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Crystalline Fundamental Groups I — Isocrystals

on Log Crystalline Site and Log Convergent Site

By Atsushi Shiho

Abstract. In this paper, we define the crystalline fundamental
groups for fine log schemes (satisfying certain condition) over a perfect
field of positive characteristic by using the category of isocrystals on log
crystalline site and prove their fundamental properties, such as Hurewicz
isomorphism, the bijectivity of crystalline Frobenius and the comparison
theorem with (log version of) de Rham fundamental groups (log version
of Berthelot-Ogus theorem for fundamental groups).
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Introduction

In arithmetic geometry, we consider various cohomologies such as Betti,

etale, de Rham and crystalline ones for algebraic varieties. Their definitions

are quite different, but all of them satisfy several nice properties in common,

and in certain situations, we have various comparison theorems between

them. Grothendieck proposed the philosophy that cohomology theory is

motivic: That is, there exists a theory of motivic cohomology such that

all the reasonable cohomology theories factor through it. The comparison

theorems can be thought as a consequence of this philosophy. Now most

mathematicians believe his philosophy, and it is one of the central subjects

in arithmetic geometry.

On the other hand, various theory of (the pro-unipotent quotient of)

rational fundamental groups have been studied in arithmetic geometry: The

topological rational fundamental group is studied by Quillen ([Q]). The

etale fundamental group is defined and studied by Grothendieck ([SGA1]).

The de Rham fundamental group is studied by Sullivan ([Su]) and Chen

([Che]). The theory of mixed Hodge structure on rational fundamental

groups is studied by Morgan ([Mo]), Hain ([Ha]), Navarro Aznar ([Nav])

and Wojtkowiak ([W]).

In his celebrated paper [D2], Deligne gave the construction of the topo-

logical, l-adic and de Rham fundamental groups by means of Tannakian
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categories and fiber functors, and he extended the philosophy of Grothen-

dieck to the case of the pro-unipotent quotient of rational fundamental

groups. If we follow his philosophy, there should be a theory of crystalline

fundamental groups for smooth varieties over a perfect field of characteristic

p > 0, and if the given variety is liftable to characteristic zero, there should

be the comparison theorem between de Rham fundamental group and crys-

talline fundamental group. But in [D2], the crystalline fundamental group

is defined only for smooth varieties which are liftable to a field of charac-

teristic zero, and in this case, it is defined by introducing the crystalline

Frobenius to the de Rham fundamental group of the lift. Since the crys-

talline fundamental group should be defined for any smooth variety X over

a perfect field of characteristic p > 0 (even if X is not liftable), and since

it should depend only on the reduction, the construction of the crystalline

fundamental group in [D2] is not the best possible way.

In this paper, we construct the theory of crystalline fundamental groups

for schemes (satisfying certain conditions) over a perfect field of character-

istic p > 0 by using the theory of Tannakian categories and fiber functors.

In fact, we work in more general setting: We work not only for schemes,

but also for log schemes in the sense of Fontaine, Illusie and Kato ([Kk1]).

A log scheme is a scheme endowed with a ‘log structure’, which is a

pair of certain sheaf of monoids and certain homomorphism of sheaves of

monoids. (For precise definition, see [Kk1] or Chapter 2 in this paper.) It

is a generalization of the notion of a scheme, and it is useful for the study

of degeneration of varieties, for example. Recently, a generalization of the

above four cohomology theories to the case of log schemes and a general-

ization of the comparison theorems are developed ([Kk1], [Nak], [Nak-Kk],

[Kf2], [Ma], [T1] etc.). Hence it might be natural to say that the cohomology

theory of log schemes should be also motivic.

Moreover, one is tempted to say that there should exist the theory of

rational fundamental group for log schemes which is motivic. If we believe

this philosophy, there should be various rational fundamental groups for

fundamental groups (corresponding to the above four cohomology theories)

which are related by various comparison theorems. In this paper, we con-

sider de Rham fundamental groups and crystalline fundamental groups for

log schemes: We extend the definition of de Rham fundamental group to

the case of certain log schemes, and give the definition of crystalline fun-
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damental group for certain log schemes, and prove the comparison theorem

between them.

Now let us briefly explain the content of each chapter.

In Chapter 1, first we recall the definition and basic properties of Tan-

nakian categories. After that, we introduce the notion of nilpotent part

NC of an abelian tensor category C. It is a useful notion for us because

it corresponds to the pro-unipotent quotient of a pro-algebraic group via

Tannaka duality of Saavedra Rivano ([Sa]) in the case where C is a neutral

Tannakian category. In general, the category NC is not necessarily abelian

even if C is so. We give a simple sufficient condition for the category NC
to be abelian. This criterion is useful to prove that the several categories

which we consider later are in fact Tannakian categories.

In Chapter 2, first we review basic definitions concerning log schemes,

which are developed in [Kk1]. We extend some of the basic notions to the

case of formal schemes, because we often use log formal schemes in later

chapters. After that, we prove the following proposition: For a log smooth

exact morphism f : (X,M) −→ (Spec k,N) of certain fine log schemes

(where k is a field), Xf -triv := {x ∈ X | (f∗N)x̄
∼
= Mx̄} is open dense in X if

X is reduced. (For precise statement, see Theorem 2.3.2.) In the case of a

log smooth integral morphism of fs log schemes, this is due to Tsuji ([T2]).

In later chapters, this proposition is used to provide a simple and geometric

sufficient condition for several categories associated to a morphism of log

(formal) schemes to be Tannakian.

In Chapter 3, we develop the theory of de Rham fundamental groups

for log schemes. For a morphism of log schemes f : (X,M) −→ (Spec k,N)

(where k is a field) and a k-rational point x in Xf -triv satisfying certain con-

dition, de Rham fundamental group πdR
1 ((X,M)/(Spec k,N), x)) is defined

to be the Tannaka dual of the category NC((X,M)/(Spec k,N)) of nilpo-

tent integrable log connections. So it is a pro-unipotent algebraic group

over k. Then we prove the following theorem: For a pair (X,D) of a proper

smooth scheme X over a field k and a normal crossing divisor D in X, we

can associate a log structure M on X. Then, if the characteristic of k is

zero, the de Rham fundamental group of the log scheme (X,M) is isomor-

phic to that of X −D. In particular, de Rham fundamental group of the

log scheme (X,M) of this type depends only on X −D (and base point).

After that, we investigate the relation between the category of integrable
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log connections and the category of isocrystals on log infinitesimal site (a

log or a log formal version of infinitesimal site of Grothendieck [G]), by the

method in [B-O, §2], [O1, §1].

In Chapter 4, we develop the theory of crystalline fundamental groups for

log schemes. For morphisms (X,M)
f−→ (Spec k,N) ↪→ (Spf W,N) of (for-

mal) log schemes (where k is a perfect field of characteristic p > 0 and W is

the Witt ring of k) and a k-rational point x in Xf -triv satisfying certain con-

dition, crystalline fundamental group πcrys
1 ((X,M)/(Spf W,N), x)) is de-

fined to be the Tannaka dual of the category N Icrys((X,M)/(Spf W,N)) of

nilpotent isocrystals on log crystalline site (which is defined by Kato [Kk1]).

It is a pro-unipotent algebraic group over the fraction field of W . We prove

two important basic properties of crystalline fundamental groups: One is

the crystalline version of Hurewicz isomorphism, which gives the isomor-

phism of abelianization of crystalline fundamental group and the dual of

first log crystalline cohomology group. The other is the bijectivity of crys-

talline Frobenius. After proving them, we consider the following problem:

Let (X,D) be a pair of a proper smooth scheme X over a perfect field k

of characterictic p > 0 and a normal crossing divisor D in X, and let us

denote the log structure on X associated to this pair by M . Then does

the crystalline fundamental group of (X,M) over Spf W depend only on

X − D (and base point)? (Here we should remark that it is not good to

compare with the crystalline fundamental group of X − D: it is too big

in general, for so is the crystalline cohomologies.) We give the affirmative

answer to this problem in the case dimX ≤ 2, by using resolution of singu-

larities by Abhyankar ([A]) and the structure theorem of proper birational

morphism of surfaces due to Shafarevich ([Sha]). In Part II ([Shi]) of this

series of papers, we consider this problem in another method and we give

the affirmative answer in general case. Finally in this chapter, we investi-

gate a relation between the category of isocrystals on log infinitesimal site,

the category of HPD-isostratifications and the category of integrable formal

log connections, following the argument in [O2, (0.7)] and Kato [Kk1, §6].

We also prove the descent property of the category of isocrystals on log

crystalline site.

In Chapter 5, we prove the comparison theorem between de Rham fun-

damental groups and crystalline fundamental groups. The statement is as

follows: Let k be a perfect field of characterictic p > 0, W the Witt ring of
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k and V a totally ramified finite extension of W . Denote the fraction fields

of W,V by K0,K, respectively. Now assume we are given the following

commutative diagram of fine log schemes

(Xk,M) ↪→ (X,M) ←↩ (XK ,M)

↓ f ↓ ↓
(Spec k,N) ↪→ (SpecV,N) ←↩ (SpecK,N)

↘ ↓
(SpecW,N),

where the two squares are Cartesian, f is proper log smooth integral and

Xk is reduced. Assume moreover that H0
dR((X,M)/(Spf V,N)) = V holds,

and that we are given a V -valued point x of Xf -triv. Denote the special fiber

(resp. generic fiber) of x by xk (resp. xK). Then there exists a canonical

isomorphism of pro-algebraic groups

πcrys
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK).

In the case of cohomologies (without log structures), the corresponding

theorem is proved by Berthelot and Ogus ([B-O2]). So we call this theorem

as the Berthelot-Ogus theorem for fundamental groups.

The method of proof is as follows: First, we introduce the notion of log

convergent site, which is a log version of the convergent site of Ogus ([O1]),

and define the convergent fundamental group

πconv
1 ((Xk,M)/(Spf ?, N), xk) (? = W,V )

by using the category N Iconv((Xk,M)/(Spf ?, N)) of nilpotent isocrystals

on log convergent site. Then we prove the base change property

πconv
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πconv

1 ((Xk,M)/(Spf V,N), xk).

Second, we investigate the relation between the category of nilpotent iso-

crystals on log convergent site and the category of nilpotent isocrystals on

log infinitesimal site. This, together with the result in Chapter 3, allows us

to prove the comparison

πconv
1 ((Xk,M)/(Spf V,N), xk)

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK)
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between de Rham fundamental group and convergent fundamental group.

Finally, we investigate the relation between the category of nilpotent iso-

crystals on log convergent site and the category of nilpotent isocrystals on

log crystalline site (here we use the results in Chapter 3 and Chapter 4),

and prove the comparison

πconv
1 ((Xk,M)/(Spf W,N), xk)

∼
= πcrys

1 ((Xk,M)/(Spf W,N), xk)

between convergent fundamental group and crystalline fundamental group.

Combining the above three isomorphisms, we finish the proof.

In Part II ([Shi]) of this series of papers, we will study the general theory

of log convergent cohomology systematically and relate it to rigid cohomol-

ogy in certain case, and give an application to the study of crystalline

fundamental groups.

After writing the first version of this paper, the author learned that

Chiarellotto and Le Stum ([Chi-LS], [Chi]) also studied on closely related

subjects. They also study the crystalline version (rather, one should say

‘rigid version’) of the rational fundamental group using rigid analytic ge-

ometry (without log structures).

This series of papers is a revised version of the author’s thesis in Tokyo

University. The author would like to express his profound gratitude to his

thesis advisor Professor Takeshi Saito for valuable advice and encourage-

ment. He also would like to express his thanks to Professors Yukiyoshi

Nakkajima, Takeshi Tsuji and Nobuo Tsuzuki for valuable advices to the

first version of this paper. The author would like to thank to the referee for

reading the first version of this long paper carefully and patiently, and for

giving him many advices, especially on the structure of the paper. With-

out his advices, it would be impossible to make this paper understandable.

The author would like to express his thanks to those who encouraged him

during the revision of this paper. Without their encouragement, he could

not finish the revision of the paper. The author revised this paper dur-

ing his stay at Univerisité de Paris-Sud. The author would like to thank

to the members there for the hospitality. Finally, the author would like

to apologize to the editors and staffs of Journal of Mathematical Sciences,

University of Tokyo, especially to Mrs. Ikuko Takagi, for the long delay of

the revision of the paper, and express his thanks to them for their patience.
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The author was supported by JSPS Research Fellowships for Young

Scientists in 1996-97, while the main part of this work was done. As for

the author’s stay in Univerisité de Paris-Sud, he is supported by JSPS

Postdoctoral Fellowships for Research Abroad.

Conventions

(1) In this paper, all sheaves are considered with respect to small etale

site unless otherwise stated.

(2) Let V be a complete discrete valuation ring of mixed characteristic

(0, p). A formal scheme T is called a formal V -scheme if T is a p-adic

Noetherian formal scheme over Spf V and Γ(U,OT ) is topologically

of finite type over V for any open affine U ⊂ T .

(3) Let V be as above and let K be the fraction field of V . For a

scheme or a p-adic formal scheme T , we denote the category of

coherent sheaves of OT -modules by Coh(OT ). For a p-adic formal

scheme T over Spf V , we denote by Coh(K ⊗ OT ) the category of

sheaves of K ⊗V OT -modules on T which is isomorphic to K ⊗V F

for some F ∈ Coh(OT ). For elementary properties of Coh(K ⊗OT )

(in the case that T is a formal V -scheme), see [O1, §1]. We call an

object of Coh(K ⊗OT ) an isocoherent sheaf on T .

(4) Tensor products of sheaves on formal V -schemes (V as above) and

fiber products of formal V -schemes are p-adically completed unless

otherwise stated. (Note that the exception occurs in the proof of

Lemma 4.3.3.)

Chapter 1. Formalisms of Tannakian Categories

In this chapter, we recall the definition and basic properties on Tan-

nakian categories which we will use later.

1.1. Tannakian categories

In this section, we recall the definition of Tannakian category and the

structure theorem of a neutral Tannakian category, which is due to Saavedra

([Sa]). After that, we introduce a notion of nilpotence on categories.

In this section, we give no proofs. For the proofs, see [Sa], [D-M] and

[D3].
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First we recall the definition of tensor category.

Definition 1.1.1. Let C be a category and let ⊗ : C × C −→ C be a

functor.

(1) An associativity constraint for (C,⊗) is a collection of functorial

isomorphisms

φ := {φX,Y,Z : X ⊗ (Y ⊗ Z) −→ (X ⊗ Y )⊗ Z}X,Y,Z∈C

such that the following diagram is commutative for all objects X,

Y , Z, U :

X ⊗ (Y ⊗ (Z ⊗ U)) −−−−−−→
id⊗φY,Z,U

X ⊗ ((Y ⊗ Z)⊗ U)

φX,Y,Z⊗U

� φX,Y ⊗Z,U

�
(X ⊗ Y )⊗ (Z ⊗ U) (X ⊗ (Y ⊗ Z))⊗ U

φX⊗Y,Z,U

� ∥∥∥
((X ⊗ Y )⊗ Z)⊗ U −−−−−−→

φX,Y,Z⊗id
(X ⊗ (Y ⊗ Z))⊗ U.

(2) A commutativity constraint for (C,⊗) is a collection of functorial

isomorphisms

ψ := {ψX,Y : X ⊗ Y −→ Y ⊗X}X,Y ∈C

such that ψX,Y ◦ ψY,X = id holds for any objects X,Y .

(3) An associativity constraint φ and a commutativity constraint ψ for

(C,⊗) are compatible if the following diagram is commutative for

any objects X,Y, Z :

X ⊗ (Y ⊗ Z)
φX,Y,Z−−−−→ (X ⊗ Y )⊗ Z

ψX⊗Y,Z−−−−−→ Z ⊗ (X ⊗ Y )�id⊗ψY,Z

�φZ,X,Y

X ⊗ (Z ⊗ Y )
φX,Z,Y−−−−→ (X ⊗ Z)⊗ Y

ψX,Z⊗id−−−−−→ (Z ⊗X)⊗ Y
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(4) A pair (1, u), where 1 is an object in C and u is an isomorphism

1 −→ 1⊗ 1, is called a unit object of (C,⊗) if the functor

C −→ C ; X �→ 1⊗X

is an equivalence of categories.

Definition 1.1.2. Let C be a category, let ⊗ : C×C −→ C be a functor,

let φ be an associativity constraint for (C,⊗) and let ψ be a commutativ-

ity constraint for (C,⊗) such that φ and ψ are compatible. Then a 4-ple

(C,⊗, φ, ψ) is called a tensor category if it has a unit object 1 ∈ C.

It is known that the unit object of a tensor category is unique up

to unique isomorphism. In the following, we denote a tensor category

(C,⊗, φ, ψ) simply by (C,⊗) or C, by abuse of notation.

When we are given a tensor category (C,⊗), we can define the functor⊗
i∈I

: CI −→ C

for a finite set I in the natural way ([D-M, (1.5)]).

Next we recall the definition of rigidity for tensor categories. To do this,

first we recall the definition of internal hom.

Definition 1.1.3. Let (C,⊗) be a tensor category. If the functor

T �→ Hom(T ⊗X,Y ); Co −→ (Set)

is representable, we denote by Hom(X,Y ) the representing object. We

denote the object Hom(X, 1) by X∗.

Let X,Y ∈ C and assume the internal hom Hom(X,Y ) exists. Then, by

the definition of internal hom, there is a functorial morphism

eX,Y : Hom(X,Y )⊗X −→ Y

for X,Y ∈ C, which corresponds to the identity map via the isomorphism

Hom(Hom(X,Y )⊗X,Y )
∼
= Hom(Hom(X,Y ),Hom(X,Y )).



Crystalline Fundamental Groups I 519

Then one can define the notion of reflexive object as follows:

Definition 1.1.4. An object X in C is called reflexive if there exists

X∗, X∗∗ and the map X −→ X∗∗ corresponding to eX,1 ◦ ψX,X∗ via the

isomorphism Hom(X ⊗X∗, 1)
∼
= Hom(X,X∗∗) is an isomorphism.

Let X := {Xi}i∈I and Y := {Yi}i∈I be finite families of objects in C
and assume there exist internal hom’s Hom(Xi, Yi) (i ∈ I). Then, one can

define the morphism

ẽX,Y :
⊗
i∈I
Hom(Xi, Yi) −→ Hom(⊗i∈IXi,⊗i∈IYi)

as the morphism corresponding to the morphism

(
⊗
i∈I
Hom(Xi, Yi))⊗ (

⊗
i∈I

Xi)
∼
=
⊗
i∈I

(Hom(Xi, Yi)⊗Xi)

⊗i∈IeXi,Yi−→
⊗
i∈I

Yi

(where the first isomorphism is defined by using the associativity constraint

and the commutativity constraint) via the isomorphism

Hom(
⊗
i∈I
Hom(Xi, Yi),Hom(⊗i∈IXi,⊗i∈IYi))

∼
=

Hom((
⊗
i∈I
Hom(Xi, Yi))⊗ (

⊗
i∈I

Xi),
⊗
i∈I

Yi).

Definition 1.1.5. A tensor category (C,⊗) is called rigid if

Hom(X,Y ) exists for all objects X and Y , the morphisms ẽX,Y are iso-

morphisms for all finite families of objects X := {Xi}i∈I and Y := {Yi}i∈I ,
and all objects are reflexive.

Definition 1.1.6. An abelian tensor category is a tensor category

(C,⊗) such that C is an abelian category and ⊗ is a bi-additive functor.

Now we recall the definition of Tannakian categories. The following

definition is due to Deligne ([D3, (2.8)]).
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Definition 1.1.7. Let k be a field. A tensor category (C,⊗) is called

a Tannakian category over k if it is a rigid abelian tensor category such

that End(1) = k holds and there exists a fiber functor (:= exact faithful

tensor functor) C −→ VecK for some extension field K ⊃ k, where VecK
denotes the category of finite-dimensional vector spaces over K. If there

exists a fiber functor C −→ Veck, then (C,⊗) is called a neutral Tannakian

category.

As for the structure of a neutral Tannakian category, the following the-

orem is shown by Saavedra ([Sa]).

Theorem 1.1.8 (Saavedra). Let k be a field and (C,⊗) be a neutral

Tannakian category over k. Let ω : C −→ Veck be a fiber functor. Then the

functor

(k-algebras) −→ (Groups); R �→ Aut⊗(C ω−→ Veck −→ ModR)

is representable by a pro-affine algebraic group G(C, ω) over k. Here, Aut⊗

is the group of tensor automorphisms and ModR is the category of R-

modules.

Moreover, ω induces an equivalence of categories

C −→ Repk(G(C, ω)),

where, for a pro-algebraic group G, Repk(G) denotes the category of finite-

dimensional rational representations over k.

Next, we introduce the notion of nilpotence on categories.

Definition 1.1.9.

(1) Let C be an exact category and let A be an object in C. An object

E ∈ C is called nilpotent with respect to A if there exists a filtration

0 = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = E

such that there exist exact sequences

0 −→ Ei−1 −→ Ei −→ A −→ 0
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for 1 ≤ i ≤ n. We define the nilpotent part NAC of the category

C with respect to A as the full subcategory of C which consists of

nilpotent objects with respect to A.

(2) Let C be an abelian tensor category. Then we define the nilpotent

part NC as the nilpotent part with respect to the unit object.

(3) Let C be an abelian tensor category. Then C is called nilpotent if

C = NC holds.

By definition, the following corollary of Theorem 1.1.8 holds:

Corollary 1.1.10. Let C be a nilpotent neutral Tannakian category

over a field k. Then G(C, ω) of Theorem 1.1.8 is a pro-unipotent algebraic

group over k. Moreover, there exists a natural isomorphism of (ind-finite

dimensional) vector spaces over k :

(LieG(C, ω)ab)∗
∼
= Ext1C(1, 1),

where ∗ denotes the dual.

1.2. A criterion of abelian-ness

Let C be an abelian tensor category and consider the nilpotent part NC.
In general, NC does not necessarily have nice properties: For example, it is

easy to construct an example that NC is not an abelian category. In this

section, we give a simple sufficient condition that the nilpotent part of an

abelian tensor category is again abelian. In later sections, we will use this

result to show several categories are in fact Tannakian.

Proposition 1.2.1. Let C be an abelian tensor category and let 1 be

the unit object of C. Assume that End(1) is a field. Then NC is an abelian

category.

To prove Proposition 1.2.1, we prepare some elementary lemmas:

Lemma 1.2.2. Let the notations be as in Proposition 1.2.1 and let E

be an object in C. Then E is nilpotent if and only if there exists a sequence

of objects in C
E = E′0 → E′1 → · · · → E′n = 0,
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where all maps are surjective in the category C and Ker(E′i → E′i+1) is

isomorphic to 1 for each i.

Proof. For a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E

satisfying Ei/Ei−1 � 1, define E′i by Coker(Ei ⊂ E). Then one can check

that these E′i’s satisfy the above condition by using the snake lemma.

Conversely, suppose given E′i’s satisfying the above condition. Then if

we put Ei := Ker(E → E′i), Ei’s form a filtration of E satisfying Ei/Ei−1
∼
=

1. �

Lemma 1.2.3. Let the notations be as in Proposition 1.2.1 and let E

be an object in NC. Then:

(1) If φ : E → 1 is not a zero map, then φ is surjective.

(2) If φ : 1→ E is not a zero map, then φ is injective.

Proof. Here we prove the assertion (1). One can prove the assertion

(2) by dualizing the proof, using Lemma 1.2.2. Let

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E

be a filtration as in Definition 1.1.9(1) with A = 1. We prove the assertion

by induction on n.

If n = 0, the lemma is trivial. If n = 1, E is isomorphic to 1 and the

lemma is proved by the assumption that End(1) is a field.

Let us consider the general case. Let

0 −→ En−1
f−→ E

g−→ 1 −→ 0

be the exact sequence defined above. The inductive hypothesis for φ ◦ f :

En−1 −→ 1 shows that φ ◦ f is zero or surjective. If φ ◦ f = 0 holds, there

exists a map ψ : 1 −→ 1 such that φ = ψ ◦ g. Since ψ is either zero or

surjective by assumption, φ is also zero or surjective. If φ ◦ f is surjective,

φ is also surjective. Hence the assertion (1) is proved. �
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Lemma 1.2.4. Let the notations be as in Proposition 1.2.1 and let E

be an object in NC. Then,

(1) If 0 −→ F
f−→ E

g−→ 1 −→ 0 is an exact sequence in C, then F is

in NC.
(2) If 0 −→ 1 −→ E −→ F −→ 0 is an exact sequence in C, then F is

in NC.

Proof. Here we prove the assertion (1). We can prove the assertion

(2) by dualizing the proof of (1), using Lemma 1.2.2.

Let

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E

be a filtration as in Definition 1.1.9(1) with A = 1. We will show the lemma

by induction on n. If n = 1 holds, then g is an isomorphism and therefore

F = 0. Let us consider the general case. The composition En−1
i

↪→ En
g→ 1

is zero or surjective by Lemma 1.2.3.

First let us assume that g ◦ i = 0 holds. Then the diagram

0 0� �
1 −−−→ 1� �

0 −−−→ F −−−→ E
g−−−→ 1 −−−→ 0�i

�i

�
En−1 En−1 −−−→ 0�

0

and the snake lemma imply F � En−1. Therefore F is nilpotent.
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Next let us assume that g ◦ i is surjective. Then the diagram

0�
1 −−−→ 0� �

0 −−−→ F −−−→ E
g−−−→ 1 −−−→ 0� i

� ∥∥∥
0 −−−→ Ker(g ◦ i) −−−→ En−1

g◦i−−−→ 1 −−−→ 0� �
0 0

and the snake lemma imply that there exists an exact sequence

0 −→ Ker(g ◦ i) −→ F −→ 1 −→ 0.

On the other hand, the inductive hypothesis implies that Ker(g ◦ i) is nilpo-

tent. Therefore F is also nilpotent by definition. �

Proof of Proposition 1.2.1. Let E,F be objects in NC and let φ

be a morphism from E to F . Then, Kerφ and Cokerφ are defined in the

category C. We have only to show that Kerφ and Cokerφ are nilpotent.

Here we only show that Kerφ is nilpotent. (By dualizing the proof, we

can show the case of Cokerφ.) Let

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fm = F

be a filtration as in Definition 1.1.9(1) with A = 1. We will show the

assertion by induction on m. If m = 0, the assertion is trivial. If m = 1,

the assertion follows from Lemma 1.2.4. Let us consider the general case.

For an exact sequence 0 −→ Fm−1
i−→ F

f−→ 1 −→ 0, the composition

f ◦ φ : E −→ F −→ 1 is zero or surjective by Lemma 1.2.3. Let us assume

that f ◦ φ = 0 holds. Then there exists a morphism ψ : E −→ Fm−1 such
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that φ = i ◦ ψ holds. Hence Kerφ = Kerψ holds and the assertion follows

from the inductive hypothesis.

Next let us assume that f ◦ φ is surjective. Then by the diagram

0 −−−→ Ker(f ◦ φ) −−−→ E
f◦φ−−−→ 1 −−−→ 0� �φ

∥∥∥
0 −−−→ Fm−1 −−−→ F

f−−−→ 1 −−−→ 0

and the snake lemma, Kerφ = Ker(Ker(f ◦ φ) −→ Fm−1) holds. On the

other hand, by Lemma 1.2.4, Ker(f ◦ φ) is nilpotent. Then, by inductive

hypothesis, Kerφ is also nilpotent. �

Chapter 2. Preliminaries on Log Schemes

In this chapter, first we will recall basic definitions and basic properties

on log schemes, which are due to K. Kato ([Kk1]). After this, we prove

the following proposition (Proposition 2.3.2): Assume given a log smooth

exact morphism of fine log schemes f : (X,M) −→ (S,N), where S is the

spectrum of a perfect field k. Let us consider the following three properties:

(1) (Assuming the characteristic of k is positive) The morphism f is of

Cartier type. (For the definition of a morphism of Cartier type, see

Definition 2.2.16.)

(2) X is reduced.

(3) The set Xf -triv := {x ∈ X | (f∗N)x̄
∼−→Mx̄} is open dense in X.

Then we have the implications (1) =⇒ (2) =⇒ (3).

This result, together with the result in Section 1.2, gives a simple suffi-

cient condition for some categories which we shall define in later chapters

by using log schemes to be in fact Tannakian.

Here we note some conventions and notations which are used throughout

this chapter and the later chapters: In the following, the monoid means a

commutative monoid with a unit element, and a homomorphism of monoids

is required to preserve the unit elements. When we regard a ring (which

is always commutative and unital) as a monoid, we do so by means of

multiplication. For a monoid P , denote its Grothendieck group by P gp and

denote the subgroup of invertible elements by P×. For a homomorphism of
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monoids h : P −→ Q, denote the associated homomorphism P gp −→ Qgp of

the Grothendieck groups by hgp. For a monoid P and a scheme X, denote

the constant sheaf on Xet with fiber P by PX .

Finally, thoughout this chapter, p denotes a prime number, unless oth-

erwise stated.

2.1. Basic definitions

First we recall the definition of pre-log structures and log structures on

schemes or p-adic formal schemes ([Kk1, (1.1),(1.2)]).

Definition 2.1.1.

(1) Let X be a scheme or a p-adic formal scheme. A pre-log structure

on X is a pair (M,α), where M is a sheaf of monoids on X and

α : M −→ OX is a homomorphism of sheaves of monoids.

(2) A pre-log structure (M,α) is called a log structure if α induces the

isomorphism α−1(O×X)
∼−→ O×X .

(3) A log scheme (resp. a p-adic log formal scheme) is a triple (X,M,α),

where X is a scheme (resp. a p-adic formal scheme) and (M,α) is

a log structure on X. In the following, we denote the log scheme

(resp. p-adic log formal scheme) (X,M,α) by (X,M), by abuse of

notation.

(4) Let V be a complete discrete valuation ring of mixed characteristic

(0, p). Then a p-adic log formal scheme (X,M) is called a log formal

V -scheme if X is a formal V -scheme.

A morphism of log schemes (resp. p-adic log formal schemes)

(X,M,α) −→ (X ′,M ′, α′) is defined as the pair (f, g), where f : X −→ X ′

is a morphism of schemes (resp. p-adic formal schemes) and g : f−1M ′ −→
M is a homomorphism of sheaves of monoids on X which makes the fol-

lowing diagram commutative:

f−1M ′ g−−−→ M

f−1α′
� α′

�
f−1OX′

f∗
−−−→ OX .

Next we recall the definition of the log structure associated to a pre-log

structure ([Kk1, (1.3)]).
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Definition 2.1.2. Let X be a scheme or a p-adic formal scheme and

let (M,α) be a pre-log structure on X. Then we define the log structure

(Ma, αa) associated to (M,α) as follows: Ma is defined to be the push-out

of the diagram

O×X
α←− α−1(O×X) −→M

in the category of sheaves of monoids on X and αa is defined to be the

morphism

Ma −→ OX ; (a, b) �→ α(a)b (a ∈M, b ∈ OX).

Next we define the definition of the pull-back of a log structure ([Kk1,

(1.4)]).

Definition 2.1.3. Let f : X −→ Y be a morphism of schemes or a p-

adic formal schemes and let M := (M,α) be a log structure on Y . Then we

define the pull-back f∗M of the log structure M to X as the log structure

associated to the pre-log structure

f−1M
f−1α−→ f−1OY −→ OX .

Let the notations be as above. In the following, we shall often denote

the log scheme or the p-adic log formal scheme (X, f∗M) by (X,M), by

abuse of notation.

The category of log schemes (resp. p-adic log formal schemes) has fiber

products ([Kk1, (1.6)]).

Next, we define the notion of coherence, fineness and fs-ness of log

schemes or p-adic log formal schemes ([Kk1, §2], [Kk2, §1]).

Definition 2.1.4. Let P be a monoid.

(1) P is said to be integral if the natural homomorphism P → P gp is

injective. It is equivalent to the following condition:

a, b, c ∈ P, ab = ac =⇒ b = c.

P is said to be fine if P is integral and finitely generated.

(2) P is said to be fs if P is fine and the following property is satisfied:

a ∈ P gp, an ∈ P for some n =⇒ a ∈ P.
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Definition 2.1.5. Let (X,M) be a log scheme or a p-adic log formal

scheme. Then X is said to be coherent (resp. fine, fs) if etale locally on

X, there exists a finitely generated monoid (resp. fine monoid, fs monoid)

P and a homomorphism PX −→ OX whose associated log structure is

isomorphic to M .

It is known ([Kk1, (2.6)]) that the category of coherent log schemes (resp.

coherent p-adic log formal schemes) is closed under fiber products in the

category of log schemes (resp. p-adic log formal schemes). Next proposition

is due to K. Kato ([Kk1, (2.7)]):

Proposition 2.1.6. The inclusion functor from the category of fine log

schemes (resp. fine p-adic log formal schemes) to the category of coherent

log schemes (resp. coherent p-adic log formal schemes) has a right adjoint.

Proof. We only sketch the construction of the functor in the case of

log schemes.

It suffices to construct the functor for a coherent log scheme (X,M,α)

such that there exists a finitely generated monoid P and a homomorphism

β : PX → M satisfying (PX)a = M . Let X −→ Spec Z[P ] be the mor-

phism induced by α ◦ β, and put P int := Im(P −→ P gp). Let X ′ be

X ×Spec Z[P ] Spec Z[P int] and let M ′ be the log structure on X ′ associated

to the natural homomorphism P int
X′ → OX′ . Then the desired functor is

defined by (X,M) �→ (X ′,M ′). �

In the following, we denote the right adjoint in the above proposition by

(X,M) �→ (X,M)int.

As a corollary to the above proposition, one can see that the category of

fine log schemes (resp. fine p-adic log formal schemes) has the fiber product:

For a diagram of fine log schemes

(X1,M1) −→ (Y,N)←− (X2,M2),

it is defined by ((X1,M1)×(Y,N)(X2,M2))
int. It should be noted that it does

not coincide with the fiber product in the category of log schemes (resp. log

formal schemes) in general. In the rest of this paper, the fiber products of log

schemes (resp. p-adic log formal schemes) are taken in the category of log
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schemes, even for the fiber products of fine log schemes (resp. fine p-adic

log formal schemes). When we would like to consider the fiber products in

the category of fine log schemes (resp. fine p-adic log formal schemes), we

do not abbreviate to write the superscript int.

Now we recall the definition of a chart. (We also introduce the termi-

nology ‘quasi-chart’, which will be used in Chapter 3.)

Definition 2.1.7.

(1) For a fine (resp. cohorent) log scheme or a fine (resp. coherent)

p-adic log formal scheme (X,M), a chart (resp. quasi-chart) of

(X,M) is a homomorphism PX −→ M for a fine (resp. coherent)

monoid P which induces (PX)a
∼
= M .

(2) For a morphism f : (X,M) −→ (Y,N) of fine (resp. coherent) log

schemes or fine (resp. coherent) p-adic log formal log schemes, a

chart (resp. a quasi-chart) of f is a triple (PX →M,QY → N,Q→
P ), where PX → M and QY → N are charts (resp. quasi-charts)

of M and N respectively and Q→ P is a homomorphism such that

the diagram
QX −−−→ PX� �

f−1N −−−→ M

is commutative.

We define the notion of a chart (resp. a quasi-chart) for a diagram of

fine (resp. coherent) log schemes or fine (resp. coherent) p-adic log formal

schemes in a similar way.

For a fine log scheme or a fine p-adic log formal scheme (X,M), there

exists a chart etale locally, by definition.

To prove some results for fine log schemes, it is sometimes important to

take a ‘nice’ chart. So here we introduce the notion of good (resp. almost

good) chart. (The notion of good chart is introduced in [Kf2, (2.1.4)].)

Definition 2.1.8. Let (X,M) be a fine log scheme or a fine p-adic

log formal scheme and let φ : PX −→ M be a chart. Let x ∈ X and

let φx : P −→ Mx̄ be the stalk of the homomorphism φ at x̄. Then,
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the chart PX −→ M is said to be good at x (resp. almost good at x) if

φ−1
x (O×X,x̄) = {1} holds (resp. φ−1

x (O×X,x̄) forms a group.)

Remark 2.1.9. With the above notation, one can easily check the fol-

lowing:

(1) The chart PX −→ OX is good at x if and only if the composite

P
φx̄−→Mx̄ −→Mx̄/O×X,x̄ is an isomorphism.

(2) The chart PX −→ OX is almost good at x if and only if φ−1
x (O×X,x̄) =

P× holds.

As for the existence of a good chart or an almost good chart, we have

the following:

Proposition 2.1.10.

(1) Let f : (X,M) −→ (Y,N) be a morphism of fine log schemes (resp.

p-adic fine formal log schemes). Assume (Y,N) admits a chart ϕ :

QY −→ N and let x be a point in X. Then there exists an etale

neighborhood U of x̄(:= a geometric point with image x) and a chart

(PU
ψ→ M |U , QY

ϕ→ N,Q → P ) of the composite (U,M |U ) −→
(X,M)

f−→ (Y,N) extending ϕ such that the chart ψ of (U,M |U )

is almost good at x. (In particular, for a fine log scheme (resp. a

p-adic fine log formal scheme) (X,M) and a point x, there exists

etale locally a chart which is almost good at x.)

(2) Let (X,M) be a fine log scheme (resp. a p-adic fine log formal

scheme) and let x be a point in X. Assume one of the following:

(a) X = Spec k for a perfect field k.

(b) M is an fs log structure.

Then, etale locally, there exists a chart which is good at x.

The following lemma, which is shown in [Kk1, (2.10)], is important for

the proof of (1) of the above proposition (we omit the proof):

Lemma 2.1.11. Let (X,M) be a fine log scheme or a fine p-adic log

formal scheme and let x ∈ X. Assume given a finitely generated group

G and a homomorphism h : G −→ Mgp
x̄ such that the homomorphism
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G −→Mgp
x̄ /O×X,x̄ induced by h is surjective. Then, if we put P := h−1(Mx̄),

then the homomorphism P −→Mx̄ can be extended to a chart PU −→MU

on an etale neighborhood U of x.

Proof of Proposition 2.1.10. First we prove the assertion (1). Take

a neighborhood U ′ of x̄ such that there exists a chart ψ′ : P ′U ′ −→M |U ′ of

(U ′,M |U ′). Let us consider the following diagram:

Q
id⊕0−−−→ Q⊕ P ′

ϕx̄

� (f∗
x̄◦ϕx̄)⊕ψx̄

�
Nx̄

f∗
x̄−−−→ Mx̄,

where, for a homomorphism ? of sheaves of monoids, ?x̄ denotes the stalk of

? at x̄. Denote the right vertical homomorphism (f∗x̄ ◦ϕx̄)⊕ψx̄ simply by τ .

Then the composite (Q⊕ P ′)gp
τgp

−→ Mgp
x̄ −→ Mgp

x̄ /O×X,x̄ is surjective. Put

P := (τgp)−1(Mx̄). Then, by Lemma 2.1.11, the homomorphism P −→Mx̄

extends to a chart ψ : PU −→ M |U on a neighborhood U of x. Then one

can see that the triple (PU
ψ→ M |U , QY

ϕ→ N,Q
id⊕0→ Q ⊕ P ′ ↪→ P ) defines

the desired chart.

Let us consider the assertion (2). As for the case (a), it is true by [Kk1,

(2.5)(2)] when k is algebraically closed. In general case, we can take a good

chart etale locally by using Lemma 2.1.11. The case (b) is nothing but

[Kk2, (1.6)]. �

Remark 2.1.12. There exists a counter-example for (2) of the above

proposition if we do not assume neither (a) nor (b).

We introduce the following terminology, which we shall use in Section

2.3.

Definition 2.1.13. A fine log scheme (X,M) is called a log point if X

is a spectrum of a field k and there exists a good chart PX → N globally.

Finally in this section, we recall the definition of log differential modules.
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Definition 2.1.14.

(1) Let f : (X,M) −→ (Y,N) be a morphism of log schemes. Then we

define the module of log differentials ω1
(X,M)/(Y,N) as the quotient of

Ω1
X/Y ⊕ (OX ⊗Z Mgp)

divided by the OX -submodule locally generated by the elements of

the following types:

(a) (dα(a), 0)− (0, α(a)⊗ a), where a ∈M and α : M −→ OX is

the structure morphism of the log structure M .

(b) (0, 1⊗ a), where a ∈ Im(f∗N →M).

(2) Let f : (X,M) −→ (Y,N) be a morphism of p-adic log formal

schemes. Then we define the module of log differentials ω1
(X,M)/(Y,N)

by ω1
(X,M)/(Y,N) := lim←−n

ω1
(Xn,Mn)/(Yn,Nn), where, for a p-adic log

formal scheme (Z,L), Zn is the closed subscheme defined by pn and

Ln is the log structure on Zn which is defined as the pull-back of L.

In the following, we denote the element (0, 1 ⊗ a) ∈ ω1
(X,M)/(Y,N) (a ∈

M) by dlog a, following the tradition. As in the usual case, we denote

the q-th exterior product of ω1
(X,M)/(Y,N) over OX by ωq

(X,M)/(Y,N). In the

following, if there will be no confusion concerning log structures, we will

denote ωq
(X,M)/(Y,N) simply as ωq

X/Y , by abuse of notation.

2.2. Several types of morphisms

Throughout this section, for a p-adic log formal scheme (X,M), denote

by Xn (n ∈ N, n ≥ 1) the closed subscheme defined by pnOX and denote by

Mn the log structure on Xn which is defined as the pull-back of M .

First, we recall the definition of a closed immersion and an exact closed

immersion ([Kk1, (3.1)]).

Definition 2.2.1. A morphism i : (X,M) −→ (Y,N) of log schemes

or p-adic fine log formal schemes is called a closed immersion (resp. an

exact closed immersion) if the underlying morphism of schemes X −→ Y is

a closed immersion and the induced homomorphism i∗N −→M is surjective

(resp. isomorphic).
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Next we recall the definition of a log smooth (resp. log etale) morphism

([Kk1, (3.3)]).

Definition 2.2.2. A morphism of fine log schemes f : (X,M) −→
(Y,N) is log smooth (resp. log etale) if the following conditions are satisfied:

(1) The underlying morphism of schemes X −→ Y is locally of finite

presentation.

(2) Suppose given the following commutative diagram of fine log

schemes
(T0, L0)

a−−−→ (X,M)

i

� f

�
(T,L)

b−−−→ (Y,N),

where i is an exact closed immersion such that the ideal I :=

Ker(OT −→ OT0) satisfies I2 = 0. Then there exists etale lo-

cally (resp. uniquely) a morphism c : (T,L) −→ (X,M) such that

c ◦ i = a and f ◦ c = b hold.

A morphism of p-adic log formal schemes f : (X,M) −→ (Y,N) is said to

be formally log smooth (resp. formally log etale) if the induced morphism

(Xn,Mn) −→ (Yn, Nn) are log smooth (resp. log etale) for each n.

One can check that the log smoothness and the log etaleness (resp. the

formally log smoothness and the formally log etaleness) are stable under

the base change in the category of fine log schemes (resp. fine p-adic log

formal schemes.) The following lemma is immediate ([Kk1, (3.8)]):

Lemma 2.2.3. Let f : (X,M) −→ (Y,N) be a morphism of fine log

schemes and let us assume that f∗N
∼
= M holds. Then f is log smooth

(resp. log etale) if and only if the underlying morphism of schemes of f is

smooth (resp. etale). The same result holds for a formally log smooth (resp.

formally log etale) morphism of p-adic fine formal log schemes.

We will call a morphism f : (X,M) −→ (Y,N) of fine log schemes

smooth in classical sense (resp. etale in classical sense) if f is log smooth

(resp. log etale) and f∗N
∼
= M holds. The terminology ‘formally smooth
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in classical sense’ (resp. ‘formally etale in classical sense’) will also be used

in the same way.

As in the case of usual schemes, we have the following proposition ([Kk1,

(3.10)]):

Proposition 2.2.4. Let f : (X,M) −→ (Y,N) be a log smooth mor-

phism of fine log schemes (resp. a formally log smooth morphism of fine

p-adic formal log schemes). Then the log differential module ω1
(X,M)/(Y,N)

is a locally free OX-module of finite type.

Next we recall the definition of an integral morphism of log schemes or

p-adic log formal schemes ([Kk1, (4.2)]).

Definition 2.2.5. Let f : (X,M) −→ (Y,N) be a morphism of fine

log schemes (resp. p-adic log formal schemes). For x ∈ X, let Px, Qx be

Mx̄/O×X,x̄, (f
∗N)x̄/O×X,x̄, respectively. Then f is said to be integral if one

of the following equivalent condition is satisfied:

(1) For any morphism of fine log schemes (resp. fine p-adic log formal

schemes) (Y ′, N ′) −→ (Y,N) to (Y,N), the fiber product

(Y ′, N ′)×(Y,N) (X,M) in the category of log schemes (resp. p-adic

log formal schemes) is fine.

(2) For any x ∈ X, the homomorphism Qx −→ Px induced by f is

injective and for any homomorphism of fine monoids Qx −→ R, the

monoid defined as the push-out of the diagram R←− Qx −→ Px is

fine.

Remark 2.2.6. Here we give a remark on the condition (2) of the

above definition. It is known ([Kk1, (4.1)]) that the following conditions on

a homomorphism h : Q→ P of fine monoids are equivalent:

(1) h is injective and for any homomorphism of fine monoids Q −→ R,

the monoid defined as the push-out of the diagram R←− Q
h−→ P

is fine.

(2) The ring homomorphism Z[Q] −→ Z[P ] induced by h is flat.

The following lemma is proved in [Kk1, (4.4)] (we omit the proof):
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Lemma 2.2.7. Let f : (X,M) −→ (Y,N) be a morphism of fine log

schemes or fine p-adic log formal schemes and assume Nȳ/O×Y,ȳ is generated

by one element for any y ∈ Y . Then f is integral.

Now we recall an important proposition on the existence of a nice chart

of a log smooth or a formally log smooth morphism which is proven in [Kk1,

(3.5), (4.5)], [Kf1, (4.1)] (We omit the proof).

Theorem 2.2.8 (K. Kato). Let f : (X,M) −→ (Y,N) be a morphism

of fine log schemes (resp. fine p-adic log formal schemes), and assume given

a chart QY −→ N of Y . Then the following two conditions are equivalent:

(1) f is log smooth (resp. formally log smooth).

(2) Etale locally on X, there exists a chart (PX →M,QY → N,Q→ P )

extending the given chart of Y satisfying the following conditions:

(a) The homomorphism Qgp → P gp induced by the chart is in-

jective and the order of the torsion part of the cokernel is

invertible on X (resp. prime to p).

(b) The induced morphism

X −→ Y ×Spec Z[Q] Spec Z[P ]

(resp. Xn −→ Yn ×Spec Z[Q] Spec Z[P ] )

is etale (resp. is etale for any n).

(c) There exist elements x1, · · · , xr ∈ P such that the image of

xi’s by the morphism PX →M
dlog→ ω1

(X,M)/(Y,N) form a basis

of ω1
(X,M)/(Y,N) as an OX-module.

If f is integral, we can take the chart as above such that the homomorphism

of monoids Q→ P satisfies the conditions in Remark 2.2.6.

Moreover, if we choose a point x in X, we can take, etale locally around

x, the chart (PX
ϕ→ M,QY → N,Q → P ) such that it satisfies the above

conditions and that the chart ϕ is almost good at x.

Remark 2.2.9. The first conclusion of the above theorem remains true

if we drop the condition (c) in (2) and replace the condition (b) in (2) to

the following condition (b’):
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(b’) The induced morphism

X −→ Y ×Spec Z[Q] Spec Z[P ]

(resp. Xn −→ Yn ×Spec Z[Q] Spec Z[P ] )

is smooth (resp. is smooth for any n).

Remark 2.2.10. There is also a result on the existence of a nice chart

for a log smooth morphism of fs log schemes satisfying certain condition

([Kf2, (3.1.1)]).

The above theorem has many important consequences. First we have

the following:

Corollary 2.2.11. A log smooth, integral morphism of fine log

schemes is flat.

Proof. Obvious by Remark 2.2.6 and Theorem 2.2.8. �

Next, the following proposition (the lifting of log smooth morphism of

log schemes) can be shown by reducing the case of usual schemes, by using

the above theorem ([Kk1, (3.14)]). We omit the proof.

Proposition 2.2.12. Let f : (X,M) −→ (Y,N) be a log smooth (resp.

log smooth integral) morphism of fine log schemes, and let i : (Y,N) ↪→
(Y ′, N ′) be an exact closed immersion of (Y,N) into a fine p-adic log formal

scheme such that Y is a scheme of definition of Y ′. Assume X is affine.

Then there exists a fine p-adic log formal scheme (X ′,M ′) endowed with

a formally log smooth (resp. formally log smooth integral) morphism f ′ :

(X ′,M ′) −→ (Y ′, N ′) and an isomorphism

(X ′,M ′)×(Y ′,N ′) (Y,N)
∼
= (X,M).

Moreover, such a set of data is unique.

As the third consequence of the above theorem, we prove a certain lifting

property which is slightly stronger than Definition 2.2.2 for a formally log

smooth morphism of p-adic fine formal log schemes.
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Proposition 2.2.13. Let f : (X,M) −→ (Y,N) be a formally log

smooth morphism of p-adic fine log formal schemes and let i : (T ′, L′) ↪→
(T,L) be an exact closed immersion of p-adic fine formal log schemes such

that the morphism i ⊗ Z/pZ : T ′1 ↪→ T1 is a nilpotent closed immersion.

Now let us assume that we are given the following commutative diagram:

(T ′, L′)
a−−−→ (X,M)

i

� f

�
(T,L)

b−−−→ (Y,N).

Then there exists etale locally a morphism c : (T,L) −→ (X,M) such that

c ◦ i = a and f ◦ c = b hold.

Proof. First we prepare some notations: For a monoid P , let us

denote the fine log structure on Spf Zp{P} (where Zp{P} is the p-adic

completion of the monoid ring Zp[P ]) associated to the pre-log structure

P −→ Zp{P}; x �→ x (x ∈ P ) by P a. For a homomorphism of monoids

α : Q −→ P , denote the morphism (Spf Zp{P}, P a) −→ (Spf Zp{Q}, Qa),

which is induced by α, by α̂.

Since we can work etale locally to prove the assertion, we may assume

that there exists a chart (PX → M,QY → N,Q
α→ P ) of f which satisfies

the conditions in Theorem 2.2.8 (2). Then the morphism f factors as

(X,M)
g−→ (Y,N)×(Spf Zp{Q},Qa),α̂ (Spf Zp{P}, P a)

h−→ (Y,N),

and g is formally log etale. Since g is formally log etale, we can reduce to

the case f = h to prove the proposition. Further we can reduce to the case

f = α̂.

Since we may work etale locally, we may assume T is affine. Put I :=

Ker(OT −→ OT ′). Then we have the following commutative diagram

1 −→ 1 + I −→ L −→ L′ −→ 1

‖ ↓ (∗) ↓
1 −→ 1 + I −→ Lgp −→ (L′)gp −→ 1,
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where two horizontal lines are exact and the square (∗) is cartesian. The

commutative diagram given in the statement of proposition gives the fol-

lowing diagram:

Qgp αgp

−−−→ P gp

b∗
� a∗

�
Lgp i∗−−−→ (L′)gp.

The obstruction for extending b∗ to a homomorphism γ : P gp −→ Lgp

compatible with a∗ lies in the group Ext1(Coker(αgp), 1 + I).
We prove that the group Ext1(Coker(αgp), 1 + I) vanishes. Since the

orders of the torsion elements in Coker(αgp) are prime to p, it suffices to

prove that the group 1 + I has only p-primary torsion. Since i ⊗ Z/pZ is

nilpotent, there exists an integer N ∈ N such that IN ⊂ pOT holds. Hence

we have 1 + I = lim←−n
(1 + I)/(1 + In). So it suffices to show that the

group (1 + In)/(1 + In+1)
∼
= In/In+1 has only p-primary torsion, and it is

obvious.

So there exists a homomorphism γ : P gp −→ Lgp which is compatible

with the above diagram. Since the square (∗) is cartesian, γ induces the

homomorphism P −→ L and it defines the desired morphism c : (T,L) −→
(X,M) = (Spf Z{P}, P a). So the assertion is proved. �

Next we recall the definition of an exact morphism.

Definition 2.2.14.

(1) A homomorphism of fine monoids h : P −→ Q is said to be exact

if (hgp)−1(Q) = P , where hgp is the homomorphism P gp −→ Qgp

induced by h.

(2) A morphism f : (X,M) −→ (Y,N) of fine log schemes or fine p-

adic log formal schemes is said to be exact if the homomorphism

(f∗N)x̄/O×X,x̄ −→Mx̄/O×X,x̄ is exact for any x ∈ X.

The following facts are known ([Kk1, §4]).

Lemma 2.2.15.

(1) An integral morphism of fine log schemes or fine p-adic log formal

schemes is exact.
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(2) If a morphism f : (X,M) −→ (Y,N) of fine log schemes or

fine p-adic log formal schemes is exact, the homomorphism

(f∗N)x̄/O×X,x̄ −→Mx̄/O×X,x̄ is injective.

Next we recall the definition of a morphism of Cartier type.

Definition 2.2.16.

(1) Let (X,M) be a log scheme over Spec Fp. Then we define the ab-

solute Frobenius F(X,M) : (X,M) −→ (X,M) as follows: The mor-

phism of schemes underlying F(X,M) is the usual absolute Frobenius

of X, and the homomorphism F−1
(X,M)M −→ M is defined by the

multiplication by p via the canonical identification of F−1
(X,M)M with

M .

(2) Let f : (X,M) −→ (Y,N) be a morphism of fine log schemes over

Spec Fp. Then f is said to be of Cartier type if f is integral and

the morphism (f, F(X,M)) from (X,M) to the fiber product of the

diagram

(Y,N)
F(Y,N)−→ (Y,N)

f←− (X,M)

is exact.

Finally we recall a result of Kato on the existence of Cartier inverse

isomorphism for log schemes ([Kk1, (4.12)]). (We omit the proof.)

Proposition 2.2.17. Let f : (X,M) −→ (Y,N) be a log smooth inte-

gral morphism of Cartier type between fine log schemes over Spec Fp. Define

the log scheme (X ′,M ′) by the Cartesian diagram

(X ′,M ′)
g−−−→ (X,M)� f

�
(Y,N)

F(Y,N)−−−−→ (Y,N),

and let h : (X,M) −→ (X ′,M) be the morphism induced by (F(X,M), f).

Then there exists a canonical isomorphism of OX′-modules

C−1 : ωq
X′/Y

∼−→ Hq(ω·X/Y )
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characterized by

C−1(adlog g∗(b1)∧· · ·∧dlog g∗(bq)) = the class of h∗(a)dlog b1∧· · ·∧dlog bq

for a ∈ OX′ , b1, ..., bq ∈M.

2.3. A note on reducedness of log schemes

For a morphism (X,M) −→ (Y,N) of fine log schemes, define Xf -triv ⊂
X by

Xf -triv := {x ∈ X | (f∗N)x̄
∼−→Mx̄}.

(That is, Xf -triv is the locus on which the difference of the log structures

f∗N and M is trivial.)

First note the following:

Proposition 2.3.1. Let f : (X,M) −→ (Y,N) be a morphism of fine

log schemes. Then Xf -triv is open in X.

Proof. Let x ∈ Xf -triv and y = f(x). Let φ : Q −→ N be a chart of

(Y,N) around y. Let φ be the composite

Qgp −→ Ngp
ȳ −→ (f∗N)gpx̄

∼−→Mgp
x̄ .

Then the map

Qgp −→Mgp
x̄ /O×X,x̄

induced by φ is surjective, for x is contained in Xf -triv. So if we put R :=

φ−1(Mx̄), then, by Lemma 2.1.11, we can extend φ to the chart

RX RX

φ

� φ

�
f∗N −−−→ M

of the morphism (X,M) −→ (X, f∗N) etale locally. So the morphism

f∗N −→ M is isomorphic on a neighborhood of x. So we have the asser-

tion. �

Now we state the main result in this section.
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Proposition 2.3.2. Let k be a field and let f : (X,M) −→ (Spec k,N)

be a log smooth exact morphism of fine log schemes. Assume moreover that

k is perfect or (Spec k,N) is a log point (Definition 2.1.13). Let us consider

the following three properties:

(1) (Assuming the characteristic of k is positive) f is of Cartier type.

(2) X is reduced.

(3) Xf -triv ⊂ X is dense open.

Then we have the implications (1) =⇒ (2) =⇒ (3).

Remark 2.3.3. If f is log smooth integral and the log structures M,N

are fs, the above three conditions are equivalent. This is due to Tsuji ([T2]).

First we show the implication (1) =⇒ (2).

Proof of (1) =⇒ (2) in Proposition 2.3.2. The following argument

is due to Tsuji. Let (X ′,M ′) be the fine log scheme obtained by pulling

back f by the Frobenius morphism of (Spec k,N). Then there exists a

Cartier inverse isomorphism

C−1 : ωq
X′ −→ Hq(ω·X).

Then the composite

OX ↪→ OX′
C−1

−→ H0(ω·X) ↪→ OX

is injective. On the other hand, this map is nothing but the char(k)-th

power map. Hence X is reduced. �

Next we prove the implication (2) =⇒ (3). Before the proof, let us recall

some terminologies concerning commutative algebra for monoids, which is

developed in [Kk2, (5.1),(5.2)].

Definition 2.3.4. Let P be a monoid.

(1) A subset I ⊂ P is called an ideal of P if PI ⊂ I holds.

(2) An ideal I of P is called a prime ideal if P − I is a submonoid of P .

(3) For a submonoid S ⊂ P , we define the monoid S−1P by S−1P :=

{s−1a | a ∈ P, s ∈ S}, where

s−1
1 a1 = s−1

2 a2 ⇔ ts1a2 = ts2a1 for some t ∈ S.
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For a monoid P , we denote the set of invertible elements of P by P×.

Then one can see that P −P× is a prime ideal of P . We have the following

proposition, which is well-known in usual commutative algebra:

Proposition 2.3.5. Let P be a monoid and let I ⊂ P be an ideal of

P . Define the radical
√

I of I by

√
I := {a ∈ P | an ∈ I for somen ∈ N, n ≥ 1}.

Then
√

I =
⋂
I⊂J

J :prime ideal

J holds.

Proof. One can check the inclusion
√

I ⊂
⋂
I⊂J

J :prime ideal

J easily.

Conversely, let us assume a /∈
√

I. Let S be a submonoid of P generated

by a and let f : P −→ S−1P be the natural map. Then, by definition of

a, f(I) does not meet with (S−1P )×. Hence f−1(S−1P − (S−1P )×) is a

prime ideal of P which contains I and to which a does not belong. So the

assertion is proved. �

Now we begin the proof of (2) =⇒ (3).

Proof of (2) =⇒ (3) in Proposition 2.3.2. Since we already know

the openness of Xf -triv, we may assume X is irreducible and we only have

to show Xf -triv is non-empty. Moreover, since we may work etale locally,

we may assume that (Spec k,N) is a log point. Let Qk −→ N be a good

chart.

Let x ∈ X and take a chart (Qk → N,PX → N,Q
α→ P ) of f satisfying

the conditions in Theorem 2.2.8 which is almost good at x (here we replaced

X by an etale neighborhood of x). Put I := α(Q−{1})P ⊂ P . We remark

that I is not equal to P . Let us consider the following commutative diagram

induced by the chart which is chosen above:

Q
α−−−→ P� π

�
(f∗N)x̄/O×X,x̄ −−−→ Mx̄/O×X,x̄.
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Since Qk → N is a good chart, the left vertical arrow is an isomorphism,

and the exactness of f implies the injectivity of the lower horizontal arrow.

So π ◦ α is injective. On the other hand, one can easily check that the

homomorphism π sends P× to 1. Hence α(Q − {1}) does not meet with

P×. So I is not equal to P .

Now let us consider the following Cartesian diagram of schemes:

X
h−−−→ Spec k[P ]/(I)� �

X ′
g−−−→ Spec k[P ]/(

√
I).

Since X is reduced, we have X = X ′. Let J1, J2, · · · , Jr be the minimal

prime ideals of P which contain I. Since X is irreducible, we may assume

Im(g) is contained in Y := Spec k[P ]/(J1)
∼
= Spec k[P − J1]. Put U :=

Spec k[(P − J1)
gp] and regard it as a dense open subscheme of Y via the

morphism induced by the ring homomorphism k[P − J1] ↪→ k[(P − J1)
gp].

Let V be g−1(Im(g) ∩ U). Then V is a non-empty set of X. It suffices to

show that V ⊂ Xf -triv holds.

Since the injectivity of the morphism of log structures follows from the

exactness of f and Proposition 2.2.15, it suffices to show the surjectivity.

To show this, we only have to show the following claim: For any element

p ∈ P , there exist p′, p′′ ∈ P − J1 and q ∈ Q such that pp′ = qp′′ holds.

To show this claim, we prepare two lemmas:

Lemma 2.3.6. Let the notation be as above. Then we have
√

I = I.

Proof. Let p ∈
√

I and set y = h(x). Since X is reduced and h is

flat, the ring (k[P ]/(I))y is reduced. Hence p = 0 holds in (k[P ]/(I))y. Let

P be the kernel of the map k[P ] −→ k[P ]/(I) −→ κ(ȳ). Then there exists

an element q =
∑

k∈P ckk /∈ P, such that qp =
∑

k∈P ck(kp) ∈ (I) holds.

Let us assume p /∈ I. Let k be an element of P which is not contained

in P. Then, by the almost goodness of the chart at x, one can check that

k is contained in P×. So, for such an element k, we have kp /∈ I and hence

we have ck = 0. Therefore we have q ∈ P and this is a contradiction. So

p ∈ I holds and the assertion is proved. �
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Lemma 2.3.7. For any p ∈ J1, there exists an element p′ ∈ P−J1 such

that pp′ ∈ I.

Proof. Assume p ∈ ∩i≤lJi and p /∈ ∪i>lJi holds. If we take an element

p′ ∈ Jl+1 − J1 (note that there exists such an element because of the mini-

mality of Ji’s), we have pp′ ∈ ∩i≤l+1Ji. Repeating this process, we can show

that there exists an element p′ ∈ P−J1 such that pp′ ∈ ∩r
i=1Ji =

√
I = I. �

Proof of (2) =⇒ (3) in Theorem 2.3.2 (continued). We will show

the following assertion: For any element p ∈ P , there exist p′, p′′ ∈ P − J1

and q ∈ Q such that pp′ = qp′′ holds.

Let p0 = p ∈ P . If p0 /∈ J1 holds, we are done. Otherwise, there exists

elements r0 ∈ P − J1, q0 ∈ Q− {1} and p1 ∈ P such that p0r0 = q0p1 holds

by Lemma 2.3.7.

If p1 /∈ J1 holds, we are done. Otherwise, there exists elements r1 ∈
P − J1, q1 ∈ Q− {1} and p2 ∈ P such that p1r1 = q1p2 holds.

Similarly, we can define pi+1 ∈ P if we have pi ∈ J1. If we have pi /∈ J1

for some i, we are done. So let us assume the contrary, that is, we assume

pi ∈ J1 for all i. Then we have (pi) = (qipi+1) as ideals in (P − J1)
−1P

and since qi /∈ ((P − J1)
−1P )×, (pi)⊂

�=
(pi+1) holds. This is a contradiction,

since we can construct an infinite ascending chain of ideals in a Noetherian

ring k[(P − J1)
−1P ]. �

2.4. Examples

In this section, we give some typical examples of log schemes or p-adic

log formal schemes.

Example 2.4.1. Let X be a scheme or a p-adic formal scheme. Then

the pair (O×X ,O×X ↪→ OX) is a log structure on X. This log structure is

called the trivial log structure on X. The functor

(Schemes) −→ (Log schemes),

(resp. (p-adic formal schemes) −→ (p-adic log formal schemes) )

defined by X �→ (X, triv. log str.) is fully faithful. So, one can naturally

regard a scheme (resp. a p-adic formal scheme) as a log scheme (resp. a

p-adic log formal scheme) which is endowed with the trivial log structure.
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The trivial log structure is fs, since it is associated to the pre-log structure

{1}X −→ OX .

Example 2.4.2. Let P be a monoid and let R be a ring (resp. a p-

adically complete ring). Let R[P ] (resp. R{P}) be the monoid ring (resp.

the p-adic completion of the monoid ring) with coefficient ring R. Put X :=

SpecR[P ] (resp. X := Spf R{P}.) and S := SpecR (resp. S := Spf R).

Let ϕ′ : P −→ R[P ] (resp. ϕ′ : P −→ R{P}) be the natural monoid

homomorphism and let ϕ : PX −→ OX be the homomorphism of sheaves of

monoids induced by ϕ′. The log structure on X associated to the pre-log

structure (PX , ϕ) is called the canonical log structure on X.

The canonical log structure is fine if P is fine, and it is fs if P is

fs. If P is fine and the order of the torsion part of P gp is invertible on

SpecR (resp. prime to p), the natural homomorphism (X, can. log str.) −→
(S, triv. log str.) is log smooth.

Example 2.4.3. Let X be a toric variety of dimension d over a field k.

Then, locally, X can be written as Spec k[P ] for an fs monoid P satisfy-

ing P gp ∼= Zd. Let us endow it with the canonical log structure. Then,

one can glue the log schemes (Spec k[P ], can. log str.) and it gives an fs

log structure on X. This log structure is called the canonical log struc-

ture of a toric variety X. By the previous example, the natural morphism

(X, can. log str.) −→ (Spec k, triv. log str.) is log smooth.

Example 2.4.4. Let X be a scheme and D a closed subscheme, and

denote the open immersion X −D ↪→ X by j. Then the inclusion

M := OX ∩ j∗O×X−D ↪→ OX

defines a log structure (which is not necessarily fine) on X. This log struc-

ture is called the log structure associated to the pair (X,D). Let us give

two typical examples of fs log structures associated to certain pairs.

First, let us assume that X is regular and that D is a normal crossing

divisor on X. Let x be a point in X. Then there exists a connected etale

affine neighborhood U of x̄ and a regular sequence z1, · · · , zn ∈ Γ(U,OU )

such that D ×X U is defined by the equation z1z2 · · · zr = 0 for some r ≤
n. let ϕ : Nr

U −→ M |U be the morphism defined by ϕ(ei) := zi, where



546 Atsushi Shiho

ei (1 ≤ i ≤ r) is the natural basis of Γ(U, Nr
U ) = Nr. Then the composite

Nr
U −→ M |U ↪→ OU defines a pre-log structure, and one can check that

M |U is isomorphic to the log structure associated to the above pre-log

structure via the homomorphism (Nr
U )a −→ M |U induced by ϕ. Hence

M is an fs log structure, and if X is defined over a field k, the morphism

(X,M) −→ (Spec k, triv. log str.) is log smooth.

Second, let X be a toric variety and let D ⊂ X be the complement of the

open torus of X. Then, it is known ([Kk2]) that the canonical log structure

on X is isomorphic to the log structure associated to the pair (X,D).

Example 2.4.5. Here we give the simplest example of a log smooth

integral morphism of fs log schemes which do not satisfy the properties in

Proposition 2.3.2.

Let k be a field and let n ≥ 2 be an integer prime to the characteristic of

k. Let ϕ be the monoid homomorphism N −→ k defined by ϕ(1) = 0, and let

ψ be the monoid homomorphism N −→ k[t]/(tn) defined by ψ(1) = t. The

pair (N, ϕ) (resp. (N, ψ)) naturally defines a pre-log structure on Spec k

(resp. Spec k[t]/(tn)). Denote the associated log structure by N (resp.

M). Let f : (Spec k[t]/(tn),M) −→ (Spec k,N) be the morphism naturally

induced by the following commutative diagram

k[t]/(tn)
α←−−− k

ψ

� ϕ

�
N

β←−−− N,

where α, β is defined by α(x) = x (x ∈ k), β(m) := nm (m ∈ N). Then f is

a log smooth integral morphism of fs log schemes, but Spec k[t]/(tn) is not

reduced.

Example 2.4.6. Let S be the spectrum of a discrete valuation ring, and

let s be the closed point of S. Let X be a regular scheme and let f : X −→ S

be a flat morphism of finite type. Denote the special fiber of f by Y and

let us assume that Yred is a normal crossing divisor of X. Let M (resp. N)

be the log structure on X (resp. S) associated to the pair (X,Yred) (resp.

(S, s)). Then, f induces naturally a morphism (X,M) −→ (S,N) between

fs log schemes, which will also be denoted by f .
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Put Y :=
∑r

i=1 niDi, where each Di is a prime divisor and each ni is

a positive integer. Let us assume moreover that each ni is invertible on

S. Then, etale locally, one can take a chart of the form (NS
α→ OS , Nk

X

β→
OX , N

γ→ Nk) (where k is an integer satisfying 1 ≤ k ≤ r) which satisfies

the following conditions:

(1) γ is defined by γ(1) = (mi)
k
i=1 with {mi}ki=1 ⊂ {ni}ri=1.

(2) The morphism

X −→ S ×α∗,Spec Z[N],β∗ Spec Z[Nk]

is etale in the classical sense. (Here α∗ : Spec Z[N] −→ S and β∗ :

Spec Z[Nk] −→ X are the morphisms induced by α, β, respectively.)

So, f is a log smooth integral morphism by Lemma 2.2.7 and Theorem

2.2.8.

Let g : (Y,M |Y ) −→ (s,N |s) be f ×S s. Then g is also a log smooth

integral morphism between fs log schemes. By Remark 2.3.3, the following

conditions are equivalent:

(a) (Assuming the characteristic of s is positive) g is of Cartier type,

(b) Y is reduced.

(c) Yg-triv ⊂ Y is dense open.

and the condition (b) is obviously equivalent to the condition that all ni’s

are equal to 1.

Chapter 3. Differentials on Log Schemes

In this chapter, we define de Rham fundamental groups for certain fine

log schemes by using the category of nilpotent integrable log connections,

and then prove a relation between integral log connections and isocrystals

on log infinitesimal site. (This is a log version or a log formal version of

[B-O, §2].)

3.1. Definition of de Rham fundamental groups

In this section, we give the definition of de Rham fundamental groups

for certain fine log schemes. First we give the definitions of log connections

and log formal connections.
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Definition 3.1.1. Let (X,M) −→ (S,N) be a morphism of fine log

schemes (resp. a morphism of fine formal V -schemes, where V is a complete

discrete valuation ring of mixed characteristic). For E ∈ Coh(OX) (resp.

E ∈ Coh(K ⊗OX), where K is the fraction field of V ), a log connection on

E (resp. a log formal connection on E) with respect to (X,M) over (S,N)

is an additive map

∇ : E −→ E ⊗ ω1
(X,M)/(S,N)

(where ω1
(X,M)/(S,N) is the log differential module (resp. the formal log

differential module)) which satisfies

∇(ax) = a∇(x) + x⊗ da

for a ∈ OX and x ∈ E.

A log connection (resp. a log formal connection) ∇ on E is integrable if

the composition

E
∇−→ E ⊗ ω1

(X,M)/(S,N)
∇−→ E ⊗ ω2

(X,M)/(S,N)

is zero, where we extend ∇ to

E ⊗ ω1
(X,M)/(S,N) −→ E ⊗ ω2

(X,M)/(S,N)

by setting

x⊗ ω �−→ ∇(x) ∧ ω + x⊗ dω.

We denote the category of coherent sheaves on X with integrable log con-

nection with respect to (X,M) over (S,N) by C((X,M)/(S,N)) (resp. the

category of isocoherent sheaves on X with integrable log formal connection

with respect to (X,M) over (S,N) by Ĉ((X,M)/(S,N))).

In the following, we sometimes denote the category C((X,M)/(S,N))

(resp. Ĉ((X,M)/(S,N))) simply by C((X/S)log) (resp. Ĉ((X/S)log)), if

there will be no confusions on log structures. When the log structures M

and N are trivial, we further abbreviate to write the superscript log.

Let the notations be as above and let (E,∇) be an object in C((X/S)log)

(resp. Ĉ((X/S)log)). Then we define the de Rham complex DR(E,∇)

associated to (E,∇) by the complex

0 −→ E
∇−→ E ⊗ ω1

X/S
∇−→ · · · ∇−→ E ⊗ ωn

X/S
∇−→ E ⊗ ωn+1

X/S

∇−→ · · · ,
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where where we extend ∇ to

E ⊗ ωn
(X,M)/(S,N) −→ E ⊗ ωn+1

(X,M)/(S,N)

by setting

x⊗ ω �−→ ∇(x) ∧ ω + x⊗ dω.

For (E,∇), (E′,∇′) ∈ C((X/S)log) (resp. (E,∇), (E′,∇′) ∈
Ĉ((X/S)log)), we define the tensor product (E′′,∇′′) := (E,∇) ⊗ (E′,∇′)
by

E′′ := E ⊗ E′, ∇′′ := s ◦ (∇⊗ id) + id⊗∇′,

where s : E ⊗ ω1
X/S ⊗ E′ −→ E ⊗ E′ ⊗ ω1

X/S is defined by s(a ⊗ b ⊗
c) := a ⊗ c ⊗ b. Then one can check easily that the category C((X/S)log)

(resp. Ĉ((X/S)log)) is an abelian tensor category with this tensor structure

with the unit object (OX , d), where d : OX −→ ω1
X/S is the composite of

the usual differential OX −→ Ω1
X/S and the natural morphism Ω1

X/S −→
ω1
X/S . Hence we can define the nilpotent part NC((X,M)/(S,N)) (resp.

N Ĉ((X,M)/(S,N))). By using the result in Section 1.2, we can show the

following proposition:

Proposition 3.1.2. Let k be a field. Let f : (X,M) −→ (Spec k,N)

be a morphism of fine log schemes and assume that H0
dR((X,M)/

(Spec k,N)) := H0(X,DR(OX , d)) is a field. Then the category

NC((X,M)/(Spec k,N)) is Tannakian.

Proof. Since the category C((X,M)/(Spec k,N)) is an abelian ten-

sor category with unit object (OX , d) and End(OX , d) = H0
dR((X,M)/

(Spec k,N)) is a field, the nilpotent part NC((X,M)/(Spec k,N)) is also

an abelian category by Proposition 1.2.1. Moreover, one can check that the

tensor structure on C((X,M)/(Spec k,N)) induces that on NC((X,M)/

(Spec k,N)) and that it is a rigid abelian tensor category, by using the fact

that E is a locally free OX -module for any object (E,∇) ∈ NC((X,M)/

(Spec k,N)).

Hence it suffices to show the existence of a fiber functor. Let x ∈
X and let k′ be the residue field of x. Let us define the functor ω :

NC((X,M)/(Spec k,N)) −→ Veck′ by (E,∇) �→ E|x. Then, since E is
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locally free for any (E,∇) ∈ NC((X,M)/(Spec k,N)), ω is an exact tensor

functor. Then, by [D2, (2.10)], the functor ω is faithful. So ω is a fiber

functor. Hence the assertion is proved. �

Now we define the de Rham fundamental groups:

Definition 3.1.3. Let k be a field and let f : (X,M) −→ (Spec k,N)

be a morphism of fine log schemes. Assume that H0
dR((X,M)/(Spec k,N))

is a field. Let x be a k-rational point of Xf -triv. (Assume the existence of

such a point x.) Then we define the de Rham fundamental group of (X,M)

over (Spec k,N) with base point x by

πdR
1 ((X,M)/(Spec k,N), x) := G(NC((X,M)/(Spec k,N)), ωx),

where ωx is the fiber functor

NC((X,M)/(Spec k,N)) −→ NC((x,M)/(Spec k,N)) � Veck

induced by the exact closed immersion (x,M) ↪→ (X,M) and the notation

G(· · · ) is as in Theorem 1.1.8.

We will sometimes denote the de Rham fundamental group πdR
1 ((X,M)/

(Spec k,N), x) simply by πdR
1 ((X/Spec k)log, x), when there will be no con-

fusions on log structures. When the log structures are trivial, we drop the

superscript log.

Remark 3.1.4. The existence of the point x assures that the category

NC((X,M)/(Spec k,N)) in the above definition is actually a neutral Tan-

nakian category.

Remark 3.1.5. In the case without log structures, the above definition

is due to Deligne ([D2]).

Here we give one useful sufficient condition for the categoryNC((X,M)/

(Spec k,N)) to be Tannakian:

Proposition 3.1.6. Let k be a perfect field and let f : (X,M) −→
(Spec k,N) be a log smooth integral morphism of finite type between fine
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log schemes. Assume moreover that X is connected and reduced. Then

H0
dR((X,M)/(Spec k,N)) is a field. (In particular, the category

NC((X,M)/(Spec k,N)) is a Tannakian category by Proposition 3.1.2.)

Proof. For a finite extension k ⊂ k′ of fields and a scheme Y over X⊗k

k′, let us denote the ring H0
dR((Y,M)/(Spec k′, N)) simply by H0

log-dR(Y/k′).
First, let us note the following elementary claim:

claim 1. Let k ⊂ k′ ⊂ k′′ be finite extensions of fields and put X ′ :=
X ⊗k k′, f ′ := f ⊗k k′ : (X ′,M) −→ (Spec k′, N). Let U be a connected

component of X ′f ′-triv and let x ∈ U(k′′). Then the homomorphism

α : H0
log-dR(U/k′) −→ H0

log-dR(x/k′) = k′′

is injective, and it is isomorphic if k′ = k′′ holds.

Proof of claim 1. Since U is smooth over k and connected, it is an

integral scheme. Let K be a function field of U . Then, since U is contained

in X ′f ′-triv, we have

H0
log-dR(U/k′) = H0

dR(U/k′) ⊂ Ker(K −→ Ω1
K/k′),

and the elements in the right hand side are algebraic over k′. Hence, for

each element a ∈ H0
log-dR(U/k′), the composite

k[a] ↪→ H0
log-dR(U/k′)

α−→ H0
log-dR(x/k′) = k′′

is injective, since it is a homomorphism of fields. So α is injective. On the

other hand, we have the natural inclusion k′ ⊂ H0
log-dR(U/k′). Hence α is

surjective if k′ = k′′ holds. �

Next, we prove the following claim, which is the key point of the proof:

claim 2. Let k,X, f be as in the statement of the proposition, and let

U be a connected component of Xf -triv. Then the natural homomorphism

β : H0
log-dR(X/k) −→ H0

log-dR(U/k)
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is injective.

Let Xf -triv =
∐n

i=1 Ui be the decomposition into the connected compo-

nents with U = U1. First, to prove the claim 2, we prepare the following

claim:

claim 3. To prove the claim 2, one may assume the following condition

(∗):

(∗) For each i, Ui(k) is non-empty.

Proof of claim 3. Let k ⊂ k′ be a finite Galois extension such that

Ui(k
′) %= ∅ for any i. Put X ′ := X ⊗k k′, U ′i := Ui ⊗k k′, f ′ := f ⊗k k′ :

(X ′,M) −→ (Spec k′, N) and put U ′ := U ′1. Let

X ′ =
m∐
j=1

X ′j ,

U ′i ∩X ′j =
∐
l∈Iij

Oijl

be the decomposition of X ′, U ′i ∩ X ′j into the connected components, re-

spectively. (Here Iij is an index set depending on i and j.) Then

(X ′j)f ′-triv =
n∐

i=1

∐
l∈Iij

Oijl,

U ′i =
m∐
j=1

∐
l∈Iij

Oijl

give the decomposition of (X ′j)f ′-triv, U ′i into the connected components,

respectively.

Let x be a k′-valued point in Ui ⊂ X. Then, since k ⊂ k′ is Galois,

each Oijl (1 ≤ j ≤ m, l ∈ Iij) contains a k′-valued point above x. Hence

Oijl(k
′) is non-empty for all i, j, l. On the other hand, since k ⊂ k′ is Galois,

X ′j contains a k′-valued point above x for each j. Hence the intersection
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X ′j ∩U ′i is non-empty for all i, j, that is, Iij is non-empty for all i, j. Let us

choose an element lj ∈ I1j for 1 ≤ j ≤ m.

For 1 ≤ j ≤ m, let βj be the natural homomorphism

H0
log-dR(X ′j/k

′) −→
∏
l∈I1j

H0
log-dR(O1jl/k

′)

and let γj be the composite

H0
log-dR(X ′j/k

′)
βj−→

∏
l∈I1j

H0
log-dR(O1jl/k

′)
proj.−→ H0

log-dR(O1jlj/k
′).

Let us consider the following diagram:

H0
log-dR(X/k)

δX−−−→ H0
log-dR(X ′/k′)

∼−−−→
∏m

j=1 H0
log-dR(X ′j/k

′)

β

� ∏
j βj

�
H0

log-dR(U/k)
δU−−−→ H0

log-dR(U ′/k′)
∼−−−→

∏m
j=1

∏
l∈I1j H0

log-dR(O1jl/k
′),

where δX , δU are the homomorphisms induced by the scalar extension.

Since we have

H0
log-dR(X ′/k′)

∼
= H0

log-dR(X/k)⊗k k′,

H0
log-dR(U ′/k′)

∼
= H0

log-dR(U/k)⊗k k′,

the homomorphisms δX , δU are injective. Therefore, if we prove that γj ’s

are injective, it implies the injectivity of
∏

j βj and so we obtain the injec-

tivity of β. So, to prove the claim, we may replace X,U, k by X ′j , O1jlj , k
′

respectively. Since Oijl(k
′) is non-empty for each i, j, l, we may assume the

condition (∗) to prove the claim. �

Proof of claim 2. By claim 3, we may assume the condition (∗) to

prove the claim 2. So we assume it.

For an element z ∈ H0
log-dR(X/k), denote the closed set {x ∈ X | z =

0 in k(x)} (where k(x) is the residue field of x) by Cz and regard it as a
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reduced closed subscheme of X. Since X is reduced, it suffices to show that

Ca = X holds for a ∈ Ker(β).

Let a ∈ Ker(β) and let ai be the image of a in H0
log-dR(Ui/k). By claim

1 (in the case k = k′ = k′′) for Ui and a k-rational point in Ui (whose

existence is assured by the condition (∗)), the composite

k ⊂ H0
log-dR(X/k) −→ H0

log-dR(Ui/k)

is an isomorphism. Hence there exists a unique element bi ∈ k ⊂
H0

log-dR(X/k) such that ai = bi holds in H0
log-dR(Ui/k). Hence we have

Ui ⊂ Ca−bi . Let us denote the closure of Ui in X (regarded as a reduced

closed subscheme) by Di. Then we have Di ⊂ Ca−bi . Since Di is reduced,

a− bi is equal to zero in H0
log-dR(Di/k).

Now let us assume that Di ∩ Dj %= ∅ holds. Then, bi = bj holds in

H0
log-dR((Di ∩ Dj)red) since they are both the image of a in H0

log-dR((Di ∩
Dj)red). Since bi, bj ∈ k, we have bi = bj in k. Since Xf -triv ⊂ X is

open dense by Proposition 2.3.2, we have X =
⋃

i Di. This fact and the

connectedness of X implies that bi = b1 holds for all i. On the other hand,

since a ∈ Ker(β), we have b1 = 0. So bi = 0 holds for all i. Therefore we

have Di ⊂ Ca−bi = Ca for all i. So one get the equality X = Ca and so the

assertion is proved. �

Now we finish the proof of the proposition by using the claims. Let U

be a connected component of Xf -triv and let x be a closed point of U and

let k′ be the residue field of x. Let us consider the following diagram:

k ⊂ H0
log-dR(X/k)

β−→ H0
log-dR(U/k)

α−→ H0(x/k) = k′.

By claim 1, α is injective and by claim 2, β is injective. So there are inclu-

sions of rings k ⊂ H0
log-dR(X/k) ⊂ k′, and they imply that H0

log-dR(X/k) is

a field. �

Remark 3.1.7. Let f : (X,M) −→ (Spec k,N) be a log smooth inte-

gral morphism of finite type between fine log schemes with k perfect and

X connected. Then the above proposition says the reducedness of X is a

sufficient condition for the category NC((X,M)/(Spec k,N)) to be Tan-

nakian. Here we remark that it is not a necessary condition, by giving a

simple counter-example.
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Let us assume the characteristic of k is zero. Let X be Spec k[t, s]/(tmsn)

(m,n ∈ N, (m,n) = 1, n ≥ 2) and let M be the log structure associated to

the monoid homomorphism

α : N2 −→ k[t, s]/(tmsn); (1, 0) �→ t, (0, 1) �→ s.

Let N be the log structure associated to the monoid homomorphism β :

N −→ k, 1 �→ 0 and let f : (X,M) −→ (Spec k,N) be the morphism of log

schemes induced by the following diagram:

k[t, s]/(tmsn)
a←−−− k

α

� β

�
N2 b←−−− N,

where a, b is defined by a(x) = x (x ∈ k), b(1) = (m,n). Then X is not

reduced. On the other hand, H0
dR((X,M)/(Spec k,N)) is nothing but the

kernel of the differential

d : K[t, s]/(tmsn) −→ K[t, s]/(tmsn)dlog t⊕K[t, s]/(tmsn)dlog s

K[t, s]/(tmsn)(mdlog t + ndlog s)
.

Note that the module on the right hand side above is a free K[t, s]/(tmsn)-

module generated by dlog s. We can calculate the differential as follows:

d(
∑
0≤i,j

i<m or j<n

aijt
isj) =

∑
0≤i,j

i<m or j<n

aij(j −
ni

m
)tisjdlog s.

Therefore, we have

a :=
∑
0≤i,j

i<m or j<n

aijt
isj ∈ Ker(d) ⇐⇒ aij = 0 unlessmj − ni = 0

⇐⇒ aij = 0 unless i = j = 0

⇐⇒ a ∈ k.

Hence H0
dR((X,M)/(Spec k,N)) is a field. So the category NC((X,M)/

(Spec k,N)) is Tannakian.
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The basic example of a morphism f : (X,M) −→ (Spec k,N) for which

we would like to investigate the de Rham fundamental group, is the fol-

lowing: k is a field of cahracteristic zero, N is the trivial log structure, X

is a proper smooth variety over k, M is the log structure associated to a

pair (X,D) (where D is a normal crossing divisor) and f is the morphism

induced by the structure morphism of X. In this case, we have the following

proposition:

Proposition 3.1.8. Let the notations be as above and let x be a k-

valued point of U := X−D. Let j be the open immersion (U, triv. log str.) ↪→
(X,M). Then the homomorphism

j∗ : πdR
1 (U/Spec k, x) −→ πdR

1 ((X,M)/Spec k, x)

is an isomorphism. In particular, the de Rham fundamental group of

(X,M) with base point x depends only on U and x in this case.

Proof. We prove that the functor

j∗ : NC((X,M)/Spec k) −→ NC(U/Spec k)

induced by j is an equivalence of categories.

For (E,∇), (E′,∇′) ∈ NC((X,M)/Spec k) (resp. NC(U/Spec k)), the

group of homomorphism Hom(E,E′) in the category NC((X,M)/Spec k)

(resp. NC(U/Spec k)) is naturally isomorphic to the group H0(X,

DR(Hom((E,∇), (E′,∇′)))) (resp. H0(U,DR(Hom((E,∇), (E′,∇′))))),
and the set of the isomorphism class of extensions

0 −→ (OX , d) −→ (Ẽ, ∇̃) −→ (E,∇) −→ 0

is isomorphic to the set H1(X,DR(E,∇)) (resp. H1(U,DR(E,∇))). Since

the categories NC((X,M)/Spec k), NC(U/Spec k) are nilpotent, it suffices

to show the homomorphisms

ji(E,∇) : H i(X,DR(E,∇)) −→ H i(U,DR(E|U ,∇|U ))
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are isomorphisms for E ∈ NC((X,M)/Spec k) and i = 0, 1 to prove the

categorical equivalence of j∗. Moreover, by using five lemma, one can see

that it suffices to show the homomorphisms

ji : H i
dR((X,M)/Spec k) −→ H i

dR(U/Spec k)

are isomorphisms for i ∈ N.

To show ji’s are isomorphisms, one may assume k = C. Let Xan, Uan,

Dan be the complex analytic spaces associated to X,U,D, respectively. Let

jm∗ Ω·Uan (resp. Ω·Xan(dlog Dan)) be the sheaf of meromophic forms on X

which are holomorphic on Uan (resp. which are holomorphic on Uan and

logarithmic along Dan.) Then, we have the isomorphism

H i
dR(U/Spec k)

∼
= H i(Xan, jm∗ Ω·Uan)

by [D1, (6.4.3), (6.6.1)], and we have the GAGA isomorphism

H i
dR((X,M)/Spec k)

∼
= H i(Xan,Ω·Xan(dlog Dan)).

Via these isomorphimsms, the homomorphism ji is compatible with the

homomorphism

ji,an : H i(Xan,Ω·Xan(dlog Dan)) −→ H i(Xan, jm∗ Ω·Uan)

defined by the inclusion of sheaves Ω·Xan(dlog Dan) ↪→ jm∗ Ω·Uan . By [D1,

(3.13)], the homomorphism ji,an is an isomorphism. Hence ji is also an

isomorphism and so the assertion is proved. �

3.2. Log connections, stratifications and isocrystals on log

infinitesimal site

Throughout this section, let p be a fixed prime number, let V be a

complete discrete valuation ring of mixed characteristic (0, p) and let K be

the fraction field of V . Let f : (X,M) −→ (S,N) be a log smooth morphism

of fine log schemes over Q (resp. a formally log smooth morphism of fine

log formal V -schemes). In this section, we prove the equivalence of the

following three categories:

(1) The category C((X,M)/(S,N)) of integrable log connections (resp.

The category Ĉ((X,M)/(S,N)) of integrable log formal connec-

tions).
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(2) The category Str((X,M)/(S,N)) of log stratifications (resp. The

category Ŝtr((X,M)/(S,N)) of formal log stratifications). (For def-

inition, see Definition 3.2.10.)

(3) The category Cinf((X,M)/(S,N)) of crystals on log infinitesimal

site ((X,M)/(S,N))inf (resp. The category Iinf((X,M)/(S,N)) of

isocrystals on log infinitesimal site ((X,M)/(S,N))inf). (For defi-

nition, see Definitions 3.2.12, 3.2.13).

We shall use this equivalence in the proof of Berthelot-Ogus theorem for

fundamental groups in Chapter 5.

Our method of proof is a log version of that in [B-O, §2] and [O1, §1]:

First, we prove that the category in (1) is equivalent to the following aux-

iliary category.

(4) The category D((X,M)/(S,N)) (resp. D̂((X,M)/(S,N))) of pairs

(E,ϕ), where E is a coherent sheaf (resp. an isocohorent sheaf)

on X and ϕ is an order-preserving, lim←−n
OXn-linear ring homomor-

phism Diff(OX ,OX) −→ Diff(E,E) (resp. Diff(K ⊗V OX ,K ⊗V

OX) −→ Diff(E,E)), where Diff means the sheaf of log differential

operators. (For precise definitions, see Definitions 3.2.6, 3.2.8.)

Then, we prove the equivalence of the category in (4) and that in (2), and

finally we prove the equivalence of the categories in (2) and (3).

First, we recall the notion of log infinitesimal neighborhood which is due

to Kato ([Kk1, (5.8)]).

Proposition-Definition 3.2.1 (Kato). Let C be the category of

closed immersions (X,M) −→ (Y,N) of log schemes such that M is fine

and N is coherent and let Cn be the category of exact closed immersions

(X,M) −→ (Y,N) of fine log schemes such that X is defined in Y by an

ideal J with the property Jn+1 = 0. Then the canonical functor Cn −→ C
has a right adjoint φ : C −→ Cn. For (X,M) −→ (Y,N) in C, the object

obtained by applying φ has the form (X,M) −→ (Z,MZ). We call this

(Z,MZ) the n-th log infinitesimal neighborhood of (X,M) in (Y,N).

Let f : (X,M) −→ (Y,N) be a closed immersion of log schemes such

that M is fine and N is coherent and assume that there exists a quasi-

chart (PX → M,QY → N,Q
α→ P ) of f such that P is fine and αgp is

surjective. Then the n-th infinitesimal neighborhood (Z,MZ) of (X,M) in
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(Y,N) is constructed as follows ([Kk1, (5.8)]): Put R := (αgp)−1(P ) ⊂ Qgp.

Then the natural homomorphism Q → Qgp factors as Q
β→ R → Qgp. Let

β∗ : Spec Z[R] −→ Spec Z[Q] be the morphism induced by β. Put

Y ′ = Y ×Spec Z[Q],β∗ Spec Z[R]

and endow Y ′ with the inverse image N ′ of the canonical log structure of

Spec Z[R]. Then Z is the (classical) n-th infinitesimal neighborhood of X

in Y ′ and MZ is the inverse image of N ′.

Remark 3.2.2. We can define the notion of n-th log infinitesimal

neighborhood for a locally closed immersion (X,M) −→ (Y,N) of log

schemes such that M is fine and N is coherent, because it is well-defined

locally and we can glue it.

For a morphism of fine log schemes (X,M) −→ (S,N), we can define

the n-th log infinitesimal neighborhood of (X,M) in (X,M)×(S,N) (X,M)

(note that the fiber product is taken in the category of log schemes) because

the diagonal map (X,M) −→ (X,M) ×(S,N) (X,M) is locally closed and

(X,M)×(S,N) (X,M) is a coherent log scheme. We denote it by (Xn,Mn).

We can regard OXn as OX -modules in two ways through the morphisms

fi : (Xn,Mn) −→ (X,M)×(S,N) (X,M)
i-th proj.−→ (X,M) (i = 1, 2).

We call the OX -module structure of OXn defined by f1 (resp. f2) the left

(resp. right) OX -module structure.

Now we introduce two kinds of morphisms between log infinitesimal

neighborhoods. Before this, let us note the following lemma:

Lemma 3.2.3. Let (X,M) −→ (S,N) be a morphism of fine log

schemes and let (Xn,Mn) be the n-th log infinitesimal neighborhood of

(X,M) in (X,M) ×(S,N) (X,M). Let pi (i = 1, 2) be the composition

(Xn,Mn) −→ (X,M)×(S,N) (X,M)
i-th proj.−→ (X,M). Then:

(1) The log structure of (Xn,Mn)↘
p2

×(X,M) ↙
p1

(Xm,Mm) is fine.

(2) The map (X,M) −→ (Xn,Mn)×(X,M)(X
m,Mm) is an exact closed

immersion.



560 Atsushi Shiho

Proof. Since the assertion (1) is local, we may assume there exists a

chart of (X,M) → (S,N). Choose a chart (PX → M,QS → N,Q
α→ P ).

Then the diagonal map (X,M) −→ (X,M)×(S,N) (X,M) has a quasi-chart

(PX →M, (P ⊕Q P )(X×SX) →M ⊕N M,P ⊕Q P
β→ P ),

where P ⊕Q P is the monoid defined by the push-out of the diagram P
α←−

Q
α−→ P and β is defined by β(p, p′) = pp′ (p, p′ ∈ P ). Let R be βgp,−1(P ) ⊂

(P ⊕Q P )gp and let γi (i = 1, 2) be maps P
i-th incl.−→ P ⊕Q P → R. Then the

log structure of (Xn,Mn)×(X,M) (Xm,Mm) is associated to R↖
γ2

⊕P ↗
γ1

R,

and it suffices to show this monoid is integral. Let δi (i = 1, 2) be maps

(P gp×P gp)/Qgp −→ P gp× ((P gp×P gp)/Qgp)
id×i-th proj.−→ P gp× (P gp/Qgp),

where the first map is defined by (p, p′) �→ (pp′, (p, p′)) for (p, p′) ∈ P gp.

Then the maps δi are isomorphisms and via δi, R is isomorphic to P ×
(P gp/Qgp). So R⊕P R is isomorphic to

{P × (P gp/Qgp)} ⊕P {P × (P gp/Qgp)} ∼= P ⊕ (P gp/Qgp)2.

So R⊕P R is integral. This proves the assertion (1).

With the above notations, the morphism in (2) admits locally a chart of

the form (PX →M, (R⊕P R)Xn×XXm →MXn×XXm , R⊕P R
ε→ P ) (where

we denoted the log structure of the log scheme (Xn,Mn)×(X,M) (X
m,Mm)

by MXn×XXm) such that, via the isomorphism R⊕P R
∼
= P ⊕ (P gp/Qgp)2,

the homomorphism ε coincides with the first projection P⊕(P gp/Qgp)2 −→
P . From this fact, one can check easily that the morphism (X,M) −→
(Xn,Mn)×(X,M) (Xm,Mm) is an exact closed immersion. �

Let q be the composition

(Xn,Mn)×(X,M) (Xm,Mm)→ (X,M)×(S,N) (X,M)×(S,N) (X,M)
pr13→ (X,M)×(S,N) (X,M)
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and consider the following diagram:

(X,M) −−−→ (Xn,Mn)×(X,M) (Xm,Mm)� �q

(Xn+m,Mn+m) −−−→ (X,M)×(S,N) (X,M).

(Here the morphisms other than q are the ones which are induced by the

definition of log infinitesimal neighborhoods.) Then, by the above lemma

and the universality of log infinitesimal neighborhood, there exists uniquely

a morphism

(Xn,Mn)×(X,M) (Xm,Mm) −→ (Xn+m,Mn+m),

which is compatible with the above diagram. We denote this map by δn,m.

In terms of charts, the morphism δn,m can be described as follows: As-

sume (X,M) −→ (S,N) has a chart (PX → M,QS → N,Q → P ) and

X = SpecA and S = SpecB are affine. Let R be as in the proof of Lemma

3.2.3 and let Y be Spec ((A⊗B A)⊗Z[P⊕QP ] Z[R]). Then there exists a nat-

ural morphism Y −→ Spec Z[R]. Let L be the log structure on Y defined

as the pull-back of the canonical log structure on Spec Z[R]. Then (Y, L)

admits a chart

ϕ : R −→ (A⊗B A)⊗Z[P⊕QP ] Z[R], r �→ (1⊗ 1)⊗ r (r ∈ R).

We define a map δ : (Y, L) ×(X,M) (Y, L) −→ (Y, L) as the map which is

induced by the following diagram of rings and monoids:

{(A⊗B A)⊗Z[P⊕QP ] Z[R]} ⊗A {(A⊗B A)⊗Z[P⊕QP ] Z[R]} ϕ⊗ϕ←−−− R⊕P R

f

� �g

(A⊗B A)⊗Z[P⊕QP ] Z[R]
ϕ←−−− R,

where maps f, g are defined by

f((a⊗ b)⊗ 1) = {(a⊗ 1)⊗ 1} ⊗ {(1⊗ b)⊗ 1},
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f((1⊗ 1)⊗ (x, y)) = {(1⊗ 1)⊗ (x, x−1)} ⊗ {(1⊗ 1)⊗ (x, y)},

g((x, y)) = (x, x−1)⊕ (x, y),

for a, b ∈ A and (x, y) ∈ R (x, y ∈ P gp).

Note that (Xn,Mn) is the (classical) n-th infinitesimal neighborhood of

(X,M) in (Y, L). One can check that the morphism δ induces a morphism

(Xn,Mn) ×(X,M) (Xm,Mm) −→ (Xn+m,Mn+m) and this map coincides

with δn,m above.

Now we define another important morphism between log infinitesimal

neighborhoods. Let t be the composition (Xn,Mn) → (X,M) ×(S,N)

(X,M)
pr2×pr1→ (X,M)×(S,N) (X,M) and consider the following diagram:

(X,M) −−−→ (Xn,Mn)� �t

(Xn,Mn) −−−→ (X,M)×(S,N) (X,M).

(Here the morphisms other than t are the ones which are induced by the

definition of log infinitesimal neighborhoods.) Then, by the universality of

log infinitesimal neighborhood, there exists uniquely a map (Xn,Mn) −→
(Xn,Mn) which is compatible with the above diagram. We denote this

map by τn.

In terms of charts, the morphism τn can be described as follows: Assume

(X,M) −→ (S,N) has a chart (PX → M,QS → N,Q → P ) and X =

SpecA and S = SpecB are affine. Define R,ϕ and (Y, L) as in the case of

δn,m. We define a map τ : (Y, L) −→ (Y, L) as the map which is induced

by the following diagram of rings and monoids:

(A⊗B A)⊗Z[P⊕QP ] Z[R]
ϕ←−−− R

f

� �g

(A⊗B A)⊗Z[P⊕QP ] Z[R]
ϕ←−−− R,

where maps f, g are defined by

f((a⊗ b)⊗ 1) = (b⊗ a)⊗ 1,
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f((1⊗ 1)⊗ (x, y)) = (1⊗ 1)⊗ (y, x),

g((x, y)) = (y, x),

for a, b ∈ A and (x, y) ∈ R (x, y ∈ P gp).

Then one can check that τ induces a map (Xn,Mn) −→ (Xn,Mn) and

this map coincides with τn above.

Remark 3.2.4. What we described about log infinitesimal neighbor-

hood holds also in the case of log formal V -schemes (with appropriate mod-

ifications). We use the same notations also in the case of fine log formal

V -schemes.

Next we prove the relation between log differential module and the log

infinitesimal neighborhood, which is also due to Kato.

Before stating the proposition, we prepare some notations. Let f :

(X,M) −→ (S,N) be a morphism of fine log schemes. Let ∆n : (X,M) ↪→
(Xn,Mn) be the n-th log infinitesimal neighborhood of the diagonal mor-

phism (X,M) −→ (X,M)×(S,N) (X,M). Let pi (i = 1, 2) be the composite

of the canonical map (Xn,Mn) −→ (X,M)×(S,N) (X,M) and the i-th pro-

jection. Let U −→ X be an etale morphism of schemes and let m be an

element of Γ(U,M). Then we have p∗i (m) ∈ Γ(U,Mn) (i = 1, 2) and

(3.2.1) ∆∗n ◦ p∗1(m) = m = ∆∗n ◦ p∗2(m).

(Note that the etale site of Xn and that of X is equivalent via ∆∗n. So

we can regard Mn,OXn as sheaves on Xet.) Let us consider the following

homomorphisms:

Γ(U,Mn)
a−→ Γ(U,Mn/O×Xn)

b−→ Γ(U,M/O×X),

where a is the natural projection and b is the homomorphism induced by

∆n. Then, by equation (3.2.1), we have b ◦ a(p∗1(m)) = b ◦ a(p∗2(m)). Now,

since ∆n is an exact closed immersion, b is an isomorphism. Hence we

have a(p∗1(m)) = a(p∗2(m)). Hence, locally on U , there exists an element

u of O×Xn such that p∗2(m) = p∗1(m)u holds. One can check, by using the

fineness of Mn, that one can glue this element u and it defines uniquely an

element in Γ(U,O×Xn) ⊂ Γ(U,Mn). We denote this element by (m−1,m)n
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in this section. By the uniqueness of the element (m−1,m)n, the image of

(m−1,m)n by the homomorphism Γ(U,Mn) −→ Γ(U,Mn′
) (n′ < n) coin-

cides with (m−1,m)n′ . On the other hand, by using the equation p∗2(m) =

p∗1(m)(m−1,m)n and the fineness of M , we have ∆∗n((m−1,m)n) = 1. In

particular, we have (m−1,m)n − 1 ∈ Ker(Γ(U,OXn) −→ Γ(U,OX)).

The above element is compatible with a chart in the following sense:

With the above notation, let us assume that we have a chart (QS →
N,PX

ϕ→ M,Q
c→ P ). Let d : P ⊕Q P −→ P be the homomorphism

defined by d(p, p′) = pp′ and put R := dgp,−1(P ). Then, as we have seen,

(Xn,Mn) has naturally a chart R → Mn, which we denote by ψ. Let

p ∈ P . Then one can check that the element (ϕ(p)−1, ϕ(p))n coincides with

the image of (p−1, p) ∈ R(⊂ (P ⊕Q P )gp) by ψ.

Now the relation between log differential module and the log infinitesimal

neighborhood is described as follows ([Kk1, (5.8.1)]):

Proposition 3.2.5. Let (X,M)
f−→ (S,N) be a morphism of fine log

schemes and let I be Ker(OX1 −→ OX). Then there exists a canonical

isomorphism of OX-modules

Φ : I ∼−→ ω1
(X,M)/(S,N),

which satisfies the following condition: For m ∈M , the image of the element

α1((m−1,m)1) − 1 ∈ I (where α1 : M1 −→ OX1 is the homomorphism

defining the log structure) by Φ is equal to dlog (m).

Henceforth we sometimes identify these modules via Φ.

Proof. Denote the structure homomorphism M −→ OX of the log

scheme (X,M) by α. For an OX -module E, let us define the module

Der(S,N)((X,M), E) of log derivations of (X,M) to E over (S,N) to be

the module consists of pairs (D,Dlog) of D ∈ DerS(X,E)(:= the module

of derivations of X to E over S in the classical sense) and Dlog : M → E

satisfying

(1) Dlog(ab) = Dlog(a) + Dlog(b) (a,b ∈M),

(2) α(a)Dlog(a) = D(α(a)) ( a ∈M),

(3) Dlog(f∗(c)) = 0 (c ∈ f−1N , f∗ : f−1N →M).
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Then it follows from [Kf1, (5.2)] that the homomorphism

Ψ : HomOX
(ω1

(X,M)/(S,N), E) −→ Der(S,N)((X,M), E); u �→ (u◦d, u◦dlog )

is an isomorphism.

Next we define a homomorphism

Λ : Der(S,N)((X,M), E) −→ HomOX
(I, E).

Let (D,Dlog) be an element in Der(S,N)((X,M), E). Let us introduce a

structure of a ring on OX ⊕ E by

(x, e) · (x′, e′) = (xx′, xe′ + x′e).

Then it is an OX -algebra. Let π : Spec (OX ⊕E) −→ X be the correspond-

ing morphism of schemes, and let θ : X −→ Spec (OX⊕E) be the morphism

induced by the projection OX ⊕E −→ OX . Then these morphisms induce

the morphisms of log schemes

π : (Spec (OX ⊕ E), π∗M) −→ (X,M),

θ : (X,M) −→ (Spec (OX ⊕ E), π∗M),

respectively. Denote the structure morphism π∗M −→ OX ⊕ E of the

log scheme (Spec (OX ⊕ E), π∗M) by β. Let us consider the following

commutative diagrams:

π−1OX
π−1α←−−− π−1M

γ1

� δ1

�
OX ⊕ E

β←−−− π∗M,

π−1OX
π−1α←−−− π−1M

γ2

� δ2

�
OX ⊕ E

β←−−− π∗M,

where the homomorphisms γi, δi (i = 1, 2) are defined by

γ1(x) = (x, 0), γ2(x) = (x,D(x)), (x ∈ π−1OX),

δ1(m) = m, δ2(m) = m · (1,Dlog(m)), (m ∈ π−1M).
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(Note that (1,Dlog(m)) ∈ (OX ⊕ E)× ⊂ π∗M holds.) Each of the above

diagram defines a morphism (Spec (OX ⊕ E), π∗M) −→ (X,M). So they

defines a morphism g : (Spec (OX ⊕ E), π∗M) −→ (X,M) ×(S,M) (X,M),

and one can check the commutativity of the following diagrams:

(X,M)
∆−−−→ (X,M)×(S,N) (X,M)∥∥∥ g

�
(X,M)

θ−−−→ (Spec (OX ⊕ E), π∗M),

(X,M)×(S,N) (X,M)
pr1−−−→ (X,M)

g

� ∥∥∥
(Spec (OX ⊕ E), π∗M)

π−−−→ (X,M),

By the first diagram and the universal property of log infinitesimal neigh-

borhood, there exists uniquely a morphism g1 : (Spec (OX ⊕E), π∗M) −→
(X1,M1) such that the composite of g1 with the natural morphism

(X1,M1) −→ (X,M) ×(S,N) (X,M) is equal to g. By the above two dia-

grams, one can see that there exists the following commutative diagram

OX1 −−−→ OX

g1,∗
� ∥∥∥

OX ⊕ E
θ∗−−−→ OX ,

which is OX -linear with respect to left OX -module structure on OX1 and

the structure of OX -module on OX ⊕E via π∗. Hence g1,∗ induces an OX -

linear homomorphism g1,∗ : I −→ E. We define Λ((D,Dlog)) ∈ Hom(I, E)

by Λ((D,Dlog)) := g1,∗.
Next we construct a homomorphism

Λ′ : HomOX
(I, E) −→ Der(S,N)((X,M), E).

Suppose given an element ϕ in HomOX
(I, E). Let us introduce a structure

of an OX -algebra on OX ⊕ I as in the case of OX ⊕ E in the previous

paragraph. Then the OX -linear homomorphism of rings i : OX⊕I −→ OX1
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defined by i(x, y) = x+ y (where we consider the left OX -module structure

on OX1) is an isomorphism. Let ϕ̃ : OX ⊕ I −→ OX ⊕E be the O-algebra

homomorphism defined by ϕ̃((x, y)) := (x, ϕ(y)), and let D̃ and D̃log be

the following homomorphisms:

D̃ : OX ⊗OS
OX

∆∗
1−−→ OX1

i−1

−−→ OX ⊕ I
ϕ̃−→ OX ⊕ E

proj.−−−→ E,

D̃log : M1 α1

−→ OX1
i−1

−−→ OX ⊕ I
ϕ̃−→ OX ⊕ E

proj.−−−→ E,

where α1 : M1 −→ OX1 is the structure homomorphism of (X1,M1).

One define (D,Dlog) by D(x) := D̃(1 ⊗ x),Dlog(m) := D̃log((m−1,m)1).

Then one can check that the pair (D,Dlog) defines an element in

Der(S,N)((X,M), E). We define Λ′(ϕ) by Λ′(ϕ) := (D,Dlog). Hence we

have defined the homomorphism Λ′.
One can check that Λ and Λ′ are mutually inverse. (Details are left to

the reader.) Hence Λ is an isomorphism. Define the functorial isomorphism

ΦE : HomOX
(ω1

X/S , E) −→ HomOX
(I, E)

by ΦE := Λ ◦ Ψ, and define Φ : I −→ ω1
X/S by Φ := Φω1

X/S
(idω1

X/S
). Then

Φ is an isomorphism.

Finally we show that the element α1((m−1,m)1) − 1 ∈ I is sent to

dlog (m) by Φ. Let us define the homomorphism Φ̃ : OX⊕I −→ OX⊕ω1
X/S

by Φ̃(x, y) := (x,Φ(y)). Then, by using the descriptions of Ψ,Λ,Λ−1 = Λ′

above, one can see that the image of the element (m−1,m)1 ∈ M1 by the

composite

M1 α1

−→ OX1
i−1

−−→ OX ⊕ I Φ̃−→ OX ⊕ ω1
X/S

proj.−−−→ ω1
X/S

is equal to dlog (m). On the other hand, we have z := α1((m−1,m)1)− 1 ∈
I. So we have i−1 ◦ α1((m−1,m)1) = (1, z). Then one can see dlog (m) is

equal to Φ(z). So the assertion is proved and the proof is finished. �

Now we define the notion of the sheaf of log differential operators.

Definition 3.2.6. Let (X,M) −→ (S,N) be a morphism of fine log

schemes (resp. fine log formal V -schemes). For E,F ∈ Coh(OX) (resp.
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Coh(K ⊗OX)), we define the sheaf of log differential operators (resp. for-

mal log differential operators) of order ≤ n Diffn(E,F ) by Diffn(E,F ) =

HomOX
(OXn ⊗E,F ) and the sheaf of log differential operators Diff(E,F )

by Diff(E,F ) = lim−→n
Diffn(E,F ).

We define an OXn-module structure of Diffn(E,F ) by (af)(x) = f(ax)

for a ∈ OXn , f ∈ Diffn(E,F ), x ∈ OXn ⊗ E. This induces a lim←−n
OXn-

module structure of Diff(E,F ).

For f ∈ Diffn(E,E) and g ∈ Diffm(E,E), we define the product f ∗ g ∈
Diffn+m(E,E) by the composition

OXn+m ⊗ E
δ∗n,m⊗id
−→ OXn ⊗OXm ⊗ E

id⊗g−→ OXn ⊗ E
f−→ E.

This operation ∗ defines an OX -algebra structure of Diff(E,E).

In the rest of this section, we put O := OX for a scheme X and O :=

K ⊗V OX for a p-adic formal scheme X.

In certain case, the local structure of the sheaf of log differential opera-

tors Diff(O,O) of O can be described as follows:

Lemma 3.2.7. Let (X,M) −→ (S,N) be a log smooth morphism of

fine log schemes over Q or a formally log smooth morphism of fine log

formal V -schemes. Assume that X,S are affine and that there exists a chart

(PX
ϕ→ M,QS → N,Q → P ) satisfying the conditions (a), (b), (c) of (2)

in Theorem 2.2.8. Let x1, · · · , xm ∈ P be elements such that dlog xi (1 ≤
i ≤ m) forms a basis of ω1

X/S, and put ξi,n := (ϕ(xi)
−1, ϕ(xi))n − 1 ∈

Γ(Xn,OXn). (Note that ξi,n’s are compatible with respect to n.) Then:

(1) OXn is a free left OX-module with basis

{ξan :=
m∏
i=1

ξaii,n | 0 ≤ |a| :=
m∑
i=1

ai ≤ n},

where a := (a1, a2, · · · , am) is a multi-index of length m.

(2) Let {Da}0≤|a|≤n be the dual base of {ξan}0≤|a|≤n in Diffn(O,O), and

denote their image in Diff(O,O) by the same letter. (Since ξi,n’s

are compatible with respect to n, the definition of Da ∈ Diff(O,O)

is independent of n.) Then there exists a ring isomorphism

Φ : O[T1, T2, · · · , Tm] −→ Diff(O,O),
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which sends Ti to D(i) := D
(0,··· ,

i

1̌,··· ,0)
.

Proof. Here we prove the assertions only in the case of fine log

schemes over Q. (The similar method can be applied to the case of fine

log formal V -schemes. Details are left to the reader.)

Let α : P⊕QP −→ P be the homomorphism induced by the summation.

Put R := αgp,−1(P ) and let Y be (X×SX)×Spec Z[P⊕QP ]Spec Z[R]. Let L be

the log structure on Y induced by the canonical log structure on Spec Z[R].

Now we show the assertion (1) by induction on n. The assertion is trivial

if n = 0. Let ∆ : (X,M) ↪→ (Y, L) be the exact closed immersion which is

naturally induced from the diagonal morphism (X,M) −→ (X,M) ×(S,N)

(X,M), and put I := Ker(OY
∆∗
−→ OX). Then, by the paragraph after

Proposition-Definition 3.2.1 and Proposition 3.2.5, we have the canonical

ismorphism I/I2 ∼−→ ω1
X/S which sends ξi,1 ∈ I/I2 to dlog xi. Hence I/I2

is a free OX -module with basis {ξi,1}mi=1. By using the exact sequence

0 −→ I/I2 −→ OX1 −→ OX −→ 0,

we see the assertion for n = 1.

Let us consider the general case. Let f be the composite

(Y, L) −→ (X,M)×(S,N) (X,M)
1st proj.−→ (X,M).

Then, one can see that the chart (PX → M,RY
γ→ L,P

β→ R) (here β

is the composite P
1st incl.−→ P ⊕Q P −→ R) satisfies the conditions (a),

(b) of (2) in Theorem 2.2.8. Hence f is log smooth. On the other hand,

∆ : (X,M) ↪→ (Y,N) is an exact closed immersion and f ◦∆ = id holds.

Hence we have Yf -triv ⊃ ∆(X). So f is smooth in classical sense on a

neighborhood of ∆(X). So we have In/In+1 ∼= Symn(I/I2) and it is a free

OX -module with basis {ξan | |a| = n}. Then the assertion follows from the

inductive hypothesis and the exact sequence

0 −→ In/In+1 −→ OXn −→ OXn−1 −→ 0.

Next we prove the assertion (2). Let ψ be the composite RY
γ−→ L −→

OY and put ξi := ψ((x−1
i , xi)). Then we have ξi mod In+1 = ξi,n. Put

ξa :=
∏m

i=1 ξaii for a multi-index a = (a1, · · · , am) of length m.
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By definition, Diff(OX ,OX) =
⊕

aOX · Da holds. We will calculate

Da ∗ Db for multi-indices a, b of length m. Recall we have defined the

morphism δ : (Y, L) ×(X,M) (Y, L) −→ (Y, L) which is compatible with

δk,l : (Xk,Mk) ×(X,M) (X l,M l). First the image of ξi by the map δ∗ :

OY −→ OY ⊗OY is calculated as follows :

δ∗(ξi) = δ∗(β((x−1
i , xi))− 1)

= β((x−1
i , xi))⊗ β((x−1

i , xi))− 1

= (β((x−1
i , xi))− 1)⊗ (β((x−1

i , xi))− 1)

+ (β((x−1
i , xi))− 1)⊗ 1 + 1⊗ (β((x−1

i , xi))− 1)

= ξi ⊗ ξi + ξi ⊗ 1 + 1⊗ ξi.

Hence for a multi-index c = (c1, c2, ..., cm) of length m, we have

δ∗(ξc) =
m∏
i=1

(ξi ⊗ ξi + ξi ⊗ 1 + 1⊗ ξi)
ci

=
m∏
i=1

(
∑

0≤pi,qi,ri
pi+qi+ri=ci

ci!

pi!qi!ri!
ξpi+qi
i ⊗ ξqi+ri

i ).

So we have

δ∗k,l(ξ
c
k+l) =

m∏
i=1

(
∑

0≤pi,qi,ri
pi+qi+ri=ci

ci!

pi!qi!ri!
ξpi+qi
i,k ⊗ ξqi+ri

i,l ).

Therefore,

(3.2.2) Da ∗Db(ξ
c
|a|+|b|) =

m∏
i=1

(
∑
(*)

ci!

pi!qi!ri!
),

holds, where the sum (*) is taken over (pi, qi, ri) satisfying

pi, qi, ri ≥ 0, pi + qi + ri = ci, pi + qi = ai, qi + ri = bi.

The symmetry of the right hand side of the equation (3.2.2) implies

Db ∗ Da = Da ∗ Db. Hence we can define a ring homomorphism Φ :
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O[T1, T2, ..., Tm] → Diff(O,O) which sends Ti to D(i). Moreover, by the

equation (3.2.2), we can write Da ∗ Db by the linear combination of Dc’s

(c ≤ a + b)

(3.2.3) Da ∗Db =
∑

c≤a+b

kcDc,

where kc are integers and ka+b is non zero.

Now let a := (a1, · · · , am) be a multi-index which satisfies |a| ≥ 2.

Choose a multi-index b := (b1, · · · , bm) satisfying b %= 0, a and bi ≤ ai (1 ≤
i ≤ m). Then the equation (3.2.3) implies that Da can be expressed by a

linear combination of Db ∗ Da−b and Dc (c < a) over Q. (Note that X is

defined over Q.) Hence Da is in a sub-OX -algebra of Diff(OX ,OX) which

is generated by Dc (c < a). Using this fact inductively, one can show that

Φ is surjective.

Finally we prove Φ is injective. Let us put D∗a := D∗a1

(1) ∗ · · ·D
∗am
(m) for

a multi-index a of length m. Assume that Φ(
∑
|a|≤n faT

a) = 0 for some

n ∈ N and fa ∈ OX (|a| ≤ n). Then

(3.2.4) 0 =
∑
|a|≤n

faD
∗a

holds. By the equation (3.2.3), for any multi index a,

D∗a =
∑
c≤a

ka,cDc

holds for some ka,c ∈ Z such that ka,a %= 0. Using this, the right hand side

of the equation (3.2.4) can be written as

∑
|a|<n

gaDa +
∑
|a|=n

ka,afaDa

for some ga ∈ OX . Since Da’s form a basis of Diff(O,O), ka,afa(|a| = n)

equals to zero in the above expression, hence fa = 0 if |a| = n. One can

show that fa = 0 holds for all a by using this argument inductively. Hence

Φ is injective. �



572 Atsushi Shiho

We define the category D((X,M)/(S,N)) (resp. D̂((X,M)/(S,N))) by

using the sheaf of log differential operators (resp. the sheaf of formal log

differential operators) as follows:

Definition 3.2.8. Let (X,M) −→ (S,N) be a morphism of fine log

schemes (resp. fine log formal V -schemes). Then we define the category

D((X,M)/(S,N)) (resp. D̂((X,M)/(S,N))) as follows: An object is a

pair (E,ϕ), where E is a coherent sheaf on X (resp. an isocoherent sheaf

on X) and ϕ is an order-preserving lim←−n
OXn-linear ring homomorphism

Diff(O,O) −→ Diff(E,E). A morphism from (E,ϕ) to (E′, ϕ′) is an O-

linear homomorphism α : E −→ E′ which makes the following diagram

commutative:
Diff(O,O)

ϕ−−−→ Diff(E,E)

ϕ′
� α◦−

�
Diff(E′, E′)

−◦(id⊗α)−−−−−−→ Diff(E,E′).

Then, we have the following equivalence:

Proposition 3.2.9. Let f : (X,M) −→ (S,N) be a log smooth mor-

phism of fine log schemes over Q (resp. a formally log smooth morphism of

fine log formal V -schemes). Then we have an equivalence of categories

C((X,M)/(S,N)) � D((X,M)/(S,N)).

(resp. Ĉ((X,M)/(S,N)) � D̂((X,M)/(S,N)). )

Proof. We give a proof only in the case where f is a log smooth

morphism of fine log schemes over Q. (The case of fine log formal V -schemes

can be proved in a similar way. Details are left to the reader.)

First we introduce two auxiliary categories. Let C1((X,M)/(S,N)) be

the category of log connections (which are not necessarily integrable), and

let D1((X,M)/(S,N)) be the category of pairs (E,ϕ), where E is a coher-

ent sheaf on X and ϕ : Diff1(OX ,OX) −→ Diff1(E,E) is an OX1-linear

homomorphism which sends the natural projection OX1 −→ OX to the

natural projection OX1 ⊗ E −→ E. (A morphism from (E,ϕ) to (E′, ϕ′)
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is defined as an OX -linear homomorphism α : E −→ E′ which makes the

following diagram commutative:

(3.2.5)

Diff1(OX ,OX)
ϕ−−−→ Diff1(E,E)

ϕ′
� α◦−

�
Diff1(E′, E′)

−◦(id⊗α)−−−−−−→ Diff1(E,E′).)

Then there exists a canonical fully-faithful funtor C((X,M)/(S,N)) −→
C1((X,M)/(S,N)) and a canonical functor D((X,M)/(S,N)) −→
D1((X,M)/(S,N)).

To prove the proposition, it suffices to show the following three claims.

claim 1. There exists an equivalence of categories Σ : C1((X,M)/

(S,N))
∼−→ D1((X,M)/(S,N)).

claim 2. The functor D((X,M)/(S,N)) −→ D1((X,M)/(S,N)) is

fully faithful.

claim 3. (E,∇) ∈ C1((X,M)/(S,N)) is an object in C((X,M)/

(S,N)) if and only if Σ((E,∇)) is an object in D((X,M)/(S,N)).

Now we prove the above three claims.

Proof of claim 1. Let (E,∇) be an object in C1((X,M)/(S,N)).

Let us identify I := Ker(OX1 −→ OX) with ω(X,M)/(S,N) and define θ :

E −→ E ⊗ OX1 by θ(e) = ∇(e) + e ⊗ 1 for e ∈ E. Then we can calculate

θ(ae) for a ∈ OX as follows:

θ(ae) = ∇(ae) + ae⊗ 1

= (a⊗ 1) · ∇(e) + (1⊗ a− a⊗ 1) · (e⊗ 1) + (a⊗ 1) · (e⊗ 1)

= (1⊗ a) · (∇(e) + e⊗ 1)

= (1⊗ a)θ(e),

where the third equality follows from the equation (a ⊗ 1) · ∇(e) = (1 ⊗
a) · ∇(e). The above calculation show that θ is right OX -linear. Now let

us define ε : OX1 ⊗ E −→ E ⊗ OX1 by extending θ OX1-linearly, and
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let ϕ : HomOX
(OX1 ,OX) −→ HomOX

(OX1 ⊗E,E) be the homomorphism

α �→ α◦ε (α ∈ HomOX
(OX1 ,OX)). Then one can check that the pair (E,ϕ)

is in D1((X,M)/(S,N)). We define the functor Σ by Σ((E,∇)) := (E,ϕ).

Let us define the quasi-inverse Σ′ of the functor Σ. Let (E,ϕ) be an

object in D1((X,M)/(S,N)). For an element α in HomOX
(I,OX), let

us define α̃ ∈ HomOX
(OX1 ,OX) as the unique element satisfying α̃(1) =

0, α̃|I = α. Then define the homomorphism

∇ : E −→ Hom(Hom(I,OX), E)
∼
= E ⊗ I = E ⊗ ω1

(X,M)/(S,N)

by e �→ (α �→ ϕ(α̃)(1 ⊗ e)), and let us define Σ′((E,ϕ)) by Σ′((E,ϕ)) :=

(E,∇). One can check that this functor Σ′ gives the quasi-inverse of Σ. �

Proof of claim 2. Let (E,ϕ), (E′, ϕ′) ∈ D((X,M)/(S,N)) and as-

sume given a homomorphism α : E −→ E′ which makes the diagram (3.2.5)

commutative. It suffices to show the commutativity of the following dia-

gram for any n:

Diffn(O,O)
ϕ−−−→ Diffn(E,E)

ϕ′
� α◦−

�
Diffn(E′, E′)

−◦(id⊗α)−−−−−−→ Diffn(E,E′).

We prove this assertion by induction on n. To show this, we may consider

etale locally. Hence we may assume that we are in the situation in Lemma

3.2.7. Then, by Lemma 3.2.7 (2), it suffices to show the equality

α ◦ ϕ(D ∗D′) = ϕ′(D ∗D′) ◦ (id⊗ α)

for log differential operators D,D′ of order k, l ≤ n− 1, respectively. This

is shown as follows:

α ◦ ϕ(D ∗D′) = α ◦ (ϕ(D) ∗ ϕ(D′)) (ϕ is a ring hom)

= α ◦ ϕ(D′) ◦ (id ◦ ϕ(D)) ◦ (δ∗k,l ⊗ id)

= ϕ′(D′) ◦ (id⊗ ϕ′(D)) ◦ (id⊗ id⊗ α)

◦ (δ∗k,l ⊗ id) (induction)
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= ϕ′(D′) ◦ (id⊗ ϕ′(D)) ◦ (δ∗k,l ⊗ id) ◦ (id⊗ α)

= (ϕ′(D) ∗ ϕ′(D′)) ◦ (id⊗ α)

= ϕ′(D ∗D′) ◦ (id⊗ α) (ϕ′ is a ring hom).

Hence the claim is proved. �

Proof of claim 3. Let (E,∇) ∈ C1((X,M)/(S,N)) and put

(E,ϕ) := Σ((E,∇)). First, note that (E,∇) (resp. (E,ϕ)) is in the

category C((X,M)/(S,N)) (resp. D((X,M)/(S,N))) if and only if it

is in the category C((X,M)/(S,N)) (resp. D((X,M)/(S,N))) etale lo-

cally. Hence we may consider etale locally, that is, we can assume that the

morphism (X,M) −→ (S,N) is as in the situation of Lemma 3.2.7. Let

ξi,n (1 ≤ i ≤ m,n ∈ N) be as in Lemma 3.2.7. (Then the elements {ξi,1}mi=1

form a basis of Ker(OX1 −→ OX)
∼
= ω1

(X,M)/(S,N).) For a local section

e ∈ E, put

∇(e) =
m∑
i=1

ei ⊗ ξi,1 ∈ E ⊗ ω1
(X,M)/(S,N),

∇(ei) =
m∑
j=1

eij ⊗ ξj,1 ∈ E ⊗ ω1
(X,M)/(S,N).

Then,

(3.2.6) ∇ ◦∇(e) =
∑

1≤i,j≤m
i<j

(eji − eij)ξi,1 ∧ ξj,1 ∈ E ⊗ ω2
(X,M)/(S,N)

holds. Then, by definition of the functor Σ, one can see that ϕ is calculated

as follows: {
ϕ(D(i))(1⊗ e) = ei,

ϕ(D(i))(ξk,1 ⊗ e) = δike,

where δik is Kronecker’s delta. Using the above equations, definition of the

product ∗ and the equations in the proof of Lemma 3.2.7, we can deduce

the following equations:


ϕ(D(i)) ∗ ϕ(D(j))(1⊗ e) = eji,

ϕ(D(i)) ∗ ϕ(D(j))(ξk,2 ⊗ e) = δikδjke + δikej + δjkei,

ϕ(D(i)) ∗ ϕ(D(j))(ξk,2ξl,2 ⊗ e) = (δikδjl + δilδjk)e.
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From these equations and the equation (3.2.6), we have the following:

(E,∇) : integrable⇐⇒
def
∀e ∈ E,∇ ◦∇(e) = 0

⇐⇒ ∀e ∈ E, eij = eji

⇐⇒ ϕ(D(i)) ∗ ϕ(D(j)) = ϕ(D(j)) ∗ ϕ(D(i)).

By this equivalence and (2) of Lemma 3.2.7, we can deduce the following:

(E,∇) is integrable if and only if there exists an OX -linear order-preserving

ring homomorphism ϕ : Diff(OX ,OX) −→ Diff(E,E) extending ϕ.

Hence, to prove the assertion of the claim, it suffices to show that

any OX -linear order preserving ring homomorphism ϕ : Diff(OX ,OX) −→
Diff(E,E) whose restriction to Diff1(OX ,OX) is OX1-linear is necessarily

lim←−n
OXn-linear. Let x ∈ lim←−n

OXn and D ∈ Diff(OX ,OX). We prove the

equality xϕ(D) = ϕ(xD) by induction on the order n of D. When the order

of D is ≤ 1, this equality follows from the assumption that ϕ|Diff1(OX ,OX)

is OX1-linear. To prove the equation in the case n ≥ 2, we may assume

D := D′ ∗ D′′ for some D′, D′′ whose orders n′, n′′ are less than that of

D. Let xn be the image of x in OXn , and put δ∗n′,n′′(xn) =
∑

k yk ⊗ zk(

yk ∈ OXn′ , zk ∈ OXn′′ ). Then we have the following equations:

ϕ(xD) = ϕ(xn(D′ ∗D′′))

= ϕ(
∑
k

ykD
′ ∗ zkD

′′)

=
∑
k

ϕ(ykD
′ ∗ zkD

′′)

=
∑
k

ϕ(ykD
′) ∗ ϕ(zkD

′′) (ϕ is a ring hom.)

=
∑
k

ykϕ(D′) ∗ zkϕ(D′′) (inductive hypothesis)

= xn(ϕ(D′) ∗ ϕ(D′′)) = xϕ(D).

Hence the proof of the claim is completed. �

Since we have proved the three claims above, the proof of the proposition

is now finished. �
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Next we define log stratifications and formal log stratifications.

Definition 3.2.10. Let (X,M) −→ (S,N) be a morphism of fine log

schemes (resp. fine log formal V -schemes) and let E be a coherent (resp.

an isocoherent) sheaf on X. Then, a log stratification (resp. a formal log

stratification) on E is a family of morphisms εn : OXn⊗E −→ E⊗OXn(n =

0, 1, 2...) satisfying the following conditions:

(1) Each εn is an OXn-linear isomorphism and ε0 = id.

(2) For any n′ > n, εn′ modulo Ker(OXn′ −→ OXn) coincides with εn.

(3) (Cocycle condition) For any n and n′,

(id⊗ δ∗n,n′) ◦ εn+n′ = (εn ⊗ id) ◦ (id⊗ εn′)

◦ (δ∗n,n′ ⊗ id) : OXn+n′ ⊗ E −→ E ⊗OXn ⊗OXn′

holds.

We denote the category of coherent sheaves with log stratifications (resp.

isocoherent sheaves with formal log stratifications) on (X,M) over (S,N)

by Str((X,M)/(S,N)). (resp. Ŝtr((X,M)/(S,N)).)

Then we can show the following proposition:

Proposition 3.2.11. Let (X,M) −→ (S,N) be a log smooth mor-

phism of fine log schemes (resp. a formally log smooth morphism of fine log

formal V -schemes) and let E be a coherent (resp. an isocoherent) sheaf on

X. Then there exists a canonical equivalence of categories

D((X,M)/(S,N)) � Str((X,M)/(S,N)).

(resp. D̂((X,M)/(S,N)) � Ŝtr((X,M)/(S,N)). )

Proof. We treat only the case of fine log schemes. The case of fine

log formal V -schemes can be shown similarly.

Since OXn is locally free by Lemma 3.2.7, E ⊗ OXn
∼
=

Hom(Hom(OXn ,O), E) holds. Given an object (E,ϕ) in the category



578 Atsushi Shiho

D((X,M)/(S,N)), we define the homomorphism εn : OXn⊗E −→ E⊗OXn

by the composite

OXn ⊗ E −→ Hom(Hom(OXn ⊗ E,E), E)

ϕ∗
−→ Hom(Hom(OXn ,O), E)

∼
= E ⊗OXn .

It is obvious that these εn’s satisfy the condition (2) of Definition 3.2.10.

In the conditions in (1), the condition ε0 = id is clear and OXn-linearity of

εn follows from the assumption that ϕ is lim←−n
OXn-linear. To prove that

εn is isomorphic, let us introduce a homomorphism ηn : E ⊗ OXn −→
OXn ⊗ E which is defined by ηn(e ⊗ x) = τ∗n(x) ⊗ e, where τ∗n is the ho-

momorphism OXn −→ OXn induced by the morphism τn : (Xn,Mn) −→
(Xn,Mn). Then ηn is a τ∗n-linear, bijective and it reduces to identity modulo

Ker(OXn −→ OX). Hence (ηn ◦ εn)2 is OXn-linear and reduces to identity

modulo Ker(OXn −→ OX). So it is bijective. Hence εn is also bijective.

Finally we can prove the condition (3) by using the assumption that Φ is

a ring homomorphism. (We leave the detail to the reader.) So (E, {εn}n)

defines an object in the category Str((X,M)/(S,N)).

Next suppose we are given a stratification εn (n ∈ N) on E. Then for

α ∈ Diffn(O,O), we define ϕ(α) ∈ Diffn(E,E) by the composition

OXn ⊗ E
εn−→ E ⊗OXn

id⊗α−→ E.

Then obviously ϕ is an order-preserving, lim←−n
OXn-linear homomorphism.

Using the condition (3) of Definition 3.2.10, one can show that ϕ is a ring

homomorphism. Hence the pair (E,ϕ) is in the category D((X,M)/(S,N)).

One can check easily that the above two funtors are the quasi-inverse of

each other. Hence the assertion is proved. �

Now we define the infinitesimal site for a morphism of fine log schemes

or fine log formal V -schemes. It is a log version or a log formal version of

the infinitesimal site defined by Grothendieck ([G]).

Definition 3.2.12. Let (X,M) −→ (S,N) be a morphism of fine log

schemes (resp. fine log formal V -schemes). Then we define the infinitesi-

mal site ((X,M)/(S,N))inf of (X,M) over (S,N) as follows. An object is
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a 4-ple (U, T,MT , φ), where U is a scheme (resp. a formal V -scheme) which

is etale (resp. formally etale) over X, (T,MT ) is a fine log scheme (resp.

fine log formal V -scheme) over (S,N), φ is a nilpotent exact closed immer-

sion (U,M) −→ (T,MT ) over (S,N). A morphism from (U, T,MT , φ) to

(U ′, T ′,MT ′ , φ′) is defined as a pair of morphisms f : (U,M) −→ (U ′,M), g :

(T,MT ) −→ (T ′,MT ′) over (S,N) satisfying g ◦ φ = φ′ ◦ f . A collection of

morphisms {(Ui, Ti,MTi , φi) −→ (U, T,MT , φ)}i is a covering if the induced

collection of morphisms {Ti −→ T}i is an etale covering and Ui = Ti ×T U

holds. We sometimes denote (U, T,MT , φ) simply by T .

Next we define the notion of a crystal or an isocrystal on infinitesimal

site as follows:

Definition 3.2.13. Let (X,M) −→ (S,N) be a morphism of fine

log schemes (resp. fine log formal V -schemes). Then a crystal (resp.

an isocrystal) on the infinitesimal site ((X,M)/(S,N))inf is a sheaf E on

((X,M)/(S,N))inf satisfying the following conditions:

(1) For T ∈ ((X,M)/(S,N))inf , the sheaf ET on T induced by E is a

coherent sheaf (resp. an isocoherent sheaf) on T .

(2) For a morphism f : T −→ T ′ in ((X,M)/(S,N))inf , the canonical

homomorphism f∗ET ′ −→ ET is an isomorphism.

We denote the category of crystals (resp. isocrystals) on the infinitesi-

mal site of (X,M) over (S,N) by Cinf((X,M)/(S,N)) (resp. Iinf((X,M)/

(S,N))).

We often denote the category Cinf((X,M)/(S,N)) (resp. Iinf((X,M)/

(S,N))) simply by Cinf((X/S)log) (resp. Iinf((X/S)log)) when there will

be no confusion on log structures. When the log structures are trivial, we

abbreviate to write the superscript log.

Now we prove the equivalence of the category of log stratifications (resp.

formal log stratifications) and the category of crystals (resp. isocrystals)

on the infinitesimal site:

Proposition 3.2.14. Let (X,M) −→ (S,N) be a log smooth mor-

phism of fine log schemes (resp. a formally log smooth morphism of fine log

formal V -schemes). Then there exists a canonical equivalence of categories

Str((X,M)/(S,N)) � Cinf((X,M)/(S,N)).
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(resp. Ŝtr((X,M)/(S,N)) � Iinf((X,M)/(S,N)). )

Proof. We only sketch how to construct the functors giving the equiv-

alence of categories.

First suppose given an object E in Iinf((X,M)/(S,N)). Let pi (i = 1, 2)

be the morphisms (Xn,Mn) → (X,M) ×(S,N) (X,M)
i-th proj.→ (X,M).

Then, by the definition of crystals (resp. isocrystals), there exist isomor-

phisms p∗2EX
∼→ EXn

∼← p∗1EX , that is, the isomorphism εn : OXn ⊗ EX →
EX ⊗OXn . Then one can check that the pair (EX , {εn}n) defines an object

in the category Str((X,M)/(S,N)) (resp. Ŝtr((X,M)/(S,N))).

Next suppose we are given an object (E, {εn}) in the category

Str((X,M)/(S,N)) (resp. Ŝtr((X,M)/(S,N))). Let (U, T, L, φ) be an ob-

ject of ((X,M)/(S,N))inf . Since (U,M) −→ (S,N) is log smooth (resp.

formally log smooth), there exists a section of φ : (U,M) −→ (T,L) etale lo-

cally on T . (Definition 2.2.2, Proposition 2.2.13.) Let s : (T ′, L) −→ (X,M)

be the composite of this section (T ′ is etale over T ) with the morphism

(U,M) −→ (X,M). Then E determines a sheaf s∗E on T ′. Suppose

there exist two sections s, t : (T ′, L) −→ (X,M). Then, by the universal-

ity of log infinitesimal neighborhood, there exists an integer n such that

s× t : (T ′, L) −→ (X,M)×(S,N) (X,M) factors as

(T ′, L)
u−→ (Xn,Mn) −→ (X,M)×(S,N) (X,M).

Then pullback of εn : OXn ⊗ E −→ E ⊗ OXn by u determines an iso-

morphism t∗E
∼−→ s∗E. This fact and the cocycle condition of the log

stratification (resp. the log formal stratification) {εn} show that the above

sheaf s∗E descents to T . One can check also that the resulting sheaf on T

is independent of the choice of the sections, and that it is coherent (resp.

isocoherent). (In the case of formal log schemes, we use the rigid analytic

faithfully flat descent of Gabber ([O1, (1.9)]).) The fact that the above ET ’s

form an object of Cinf((X,M)/(S,N)) (resp. Iinf((X,M)/(S,N))) can be

proved also by using the cocycle condition of {εn}.
It can be checked easily that the above two functors are the inverse of

each other. �

Combining Propositions 3.2.9, 3.2.11 and 3.2.14, we obtain the following

result, which is the main result in this section:
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Theorem 3.2.15. Let f : (X,M) −→ (S,N) be a log smooth morphism

of fine log schemes over Q (resp. formally log smooth morphism of fine log

formal V -schemes). Then the following three categories are equivalent:

(1) The category C((X,M)/(S,N)) of integrable log connections

(resp. The category Ĉ((X,M)/(S,N)) of integrable log formal

connections).

(2) The category Str((X,M)/(S,N)) of log stratifications (resp. The

category Ŝtr((X,M)/(S,N)) of formal log stratifications).

(3) The category Cinf((X,M)/(S,N)) of crystals (resp. The category

Iinf((X,M)/(S,N)) of isocrystals) on log infinitesimal site ((X,M)/

(S,N))inf .

Corollary 3.2.16. Let f : (X,M) −→ (SpecV,N) be a proper log

smooth morphism of fine log schemes. Let us denote the generic fiber of

f by (XK ,M) −→ (SpecK,N) and the p-adic completion by (X̂,M) −→
(Spf V,N). Then there exists a canonical equivalence of categories

C((XK ,M)/(SpecK,N)) −→ Iinf((X̂,M)/(Spf V,N)).

Proof. First, by Theorem 3.2.15, the category C((XK ,M)/

(SpecK,N)) is equivalent to the category Str((XK ,M)/(SpecK,N)).

Next, by [O1, (1.4)], there exists canonically an equivalence of categories

Coh(OXn
K

)
∼−→ Coh(K ⊗ OX̂n) (where Xn

K , X̂n are the n-th log infinitesi-

mal neighborhood of the diagonal morphism), and this functor induces an

equivalence of categories Str((XK ,M)/(SpecK,M))
∼−→ Ŝtr((X̂,M)/

(Spf V,N)). Moreover, again by Theorem 3.2.15, Ŝtr((X̂,M)/(Spf V,N))

is categorically equivalent to Iinf((X̂,M)/(Spf V,N)). By combining them,

we obtain the assertion. �

Finally, we give some remarks on the category of isocrystals on log in-

finitesimal site which we need later.

Remark 3.2.17. Let (X,M) −→ (S,N) be a formally log smooth

morphism of fine log formal V -schemes. We remark that the category

Iinf((X,M)/(S,N)) is an abelian tensor category.
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Indeed, by Theorem 3.2.15 (Proposition 3.2.14), it suffices to show that

the category Ŝtr((X,M)/(S,N)) is an abelian tensor category. Since OXn

is a locally free OX -module with respect to both right and left OX -module

structures, formal log stratifications are inherited to kernels and cokernels

of sheaves naturally. Hence kernels and cokernels exist in the category

Ŝtr((X,M)/(S,N)), and it is easy to check that the image and the coimage

coincide. Therefore Ŝtr((X,M)/(S,N)) is an abelian category. The tensor

structure is given by (E, {εn})⊗ (E′, {ε′n}) := (E ⊗E′, {id⊗ ε′n ◦ εn ⊗ id}).

Remark 3.2.18. Assume that we are given the following commutative

diagram of fine log schemes (resp. fine log formal V -schemes)

(X,M)
g←−−− (X ′,M ′)

f

� f ′
�

(S,N) ←−−− (S′, N ′),

where f and f ′ are log smooth (resp. formally log smooth). Let (Xn,Mn),

((X ′)n, (M ′)n) (n ∈ N) be the n-th log infinitesimal neighborhood of

(X,M), (X ′,M ′) in (X,M) ×(S,N) (X,M), (X ′,M ′) ×(S′,N ′) (X ′,M ′), re-

spectively. Then, by the above diagram, we have the compatible family of

morphisms ((X ′)n, (M ′)n) −→ (Xn,Mn), and it induces the functor

g∗ : Str((X,M)/(S,N)) −→ Str((X ′,M ′)/(S′, N ′)).

(resp. g∗ : Ŝtr((X,M)/(S,N)) −→ Ŝtr((X ′,M ′)/(S′, N ′)). )

Hence, by the equivalence of categories in Proposition 3.2.14, The ‘pull-

back’ functor

g∗ : Cinf((X,M)/(S,N)) −→ Cinf((X
′,M ′)/(S′, N ′))

(resp. g∗ : Iinf((X,M)/(S,N)) −→ Iinf((X
′,M ′)/(S′, N ′)) )

is defined.

It is possible to define the pull-back functor of the topos associated to

the infinitesimal site in general, but we do not pursue this subject here.
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Remark 3.2.19. Assume that we are given the following cartesian

square of fine log formal V -schemes

(X,M)
g←−−− (X ′,M)

f

� f ′
�

(S,N)
h←−−− (S′, N),

where f and f ′ are formally log smooth and S′ is defined by S′ :=

SpecOS/(p-torsion). Define Xn, (X ′)n as in Remark 3.2.18. Then one can

see easily (by [O1, (1.2)]) that the functor Coh(K ⊗ OXn) −→ Coh(K ⊗
O(X′)n) gives an equivalence of categories. Hence so does the functor

g∗ : Ŝtr((X,M)/(S,N)) −→ Ŝtr((X ′,M ′)/(S′, N ′)).

So, the pull-back functor

g∗ : Iinf((X,M)/(S,N)) −→ Iinf((X
′,M ′)/(S′, N ′))

gives an equivalence of categories.

Remark 3.2.20. Let (X,M) −→ (S,N) be a formally log smooth mor-

phism of fine log formal V -schemes, and assume we are given the following

diagram of formal V -schemes

X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2),

where the horizontal lines are etale hypercoverings (up to level 2). Then

one can define functors

p : Iinf((X,M)/(S,N)) −→ Iinf((X
(0),M)/(S(0), N)),

pi : Iinf((X
(0),M)/(S(0), N)) −→ Iinf((X

(1),M)/(S(1), N)) (i = 1, 2),

pij : Iinf((X
(1),M)/(S(1), N)) −→ Iinf((X

(2),M)/(S(2), N))

(1 ≤ i < j ≤ 3),
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which are induced by the above diagram. Let ∆inf be the category of the

descent data of isocrystals with respect to these functors, that is, the cate-

gory of pairs (E , ϕ), where E ∈ Iinf((X
(0),M)/(S(0), N)) and ϕ is an isomor-

phism p2(E) ∼−→ p1(E) in Iinf((X
(1),M)/(S(1), N)) satisfying the condition

p12(ϕ) ◦ p23(ϕ) = p13(ϕ) in Iinf((X
(2),M)/(S(2), N)). Then there exists a

canonical functor

Iinf((X,M)/(S,N)) −→ ∆inf

induced by p. By using rigid analytic faithfully flat descent of Gabber ([O1,

(1.9)]), one can check that this functor gives an equivalence of categories.

That is, the category of isocrystals on log infinitesimal site admits the

descent for etale coverings.

Remark 3.2.21. One can find the calculations similar to those in this

section in a paper of Ogus [O3, 1.1]. He defines the rings of HPD-differential

operators for log smooth morphisms of fine log schemes of positive charac-

teristic. On the other hand, our rings of differential operators are defined

without using PD-structures and hence behave well for log smooth mor-

phisms of fine log schemes over Q or formally log smooth morphisms of fine

log formal V -schemes.

Chapter 4. Crystalline Fundamental Groups

Throughout this chapter, let p be a prime and let k be a perfect field of

characteritic p. Denote the Witt ring of k by W and denote the fraction

field of W by K0. Let (X,M) be a fine log scheme over k, let (X,M)
f−→

(Spec k,N)
i

↪→ (Spf W,N) be morphisms of fine log formal W -schemes and

let x be a k-valued point of Xf -triv. In this chapter, we give a definition of

crystalline fundamental group πcrys
1 ((X,M)/(Spf W,N), x) of (X,M) over

(Spf W,N) with base point x, and prove some basic properties.

4.1. Definition of crystalline fundamental groups

Let (X,M) be a fine log scheme over k and let (X,M)
f−→

(Spec k,N)
i

↪→ (Spf W,N) be morphisms of fine log formal W -schemes.

Denote the canonical PD-structure on W by γ. Put Wn := W ⊗Z/pnZ for

n ∈ N and denote the PD-structure on Wn induced by γ also by γ.
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K. Kato defined in his article [Kk1] the notion of the log crystalline site

((X,M)/(SpecWn, N, γ))crys and crystals on it. In this section, first we

recall the basic definitions on log crystalline site. We also consider the log

crystalline site ((X,M)/(Spf W,N, γ))crys over a formal base. Then, using

the category of isocrystals on the log crystalline site over a formal base, we

give the definition of crystalline fundamental groups. Finally, we give some

basic properties which they should satisfy: The first one is the crystalline

version of Hurewicz isomorphism and the second one is the bijectivity of

crystalline Frobenius.

First let us recall the definition of log crystalline site:

Definition 4.1.1. Let (X,M) be a fine log scheme over k and let

(X,M)
f−→ (Spec k,N)

i
↪→ (Spf W,N) be morphisms of fine log formal

W -schemes. Let Wn, γ be as above. Then we define the log crystalline

site ((X,M)/(SpecWn, N))crys (resp. ((X,M)/(Spf W,N))crys) as follows:

An object is a 5-ple (U, T, L, i, δ), where U is a scheme etale over X,

(T,L) is a fine log scheme over (SpecWn, N) (resp. a fine log scheme

over (SpecWn, N) for some n), i : (U,M) ↪→ (T,L) is an exact closed

immersion over (SpecWn, N) (resp. over (Spf W,N)), and δ is a PD-

structure on the defining ideal of U in OT which is compatible with γ.

A morphism from (U, T, L, i, δ) to (U ′, T ′, L′, i′, δ′) is a pair of morphisms

f : (U,M) −→ (U ′,M ′), g : (T,L) −→ (T ′, L′) over (SpecWn, N) (resp.

over (Spf W,N)) satisfying i′ ◦ f = g ◦ i which is compatible with PD-

strutures. A covering is the one which is induced by the (classical) etale

topology of T .

We often denote the 5-ple (U, T, L, i, δ) simply by T , and we often de-

note the site ((X,M)/(SpecWn, N))crys (resp. ((X,M)/(SpecW,N))crys)

simply by (X/Wn)logcrys (resp. (X/W )log
crys), when there will be no confusion

on log structures.

We define the structure sheaf OX/Wn
(resp. OX/W ) on (X/Wn)logcrys (resp.

(X/W )log
crys) by

OX/Wn
(T ) := Γ(T,OT ).

(resp. OX/W (T ) := Γ(T,OT ). )

Next we recall the notion of crystals and isocrystals on log crystalline

site:
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Definition 4.1.2. Let the notations be as above. A crystal on the site

(X/Wn)log
crys is a sheaf of OX/Wn

-modules F such that, for any morphism

g : T ′ −→ T in (X/Wn)logcrys, the induced map g∗FT −→ FT ′ is isomorphic,

where FT is a sheaf on T induced by F . A crystal F on (X/Wn)logcrys is

called coherent (resp. locally free) if each sheaf FT is a coherent (resp.

locally free) OT -module for any T ∈ (X/Wn)logcrys. Similarly we define the

notion of crystals on (X/W )logcrys and coherent (resp. locally free) crystals

on (X/W )logcrys. We denote the category of coherent crystals on (X/Wn)logcrys

(resp. (X/W )logcrys) by Ccrys((X/Wn)log) (resp. Ccrys((X/W )log)).

Definition 4.1.3. Let the notations be as above. We define the cat-

egory of isocrystals Icrys((X,M)/(Spf W,N)) (we often denote simply by

Icrys((X/W )log)) on the log crystalline site (X/W )logcrys as follows. The ob-

jects are coherent crystals on (X/W )logcrys. For coherent crystals E and F ,

morphisms are defined by

HomIcrys((X/W )log)(E ,F) := K0 ⊗W HomCcrys((X/W )log)(E ,F).

When we regard a crystal F as an isocrystal, we denote this object by

K0 ⊗F .

Let (X,M) be a fine log scheme over k and let (X,M)
f−→

(Spec k,N)
i

↪→ (Spf W,N) be morphisms of fine log formal W -schemes.

Then we denote the nilpotent part NK0⊗OX/W
Icrys((X,M)/(Spf W,N))

of the category Icrys((X,M)/(Spf W,N)) with respect to K0 ⊗ OX/W

by N Icrys((X,M)/(Spf W,N)). (We often denote it simply by

N Icrys((X/W )log), when there will be no confusion on log structures.)

Then we have the following proposition:

Proposition 4.1.4. Let (X,M) be a fine log scheme over k and let

(X,M)
f−→ (Spec k,N)

i
↪→ (Spf W,N) be morphisms of fine log formal W -

schemes. Assume that K0⊗H0((X/W )logcrys,OX/W ) is isomorphic to a field.

Then the category N Icrys((X/W )log) is a Tannakian category.

Proof. Let C′ be the category of sheaves of OX/W -modules on

(X/W )log
crys and let C be the abelian category obtained from C′ by inverting



Crystalline Fundamental Groups I 587

the morphism ‘multiplication by p’. Then C is an abelian tensor category

and Icrys((X/W )log) is a full subcategory of C. Hence N Icrys((X/W )log) is

a full subcategory of NC.
First we claim that N Icrys((X/W )log) is equivalent to NC. That is, we

claim that each object in NC is an isocrystal.

Let E be an object in NC. To show the assertion, we may assume there

exists an exact sequence in C

0 −→ F −→ E
f−→ K0 ⊗OX/W −→ 0,

where F is an object in N Icrys((X/W )log). Let F0 be a crystal representing

F and E0 be an object in C′ representing E. Then there exists a morphism

f0 : E0 −→ OX/W which represents pnf for some n. Then Ker(f0) is

isomorphic to F in the category C. So there exists morphisms in C′

g1 : Ker(f0) −→ F0,

h1 : F0 −→ Ker(f0),

such that h1 ◦g1 = pm and g1 ◦h1 = pm holds for some m ∈ N. Also, Im(f0)

is isomorphic to K0 ⊗OX/W in the category C. So there exists morphisms

in C′
g2 : Im(f0) −→ OX/W ,

h2 : OX/W −→ Im(f0),

such that h2 ◦ g2 = pl and g2 ◦h2 = pl holds for some l ∈ N. If we pull back

the exact sequence

0 −→ Ker(f0) −→ E0 −→ Im(f0) −→ 0

by h2 and then push it out by g1, we get the exact sequence

0 −→ F0 −→ E′0 −→ OX/W −→ 0,

where E′0 is an object in C′ which also represents E. By the above exact

sequence, one can check that E′0 is a crystal. Therefore, E is an isocrystal.

So the category N Icrys((X/W )log) is equivalent to NC.
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Then, by Proposition 1.2.1, the category N Icrys((X/W )log) is an abelian

category. Moreover it is easy to check that N Icrys((X/W )log) has a canon-

ical tensor structure which makes this category a rigid abelian tensor cate-

gory.

To show the category N Icrys((X/W )log) is Tannakian, it suffices to prove

that there exists a fiber functor ξ : N Icrys((X/W )log) → VecL, where L is

a field.

We prove the existence of a fiber functor as above. Since K0 ⊗W

H0((X/W )logcrys,OX/W ) is a field, pn %= 0 holds in H0((X/W )logcrys,OX/W ).

Hence there exists an object Tn := (Un, Tn, Ln, in, δn) in (X/W )logcrys such

that Tn is affine and pn %= 0 holds in Γ(Tn,OTn). Put A :=
∏

n∈N Γ(Tn,OTn).

Then A is a W -algebra and the canonical homomorphism W −→ A is in-

jective. So we have K0 ⊗W A %= 0. Let I be a maximal ideal of K0 ⊗W A

and put L := (K0 ⊗W A)/I. Then we can define the functor

N Icrys((X,M)/(Spf W,N))
ev−→ (K0 ⊗W A-modules)

−→ VecL,

where ev is defined by E �→ K0 ⊗W (
∏

n∈N E(Tn)) and the second arrow

is induced by the ring homomorphism K0 ⊗W A −→ L. We denote this

functor by ξ. One can check that ξ is an exact tensor functor, noting that

the essential image of ev consists of free modules. Moreover, by [D2, (2.10)],

ξ is faithful. Hence ξ is the desired fiber functor. �

Now we define crystalline fundamental groups:

Definition 4.1.5 (Definition of πcrys
1 ). Let (X,M) be a fine log

scheme over k and let (X,M)
f−→ (Spec k,N) ↪→ (Spf W,N) be morphisms

of fine log formal W -schemes such that the underlying morphism of schemes

of f is of finite type and that K0 ⊗W H0((X/W )logcrys,OX/W ) is a field. Let

x be a k-valued point of Xf -triv over Spf W . Then we define the crystalline

fundamental group of (X,M) over (Spf W,N) with base point x by

πcrys
1 ((X,M)/(Spf W,N), x) := G(N Icrys((X/W )log), ωx),

where ωx is the fiber functor

N Icrys((X/W )log) −→ N Icrys((x/W )log) � VecK
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and the notation G(· · · ) on the right hand side is as in Theorem 1.1.8.

When there will be no confusion on log structures, we will denote the

crystalline fundamental group πcrys
1 ((X,M)/(Spf W,N), x) simply by

πcrys
1 ((X/W )log, x). When the log structures are trivial, we abbreviate to

write the superscript log.

Remark 4.1.6. The existence of the point x assures that the category

N Icrys((X/W )log) in the above definition is actually a neutral Tannakian

category.

Here we give a useful sufficient condition for the category

N Icrys((X/W )log) to be Tannakian, which is analogous to Proposition 3.1.6:

Proposition 4.1.7. Let (X,M) be a fine k-scheme over k and let

(X,M)
f−→ (Spec k,N)

i
↪→ (Spf W,N) be morphisms of fine log formal

W -schemes. Assume that f is log smooth integral of finite type and that

X is connected and reduced. Then K0⊗W H0((X/W )logcrys,OX/W ) is a field.

In particular, the category N Icrys((X/W )log) is a Tannakian category by

Proposition 4.1.4.

Proof. For a finite extension k ⊂ k′ of fields and a scheme Y over

X ⊗k k′, let us denote the ring H0(((Y,M)/(SpecW (k′), N))crys,OY/W (k′))

simply by H0
log-crys(Y/W (k′)).

First, let us note the following claim:

claim 1. Let k ⊂ k′ ⊂ k′′ be finite extensions of fields and put X ′ :=
X ⊗k k′, f ′ := f ⊗k k′ : (X ′,M) −→ (Spec k′, N). Let U be a connected

component of X ′f ′-triv and let x ∈ U(k′′). Then the homomorphism

α : Q⊗Z H0
log-crys(U/W (k′)) −→ Q⊗Z H0

log-crys(x/W (k′)) = Q⊗Z W (k′′)

is injective, and it is isomorphic if k′ = k′′ holds.

Proof of claim 1. Let us take a diagram

U
q←−
∐
i∈I

Ui
ι

↪→
∐
i∈I

Ũi,
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where Ui’s and Ũi’s are affine and connected, q is an open covering of U and

ι is a closed immersion such that each Ũi is formally smooth over Spf W (k′)
and that Ũi×Spf W Spec k = Ui holds. Let i0 be an index such that x ∈ Ui0 .

First we prove that the restriction α1 : H0
log-crys(U/W (k′)) −→

H0
log-crys(Ui0/W (k′)) is injective. Let a be an element in Ker(α1). Since

the restriction H0
log-crys(U/W (k′)) −→ ⊕i∈IH0

log-crys(Ui/W (k′)) is injective,

it suffices to show that the restriction of a to H0
log-crys(Ui/W (k′)) is zero for

any i ∈ I. Let U=0 (resp. U�=0) be the union of Ui’s such that the restriction

of a to H0
log-crys(Ui/W (k′)) is zero (resp. is not zero). It suffices to prove

that U�=0 is empty. Assume the contrary. Then, since U is connected, there

exist i1, i2 ∈ I such that the restriction of a to H0
log-crys(Ui1/W (k′)) (resp.

H0
log-crys(Ui2/W (k′))) is zero (resp. not zero) and that Ui1∩Ui2 is non-empty.

Let Ũ ′ be the open sub formal scheme of Ũi2 such that Ũ ′×Ũi2
Ui2 = Ui1∩Ui2

holds. Let a′ is the image of a by the homomorphism

H0
log-crys(U/W (k′)) −→ H0

log-crys(Ui2/W (k′)) ↪→ Γ(Ũi2 ,OŨi2
).

(The injectivity of the second arrow follows easily from [Kk1, (6.2),(6.4)].)

Then the restriction of a′ to Γ(Ũ ′,OŨ ′) is zero, since it is the image of a by

the homomorphism

H0
log-crys(U/W (k′)) −→ H0

log-crys(Ui1 ∩ Ui2/W (k′)) ↪→ Γ(Ũ ′,OŨ ′).

Now, note that the restriction Γ(Ũi2 ,OŨi2
) −→ Γ(Ũ ′,OŨ ′) is injective.

Hence a′ = 0 holds. So the restriction of a to H0
log-crys(Ui2/W (k′)) is zero,

and it is a contradiction. Hence we have U�=0 = ∅. Therefore α1 is injective.

Next we prove the injectivity of the restriction

α2 : H0
log-crys(Ui0/W (k′)) −→ H0

log-crys(x/W (k′)) = W (k′′).

Let D be the p-adically complete PD-envelope of the closed immersion

x ↪→ Ui0 ↪→ Ũi0 . Then we have the following commutative diagram:

H0
log-crys(Ui0/W (k′))

α2−−−→ H0
log-crys(x/W (k′))� �

Γ(Ũi0 ,OŨi0
)

b−−−→ Γ(D,OD),
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where the vertical arrows are injective. Hence it suffices to prove the injec-

tivity of b. It follows from the fact that b is isomorphic to the inclusion of

rings

W (k′′){t1, · · · , tr} ↪→W (k′′)〈t1, · · · , tr〉
etale locally (for some r), where W (k′′)〈t1, · · · , tr〉 is the p-adic completion

of PD-polynomial ring.

Since α1, α2 are injective, so is α. On the other hand, we have the

natural inclusion W (k′) ⊂ H0
log-crys(U/W (k′)). Hence α is surjective if

k′ = k′′ holds. Hence we obtain the assertion. �

Next, we prove the following claim:

claim 2. Let k,X, f be as in the statement of the proposition, and let

U be a connected component of Xf -triv. Then the natural homomorphism

β : Q⊗Z H0
log-crys(X/W (k)) −→ Q⊗Z H0

log-crys(U/W (k))

is injective.

Let Xf -triv =
∐n

i=1 Ui be the decomposition into the connected compo-

nents with U = U1. First, to prove the claim 2, we prepare the following

claim:

claim 3. To prove the claim 2, one may assume the following condition

(∗):

(∗): For each i, Ui(k) is non-empty.

Proof of claim 3. The proof of this claim is the same as that in claim

3 in Proposition 3.1.6, noting that we have the base change isomorphism

W (k′)⊗W (k) H0
log-crys(X/W )

∼
= H0

log-crys(X ×k k′/W (k′)),

W (k′)⊗W (k) H0
log-crys(U/W )

∼
= H0

log-crys(U ×k k′/W (k′)),

for a finite extension k ⊂ k′, which can be deduced from [Hy-Kk, (2.23)] in

the same way as the case of usual crystalline cohomology. �

Proof of claim 2. By claim 3, we may assume the condition (∗) to

prove the claim 2. So we assume it. Let a be an element in Ker(β).
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By claim 1 (in the case k = k′ = k′′) for Ui and a k-rational point in Ui

(whose existence is assured by the condition (∗)), the composite

K0 ⊂ Q⊗Z H0
log-crys(X/W ) −→ Q⊗Z H0

log-crys(Ui/W )

is an isomorphism. Hence there exists a unique element bi ∈ K0 ⊂ Q ⊗Z

H0
log-crys(X/W ) (1 ≤ i ≤ n) such that the restrictions of a and bi coincide

in Q⊗Z H0
log-crys(Ui/W ).

Let us take a diagram

(X,M)
q←−
∐
j∈J

(Xi,M)
ι

↪→
∐
j∈J

(X̃j ,MX̃j
),

where Xj ’s and X̃j ’s are affine and connected, q is an open covering of X

and ι is an exact closed immersion such that each (X̃j ,MX̃j
) is formally log

smooth integral over (Spf W,N) and that (X̃j ,MX̃j
)×(Spf W,N)(Spec k,N) =

(Xj ,M) holds. Let a ∈ Ker(β) and let aj (j ∈ J) be the image of a via the

composite

Q⊗Z H0
log-crys(X/W ) −→ Q⊗Z H0

log-crys(Xj/W ) ↪→ Q⊗Z Γ(X̃j ,OX̃j
)

=: Q⊗Z Aj .

It suffices to show that aj = 0 holds for any i ∈ I.

By the connectedness of X, it suffices to show the following two asser-

tions:

(1) aj = 0 holds when Xj ∩ U is not empty.

(2) When Xj ∩Xj′ is not empty and aj = 0 holds, then aj′ = 0 holds.

First let us prove the assertion (1). Assume aj is not equal to zero. Then, by

multiplying by pm for some m ∈ Z, we may assume that aj ∈ Aj , aj /∈ pAj .

(Note that Aj is flat over V .) For 1 ≤ i ≤ n, let X̃ji be the open sub

formal scheme of X̃j satisfying X̃ji ×X̃j
Xj = Xj ∩ Ui. Then the image of

aj and bi in Q ⊗Z Γ(X̃ji,OX̃ji
) coincide. Hence we have bi ∈ W . Denote

aj mod p ∈ Γ(Xj ,OXj ) =: Bj , bi mod p ∈ k simply by aj , bi, respectively.

Then aj %= 0 holds.

For an element z ∈ Bj , denote the closed set {x ∈ Xj | z = 0 in k(x)}
(where k(x) is the residue field of x) by Cz and regard it as a reduced
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closed subscheme of Xj . Then, we have Ui ∩ Xj ⊂ Caj−bi . Let us denote

the closure of Ui∩Xj in Xj (regarded as a reduced closed subscheme) by Di.

Then we have Di ⊂ Caj−bi . Since Di is reduced, aj − bi is equal to zero in

Γ(Di,ODj ). Now let us assume that Di∩Di′ %= ∅ holds. Then, bi = bi′ holds

in Γ((Di ∩Di′)red,O(Di∩Di′ )red
) since they both coincides with the image of

aj . Since bi, bi′ ∈ k, we have bi = bi′ in k. Since Xj,f -triv ⊂ Xj is open

dense by Proposition 2.3.2, we have Xj =
⋃

i Di. This fact, connectedness

of Xj and the assumption Xj ∩ U1 %= ∅ imply the equation bi = b1 for any

i satisfying Xj ∩ Ui %= ∅. On the other hand, since a ∈ Ker(β), we have

b1 = 0. So bi = 0 holds for all i satisfying Xj ∩ Ui %= ∅. Therefore we have

Di ⊂ Caj−bi = Caj for all such i’s. So one get the equality Xj = Caj . Since

Xj is reduced, we have aj = 0 in Bj . This is a contradiction. Hence aj = 0

holds.

Next let us prove the assertion (2). Since Xj ∩Xj′ is not empty, there

exists an index 1 ≤ i0 ≤ n such that Xj ∩Xj′ ∩Ui0 %= ∅ holds. Since aj = 0

holds, the restriction of a to Q ⊗Z H0
log-crys(Xj ∩Xj′ ∩ Ui0/W ) is equal to

zero. Since the map Q ⊗Z H0
log-crys(Ui0/W ) −→ Q ⊗Z H0

log-crys(Xj ∩Xj′ ∩
Ui0/W ) is injective (which can be proved as in the proof of injectivity of the

homomorphism α1 in claim 1), the restriction of a to Q⊗Z H0
log-crys(Ui0/W )

is zero. Then, by the argument in the proof of the assertion (1) (replacing

X̃j , Xj , U1 by X̃j′ , Xj′ , Ui0 , respectively), one can show the equality aj′ =

0. �

Now we finish the proof of the proposition by using the claims. Let U

be a connected component of Xf -triv and let x be a closed point of U and

let k′ be the residue field of x. Let us consider the following diagram:

K0 ⊂ Q⊗Z H0
log-crys(X/W )

β−→ Q⊗Z H0
log-crys(U/W )

α−→ Q⊗Z H0(x/W ) = Q⊗Z W (k′).

By claim 1, α is injective and by claim 2, β is injective. So there are

inclusions of rings K0 ⊂ H0
log-crys(X/W ) ⊂ Q ⊗Z W (k′), and they imply

that H0
log-dR(X/k) is a field. �

In the rest of this section, we give two most basic properties of crystalline

fundamental groups. The first one is Hurewicz isomorphism.
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Theorem 4.1.8 (Hurewicz Isomorphism). Let (X,M)
f−→

(Spec k,N) ↪→ (Spf W,N) as in Definition 4.1.5. Then, for any k-rational

point x of Xf -triv over Spf W , there is a canonical isomorphism

(Lieπcrys
1 ((X/W )log, x))∗

∼
= K0 ⊗W H1((X/W )logcrys,OX/W ).

Proof. Obvious by Corollary 1.1.10. �

Next we define the crystalline Frobenius and show that it is isomor-

phic under certain condition. Let (X,M) be a fine log scheme over k and

(X,M)
f−→ (Spec k,N) ↪→ (Spf W,N) be as in Definition 4.1.5. Suppose

there exists a lifting

σ : (Spf W,N) −→ (Spf W,N)

of the absolute Frobenius of (Spec k,N) and let

F abs : (X,M) −→ (X,M)

be the absolute Frobenius. Then there exists the functor

(F abs)∗ : N Icrys((X,M)/(Spf W,N)) −→ N Icrys((X,M)/(Spf W,N))

and it induces the morphism of crystalline fundamental groups

(F abs)∗ : πcrys
1 ((X,M)/(Spf W,N), x)⊗K0,σ∗ K0

−→ πcrys
1 ((X,M)/(Spf W,N), x)

for any k-rational point x of Xf -triv, where σ∗ : K0 −→ K0 is the homomor-

phism induced by σ. We call this map (absolute) crystalline Frobenius.

Let (X(p),M (p)) be (X,M) ×(Spf W,N),σ (Spf W,N). Then F abs induces

the morphism

F : (X,M) −→ (X(p),M (p))
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called relative Frobenius. This map induces the morphism of crystalline

fundamental groups

F∗ : πcrys
1 ((X,M)/(Spf W,N), x) −→ πcrys

1 ((X(p),M (p))/(Spf W,N), F (x)).

we call this map relative crystalline Frobenius.

Theorem 4.1.9. Let the notations be as above and moreover assume

that f is log smooth integral and of Cartier type. Then the absolute crys-

talline Frobenius

(F abs)∗ : πcrys
1 ((X,M)/(Spf W,N), x)⊗K0,σ K0

−→ πcrys
1 ((X,M)/(Spf W,N), x)

and the relative crystalline Frobenius

F∗ : πcrys
1 ((X,M)/(Spf W,N), x) −→ πcrys

1 ((X(p),M (p))/(Spf W,N), F (x))

are isomorphisms.

Proof. Let s be the natural morphism (X(p),M (p)) −→ (X,M). It

suffices to prove that the functors

s∗ : N Icrys((X/W )log) −→ N Icrys((X
(p)/W )log),

F ∗ : N Icrys((X
(p)/W )log) −→ N Icrys((X/W )log),

give equivalences of categories. For E := K0 ⊗ E0, E := K0 ⊗ E ′0 ∈
N Icrys((X/W )log) (resp. N Icrys((X

(p)/W )log), the group of homomorphism

Hom(E , E ′) in the category N Icrys((X/W )log) (resp. N Icrys((X
(p)/W )log))

is naturally isomorphic to the group

Q⊗Z H0((X/W )logcrys,Hom(E0, E ′0)) =: H0((X/W )logcrys,Hom(E , E ′))

(resp. Q⊗Z H0((X(p)/W )logcrys,Hom(E0, E ′0))
=: H0((X(p)/W )logcrys,Hom(E , E ′)) ),
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and the set of the isomorphism classes of extensions

0 −→ K0 ⊗OX/W −→ Ẽ −→ E −→ 0

(resp. 0 −→ K0 ⊗OX(p)/W −→ Ẽ −→ E −→ 0 )

is isomorphic to

Q⊗Z H1((X/W )logcrys, E0) =: H1((X/W )logcrys, E)

(resp. Q⊗Z H1((X(p)/W )logcrys, E0) =: H1((X/W )logcrys, E) ).

Since the categories N Icrys((X/W )log), N Icrys((X
(p)/W )log) are nilpotent,

it suffices to show that the homomorphisms

s∗ : H i((X/W )logcrys, E)⊗K0,σ K0 −→ H i((X(p)/W )logcrys, s
∗E),

F ∗ : H i((X(p)/W )logcrys, E ′) −→ H i((X(p)/W )logcrys, F
∗E ′),

are isomorphisms for any E ∈ N Icrys((X/W )log), E ′ ∈ N Icrys((X
(p)/W )log)

and i = 0, 1 to prove the desired equivalences of categories. Moreover, by

using five lemma, one knows that it suffices to show the homomorphisms

s∗ : K0 ⊗σ,K0 (K0 ⊗W H i((X/W )logcrys,OX/W ))

−→ K0 ⊗W H i((X(p)/W )logcrys,OX(p)/W ),

F ∗ : K0 ⊗W H i((X(p)/W )logcrys,OX(p)/W )

−→ K0 ⊗W H i((X/W )logcrys,OX/W ),

are isomorphisms for i ∈ N. But they follow from [Hy-Kk, (2.23), (2.24)].

Hence we obtain the assertion. �
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4.2. On independence of compactification

Let k be a perfect field of characteristic p > 0 and let W be the Witt

ring of k. Let f : X −→ Spec k be a proper smooth morphism of schemes

and let D be a normal crossing divisor in X. Then, as we saw in Section

2.4, we can define the log structure M on X associated to the pair (X,D)

such that (X,M)f -triv = X −D =: U . Therefore, for x ∈ (X −D)(k), we

can define the crystalline fundamental group πcrys
1 ((X,M)/Spf W,x). It is

expected that this fundamental group is the crystalline realization of the

motivic fundamental group of U . So it is natural to consider the following

problem:

Problem 4.2.1. Let the notations be as above. Then, is the crystalline

fundamental group πcrys
1 ((X,M)/Spf W,x) independent of the choice of the

compactification (X,D) of U as above?

In this section, we will give an affirmative answer to this problem under

the condition dimX ≤ 2. We need this condition here because we use

the resolution of singularities (see [A] or [L]) and the structure of proper

birational morphisms of surfaces ([Sha]).

Theorem 4.2.2. Let Xi be proper smooth varieties over k and let Di

be a normal crossing divisor on Xi (i = 1, 2). Denote the log structure

on Xi associated to the pair (Xi, Di) by Mi. Assume that we are given an

isomorphism X1−D1
∼
= X2−D2 and we denote this scheme by U . Assume

moreover that dimU ≤ 2 holds. Then, for any k-rational point x in U ,

there exists an isomorphism

πcrys
1 ((X1,M1)/Spf W,x)

∼
= πcrys

1 ((X2,M2)/Spf W,x).

Proof. Let X ′ be the closure of the image of diagonal map U −→ X1×
X2. Let D′ be X ′−U . Then by the embedded resolution for D′ ⊂ X ′, there

exists a proper birational morphism X3
g−→ X ′ such that D3 := f−1(D′)red

is a normal crossing divisor on X3. (For this embedded resolution, see [A].)

Since pri ◦g : X3 −→ Xi (i = 1, 2) is proper birational, we may assume that

there exists a proper birational morphism X2
f−→ X1 which is identity on

U . If dimU = 1 holds, this implies X2
∼
= X1 and the theorem is obvious.
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Hence we may assume dimU = 2. By [Sha, p.55], f can be written as a

composition of blow ups at closed points which are not in U . Hence we may

assume that f is a blow up at a closed point which is not in U . We prove

that the functor f∗ : N Icrys((X1,M1)/Spf W ) −→ N Icrys((X2,M2)/Spf W )

gives an equivalence of categories. By the argument in the proof of Theorem

4.1.9, it suffices to show that the homomorphisms

f∗ : Q⊗Z Hj(((X1,M1)/Spf W )crys, E) −→ Q⊗Z Hj((X2,M2)/Spf W, f∗E)

are isomorphisms for any E ∈ N Icrys((X1,M1)/Spf W ) and j = 0, 1. Hence

the theorem is reduced to the following lemma:

Lemma 4.2.3. Let (X1,M1), (X2,M2) and f be as above and let E be

a locally free, coherent crystal on the site (X1/W )logcrys. Then the homomor-

phism

Hj((X1/W )logcrys, E) −→ Hj((X2/W )logcrys, f
∗E)

is an isomorphism for j = 0, 1.

Proof. First, by base change theorem for log crystalline cohomology

([Hy-Kk, (2.23)]), we can enlarge the field k to a finite extension. Hence we

may assume that f is a blow-up at a point z ∈ D1(k).

For a site S, we denote the topos of sheaves on the site S by S∼. Then

there exists a canonical morphism of topoi

uXi/W : (Xi/W )log∼crys −→ X∼i,et.

Then there exists a map of complexes

(4.2.1) RuX1/W,∗E −→ Rf∗RuX2/W,∗f
∗E

which induces the map between the log crystalline cohomologies above.

Then it suffices to show that the map (4.2.1) is a quasi-isomorphism. To

prove it, we may work etale locally. Hence we may assume (X1, D1, z) lifts

to (Y1, C1, y), where Y1 is a formal scheme which is formally smooth over

Spf W , C1 is a relative simple normal crossing divisor on Y1, and y is a

W -valued point of C1. let us denote the blow up of Y1 with center y by Y2

and the inverse image of C1 by C2. Then (Y2, C2) is a lifting of (X2, D2).
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We denote the map (Y2, C2) −→ (Y1, C1) by h. By [Kk1, (6.2)], the formal

log connection (E,∇) on (Y1, C1) corresponding the crystal E is defined,

and by [Kk1, (6.4)], the map (4.2.1) is expressed by the map

E ⊗ ω·1 −→ Rh∗(h
∗E ⊗ ω·2),

where ω·i := ω·(Yi,Ci)/W
, the right hand side is the de Rham complex of

(E,∇) and h∗E ⊗ ω·2 is the de Rham complex of h∗(E,∇). If we can show

the equality Rh∗ω
q
2 = ωq

1, then the right hand side can be written as

h∗(h
∗E ⊗ ω·2) � E ⊗ h∗ω

·
2 � E ⊗ ω·1

and the lemma is proved. Hence it suffices to prove that Rh∗ω
q
2 = ωq

1.

First we consider the case that there are two components of C1 which

contain y. In this case, the map h is formally log etale. Hence, by [Kk1,

(3.12)], h∗ωq
1
∼
= ωq

2 holds. So we have

Rh∗ω
q
2 = Rh∗h

∗ωq
1 = ωq

1.

Second we consider the case that there is only one component of C1

which contains y. Denote this component by C11. In this case, we have the

following exact sequences

(4.2.2) 0 −→ h∗ω0
1 −→ ω0

2 −→ 0,

(4.2.3) 0 −→ h∗ω1
1 −→ ω1

2 −→ ω1
B −→ 0,

(4.2.4) 0 −→ h∗ω2
1 −→ ω2

2 −→ ω2
2|B −→ 0,

where B is the exceptional curve, and if we denote the intersection point

of B and C11 by w, ω1
B is defined by Ω1

B/W (log w). Hence ω1
B and ω2

2|B is

calculated as follows:

ω1
B = Ω1

B/W (log w)
∼
= OB(−1),

ω2
2|B = h∗ω2

1(B)|B ∼= O(B)|B ∼= OB(−1).
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Therefore Rh∗ω1
B = 0 and Rh∗(ω2

2|B) = 0 hold. So, by the exact sequences

(4.2.2), (4.2.3) and (4.2.4), we have

Rh∗ω
q
2
∼
= Rh∗h

∗ωq
1 = ωq

1.

Hence the proof of the lemma is finished. �

Since the proof of Lemma 4.2.3 is finished, the proof of Theorem 4.2.2

is completed.

Remark 4.2.4. In the forthcoming paper [Shi], we consider Problem

4.2.1 in another method and we give the affirmative answer in general case.

4.3. Formal log connections, HPD-isostratifications and

isocrystals on log crystalline site

Throughout this section, let k be a perfect field of characteristic p > 0, let

W be the Witt ring of k and put K0 := FracW , Wn := W⊗ZZ/pnZ. In this

section, we define the log version of HPD-isostratifications defined in [O2,

§7], and study the relation between HPD-isostratifications and isocrystals

on log crystalline site. As a consequence, we prove the descent property

of the category of isocrystals on log crystalline site. Then we recall the

relation between isocrystals on log crystalline site and integrable formal log

connections, which is essentially due to Kato ([Kk1]). We use these results

in the proof of Berthelot-Ogus theorem for fundamental groups in Chapter

5.

First let us define the notion of HPD-stratifications and HPD-isostrat-

ifications on log schemes:

Definition 4.3.1. Let S be either SpecWn or Spf W . Let (X,M)

be a fine log scheme over k and let (X,M) −→ (Spec k,N) ↪→ (S,N) be

morphisms of fine log formal W -schemes. Let (X,M) ↪→ (Y, J) be a closed

immersion of (X,M) into a fine log formal W -scheme (Y, J) over (S,N).

Let D := D(X,M)((Y, J))log be the p-adically complete log PD-envelope. Let

D(1) be D(X,M)((Y, J)×(S,N)(Y, J))log and let D(2) be D(X,M)((Y, J)×(S,N)

(Y, J) ×(S,N) (Y, J))log. Then we have the projections pi : D(1) −→ D

(i = 1, 2), pij : D(2) −→ D(1) (1 ≤ i < j ≤ 3) and the diagonal map

∆ : D −→ D(1).

(1) We define an HPD-stratification on an OD-module E as an isomor-

phism ε : p∗2E −→ p∗1E which satisfies the following two conditions:



Crystalline Fundamental Groups I 601

(a) ∆∗(ε) = id ∈ EndD(E).

(b) (Cocycle condition)

p∗12(ε) ◦ p∗23(ε) = p∗13(ε) ∈ HomD(2)(q
∗
3E, q∗1E),

where q3 = p2 ◦ p23 and q1 = p1 ◦ p12.

We denote the category of coherent sheaves of OD-modules with

HPD-stratifications by HPD((X,M) ↪→ (Y, J)).

(2) Let us assume S = Spf W . Then we define an HPD-isostratification

on a K0⊗W OD-module E as an isomorphism ε : p∗2E −→ p∗1E satis-

fying the two conditions in (1). We denote the category of isocoher-

ent sheaves on D with HPD-isostratifications by HPDI((X,M) ↪→
(Y, J)).

Let (X,M) be a fine log scheme over k, let (X,M) −→ (Spec k,N) ↪→
(Spf W,N) be morphisms fine log formal W -schemes and let (X,M) ↪→
(Y, J) be a closed immersion of (X,M) into a fine log formal W -scheme

(Y, J). Denote the fine log scheme (Y, J)×(Spf W,N)(SpecWn, N) by (Yn, Jn).

Then we have the canonical functor (see [Kk1, §6])

(4.3.1) Ccrys((X,M)/(SpecWn, N)) −→ HPD((X,M) ↪→ (Yn, Jn)),

which is compatible with respect to n. Hence it induces the functor

(4.3.2) Ccrys((X,M)/(Spf W,N)) −→ HPD((X,M) ↪→ (Y, J)),

and by inverting ‘multiplication by p’, it induces the functor

(4.3.3) Icrys((X,M)/(Spf W,N)) −→ HPDI((X,M) ↪→ (Y, J)).

Let us consider the case that (Y, J) is formally log smooth over

(Spf W,N). Then, the proof of [Kk1, (6.2)] shows that the functor (4.3.1)

is an equivalence of categories. Hence so is the functor (4.3.2). From this,

one can conclude that the functor (4.3.3) is fully-faithful.

Moreover, one can prove the following:

Proposition 4.3.2. Let the notations be as above and assume more-

over that (Y, J) is formally log smooth over (Spf W,N) and that we have
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(Y, J) ×(Spf W,N) (Spec k,N) = (X,M). Then the functor (4.3.3) is an

equpivalence of categories.

Proof. We only have to show the above functor is essentially surjec-

tive. Since the functor (4.3.2) is an equivalence of categories, it suffices to

show the following lemma (for U = ∅).

Lemma 4.3.3. Let the situation be as above. (Note that in this situa-

tion, the p-adically complete log PD-envelope D in Definition 4.3.1 coincides

with Y .) Let L be a p-torsion free coherent sheaf of OY -modules and let ε be

an HPD-isostratification on K0⊗L. Let U be an open subset of Y (possibly

empty), let L′ be a p-torsion free coherent sheaf of OY |U -modules and let

α be an isomorphism K0 ⊗ L′ −→ K0 ⊗ L|U . Assume that L′ is ε|U -stable

when viewed via α. Then, there exists a coherent extension L′′ of L′ to Y

and an isomorphism α′ : K0 ⊗ L′′ −→ K0 ⊗ L extending α such that L′′ is
ε-stable when viewed via α′.

Proof. The proof is the log version of [O2, (0.7.4)].

Replacing α by pnα for a suitable n, we may assume that α comes from a

morphism L′ −→ L|U . Replacing L′ with its image in L|U , we may assume

that L′ ⊂ L|U . Choose m so that pm annihilates L|U/L′, and let Lm be

the restriction of L to the subscheme of definition Ym defined by pm and

L′m ⊂ Lm|U be the image of L′ in Lm|U . Choose a coherent extension Mm

of L′m to Ym and let M be the inverse image of Mm. Then K0 ⊗ M is

isomorphic to K0 ⊗L and M |U is isomorphic to L′. Hence we may assume

that L′
∼
= L|U holds.

The rest of the argument is based on the proof of rigid analytic faith-

fully flat descent due to O.Gabber (cf. [O2, (0.7.2)], [O1, (1.9)]). Let

D(1), D(2), pi : D(1) −→ Y (i = 1, 2), pij : D(2) −→ D(1) (1 ≤ i < j ≤ 3)

be as in Definition 4.3.1. Put E := K0 ⊗ L and we define the map

θ : E −→ p∗1E by θ(x) = ε(p∗2x).

By [Kk1, (6.5)], the maps pi : D(1) −→ Y are flat. Hence p∗1L ⊂ p∗1E
holds. Put φ := θ|L and let L′′ be θ−1(p∗1L).

First check that L′′ ⊂ L holds. Let ∆E : p∗1E −→ E be a map x⊗ γ �→
x∆∗(γ) for x ∈ E and γ ∈ OD(1). Then ∆E ◦ θ = id holds and ∆E sends

p∗1L into L. If x is a local section of L′′, θ(x) ∈ p∗1L holds and hence

x = ∆E ◦ θ(x) ∈ L holds. Hence L′′ ⊂ L holds and so L′′ is coherent.
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Hence we have only to show that L′′ is compatible with θ. (Since L|U
is compatible with θ, L′′|U = L|U holds and K0 ⊗ L′′ = K0 ⊗ θ−1p∗1L

∼
=

θ−1p∗1(K0 ⊗ L) = E holds.) Since p1 is flat, L′′ ⊂ L implies p∗1L
′′ ⊂ p∗1L.

Hence we have to show that the map φ′ = θ|′′L : L′′ −→ p∗1L factors through

p∗1L
′′. Since the assertion is etale local, we may assume that Y = Spf A holds

and that there exists a chart (PY → L,QW → N,Q → P ) of (Y, L) −→
(Spf W,N).

Until the end of this proof, we denote the p-adically completed tensor

product by ⊗̂ and use the symbol ⊗ only for usual tensor products.

Let f1 (resp. f2) be the map P ⊕Q P −→ P (resp. P ⊕Q P ⊕Q P −→ P )

induced by the summation and let R(i) be (fgp
i )−1(P ) for i = 1, 2. Let A(1)

(resp. A(2)) be the rings

(A⊗̂A)⊗̂Zp{P⊕QP}Zp{R(1)} (resp. (A⊗̂A⊗̂A)⊗̂Zp{P⊕QP⊕QP}Zp{R(2)} ).

Then the natural map A(1)⊗̂A(1) −→ A(2) is isomorphic. If we set

I(1) := Ker(A(1) −→ A) and I(2) := Ker(A(2) −→ A), we can identify

I(1)⊗̂A(1) + A(1)⊗̂I(1) with I(2) via the above isomorphism. By [Kk1,

(5.6)], D(i) is the usual PD-envelope of Y in Spf A(i). So it is affine. Put

D(i) = Spf B(i) for i = 1, 2. By [B-O, (3.7)], the ideal I(1)B(1)⊗̂B(1) +

B(1)⊗̂I(1)B(1) of B(1)⊗̂B(1) has the induced PD-structure. Hence there

exists a map β : B(2) −→ B(1)⊗̂B(1) which makes the following diagram

commutative:

A(1)
p∗13−−−→ A(2)

∼−−−→ A(1)⊗̂A(1)� � �
B(1)

p∗13−−−→ B(2)
β−−−→ B(1)⊗̂B(1).

Let δ be the composition B(1) −→ B(2)
β−→ B(1)⊗̂B(1). We denote

the group of global sections of E also by E. Then, by the cocycle condition,

the following diagram is commutative:

(4.3.4)

E
θ−−−→ E⊗̂B(1)

θ

� �id⊗δ

E⊗̂B(1) −−−→
θ⊗id

E⊗̂B(1)⊗̂B(1).
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Consider the following diagram:

L′′ ⊗B(1)
φ′⊗id−−−→ L⊗̂B(1)⊗B(1)� �

L′′
φ′

−−−→ L⊗̂B(1)
φ⊗id−−−→ E⊗̂B(1)⊗B(1)� � ∥∥∥

E
θ−−−→ E⊗̂B(1)

θ⊗id−−−→ E⊗̂B(1)⊗B(1).

By definition, the square on the bottom left is Cartesian. Since p1 is

flat, the large rectangle on the right is also Cartesian. Thus it suffices to

prove that the composition

L′′ → E
θ→ E⊗̂B(1)

θ⊗id→ E⊗̂B(1)⊗B(1)
pr⊗id→ E/L⊗̂B(1)⊗B(1)

is the zero map. Since E/L is p-torsion, the natural map

E/L⊗̂B(1)⊗B(1) −→ E/L⊗̂B(1)⊗̂B(1)

is isomorphic, so it suffices to show that our map becomes zero after we

follow it with this isomorphism. If x ∈ L′′, then θ(x) ∈ L⊗̂B(1) holds, and

so (θ ⊗ id)θ(x) = id⊗ δ(x) ∈ L⊗̂B(1)⊗̂B(1) holds by the diagram (4.3.4).

This proves the assertion. �

Since the proof of Lemma 4.3.3 is finished, the proof of Proposition 4.3.2

is also finished.

As a consequence of Lemma 4.3.3, we can prove the following descent

property (cf. [O2, (0.7.5)]):

Corollary 4.3.4. Let (X,M) be a fine log scheme over k and let

(X,M)
f−→ (Spec k,N) ↪→ (Spf W,N) be a morphism of fine log formal

W -schemes such that f is formally log smooth. Then the descent for finite

Zariski open coverings holds for the category Icrys((X,M)/(Spf W,N)).

Proof. The proof is the same as that of [O2, (0.7.5)].
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We have only to show the descent for the open covering {Xi −→ X}i=1,2

such that (X2,M) lifts to a fine log formal W -scheme (Y, L) which is for-

mally log smooth over (Spf W,N). Let U be X1 ∩ X2. Now we are given

crystals Ei over (Xi,M) for i = 1, 2 and an isomorphism of isocrystals

α : K0⊗E1 −→ K0⊗E2 on (U,M). If we regard these objects via the cate-

gorical equivalence of Proposition 4.3.2, we are given a coherent sheaf L2 on

Y , an HPD-isostratification ε2 on K0⊗L2 such that L2 is ε2-stable, a coher-

ent sheaf L1 on Y |U , an HPD-isostratification ε1 on K0⊗L1 such that L1 is

ε1-stable and an isomorphism α : K0⊗L1 −→ K0⊗L2 on Y |U which is com-

patible with α. (Li’s correspond to Ei’s.) By the above lemma, there exists a

coherent sheaf L′2 on Y and an HPD-isostratification ε′2 on K0⊗L′2 such that

L′2 is ε′2-stable, K0⊗L2 is isomorphic to K0⊗L′2 with HPD-isostratification

structures and the isomorphism α′ : K0 ⊗L1 −→ K0 ⊗L2
∼
= K0 ⊗L′2 on U

is induced by L1
∼−→ L′2. If we denote the crystal corresponds to (L′2, ε

′
2)

by E ′2, the isomorphism α′ gives the descent data of crystals E1 and E ′2 and

there exists a crystal E on (X,M) such that E|X1

∼
= E1 and E|X2

∼
= E ′2 hold.

Since K0 ⊗ E ′2 is isomorphic to K0 ⊗ E2, the isocrystal K0 ⊗ E is the object

corresponding to the descent data. �

More generally, we can prove the descent property of the category of

isocrystals on log crystalline site for etale coverings. To state this, let us

introduce the following notation:

Notation 4.3.5. Let Sk be the category of fine log formal W -schemes

of the form
∐

i∈I(Spf W (ki), Ni), where |I| is finite and each ki is a finite

extension of k. Let (S,N) :=
∐

i∈I(Spf W (ki), Ni) be an object in Sk and

let (X,M)
f−→
∐

i∈I(Spec ki, Ni)
i

↪→ (S,N) be morphisms of fine log formal

W -schemes. Let Xi be the scheme (i ◦ f)−1(Spf W (ki)). Then we denote

the category
∏

i∈I Icrys((Xi,M)/(Spf W (ki), Ni)) simply by Icrys((X,M)/

(S,N)).

Assume moreover that we are given a closed immersion (X,M) ↪→ (Y, J)

of (X,M) into a fine log formal W -scheme (Y, J) over (S,N). Denote the

structure morphism (Y, J) −→ (S,N) by g and put Yi := g−1(Spf W (ki)).

Then we denote the category
∏

i∈I HPDI((Xi,M) ↪→ (Yi, J)) simply by

HPDI((X,M) ↪→ (Y, J)).

Then the descent property is described as follows:
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Proposition 4.3.6. Put S := Spf W . Let (X,M) be a fine log scheme

over k and let (X,M)
f−→ (Spec k,N)

i
↪→ (S,N) be morphisms of fine log

formal W -schemes such that f is formally log smooth of finite type. Assume

we are given a commutative diagram of formal W -schemes

X ← X(0) ←
←

X(1) ←←
←

X(2)

i ◦ f ↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2),

where the horizontal lines are etale hypercoverings (up to level 2). Let

p : Icrys((X,M)/(S,N)) −→ Icrys((X
(0),M)/(S(0), N)),

pi : Icrys((X
(0),M)/(S(0), N)) −→ Icrys((X

(1),M)/(S(1), N)) (i = 1, 2),

pij : Icrys((X
(1),M)/(S(1), N)) −→ Icrys((X

(2),M)/(S(2), N))

(1 ≤ i < j ≤ 3),

be the functors induced by the above diagram. Let ∆crys be the category

of pairs (E , ϕ), where E ∈ Icrys((X
(0),M)/(S(0), N)) and ϕ is an isomor-

phism p2(E) ∼−→ p1(E) in Icrys((X
(1),M)/(S(1), N)) satisfying the condition

p12(ϕ) ◦ p23(ϕ) = p13(ϕ) in Icrys((X
(2),M)/(S(2), N)). Then the functor

Φ : Icrys((X,M)/(S,N)) −→ ∆crys

induced by p gives an equivalence of categories.

Proof. Let X =
⋃

λ∈Λ Uλ be an open covering by finite number of

affine open subschemes. Put X(0) :=
∐

λ∈Λ Uλ, X(1) := X(0) ×X X(0) and

X(2) := X(0)×X X(0)×X X(0). Put X
(i)
(j) := X(j)×X X(i). Then we have the

following diagram:

(4.3.5)

X(2) ← X
(0)
(2) ←

←
X

(1)
(2)

←←
←

X
(2)
(2)

↓↓↓ ↓↓↓ ↓↓↓ ↓↓↓
X(1) ← X

(0)
(1) ←

←
X

(1)
(1)

←←
←

X
(2)
(1)

↓↓ ↓↓ ↓↓ ↓↓
X(0) ← X

(0)
(0) ←

←
X

(1)
(0)

←←
←

X
(2)
(0)

↓ ↓ ↓ ↓
X ← X(0) ←

←
X(1) ←←

←
X(2)

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2).
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Let ∆crys,(i) (i = 0, 1, 2) (resp. ∆′crys) be the category defined as ∆crys

by using the diagram

X(i) ← X
(0)
(i) ←

←
X

(1)
(i)

←←
←

X
(2)
(i)

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2)


resp.

X ← X(0) ←
←

X(1)
←←
←

X(2)

↓ ↓ ↓ ↓
S ← S ←

←
S

←←
←

S


 .

Then there exist functors

qi : ∆crys,(0) −→ ∆crys,(1) (i = 1, 2),

qij : ∆crys,(1) −→ ∆crys,(2) (1 ≤ i < j ≤ 3),

which are induced by the diagram (4.3.5). We define the category ∆̃crys as

the category of pairs (E , ϕ), where E ∈ ∆crys,(0) and ϕ is an isomorphism

q2(E) ∼−→ q1(E) in ∆crys,(1) satisfying the condition p12(ϕ)◦p23(ϕ) = p13(ϕ)

in ∆crys,(2). Then we have the functors

(4.3.6) Icrys((X
(i),M)/(S,N)) −→ ∆crys,(i) (i = 0, 1, 2),

and a diagram of functors

(4.3.7)

∆′crys −−−→ ∆̃crys� �
Icrys((X,M)/(S,N))

Φ−−−→ ∆crys,

which are induced by the diagram (4.3.5).

Assume that the functors (4.3.6) are equivalences. Then the upper hor-

izontal arrow in the diagram (4.3.7) is an equivalence. On the other hand,

the vertical arrows in the diagram (4.3.7) are equivalences by Corollary

4.3.4, because the vertical hypercoverings in the diagram (4.3.5) are Čech

coverings by finite Zariski open subschemes. Therefore Φ is also an equiv-

alence. So, to prove the proposition, it suffices to prove the equivalence of

the functors (4.3.6). So we may replace X by X(i) (i = 0, 1, 2).
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Note that a connected component X0 of X(i) is an open subscheme of

an affine open subscheme U of X. Since the morphism f |U : (U,M) −→
(Spec k,N) is log smooth, there exists an exact closed immersion (X,M) ↪→
(Y ′, J) into a fine log formal W -scheme (Y ′, J) over (S,N) such that (Y ′, J)

is formally log smooth over (S,N) and that (Y ′, J) ×(S,N) (Spec k,N) =

(U,M) holds. Then the morphism U ↪→ Y ′ is a homeomorphism. Let

Y ↪→ Y ′ be the open subscheme of Y ′ which is homeomorphic to X0 via

the homeomorphism U ↪→ Y ′. Then we have (Y, J) ×(S,N) (Spec k,N) =

(X0,M). Therefore, to prove the proposition, we may assume the existence

of an exact closed immersion (X,M) ↪→ (Y, J) into a fine log formal W -

scheme (Y, J) over (S,N) such that (Y, J) is formally log smooth over (S,N)

and that (Y, J)×(S,N) (Spec k,N) = (X,M) holds.

Now we prove the proposition under the assumption of the previous

paragraph. Since we have an equivalence of sites Xet � Yet, we can form

the commutative diagram

(4.3.8)

X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
Y ← Y (0) ←

←
Y (1) ←←

←
Y (2)

saisfying the following conditions:

(1) The horizontal lines are etale hypercoverings, and the upper hori-

zontal line is the one given in the diagram (4.3.5).

(2) The morphisms (X(i),M) −→ (Y (i), J) (i = 0, 1, 2) induced by the

vertical arrows are exact closed immersions over (S(i), N),

(3) (Y (i), J) is formally log smooth over (S(i), N) and (Y (i), J)×(S(i),N)

(S
(i)
1 , N) = (X(i),M) holds, where S

(i)
1 := SpecOS(i)/pOS(i) .

Then we have the equivalences of categories

(4.3.9) Icrys((X,M)/(S,N))
∼−→ HPDI((X,M) ↪→ (Y, J)),

(4.3.10) Icrys((X
(i),M)/(S(i), N))

∼−→ HPDI((X(i),M) ↪→ (Y (i), J)).

Let

p′ : HPDI((X,M) ↪→ (Y, J)) −→ HPDI((X(0),M) ↪→ (Y (0), J)),
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p′i : HPDI((X(0),M) ↪→ (Y (0), J)) −→ HPDI((X(1),M) ↪→ (Y (1), J))

(i = 1, 2),

p′ij : HPDI((X(1),M) ↪→ (Y (1), J)) −→ HPDI((X(2),M) ↪→ (Y (2), J))

(1 ≤ i < j ≤ 3),

be the functors induced by the diagram (4.3.8). Then the functor p′ (resp.

p′i, p
′
ij) is compatible with the functor p (resp. pi, pij) via the equivalence

of categories (4.3.9) (resp. (4.3.10)). Let ∆HPDI be the category of pairs

((E, ε), ϕ), where (E, ε) ∈ HPDI((X(0),M) ↪→ (Y (0), J)) and ϕ is an isomor-

phism p′2((E, ε))
∼−→ p′1((E, ε)) in HPDI((X(1),M) ↪→ (Y (1), J)) satisfying

the condition p′12(ϕ) ◦ p′23(ϕ) = p′13(ϕ) in HPDI((X(2),M) ↪→ (Y (2), J)).

Then the equivalences (4.3.10) induces an equivalence of categories

(4.3.11) ∆crys
∼−→ ∆HPDI,

and one can check that the functor

Ψ : HPDI((X,M) ↪→ (Y, J)) −→ ∆HPDI

induced by p′ is compatible with Φ via the equivalences of categories (4.3.9)

and (4.3.11). Hence it suffices to prove that the functor Ψ gives an equiva-

lence of categories.

Let (D(i),MD(i)) (resp. (D(i)(j),MD(i)(j))) be the p-adically complete

log PD-envelope of (X,M) (resp. (X(j),M)) in the (i+1)-fold fiber product

of (Y, J) (resp. (Y (j), J)) over (S,N) (resp. (S(j), N)). Let

r : Y (0) −→ Y, rk : Y (1) −→ Y (0) (k = 1, 2),

rkl : Y (2) −→ Y (1) (1 ≤ k < l ≤ 3),

r(i) : D(i)(0) −→ D(i), r(i)k : D(i)(1) −→ D(i)(0) (k = 1, 2),

r(i)kl : D(i)(2) −→ D(i)(1) (1 ≤ k < l ≤ 3),

be the projections and let ∆(Y ) (resp. ∆(D(i))) be the category of pairs

(E,ϕ), where E ∈ Coh(K0 ⊗ OY (0)) (resp. E ∈ Coh(K0 ⊗ OD(i)(0))) and
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ϕ is an isomorphism r∗2E
∼−→ r∗1E (resp. r(i)∗2E

∼−→ r(i)∗1E) such that

r∗12(ϕ) ◦ r∗23(ϕ) = r∗13(ϕ) (resp. r(i)∗12(ϕ) ◦ r(i)∗23(ϕ) = r(i)∗13(ϕ)) holds.

Then we have the canonical functor

r∗ : Coh(K0 ⊗OY ) −→ ∆(Y ),

r(i)∗ : Coh(K0 ⊗OD(i)) −→ ∆(D(i)),

which are induced by r, r(i), respectively. To prove the the categorical

equivalence of Ψ, it suffices to prove the following assertions:

(1) The functor r∗ is an equivalence of categories.

(2) The functors r(i)∗ (i = 1, 2) are fully-faithful.

Since the diagram

Y ← Y (0) ←
←

Y (1) ←←
←

Y (2)

is an etale hypercovering, the assertion (1) follows from the rigid analytic

faithfully flat descent of Gabber ([O1, (1.9)]). Moreover, one can check, as

in the proof of [O1, (1.9)], that the descent of morphisms in the category

Coh(K0 ⊗ OD(i)) holds for etale hypercoverings. So we have the assertion

(2) if we have the following claim: The diagram

D(i) ← D(i)(0) ←
←

D(i)(1)
←←
←

D(i)(2)

is an etale hypercovering.

We prove the above claim. Since the morphisms X(j) −→ D(i)(j) (i =

1, 2, j = 0, 1, 2) are homeomorphisms, the diagram is a hypercovering.

Hence it suffices to show that the transition morphisms are formally etale.

Here we only prove the formal etaleness of the morphism D(1)(0) −→ D(1),

which we denote by g. (The other cases are left to the reader.) Let

x ∈ D(1)(0) and put y := g(x). Then, by [Kk1, (6.5)], we have the iso-

morphisms

OD(1)(0),x̄
∼
= OY (0),x̄〈t1, · · · , tr〉,

OD(1),ȳ
∼
= OY,ȳ〈t1, · · · , tr〉,

for some r ∈ N, and the homomorphism g∗ : OD(1),ȳ −→ OD(1)(0),x̄ is

identified with the homomorphism

OY (0),x̄〈t1, · · · , tr〉 −→ OY,ȳ〈t1, · · · , tr〉
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induced by the morphism Y (0) −→ Y via the above isomorphisms. Hence

g is formally etale. So the claim is proved and the proof of the proposition

is now finished. �

Finally let us recall the relation between HPD-isostratifications and in-

tegrable formal log connections, which is essentially due to K. Kato ([Kk1,

(6.2)]).

Let (X,M) be a fine log scheme over k, let (X,M)
f−→ (Spec k,N) ↪→

(Spf W,N) be morphisms fine log formal W -schemes such that f is log

smooth, and let (X,M) ↪→ (Y, J) be a closed immersion of (X,M) into a fine

log formal W -scheme (Y, J) which is formally log smooth over (Spf W,N)

and satisfies (Y, J) ×(Spf W,N) (Spec k,N) = (X,M). Denote the fine log

scheme (Y, J) ×(Spf W,N) (SpecWn, N) by (Yn, Jn). Then, by [Kk1, (6.2)],

there exists a canonical exact fully-faithful functor

Φn : Ccrys((X,M)/(SpecWn, N)) −→ C((Yn, Jn)/(SpecWn, N)),

which is compatible with n. Hence we have the following proposition:

Proposition 4.3.7. Let the notations be as above. Then we have a

canonical exact fully-faithful functor

Icrys((X,M)/(Spf W,N)) −→ Ĉ((Y, J)/(Spf W,N)).

Proof. For K0 ⊗ E ∈ Icrys((X,M)/(Spf W,N)), the functor is de-

fined by K0 ⊗ E �→ K0 ⊗W lim←−n
Φn(En), where En is the restriction of E

to Ccrys((X,M)/(SpecWn, N)). The exactness and the fully-faithfulness

follow from those of Φn’s. �

Chapter 5. Berthelot-Ogus Theorem for Fundamental Groups

Throughout this chapter, let k be a perfect field of characteristic p > 0,

let W be a Witt ring of k and let K0 be the fraction field of W . Let V be a

finite totally ramified extension of W and let K be the fraction field of V .

The purpose of this chapter is to give a proof of the following theorem:
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Theorem (=Theorem 5.3.2). Assume we are given the following com-

mutative diagram of fine log schemes

(Xk,M) ↪→ (X,M) ←↩ (XK ,M)

↓ f ↓ ↓
(Spec k,N) ↪→ (SpecV,N) ←↩ (SpecK,N)

↘ ↓
(SpecW,N),

where the two squares are Cartesian, f is proper log smooth integral and

Xk is reduced. Assume that H0
dR((X,M)/(Spf V,N)) = V holds, and that

we are given a V -valued point x of Xf -triv. Denote the special fiber (resp.

generic fiber) of x by xk (resp. xK). Then there exists a canonical isomor-

phism of pro-algebraic groups

πcrys
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK).

The above theorem gives the comparison between crystalline fudamental

groups and de Rham fundamental groups. In the case of cohomologies,

this type of theorem (in the case without log structures) has been proved

by Berthelot and Ogus ([B-O2]). So we call the above theorem as the

Berthelot-Ogus theorem for fundamental groups.

The idea of proof of the above theorem is as follows: First, in Section

5.1, we define the convergent fundamental group

πconv
1 ((Xk,M)/(Spf ?, N), xk) (? = W,V )

by using the category of nilpotent isocrystals on log convergent site and we

prove the base change property

(5.0.1)

πconv
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πconv

1 ((Xk,M)/(Spf V,N), xk).

Second, in Section 5.2, we prove the comparison

(5.0.2) πconv
1 ((Xk,M)/(Spf V,N), xk)

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK)

between de Rham fundamental group and convergent fundamental group.

Finally, in Section 5.3, we prove the comparison

(5.0.3) πconv
1 ((Xk,M)/(Spf W,N), xk)

∼
= πcrys

1 ((Xk,M)/(Spf W,N), xk)

between convergent fundamental group and crystalline fundamental group.

Combining (5.0.1), (5.0.2) and (5.0.3), we finish the proof.
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5.1. Convergent fundamental groups

In this section, we give a definition of log convergent site for certain log

schemes, and using the category of nilpotent isocrystals on log convergent

site, we give a definition of convergent fundamental groups. Convergent

fundamental groups is useful because it can be defined even over a ramified

base. (Note that one cannot define crystalline fundamental groups over

a very ramified base because there exists no PD-structure on it.) After

defining it, we prove the base change property of convergent fundamental

groups.

Throughout this section, for a formal V -scheme X, we denote the closed

subscheme defined by p ∈ OX by X1 and (X1)red by X0, unless otherwise

stated.

First we define the notion of enlargement and log convergent site.

Definition 5.1.1. Let (X,M) −→ (S,N) be a morphism of fine log

formal V -schemes. Then we define an enlargement of (X,M) over (S,N)

as a triple (T,L, z), where (T,L) is a fine log formal V -scheme over (S,N)

and z is a morphism (T0, L) −→ (X,M) over (S,N). We define a morphism

of enlargements g : (T,L, z) −→ (T ′, L′, z′) as a morphism g : (T,L) −→
(T ′, L′) over (S,N) which satisfies z′ ◦g0 = z, where g0 : (T0, L) −→ (T ′0, L

′)
is a morphism induced by g. We often denote (T,L, z) simply by T .

Definition 5.1.2. Let (X,M) −→ (S,N) be as above. Then we define

the log convergent site ((X,M)/(S,N))conv as follows. The objects of this

category are enlargements of (X,M) over (S,N). the morphisms are the

morphisms of enlargements defined above, and the coverings are the ones

which are induced by the etale topology on T .

We denote the sheaf on ((X,M)/(S,N))conv defined by T �→ Γ(T,OT )

(resp. T �→ Q⊗Z Γ(T,OT )) by OX/S (resp. KX/S).

We often denote the log convergent site ((X,M)/(S,N))conv shortly by

(X/S)log
conv, when there will be no confusion on log structures. In the case

S = Spf V , we denote it by (X/V )logconv, by abuse of notation.

Remark 5.1.3. Let (X,M) −→ (S,N) be as above, and let

(X ′,M ′) ↪→ (X,M) be an exact closed immersion of fine log formal V -

schemes over (S,N) such that the underlying morphism between topological

spaces is a homeomorphism. Then, one can easily check that the canonical
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functor

((X ′,M ′)/(S,N))conv −→ ((X,M)/(S,N))conv

is an equivalence of categories. In particular, there exists a canonical equiv-

alence of categories

((X0,M)/(S,N))conv
∼−→ ((X,M)/(S,N))conv.

Definition 5.1.4. Let (X,M) −→ (S,N) be as above. An isocrystal

on the log convergent site ((X,M)/(S,N))conv is a sheaf E on ((X,M)/

(S,N))conv satisfying the following conditions:

(1) For T ∈ (X/V )logconv, the sheaf ET on T induced by E is an isocoherent

sheaf on T .

(2) For a morphism f : T ′ −→ T in (X/V )logconv, the homomorphism

f∗ET −→ ET ′ induced by E is an isomorphism.

We denote the category of isocrystals on the site ((X,M)/(S,N))conv by

Iconv((X,M)/(S,N)). We often denote it simply by Iconv((X/S)log) when

there will be no confusion on log structures. In the case S = Spf V , we

denote it by Iconv((X/V )log, by abuse of notation.

One can check immediately that KX/S is an isocrystal.

We denote the nilpotent part NKX/S
Iconv((X,M)/(S,N)) of

Iconv((X,M)/(S,N)) with respect to the object KX/S simply by

N Iconv((X,M)/(S,N)) (or N Iconv((X/V )log), when there will be no con-

fusion on log structures).

Remark 5.1.5. Assume that we are given the following commutative

diagram of fine log formal V -schemes

(X,M)
g←−−− (X ′,M ′)

f

� f ′
�

(S,N) ←−−− (S′, N ′).

Then, for an enlargement T := (T,L, z) of (X ′,M ′) over (S′, N ′), the triple

g∗T := (T,L, g ◦ z) is an enlargement of (X,M) over (S′, N ′). We define

the pull-back functor

g∗ : Iconv((X,M)/(S,N)) −→ Iconv((X
′,M ′)/(S′, N ′))
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by g∗E(T ) := E(g∗T ).

Remark 5.1.6. Assume that we are given the following cartesian

square of fine log formal V -schemes

(X,M)
g←−−− (X ′,M)

f

� f ′
�

(S,N)
h←−−− (S′, N),

where S′ is defined by S′ := SpecOS/(p-torsion). We remark that the

pull-back functor

g∗ : Iconv((X,M)/(S,N)) −→ Iconv((X
′,M)/(S′, N))

gives an equivalence of categories.

We define the quasi-inverse Φ of the functor g∗ as follows: Let T :=

(T,L, z) be an enlargement of (X,M) over (S,N). By taking the base

change by h, we can define canonically an enlargement T ′ := (T ×S S′, L,

((T ×S S′)0, L)
z′→ (X ′,M)) of (X ′,M) over (S′, N). Let q : T ×S S′ −→ T

be the first projection. Then the pull-back functor

q∗ : Coh(K ⊗OT ) −→ Coh(K ⊗OT×SS′)

is an equivalence of categories. For an object E in the category

Iconv((X
′,M)/(S′, N)), we define Φ(E) by Φ(E)(T ) := (q∗)−1(ET ′)(T ),

where ET ′ is the isocoherent sheaf on T ×S S′ induced by E . Then one

can check easily that the functor Φ gives the quasi-inverse of g∗.

Remark 5.1.7. Let (X,M) −→ (S,N) be as above, and assume we

are given the following diagram of fine log formal V -schemes

X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2),
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where the horizontal lines are etale hypercoverings (up to level 2). Then

one can define functors

p : Iconv((X,M)/(S,N)) −→ Iconv((X
(0),M)/(S(0), N)),

pi : Iconv((X
(0),M)/(S(0), N)) −→ Iconv((X

(1),M)/(S(1), N)) (i = 1, 2),

pij : Iconv((X
(1),M)/(S(1), N)) −→ Iconv((X

(2),M)/(S(2), N))

(1 ≤ i < j ≤ 3),

which are induced by the above diagram. Let ∆conv be the category of

the descent data of isocrystals with respect to these functors, that is, the

category of pairs (E , ϕ), where E ∈ Iconv((X
(0),M)/(S(0), N)) and ϕ is an

isomorphism p2(E) ∼−→ p1(E) in Iconv((X
(1),M)/(S(1), N)) satisfying the

condition p12(ϕ) ◦ p23(ϕ) = p13(ϕ) in Iconv((X
(2),M)/(S(2), N)). Then

there exists the canonical functor

Iconv((X,M)/(S,N)) −→ ∆conv

induced by p. By using rigid analytic faithfully flat descent of Gabber ([O1,

(1.9)]), one can check that this functor gives an equivalence of categories.

That is, the category of isocrystals on log convergent site admits the descent

for etale coverings.

We prove that the category of nilpotent convergent log isocrystals of

(X,M) over (Spf V,N) is Tannakian under certain condition:

Proposition 5.1.8. Let (X,M) −→ (Spf V,N) be a morphism of fine

log formal V -schemes. Assume moreover that the 0-th cohomology

H0((X/V )logconv,KX/S) of KX/S is isomorphic to a field. Then the category

N Iconv((X,M)/(Spf V,N)) is a Tannakian category.

Proof. Let C be the category of sheaves of KX/V -modules

on (X/V )logconv. (Note that C is an abelian tensor category.) Then

NC = N Iconv((X,M)/(Spf V,N)) holds. So, by Proposition 1.2.1,

N Iconv((X,M)/(Spf V,N)) is an abelian category. Moreover, one can check

easily that the tensor structure of C induces the tensor structure of
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N Iconv((X,M)/(Spf V,N)) and that this category is a rigid abelian ten-

sor category with this tensor structure.

Hence, to show the category N Iconv((X,M)/(Spf V,N)) is Tannakian, it

suffices to prove the existence of a fiber functor N Iconv((X,M)/

(Spf V,N))→ VecL, where L is a field. Let us consider the homomorphism

of evaluation

H0((X/V )logconv,KX/S) −→ Q⊗Z Γ(T,OT )

for enlargements T . Since H0((X/V )logconv,KX/S) is not zero, there exists

an enlargement T such that Q ⊗Z Γ(T,OT ) %= 0 holds. We may assume

that T is affine. Let I be a maximal ideal of Q ⊗Z Γ(T,OT ) and put

L := (Q⊗Z Γ(T,OT ))/I. Let us consider the functor

N Iconv((X,M)/(Spf V,N))
ev−→ (Q⊗Z Γ(T,OT )-modules)

−→ VecL,

which is induced by the evaluation at T and the ring homomorphism Q⊗Z

Γ(T,OT ) −→ L. We denote this functor by ξ. Then one can check easily

that ξ is an exact tensor functor, noting that the essential image of ev

consists of free modules. Moreover, by [D2, (2.10)], ξ is faithful. Hence ξ is

the desired fiber functor. �

Now we give the definition of convergent fundamental groups:

Definition 5.1.9 (Definition of πconv
1 ). Let (X,M) −→ (Spf V,N) be

a morphism of fine log formal V -schemes such that H0((X/V )logconv,KX/S)

is a field, and let x be a k-rational point of Xf -triv. Then the convergent

fundamental group of (X,M) over (Spf V,N) with base point x is defined

by

πconv
1 ((X,M)/(Spf V,N), x) := G(N Iconv((X/V )log), ωx),

where ωx is the fiber functor

Iconv((X/V )log) −→ Iconv((x/V )log) � VecK ,

and the notation G(· · · ) is as in Theorem 1.1.8.
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Remark 5.1.10. The existence of the point x assures that the category

N Iconv((X/V )log) in the above definition is actually a neutral Tannakian

category.

We have the following useful criterion for the category N Iconv((X/V )log)

to be Tannakian.

Proposition 5.1.11. Let f : (X,M) −→ (Spf V,N) be a morphism of

fine log formal V -scheme and assume that the morphism f0 : (X0,M) −→
(Spec k,N) induced by f is log smooth integral of finite type and X is con-

nected. Then H0((X/V )logconv,KX/S) is a field. In particular, the category

N Iconv((X/V )log) is a Tannakian category.

Before the proof, we prepare a lemma.

Lemma 5.1.12. Let (X,M) −→ (Spf V,N) be a morphism of fine log

formal V -schemes and let h : (X,M) ↪→ (Y, J) be an exact closed immer-

sion over (Spf V,N) such that (Y, J) is formally log smooth over (Spf V,N)

and that the underlying morphism of topological spaces of h is a homeomor-

phism. Then the homomorphism

α : H0((X/V )logconv,KX/S) −→ Q⊗Z Γ(Y,OY )

defined by the evaluation at the enlargement Y := (Y, J, (Y0, J)
∼
=

(X0,M) ↪→ (X,M)) is injective.

Proof. Let x be an element of Ker(α). Let T := (T,L, z) be an

enlargement and let xT ∈ Q ⊗Z Γ(T,OT ) be the value of x at (T,L, z).

Since (Y, J) is formally log smooth over (Spf V,N), there exists etale locally

a morphism z̃ : (T,L) −→ (Y, J) over (Spf V,N) such that the following

diagram is commutative:

(T0, L) −−−→ (T,L)

z

� z̃

�
(X,M)

h−−−→ (Y, J).

So the morphism z̃ defines a morphism of enlargements T −→ Y . So, by

the assumption α(x) = 0, we conclude that xT is equal to zero etale locally.
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Then, by rigid analytic faithfully flat descent, xT is equal to zero for any

T . Hence we have x = 0, as is desired. �

Proof of Proposition 5.1.11. First, by Remark 5.1.3, we may as-

sume that (X,M) = (X0,M). Hence we may assume that (X,M) is re-

duced, connected and log smooth integral over (Spec k,N).

For a finite extension k ⊂ k′ of fields and a scheme Y over X ⊗k k′,
let us denote the ring H0(((Y,M)/(SpecV (k′), N))conv,KY/V (k)) simply

by H0
log-conv(Y/V (k′)), where V (k′) is the unramified extension of V with

residue field k′.
First, let us note the following claim:

claim 1. Let k ⊂ k′ ⊂ k′′ be finite extensions of fields and put X ′ :=
X ⊗k k′, f ′ := f ⊗k k′ : (X ′,M) −→ (Spec k′, N). Let U be a connected

component of X ′f ′-triv and let x ∈ U(k′′). Then the homomorphism

α : H0
log-conv(U/V (k′)) −→ H0

log-conv(x/V (k′)) = Q⊗Z V (k′′)

is injective, and it is isomorphic if k′ = k′′ holds.

Proof of claim 1. Note that, for any open subscheme Y of Xf -triv,

there exists the canonical isomorphism

H0(((Y,M)/(Spf V,N))conv,KY/Spf V )
∼
= H0((Y/Spf V )conv,KY/Spf V ),

where (Y/Spf V )conv is the convergent site for schemes without log struc-

tures defined by Ogus ([O1]). Then the injectivity of α follows from [O1,

(4.1)].

On the other hand, we have the natural inclusion Q ⊗Z V (k′) ⊂
H0

log-conv(U/V (k′)). Hence α is surjective if k′ = k′′ holds. Hence we obtain

the assertion. �

Next, we prove the following claim:

claim 2. Let k,X, f be as in the statement of the proposition (we

assume X = X0), and let U be a connected component of Xf -triv. Then the

natural homomorphism

β : H0
log-conv(X/V ) −→ H0

log-conv(U/V )
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is injective.

Let Xf -triv =
∐n

i=1 Ui be the decomposition into the connected compo-

nents with U = U1. First, to prove the claim 2, we prepare the following

claim:

claim 3. To prove the claim 2, one may assume the following condition

(∗):

(∗): For each i, Ui(k) is non-empty.

Proof of claim 3. If we prove the injectivity of the homomorphisms

δX : H0
log-conv(X/V ) −→ H0

log-conv(X ×k k′/V (k′)),

δU : H0
log-conv(U/W ) −→ H0

log-conv(U ×k k′/V (k′)),

the proof goes like that of claim 3 in Proposition 3.1.6. We prove the

injectivity of δX . (The injectivity of δU can be shown in the same way.) Let

x be an element in Ker(δX). Let X = ∪l
i=1Xi be an affine open covering of

X. By using the descent property of Iconv((X/V )log), one can see that we

can replace X by Xi, that is, we may assume that X is affine. Let (Y, J)

be a fine log formal V -scheme which is formally log smooth integral over

(Spf V,N) such that (Y, J) ×(Spf V,N) (Spec k,N) = (X,M) holds. (There

exists such a fine log formal V -scheme by Corollary 2.2.12.) Then, we can

form the following commutative diagram

H0
log-conv(X/V )

δX−−−→ H0
log-conv(X ×k k′/V (k′))� �

Q⊗Z Γ(Y,OY ) −−−→ Q⊗Z Γ(Y ×Spf V Spf V (k′),OY×Spf V Spf V (k′)),

where the vertical arrows are the evaluation at Y , Y ×Spf V Spf V (k′), re-

spectively. The vertical arrows are injective by Lemma 5.1.12, and the

lower horizontal arrow is obviously injective. Hence δX is injective, as is

desired. �

Proof of claim 2. Using claim 3, we can prove the claim in almost

the same way as the proof of claim 2 in Proposition 4.1.7. So we only

mention the difference.
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First, we replace H0
log-crys by H0

log-conv, and replace p by a uniformizer of

V in the proof. Second, we have to prove the injectivity of the restriction

H0
log-conv(Ui0/V ) −→ H0

log-conv(Xj ∩Xj′ ∩ Ui0/V )

when Xj ∩Xj′ ∩Ui0 is not empty. (For the notation, see the proof of claim

2 in Proposition 4.1.7.) By using the descent property of Iconv((Ui0/V )log),

we may assume Ui0 is affine, and in this case, we can prove the injectivity

by taking a formally log smooth integral lift of Ui0 and by using Lemma

5.1.12. Details are left to the reader. �

Now we finish the proof of the proposition by using the claims. Let U

be a connected component of Xf -triv and let x be a closed point of U and

let k′ be the residue field of x. Let us consider the following diagram:

K ⊂ H0
log-conv(X/V )

β−→ H0
log-conv(U/V )

α−→ H0
log-conv(x/V ) = Q⊗Z V (k′).

By claim 1, α is injective and by claim 2, β is injective. So there are

inclusions of rings K ⊂ H0
log-crys(X/W ) ⊂ Q⊗Z V (k′), and they imply that

H0
log-dR(X/k) is a field. �

Now we prove the base change property of convergent fundamental

groups.

Proposition 5.1.13. Let f : (X,M) −→ (Spf V,N) be a morphism

of fine log formal V -schemes such that H0((X/V )logconv,KX/V ) = K holds

and let x be a k-valued point of Xf -triv over Spf V . Let V ′ be a complete

discrete valuation ring with residue field k′ which is finite flat over V and

let K ′ be the fraction field of K. Let f ′ : (X ′,M) −→ (Spf V ′, N) be the

base change of f by the morphism (Spf V ′, N) −→ (Spf V,N) and let x′

be the k′-valued point of X ′ which is sent to x by the morphism X ′ −→
X. Then H0((X ′/V ′)logconv,KX′/V ′) = K ′ holds and there exists a canonical

isomorphism of pro-algebraic groups

πconv
1 ((X,M)/(Spf V,N), x)×K K ′

∼−→ πconv
1 ((X ′,M)/(Spf V ′, N), x′).
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Proof. Denote the morphism (X ′,M) −→ (X,M) by π, and put C :=

N Iconv((X,M)/(Spf V,N)) and C′ := N Iconv((X,M)/(Spf V ′, N)). Then

C is equivalent to the category RepK(πconv
1 ((X,M)/(Spf V,N), x)) of finite-

dimensional rational representations of πconv
1 ((X,M)/(Spf V,N), x) over K.

Let CK′ be the category of objects in C with a structure of K ′-module which

is compatible with K-linear structure. Then, by [D2, (4.6)(ii)], the category

CK′ is equivalent to the category RepK(πconv
1 ((X,M)/(Spf V,N), x)×KK ′).

So it suffices to prove that there exists a canonical equivalence between the

categories C′ and CK′ .

First we define the functor Φ : C′ −→ CK′ . Let E ∈ C′ and let T :=

(T,L, z) be an enlargement of (X,M) over (Spf V,N). Let T ′ be T ×Spf V

Spf V ′ and let z′ : (T ′0, L) −→ (X ′,M) be the composite

(T ′0, L) = ((T ×X X ′)0, L) ↪→ (T0, L)×(X,M) (X ′,M)
2nd proj.−→ (X ′,M).

Then the triple T ′ := (T ′, L, z′) defines an enlargement of (X ′,M) over

(Spf V ′, N). Then we define the value Φ(E)T of Φ(E) at T by Φ(E)T :=

α∗ET ′ , where α is the projection T ′ −→ T . Since Q ⊗Z Γ(T ′,OT ′) has

a canonical structure of K ′-module, Φ(E) has a structure of K ′-module,

and one can check that Φ(E) defines an object in CK′ . Hence the functor

Φ : C′ −→ CK′ is defined.

Next we define the functor Ψ : CK′ −→ C′. Let E be an object in CK′

and let (T,L, z) be an enlargement of (X ′,M) over (Spf V ′, N). Then the

triple (T,L, π ◦ z) defines an enlargement of (X,M) over (Spf V,N). Put

T ′ := T ×Spf V Spf V ′. Denote the projection (T ′, L) −→ (T,L) by α and

denote the morphism (T ′0, L) −→ (T0, L) induced by α by α0. Then the

triple (T ′, L, π ◦ z ◦ α0) defines an enlargement of (X,M) over (Spf V,N)

and the morphism α defines a morphism of enlargements T ′ := (T ′, L, π◦z◦
α0) −→ T := (T,L, z), which is also denoted by α. Since E is an isocrystal,

there exists an isomorphism α∗ET ∼−→ ET ′ . Let us denote it by h. We define

the morphism h1 : ET −→ α∗ET ′ by the composite

ET −→ α∗α
∗ET α∗h−→ α∗ET ′ ,

and the morphism h2 : ET −→ α∗ET ′ by the composite

ET −→ α∗α
∗ET = α∗(α

−1ET ⊗K K ′)
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= α∗(α
−1ET ⊗K′ (K ′ ⊗K K ′))

s−→ α∗(α
−1ET ⊗K′ (K ′ ⊗K K ′))

= α∗(α
−1ET ⊗K K ′) = α∗α

∗ET
h−→ α∗ET ′ ,

where the equality on the second and fourth lines are defined by using the

K ′-module structure of ET and the homomorphism s is defined by e⊗ (x⊗
y) �→ e ⊗ (y ⊗ x) (e ∈ α−1ET , x, y ∈ K ′). Then we define the value Ψ(E)T
of Ψ(E) at T by Ψ(E)T := Ker(h1 − h2). Note that ET is a free K ′ ⊗V OT -

module when T is affine. By using this, one can check that Ψ(E) is in the

category C′.
One can check that the functors Φ, Ψ are the quasi-inverses of each other.

Hence the categories C′ and CK′ are equivalent and the proof is finished. �

In particular, we have the following:

Corollary 5.1.14. Let (X,M) be a fine log scheme over k and let

(X,M)
f−→ (Spec k,N) ↪→ (Spf V,N) be morphisms of fine log formal V -

schemes such that H0((X/V )logconv,KX/V ) = K holds. Let x be a k-valued

point in Xf -triv. Let V ′ be a totally ramified finite extension of V and let

K ′ be the fraction field of V ′. Then we have the canonical isomorphism

πconv
1 ((X,M)/(Spf V,N), x)×K K ′

∼
= πconv

1 ((X,M)/(Spf V ′, N), x).

5.2. Comparison between log infinitesimal site and log

convergent site

Throughout this section, for a formal V -scheme X, we denote the closed

subscheme defined by p ∈ OX by X1 and (X1)red by X0, unless otherwise

stated.

In this section, we prove that the nilpotent part of the category of isocrys-

tals on log infinitesimal site is canonically equivalent to the nilpotent part

of the category of isocrystals on log convergent site for certain log schemes.

Since we have already shown (in Chapter 3) the comparison between the
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category of isocrystals on log infinitesimal site and the category of inte-

grable log connections, we can deduce the comparison theorem between de

Rham fundamental groups and convergent fundamental groups for certain

log schemes.

Let (X,M) −→ (S,N) be a morphism of fine log formal V -schemes.

Then we define a functor

ι : Iconv((X,M)/(S,N)) −→ Iinf((X,M)/(S,N))

as follows. For T := (U, T, L, φ) ∈ ((X,M)/(S,N))inf , (T0, L) is isomorphic

to (U0,M). Hence the triple ι∗(T ) := (T,L, (T0, L)
∼← (U0,M) → (X,M))

is an enlargement of (X,M) over (S,N). Then, for E ∈ Iconv((X,M)/

(S,N)), we define ι(E) ∈ Iinf((X,M)/(S,N)) by ι(E)T = Eι∗(T ).

Since Iinf((X,M)/(S,N)) is an abelian tensor category by Remark

3.2.17, we can define the nilpotent part N Iinf((X,M)/(S,N)). Since ι

is an exact functor, ι induces the functor

ι : N Iconv((X,M)/(S,N)) −→ N Iinf((X,M)/(S,N)).

The main result of this section is the following:

Theorem 5.2.1. Let (X,M)
f−→ (S,N) be a formally log smooth inte-

gral morphism of fine log formal V -schemes and assume that Xf -triv is dense

open in X. Then the above functor ι gives an equivalence of categories.

First, by Remarks 3.2.19 and 5.1.6, we may assume S is flat over Spf V .

(Then X is also flat over Spf V by Corollary 2.2.11.) Next, let us note the

following lemma:

Lemma 5.2.2. To prove Theorem 5.2.1, we may assume that the mor-

phism f : (X,M) −→ (S,N) admits a chart.

Proof. We prove Theorem 5.2.1 under the assumption that the theo-

rem is true if f admits a chart.

One can take a diagram

X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2),
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where the horizontal lines are etale hypercoverings (up to level 2), and the

morphisms (X(i),M) −→ (S(i), N) (i = 0, 1, 2) admit a chart. Let us define

∆inf (resp. ∆conv) as in Remark 3.2.20 (resp. Remark 5.1.7) and let ∆′inf ,

(resp. ∆′conv) be the full subcategory of ∆inf (resp. ∆conv) which consists

of the pairs (E , ϕ) such that E is nilpotent.

By Remark 3.2.20 (resp. Remark 5.1.7), there exists the canonical equiv-

alence of categories

jinf : Iinf((X/S)log) −→ ∆inf .

(resp. jconv : Iconv((X/S)log) −→ ∆conv. )

One can see easily that the functor jinf (resp. jconv) induces the fully faithful

functor

jinf : N Iinf((X/S)log) −→ ∆′inf .

(resp. jconv : N Iconv((X/S)log) −→ ∆′conv. )

Let ι∆ : ∆′conv −→ ∆′inf be the functor induced by ι’s for (X(i),M) −→
(S(i), N) (i = 0, 1, 2). Then, since the morphisms (X(i),M) −→ (S(i), N)

(i = 0, 1, 2) admits a chart, ι∆ gives an equivalence of categories. Let us

consider the following commutative diagram:

N Iconv((X/S)log)
ι−−−→ N Iinf((X/S)log)

jconv

� jinf

�
∆′conv

ι∆−−−→ ∆′inf .

Since the functors jconv, jinf and ι∆ are fully-faithful, ι is also fully-faithful.

Now let us prove the essential surjectivity of the functor ι by induction of

the rank of E ∈ N Iinf((X/S)log). By inductive hypothesis, we may assume

that there exists an object F ∈ N Iconv((X/S)log) and an exact sequence

0 −→ ι(KX/S) −→ E −→ ι(F) −→ 0.

Applying jinf and using the commutative diagram in the previous para-

graph, we get the following exact sequence:

(5.2.1) 0 −→ ι∆ ◦ jconv(KX/S) −→ jinf(E) −→ ι∆ ◦ jconv(F) −→ 0.



626 Atsushi Shiho

Since the functor ι∆ gives an equivalence of categories, there exists an object

G in ∆′conv and an exact sequence

(5.2.2) 0 −→ jconv(KX/S) −→ G −→ jconv(F) −→ 0,

such that we get the exact sequence (5.2.1) when we apply the functor

ι∆ to the exact sequence (5.2.2). Moreover, since the functor jconv is an

equivalence of categories, there exists an object H in Iconv((X/S)log) and

an exact sequence

(5.2.3) 0 −→ KX/S −→ H −→ F −→ 0,

such that we get the exact sequence (5.2.2) when we apply the functor jconv

to the exact sequence (5.2.3). (Note that jconv is the restriction of jconv

to the category N Iconv((X/S)log).) By the exact sequence (5.2.3), H is an

object in N Iconv((X/S)log) and we have

jinf ◦ ι(H) = ι∆ ◦ jconv(H) = ι∆(G) = jinf(E).

Since jinf is fully-faithful, we have ι(H) = E . Hence E is contained in the

essential image of ι and the proof of lemma is finished. �

To prove Theorem 5.2.1, we introduce the notion of the system of uni-

versal enlargements. First we define an enlargement in a fine log formal

V -scheme.

Definition 5.2.3. Let (X,M) −→ (S,N) be a morphism of fine log

formal V -schemes and i : (X,M) −→ (Y,M ′) be an exact closed immersion

of fine log formal V -schemes over (S,N). Then an enlargement of (X,M) in

(Y,M ′) over (S,N) is a 4-ple (T,L, z, g), where (T,L, z) is an enlargement

of (X,M) over (S,N) and g is a morphism (T,L) −→ (Y,M ′) such that

incl. ◦ g0 : (T0, L) −→ (Y0,M
′) −→ (Y,M ′) coincides with i ◦ z : (T0, L) −→

(X,M) −→ (Y,M ′). A morphism from (T,L, z, g) to (T ′, L′, z′, g′) is defined

as a morphism h : (T,L, z) −→ (T ′, L′, z) of enlargements of (X,M) over

(S,N) satisfying g′ ◦ h = g.

Let (X,M) −→ (Y,M ′) be an exact closed immersion of fine log formal

V -schemes. Let I be the defining ideal of X in Y . Then we denote the
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formal blow up of Y with respect to pOY + In+1 by BX,n(Y ). Let TX,n(Y )

be the open sub formal scheme of BX,n(Y ) defined by

TX,n(Y ) := {x ∈ BX,n(Y ) | (pOY + In+1) · OBX,n(Y ),x = pOBX,n(Y ),x},

and let LX,n(Y ) be the fine log structure on TX,n(Y ) defined as the pull-

back of M ′. Since (TX,n(Y ))1 −→ Y1 factors through the closed subscheme

of Y defined by pOY +In+1, (TX,n(Y ))0 −→ Y0 factors through X0. Hence

(TX,n(Y ), LX,n(Y )) defines naturally an enlargement of (X,M) in (Y,M ′)
over (S,N). We sometimes denote this enlargement by (TX,n(Y ), LX,n(Y ),

zn, tn). For n ≥ n′, there exists a morphism TX,n′(Y ) −→ TX,n(Y ) which is

induced by the inclusion of ideals pOY + In ⊂ pOY + In′
and this map is

a morphism of enlargements of (X,M) in (Y,M ′) over (S,N).

The following proposition is the log version of [O1, (2.3)]:

Proposition 5.2.4. Let (X,M) −→ (S,N), i : (X,M) −→ (Y,M ′),
and (TX,n(Y ), LX,n(Y ), zn, tn) be as above. Then, for any enlargement

(T ′, L′, z′, g) of (X,M) in (Y,M ′) over (S,N), there exists some n and

a morphism of enlargements f : (T ′, L′, z′, g) −→ (TX,n(Y ), LX,n(Y ), zn, tn)

of (X,M) in (Y,M ′) over (S,N) and such a morphism f is unique as a

morphism to the inductive system {(TX,n(Y ), LX,n(Y ), zn, tn)}n∈N.

The inductive system {(TX,n(Y ), LX,n(Y ), zn, tn)}n∈N is called the sys-

tem of universal enlargements of (X,M) in (Y,M ′) over (S,N).

Proof. Let (T ′, L′, z′, g) be any enlargement of (X,M) in (Y,M ′) over

(S,N). Then there exists some n such that g∗(In+1)OT ′ ⊂ pOT ′ holds.

The universality of blow up gives the map f : T ′ −→ TX,n(Y ) satisfy-

ing tn ◦ f = g. Since LX,n(Y ) is the pullback of M ′, f defines the mor-

phism of fine log formal V -schemes (T ′, L′) −→ (TX,n(Y ), LX,n(Y )) sat-

isfying tn ◦ f = g. Then one can check easily that f gives a morphism

of enlargements (T ′, L′, z′, g) −→ (TX,n(Y ), LX,n(Y ), zn, tn) of (X,M) in

(Y,M ′) over (S,N).

The assertion that f is unique as a morphism to the inductive sys-

tem {(TX,n(Y ), LX,n(Y ), zn, tn)} also follows from the universality of blow

ups. �
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Next we define the notion of convergent log stratification, which is the

‘convergent’ version of log stratification, for certain fine log formal V -

schemes.

Let us prepare some notations. Let f : (Y,M ′) −→ (S,N) be a mor-

phism of fine log formal V -schemes and assume there exists a chart (PY →
M ′, QS → N,Q → P ) of f . Let α(1) (resp.α(2)) be the homomorphism

P ⊕Q P → P (resp. P ⊕Q P ⊕Q P → P ) induced by the summation and

let R(1) (resp. R(2)) be (α(1)gp)−1(P ) (resp. (α(2)gp)−1(P )). Let Y (1)

(resp. Y (2)) be (Y ×S Y ) ×Spf Zp{P⊕QP} Spf Zp{R(1)} (resp. (Y ×S Y ×S

Y ) ×Spf Zp{P⊕QP⊕QP} Spf Zp{R(2)}), and let M ′(1) (resp. M ′(2)) be the

log structure on Y (1) (resp. Y (2)) induced by the canonical log struc-

ture on Spf Zp{R(1)} (resp. Spf Zp{R(2)}). Then (Y (1),M ′(1)) (resp.

(Y (2),M ′(2))) is formally log etale over ((Y,M ′) ×(S,N) (Y,M ′))int (resp.

((Y,M ′)×(S,N) (Y,M ′)×(S,N) (Y,M ′))int) ([Kk1, (4.10)]). Moreover, there

exist morphisms

p′i : (Y (1),M ′(1)) −→ (Y,M ′) (i = 1, 2),

p′ij : (Y (2),M ′(2)) −→ (Y (1),M ′(1)) (1 ≤ i < j ≤ 3),

∆′ : (Y,M ′) −→ (Y (1),M ′(1))

induced by the projections

(Y,M ′)×(S,N) (Y,M ′) −→ (Y,M ′),

(Y,M ′)×(S,N) (Y,M ′)×(S,N) (Y,M) −→ (Y,M ′)×(S,N) (Y,M ′),

and the diagonal morphism

(Y,M ′) −→ (Y ′,M ′)×(S,N) (Y,M ′),

respectively. Note that ∆′ is an exact closed immersion and that the com-

position

(Y,M ′)
∆′
−→ (Y (1),M ′(1)) −→ (Y,M ′)×(S,N) (Y,M ′)

coincides with the usual diagonal morphism.
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Let (X,M) −→ (S,N) be a morphism of fine log formal V -schemes

and let (X,M) ↪→ (Y,M ′) be an exact closed immersion over (S,N) with

(Y,M ′) as above. We denote the log scheme (TX,n(Y ), LX,n(Y )) simply by

(Tn, Ln) and (TX,n(Y (i)), LX,n(Y (i))) by (T (i)n, L(i)n). The morphisms

p′i (i = 1, 2), p′ij (1 ≤ i < j ≤ 3) and ∆′ induce compatible morphisms of

enlargements pi,n : T (1)n → Tn, pij,n : T (2)n → T (1)n and ∆n : Tn →
T (1)n.

Now we define the notion of a convergent log stratification as follows:

Definition 5.2.5. Let the notations be as above. (In particular, we

assume that the morphism (Y,M ′) −→ (S,N) admits a chart.) For a com-

patible family of isocoherent sheaves En on Tn, a convergent log stratifica-

tion on {En} is a compatible family of isomorphisms

εn : p∗2,nEn −→ p∗1,nEn (n ∈ N)

which satisfies the following conditions:

(1) ∆∗n(εn) = id.

(2) p∗12,n(εn) ◦ p∗23,n(εn) = p∗13,n(εn).

We denote the category of compatible families of isocoherent sheaves on Tn

with convergent log stratifications by Str′((X,M) ↪→ (Y,M ′)/(S,N)).

The next proposition establishes the relation between the categories

Iconv((X,M)/(S,N)) and Str′((X,M) ↪→ (Y,M ′)/(S,N)).

Proposition 5.2.6. Let the notations be as in Definition 5.2.5 and

assume that (Y,M ′) is formaly log smooth over (S,N). Then the cat-

egory Iconv((X,M)/(S,N)) is equivalent to the category Str′((X,M) ↪→
(Y,M ′)/(S,N)).

Proof. First, suppose given an object E in Iconv((X,M)/(S,N)). Let

En be ETn . Then the morphisms pi,n : (T (1)n, L(1)n) −→ (Tn, Ln) in-

duce the isomorphisms εn : p∗2,nEn
∼→ ET (1)n

∼→ p∗1,nEn (n ∈ N). One can

check easily that the pair ({En}, {εn}) gives an object of Str′((X,M) ↪→
(Y,M ′)/(S,N)).

Conversely, suppose given an object ({En}, {εn}) in Str′((X,M) ↪→
(Y,M ′)/(S,N)). We will show how to associate an object E in
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Iconv((X,M)/(S,N)). Denote the morphism (X,M) ↪→ (Y,M ′) by i. Let

(T,L, z) be an enlargement of (X,M) over (S,N). Then there exists a

commutative diagram

(T0, L)
i◦z−−−→ (Y,M ′)� �

(T,L) −−−→ (S,N).

Since (Y,M ′) −→ (S,N) is formally log smooth, etale locally there exists a

map s : (T,L) −→ (Y,M ′) compatible with the above diagram (Proposition

2.2.13). Hence there exists a morphism (T,L) −→ (Tn, Ln) for some integer

n and ET is defined as the pullback of En.

Suppose there exist two morphisms s, t : (T,L) −→ (X,M) which satis-

fies the same condition as s. Then there exists a commutative diagram

(T0, L)
∆◦z−−−→ (Y (1),M ′(1))� �

(T,L) −−−−→
(s×t)int

((Y,M ′)×(S,N) (Y,M ′))int,

where (s× t)int is the morphism induced by s× t : (T,L) −→ (Y,M ′)×(S,N)

(Y,M ′). Since the morphism (Y (1),M ′(1)) −→ ((Y,M ′) ×(S,N) (Y,M ′))int

is formally log etale, there exists uniquely a morphism f : (T,L) −→
(Y (1),M ′(1)) compatible with the above diagram. Then the 4-ple (T,L,

z, f) forms an enlargement of (X,M) in (Y (1),M ′(1)) over (S,N). Hence

there exists a morphism (T,L) −→ (T (1)n, L(1)n) for some integer n. Then

the isomorphism εn : p∗2,nE −→ p∗1,nE on T (1)n induces the isomorphism

t∗E
∼−→ s∗E. By this fact, the cocycle condition of {εn} and rigid ana-

lytic faithfully flat descent, one can check that the above sheaf ET := s∗E
descents to T and determines an isocoherent sheaf on T , and that this iso-

coherent sheaf is independent of the choice of the morphism s. Again by

the cocycle condition of {εn}, one can see that the ET ’s form an object E of

Iconv((X,M)/(S,N)).

It can be checked easily that the above two functors are the inverse of

each other. �
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We prepare two propositions which are essentially due to Ogus ([O1,

(2.6.4), (2.13), (2.14)]).

Proposition 5.2.7. Let (X,M) ↪→ (Y,M ′) be an exact closed immer-

sion of fine log formal V -schemes which are formally log smooth, integral

over a fine log formal V -scheme (S,N) such that S is flat over Spf V . Let

(Tn, Ln) be as above and let zn be the map (Tn)0 −→ X0. Let OY an (resp.

OT an
n

) be the sheaf lim←−m
K ⊗V (OY /Jm) (resp. lim←−m

K ⊗V (OTn/Jm)),

where J is the defining ideal of X in Y (resp. Tn). Then:

(1) The map OY an −→ OT an
n

induced by the morphism Tn −→ Y is an

isomorphism for each n.

(2) The composition

zn∗(K ⊗V OTn) −→ OT an
n

∼←− OY an

is injective.

Proof. (1) is nothing but [O1, (2.6.4)]. (Note that X and Y are flat

over Spf V .)

If we prove the isomorphism

(5.2.4) OY an
∼−→ (K ⊗OX)[[t1, t2, ..., tr]]

(where ti’s are indeterminates) locally, one can prove (2) in the same way as

that in [O1, (2.13)]. So here we only prove (5.2.4). There exists etale locally

a chart (P → OY , Q→ OS , Q→ P ) of (Y,M ′) −→ (S,N) which satisfying

the conditions in Theorem 2.2.8. Let S′n be SpecOS/pn ⊗Z[Q] Z[P ] and

S′ be lim−→n
S′n. Then X and Y are formally smooth over S′. Then the

isomorphism (5.2.4) is easily deduced from this. �

Proposition 5.2.8. With the notations of the previous proposition, let

j : U ↪→ X be a dense open subset. Then the obvious sequence of sheaves

on X

0 −→ zn∗(K ⊗V OTn) −→ OY an ⊕ j∗j∗zn∗(K ⊗V OTn) −→ j∗j∗(OY an)

is exact.
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Proof. Since the proof is same as that of [O1, (2.14)], we omit it. �

Using Propositions 5.2.6, 5.2.7 and 5.2.8, we prove the fully faithfulness

of the functor ῑ (cf. [O1, (2.15)]):

Proposition 5.2.9. Let (X,M) −→ (S,N) be a formally log smooth

integral morphism of fine log formal V -schemes which admits a chart. Then

the functor

ι : N Iconv((X,M)/(S,N)) −→ N Iinf((X,M)/(S,N))

is fully faithful.

Proof. The proof is similar to that of [O1, (2.15)]. First let us note

that we may assume that S is flat over Spf V , by Remarks 3.2.19 and 5.1.6.

Let E ,F be objects in N Iconv((X,M)/(S,N)). Then Hom(E ,F) is iso-

morphic to the global section of Hom(E ,F), where Hom(E ,F) is defined

by

Hom(E ,F)T := Hom(ET ,FT )

for each enlargement T . The similar statement is true for the category

N Iinf((X,M)/(S,N)). Hence it suffices to show that the homomorphism

ιE : H0((X/S)logconv, E) −→ H0((X/S)loginf , ι(E))

induced by ι is isomorphic for any object E in N Iconv((X/S)log). Hence the

assertion is reduced to the following lemma.

Lemma 5.2.10. Let (X,M) −→ (S,N) be as in Proposition 5.2.9 (with

S flat over Spf V ) and let (PX → M,QS → N,Q → P ) be a chart. Let E
be an object in Iconv((X/S)log) such that the isocoherent sheaf EX obtained

by evaluating E at the enlargement (X,M, (X0,M) ↪→ (X,M)) is a locally

free K ⊗V OX-module. Then the homomorphism

ιE : H0((X/S)logconv, E) −→ H0((X/S)loginf , ι(E))

induced by ι is an isomorphism.
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Proof. Let α be the map P ⊕Q P −→ P induced by the summation

and define R to be (αgp)−1(P ). Let

X(1) := (X ×S X)×Spf Zp{P⊕QP} Spf Zp{R}

and let M(1) be the log structure on X(1) induced by the canonical log

structure on Spec Z/pnZ[R]. Then there exists an exact closed immersion

∆ : (X,M) ↪→ (X(1),M(1)) induced by the diagonal morphism (X,M) ↪→
(X,M)×(S,N) (X,M). So the morphism (X(1),M(1)) −→ (X,M) induced

by the projections (X,M) ×(S,N) (X,M) −→ (X,M) are formally smooth

in the classical sense on a neighborhood of ∆(X). Hence (X(1),M(1))

is formally log smooth integral over (S,N) on a neighborhood of ∆(X).

Hence the results in Proposition 5.2.7 and 5.2.8 are true for (Y,M ′) =

(X(1),M(1)). Put Tn := Tn,X(X(1)).

Now let E be an object of N Iconv((X,M)/(S,N)). Since we have an

equivalence of categories

Iconv((X,M)/(S,N)) � Str′((X,M) ↪→ (X,M)/(S,N)),

E defines an isomorphism

εn : (K ⊗OTn)⊗ EX −→ EX ⊗ (K ⊗OTn)

for each n. If we tensor it with the map K⊗OTn −→ OX(1)an of Proposition

5.2.7(2) (for Y = X(1)), we obtain the isomorphism

ε′ : OX(1)an ⊗ EX −→ EX ⊗OX(1)an .

One can check easily that this isomorphism is induced by the object ι(E) ∈
Iinf((X,M)/(S,N)) via the equivalence of categories

Iinf((X,M)/(S,N)) � Ŝtr((X,M)/(S,N)).

(Note that we have OX(1)an
∼
= K ⊗V lim←−n

OXn , where Xn is as in Section

3.2.) So we get the following:

H0((X/S)logconv, E) = {e ∈ Γ(X, EX) | εn(1⊗ e) = e⊗ 1 for all n }.
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H0((X/S)loginf , ι(E)) = {e ∈ Γ(X, EX) | ε′(1⊗ e) = e⊗ 1 }.

Moreover, the map ιE is identical with the natural inclusion. Then, since

the map K ⊗ OTn −→ OX(1)an is injective and EX is locally free, ιE is an

isomorphism. Hence the assertion is proved. �

By Lemma 5.2.2 and Proposition 5.2.9, it suffices to show the essen-

tial surjectivity of ι in the case when the morphism (X,M) −→ (S,N)

admits a chart to prove the Theorem 5.2.1. Let us call an object E in

N Iinf((X,M)/(S,N)) is convergent if there exists a convergent isocrystal

E ∈ N Iconv((X,M)/(S,N)) such that ι(E) = E holds. Then the following

proposition holds (cf. [O1, (2.16)]):

Proposition 5.2.11. Let (X,M) −→ (S,N) be a formally log smooth

integral morphism of fine log formal V -schemes which admits a chart and let

U be a dense open subset of X. If E ∈ N Iconv((X,M)/(S,N)) is convergent

when restricted to (U,M), then E is convergent on (X,M).

Proof. We may assume that S is flat over Spf V . Let E be the ob-

ject in Iconv((U/S)log) such that ι(E) = E holds. Let F be the sheaf

zn∗Hom((K ⊗ OTn) ⊗ EX , EX ⊗ (K ⊗ OTn)) on X. Since F is a locally

free zn∗(K ⊗OTn)-module, we have an exact sequence

0 −→ F
a−→ (F ⊗OX(1)an)⊕ j∗j

∗F
b−→ j∗j

∗(F ⊗OX(1)an),

where X(1) is as in Lemma 5.2.10. Let

ε′n : j∗j
∗zn∗((K ⊗OTn)⊗ EX) −→ j∗j

∗zn∗(EX ⊗ (K ⊗OTn))

be the map defined by the structure of an isocrystal E ∈ Iconv((U/S)log) via

the equivalence of categories

Iconv((U/S)log) � Str′((U,M) ↪→ (U,M)/(S,N)),

and let

ε′ : OX(1)an ⊗ EX −→ EX ⊗OX(1)an
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be the map defined by the structure of an isocrystal E ∈ Iinf((X/S)log) via

the equivalence of categories

Iinf((X/S)log) � Ŝtr((X,M)/(S,N)).

Then (ε′n, ε
′) defines an element of Ker(b). So there exists an element εn ∈ F

such that a(εn) = (ε′n, ε
′) holds. Then one can check that these εn’s define,

via the equivalence of categories

Iconv((X/S)log) � Str′((X,M) ↪→ (X,M)/(S,N)),

an isocrystal Ẽ ∈ Iconv((X/S)log) satisfying ι(Ẽ) = E.

It suffices to prove that isocrystal Ẽ is nilpotent. Let us prove it by

induction on the rank of E. First let us consider the case E = K ⊗OX/S .

Since EX = K ⊗ OX is locally free, the isocrystal Ẽ satisfying ι(Ẽ) =

K⊗OX/S is unique up to isomorphism by Lemma 5.2.10. Hence Ẽ = KX/S

holds. So Ẽ is nilpotent in this case. Let us consider the general case. By

inductive hypothesis, there exists an exact sequence

0 −→ K ⊗V OX/S
h−→ E −→ E′ −→ 0

in Iinf((X/S)log) such that E′ is convergent. Since ẼX = EX is a locally

free K ⊗V OX -module, the homomorphism

ιẼ : H0((X/S)logconv, Ẽ) −→ H0((X/S)loginf , ι(Ẽ))

induced by ι is an isomorphism by Lemma 5.2.10. Hence there exists a

morphism h′ : KX/S −→ Ẽ which is sent to h by the functor ι. Put

Ẽ ′ := Coker(h′). Then it is easy to see that ι(Ẽ ′) = E′ holds. Then, since

E′ is convergent, Ẽ ′ is nilpotent. (Note that, since HomK⊗V OX
(E′X , E′X) is

locally free, the isocrystal Ẽ ′ satisfying ι(Ẽ ′) = E′ is unique up to isomor-

phism.) Hence Ẽ is also nilpotent. So the assertion is proved. �

By Proposition 5.2.11, it suffices to prove the essential surjectivity of ῑ

in the case that f∗N = M holds for the proof of Theorem 5.2.1. Note that

we have the equivalence of categories

Iconv((X, triv. log str.)/(S, triv. log str.)) � Iconv((X,M)/(S,N)),
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Iinf((X, triv. log str.)/(S, triv. log str.)) � Iinf((X,M)/(S,N)),

in this case. Hence we may assume that the log structures are trivial. So,

until the end of the proof of Theorem 5.2.1, we assume the log structures

are trivial and abbreviate to write the log structures. Moreover, we may

assume that S is flat over Spf V by Remarks 3.2.19 and 5.1.6.

Let the notations be as above and let Xn be the n-th infinitesimal neigh-

borhood of X in X ×S X. Denote the category Str′(X ↪→ X/S) simply by

Str′(X/S). Let Xn be the n-th infinitesimal neighborhood of X in X ×S X

and let {Tn}n be the system of enlargements of X in X ×S X. The univer-

sality of blow up induces a family of morphisms ψn : Xn −→ Tn. We can

define the functor

α : Str′(X/S) −→ Ŝtr(X/S).

as the one induced by the pull-back by ψn’s. One can check easily that this

functor α coincides with the functor

ι : Iconv(X/S) −→ Iinf(X/S)

via the equivalences of categories

Iconv((X/S)log) � Str′(X/S),

Iinf((X/S)log) � Ŝtr(X/S)

of Propositions 3.2.14 and 5.2.6.

For ‘special’ objects of Ŝtr(X/S), we construct the quasi-inverse of α.

Definition 5.2.12. Let the notations be as above. Let (E, {εn}) be

an object of the category Ŝtr(X/S) and let Ẽ be a p-torsion free coherent

sheaf on X such that K ⊗V Ẽ = E holds. Then we call (E, {εn}) is special

if and only if there exists a sequence of integers a(n) which satisfies the

following conditions:

(1) a(n) = O(log n) (n→∞) holds.

(2) The map

pa(n)εn : p∗2E −→ p∗1E

sends p∗2Ẽ into p∗1Ẽ and the map

pa(n)ε−1
n : p∗1E −→ p∗2E

sends p∗1Ẽ into p∗2Ẽ.
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This definition is independent of the choice of Ẽ. We denote the full

subcategory of Ŝtr(X/S) which consists of special objects by SŜtr(X/S).

Proposition 5.2.13. Let the notations be as above. Then there exists

a functor β : SŜtr(X/S) → Str′(X/S) such that the composition α ◦ β is

equivalent to the inclusion functor SŜtr(X/S)→ Ŝtr(X/S).

Proof. In this proof, for a formal V -scheme Z, we denote the closed

subscheme defined by pn by Z/pn. By using the explicit description of Tn’s

in the proof of [O1, (2.3)], one can check the following: For integers n,m ≥
0, we can define a compatible family of morphisms Tm−1/p

n f−→ Xnm/pn

which makes the following diagram commutative:

(5.2.5)

Xm(n+1)
ψm(n+1)−−−−−→ Tm(n+1)� �

Xnm Tm−1

g

� �
Xnm/pn ←−−−

f
Tm−1/p

n

� ∥∥∥
Xm−1/pn −−−−−−→

ψm−1/pn
Tm−1/p

n

Let (E, {εn}) be an object in SŜtr(X/S), let Ẽ be a p-torsion free co-

herent sheaf on X satisfying K ⊗ Ẽ = E and let {a(n)}n∈N be a sequence

of integers which satisfies the condition in Definition 5.2.12. Then {εn}
induces maps

pa(nm)εnm : p∗2Ẽ −→ p∗1Ẽ,

pa(nm)ε−1
nm : p∗1Ẽ −→ p∗2Ẽ,

where pi (i = 1, 2) is the morphism Xnm → X ×X
i-th proj.→ X. Let qi (i =

1, 2) be the morphism

Tm−1/p
n → Xm−1/pn → (X ×X)/pn

i-th proj.→ X/pn,
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and denote the pull-back of the morphisms pa(nm)εnm, pa(nm)ε−1
nm by f ◦ g

by

σm,n : q∗2Ẽ −→ q∗1Ẽ

ρm,n : q∗1Ẽ −→ q∗2Ẽ,

respectively. Let ri (i = 1, 2) be the morphism

Tm−1 → Xm−1 → X ×X
i-th proj.→ X.

We define the map ε′m : r∗2E −→ r∗1E to be the map such that for all n,

pa(nm)ε′m sends r∗2Ẽ to r∗1Ẽ and that pa(nm)ε′m mod pnr∗2Ẽ coincides with

σm,n. From the data σm,n, ε′m is determined modulo pn−a(nm)(r∗1Ẽ), and

the condition a(n) = O(log n) guarantees the well-definedness of ε′m. By the

same method, we can define ε′′m from ρm,n. Then ε′m and ε′′m are the inverse

maps of each other. One can check easily that (E, {ε′m}) defines an object

of Str′((X,M)/(S,N)). We define the functor β by (E, {εn}) �→ (E, {ε′m}).
By using the diagram (5.2.5), one can check that the composition α ◦ β is

equivalent to the inclusion functor SŜtr(X/S)→ Ŝtr(X/S). �

By Proposition 5.2.13, Theorem 5.2.1 is reduced to the following propo-

sition.

Proposition 5.2.14. Let the notations be as above. Then

N Ŝtr(X/S) ⊂ SŜtr(X/S) holds, that is, nilpotent objects are special.

Proof. It is obvious that (K ⊗V OX , {id}) is special.

Let (E′, {ε′n}), (E′′, {ε′′n}) be objects in SŜtr(X/S) and let (E, {εn}) be an

object in Ŝtr(X/S). Assume further that E,E′, E′′ are locally free K⊗OX -

modules and there exists an exact sequence

(5.2.6) 0 −→ (E′, {ε′n}) −→ (E, {εn}) −→ (E′′, {ε′′n}) −→ 0.

If we prove that (E, {εn}) is also special, we are done.

Note that if (E, {εn}) is an object of Ŝtr(X/S), (E, {τ∗nε−1
n }) is also an

object of Ŝtr(X/S), where τn is as in Section 3.2. If we take this fact into

consideration, we only have to show that, in the above situation, there

exists a sequence of integers {a(n)} such that a(n) = O(log n) holds and
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that pa(n)εn : p∗2E −→ p∗1E sends p∗2Ẽ into p∗1Ẽ, where Ẽ is any fixed p-

torsion free coherent sheaf satisfying E = K ⊗ Ẽ and pi (i = 1, 2) is the

morphism Xn −→ X ×S X
i-th proj.−→ X. Moreover, note that we may work

locally to prove this claim.

To show this claim, we prepare a lemma:

Lemma 5.2.15. Let the situation be as above and assume Ω1
X/S is free

with basis dxi (1 ≤ i ≤ m) with xi ∈ OX . Define ξi ∈ OX×X by ξi :=

1⊗xi−xi⊗1. Let (E,∇) be an object in Ĉ(X/S). If we identify Ŝtr(X/S)

with Ĉ(X/S) by Theorem 3.2.15, the object (E, {εn}) which corresponds to

(E,∇) is given by the following formula:

εn(1⊗ e) =
∑
|a|≤n

1

a!
∇a(e)⊗ ξa,

where a := (a1, · · · , am) is a multi-index of length m,

∇a := (id⊗D(1) ◦ ∇)a1 ◦ · · · ◦ (id⊗D(m) ◦ ∇)am

(D(i)’s are defined in Lemma 3.2.7) and ξa :=
∏m

i=1 ξaii .

Proof. By [B-O, (2.7)], we have D∗a = a!Da. The lemma follows from

this fact and easy calculation. �

Proof of Proposition 5.2.14 (continued). Let

0 −→ (E′,∇′) −→ (E,∇) −→ (E′′,∇′′) −→ 0

be an exact sequence in Ĉ(X/S) corresponding to the exact sequence (5.2.6)

via the equivalence of categories Ŝtr(X/S) � Ĉ(X/S). Since the notion

‘special’ is a local property, we may assume that E′,E′′ are free K ⊗V OX -

modules and E
∼
= E′⊕E′′ holds as sheaves. Let Ẽ′, Ẽ′′ be free OX -modules

such that K ⊗ Ẽ′ = E′ and K ⊗ Ẽ′′ = E′′ hold, and put Ẽ := Ẽ′ ⊕ Ẽ′′.
∇ is expressed as

∇ =

(
∇′

∇′′
)

+

(
Γ
)

,
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where Γ is a matrix with entries in K ⊗V Ω1
X/S . Let ei be the multi-index

(0, 0, · · · , 0,
i

1̂, 0, · · · , 0) of length m. Then

∇ei =

(
∇′ei

∇′′ei

)
+

(
Γi
)

holds for some matrix Γi with entries in K ⊗V OX . Then, for a general

multi-index a of length m,

1

a!
∇a =

1

a!

(
∇′a

∇′′a

)

+

m∑
i=1

∑
b+c=a−ei

b,c≥0

b!c!

a!
· 1

b!

(
∇′b

∇′′b

)(
Γi
)

1

c!

(
∇′c

∇′′c

)

holds. Since E′ and E′′ are special, there exists a sequence of integers k(n)

such that k(n) = O(log n) and

pk(n)

a!
∇′a(e′) ∈ Ẽ′

pk(n)

a!
∇′′a(e′′) ∈ Ẽ′′

hold for any e′ ∈ Ẽ′, e′′ ∈ Ẽ′′ and any multi-index a of length m such that

|a| ≤ n. Hence it suffices to show that there exists a constant C such that

vp(
a!

b!c!
) ≤ C log n for n5 0

holds for any multi-indices a, b, c of length m such that |a| ≤ n and b + c =

a− ei hold, where vp is the p-adic valuation on Z satisfying vp(p) = 1.

Let k, l, r be integers such that 0 ≤ k, l, r and r − 1 ≤ k + l ≤ r hold.

Let S : N −→ N be a map defined by S(r) = at + at−1 + · · · + a0, where

r = atp
t +at−1p

t−1 + · · · a1p+a0 with 0 ≤ ai ≤ p− 1. Then vp(r!) = r−S(r)
p−1

holds. So we have

vp(
r!

k!l!
) ≤ 1 + S(k) + S(l)− S(r)

p− 1
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≤
1 + (logp r)(p− 1)

p− 1

≤ 1 + logp r.

Let a, b, c as above and write a = (a1, a2, ..., am) etc. Then we have

vp(
a!

b!c!
) =

m∑
i=1

vp(
ai!

bi!ci!
)

≤
∑
ai �=0

(1 + logp ai)

≤ m + logp(
∏
ai �=0

ai)

≤ m + m logp n.

Hence there exists a required constant C. �

By Proposition 5.2.14, the essential surjectivity of ῑ is deduced and the

proof of Theorem 5.2.1 is now completed.

Now we give an important corollary of Theorem 5.2.1.

Corollary 5.2.16. Let (X,M)
f−→ (SpecV,N) be a proper log

smooth integral morphism of fine log schemes and let x be a V -valued point

of Xf -triv. Assume moreover that H0
dR((X,M)/(SpecV,N)) = V holds and

that the special fiber is reduced. Let (XK ,M)
fK−→ (SpecK,N) be the generic

fiber and (Xk,M)
fk−→ (Spf V,N) be the map induced by the special fiber.

Denote the generic fiber and the special fiber of x by xK , xk, respectively.

Then we have H0((Xk/V )logconv,KXk/V ) = K (hence the convergent funda-

mental group of (Xk,M) over (Spf V,N) with base point xk is well-defined)

and there exists a canonical isomorphism

πconv
1 ((Xk,M)/(Spf V,N), xk)

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK).

Proof. Let us denote the p-adic completion of f by f̂ : (X̂,M) −→
(Spf V,N). Then the canonical functor

(5.2.7) N Iconv((X̂,M)/(Spf V,N)) −→ N Iconv((Xk,M)/(Spf V,N))
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gives an equivalence of categories by Remark 5.1.3.

Note that X̂f̂ -triv ⊂ X is homeomorphic to Xk,fk-triv ⊂ Xk via the home-

omorphism Xk −→ X̂. Since Xk,fk-triv is open dense in Xk by Proposition

2.3.2, X̂f̂ -triv is open dense in X̂. So, by Theorem 5.2.1, we have the canon-

ical equivalence of categories

(5.2.8) N Iconv((X̂,M)/(Spf V,N)) � N Iinf((X̂,M)/(Spf V,N)).

Moreover, by Corollary 3.2.16, we have the canonical equivalence of cate-

gories

(5.2.9) C((XK ,M)/(SpecK,N)) � Iinf((X̂,M)/(Spf V,N)).

Combining the equivalences (5.2.7), (5.2.8) and (5.2.9), we get the functorial

equivalence

N Iconv((Xk,M)/(Spf V,N)) � NC((XK ,M)/(SpecK,N)).

From this equivalence, we obtain the desired assertion. (Compatibility of

fiber functors follows from the functoriality of the above equivalence of

categories with respect to the morphism x : SpecV −→ X.) �

5.3. Comparison between log convergent site and log

crystalline site

Throughout this section, for a formal W -scheme X, we denote the closed

subscheme defined by p ∈ OX by X1 and (X1)red by X0, unless other-

wise stated. In this section, we prove the comparison theorem between

crystalline fundamental groups and convergent fundamental groups and we

finish the proof of Berthelot-Ogus theorem as a consequence.

Theorem 5.3.1. Let (X,M) be a fine log scheme over k and let

(X,M)
f−→ (Spec k,N) ↪→ (Spf W,N) be a morphism of fine log formal

W -schemes such that f is log smooth and integral. Assume moreover that

Xf -triv is dense open in X. Then there exists a canonical functor

Φ : Iconv((X,M)/(Spf W,N)) −→ Icrys((X,M)/(Spf W,N))
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which induces an equivalence of categories

Φ : N Iconv((X,M)/(Spf W,N)) −→ N Icrys((X,M)/(Spf W,N)).

Proof. In the proof, we use the notation in Notation 4.3.5. Since the

proof is long, we divide it into five steps.

Step 1. First, let us consider the following situation: Let (S,N) be an

object in the category Sk in Notation 4.3.5. Put S1 := SpecOS/pOS , and

let (X,M) be a fine log scheme over S1. Let (X,M)
f−→ (S1, N)

i
↪→ (S,N)

be morphisms of fine log formal W -schemes such that f is log smooth and

integral. Assume that we are given a closed immersion (X,M) ↪→ (Y, J)

into a fine log formal W -scheme (Y, J) which is formally log smooth and

integral over (S,N), and assume moreover that the diagram

(X,M) ↪→ (Y, J) −→ (S,N)

admits a chart C := (PS → N,QY → J,RX → M,P → Q → R) such that

Qgp → Rgp is surjective. Under this assumption, we define a functor

Ψ(Y,J),C : Iconv((X,M)/(S,N)) −→ HPDI((X,M) ↪→ (Y, J)).

Before defining the functor Ψ(Y,J),C , we prepare some notations. Let

α : Q → R,α(1) : Q ⊕P Q → R and α(2) : Q ⊕P Q ⊕P Q → R be the

homomorphisms of monoids which are induced by the summation and the

chart C. Put Q′ := (αgp)−1(R) and Q′(i) := (α(i)gp)−1(R) (i = 1, 2). Define

the formal W -schemes Y ′, Y ′(1) and Y ′(2) by

Y ′ := Y ×Spf Zp{Q} Spf Zp{Q′},

Y ′(1) := (Y ×S Y )×Spf Zp{Q⊕PQ} Spf Zp{Q′(1)},

Y ′(2) := (Y ×S Y ×S Y )×Spf Zp{Q⊕PQ⊕PQ} Spf Zp{Q′(2)},
respectively. Let J ′ (resp. J ′(i) (i = 1, 2)) be the fine log structure on Y ′

(resp. Y ′(i)) induced by the canonical log structure on Spf Zp{Q′} (resp.

Spf Zp{Q′(i)}). Let {(Tn, Ln)}n (resp. {(T (i)n, L(i)n)}n) be the system of
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universal enlargements of (X,M) in (Y ′, J ′) (resp. (Y ′(i), J ′(i))). (Note

that we have the exact closed immersions (X,M) ↪→ (Y ′, J ′), (X,M) ↪→
(Y ′(i), J ′(i)) which admit charts.) Let (D,MD) (resp. (D(i),MD(i)) (i =

1, 2)) be the p-adically complete log PD-envelope of (X,M) in (Y, J) (resp.

the (i + 1)-fold fiber product of (Y, J) over (S,N).) By [Kk1, (5.6)], D

(resp. D(i)) is the usual p-adically complete PD-envelope of X in Y ′ (resp.

Y ′(i)), and MD (resp. MD(i)) is the pull-back of J ′ (resp. J ′(i)) by the

morphism D −→ Y ′ (resp. D(i) −→ Y ′(i)), which we denote by h (resp.

h(i)).

Put I := Ker(OY ′ −→ OX) and I(i) := Ker(OY ′(i) −→ OX) (i = 1, 2).

Assume that I, I(i) (i = 1, 2) are all generated by m elements as OY ′-

module, OY ′(i)-module, respectively. Put n := (p − 1)m. Then one can

check the inclusions h∗(In+1) ⊂ pOD, h(i)∗(I(i)n+1) ⊂ pOD(i). Hence, by

the universality of blowing up, the morphisms h, h(i) factors as

D
β−→ Tn −→ Y ′,

D(i)
β(i)−→ T (i)n −→ Y ′(i),

respectively. The morphisms β, β(i) naturally induce the morphisms of fine

log formal W -schemes

(D,MD) −→ (Tn, Ln),

(D(i),MD(i)) −→ (T (i)n, L(i)n),

which are also denoted by β, β(i), respectively. Then we have the following

commutative diagrams

(5.3.1)

(D,MD) ←
←

(D(1),MD(1))
←←
←

(D(2),MD(2))

β ↓ β(1) ↓ β(2) ↓
(Tn, Ln) ←

←
(T (1)n, L(1)n)

←←
←

(T (2)n, L(2)n),

(5.3.2)

(D,MD) −→ (D(1),MD(1))

β ↓ β(1) ↓
(Tn, Ln) −→ (T (1)n, L(1)n),
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where the horizontal lines in the first diagram are induced by the projections

and the horizontal lines in the second diagram is induced by the diagonal

map.

Now let E be an object in the category Iconv((X,M)/(S,N)) and let

(E, {εn}) be the object corresponding to E by the equivalence of categories

Iconv((X,M)/(S,N)) � Str′((X,M) ↪→ (Y ′, J ′)/(S,N)).

Then, by the commutative diagrams (5.3.1) and (5.3.2), the pair (β∗E,

β(1)∗εn) defines an object in HPDI((X,M) ↪→ (Y, J)). We define the func-

tor Ψ(Y,J),C by E �→ (β∗E, β(1)∗εn). It is easy to see that the above definition

is independent of the choice of m.

Step 2. Let us consider the following situation: Let S := Spf W , let

(X,M) be a fine log scheme over k and let (X,M)
f−→ (S1, N) ↪→ (S,N) be

as in Step 1. Let ι : (X,M) ↪→ (Y, J) be a closed immersion into a fine log

formal W -scheme (Y, J) over (S,N) such that (Y, J) is formally log smooth

and integral over (S,N). Denote the structure morphism (Y, J) −→ (S,N)

by g. Assume moreover that we are given a commutative diagram

D :=




X ← X(0) ←
←

X(1) ←←
←

X(2)

ι ↓ ↓ ↓ ↓
Y ← Y (0) ←

←
Y (1) ←←

←
Y (2)

g ↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2)




satisfying the following conditions:

(1) The horizontal arrows are etale hypercoverings.

(2) The morphisms X(i) −→ Y (i) are closed immersions.

(3) The diagram

D′ :=




(X(0),M) ←
←

(X(1),M)
←←
←

(X(2),M)

↓ ↓ ↓
(Y (0), J) ←

←
(Y (1), J)

←←
←

(Y (2), J)

↓ ↓ ↓
(S(0), N) ←

←
(S(1), N)

←←
←

(S(2), N)


 ,
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which is naturally induced by D, admits a chart C such that, if we

denote the restiction of C to (X(i),M) −→ (Y (i), J) (i = 0, 1, 2) by

Qi → Ri, then Qgp
i → Rgp

i is surjective.

Let pi : Y (1) −→ Y (0) (i = 1, 2) and pij : Y (2) −→ Y (1) (1 ≤ i < j ≤ 3)

are projections, and let ∆HPDI be the category of pairs ((E, ε), ϕ), where

(E, ε) is an object in HPDI((X(0),M) ↪→ (Y (0), J)) and ϕ is an isomorphism

p∗2(E, ε)
∼−→ p∗1(E, ε) in HPDI((X(1),M) ↪→ (Y (1), J)) satisfying p∗12(ϕ) ◦

p∗23(ϕ) = p∗13(ϕ) in HPDI((X(2),M) ↪→ (Y (2), J)). Under this assumption,

we define a functor

Ψ(Y,J),D,C : Iconv((X,M)/(S,N)) −→ ∆HPDI

and a fully-faithful functor

Λ(Y,J),D : Icrys((X,M)/(S,N)) −→ ∆HPDI.

Let ∆conv (resp. ∆crys) be the category of pairs (E , ϕ), where E is an

object in Iconv((X
(0),M)/(S(0), N)) (resp. Icrys((X

(0),M)/(S(0), N))) and

ϕ is an isomorphism p∗2E
∼−→ p∗1E in Iconv((X

(1),M)/(S(1), N))

(resp. Icrys((X
(1),M)/(S(1), N))) satisfying p∗12(ϕ) ◦ p∗23(ϕ) = p∗13(ϕ) in

Iconv((X
(2),M)/(S(2), N)) (resp. Icrys((X

(2),M)/(S(2), N))). Then, by Re-

mark 5.1.7 and Proposition 4.3.6, we have the equivalences of categories

econv : Iconv((X,M)/(S,N))
∼−→ ∆conv,

ecrys : Icrys((X,M)/(S,N))
∼−→ ∆crys.

Let C(i) (i = 0, 1, 2) be the restriction of the chart C to the diagram

(X(i),M) ↪→ (Y (i), J) −→ (S(i), N).

Then we have the functors

Ψ(Y (i),J),C(i) : Iconv((X
(i),M)/(S(i), N)) −→ HPDI((X(i),M) ↪→ (Y (i), J))

(i = 0, 1, 2).

One can check easily that the functors Ψ(Y (i),J),C(i) (i = 0, 1, 2) induce

the functor

Ψ′ : ∆conv −→ ∆HPDI.
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The desired functor Ψ(Y,J),D,C is defined as the composite Ψ′ ◦ econv.

On the other hand, the fully-faithful functors

(5.3.3)

Icrys((X
(i),M)/(S(i), N)) −→ HPDI((X(i),M) ↪→ (Y (i), J)) (i = 0, 1, 2)

in Section 4.3 (4.3.3) induce the functor

Λ′ : ∆crys −→ ∆HPDI,

which is also fully-faithful. The desired fully-faithful functor Λ(Y,J),D is

defined as the composite Λ′ ◦ ecrys.

Now let us assume moreover the following conditions:

(4) ι is an exact closed immersion and (Y, J) ×(S,N) (S1, N) = (X,M)

holds.

(5) The squares in the diagram

X ← X(0) ←
←

X(1) ←←
←

X(2)

ι ↓ ↓ ↓ ↓
Y ← Y (0) ←

←
Y (1) ←←

←
Y (2)

are cartesian.

Then, by Proposition 4.3.2, the functors in (5.3.3) are eqivalences. Hence

so is Λ′. So the functor Λ(Y,J),D gives an equivalence of categories in this

case.

Step 3. Let us consider the following situation: Let S := Spf W , and

let (X,M) be a fine log scheme over S. Let (X,M)
f−→ (S1, N) ↪→ (S,N)

be as in Step 1 and assume that X is affine. Under this assumption, we

define a functor

Φ(X,M) : Iconv((X,M)/(S,N)) −→ Icrys((X,M)/(S,N)).

Since X is affine, there exists an exact closed immersion ι : (X,M) ↪→
(Y, J) into a fine log formal W -scheme (Y, J) over (S,N) such that (Y, J)

is formally log smooth integral over (S,N) and that (Y, J)×(S,N) (S1, N) =

(X,M) holds. Then one can construct a diagram D (in Step 2) satisfying
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the conditions (1) to (5) in Step 2. Then we define the functor Φ(X,M) by

the composite Λ−1
(Y,J),D ◦Ψ(Y,J),D,C .

We should prove that the above definition of the functor Φ(X,M) is inde-

pendent of the choice of ι, D and C. For i = 1, 2, let ιi : (X,M) ↪→ (Yi, Ji),

Di :=




X ← X
(0)
i ←

←
X

(1)
i

←←
←

X
(2)
i

↓ ↓ ↓ ↓
Yi ← Y

(0)
i ←

←
Y

(1)
i

←←
←

Y
(2)
i

↓ ↓ ↓ ↓
S ← S

(0)
i ←

←
S

(1)
i

←←
←

S
(2)
i




and Ci be as in ι,D, C in Step 2 which are subject to the conditions (1)

to (5). Note that we have the canonical equivalences of sites X
(j)
i,et � Y

(j)
i,et .

Noting this fact, one can construct the diagrams (for i = 1, 2)

Di :=




X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
Yi ← Y

(0)
i ←

←
Y

(1)
i

←←
←

Y
(2)
i

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2)




and the morphisms of diagrams

γi : Di −→ Di (i = 1, 2)

inducing the identity on X −→ Yi −→ S satisfying the following condi-

tions:

(1) The diagram

X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2)

induced by D1 and that induced by D2 are the same. (We denote

it by D0.)
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(2) Let

D′i :=




(X(0),M) ←
←

(X(1),M)
←←
←

(X(2),M)

↓ ↓ ↓
(Y

(0)
i , Ji) ←

←
(Y

(1)
i , Ji)

←←
←

(Y
(2)
i , Ji)

↓ ↓ ↓
(S(0), N) ←

←
(S(1), N)

←←
←

(S(2), N)




be the diagram induced by Di and let γ′i : D′i −→ D′i be the mor-

phism of the diagrams induced by γi. Then we have a chart Ci of

the diagram D′i
γ′
i−→ D′i extending the chart Ci of D′i.

(3) Let

D′0 :=


 (X(0),M) ←

←
(X(1),M)

←←
←

(X(2),M)

↓ ↓ ↓
(S(0), N) ←

←
(S(1), N)

←←
←

(S(2), N)




be the diagram induced by D0. Then the restriction of the charts

C1, C2 to D′0 coincide.

(4) The formal schemes Y
(j)
i (i = 1, 2, j = 0, 1, 2) are affine.

Let D be the diagram

X ← X(0) ←
←

X(1) ←←
←

X(2)

↓ ↓ ↓ ↓
Y1 ×S Y2 ← Y

(0)
1 ×

S(0) Y
(0)
2 ←

←
Y

(1)
1 ×

S(1) Y
(1)
2

←←
←

Y
(2)
1 ×

S(2) Y
(2)
2

↓ ↓ ↓ ↓
S ← S(0) ←

←
S(1) ←←

←
S(2)

induced by D1 and D2 (by taking ‘fiber product’), and let
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be the diagram induced by D. Then we have the natural morphisms of

diagrams δi : D −→ Di, δ′i : D′ −→ D′i (i = 1, 2). One can see that the

diagram

D′1
γ1←− D′1

δ1←− D′ δ2−→ D′2
γ2−→ D′2

admits a chart C extending C1 and C2. Moreover, the diagram D satisfies

the conditions (1) to (3) in Step 2 (for (Y, J) = (Y1, J1)×(S,N) (Y2, J2).) Let

∆HPDI,i (resp. ∆HPDI) be the category ∆HPDI in Step 2 for the diagram Di

(resp. D). Then the morphisms of diagrams

D1
γ1◦δ1←− D γ2◦δ2−→ D2

and the chart C induce the following commutative diagram of functors:

where Λ(Yi,Ji),Di
(i = 1, 2) are equivalence of categories and Λ(Y1,J1)×(Y2,J2),D

is fully-faithful. From the above diagram, we get the equivalence of functors

Λ−1
(Y1,J1),D1

◦Ψ(Y1,J1),D1,C1 � Λ−1
(Y2,J2),D2

◦Ψ(Y2,J2),D2,C2 .

So the definition of Φ(X,M) is independent of the choice of ι,D and C.
One can check the functoriality of the functor Φ(X,M) with respect to

(X,M) in a similar way.

Step 4. Let the notations be as in the statement of the theorem. We

define the functor

Φ : Iconv((X,M)/(Spf W,N)) −→ Icrys((X,M)/(Spf W,N)).

Let

(5.3.4) X ← X(0) ←
←

X(1) ←←
←

X(2)
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be a Zariski open hypercovering such that each X(i) is a finite disjoint

union of affine schemes. Let pi : X(1) −→ X(0) (i = 1, 2) and pij : X(2) −→
X(1) (1 ≤ i < j ≤ 3) be projections and let ∆conv (resp. ∆crys) be the cat-

egory of pairs (E , ϕ), where E is an object in Iconv((X
(0),M)/(Spf W,N))

(resp. Icrys((X
(0),M)/(Spf W,N))) and ϕ is an isomorphism p∗2E

∼−→ p∗1E in

Iconv((X
(1),M)/(Spf W,N)) (resp. Icrys((X

(1),M)/(Spf W,N))) satisfying

p∗12(ϕ) ◦ p∗23(ϕ) = p∗13(ϕ) in Iconv((X
(2),M)/(Spf W,N)) (resp.

Icrys((X
(2),M)/(Spf W,N))). Then, since both Iconv((X,M)/(Spf W,N)),

Icrys((X,M)/(Spf W,N)) satisfy the descent property for Zariski covering

by finite open sets, we have the equivalences of categories

econv : Iconv((X,M)/(Spf W,N))
∼−→ ∆conv,

ecrys : Icrys((X,M)/(Spf W,N))
∼−→ ∆crys.

Let

Φ(X(i),M) : Iconv((X
(i),M)/(Spf W,N)) −→ Icrys((X

(i),M)/(Spf W,N))

(i = 0, 1, 2)

be the functor constructed in Step 3. Since the functors Φ(X(i),M) (i =

0, 1, 2) are funtorial with respect to the morphisms in the diagram (5.3.4),

they induce the functor

Φ∆ : ∆conv −→ ∆crys.

Then, the desired functor Φ is defined by Φ := e−1
crys ◦ Φ∆ ◦ econv. It can

be chacked easily that the functor Φ is independent of the choice of the

hypercovering (5.3.4).

Step 5. Let Φ be the functor defined in Step 4. One can check easily

that Φ is exact. Hence Φ induces the functor

Φ : N Iconv((X/W )log) −→ N Icrys((X/W )log).

Let us prove the categorical equivalence of Φ. Since the categories

Iconv((X/W )log), Icrys((X/W )log) satisfy the descent property for finite

open coverings, one can check that it suffices to prove the categorical
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equivalence Zariski locally. (One can prove this by the same argument

as that in Lemma 5.2.2.) Hence we may assume that X is affine. Let

(X,M) ↪→ (Y, J) be an exact closed immersion into a fine log formal W -

scheme (Y, J) which is formally log smooth integral over (Spf W,N) sat-

isfying (Y, J) ×(Spf W,N) (Spec k,N) = (X,M). Recall that we have the

canonical equivalence of categories

b1 : N Iconv((X/W )log)
∼−→ N Iinf((X/W )log) � N Ĉ((Y, J)/(Spf W,N)),

where the first functor is the functor ι in Section 5.3 and the second equiv-

alence follow from Theorem 3.2.15. On the other hand, we have an exact

fully-faithful functor

b′2 : Icrys((X/W )log) −→ Ĉ((Y, J)/(Spf W,N)).

which is defined in Proposition 4.3.7. Since b′2 is exact, it induces the functor

b2 : N Icrys((X/W )log) −→ N Ĉ((Y, J)/(Spf W,N)),

which is also fully-faithful. By constructions of these functors, one can

check the commutativity of the following diagram of functors:

N Iconv((X/W )log)
b1−−−→ N Ĉ((Y, J)/(Spf W,N))

Φ

� ∥∥∥
N Icrys((X/W )log)

b2−−−→ N Ĉ((Y, J)/(Spf W,N)).

Since b1 is equivalent and b2 is fully-faithful, the functor Φ gives an equiv-

alence of categories. So the theorem is proved. �

Using the above theorem and the results in Sections 5.1 and 5.2, we can

prove the Berthelot-Ogus theorem for fundamental groups.

Theorem 5.3.2 (Berthelot-Ogus theorem for π1). Assume we are

given the following commutative diagram of fine log schemes

(BO)

(Xk,M) ↪→ (X,M) ←↩ (XK ,M)

↓ f ↓ ↓
(Spec k,N) ↪→ (SpecV,N) ←↩ (SpecK,N)

↘ ↓
(SpecW,N),
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where the two squares are Cartesian, f is proper log smooth integral and

Xk is reduced. Assume moreover that H0
dR((X,M)/(Spf V,N)) = V holds,

and that we are given a V -valued point x of Xf -triv. Denote the special fiber

(resp. generic fiber) of x by xk (resp. xK). Then there exists a canonical

isomorphism of pro-algebraic groups

πcrys
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK).

Proof. First, by Corollary 5.2.16, we have H0(((Xk,M)/

(Spf V,N))conv,KX/V ) = K and there exists a canonical isomorphism

(5.3.5) πconv
1 ((Xk,M)/(Spf V,N), xk)

∼
= πdR

1 ((XK ,M)/(SpecK,N), xK).

Since H0(((Xk,M)/(Spf V,N))conv,KX/V ) = K holds, Xk is connected.

Hence, by Propositions 4.1.7 and 5.1.11, we can define the crystalline fun-

damental group of (Xk,M) over (Spf W,N) and the convergent fundamental

group of (Xk,M) over (Spf W,N) or (Spf V,N). Then, by Corollary 5.1.14,

we have the isomorphism

(5.3.6)

πconv
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πconv

1 ((Xk,M)/(Spf V,N), xk).

Finally, by Theorem 5.3.1, we have the isomorphism

(5.3.7) πcrys
1 ((Xk,M)/(Spf W,N), xk)

∼
= πconv

1 ((Xk,M)/(Spf W,N), xk).

Combining the isomorphisms (5.3.5), (5.3.6) and (5.3.7), we obtain the

assertion. �

Finally we give two typical examples of the above theorem.

Example 5.3.3. Let X be a connected scheme which is proper smooth

over SpecV and let D be a relative normal crossing divisor in X over SpecV .

Let M be the log structure on X associated to D, and let N be the trivial

log structure on SpecW . Denote the special fiber and the generic fiber of X

by Xk, XK , respectively. Let x be a V -valued point of X−D and let xk, xK

the special fiber and the generic fiber of x, respectively. Then we have the
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diagram (BO) which satisfies the conditions in Theorem 5.3.2. Hence we

have the isomorphism

πcrys
1 ((Xk,M)/Spf W,xk)×K0 K

∼
= πdR

1 ((XK ,M)/SpecK,xK),

and the right hand side is isomorphic to πdR
1 (XK − DK/SpecK,xK) by

Proposition 3.1.8.

Example 5.3.4. Let X be a regular scheme and let f : X −→ SpecV be

a proper flat morphism. Assume moreover that the special fiber Xk of X is a

reduced normal crossing divisor. Let M be the log structure on X associated

to Xk and let N be the log structure on SpecW associated to the closed

point. Then, by Example 2.4.6, the morphism f : (X,M) −→ (SpecV,N)

is log smooth and integral. Denote the special fiber and the generic fiber

of X by Xk, XK , respectively. Let x be a V -valued point of Xf -triv and

let xk, xK the special fiber and the generic fiber of x, respectively. Then

we have the diagram (BO) which satisfies the conditions in Theorem 5.3.2.

Hence we have the isomorphism

πcrys
1 ((Xk,M)/(Spf W,N), xk)×K0 K

∼
= πdR

1 (XK/SpecK,xK).

(Note that M , N are trivial on XK ,SpecK, respectively.)
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