by p € Ox by X; and (X1)rea by Xo, unless otherwise
stated.

First we define the notion of enlargement and log convergent site.

DEFINITION 5.1.1. Let (X,M) — (S, N) be a morphism of fine log
formal V-schemes. Then we define an enlargement of (X, M) over (S, N)
as a triple (T, L, z), where (T, L) is a fine log formal V-scheme over (S, N)
and z is a morphism (7p, L) — (X, M) over (S, N). We define a morphism
of enlargements ¢ : (T, L,z) — (1",L',7') as a morphism g : (T,L) —
(T", L") over (S, N) which satisfies 2’ o gy = 2z, where go : (To, L) — (T}, L)
is a morphism induced by g. We often denote (T, L, z) simply by T.

DEFINITION 5.1.2. Let (X, M) — (S, N) be as above. Then we define
the log convergent site ((X, M)/(S, N))conv as follows. The objects of this
category are enlargements of (X, M) over (S,N). the morphisms are the
morphisms of enlargements defined above, and the coverings are the ones
which are induced by the etale topology on T

We denote the sheaf on ((X, M)/(S,N))conv defined by T +— T'(T, Or)
(resp. T'— Q ®z I'(T, Or)) by Ox/s (resp. Kx/s)-

We often denote the log convergent site ((X, M)/(S, N))cony shortly by
(X/S)8,, when there will be no confusion on log structures. In the case
S = Spf V', we denote it by (X/V)l:(())gnv, by abuse of notation.

REMARK 5.1.3. Let (X,M) — (S,N) be as above, and let
(X', M'") — (X, M) be an exact closed immersion of fine log formal V-
schemes over (S, N) such that the underlying morphism between topological
spaces is a homeomorphism. Then, one can easily check that the canonical
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functor

(X, M) /(S N))eonv — (X, M)/(S, N))conv

is an equivalence of categories. In particular, there exists a canonical equiv-
alence of categories

((X07 M)/(57 N))Conv — ((Xv M)/(S7 N))conv-

DEFINITION 5.1.4. Let (X, M) — (S, N) be as above. An isocrystal
on the log convergent site ((X,M)/(S,N))conv is a sheaf & on ((X, M)/
(S, N))conv satisfying the following conditions:

(1) For T € (X/V)8,, the sheaf & on T induced by € is an isocoherent

sheaf on 7.
(2) For a morphism f : T/ — T in (X/V)wg,, the homomorphism
f*&r — & induced by £ is an isomorphism.
We denote the category of isocrystals on the site ((X, M)/(S, N))conv by
Teony((X, M)/(S,N)). We often denote it simply by Teony ((X/S)'°8) when
there will be no confusion on log structures. In the case S = SpfV, we
denote it by I.ony ((X/V)°8, by abuse of notation.

One can check immediately that Kx/g is an isocrystal.

We denote the nmilpotent part Ny gleonv((X,M)/(S,N)) of
Teony((X, M)/(S,N)) with respect to the object Kx/g simply by
Neony (X, M)/(S,N)) (or Nlcony((X/V)18), when there will be no con-

fusion on log structures).

REMARK 5.1.5. Assume that we are given the following commutative
diagram of fine log formal V-schemes

(X, M) 21— (X', M)
dl r|
(S,N) «—— (5',N').

Then, for an enlargement T := (T, L, z) of (X', M") over (S’, N'), the triple
g«T := (T, L,g o z) is an enlargement of (X, M) over (S’,N’). We define
the pull-back functor

9" Teonv (X, M)/ (S,N)) — Leonv (X', M)/ (S, N'))
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by ¢*E(T) := E(g.T).

REMARK 5.1.6. Assume that we are given the following cartesian
square of fine log formal V-schemes

(X, M) 21— (X', M)

/| |

(S,N) —— (8 N),

where S’ is defined by S’ := Spec Og/(p-torsion). We remark that the
pull-back functor

9"t Teonv (X, M) /(S,N)) — Leonv((X', M) /(S', N))

gives an equivalence of categories.

We define the quasi-inverse ® of the functor g* as follows: Let T :=
(T, L,z) be an enlargement of (X, M) over (S,N). By taking the base
change by h, we can define canonically an enlargement 7" := (T xg ', L,
(T x5 8")0, L) 2 (X', M)) of (X', M) over (S',N). Let ¢: T xg S — T
be the first projection. Then the pull-back functor

q* : Coh(K ® Or) — Coh(K ® Ory .s')

is an equivalence of categories.  For an object £ in the category
Loonv (X', M)/(S',N)), we define ®(&) by ®(E)(T) = (¢") ' (Er)(T),
where &7/ is the isocoherent sheaf on T xg S’ induced by £. Then one
can check easily that the functor ® gives the quasi-inverse of g*.

REMARK 5.1.7. Let (X,M) — (S,N) be as above, and assume we
are given the following diagram of fine log formal V-schemes

X « X0 — xmO Z x©
! ! ! |
S — SO - 0 = 5@
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where the horizontal lines are etale hypercoverings (up to level 2). Then
one can define functors

P i Leone (X, M)/ (S, N)) — Leon (X, M) /(S N)),

Di - Iconv((X(O),M)/(S(O),N)) - Iconv((X(l),M)/(S(l),N)) (i=1,2),

Dij - ICOHV((X(U, M)/(S(l)a N)) — IconV((X(Z)’ M)/(S(Q)a N))
(1<i<j<3),

which are induced by the above diagram. Let Acony be the category of
the descent data of isocrystals with respect to these functors, that is, the
category of pairs (£, ), where £ € Iony (X, M)/(S©®, N)) and ¢ is an
isomorphism po(€) —= p1(E) in Teony (XD, M)/(SM), N)) satisfying the
condition p1a() © pas(¥) = p13(#) I Leony(X®, M)/(S®), N)). Then
there exists the canonical functor

Iconv((X7 M)/(S7 N)) B— Aconv

induced by p. By using rigid analytic faithfully flat descent of Gabber ([O1,
(1.9)]), one can check that this functor gives an equivalence of categories.
That is, the category of isocrystals on log convergent site admits the descent
for etale coverings.

We prove that the category of nilpotent convergent log isocrystals of
(X, M) over (SpfV, N) is Tannakian under certain condition:

PROPOSITION 5.1.8. Let (X, M) — (SpfV,N) be a morphism of fine
log formal V-schemes.  Assume moreover that the 0-th cohomology
HO((X/V)};%%V,ICX/S) of Kx,g is isomorphic to a field. Then the category
Neony((X, M)/(Spf V, N)) is a Tannakian category.

PROOF. Let C be the category of sheaves of Kx/ -modules
on (X/V)98,. (Note that C is an abelian tensor category.) Then
NC = NlIonw((X,M)/(SpfV,N)) holds. So, by Proposition 1.2.1,
Neony((X, M)/(Spf V, N)) is an abelian category. Moreover, one can check
easily that the tensor structure of C induces the tensor structure of
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Neone (X, M)/(Spf V,N)) and that this category is a rigid abelian ten-
sor category with this tensor structure.

Hence, to show the category N Ieony ((X, M)/(Spf V, N)) is Tannakian, it
suffices to prove the existence of a fiber functor Nleon,((X, M)/
(Spf V, N)) — Vecy,, where L is a field. Let us consider the homomorphism
of evaluation

HO(X/V)%,, Kx/s) — Q@7 I(T,Or)

for enlargements T'. Since HO((X/V)L%%V,ICX/S) is not zero, there exists
an enlargement T' such that Q ®z I'(T, Or) # 0 holds. We may assume
that T is affine. Let I be a maximal ideal of Q ®z I'(T, Or) and put
L:=(Q@®zI(T,0r))/I. Let us consider the functor

NIeony (X, M)/(Spf V,N)) =% (Q @z T'(T, Or)-modules)

— Vecy,

which is induced by the evaluation at T" and the ring homomorphism Q ®z
I(T,Or) — L. We denote this functor by £. Then one can check easily
that £ is an exact tensor functor, noting that the essential image of ev
consists of free modules. Moreover, by [D2, (2.10)], ¢ is faithful. Hence € is
the desired fiber functor. [J

Now we give the definition of convergent fundamental groups:

DEFINITION 5.1.9 (Definition of 7{°™). Let (X, M) — (SpfV,N) be
a morphism of fine log formal V-schemes such that H°((X/ V)};%gnv,IC X/s)
is a field, and let x be a k-rational point of Xy ¢4,. Then the convergent
fundamental group of (X, M) over (SpfV, N) with base point z is defined
by
TN (X, M)/(Spf V,N), 2) i= G(N Ieony ((X/V)'8), ws),

where w, is the fiber functor
ICOHV((X/V)log) - Iconv((x/v)bg) >~ VecK,

and the notation G(---) is as in Theorem 1.1.8.
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REMARK 5.1.10. The existence of the point x assures that the category
NIony ((X/V)198) in the above definition is actually a neutral Tannakian
category.

We have the following useful criterion for the category N Ieony ((X/V)98)
to be Tannakian.

PROPOSITION 5.1.11. Let f: (X, M) — (Spf V,N) be a morphism of
fine log formal V-scheme and assume that the morphism fo : (Xo, M) —
(Speck, N) induced by f is log smooth integral of finite type and X is con-
nected. Then HO((X/V)IC%%V,ICX/S) is a field. In particular, the category
Nony ((X/V)198) is a Tannakian category.

Before the proof, we prepare a lemma.

LEMMA 5.1.12. Let (X,M) — (SpfV,N) be a morphism of fine log
formal V -schemes and let h : (X, M) — (Y, J) be an ezxact closed immer-
sion over (Spf V, N) such that (Y, J) is formally log smooth over (Spf V, N)
and that the underlying morphism of topological spaces of h is a homeomor-
phism. Then the homomorphism

a: H(X/V) & Kx/s) — Q@z (Y, Oy)

~

defined by the evaluation at the enlargement Y = (Y,J,(Yp,J) =
(Xo, M) — (X, M)) is injective.

PROOF. Let z be an element of Ker(a). Let T := (T,L,z) be an
enlargement and let xp € Q ®z I'(T, Or) be the value of z at (T, L, 2).
Since (Y, J) is formally log smooth over (Spf V, V), there exists etale locally
a morphism z : (T,L) — (Y, J) over (SpfV, N) such that the following
diagram is commutative:

(To, L) —— (T, L)
(X, M) —"— (Y, ).

So the morphism z defines a morphism of enlargements 7" — Y. So, by
the assumption a(z) = 0, we conclude that zr is equal to zero etale locally.
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Then, by rigid analytic faithfully flat descent, x7 is equal to zero for any
T. Hence we have x = 0, as is desired. [J

ProOOF oF ProOPOSITION 5.1.11. First, by Remark 5.1.3, we may as-
sume that (X, M) = (X, M). Hence we may assume that (X, M) is re-
duced, connected and log smooth integral over (Speck, N).

For a finite extension & C k' of fields and a scheme Y over X ®; ¥/,
let us denote the ring H°(((Y,M)/(SpecV (k'), N))conv: Ky v (k) simply
by Hﬁg_COHV(Y/ V(K")), where V (k') is the unramified extension of V' with

residue field £'.
First, let us note the following claim:

cLAIM 1. Let k C k' C k" be finite extensions of fields and put X' :=
Xk, ffi=fepk : (X' ,M) — (Speck’,N). Let U be a connected
component of X},_triv and let € U(k”). Then the homomorphism

@t Hiygcony (U/V(K)) — Higcony(¢/V (K)) = Q @2,V (K)
is injective, and it is isomorphic if ¥ = k" holds.

PROOF OF CLAIM 1. Note that, for any open subscheme Y of Xy ¢y,
there exists the canonical isomorphism

HO(((K M)/(Spf‘/a N))COnvyKY/Spr) = HO((Y/Spf V)conva ’CY/Spr)a

where (Y/Spf V)cony is the convergent site for schemes without log struc-
tures defined by Ogus ([O1]). Then the injectivity of « follows from [O1,
(4.1)].

On the other hand, we have the natural inclusion Q ®z V (k') C
Hgg_conV(U/V(k’)). Hence « is surjective if ¥ = k" holds. Hence we obtain
the assertion. [J

Next, we prove the following claim:

CLAIM 2. Let k, X, f be as in the statement of the proposition (we
assume X = Xp), and let U be a connected component of X¢_4,. Then the
natural homomorphism

ﬂ : Hl%g—conv(X/V) - Hl%g—conv(U/V)
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is injective.

Let X 4riv = [[;—; Ui be the decomposition into the connected compo-
nents with U = U;. First, to prove the claim 2, we prepare the following
claim:

CcLAIM 3. To prove the claim 2, one may assume the following condition

(%):
(x): For each 7, U;(k) is non-empty.
ProOOF OF cLAIM 3. If we prove the injectivity of the homomorphisms
ox Hl?)g—conv(X/V) - Hl%g—conv(X Xk k//v<k/))?

Su  Hy,. U/W) — Hy,. U x, k' JV(E)),

conv ( conv (

the proof goes like that of claim 3 in Proposition 3.1.6. We prove the
injectivity of 6x. (The injectivity of 6y can be shown in the same way.) Let
r be an element in Ker(6x). Let X = U._, X; be an affine open covering of
X. By using the descent property of Ieony ((X/V)'°8), one can see that we
can replace X by X;, that is, we may assume that X is affine. Let (Y, J)
be a fine log formal V-scheme which is formally log smooth integral over
(Spf V, N) such that (Y,J) X(spev,n) (Speck, N) = (X, M) holds. (There
exists such a fine log formal V-scheme by Corollary 2.2.12.) Then, we can
form the following commutative diagram

o
HI%g—conv(X/V) —— Hl%g—conv(X Xk k,/V(k}/))

! l

QezT(Y,0y) —— Q@z (Y xgprv Spf V(K'), Oy g iy spt virr))s

where the vertical arrows are the evaluation at Y, Y xgpey Spf V(K'), re-
spectively. The vertical arrows are injective by Lemma 5.1.12, and the
lower horizontal arrow is obviously injective. Hence dx is injective, as is
desired. [J

PrROOF OF cLAIM 2. Using claim 3, we can prove the claim in almost
the same way as the proof of claim 2 in Proposition 4.1.7. So we only
mention the difference.
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First, we replace H? by H?

log-crys log-conv?’
V in the proof. Second, we have to prove the injectivity of the restriction

and replace p by a uniformizer of

Hy,. Uiy /V) — Hygcone(X; N X5 N Uy /V)

conv ( conv (

when X; N X NUj, is not empty. (For the notation, see the proof of claim
2 in Proposition 4.1.7.) By using the descent property of Ieony ((Us,/V)1°8),
we may assume U;, is affine, and in this case, we can prove the injectivity
by taking a formally log smooth integral lift of U;, and by using Lemma
5.1.12. Details are left to the reader. [J

Now we finish the proof of the proposition by using the claims. Let U
be a connected component of Xy iy and let x be a closed point of U and
let k' be the residue field of z. Let us consider the following diagram:

B «
K C HDycony(X/V) == HY o (U/V) =5 Hycony(2/V) = Q@7 V(K).

By claim 1, « is injective and by claim 2, § is injective. So there are
inclusions of rings K C Hﬂ)g_crys(X/W) C Q®z V(K'), and they imply that
Hl%g-dR(X/k) is a field. O

Now we prove the base change property of convergent fundamental
groups.

ProposITION 5.1.13. Let f : (X,M) — (SpfV,N) be a morphism
of fine log formal V-schemes such that HO((X/V)L%%V,ICX/V) = K holds
and let x be a k-valued point of X sy over Spf V. Let V' be a complete
discrete valuation ring with residue field k' which is finite flat over V and
let K' be the fraction field of K. Let ' : (X', M) — (Spf V', N) be the
base change of f by the morphism (Spf V', N) — (SpfV,N) and let 2’
be the k' -valued point of X' which is sent to x by the morphism X' —
X. Then HO((X’/V’)IC%%V,ICX//V/) = K’ holds and there exists a canonical
isomorphism of pro-algebraic groups

(X, M)/(SpfV,N),z) x K’ ASN (X', M)/(Spt V', N), ).
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PROOF. Denote the morphism (X', M) — (X, M) by 7, and put C :=
Neony (X, M)/(Spf V,N)) and C" := Nleony((X,M)/(Spf V', N)). Then
C is equivalent to the category Rep g (m{°™ ((X, M)/(Spf V, N), z)) of finite-
dimensional rational representations of 7$°™ ((X, M)/(Spf V, N), z) over K.
Let Cx be the category of objects in C with a structure of K’-module which
is compatible with K-linear structure. Then, by [D2, (4.6)(ii)], the category
Ck is equivalent to the category Repy (m$°™ ((X, M)/(Spf V,N), z) x x K').
So it suffices to prove that there exists a canonical equivalence between the
categories C' and Cg.

First we define the functor ® : ¢’ — Cgs. Let £ € C' and let T :=
(T, L, z) be an enlargement of (X, M) over (SpfV,N). Let T" be T Xgptv
Spf V' and let 2’ : (T}, L) — (X', M) be the composite

(T4, L) = (T xx X')o, L) = (To, L) % (x.ap) (X', M) 2220 (X7, ),

Then the triple T := (T",L,2’) defines an enlargement of (X', M) over
(Spf V', N). Then we define the value ®(E)r of ®(€) at T by ®(E)r =
a,&Epr, where « is the projection T — T. Since Q ®z I'(T’,Or) has
a canonical structure of K’-module, ®(£) has a structure of K’-module,
and one can check that ®(£) defines an object in Cxs. Hence the functor
® : " — Ck is defined.

Next we define the functor ¥ : Cgr — C’. Let £ be an object in Cg-
and let (T, L, z) be an enlargement of (X', M) over (Spf V', N). Then the
triple (7, L, o z) defines an enlargement of (X, M) over (SpfV, N). Put
T' := T xgprv Spf V'. Denote the projection (7”,L) — (T, L) by a and
denote the morphism (7f, L) — (Tp, L) induced by « by «p. Then the
triple (7', L, 7 o z o ay) defines an enlargement of (X, M) over (SpfV,N)
and the morphism « defines a morphism of enlargements 7" := (T, L, mozo
ag) — T := (T, L, z), which is also denoted by «a. Since £ is an isocrystal,
there exists an isomorphism a*£7 — Ep. Let us denote it by h. We define
the morphism h; : & — a,E7 by the composite

5T — OZ*OC*ST a_*h) Oé*(‘:T/,
and the morphism ho : &7 — & by the composite

Er — . 0Er = a*(oflé'T @Kk K')
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= a*(a_IET Rt (K/ Rk K/))
= ay(ater @k (K' @k K'))
= a*(oflET @k K') = a,a™&p

h
— a &,

where the equality on the second and fourth lines are defined by using the
K'-module structure of & and the homomorphism s is defined by e ® (x ®
yY)—e®(yxr) (e € atér z,y € K'). Then we define the value ¥(&)r
of U(€) at T by U(E)p := Ker(hy — ha). Note that Ep is a free K’ @y Op-
module when 7' is affine. By using this, one can check that U(€) is in the
category C'.

One can check that the functors ®, ¥ are the quasi-inverses of each other.
Hence the categories C' and Cg are equivalent and the proof is finished. [J

In particular, we have the following:

COROLLARY 5.1.14. Let (X, M) be a fine log scheme over k and let

(X, M) 4, (Speck, N) — (SpfV, N) be morphisms of fine log formal V -

schemes such that HO((X/V)IC%gnV,ICX/V) = K holds. Let x be a k-valued
point in Xy.uiv. Let V' be a totally ramified finite extension of V and let
K’ be the fraction field of V'. Then we have the canonical isomorphism

T (X, M)/(Spf V, N), ) x g K' = 7§ ((X, M)/(Spt V', N), z).

5.2. Comparison between log infinitesimal site and log
convergent site

Throughout this section, for a formal V-scheme X, we denote the closed
subscheme defined by p € Ox by X; and (X1)req by Xo, unless otherwise
stated.

In this section, we prove that the nilpotent part of the category of isocrys-
tals on log infinitesimal site is canonically equivalent to the nilpotent part
of the category of isocrystals on log convergent site for certain log schemes.
Since we have already shown (in Chapter 3) the comparison between the
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category of isocrystals on log infinitesimal site and the category of inte-
grable log connections, we can deduce the comparison theorem between de
Rham fundamental groups and convergent fundamental groups for certain
log schemes.

Let (X,M) — (S,N) be a morphism of fine log formal V-schemes.
Then we define a functor

L Iconv((Xa M)/(S, N)) — inf((Xa M)/(S’ N))

as follows. For T':= (U, T, L, ¢) € (X, M)/(S,N))int, (T0, L) is isomorphic
to (Up, M). Hence the triple «*(T) := (T, L, (Ty, L) < (Uy, M) — (X, M))
is an enlargement of (X, M) over (S,N). Then, for £ € Iony((X, M)/
(S, N)), we define +(£) € Lint((X, M)/(S,N)) by t(E)r = E+(1)-

Since Iins((X,M)/(S,N)) is an abelian tensor category by Remark
3.2.17, we can define the nilpotent part N Lins((X,M)/(S,N)). Since ¢
is an exact functor, ¢ induces the functor

T: Nleony (X, M)/(S,N)) — NTins((X, M)/(S, N)).
The main result of this section is the following:

THEOREM 5.2.1. Let (X, M) iR (S, N) be a formally log smooth inte-
gral morphism of fine log formal V -schemes and assume that X y_qiy s dense
open in X. Then the above functor T gives an equivalence of categories.

First, by Remarks 3.2.19 and 5.1.6, we may assume S is flat over Spf V.
(Then X is also flat over Spf V' by Corollary 2.2.11.) Next, let us note the
following lemma:

LEMMA 5.2.2.  To prove Theorem 5.2.1, we may assume that the mor-
phism f: (X, M) — (S, N) admits a chart.

Proor. We prove Theorem 5.2.1 under the assumption that the theo-
rem is true if f admits a chart.
One can take a diagram

X « X0 — xm» Z x©
! ! ! |
S — SO - 0 = 5@
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where the horizontal lines are etale hypercoverings (up to level 2), and the
morphisms (X®, M) — (S® N) (i = 0,1,2) admit a chart. Let us define
Aing (resp. Aconv) as in Remark 3.2.20 (resp. Remark 5.1.7) and let Af ;,
/

ronv) be the full subcategory of Ajn¢ (resp. Acony) wWhich consists
of the pairs (€, ¢) such that £ is nilpotent.

(resp. A

By Remark 3.2.20 (resp. Remark 5.1.7), there exists the canonical equiv-
alence of categories

jinf : Iinf((X/S)log> B Ainf-

(resp. jconv : Iconv((X/S)log) B Aconv- )

One can see easily that the functor jins (resp. jeonv) induces the fully faithful
functor
Jint Nt ((X/5)°8) — Aly.

(resp. jconv : NICOHV((X/S)log) - A/conv' )
Let 7 : AL, — Al . be the functor induced by 7’s for (X®, M) —

conv
(S® N) (i = 0,1,2). Then, since the morphisms (X, M) — (S@, N)
(i = 0,1,2) admits a chart, 7a gives an equivalence of categories. Let us

consider the following commutative diagram:

Nleon ((X/89)198) —— NIie((X/S)°8)

;conv l Eian/

!/ LA /
AConv Ainf'

Since the functors j.,y, jins and Za are fully-faithful, 7 is also fully-faithful.
Now let us prove the essential surjectivity of the functor 7 by induction of

the rank of & € NI ((X/S)°8). By inductive hypothesis, we may assume

that there exists an object F € Ncony ((X/S)°8) and an exact sequence

0 —UKx/g) — & —U(F) — 0.

Applying j,s and using the commutative diagram in the previous para-
graph, we get the following exact sequence:

(521) 0—1a Ojconv(K:X/S) - jinf(g) — A ojconv(j:) — 0.
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Since the functor 7a gives an equivalence of categories, there exists an object

: / <
G in Af,,, and an exact sequence

(522) 0— jconv(]CX/S) - g - jconv(f) - 07

such that we get the exact sequence (5.2.1) when we apply the functor
Za to the exact sequence (5.2.2). Moreover, since the functor jeony is an
equivalence of categories, there exists an object H in Ioony((X/5)1°8) and
an exact sequence

(5.2.3) 0 —Kyxs —H—F —0,

such that we get the exact sequence (5.2.2) when we apply the functor jeony
to the exact sequence (5.2.3). (Note that j.,,, is the restriction of jeony
to the category N Ieony ((X/S)1°8).) By the exact sequence (5.2.3), H is an
object in N eony ((X/5)'8) and we have

jinf © Z(H) =1lA0© Econv(H) = ZA(g) = Einf(g)'

Since j;,¢ is fully-faithful, we have 7(H) = £. Hence £ is contained in the
essential image of 7 and the proof of lemma is finished. [

To prove Theorem 5.2.1, we introduce the notion of the system of uni-
versal enlargements. First we define an enlargement in a fine log formal
V-scheme.

DEFINITION 5.2.3. Let (X,M) — (S,N) be a morphism of fine log
formal V-schemes and i : (X, M) — (Y, M’) be an exact closed immersion
of fine log formal V-schemes over (S, N). Then an enlargement of (X, M) in
(Y, M’) over (S,N) is a 4-ple (T, L, z, g), where (T, L, z) is an enlargement
of (X, M) over (S,N) and g is a morphism (7,L) — (Y, M’) such that
incl. o gg : (To, L) — (Yo, M') — (Y, M) coincides with io z : (Tp, L) —
(X, M) — (Y, M’). Amorphism from (T, L, z,g) to (7", L, 7, ¢') is defined
as a morphism h : (T,L,z) — (T',L’, z) of enlargements of (X, M) over
(S, N) satistying ¢’ o h = g.

Let (X, M) — (Y, M') be an exact closed immersion of fine log formal
V-schemes. Let Z be the defining ideal of X in Y. Then we denote the
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formal blow up of Y with respect to pOy +Z"*! by Bx »(Y). Let Tx ,(Y)
be the open sub formal scheme of Bx ,,(Y) defined by

Txn(Y) :={x € Bxu(Y)| (pOy + IT"™) - Op,  (v)2 = POBy..(v)a }>

and let Lx,(Y) be the fine log structure on Ty ,(Y') defined as the pull-
back of M’. Since (Tx»(Y))1 — Y1 factors through the closed subscheme
of Y defined by pOy + Z"*1, (Txn(Y))o — Yo factors through Xy. Hence
(Txn(Y),Lxn(Y)) defines naturally an enlargement of (X, M) in (Y, M’)
over (S, N). We sometimes denote this enlargement by (T'x »(Y ), Lx n(Y),
Zn, tn). For n > n’, there exists a morphism T’x ,/(Y) — T'x,(Y") which is
induced by the inclusion of ideals pOy + Z™ C pOy + 7" and this map is
a morphism of enlargements of (X, M) in (Y, M') over (S, N).
The following proposition is the log version of [O1, (2.3)]:

PROPOSITION 5.2.4. Let (X,M) — (S,N), i : (X,M) — (Y, M),
and (Tx n(Y),Lxn(Y), 2n,tn) be as above. Then, for any enlargement
(T",L',7,g) of (X,M) in (Y,M') over (S,N), there exists some n and
a morphism of enlargements f : (T', L', 2, g) — (Txn(Y), Lxn(Y), 2, tn)
of (X, M) in (Y,M') over (S,N) and such a morphism f is unique as a
morphism to the inductive system {(T'xn(Y), Lxn(Y), 2n, tn) tnen.

The inductive system {(T'x (YY), Lxn(Y), Zn,tn) tnen is called the sys-
tem of universal enlargements of (X, M) in (Y, M’) over (S, N).

Proor. Let (T',L', 7, g) be any enlargement of (X, M) in (Y, M’) over
(S,N). Then there exists some n such that ¢*(Z"*1)Op C pOp holds.
The universality of blow up gives the map f : T — Tx,(Y) satisty-
ing t, o f = g. Since Lx,(Y) is the pullback of M’, f defines the mor-
phism of fine log formal V-schemes (T",L') — (Txn(Y),Lxn(Y)) sat-
isfying ¢, o f = ¢g. Then one can check easily that f gives a morphism
of enlargements (7', L',2',g) — (Txn(Y),Lxn(Y), zn,tn) of (X, M) in
(Y, M') over (S, N).

The assertion that f is unique as a morphism to the inductive sys-
tem {(Txn(Y), Lxn(Y), 2n,tn)} also follows from the universality of blow
ups. I



628 Atsushi SHIHO

Next we define the notion of convergent log stratification, which is the
‘convergent’ version of log stratification, for certain fine log formal V-
schemes.

Let us prepare some notations. Let f : (Y, M') — (S, N) be a mor-
phism of fine log formal V-schemes and assume there exists a chart (Py —
M' Qs — N,Q — P) of f. Let a(1) (resp.a(2)) be the homomorphism
P@gP — P (resp. P®g P ®g P — P) induced by the summation and
let R(1) (resp. R(2)) be (a(1)8P)~1(P) (resp. (a(2)8P)~1(P)). Let Y (1)
(resp. Y(2)) be (Y X5Y) Xsptz,{paopy SPEZp{R(1)} (resp. (Y xgY xg
Y) Xsptz,{PagPaor} SPEZp{R(2)}), and let M'(1) (resp. M'(2)) be the
log structure on Y (1) (resp. Y(2)) induced by the canonical log struc-
ture on SpfZ,{R(1)} (resp. SpfZ,{R(2)}). Then (Y (1), M'(1)) (resp.
(Y(2), M'(2))) is formally log etale over ((Y,M’) x (s ny (Y, M) (resp.
(Y, M) x g5y (Y, M) x (g5 (Y, M'))™) ([Kk1, (4.10)]). Moreover, there
exist morphisms

pis (Y(1),M'(1)) — (Y, M) (i=1,2),

iy (Y(2), M'(2)) — (Y(1),M'(1)) (1<i<j<3),
A" (Y, M) — (Y(1), M'(1))

induced by the projections
(Y, M') x 5.3y (Y, M) — (Y, M'),

(Y, M) xs,ny (Y, M) x5y (Y, M) — (Y, M') x(g,n) (Y, M),

and the diagonal morphism
(Y7 M/) - (Yla M/) X($,N) (Y7 M/)7

respectively. Note that A’ is an exact closed immersion and that the com-
position

(Y, M) 25 (Y (1), M'(1)) — (Y, M) x (5.3 (Y; M)

coincides with the usual diagonal morphism.
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Let (X,M) — (S,N) be a morphism of fine log formal V-schemes
and let (X, M) — (Y, M') be an exact closed immersion over (S, N) with
(Y, M') as above. We denote the log scheme (T'x ,(Y), Lx ,(Y)) simply by
(T, Ly) and (T'x (Y (7)), Lxn(Y(3))) by (T'(¢)n,L(7)n). The morphisms
pi (i =1,2), pi; (1 <i < j < 3)and A" induce compatible morphisms of
enlargements p;, : T(1), — Ty, pijn : T(2)p, — T(1), and A, : T, —
T(1)p.

Now we define the notion of a convergent log stratification as follows:

DEFINITION 5.2.5. Let the notations be as above. (In particular, we
assume that the morphism (Y, M') — (S, N) admits a chart.) For a com-
patible family of isocoherent sheaves E,, on T}, a convergent log stratifica-
tion on {E,} is a compatible family of isomorphisms

€n :p§7nE7’L - py{,nEn (n € N)

which satisfies the following conditions:

(1) Af(e,) =1id.

(2) pfzm(ﬁn) Opgs,n(ﬁn) = PTs,n<fn)-
We denote the category of compatible families of isocoherent sheaves on T},
with convergent log stratifications by Str'((X, M) — (Y, M’)/(S,N)).

The next proposition establishes the relation between the categories
Teony ((X, M) /(S,N)) and Str'((X, M) — (Y, M')/(S,N)).

PROPOSITION 5.2.6. Let the notations be as in Definition 5.2.5 and
assume that (Y, M') is formaly log smooth over (S,N). Then the cat-
egory Teony((X, M)/(S,N)) is equivalent to the category Str'((X, M) —
(Y, M)/ (S, N)).

PRrROOF. First, suppose given an object € in Ieony ((X, M)/(S,N)). Let
E, be &p,. Then the morphisms p;, : (T'(1)n, L(1)n) — (Tn,Ly) in-
duce the isomorphisms €, : p3,, Ep = Ery, = pinEn (n € N). One can
check easily that the pair ({E,},{e,}) gives an object of Str'((X, M) —
(v, M')/(S, V).

Conversely, suppose given an object ({E,},{€,}) in Str'(X,M) —
(Y,M")/(S,N)). We will show how to associate an object & in
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Teony((X, M)/(S,N)). Denote the morphism (X, M) — (Y, M') by i. Let
(T, L,z) be an enlargement of (X, M) over (S,N). Then there exists a
commutative diagram

(To, L) —=2 (Y, M)

l l

(T,L) —— (S,N).

Since (Y, M') — (S, N) is formally log smooth, etale locally there exists a
map s : (T, L) — (Y, M') compatible with the above diagram (Proposition
2.2.13). Hence there exists a morphism (7, L) — (7}, L,,) for some integer
n and Ep is defined as the pullback of E,.

Suppose there exist two morphisms s, : (T, L) — (X, M) which satis-
fies the same condition as s. Then there exists a commutative diagram

(To, L) =% (Y(1), M'(1))

l l

(T,L) ——— (Y, M) xs,n) (Y, M"))™,

(Sxt)int

where (s x t)™ is the morphism induced by s x t : (T, L) — (Y, M') X (g v)
(Y,M’). Since the morphism (Y (1), M'(1)) — (Y, M’) x (g n) (Y, M’))™
is formally log etale, there exists uniquely a morphism f : (T,L) —
(Y(1),M'(1)) compatible with the above diagram. Then the 4-ple (T, L,
z, f) forms an enlargement of (X, M) in (Y (1), M'(1)) over (S, N). Hence
there exists a morphism (7, L) — (T'(1),, L(1),) for some integer n. Then
the isomorphism €, : p3,,F — pj,E on T(1), induces the isomorphism
t*E -~ s*E. By this fact, the cocycle condition of {¢,} and rigid ana-
lytic faithfully flat descent, one can check that the above sheaf & := s*F
descents to 1" and determines an isocoherent sheaf on 1T', and that this iso-
coherent sheaf is independent of the choice of the morphism s. Again by
the cocycle condition of {¢,}, one can see that the Ep’s form an object £ of
Iconv((X7 M)/(S7 N))

It can be checked easily that the above two functors are the inverse of
each other. [J
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We prepare two propositions which are essentially due to Ogus ([O1,
(2.6.4), (2.13), (2.14))).

PROPOSITION 5.2.7. Let (X, M) — (Y, M’) be an exact closed immer-
ston of fine log formal V -schemes which are formally log smooth, integral
over a fine log formal V-scheme (S, N) such that S is flat over Spf V. Let
(T, Ly) be as above and let zy, be the map (T,,)9 — Xo. Let Oyan (resp.
Oran) be the sheaf h&lmK®V (Oy /J™) (resp. lianK@)V (Op, /™)),
where J is the defining ideal of X in'Y (resp. T,). Then:

(1) The map Oyan — Oran induced by the morphism T,, — Y is an

isomorphism for each n.

(2) The composition

Znx (K v OTn) — OT;;“‘ — Oyan

18 1njective.

PrOOF. (1) is nothing but [O1, (2.6.4)]. (Note that X and Y are flat
over SpfV.)
If we prove the isomorphism

(5.2.4) Oyan — (K @ Ox)|[t1, 2, ..., tr]]

(where t;’s are indeterminates) locally, one can prove (2) in the same way as
that in [O1, (2.13)]. So here we only prove (5.2.4). There exists etale locally
a chart (P — Oy,Q — Og,Q — P) of (Y, M’) — (S, N) which satisfying
the conditions in Theorem 2.2.8. Let S’,, be Spec Og/p" ®zq) Z[P] and
S’ be lim S’n. Then X and Y are formally smooth over S’. Then the

isomorphigm (5.2.4) is easily deduced from this. O

PROPOSITION 5.2.8.  With the notations of the previous proposition, let
j:U — X be a dense open subset. Then the obvious sequence of sheaves
on X

O — Zn*(K ®V OTn) — Oyan @j*]*zn*(K ®V OTn) — j*j*(OYan)

1S exact.
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PROOF. Since the proof is same as that of [O1, (2.14)], we omit it. [J

Using Propositions 5.2.6, 5.2.7 and 5.2.8, we prove the fully faithfulness
of the functor 7 (cf. [O1, (2.15)]):

PROPOSITION 5.2.9. Let (X,M) — (S,N) be a formally log smooth
integral morphism of fine log formal V -schemes which admits a chart. Then
the functor

U Nleonv((X, M)/ (S, N)) — Nlins((X, M)/(S,N))
is fully faithful.

PRrROOF. The proof is similar to that of [O1, (2.15)]. First let us note
that we may assume that S is flat over Spf V', by Remarks 3.2.19 and 5.1.6.
Let &, F be objects in N leony ((X, M)/(S,N)). Then Hom(&, F) is iso-
morphic to the global section of Hom(E,F), where Hom(E, F) is defined
by
Hom(é', -7:)T = ’Hom(ET, fT)

for each enlargement 1. The similar statement is true for the category
NTine((X,M)/(S,N)). Hence it suffices to show that the homomorphism

g HO((X/8)5y. €) — HO((X/S)pf U(E))
induced by 7 is isomorphic for any object £ in N Ieony ((X/S)°8). Hence the
assertion is reduced to the following lemma.

LEMMA 5.2.10. Let (X, M) — (S,N) be as in Proposition 5.2.9 (with
S flat over Spf V') and let (Px — M,Qs — N,Q — P) be a chart. Let £
be an object in Iony ((X/S)1°8) such that the isocoherent sheaf Ex obtained
by evaluating &€ at the enlargement (X, M, (Xo, M) — (X, M)) is a locally
free K @y Ox-module. Then the homomorphism
e - HO((X/S)95,,, €) — HO((X/S)%, (€))

conv) inf>

induced by v 1s an tsomorphism.
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Proor. Let o be the map P ©g P — P induced by the summation
and define R to be (a®”)~1(P). Let

X(l) = (X XS X) XSprp{PGBQP} Sprp{R}

and let M (1) be the log structure on X (1) induced by the canonical log
structure on SpecZ/p™Z[R]. Then there exists an exact closed immersion
A (X,M)— (X(1),M(1)) induced by the diagonal morphism (X, M) —
(X, M) x(s,n) (X, M). So the morphism (X (1), M(1)) — (X, M) induced
by the projections (X, M) x(g ) (X, M) — (X, M) are formally smooth
in the classical sense on a neighborhood of A(X). Hence (X (1),M(1))
is formally log smooth integral over (S, N) on a neighborhood of A(X).
Hence the results in Proposition 5.2.7 and 5.2.8 are true for (Y,M') =
(X(1), M(1)). Put T, := T, x(X(1).

Now let € be an object of N eony((X, M)/(S,N)). Since we have an
equivalence of categories

Teonv (X, M)/ (8, N)) =~ St2'((X, M) — (X, M)/(S, N)),
& defines an isomorphism
€n : (K@OTn)®8X —>gx®(K®OTn)

for each n. If we tensor it with the map K ® Op, — Ox(1)an of Proposition
5.2.7(2) (for Y = X(1)), we obtain the isomorphism

€ OX(]_)an REXY —Ex ® OX(l)an.

One can check easily that this isomorphism is induced by the object 7(£) €
Iine((X, M)/(S,N)) via the equivalence of categories

Lt (X, M)/(S,N)) =~ Str((X, M)/(S,N)).

(Note that we have Ox(jyan = Koy %in Oxn, where X" is as in Section
3.2.) So we get the following:

HO(X/S)oe &) ={eeT(X,Ex)|en(l1®e) =e®1 for all n}.

conv?’
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HO(X/S)%8, (&) ={e e T(X,Ex)|€(1®e)=e®1}.

inf>

Moreover, the map ¢ is identical with the natural inclusion. Then, since
the map K ® Op, — Ox(1)an Is injective and Ex is locally free, tg is an
isomorphism. Hence the assertion is proved. [

By Lemma 5.2.2 and Proposition 5.2.9, it suffices to show the essen-
tial surjectivity of 7 in the case when the morphism (X, M) — (S, N)
admits a chart to prove the Theorem 5.2.1. Let us call an object E in
NTine((X,M)/(S,N)) is convergent if there exists a convergent isocrystal
E € Nleony (X, M)/(S,N)) such that 7(€) = E holds. Then the following
proposition holds (cf. [O1, (2.16)]):

PROPOSITION 5.2.11. Let (X, M) — (S,N) be a formally log smooth
integral morphism of fine log formal V -schemes which admits a chart and let
U be a dense open subset of X. If E € N Iony (X, M)/(S,N)) is convergent
when restricted to (U, M), then E is convergent on (X, M).

PrROOF. We may assume that S is flat over Spf V. Let £ be the ob-
ject in Ieony((U/S)°8) such that 7(€) = E holds. Let F be the sheaf

ZnxHom((K ® Or,) ® Ex,Ex ® (K ® Or,)) on X. Since F is a locally
free zp.(K ® O, )-module, we have an exact sequence

a .k b . o«
0— F — (F®Oxqun) ® juj F — juj" (F @ Ox(1yan),
where X (1) is as in Lemma 5.2.10. Let
€y ¢ Jxd "z (K © Or,,) ® Ex) — juj*2ns(Ex @ (K @ Or,,))

be the map defined by the structure of an isocrystal £ € Iony ((U/S)98) via
the equivalence of categories

Leonv((U/8)'%8) = Str'((U, M) — (U, M)/(S, N)),

and let
6, . OX(]_)an ® EX — EX ® OX(l)an
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be the map defined by the structure of an isocrystal E € Ijne((X/S)'°8) via
the equivalence of categories

Ling((X/S)'%) = Str((X, M)/ (S, N)).

Then (€}, €') defines an element of Ker(b). So there exists an element ¢, € F
such that a(e,) = (€,,,€') holds. Then one can check that these €,’s define,
via the equivalence of categories

Leonv ((X/5)°8) = St (X, M) — (X, M)/(S, N)),

an isocrystal £ € Ioony ((X/9)'°8) satisfying ¢(€) = E.

It suffices to prove that isocrystal & is nilpotent. Let us prove it by
induction on the rank of E. First let us consider the case £ = K ® Ox/g.
Since Ex = K ® Ox is locally free, the isocrystal & satisfying +(€) =
K ®Ox/g is unique up to isomorphism by Lemma 5.2.10. Hence E=K X/S
holds. So & is nilpotent in this case. Let us consider the general case. By
inductive hypothesis, there exists an exact sequence

0 — K @y Ox/g =+ E — E' — 0

in Iine((X/S)'°8) such that E' is convergent. Since £x = Ex is a locally
free K ®y Ox-module, the homomorphism
N . .
tg  HO((X/S)er €) — HO((X/ )ik, 1(E))

induced by ¢ is an isomorphism by Lemma 5.2.10. Hence there exists a
morphism A’ : Kxss — & which is sent to h by the functor ¢. Put
&' := Coker(R’). Then it is easy to see that ¢(£') = E’ holds. Then, since
E’ is convergent, £ is nilpotent. (Note that, since Homgg, 0 (EY, E) is
locally free, the isocrystal &' satisfying «(£’) = E’ is unique up to isomor-
phism.) Hence € is also nilpotent. So the assertion is proved. [J

By Proposition 5.2.11, it suffices to prove the essential surjectivity of 7
in the case that f*N = M holds for the proof of Theorem 5.2.1. Note that
we have the equivalence of categories

Teonv (X, triv. logstr.)/(S, triv.log str.)) =~ Ieony (X, M)/(S, N)),
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Line ((X, triv. log str.) /(S, triv. log str.)) ~ Lns((X, M)/(S,N)),

in this case. Hence we may assume that the log structures are trivial. So,
until the end of the proof of Theorem 5.2.1, we assume the log structures
are trivial and abbreviate to write the log structures. Moreover, we may
assume that S is flat over Spf V' by Remarks 3.2.19 and 5.1.6.

Let the notations be as above and let X™ be the n-th infinitesimal neigh-
borhood of X in X xg X. Denote the category Str'(X — X/S) simply by
Str'(X/S). Let X™ be the n-th infinitesimal neighborhood of X in X xg X
and let {7, },, be the system of enlargements of X in X xg X. The univer-
sality of blow up induces a family of morphisms v, : X" — T,,. We can
define the functor

St (X/S) — Str(X/9).
as the one induced by the pull-back by ,,’s. One can check easily that this
functor « coincides with the functor

L Ieony(X/S) — Ling(X/S)
via the equivalences of categories
Leony ((X/9)'°8) = Str'(X/.9),

Ling((X/S)"8) ~ Str(X/S)

of Propositions 3.2.14 and 5.2.6.
For ‘special’ objects of Str(X/.S), we construct the quasi-inverse of a.

DEFINITION 5.2.12. Let the notations be as above. Let (E,{e,}) be
an object of the category S/\tr(X /S) and let E be a p-torsion free coherent
sheaf on X such that K @y E = E holds. Then we call (E, {€,}) is special
if and only if there exists a sequence of integers a(n) which satisfies the
following conditions:

(1) a(n) = O(logn) (n — oo) holds.

(2) The map

p*™e, i poE — piE

sends pEE into p*{E and the map
p*™Me,t: piE — piE

sends p*{E into ng.
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This definition is independent of the choice of E. We denote the full
subcategory of Str(X/S) which consists of special objects by SStr(X/S).

PROPOSITION 5.2.13. Let the notations be as above. Then there exists
a functor B : SStr(X/S) — Str'(X/S) such that the composition oo [3 is
equivalent to the inclusion functor SStr(X/S) — Str(X/95).

PrROOF. In this proof, for a formal V-scheme Z, we denote the closed
subscheme defined by p™ by Z/p™. By using the explicit description of T},’s
in the proof of [O1, (2.3)], one can check the following: For integers n,m >

0, we can define a compatible family of morphisms 7,1 /p" N xXmm /pt
which makes the following diagram commutative:

¢m(n+1)
=

xm(n+1) Tm(n+1)
I I
Xxnm Tm_1

(5.2.5) 4 T

xmm [pt T m—1/D

T H

Xm=lpt — T, 1/p
wm—l/pn

V0

'

Let (E,{ey}) be an object in SS/\tr(X/S), let E be a p-torsion free co-
herent sheaf on X satisfying K ® F = E and let {a(n)}nen be a sequence
of integers which satisfies the condition in Definition 5.2.12. Then {¢,}
induces maps o)

p €nm - p;E — pTEa

prmel s ptE — phE,

where p; (i = 1,2) is the morphism X" — X x X PRIl et qi (i

1,2) be the morphism

Tm—l/pn N Xm—l/pn N (X % X)/pn i‘th_PfOl X/pn,
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and denote the pull-back of the morphisms p®™™e,,,,,, p®nm) e by fog
by . .
Omm : GE — ¢ FE

pmn: GGE — G E,

respectively. Let r; (¢ = 1,2) be the morphism
Ty — XM X x X TRV X

We define the map €, : 73 E — r{E to be the map such that for all n,
pemesends r3E to riE and that p*™™¢/ mod p"riE coincides with
Omn. From the data oy, p, €, is determined modulo p”_“(”m)(rfE), and
the condition a(n) = O(logn) guarantees the well-definedness of €/,,. By the
same method, we can define €/, from py, ,. Then €, and €/, are the inverse
maps of each other. One can check easily that (E,{€,,}) defines an object
of Str'((X, M)/(S,N)). We define the functor 3 by (E,{e,}) — (E,{€e,}).
By using the diagram (5.2.5), one can check that the composition « o 3 is
equivalent to the inclusion functor SS/\tr(X/S) — E/it\r(X/S) O

By Proposition 5.2.13, Theorem 5.2.1 is reduced to the following propo-
sition.

PROPOSITION 5.2.14.  Let the notations be as above. Then
NStr(X/S) C SStr(X/S) holds, that is, nilpotent objects are special.

PROOF. It is obvious that (K ®y Ox, {id}) is special.

Let (E',{€,}), (E”,{€!'}) be objects in SS/\tr(X/S) and let (E, {€,}) be an
object in S/\tr(X/S) Assume further that E, E', E” are locally free K ® Ox-
modules and there exists an exact sequence

(5.2.6) 0— (E" {e,}) — (B {en}) — (E",{ep}) — 0.

If we prove that (F, {€,}) is also special, we are done.

Note that if (E,{e,}) is an object of S/\U'(X/S), (E,{r}e;1}) is also an
object of S/\tr(X/S), where 7, is as in Section 3.2. If we take this fact into
consideration, we only have to show that, in the above situation, there
exists a sequence of integers {a(n)} such that a(n) = O(logn) holds and
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that p*™e,, : psE — plE sends sz into plE where E is any fixed p-
torsion free coherent sheaf satisfying F = K ® E and p; (i = 1,2) is the

h proj.
morphism X" — X xg X Fh Pl x Moreover, note that we may work
locally to prove this claim.
To show this claim, we prepare a lemma:

LEMMA 5.2.15. Let the situation be as above and assume Q%{/S 18 free
with basis dx; (1 < i < m) with x; € Ox. Define § € Oxxx by & =
1@z —x;®@1. Let (E,V) be an object in C(X/S). If we identify Str(X/S)
with C(X/S) by Theorem 3.2.15, the object (E, {e,}) which corresponds to
(E,V) is given by the following formula:

(1®e) Z V e) ® £,

jaj<n &
where a := (a1, ,an) is a multi-index of length m,

V= (id ® Dy 0 V) 0+ 0 (id ® Dy 0 V)
(D) ’s are defined in Lemma 8.2.7) and §* := [[;2, &

PrOOF. By [B-0, (2.7)], we have D** = a!D,. The lemma follows from
this fact and easy calculation. [

PROOF OF PROPOSITION 5.2.14 (continued). Let
0— (E',\V)— (E,V) — (E",V") — 0

be an exact sequence in C'(X/S) corresponding to the exact sequence (5.2.6)
via the equivalence of categories S/\tr(X /S) ~ C(X/S). Since the notion
‘special’ is a local property, we may assume that E',E” are free K @y Ox-
modules and E = E’ @ E” holds as sheaves. Let E', E” be free O y-modules
such that K ® E' = E' and K ® E” = E” hold, and put E := E' & E".

V is expressed as
A% r
(T e) ()
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where I' is a matrix with entries in K ®y Qﬁ( /s Let e; be the multi-index

i

(0,0,---,0,1,0,---,0) of length m. Then

v r,
() 7)

holds for some matrix I'; with entries in K ®y Ox. Then, for a general
multi-index a of length m,

1 1 /v,
JV“:J( vg)

- el 1 (V) r;\ 1 /V.
e (™) )a ™ e

i=1 b+c=a—e;
b,c>0

holds. Since E’ and E” are special, there exists a sequence of integers k(n)
such that k(n) = O(logn) and

k(n) -
d Vi) eFr

al

)

uen e B
hold for any ¢ € E’, ¢’ € E and any multi-index a of length m such that
|a| < n. Hence it suffices to show that there exists a constant C' such that

Up<%) < Clogn forn>0
holds for any multi-indices a, b, ¢ of length m such that |a| <n and b+ c =
a — e; hold, where vy, is the p-adic valuation on Z satisfying v,(p) = 1.

Let k,l,r be integers such that 0 < k,l,r and r — 1 < k + 1 < r hold.
Let S : N — N be a map defined by S(r) = a; + a;—1 + - -+ + ag, where
r=apt+a_1pt 1+ -ap+ap with 0 < a; < p—1. Then vp(r!) = %Y)
holds. So we have

r! 14+ S(k)+S(1)—S(r)
Up(m)g p—1
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_ L+ (ogym)(p—1)
< b1
< 1+log,r.

Let a,b, c as above and write a = (a1, ag, ..., a,) etc. Then we have

a! il a;!
,Up(@) = Zl vp(bz'cl')

1=

< Z(l + log,, a;)
a; 70
<m+log,([] a:)
(ll7$0
< m+mlog,n.

Hence there exists a required constant C. [J

By Proposition 5.2.14, the essential surjectivity of 7 is deduced and the
proof of Theorem 5.2.1 is now completed.
Now we give an important corollary of Theorem 5.2.1.

COROLLARY 5.2.16. Let (X, M) L, (SpecV,N) be a proper log

smooth integral morphism of fine log schemes and let x be a V -valued point
of Xf.triv. Assume moreover that Hog (X, M)/(SpecV,N)) =V holds and
that the special fiber is reduced. Let (X, M) Ix, (Spec K, N) be the generic

fiber and (Xy, M) ELN (Spf V, N) be the map induced by the special fiber.
Denote the generic fiber and the special fiber of x by xg, xi, respectively.
Then we have HO((Xk/V)é%%V,ICXk/V) = K (hence the convergent funda-
mental group of (X, M) over (Spf V, N) with base point xy, is well-defined)
and there exists a canonical isomorphism

TN (X, M)/ (SpfV, N), ) = 78R (X g, M) /(Spec K, N), x ).

PROOF. Let us denote the p-adic completion of f by f : (X,M) —
(Spf V, N). Then the canonical functor

(52.7)  Nleons (X, M)/(Spt V,N)) — Nleony ((Xi, M)/(Spf V, N))
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gives an equivalence of categories by Remark 5.1.3.

Note that X Ftriv C X is homeomorphic to Xy f, triv C Xy via the home-
omorphism X — X. Since X k,fo-triv 1S open dense in X by Proposition
2.3.2, Xf—triv is open dense in X. So, by Theorem 5.2.1, we have the canon-
ical equivalence of categories

(5.2.8) Nleony (X, M) /(Spf V. N)) =~ NIins (X, M)/(Spf V, N)).

Moreover, by Corollary 3.2.16, we have the canonical equivalence of cate-
gories

(5.2.9) C((Xx, M)/(Spec K, N)) = Lint (X, M)/(Spf V, N)).

Combining the equivalences (5.2.7), (5.2.8) and (5.2.9), we get the functorial
equivalence

NIconv((Xka M)/(Spf V7 N)) = NC((XK7 M)/(Spec K? N))

From this equivalence, we obtain the desired assertion. (Compatibility of
fiber functors follows from the functoriality of the above equivalence of
categories with respect to the morphism z : SpecV — X.) O

5.3. Comparison between log convergent site and log
crystalline site

Throughout this section, for a formal W-scheme X, we denote the closed
subscheme defined by p € Ox by X; and (Xi)rea by Xo, unless other-
wise stated. In this section, we prove the comparison theorem between
crystalline fundamental groups and convergent fundamental groups and we
finish the proof of Berthelot-Ogus theorem as a consequence.

THEOREM 5.3.1. Let (X,M) be a fine log scheme over k and let

(X, M) L, (Speck,N) — (Spft W, N) be a morphism of fine log formal
W -schemes such that f is log smooth and integral. Assume moreover that
X triv @5 dense open in X. Then there exists a canonical functor

@ 2 Leony (X, M)/ (SpE W, N)) — Lerys((X, M) /(Spf W, N))
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which induces an equivalence of categories

P Nleony (X, M) /(Spf W, N)) — N Ierys((X, M)/ (Spf W, N)).

PROOF. In the proof, we use the notation in Notation 4.3.5. Since the
proof is long, we divide it into five steps.

Step 1. First, let us consider the following situation: Let (S, N) be an
object in the category Sy in Notation 4.3.5. Put S; := Spec Og5/pOg, and
let (X, M) be a fine log scheme over Sy. Let (X, M) A, (S1,N) <5 (S, N)
be morphisms of fine log formal W-schemes such that f is log smooth and
integral. Assume that we are given a closed immersion (X, M) — (Y, J)
into a fine log formal W-scheme (Y, J) which is formally log smooth and
integral over (S, N), and assume moreover that the diagram

(X, M) — (Y, J) — (S, N)

admits a chart C := (Pg — N,Qy — J,Rx — M,P — @@ — R) such that
Q8P — RSP is surjective. Under this assumption, we define a functor

Viy.ny,e t Leonv (X, M)/(S,N)) — HPDI((X, M) — (Y, J)).

Before defining the functor Wy j ¢, we prepare some notations. Let
a:Q — Ra(l): Q®pQ — Rand a(2) : Q@ dp Q ®p Q@ — R be the
homomorphisms of monoids which are induced by the summation and the
chart C. Put Q' := (a®?)"}(R) and Q'(i) := (a(i)8?) "1 (R) (i = 1,2). Define
the formal W-schemes Y’ Y’(1) and Y’(2) by

Y=Y Xgpiz, {0} SPfZp{Q'},

Y'(1) = (Y x5 Y) Xsprz,{Qorqy SPfZp{Q'(1)},
Y,(Q) = (Y XS Y Xg Y) XSPpr{QEBPQ@PQ} Spf ZZ’{Q/(2>}’

respectively. Let J' (resp. J'(i) (i = 1,2)) be the fine log structure on Y’
(resp. Y’(i)) induced by the canonical log structure on SpfZ,{Q'} (resp.

Spf Z,{Q'())}). Let {(Tns Ln)}n (resp. {(T(i)ns L(i)n)}n) be the system of
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universal enlargements of (X, M) in (Y',J’) (resp. (Y'(i),J'(7))). (Not
that we have the exact closed immersions (X, M) — (Y, .J'), (X , M)
(Y'(4), J'(i)) which admit charts.) Let (D, Mp) (resp. (D(i), Mpy)) (i =
1,2)) be the p-adically complete log PD-envelope of (X, M) in (Y, J) (resp
the (i + 1)-fold fiber product of (Y,J) over (S,N).) By [Kkl1, (5.6)], D
(resp. D(7)) is the usual p-adically complete PD-envelope of X in Y (resp.
Y'(i)), and Mp (resp. Mp;) is the pull-back of J' (resp. J'(i)) by the
morphism D — Y’ (resp. D(i) — Y’(4)), which we denote by h (resp.

Put 7 := Ker(Oyr — Ox) and Z(i) := Ker(Oy;y — Ox) (i = 1,2).
Assume that Z,Z(i) (i = 1,2) are all generated by m elements as Oy-
module, Oy¢;-module, respectively. Put n := (p — 1)m. Then one can
check the inclusions h*(Z"*') C pOp, h(i)*(Z(i)"*') C pOp(;). Hence, by
the universality of blowing up, the morphisms h, h(i) factors as

N

DT, —vy

D(i) 28 (i), — Y'(0),
respectively. The morphisms (3, 5(7) naturally induce the morphisms of fine
log formal W-schemes

(Da MD) B (Tm Ln)v

(D(i), Mpi)) — (T'(i)n, L(i)n),
which are also denoted by (3, 3(i), respectively. Then we have the following
commutative diagrams
(D, Mp) < (D(1), Mp)) (D(2), Mp(2))

(5.3.1) Bl p() | B(2) |
(T Lin) s (T(1)n, L(1)n) ‘E (T'(2)n, L(2)n),

T

(D,Mp) — (D(1),Mp())

(5.3.2) 8l B(1) |
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where the horizontal lines in the first diagram are induced by the projections
and the horizontal lines in the second diagram is induced by the diagonal
map.

Now let £ be an object in the category Iconv((X,M)/(S,N)) and let
(E,{en}) be the object corresponding to £ by the equivalence of categories

Teonv (X, M) /(S,N)) =~ Str'((X, M) — (Y', J")/(S, N)).

Then, by the commutative diagrams (5.3.1) and (5.3.2), the pair (5*E,
B(1)*ey,) defines an object in HPDI((X, M) — (Y, J)). We define the func-
tor Uiy, yyc by € = (B"E, 3(1)"ey,). It is easy to see that the above definition
is independent of the choice of m.

Step 2. Let us consider the following situation: Let S := Spf W, let
(X, M) be a fine log scheme over k and let (X, M) 7, (S1,N) — (S,N) be
as in Step 1. Let ¢ : (X, M) — (Y, J) be a closed immersion into a fine log
formal W-scheme (Y, J) over (S, N) such that (Y, J) is formally log smooth
and integral over (S, N). Denote the structure morphism (Y, J) — (S, N)
by g. Assume moreover that we are given a commutative diagram

X — X0 — xMO Z x@7
vl ! ! !
D=|lY «— vO  y@O & y®
gl ! ! !
S — sO - g Z g

satisfying the following conditions:

(1) The horizontal arrows are etale hypercoverings.
(2) The morphisms X — Y@ are closed immersions.
(3) The diagram

(XOM) — (XOM) S (XO, M)
! ! !

Dl = (Y(O)7 J) <: (Y(1)7 J) -
! ! !

(SO.N)  — (SU,N) )

1
=
s

111
©
2
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which is naturally induced by D, admits a chart C such that, if we
denote the restiction of C to (X, M) — (Y®,.J) (i = 0,1,2) by
Q; — R;, then Q% — R’ is surjective.

Let p; : Y — VO (5 =1,2) and p;; : Y — YW (1 <i<j<3)
are projections, and let Apppr be the category of pairs ((E,¢€), ), where
(E, €) is an object in HPDI((X©, M) — (V) .J)) and ¢ is an isomorphism
p5(E,e) — pi(E,e) in HPDI(XM M) — (Y1 .J)) satisfying pi,(¢) o
p33(0) = pis(e) in HPDI(X®), M) «— (Y3 .J)). Under this assumption,
we define a functor

Yyoe: Teonv((X, M)/(S, N)) — Anppr
and a fully-faithful functor
Av,p),p + Lerys((X, M)/ (S, N)) — Anppr-

Let Aconv (resp. Acrys) be the category of pairs (€, ¢), where £ is an
object in Teony (X, M) /(SO N)) (resp. Irys((X@, M)/(S©, N))) and
@ is an isomorphism pi£ —— pi€ in Teon (XM, M )/(S( ),N))

(resp.  Lerys(XW, M) /(SM), N))) satistying pia() o pia(e ) = Pis(p) in
Teony (X, M) /(SP), N)) (vesp. Irys((XP, M) /(S<2),N))). Then, by Re-
mark 5.1.7 and Proposition 4.3.6, we have the equivalences of categories

€conv * Leony (X, M)/(S, N)) — Acony,
€arys * Terys((X; M)/(S, N)) = Acrys.
Let C) (i = 0,1,2) be the restriction of the chart C to the diagram
(XD M) — (Y@ J) — (SO N).
Then we have the functors

Uiy gy e Teony (X, M) /(S N)) — HPDI((X ), M) — (Y),.]))
(1=0,1,2).
One can check easily that the functors \II(Y(i)’J)[,’(i) (1 = 0,1,2) induce

the functor
V' Acony — Anppr-
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The desired functor Yy, 7,pc is defined as the composite ¥’ o econy.
On the other hand, the fully-faithful functors
(5.3.3)
Larys (XD, M) /(8D N)) — HPDI((XD, M) — (Y J)) (i=0,1,2)

in Section 4.3 (4.3.3) induce the functor
A Acrys — Agppr,

which is also fully-faithful. The desired fully-faithful functor Ay, p is
defined as the composite A’ o eqpys.
Now let us assume moreover the following conditions:
(4) ¢ is an exact closed immersion and (Y, J) X (g n) (S1, N) = (X, M)
holds.
(5) The squares in the diagram

71
=

X « x0 - x®

Ll ! ! !

Yy « YO — y®O Z y@®
are cartesian.

Then, by Proposition 4.3.2, the functors in (5.3.3) are eqivalences. Hence
so is A’. So the functor Ay,7),p gives an equivalence of categories in this
case.

Step 3. Let us consider the following situation: Let .S := Spf W, and
let (X, M) be a fine log scheme over S. Let (X, M) 7, (S1,N) — (S,N)
be as in Step 1 and assume that X is affine. Under this assumption, we
define a functor

(I)(X,M) : ICOHV((Xv M)/(Sv N)) - ICI"YS((Xa M)/(Sv N))

Since X is affine, there exists an exact closed immersion ¢ : (X, M) —
(Y, J) into a fine log formal W-scheme (Y, J) over (S, N) such that (Y, J)
is formally log smooth integral over (S, N) and that (Y, J) X (g ) (S1, N) =
(X, M) holds. Then one can construct a diagram D (in Step 2) satisfying
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the conditions (1) to (5) in Step 2. Then we define the functor ®(x ) by
the composite A()},J),D oWy

We should prove that the above definition of the functor @ x »p) is inde-
pendent of the choice of ¢, D and C. For i = 1,2, let ¢; : (X, M) — (Y3, i),

X o~ x©9 o xM = x®j
! ! ! l
Di=1Y, < Y.(O) — Y-(l) = y®
! ! ! !
s «— s - W = @

and C; be as in ¢, D,C in Step 2 which are subject to the conditions (1)

to (5). Note that we have the canonical equivalences of sites X l(Je)t o~ Yz(gt)

Noting this fact, one can construct the diagrams (for i = 1, 2)

X — xO o x® = x@7
! ! !
D—y, « v© — y® Z y®
! I ! !
S — sO . s = 5@

and the morphisms of diagrams
vi:D; — D; (i=1,2)
inducing the identity on X — Y; — S satisfying the following condi-

tions:
(1) The diagram

X « x0o0 . xO = x@
! ! ! !

S — SO

A
111
A

induced by D; and that induced by D, are the same. (We denote
it by Dy.)
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(2) Let
r(XO M) — (XY M) & (XD M)
! !
D= | — @Mg & @@
| ! |
L (SON) — (SUN) & (SP)N)

be the diagram induced by D, and let v/ : D; — D} be the mor-
phism of the diagrams induced by 7;. Then we have a chart C; of
the diagram D, iy, D} extending the chart C; of D..

(3) Let

XO.M) — @xO.M) = (XP M)

S (8@, N)

(SON) — (SU,N)

11

be the diagram induced by D,. Then the restriction of the charts
C,,C, to Dy coincide.

(4) The formal schemes XZ(]) (1=1,2,7=0,1,2) are affine.

Let D be the diagram

X - x(©) - x® = P

l 0 . 0 1 . 1 2 l 2
YixgVy o Y¥Vxeov®  YPxmyd) & y® eyl

! i ! |

S - S(0) - S1) = S2)

induced by D; and D, (by taking ‘fiber product’), and let

(X, p) « (x®, M) (X®, M)

()

1 ! l
D o= | (X 0) x g0 X, )« (X, 01) x gy (X5, ) S P n) xg@ ) Y2, )
!

!
(8O, N) < (8™, N) (8@, N)

Tt



650 Atsushi SHIHO

be the diagram induced by D. Then we have the natural morphisms of
diagrams &; : D — D,, &} : D — D) (i = 1,2). One can see that the
diagram
D, oDy D2 Dy 2, D)

admits a chart C extending C; and C,. Moreover, the diagram D satisfies
the conditions (1) to (3) in Step 2 (for (Y, J) = (Y1, J1) X(g,n) (Y2, J2).) Let
Anppr,; (resp. Anppi) be the category Agppr in Step 2 for the diagram D;
(resp. D). Then the morphisms of diagrams

61 —= 1
Dl Y10 1,D’Y202,D2

and the chart C induce the following commutative diagram of functors:

Y(v,,01).01.01 Atvy,01),p
PGS he Tiket 1ot TN 1

ICOHV((X’ M)/(Sv N)) AHPDI,I Icrys((Xy M)/(Sa N))
| o] |
Yy 01)x (Yo, J2) DClms A . 5
Leom (X, M)/(S,N)) — =220, Ryppy e XCP (X, M)/(S,N))
| ] |
N A
Lo (X, M)/(S,N)) ~ —22P2le, Appn, 2P p (X, M)/(S,N)),

where Ay, 1) p, (i = 1,2) are equivalence of categories and Ay, 1) x(Yardo) D

i

is fully-faithful. From the above diagram, we get the equivalence of functors

-1 ~ A1
A(Y1,J1),D1 © \Ij(Yth),’DhCl - A(YQ,JQ),DQ °© \II(Y27J2)7D27C2'

So the definition of @ x »r) is independent of the choice of ¢, D and C.
One can check the functoriality of the functor ®(x ;) with respect to
(X, M) in a similar way.

Step 4. Let the notations be as in the statement of the theorem. We
define the functor

P : Leonv (X, M) /(Spt W, N)) — ITarys((X, M)/ (Spf W, N)).
Let

(5.3.4) X « x©O — x0O Z x®

—
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be a Zariski open hypercovering such that each X is a finite disjoint
union of affine schemes. Let p; : X1 — X©) (5 = 1,2) and Dij xX@
x@ (1 <i < j <3) be projections and let Acony (resp. Acrys) be the cat-
egory of pairs (€, ), where & is an object in Ieony (X9, M)/(Spf W, N))
(resp. Terys((X(©) M) /(Spf W, N))) and ¢ is an isomorphism p3E —— pi€ in
Teony (X, M)/(ShW N)) (resp. Ierys((XM, M)/ (Spf W, N))) satistying
Plalp) © Pis(e) = Pia(e) i Leony((X®), M)/(SpE W, N))  (resp.
Terys((X ), M) /(Spf W, N))). Then, since both Ieony((X, M)/(Spf W, N)),
Iorys((X, M)/ (Spf W, N)) satisfy the descent property for Zariski covering
by finite open sets, we have the equivalences of categories

econv * Leonv (X, M)/(Spf W, N)) = Aconys
€crys * Icrys((Xy M)/(Spf W, N)) — ACTYS'
Let

(I)(X(D,M) : ICOHV((X(i)a M)/(Spf W, N)) — IcryS((X(i)a M)/(Spf W, N))
(1=0,1,2)
be the functor constructed in Step 3. Since the functors <I>(X(Z~)7 M) (i =

0,1,2) are funtorial with respect to the morphisms in the diagram (5.3.4),
they induce the functor

PA : Acony — Acrys'

Then, the desired functor ® is defined by ® := ecrys o DA 0 €cony. It can
be chacked easily that the functor @ is independent of the choice of the
hypercovering (5.3.4).

Step 5. Let ® be the functor defined in Step 4. One can check easily
that @ is exact. Hence ® induces the functor

B N ooy ((X/W)'%8) — N lerys ((X/W)'°5).

Let us prove the categorical equivalence of ®. Since the categories
Teony ((X/W)18) | Ipys((X/W)°8) satisfy the descent property for finite
open coverings, one can check that it suffices to prove the categorical
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equivalence Zariski locally. (One can prove this by the same argument
as that in Lemma 5.2.2.) Hence we may assume that X is affine. Let
(X, M) — (Y,J) be an exact closed immersion into a fine log formal W-
scheme (Y, J) which is formally log smooth integral over (SpfW, N) sat-
isfying (Y, J) X(sprw,n) (Speck, N) = (X, M). Recall that we have the
canonical equivalence of categories

b1+ N eony ((X/W)'%8) = NIint ((X/W)'°¥) = NC((Y, J)/(Spf W, N)),

where the first functor is the functor 7 in Section 5.3 and the second equiv-
alence follow from Theorem 3.2.15. On the other hand, we have an exact
fully-faithful functor

by : Lerys((X/W)'8) — C((Y, J)/(Spf W, N)).
which is defined in Proposition 4.3.7. Since b}, is exact, it induces the functor
b : N lerys((X/W)'8) — NC((Y, 1)/ (Spf W, N)),

which is also fully-faithful. By constructions of these functors, one can
check the commutativity of the following diagram of functors:

N Leony (X/W)°8) s NC((Y, )/ (SPE W, N))
d| |
Nlerys(X/W)0B) 2 NC((Y, )/ (Spf W, N)).

Since by is equivalent and by is fully-faithful, the functor ® gives an equiv-
alence of categories. So the theorem is proved. [J

Using the above theorem and the results in Sections 5.1 and 5.2, we can
prove the Berthelot-Ogus theorem for fundamental groups.

THEOREM 5.3.2 (Berthelot-Ogus theorem for 7). Assume we are
given the following commutative diagram of fine log schemes

(X, M) = (X, M) -  (Xg,M)

! fl !
(BO) (Speck,N) — (SpecV,N) <« (SpecK,N)
N\ l

(Spec W, N),
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where the two squares are Cartesian, f is proper log smooth integral and
X, is reduced. Assume moreover that Hi (X, M)/(Spf V,N)) =V holds,
and that we are given a V-valued point x of Xy.iy. Denote the special fiber
(resp. generic fiber) of © by xy, (resp. xx). Then there exists a canonical
isomorphism of pro-algebraic groups

ﬂ_i:ryS((Xk’ M)/(ShWN)7$k) X Ko K= 7T§R((XK,M)/(SPGCK, N),$K).

PrOOF. First, by Corollary 5.2.16, we have H°(((Xy, M)/
(Spf V, N))conv, Kx/v7) = K and there exists a canonical isomorphism

(5.3.5) 7N ((Xy, M)/(SpfV, N), z) = {8 ((X g, M)/(Spec K, N), x ).

Since HY(((Xy, M)/(Spf V, N))eonvs Kx/v) = K holds, X is connected.
Hence, by Propositions 4.1.7 and 5.1.11, we can define the crystalline fun-
damental group of (X, M) over (Spf W, N') and the convergent fundamental
group of (X, M) over (Spf W, N) or (Spf V, N). Then, by Corollary 5.1.14,
we have the isomorphism
(5.3.6)

T (X, M)/ (SpE W, N), k) X iy K = mi™™ (X, M)/ (SpEV, N), ).

Finally, by Theorem 5.3.1, we have the isomorphism
(5.3.7) m " ((Xk, M)/(Spf W, N), xy,) = ™™ ((Xg, M)/ (Spf W, N), z,).

Combining the isomorphisms (5.3.5), (5.3.6) and (5.3.7), we obtain the
assertion. [J

Finally we give two typical examples of the above theorem.

Ezample 5.3.3. Let X be a connected scheme which is proper smooth
over Spec V and let D be a relative normal crossing divisor in X over Spec V.
Let M be the log structure on X associated to D, and let N be the trivial
log structure on Spec W. Denote the special fiber and the generic fiber of X
by X, Xk, respectively. Let x be a V-valued point of X — D and let xx, xx
the special fiber and the generic fiber of x, respectively. Then we have the
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diagram (BO) which satisfies the conditions in Theorem 5.3.2. Hence we
have the isomorphism

7Y ((Xg, M) /SpE W, 21) Xy K = mR((Xg, M) /Spec K, xx),

and the right hand side is isomorphic to m{®(Xx — Dx/Spec K, zx) by
Proposition 3.1.8.

Ezample 5.3.4. Let X be a regular scheme and let f : X — SpecV be
a proper flat morphism. Assume moreover that the special fiber Xj, of X is a
reduced normal crossing divisor. Let M be the log structure on X associated
to X and let N be the log structure on Spec W associated to the closed
point. Then, by Example 2.4.6, the morphism f : (X, M) — (SpecV, N)
is log smooth and integral. Denote the special fiber and the generic fiber
of X by Xy, Xk, respectively. Let x be a V-valued point of Xy ¢, and
let xp, xx the special fiber and the generic fiber of x, respectively. Then
we have the diagram (BO) which satisfies the conditions in Theorem 5.3.2.
Hence we have the isomorphism

7Y (Xg, M) /(SpE W, N), x1) x iy K = 7 ( X /Spec K,z ).

(Note that M, N are trivial on Xk, Spec K, respectively.)
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