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Remarks on Traces of H'-functions Defined in

a Domain with Corners

By Norikazu SAIT0* and Hiroshi FuJiTaf

Abstract. The set of traces of H'(f2)-functions on a part « of
the boundary 05 is considered, where € is a bounded domain in R?
with a certain singularity, particularly, with corners at the end points
of 7v. The aim of the present paper is to show that the set of all traces
of functions in H'(Q) is equal algebraically and topologically to the
domain of a certain fractional power of minus Laplacian on v with the
zero boundary condition. The result is expected to be of use for the
mathematical analysis of the DDM (domain decomposition method)
applied to such €.

1. Introduction and Main Results

The present paper is concerned with the relationship between the set
of boundary values of functions of a certain Sobolev class defined in a two-
dimensional domain €2 and fractional powers of an elliptic partial differential
operator on a part of the boundary of 2. Although a considerable part of
our result may be said to be a new version of the known result (cf. Grisvard
[8]), our method of analysis, which is a combination of the spectral approach
and elementary transformations of 2, could give a better prospect for some
generalizations, for instance, to the case of solenoidal vector fields mentioned
in Section 4. We also note that our result plays some foundational role
in analysis of the domain decomposition method ([4], [5], [12], [13]). We
shall later give a remark about this issue (Remark 1.4), which clarifies our
motivation.
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Figure 1(a). Example of Q. Figure 1(b). Example of €.

In order to present the result and our approach as clearly as possible, we
restrict our attention to a simple situation. We consider a bounded domain
Q in R?, the zy-plane, and assume that a part v of the boundary 95 is a
line segment. Without loss of generality, we suppose that v = {(z,y); |z| <
1, y = 0}. In addition, we put I' = 9Q\~v and assume that I' is a piecewise
smooth curve. Our interest lies in the case where I intersects 7 transversally.
Admissible geometries of 2 are exemplified in Figure 1.

As for function spaces and their norms, we follow the notation of Lions-
Magenes [11]. The trace operator from H'(Q) to H'/?(~) is denoted by ~o,
and the boundary value (trace) yov of v € H'(Q) will be written conve-
niently as v|,. The meaning of v|r is similar. Then we introduce a closed
subspace of H'(2) by setting

KY(Q) = {v e H'(Q):v|r = 0}.

We recall that the usual H'(2)-norm is equivalent to the Dirichlet norm

1/2 1/2
HVUH%2(9) = {// \Vv\dedy} = {// (v2 —i—vz)dxdy}
Q Q

in K1(Q) by virtue of the Poincaré inequality. Here subscripts mean partial
derivatives. The focus of the present paper is on the set of boundary values
vl of v € KY(Q).

The basic Hilbert space in our consideration is L?(vy). The usual L?(v)
inner product and norm are written as (-,-) and || - ||, respectively. The
symbol L denotes the minus Laplacian on v with the zero Dirichlet boundary
condition. More precisely, L is the Friedrichs extension in L?(7) of the
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symmetric operator —d?/dz? defined in C§°(7y). The domain D(L) of L is
H2(y) N H (7). Since, as is well-known, L is a positive-definite, self-adjoint
operator, its fractional power L%, for 0 < a < 1, can be defined in a standard
way by the spectral resolution. The domain D(L®) of L* forms a Hilbert
space equipped with the graph norm

1/2

1 lloey = {IFI2 + L2712

The purpose of this paper is to show that the set {v|,; v € K1(Q)} is
equal to @(Ll/ 4) algebraically and topologically. That is, we are going to
prove

THEOREM 1.1. The following two claims hold true:
A. (Trace). Letv € K*() and put f = v|,. Then we have f € D(L'/*)
and

(1.1) [ flloriray < Cllvlla ),

where C' s a positive constant depending only on Q.

B. (Extension). Let f € D(LY*). Then there exists a function v € K'(Q)
such that v|y, = f and

(1.2) vl @) < Cllf oz,

where C' is a positive constant depending only on €.

At this stage, we recall the following result due to Fujiwara [6] which
gives a concrete characterization of ®(LY4):

(1.3 o = {f e H2 ) [ 57 e < oo},
gl
where p = p(x) stands for the distance from the end points of v (i.e.,

p(x) = 1 — |z|). Let V denote the function space of the right-hand side
of (1.3). Then, in view of the closed graph theorem (e.g. Kato [10] or
Yosida [14]), the V-norm defined by

B 1/2
191 = {17 By + [ o7 170}
Y
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is equivalent to | f[|g1/4) in V. Combining Theorem 1.1 with Fujirawa’s
result, we have

COROLLARY 1.1. There ezist positive constants C and C’ depending
only on Q such that the following two assertions hold true:

(i) For every v € K*(Q), we have f =v|, € V and || ||y < é’HvHHl(Q),

(ii) For every f € V, there exists v € KY(Q) such that v|, = f and
[l ) < Clfllv-

REMARK 1.1. Theorem 1.1 (therefore Corollary 1.1) remains true if
L is replaced by a more general elliptic partial differential operator of the
second order. In fact, our theorem is still valid with an arbitrary regularly
accretive operator L whose domain is D (L) = H?(y)NH} () (Fujiwara [6]).
Concerning the definition of such operator, we refer to Kato [9].

REMARK 1.2. Other characterizations of the space V are possible,
which are useful in some contexts. For instance,

e V is equal to the real interpolation space [Hg(7), L2(’y)h/2, which is
denoted by H&éz('y) in Lions-Magenes [11],

o V={f¢€ Hl/z(’y); fe HY2(99Q)}, where f is the zero extension of
f onto 0 (Grisvard [8]).

REMARK 1.3. It should be noted that Corollary 1.1 is a particular case
of Theorem 1.5.2.3 in Grisvard [8]. Conversely, combining Grisvard’s result
with Fujiwara’s one, we can derive Theorem 1.1. However, as we mentioned
previously, our objective of this paper is to clarify a direct relationship
between the space {v],;v € K'(Q)} and D(L/4).

REMARK 1.4. As was described above, results of this paper are of im-
portance in analysis of the domain decomposition method. Here we explain
this matter with the aid of an example. We consider the Poisson equation

(1.4) —Au=g
in a two-dimensional bounded domain D with the boundary condition

(1.5) u=0on dD.
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We divide the whole domain D into two disjoint subdomains Dy and Do
by a line segment + which we call the artificial boundary. Then, under a
certain regularity assumption, the problem (1.4)(1.5) is equivalent to the
transmission problem:

—Au; =gin D1, u3 =0o0n dD1\vy, u; = on -y,
—Auy =g in Dy, wug =0o0n dDs\7y, uy = on -,

where p is chosen such that Ou;/0ny; = —0us/Ons (n; is the unit normal to
7 outgoing from Dj, j = 1,2). Several iterative algorithms to obtain such p
are proposed by several authors. See, for more detail, the monograph [12]
by A. Quarteroni and A. Valli. Consequently, the problem

(1.6) Aw=0inDj, w=0o0n0D;\y, w=Eon~, (j=1,2)

appears. As is well-known, if we are going to deal with this problem in
the framework of the H'(£2;)-space, we must regard £ as an element of V.
However, in view of Theorem 1.1, we can also regard & as an element of
D(LY*). This allows us to apply some properties or materials related to
L, for example the eigenvalues and the eigenfunctions of L, to the domain
decomposition analysis. Furthermore, we believe that an analysis carried
out in this paper gives a better view of the domain decomposition analysis.

The proof of Theorem 1.1 is established in Sections 2 and 3. In Section
4, we present a corresponding result concerning the solenoidal vector fields.
The final section 5 is devoted to a remark on higher dimensional cases.

Acknowledgment. The authors wish to express their heartfelt thanks
to Professor Hisashi Okamoto for his valuable advise.

2. Proof of Theorem 1.1

2.1. Plan of the proof

First of all, we show Theorem 1.1 in the case where €} is a rectangle
Qr = v x (0,T) with T" a parameter. Theorem 1.1 in this case is easily
proved by the Fourier expansion.

Next, the case of a trapezoid E7y, T' and b being parameters, is consid-
ered in Subsection 2.3. The results obtained there are used in Subsection
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2.4. The key point of analysis is to introduce a certain transformation from
Ery to Q7. This allows us to reduce the problem to the case of Q7.

Subsection 2.4 is devoted to the situation that  lies in the upper half
plane. Namely, we shall prove Theorem 1.1 under this additional assump-
tion. In fact, the claim A, which appears shortly, concerning traces of
K1(Q)-functions can be proved by taking a trapezoid Ery, including 2. On
the other hand, the proof of the claim B below concerning K (2)-extensions
of functions of ’D(LI/ 4) can be accomplished by taking a trapezoid Ery
which is included in €.

The general case which is exemplified in Figure 1(b) will be considered
in Section 3.

2.2. The case of a rectangle

Let T be an arbitrary positive constant and ()7 be a rectangular domain
defined by Qr = {(z,y); -1 <2z <1, 0 <y < T}. In this subsection, we
are going to show

LEMMA 2.1. Theorem 1.1 is true if Q = Qp. In particular, we can
take C' as unity.

Before proving this lemma, we review a characterization of L%, 0 < a <
1, in terms of the eigenvalues and the eigenfunctions of L. Let {\,}7
be the set of eigenvalues of L and ¢, = ¢, (x) be the eigenfunction corre-
sponding to A,, which is normalized as ||¢,|| = 1. In the present case, we
actually have )\, = n?w2/4, ¢, (z) = sinnn(z — 1)/2. However, we use the
generic symbols )\, and ¢,, since it is convenient when we consider higher
dimensional cases. Then L® can be expressed as

D(L { ch¢neL2 Zc )\2a<oo}

Lof = ch)\ bp, for f = chqsn € D(L%) with ¢, € R,

n=1 n=1

and the following equality holds good

Lo f|| = (Zc /\2O‘> . for f= cady € D(LY) with ¢, € R.
n=1
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PROOF OF LEMMA 2.1 A. (Trace). Let v € K'(Qr). By the density
argument, we may assume that v is continuous in Qp. According to this,
we can write v by using the Fourier series as follows

59) =Y an@)on@),  anly) = / o2, y)pn()da
n=1

-1

Thanks to this expression, we get

/ / (z,y)2dedy = Z An /OTan(y)zd%

n=1

/ / xyzdxdy—Z/ y)*dy,

where a/,(y) denotes day,(y)/dy. These yield

o0 T oo T
1) IVl =3 A /O a2y + Y /O d
n=1 n=1

On the other hand, we have

(2:2) Nan(0? = -\ /OTi{an@)Q}dy

< [ P + et

Then noting that v|, = f = Zan )én, by virtue of (2.1) and (2.2), w

n=1
deduce

IV 11 = ZAW 2 < IVollEa -

Thus we arrive at

I llozirey < ol @r)-
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o
B. (Extension). Let f = Z Cntbn € D(LY*) with ¢, € R. First we put

n=1

(2.3) w(z,y) = Z cne Ve, (2).
n=1

Then, by elementary calculations, we get

// nydxdy< Z \/Tw
// xy2dxdy< Z \/_

Hence we have
(2.4) Vw320, < D VA = LY
n=1

On the other hand, it is easy to verify that w(+1,y) = 0, y > 0, holds.
Therefore, the function w satisfies all requested properties except for the
boundary condition on y =T
Take a smooth function ¢ = ((y), 0 <y < T, such that 0 < ¢ <1 and

1 (0<y<T/4)
C(y):{o (T/2y§y§T).

Then the function v = (w € K(Qr) satisfies v|, = ((0)w|, = w|, = f and
HVUH%Q(QT) = // (¢'w)?dady —I—/ C|Vw|?dzdy
T Qr
! 2 2
< max{ max ¢'()% 1wl g,)-
This proves the lemma. []

We conclude this subsection with another proof of the latter half of
Lemma 2.1 which adopts the semi-group generated by —L/2.
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ANOTHER PROOF OF LEMMA 2.1 B. (Extension). By using the semi-

group {e_yﬁ}yzo, the function w = w(z,y) defined in (2.3) can be written
as
wy) = WEf (y>0).

Here y — w(y) is regarded as an element in L?((0,00); L?(7)). Now we are
going to derive the inequality (2.4) with the aid of this expression. Noting
that w(y) € D(LY?) for y > 0 and f € D(LY*), we can calculate as

25)  LPuw@)? = (LM VELVAR L eV EL A
(L1/2€—y\/fL1/4f’ e—y\/ZL1/4f)

Ld L 1/4p2
_ _ld Iy
52 [
Here we have made use of the fundamental property of the semi-group
d
(2.6) eV = P (f e ().
Y

Integrating (2.5) over (0,7), we obtain
4 1/2 2 1 1/4 2112 ~TVL11/4 22 1 1/4 2112
I ) P dy = 5 (LI = e TVELYR) < SIER
This, together with (2.6), gives
ow\ 2 T 1
2. — ) daxdy = L2 2 dy < Z||ILVA )%
en [ (Gr) dedy= [ 1E R ay < i
On the other hand, it is immediate to see from the definition of L'/2 that

L ow\2
1/2 2 _ Jw
1) = [ (G do

Therefore we have

(2.8) /[ (%) dady < L4512

By virtue of (2.7) and (2.8), we deduce

IVwllEaigp < IV O
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Figure 2(a). Example of Eg (b > 1). Figure 2(b). Example of Ep; (b < 1).

2.3. The case of a trapezoid
Our next geometry of €2 is a trapezoid defined by

(2.9) Ery= |J {@y); |2 <0(n), y=n},
0<n<T

where T', b are arbitrary positive constants and

(b—1)

0 =0ry(n) =1+ T

7.
See Figure 2. We note that E7; = Q7 holds.
The goal of this subsection is to prove

LEMMA 2.2. Theorem 1.1 is true if = Ergy,.

REMARK 2.1. In what follows, C), ...,,, denote positive constants de-
pending only on parameters p1, - - -, py. The value of C, ..., may change

in the same context.

m

PROOF OF LEMMA 2.2 A. (Trace). Let v € K'(E7), and put f =
v|. We consider the transformation ® from Q7 onto Er defined by

@ (2,y) = (0(y)z,y).
Obviously, @ is bijective, and by putting £ = 0(y)z and n = y, we have
dxdy = 0(y) " dédn < max(1,b1)dédn.
We introduce the function © € K'(Q7r) as the pullback of v by ®, that is,

O(z,y) = (vo ®)(z,y) = v(0(y)z,y), (z,y) € Qr.
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Then, we can calculate as

(2.10) V311207
0\ 2 U2
=[] AG) () Y
B // {9(1/)21)5(9(y)m,y)2

+ [0 (y)ve (), y) + vy (0(y)2, y))? }dudy

< Cp / /E e (€,m)% + vy (€, m)?]ddn = Crpl| Vol 2 sy -
T,b

On the other hand, since #(0) = 1, we have f = 0|,. Therefore, on account
of Lemma 2.1 A, || fllgz1/4) < [0l zr1(@y) holds. This, together with (2.10),
yields

1A llorrray < Crpllvllmer,)-

B. (Estension). Let f € ©(L'*). Suppose that & € K'(Qr) is an ex-
tension of f into Q7 as Lemma 2.1 B. Then, we introduce the function
v € K'Y (Er;) as the pullback of o by ¥;

v(@,y) = (G0 U)(z,y) =0(0(y) 'z,y),  (2,9) € Ery,
where W is the inverse of ® and is defined by
Vs (z,y) = (0) 2, y).
Since W is bijective and
drdy = 0(y)d§dn < max(1,b)dEdn with £ = 0(y)z, n=y,
in the same manner as in the derivation of the inequality (2.10), we can get

IVVllz2zr,) < Crpll Vol L2gr)-
This leads to
[Vl 1 (Bry) < Crpllfllpr/ay-

Moreover it is clear from the definition that v|, = f. Hence we completes
the proof. [J
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2.4. The case where (Q lies in the upper half plane
In this subsection, we consider the case in which

Q CR2 ={(z,y); y >0} and
(2.11) . .
I" intersects the z-axis transversally.

By virtue of results proved in the preceding two subsections, we can
prove the following lemma.

LEMMA 2.3. Under the additional assumption (2.11), Theorem 1.1 is
true.

PROOF A. (Trace). Let v € K'(Q) and take a trapezoid which in-
cludes €2, specifically, choose positive constants 7" and b subject to 2 C Epy,
where Er} is the trapezoid defined by (2.9). Then the zero extension v of
v into E7 belongs to K'(Er;), and 10|71 (1) = [Vl 1 () holds. There-
fore, by virtue of Lemma 2.2 A, we deduce v|, = |, € D(LY*) and (1.1).

B. (Estension). Let f € D(L'Y*). We then take a trapezoid Epj; which
is included in . Firstly, we consider the extension @ € K'(Er}) of f into
Erp subject to 0|y = f and |0]|g1(gy.,) < Crpllfllpi/4)- Such a function
v can be chosen by Lemma 2.2 B. Next, let v denote the zero extension of
v into 2. Then v is the desired function. [

3. Proof of Theorem 1.1 (continued)

3.1. General cases

In this section, the proof of Theorem 1.1 in the general case is presented.
Firstly, we consider the claim B concerning extensions. We note that the
proof of Lemma 2.3 B in the preceding subsection remains to be valid with-
out the assumption (2.11). This means that we have already compeleted
the proof of the claim B.

We proceed to prove the claim A concerning traces. In doing so, we
introduce an auxiliary domain Sty 3, O 1, where T', b are parameters
and (1, B2 are some suitable functions. Specifically, we introduce smooth
functions 81 = B1(y) and By = Ba2(y), —T < y < 0, satisfying

{ 61(0) =1, [(0)=-1, —oo<p1(0)<0, 0<p350)< o0,
—1<Ba(y) <Bily) <1, (T <y<0).
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Figure 3. Example of St ,3,-

Then put
(3.1) Stp.61,8 = 1@ 9)s |zl <b, |yl <TI\SE, 5 4,0

where

SCam= U {@v); ) <z<pin), y=n}
—T'<n<0

See Figure 3. Then we have
LEMMA 3.1.  The claim A of Theorem 1.1 is true if Q@ = St} 3, 3, -

The claim A of Theorem 1.1 immediately follows from the above lemma.
In fact, since T', b, 51 and (32 can be so taken that 2 C Sty 3, g, holds, the
same proof of Lemma 2.3 A works. Therefore it remains to prove Lemma

3.1.

3.2. Proof of Lemma 3.1
The proof is done in the following four steps, 1)-1V).

I) Let v € KY(S7pp,8,). Assume that there exists a function h €
KY(Qr) satisfying h|, = v|, and

(3.2) 10l (Qr) < Crpsr g llol (57, 5, 5)-
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-T

Figure 4. Example of Fry.

Then, in view of Lemma 2.1 A, we establish the proof. Hence it is enough
to show the existence of the function h above. Actually, in the similar
manner as in the proof of Lemma 2.2 A, we would like to construct h as the
pullback v by some suitable transformation from Q7 to Sty 3, 3, However,
a direct construction of h seems troublesome, and we prefer to take a detour.
Namely, we shall intermediately introduce functions hy and ho which are
defined in special classes Fry and Grp, respectively, and then define h in
terms of hs. Specifically, the remainder of the proof is the following:

IT) definition of h; as the pullback of v;
III) definition of hg as the pullback of hy;
IV) definition of h as the pullback of hs.

IT) Set o(y) =1- (¢/T)y with e = (b—1)/2. Then we introduce
(3.3) Fry={(z.y); || <b, [y| < THFE,,

where
Ffy ={(z.y); o[ <o(y), -T <y <0}

See Figure 4. We consider the transformation ®, of Frr, — St 3, 3, defined
by

(I)l : (ﬂ?,y) = (¢($,y),y), (‘Tay) € FT,b‘
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Here we have put

PG s b @0y <o)

b—
¢($7y) = %ﬁy)(;g—o’(y))—l—b (x<0,y<0),

x (y >0).

Note that, for a fixed yp in =T < yo < 0, the line segment I(yy) =
{(x,y0); o(yo) < x < b} is mapped onto the line segment {(x,yo); F1(yo) <
x < b} by the restriction of ®; on I(yg), and this mapping is bijective. The
corresponding fact is also true for the left hand side of Fr. Therefore, ®;
is bijective. On the other hand, noting that

0
1< 8—i($,y) < Crp, (x,y) € Fry,

it is easy to verify that

a _
(34)  dady=(52) dedn < dedn with € = 9(x,y).n =y,

Now the function h; € Kl(FT,b) is defined as the pullback of v by ®; as
follows:

hi(z,y) = (vo ®1)(z,y) = v((x,y),y),  (2,y) € Fryp.

Then, taking (3.4) in mind, in the same way as in the derivation of (2.10),
we can obtain

(3.5) VRl L2(mr) < Oro 1,621V Ol 22574, 5,

Moreover hi|, = v|, is obvious by the definition.

III) Next we deal with the following domain

(3.6) Grp= |J {(@.v); |z <&n), y=n},
0<n<T

with
2b—1)

n+1  (0<n<T/2),
b (T/2<n<T).
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Figure 5. Example of Grp.

See Figure 5. We introduce the transformation ®3 of G, — Frj by

@22

Here we have put

Y(z,y)

where

() = (2,9 (2,9)),

T+
DT
T w(-a)
W(y -T)+T
m(y -T)+T

T
€

ho € Kl(GT,b) as the pullback of hy by ®s;

hg(.’E,y) = (hl © @2)($,y) - hl($,1/)($,y)),

(@)=

(z,y) € Grp.

(I+e<x<b),

(I<z<1l+e),
(-1<x<1)

(-1—e<x<-—1),

(-b<zx<—-1-¢),

T

= (x —1).
We note that ®4 is continuous and bijective.
14+ e < zy < b, the line segment J(xg) = {(z0,y); T(zo) < y < T} is
mapped onto the line segment {(xo,y); w(xg) <y < T'} and this mapping
is bijective. The same is true if 1 < 9 < 1 4+ . We define the function

In fact, for a fixed x¢ in

(z,y) € Grp.

Then, in the same way as in the derivation of (2.10), we can deduce

(3.7)

IVhallL2(Gry) < CrollVhill L2 ey,
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In order to derive this inequality, we have made use of

0 0
'8—?(96,3/)’ <Cryp, 1< %(%Q) <Crp, (7,9) € Grp
and B -1
dody = (0) ded < dedy with € = a1 = v(a,).
)

Moreover, by the definition, we have ha|, = hql,.
IV) We now define h € K'(Qr) by
i@, y) = (ha 0 Do)(z,y) = ha2(OW)z, ), (2,y) € Qr,

where ®¢ is defined in an obvious way and

b—1
2—— 1 0<y<T/2),
O(y) = T y+ ( ) /2)
b (T/)2<y<T).
Then we have
(3.8) VR L2(0) < OrpllVhall L2y

and ha|y = h|,. Then, evidently, h is the function that we want to get. In
fact, it follows from the definitions of hy, ho and h that v|y, = h|, and, by
virtue of (3.5), (3.7) and (3.8), we have (3.2). This completes the proof. [J

4. The Case of Solenoidal Vector Fields

In this section, we present corresponding results for the space of sole-
noidal vector functions. The facts described here are of use in analysis of
the domain decomposition method for the Stokes equations (for instance,
see Saito [13]). We are concerned with the following function spaces:

V = DLV x DL

V, = {feV;Lf-ndx = o};

HY(Q) = H'(Q)x H' ()

H)(Q) = {veHl(Q); v =0 on 89};
K'Q) = {veH (Q); v=0onT};
KL Q) = {veKl(Q); divv:OinQ},
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where n stands for the unit outward normal to v, i.e., n = {0,—1}, and f-n
means the usual inner product of f and n in R?. The following notation is
employed

Iy = Al + el Y% for £={fi, fo} € V;
Vim = {Hvl”%{l(ﬂ) + ”v2||%11(§2)}1/2a for v = {v1,v2} € H'(Q).

THEOREM 4.1. The following two claims hold true:
A. (Trace). Letv € KL(Q) and put f = v|,. Then we have f € V, and

(4.1) Ifllv < Collva-

B. (Eaxtension). Let f € V,. Then there exists a v € KL(Q) such that
vly =1f and
(4.2) [vlle < Callfllv.

The claim A is a direst consequence of Theorem 1.1 A and the Gauss
divergence theorem

0://divvdmdy:/v-ndm.
Q v

On the other hand, we can prove the claim B by the standard device! which
apply the following lemma due to I. Babuska and A.K. Aziz ([2]):

LEMMA 4.1. For any F € L*(Q) satisfying

//FdxdyzO,
Q

there is a vector function u € H}(Q) such that divu = F in Q and

(4.3) [l < Coll Fllr20)-

'For example, we refer to Arnold et al. [1].
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REMARK 4.1. Babuska and Aziz [2] proved this lemma when the
boudary 9f) is smooth. However, it is easy to extend it to the case of a
piecewise smooth boundary. For exmaple, we refer to Girault and Raviart

7).

The claim B is proved as follows: Let f € V,. Take a vector function
w € K!(Q) such that w|, = f and

Wl < Callfllv.

Putting F' = —div w, we have

//Fda:dy:—//divwd:rdy:—/f-nda::().
Q Q 0%

Therefore, by virtue of Lemma 4.1, there is a u € H}(£2) such that divu = F
in  and (4.3). We then put v = w + u. This is the desired function.

5. A Remark on the Case of Q c RY

When Q is a domain in RY, N > 3, similar results hold true. Here
we shall state only a result about a simple geometry. Let v be a bounded
domain in RN~ whose boundary 97 is sufficiently smooth, and let L be an
operator defined by

0? 0?
5.1 [ =-AN—=(— ... -
(5.1) (&r% Tt &U?\,_l)

with ®(L) = H*(y) N Hy (7).
We consider a finite cylinder
QT = {(x17”'7xN); (3:17"'7]:]\7—1) 67, 0 < TN <T}

with 7" > 0. Then the same proof as of Lemma 2.1 still remains valid for
this case. Namely, we have

THEOREM 5.1.  The following two claims hold good:
A. (Trace). Letv e K'(Qr) and put f = v|,. Then we have f € D(L'/*)
and

[flloriray < Crallvllar@q-
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B. (Eatension). Let f € D(L'*). Then there exists a function u €
KY(Qr) such that ul, = f and

ol () < Croll Fllogrirsy-

REMARK 5.1. If 7 is not smooth, as long as the operator L in (5.1) can
be defined, Theorem 5.1 remains true. This is, for example, the case where
is a two-dimensional convex polygon (Grisvard [8]). Moreover, in this case,
we know the concrete characterization of ®(LY4); if 7 is a two-dimensional
convex polygon, we have

62) @ ={eeH P [ p¢dr<oo (=1 m)},
Y

where the boundary dv is written as 9y = UJL;G; with the line segment
G; and p; stands for the distance from G;. In fact, Zolesio [15] proved that
the real interpolation space [K?(v), L*()]3/4 coincides with the space of the
right-hand side of (5.2). Here we have put K?(v) = {f € H%(y); flo, = 0}.
This, together with the well-known relation D(LY*) = [K2(7), L*(7)]3/45
implies (5.2). However, the concrete characterization of ©(LY*) in a higher
dimensional domain v with the non-smooth boundary seems to have room
for further study.
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