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Theory of Fibered 3-Knots in S° and its Applications

By Osamu SAEKI

Abstract. Let K be a closed connected orientable 3-manifold
embedded in S® whose complement smoothly fibers over the circle with
simply connected fibers. Such an embedded 3-manifold is called a sim-
ple fibered 3-knot. In this paper we study such embedded 3-manifolds
and give various new results, which are classified into three types: (1)
those which are similar to higher dimensional fibered knots, (2) those
which are peculiar to fibered knots in S°, and (3) applications. Among
the results of type (1) are the isotopy criterions via Seifert matrices,
determining fibered 3-knots by their exteriors, topological or stable
uniqueness of the fibering structures, and the effectiveness of plumb-
ing operations. As results of type (2), we give various explicit examples
of fibered 3-knots with the same diffeomorphism type of the abstract
3-manifolds and with congruent Seifert matrices but with different
isotopy types. We also give some examples of fibered knots whose
exteriors are diffeomorphic but with different isotopy types. We also
show that there exist infinitely many embeddings of the punctured
K3 surface into S° which are fibers of topological fibrations but which
can never be a fiber of any smooth fibrations. We construct a fibered
3-knot which is decomposable as a knot such that neither of the factor
knots are fibered. As a result of type (3), we study topological isotopies
of homeomorphisms of simply connected 4-manifolds with boundary by
using the techniques of fibered 3-knots. We also apply our techniques
to the embedding problem of simply connected 4-manifolds into .
Finally we give some applications to the topological study of isolated
hypersurface singularities in C3.
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1. Introduction

Consider a complex isolated hypersurface singularity in C"*!. It is
known as Milnor’s fibration theorem [59] that the intersection of the hyper-
surface with a sphere S?"*! centered at the singular point with sufficiently
small radius is a nonsingular smooth (2n — 1)-dimensional manifold and
that its complement in S?"*! smoothly fibers over the circle. Furthermore,
the isotopy type of the (2n — 1)-dimensional manifold embedded in S?7+!
completely determines the local (embedded) topology of the hypersurface.
Thus it is fundamental to study the isotopy types of embedded (2n — 1)-
dimensional manifolds in S?"*! whose complements fiber over the circle.
Such embedded manifolds are called fibered knots and this class of embed-
dings has been studied extensively (for example, see [21], [36]). Note that the
embedded manifold is not always homeomorphic to the (2n—1)-dimensional
sphere, although the word “knot” often refers to embeddings of manifolds
homeomorphic to the standard spheres.
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When n = 1, the knot lies in the 3-sphere and the classical knot and
link theory plays an important role in this dimension. In fact, the knots
which arise around an isolated singular point in C? have been completely
classified. For example, when the knot consists of one component (i.e.,
when the hypersurface singularity is irreducible), such knots are completely
classified by their Alexander polynomials (see, for example, [51], [90]). On
the other hand, when n > 3, the techniques of higher dimensional differential
topology can be applied and many results have been obtained. For example,
n [21], [36], it has been shown that the isotopy classes of fibered knots in
527+l with some connectivity conditions are in one-to-one correspondence
with the congruence classes of integral unimodular matrices through Seifert
matrix. In particular, the congruence class of a Seifert matrix determines the
diffeomorphism type of the embedded manifold. This classification heavily
depends on the celebrated h-cobordism theorem of Smale [82], which works
only for n > 3. Another such example can be found in the work of Lé
and Ramanujam [52], who have shown that a p-constant deformation of an
isolated hypersurface singularity in C"*! is topologically constant for n # 2,
by using the h-cobordism theorem. Note that this has not been known to
be true or not for n = 2.

When n = 2, these techniques of higher dimensional differential topology
do not work. In fact, it has been known that there exist fibered knots in S°
with congruent Seifert matrices but with different diffeomorphism types (see
[74]). One of the major difficulties here is that the fundamental group of the
embedded 3-manifold is not necessarily trivial. Another difficulty is related
to the 4-dimensional topology: in this dimension, the fiber of a fibered
knot is a simply connected 4-manifold and it is known that the differential
topology of 4-dimensional manifolds is totally different from those of the
other dimensions as is seen in the works of Freedman [23] and Donaldson
[18], [19], [20].

The purpose of the present paper is to study extensively fibered knots in
S5 by using the recently developed theory of 3- and 4-dimensional topology.
This is a continuation of the works developed in [74], [75]. Note that,
in [74], [75], almost all fibered knots that we could handle were those of
homology 3-spheres. In the present paper, we study fibered knots which
are not necessarily homology 3-spheres as well. The results can be classified
into three types: (1) those which are similar to higher dimensional cases,
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(2) those which are peculiar to this dimension, and (3) applications. One
of the main results of the first class is as follows.

THEOREM 2.12. Let K; (j = 0,1) be simple fibered knots in S5 such
that Ko and K1 are homeomorphic as abstract 3-manifolds. We suppose
that Hi(K;;Z) are a cyclic group of order r = 1,2,4,p™ or 2p™ with p an
odd prime or that K; are homeomorphic to a connected sum of some copies
of S? x S'. Then the two fibered knots Ko and K are isotopic to each other
if and only if their Seifert matrices are congruent.

One of the main results of the second class is as follows.

THEOREM 4.6. Let ¥ be a nontrivial orientable S'-bundle over the
closed orientable surface of genus g > 2. Then there exist simple fibered
knots Ko, ..., Ky—1 in S° with the following properties.

(1) All K; are diffeomorphic to ¥ as abstract 3-manifolds.

(2) The exteriors E(K;) = S° — Int N(K;) are all diffeomorphic to each
other, where N(K;) is a tubular neighborhood of K; in S°.

(3) The Seifert matrices of K; are all congruent to each other.

(4) The knots K; and K; are not isotopic to each other if i # j.

Using the techniques of fibered knots in S°, we give some new results
on 4-dimensional topology as applications. One of the main results is as
follows.

PROPOSITION 9.9. Let F be a smooth compact 1-connected spin 4-
manifold with boundary homeomorphic to a lens space L(p,q) (p > 2), the
3-sphere or the Poincaré homology 3-sphere. Let h; : F — F (i = 1,2) be
two orientation preserving diffeomorphisms. Then there exists a nonnega-
tive integer k such that h;tk(id) : Fk(S?x S?) — F#k(S%x S?) are smoothly
isotopic to each other if and only if (h1)« = (h2)« : Hao(F;Z) — Ho(F; Z).

We also consider some applications to the topology of isolated hypersur-
face singularities in C2, which was originally our motivation.



Theory of Fibered 3-Knots in S° 695

The paper is organized as follows. In §2, we recall the precise definition
of simple fibered knots and give some isotopy criterions for fibered knots in
S5, One of the principal results is that two fibered knots in S° are isotopic if
and only if there exists a homeomorphism between their fibers which gives
the congruence of the Seifert matrices (Theorem 2.2). The essential idea
used here can already be found in Levine’s work [54]; however, we should
also use some techniques of 4-dimensional topology, among which is Boyer’s
result [9] about the existence of homeomorphisms between simply connected
4-manifolds with boundary. As a corollary, we show that for certain cases,
the abstract diffeomorphism type of a fibered knot and its Seifert matrix do
determine the isotopy type (Theorem 2.12).

In §3, we give some examples of fibered knots in S® for which the Seifert
matrix and the abstract diffeomorphism type do not determine the isotopy
type. Here we give two types of such examples. In the first example, the
fibers are diffeomorphic and the Seifert matrices are congruent, but the alge-
braic isomorphism between the second homology groups of the fibers cannot
be realized by any homeomorphism (Theorem 3.1). In this example, we can
construct an arbitrary number of such fibered knots. In the second example,
the fibers themselves are not homeomorphic to each other (Proposition 3.8,
Example 3.10).

In §4, we consider the problem whether a fibered knot in S% is deter-
mined by its exterior or not. We show that, for fibered knots in S° which are
certain rational homology 3-spheres, this is true (Theorem 4.1). Note that,
for higher dimensional spherical knots, a similar result has been obtained by
Levine [54, §22]. However, for fibered knots which are not rational homol-
ogy 3-spheres, the exterior does not determine the isotopy type in general.
We show this by explicitly constructing fibered knots with such properties
(Theorem 4.6).

In §5, we study the fibering structures of fibered knots in S°. For higher
dimensions, Durfee [21] and Kato [36] have shown that the fibering struc-
tures of fibered knots are unique up to smooth isotopy for higher dimen-
sions. Here we show that the fibering structures of fibered knots in S°® are
unique up to topological isotopy (Theorem 5.1) and up to stable equivalence
(Proposition 5.7). We also give some examples which show that the smooth
fibering structures are not unique in general for fibered knots in S°.

In §6, we study fibered knots in S® whose fibers are punctured K3 sur-
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faces. In fact, in §10, we show that for any smooth closed 1-connected spin
4-manifold N not homotopy equivalent to S?, there exists a fibered knot
whose fiber is diffeomorphic to N1(S? x $2) —Int D*, by using the techniques
developed in [74] (Proposition 10.1). However, a K3 surface cannot be de-
composed into a connected sum N#(S? x S2) (see [19]). In §6, we construct
infinitely many fibered knots with fiber a K3 surface by using Matumoto’s
result about the diffecomorphisms of a K3 surface [58] (Proposition 6.1).
As a byproduct, we obtain infinitely many embeddings of a punctured K3
surface in S® such that they are fibers of topological fibrations, but which
cannot be fibers of any smooth fibrations (Proposition 6.2).

In §7, we study the factorization of fibered knots in S°. We give an
example of a fibered knot in S® which is decomposable as a knot, but whose
factor knots can never be fibered smoothly (Example 7.1). We also give an
example of a fibered knot in S® whose Seifert matrix is decomposable, but
which is not decomposable as a knot (Proposition 7.4). Note that, in higher
dimensions, such a fibered knot is always decomposable. Furthermore, we
give some results about the cancellation problem for certain fibered knots
(Propositions 7.6 and 7.7).

In §8, we study the plumbing operation of fibered knots in S°. As is well
known, for the other dimensions, the plumbing operation is a powerful way
to produce a new fibered knot from given two old ones (see [30], [83], [55],
[56]). In this section, we show that the plumbing operation does work also
for this dimension (Theorem 8.1). We show this by explicitly constructing
the geometric monodromy of the new fibered knot.

In §9, we apply the techniques of fibered knots in S® to the study of
isotopies of simply connected 4-manifolds with boundary. Quinn [72] has
shown that two orientation preserving homeomorphisms of a closed simply
connected 4-manifold are homotopic to each other if and only if their in-
duced isomorphisms on the second homology group coincide (see also [17,
§5]). Using this, Quinn has shown that the two homeomorphisms with
the same isomorphism on the second homology group are actually topo-
logically isotopic to each other. In this section, we use the variation maps
of homeomorphisms which are the identity on the boundary and give some
topological isotopy criterions (relative to boundary) for homeomorphisms of
1-connected 4-manifolds with boundary (Propositions 9.1 and 9.2). As to
topological isotopies which may not fix the boundary points, we also obtain
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some results when the boundary 3-manifold is homeomorphic to a certain
spherical 3-manifold (Proposition 9.7). We also obtain some smooth stable
isotopy criterions for diffeomorphisms (Propositions 9.4 and 9.9).

In §10, we apply the techniques of fibered knots in S° to the embedding
problem of simply connected 4-manifolds into S. We first construct fibered
knots with fiber constructed from a given 4-manifold and then use this fiber
to construct a desired embedding. The main result is Theorem 10.4, which
is a special case of Cappell-Shaneson’s result [13]. Here, the result itself is
not new; however, we have included this section, since the technique for the
proof is new and creates interesting embeddings in some cases.

In §11, we apply our results to the study of the topology of isolated
hypersurface singularities in C3. For example, we show the following new
results.

PROPOSITION 11.1. Let f; : C3,0 — C,0 (t € [0,1]) be a p-constant
deformation of an isolated singularity. Suppose that Hi(Ky,;Z) = Z/rZ,
where r = 1,2,4,p™ or 2p™ with p an odd prime. Furthermore we suppose
that m (Ky,) = m(Ky,). Then the fibered knots Ky, and Ky, associated
with the hypersurfaces fo_l(O) and fl_l(O) respectively are isotopic to each
other.

PROPOSITION 11.4. Let f € Clz,y, 2| be a polynomial of three complex
variables with f(0) = 0 and with an isolated critical point at the origin. We
suppose that Hy(Ky;Z) = Z/rZ, where r = 1,2,4,p™ or 2p™ with p an odd
prime. If f can be connected by a p-constant deformation to a polynomial
with real coefficients, then there exists a homeomorphism germ ® : C3,0 —
C3,0 such that f = f o ® as germs at the origin, where f : C3,0 — C,0
is the function defined by f(z) = f(2) (the complex conjugate of f(z) € C).
(In the terminology of [42], [77], f is right equivalent to f.)

Note that Szczepanski [84] obtains some results about the topological
constancy of p-constant deformations in three complex variables. However,
her arguments contain some essential gaps, mainly caused by ignoring the
spin structures of 3-manifolds. We will explain this more in detail in Re-
mark 11.3. Thus Proposition 11.1 is a new result, although it seems weaker
compared with Szczepanski’s results.

Throughout the paper, all the homology and cohomology groups are
with integer coefficients unless otherwise specified. We use the symbo

] «x2»
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to denote a diffeomorphism between smooth manifolds or an appropriate
isomorphism between algebraic objects.

The author would like to thank Dr. Eiji Ogasa for bringing Bayer-
Fluckiger’s paper [4] to his attention.

2. Isotopy Criterion

First we recall the definitions of simple fibered knots and their Seifert
forms.

DEFINITION 2.1 ([21]). Let K be a smoothly embedded closed (2n—1)-
dimensional manifold in $?"*1. Then K is called a fibered (2n — 1)-knot if
there exists a smooth fibration ¢ : "1 — K — S! such that there exists
a trivialization o : K x D?> — N(K) of a tubular neighborhood N(K) of K
in S$2"*! which makes the following diagram commutative, where p denotes
the obvious projection:

K x(D?—{0})) % N(K)-K
(2.1) P\ S o
St

Furthermore, the fibered knot K is simple if the fibers of ¢ are (n — 1)-
connected and K is (n — 2)-connected.

In this paper, we always assume that fibered knots are simple. Thus in
the following we omit the word “simple” for simplicity.

Note that an algebraic knot associated with a complex polynomial func-
tion with an isolated critical point is always fibered and is simple in the
above sense [59].

Set F=¢1(1)=¢ ' (1) UK (1 € S'). We call F a fiber of the fibered
knot K. Note that F' is a smooth 2n-dimensional compact manifold with

OF = K. In other words, F' can be regarded as a Seifert manifold of K in
SQnJrl.

In the following, we assume that S' and S?"*! are oriented. Note that
then every fiber and its boundary K have canonical orientations. We define
the bilinear form
(2.2) I :Hy(F)x Hy(F) —Z
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by Tk (z,y) = Ik(ixz,y) (v,y € Hy(F)), where i : F — S*"*1 — F is the
map defined by the translation in the positive normal direction (determined
by the orientation of S') and “Ik” denotes the linking number in S?"+1. We
call 'k the Seifert form of K. Furthermore a matrix representative of 'k
is called a Seifert matriz of K. Here we note that H,(F') is always a finitely
generated free abelian group, since F' is (n — 1)-connected. Note also that
a Seifert matrix is always unimodular by virtue of the Alexander duality.
Furthermore, it is known that the congruence class of the Seifert matrix is
independent of the choice of a fibration ¢ : §?"*1 — K — S! and depends
only on the oriented isotopy type of K in S?"*! (see [54], [74]).

Consider the smooth fibration ¢ : $?"*! — Int N(K) — S!, where we
identify the fiber with F. Then a geometric monodromy h : F — F is
defined up to isotopy relative to boundary; i.e., the total space is obtained
from F x [0,1] by gluing F' x {1} and F x {0} by h. Note that h|pr
is the identity map by Definition 2.1. Then we define the variation map
Ak : H,(F,0F) — H,(F) as follows. For an element v € H,(F,JF), take
an n-cycle (D,0D) in (F,0F) representing v. Then D U (—h(D)) is an n-
cycle in F and we define Ak (y) to be the class represented by DU (—h(D)).
Note that this does not depend on the choice of (D,0D) nor on h. In [37],
it is shown that A is always an isomorphism and that giving the Seifert
form is equivalent to giving the variation map.

Recall that if n > 3, two fibered (2n — 1)-knots are isotopic if and only
if their Seifert matrices are congruent [21], [36]. When n = 2, we have the
following isotopy criterion.

THEOREM 2.2. Let K; (j =0,1) be fibered 3-knots with fiber F;. Then
the following five are equivalent.

(1) The embedded 3-manifolds Ko and K are (orientation preservingly)
isotopic in S°.

(2) There exists a (orientation preserving) homeomorphism ¥ : Fy — Fy
satisfying Ui, (Vox, V,y) = T, (x,y) for all x,y € Ha(Fp).

(3) There exists a (orientation preserving) homeomorphism ¥ : Fy — Fy
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which makes the following diagram commutative:

Ak

HQ(F(),aFo) — 9, HQ(FQ)
(2.3) xpl Ax \pl
Hy(F1,0F)) ——— Hy(Fy).

(4) There exist a (orientation preserving) homeomorphism v : Ky — K
and an isomorphism A : Ho(Fy) — Ha(Fy) which satisfy the following
properties (a), (b) and (c):

(a) The 4-manifold Fy Uy, (—F1) is a spin manifold, where —F} is
the 4-manifold F with the reversed orientation, and FoUy, (—F1)
is the closed 4-manifold obtained from Fy and —F) by attaching
their boundaries by the homeomorphism 1.

(b) The following diagram is commutative, where the two horizon-
tal sequences are the exact sequences of the pairs (Fy, Ko) and
(F1, K1) respectively and A* is the adjoint of A with respect to the
identification of Ho(F;,0F;) with Hom(H2(F}),Z) arising from
the Lefschetz duality:

0 — HQ(K()) — HQ(F()) — HQ(FQ,KQ) — Hl(Kl) — 0
(2.4) w*l Al A*T w*l
0 — Hy(K:) — Hy(F1) — Hy(F1, K1) — Hi(K;) — 0.

(¢) We have I'g, (Azx, Ay) =Tk, (x,y) for all x,y € Ha(Fp).

(5) There exist a (orientation preserving) homeomorphism v : Koy — K
and an isomorphism A : Hy(Fy) — Ho(F) which satisfy the properties
(a), (b) above and (') below:

() The following diagram is commutative:

Ag,

HQ(F(), aFQ) —0, HQ(F())

(2.5) N . A
Hy(Fy,0F) — Hy(Fy).

To prove Theorem 2.2, we need some lemmas.
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LEMMA 2.3. Let F' be a smooth compact 1-connected 4-manifold with
connected boundary. Then for some nonnegative integer k, Fik(S? x S?)
admits a handlebody decomposition without 3-handles.

PROOF. Since (F,0F) is a l-connected compact smooth 4-manifold
(with connected boundary), there exists a nonnegative integer k such that
(Fik(S? x D?), 0F#k(S? x S1)) admits a handlebody decomposition without
1-handles by [71]. Considering the dual handlebody decomposition, we see
that F' = Fik(S? x D?) admits a handlebody decomposition without 3-
handles. By attaching k 2-handles to F’ appropriately, we get Fik(S? x
S2)° = Fitk(S? x §?), where (5% x §2)° = §% x §? —Int D*. Hence Fik(S? x
S?) admits a handlebody decomposition without 3-handles. This completes
the proof. [J

LEMMA 2.4. Let K; (j =0,1) be fibered (2n — 1)-knots in S?" 1 with
fiber F. Suppose that Fy is orientation preservingly homeomorphic to Fy
and that the geometric monodromies of K; are topologically pseudoisotopic
relative to boundary. Then there exists an orientation preserving homeo-
morphism ® : S — §2nH1 yith &(Fy) = Fy and ® oig = i1 0 ® on Fy,
where i : Fj — g2+l — F}; are the maps used in the definition of the Seifert
form.

PRrOOF. Let hj: Fj — F; be geometric monodromies of K; (j =0,1).
Since h; are pseudoisotopic, there exists a homeomorphism @ : Fy x I —
Fy x I (I =[0,1]) such that ®(z,0) = (ho(z),0) and &(z,1) = (T~ Lohso
U(z),1) for all x € Fy and ®'(y,t) = (y,t) for all y € OFy and ¢ € I, where
U : Fy — F} is a homeomorphism which preserves the orientations. Then
(®)~! induces a homeomorphism

(2.6) O Fy x I/(x,1) ~ (ho(z),0)
— Fyx I/(z,1) ~ (¥ o hy o U(x),0).

It is clear that ®” extends to a homeomorphism ® of $?"*! with the required
properties. This completes the proof. ]

LEMMA 2.5. Let K be a fibered (2n—1)-knot and ¢; : S*"*! — K — S1
(j = 0,1) two smooth fibrations as in Definition 2.1 which are homotopic.
Then there exists an orientation preserving homeomorphism ® : §?"+1 —
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St with ®(Fy) = Fy and ® oig =iy 0 ® on Fy, where F; is a fiber of ¢;
and i; : Fj — g2l F; is the map used in the definition of the Seifert
form.

REMARK 2.6. Note that there exist exactly two homotopy classes of
fibration maps S?"*! — K — S1 since H'(S?"*! — K) is isomorphic to Z
and that there exist exactly two choices for a generator. The two homotopy
classes correspond to the two orientations of S?.

ProoF or LEMMA 2.5. When n = 1, the result is well-known. For
n > 2, by considering the universal cover E of E = §2"+! — Int N(K), we
see that there exists a smooth h-cobordism W between Fy and F; embedded
in £~ Fy xR = F; xR. Note that the h-cobordism W has a product struc-
ture on the boundary, since the trivialization « as in Definition 2.1 is unique
up to homotopy. Then using a result of Freedman [23] when n = 2 and the
h-cobordism theorem of Smale [82] when n > 3, we see that Fj are orienta-
tion preservingly homeomorphic to each other. Furthermore, using Wall’s
construction [89, p.140], we can show that the geometric monodromies of
¢; are pseudoisotopic relative to boundary (for a precise argument, see [49]
or [68, §3].) Now the result follows from Lemma 2.4. This completes the
proof. [J

REMARK 2.7. Using the pseudoisotopy theorem of Cerf [14] (n > 3) or
Perron [69] and Quinn [72] (n = 2), we see that the geometric monodromies
of ¢; are actually topologically isotopic relative to boundary.

PROOF OF THEOREM 2.2. (1) = (2): This is an immediate conse-
quence of Lemma 2.5.

(2) = (4): Set ¢ = V|pp, and A = W, : Hy(Fy) — Ha(F1). Then they
obviously satisfy the conditions (b) and (¢) in (4). The fact that they also
satisfy (a) follows from [9].

(4) = (1): It is well-known that = -y = 'k, (2,y) + L'k, (y, z) for all
x,y € Hy(F}), where x -y denotes the intersection number of z and y in
F; (for example, see [21], [36]). Thus A : Hy(Fy) — Ha(F)) preserves the
intersection pairings of F;. Hence there exists a homeomorphism from Fj to
F} which induces A and which coincides with ¢ on 0Fy by [9]. In fact, there
exists a smooth h-cobordism W between Fjy and F} such that the composite
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map

2.7) Hy(Fy) "%

5 Ho(FY)
coincides with A, where ¢; : F; — W are the inclusion maps (see [9,
p.347]). Then by [50], [71], Wi.k(S? x S? x I) is diffeomorphic to the prod-
uct (Fotk(S? x S2)) x I for some nonnegative integer k, where f#. denotes
a connected sum along cobordisms. Hence there exists a diffeomorphism
U : Fyftk(S? x S?) — Fitk(S? x 5?) such that ¥, = A @ id with respect to
the decomposition Ha(Fjtk(S? x S?)) 2 Ha(F;)® Ha(18(S% x S?)). Since we
can perform the connected sum operation of $% x S2 in S°, we obtain Seifert
manifolds F of K; and a diffeomorphism U: Fy— Fy Wthh preserves the
Seifert forms. By Lemma 2.3 we may further assume that F have handle-
body decompositions without 3-handles. Then by the same argument as in
[54, §§18-20], we can smoothly isotope Fyy to F} in 5. Thus K is isotopic
to Kl.

(2) <= (3) and (4) <= (5): These are obvious in view of the fact
that the Seifert form is essentially the same as the variation map [37]. This
completes the proof. [J

REMARK 2.8. (1) We call a smoothly embedded (closed connected ori-
entable) 3-manifold K in S° an almost fibered knot if there exists a topo-
logical (not necessarily smooth) fibration ¢ : S — K — S! satisfying the
condition in Definition 2.1 and with simply connected fibers such that at
least one of the fibers F' of ¢ is smooth and smoothly embedded in S® (such
a fiber F is called an almost fiber). Then Theorem 2.2 also holds for almost
fibered 3-knots.

(2) If Ho(K;;Q) = H.(S%Q), then in Theorem 2.2 (4) and (5) the
condition (a) can be omitted (see [9, (0.8) Proposition]).

(3) If Hi(K;) are torsion free, then the diagram (2.4) in Theorem 2.2
(4)(b) and (5)(b) can be replaced by

0 — Hy(Ko) — Ha(Fp)
(2.8) wl Al
0 — HQ(Kl) — HQ(Fl)

The remaining commutativity is obtained from the above one by using the
Lefschetz duality and the universal coefficient theorem.
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As a corollary to Theorem 2.2, we get further isotopy criterions as fol-
lows.

COROLLARY 2.9. For fibered 3-knots K; (j = 0,1), the following three
are equivalent.

(1) The embedded 3-manifolds Ko and K are (orientation preservingly)
isotopic in S°.

(2) The pair (S°, Ky) is (orientation preservingly) homeomorphic to the
pair (S°, K1).

(3) The fibers of K; are (orientation preservingly) homeomorphic and the
geometric monodromies of K; are homotopic relative to boundary.

PROOF. (1) = (2): This is obvious.

(2) = (3): This can be proved by the same argument as in [68]. See
also the proof of Lemma 2.5.

(3) = (1): By [72], the geometric monodromies of K are topologically
pseudoisotopic relative to boundary. Then by Lemma 2.4 there exists an
orientation preserving homeomorphism ® : S5 — S° with ®(Fp) = F; and
® o iy =73 0 ®. The homeomorphism ¥ = ®|g, clearly preserves the Seifert
forms. Thus by Theorem 2.2, Ky and K are isotopic to each other. This
completes the proof. [J

REMARK 2.10. In the other dimensions, an analogue of the above
corollary ((1) <= (2)) is also true; i.e., two fibered (2n — 1)-knots K;
(j = 0,1) are isotopic to each other if and only if (§?"*!, Kq) is orientation
preservingly homeomorphic to (S?"*!, K1). For n = 1, this is a well-known
fact. For n > 3 we can prove this using the topological h-cobordism theorem
[44] and a result of Durfee [21] and Kato [36] (see the proof of Lemma 2.5.
See also [77, Lemma 5]).

As we shall see in §3, a fibered 3-knot is not always determined by
the homeomorphism type of the embedded 3-manifold together with the
congruence class of a Seifert matrix. However, in the following special cases
these invariants do determine the isotopy type.
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DEFINITION 2.11. Let X be a closed connected orientable 3-manifold.
If a fibered 3-knot K is homeomorphic to X as an abstract 3-manifold, then
we say that K is a fibered X-knot (see [75]).

THEOREM 2.12. Let 3 be one of the following 3-manifolds.
(1) Hi(X) =2 Z/rZ, where r = 1,2,4,p™ or 2p™ with p an odd prime.
(2) X = 1*(S% x S1) for some positive integer k.

Then two fibered .-knots are isotopic if and only if their Seifert matrices
are congruent.

PROOF. First assume that Hi(X) = Z/rZ as in (1). Let K; (j =0,1)
be fibered Y-knots with congruent Seifert matrices. Thus there exists an
isomorphism A : Ho(Fy) — Ha(F1) which preserves the Seifert forms, where
F; is the fiber of K. Then there exists a unique isomorphism o : Hy(Ky) —
H (K1) which makes the following diagram commutative:

0 — HQ(FO) — HQ(FO,aFO) — Hl(KO) — 0
(2.9) A N of
0 — Hy(F\) — Hy(F1,0F) — Hi(K;) — 0.

Note that « preserves the linking pairings on H; (k). Using our hypothesis,
we can easily deduce that o = %1 (see [9, (1.9) Corollary]). Replacing A by
—A if necessary, we may assume that « = 1. (Note that —A also preserves
the Seifert forms.) Thus « is realized by a homeomorphism (e.g., the identity
map). By Theorem 2.2 and Remark 2.8 (2), Ky is isotopic to K.

Next we assume that ¥ = S? x S1. Let K; (j = 0,1) be fibered ¥-
knots with congruent Seifert matrices. Thus there exists an isomorphism
A : Hy(Fy) — Ha(F1) which preserves the Seifert forms. Then there exists a
unique isomorphism « which makes the following diagram commutative:

0o — HQ(K()) — HQ(F())
(2.10) of A

0 — HQ(Kl) — HQ(Fl)

Since Ho(Kj) = Z, « is realized by a homeomorphism ¢ : Ko — K;. Let
7:82 x St — §2 x S! be the homeomorphism defined by 7(u,v) = (uv,v),
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where we identify S? with the Riemann sphere C = C U {0} and S! with
the unit circle in C. Note that 7 acts on H.(S? x S') trivially. Replacing
Y by 7o) if necessary, we may assume that Fy Uy (—F1) is a spin manifold
(see [9]). Then by Theorem 2.2 and Remark 2.8 (3), K is isotopic to K.

The general case where ¥ = #¥(S2 x S1) is proved similarly. All we need
in addition is that every automorphism of Hy(#*(S? x S1)) is realized by a
homeomorphism, which can be proved by using the fact that ##(S2 x S1) is
diffeomorphic to the boundary of §*(S? x D?) and by using the techniques
of handle-sliding (see [24, proof of Lemma 4] or [48, p.81]). This completes
the proof. [J

REMARK 2.13.  When H;(X) = 0, the above theorem has been proved
in [54], [74].

We have discussed isotopy criterions for fibered 3-knots and have not
mentioned their existence. In fact, there exist plenty of fibered 3-knots. For
example, every closed connected orientable 3-manifold can be embedded in
S° as a fibered 3-knot [74]. It seems worthwhile to recall here some methods
of constructing fibered 3-knots. We have the algebraic construction [59], the
open book construction [37], [74], the cyclic suspension of classical fibered
knots [63], and the stabilization of almost fibered 3-knots [75]. Furthermore,
almost fibered 3-knots can be constructed by Kervaire’s method [41, Chap.
I1, §6]. We also have plumbing of two fibered 3-knots, which will be discussed
later in §8. In the following sections, we often use these methods in order
to construct desired fibered 3-knots.

3. Seifert Matrix Does Not Necessarily Determine the Isotopy
Type

In §2 we have shown that for certain 3-manifolds X, the congruence class
of a Seifert matrix is a complete invariant for a fibered 3-knot. However,
this is not the case in general. In this section we give two kinds of such
examples.

THEOREM 3.1. Let ¥ be a nontrivial orientable S'-bundle over the
closed orientable surface of genus g > 2. Then for every positive integer
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n, there exist fibered Y-knots K1, ..., K, with diffeomorphic fibers and con-
gruent Seifert matrices such that K; and K; (i # j) are not isotopic to each
other.

PROOF. Let e € Z be the Euler number of the S'-bundle ¥. We
assume that e > 0. (The case where e < 0 can be treated similarly.) Then
the special handlebody F’ whose framed link representation is given in Fig. 1
satisfies OF’ = 3, where a special handlebody is a handlebody consisting of
one 0-handle and some 2-handles attached to the 0-handle simultaneously.
This is proved as follows. Let N be the D?-bundle over the closed orientable
surface ¥, of genus g with Euler number e. Note that N = 3. Then N is
diffeomorphic to the 4-manifold

(3.1) ((Z, — Int D?) x D?) Uy, (—D? x D?),

where h : S' x D? — S! x D? is the diffeomorphism defined by h(t,s) =
(t,t°s) and we identify S' and D? with {z € C:|z| =1} and {z € C: |2| <
1} respectively. Hence N admits a handlebody decomposition consisting of
one 0-handle, 2¢g 1-handles, and one 2-handle. Thus N is represented by the
first picture of Fig. 2, where each pair of small 3-balls with the same index

0 ) Mg
g7

M2g—1

Figure 1.
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denotes the attaching disks of a 1-handle. After proceeding as indicated in
Fig. 2, consider the last framed link and blow down the (+1)-circle. Then
the resulting framed link is as in Fig. 1.

Let m: X — X, be the given S1-bundle projection. Note that Hi (%) =2
(®%Z) ® (Z/eZ) and that 7, : Hi(X) — H1(X,) is surjective. Let a;, b,
(i = 1,2, e ,g) be a basis of Hl(Zg) with ai-bj = 6Z'j and a;-Qj = bzbj = 0,

where “” denotes the intersection number in X, and
1, ifi=j

3.2 6;i = ’ !

(3.2) K { 0, otherwise.

Then there exists a basis a},b; (i = 1,2,...,g) of the free part of H;(X)
such that m.(a}) = a; and m.(b)) = b;. Let a;,b; (i = 1,2,...,9) be the
basis of Hy(X) Poincaré dual to a}, b}. Since the inclusion induces an injec-
tion Hy(X) — Ha(F') (OF' = %), we identify a;, b; with the corresponding
elements of Ha(F").

Let J; (j =1,2,...,n) be unimodular skew-symmetric 2¢g x 2¢ integral
matrices, which will be given later. (Note that any two such matrices are
congruent to each other over the integers.) Let R be the unimodular (e —

1) x (e — 1) matrix given by
-1 -1 - -1

(3.3) R=

Set L = J; @ R, then L} is unimodular and L) + tL;- is the intersection
matrix of F’ with respect to a suitable basis of Hy(F’) which extends
{@y,...,a4,b1,...,bs}. Using the argument of Kervaire [41], we can con-
struct an embedding &; : F' — S° whose Seifert matrix coincides with L;.
Set K = &;(OF'), then K7 is an almost fibered 3-knot. Let K be a stabi-
lizer defined in [75]; i.e., Kg is a fibered 3-knot whose fiber is diffeomorphic
to (5% x S?45% x §%)°(= (52 x $?45% x §?)—Int D*). Then K; = KjftkKg are
smoothly fibered 3-knots for some nonnegative integer k [75]. (Note that we
can take k uniformly for all K7,..., K],.) Note that K is diffeomorphic to
¥ and that the fiber is diffeomorphic to F = F'#2k(S? x $?). Furthermore,
we see easily that the Seifert matrices of K,..., K, are all congruent.
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Let P be a unimodular matrix which gives the congruence between L;
and Lj; i.e., 'PL;P = L;, where L; and L; are the Seifert matrices of K;
and Kj respectively. Note that L; = J; ® R® Lg and L; = J; @ R® Lg,
where Lg is a Seifert matrix of #*Kg. We need the following lemma.

LEMMA 3.2. Let QQ; be mxm skew-symmetric nonsingular integral ma-
trices and R; n x n integral matrices such that R; + 'R; are nonsingular
(i = 1,2). Suppose that there exists an (m + n) X (m + n) nonsingular
matriz P such that 'P(Q1® R1)P = Q2@ Ry. Then P = Py ® P, where Py
(resp. Po) is an m x m (resp. n X n) nonsingular integral matriz such that
'PLQ1 Py = Q2 (resp. 'PyR1 Py = Ry).

PROOF. Set
(P P
o po( ),
where the sizes of Py, P, P3 and Py are m X m,n X n,m X n and n X m
respectively. Then we have

(3.5) PPy Q1 0 PP\ (Q O
' tpy P, 0 R P P 0 Ry |~

Adding the transpose of the above equation to itself, we obtain

(3 6) P, Py 0 0 P, Pj
' tPg tPQ 0 Ry+ tRl P P
tP4(R1 + tR1)P4 tP4(R1 + tRl)PQ
'Py(R1 +'R1)Py 'Pa(Ry + 'Ry1) P

- 0 0
- 0 Ry+'Ry |-

Since R; + 'R; are nonsingular, we see that P, is nonsingular and we have
Py = 0. Therefore we see that P; is nonsingular by (3.4). Then by (3.5),
we have

(3.7) PPy 'PLQ1Ps _ (@ O
' PPsQ1 P 'P3Q1 P+ PR Py 0 Ry )~

Then we see that P3 = 0. This completes the proof. [
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We note that the above lemma has an interesting consequence about the
cancellation of certain fibered 3-knots. See §7.

Let us go back to the proof of Theorem 3.1. By the above lemma, we
see that P is of the form Py ® P, with Py J; Py = Jj.

Now suppose that K; and K (i # j) are isotopic to each other. Then
by Theorem 2.2, there exists a homeomorphism v : K; — K; which makes
the following diagram commutative:

O — HQ(KJ‘) — HQ(F)
(3.8) v P

Note that v, is identified with Py with respect to the basis {ai,...,ag,
bi,...,bg}. Since g > 2, by Waldhausen [86], we may assume that there
exists a homeomorphism 1 : ¥y — ¥4 which makes the following diagram

commutative: »
>y — X

(3.9) | |

Sy —— 5,
Since (). on Hi(X,) preserves the intersection paring on ¥,, we have
‘QJQ = J, where

0 I
a0 (50,

I is the g X g unit matrix, and @ is the matrix representative of (1), on
H,(X,) with respect to the basis {ai,...,a4,b1,...,bq}. Using Poincaré
duality and the universal coefficient theorem, we see easily that 1. = Py on
H,(X) is identified with 'Q~'. Hence we have Py 'J'P;! = J. This implies
that tP[)JPO =J.

DEFINITION 3.3. Let A and B be unimodular skew-symmetric 2g x 2¢
integral matrices. We say that A and B are equivalent (denoted by A ~ B),

if there exists a unimodular matrix C' such that 'CAC = B and 'CJC = J,
where J is the matrix as in (3.10). Note that this is an equivalence relation.

Thus, in order to prove Theorem 3.1, we have only to show that there
exist infinitely may equivalence classes in the above sense.
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For a unimodular skew-symmetric 2g x 2¢g integral matrix A, define
ea(t) = det(tJ — A), which is an element of Z[¢t].

LEMMA 3.4. If A~ B, then ca(t) =¢cp(t).
PRrOOF. Let C be a matrix as in Definition 3.3. Then we have

(3.11) ep(t) = det(tJ — B)
det(t.J tCAC)
det("C(tJ — A)O)
= det(tJ — A)

= 6,4(75).

This completes the proof. [

For a given sequence of integers ap, 0, . .., 0g1, set
e e e 0 —ayg
1 0 A (] -
1 0 - 0 —Q9
(3.12) X = . :

1 0 —049_2

0

Then we can show the following by an induction argument.

—_

LEMMA 3.5.
(3.13) det(t] — X) =t9 + ag_1t9 '+ + ayt + .
Setting
0 X
(3.14) Jj = < o )

with ag = 1, we see that J; is a unimodular skew-symmetric 2g x 2¢g integral
matrix and that

(3.15) e, (t) =9+ ag 1ty + -+ art+1)%
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Thus, varying aq,...,a4—1, we obtain infinitely many unimodular skew-
symmetric 29 X 2g integral matrices which are not equivalent to each other
in the sense of Definition 3.3 by Lemmas 3.4 and 3.5, since g > 2. This
completes the proof of Theorem 3.1. [J

REMARK 3.6. We do not know if there exist infinitely many smoothly
fibered >-knots with congruent Seifert matrices such that they are not iso-
topic to each other for some X. This is true if we can find a uniform integer
k as in the above proof for all K; (i = 1,2,...). See [50], [71], [26]. Note that
we can find infinitely many distinct almost fibered 3-knots with congruent
Seifert matrices.

REMARK 3.7. Let K and K’ be fibered 3-knots with isomorphic Seifert
forms. Then the n-fold cyclic suspensions of K and K’, which are fibered
5-knots in S7, are isotopic to each other for all positive integer n, since they
have isomorphic Seifert forms (see [63]). In particular, the n-fold cyclic
branched covering spaces of S° branched along K and K’ are diffeomorphic
to each other for all n, although K and K’ may not be isotopic to each other
as has been seen in Theorem 3.1. Compare this with the case of prime knots
in S3, where two such knots are equivalent if and only if the n-fold cyclic
branched covering spaces of S branched along the knots are homeomorphic
for infinitely many n (see [46]).

Next we give an example which shows that the Seifert matrix does not
determine even the homeomorphism type of the fiber, nor the isotopy type
of a fibered 3-knot.

PROPOSITION 3.8. Let ¥ be the trivial S*-bundle over the closed ori-
entable surface of genus g > 2. Then there exist two fibered X-knots with
congruent Seifert matrices but with nonhomeomorphic fibers.

By Theorem 2.2 these fibered Y-knots are not isotopic to each other.

PROOF OF PROPOSITION 3.8. Let Fy be the special handlebody whose
framed link representation is given in Fig. 3. It is easy to see that 0Fj is
diffeomorphic to ¥ (see the proof of Theorem 3.1). Let F; be the almost
framing on 0Fy = ¥ induced by that on Fj. Let F7 be the almost framing
on 0Fy = X which is the same framing on Fy except on 2441, where o441 is
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the homology class in Hy(0Fy; Z/2Z) represented by a meridian loop around
the component lo511 (see Fig. 3). Recall that the almost framings on 0Fj are
in one-to-one correspondence with the elements of H'(0Fy;Z/2Z). Then,
for (0Fy, F1), the one component link lygyq is characteristic in the sense
of Kaplan [35]. If we apply Kaplan’s algorithm to kill the characteristic
sublink without changing the boundary, then we get the framed handlebody
Fy whose framed link representation is given in Fig. 4. Note that the almost
framing F7 is the restriction to 0F} of that on F and that F; have the same
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intersection matrix.

We show that Fj is not homeomorphic to Fj. If Fjy is homeomorphic to
Fy, then by [9], there exists a homeomorphism v : Fy — OF} such that
Fy Uy (—F1) is a spin 4-manifold. Thus v4(Fo) = Fi. (For the definition of
Yy(Fo), see [9, (2.3)]. Note that almost framings on ¥ are identified with
spin structures on ¥ in the sense of Boyer [9].) We may assume that
preserves the fibers of the trivial fibration ¥ — X, by [86]. Then it is easy
to show that y(Fo) is different from Fy on o411 € Hy(3;Z/27Z), since
Y2g+1 coincides with the class represented by a fiber of ¥ — ;. Thus Fj is
not homeomorphic to Fj.

Since taking connected sum with the spin 4-manifold S? x S? does not
change the almost framing on the boundary, we see that Fytk(S? x S?) is
not homeomorphic to Fi#k(S? x S2) for any nonnegative integer k.

Since the intersection forms of F; are isomorphic, we obtain two fibered
Y-knots with the same Seifert matrix and with fibers F;#k(S? x S?) for some
even integer k, using the technique of the stabilization of almost fibered
knots as in [75]. This completes the proof. [J

REMARK 3.9. We do not know if Fy and F} above are homotopy equiv-
alent relative to boundary.

In all the above examples, the first homology groups of the embedded
3-manifolds are infinite. In the case of rational homology 3-spheres, we have
the following example.

Ezample 3.10. Let Vi (resp. V3) be the special handlebody consisting
of one 0-handle and one 2-handle attached along the torus knot of type
(3,19) (resp. (5,11)) with the framing 56. By [61], OV; are (orientation
preservingly) diffeomorphic to the lens space L(56,9)(= L(56,25)). We fix
a diffeomorphism 0V; = 9Va = L(56,9). Let v; € Ho(V;,0V;) = Z be
generators. Then it is not difficult to show that 0y, = 19« and 0vyy = 5«
for some generator v € H1(L(56,9)) = Z/56Z. 1t is known that there exists
no homeomorphism of L(56,9) whose induced isomorphism on Hy(L(56,9))
maps 5a to 19« (for example, see [8], [33]). Thus V; is not homeomorphic
to V5. By a similar argument, we can show that Vi#k(S? x S?) is not
homeomorphic to Vak(S? x S?) for every nonnegative integer k. Now, using
the technique developed in [74, §6], we can construct, for some k, fibered
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3-knots K; (i = 1,2) with fiber V;#k(S? x S?) and with congruent Seifert
matrices. By Theorem 2.2 these fibered 3-knots are not isotopic to each
other. Note that » = 56 does not satisfy the condition in Theorem 2.12 (1).

4. Reflexivity of Fibered 3-Knots

Let K be a 3-manifold embedded in S°. Set E(K) = S° — Int N(K),
where N(K) is a tubular neighborhood of K in S°. We call E(K) the
exterior of K. We say that K is reflexive if every embedding K’ of the
3-manifold in S® with exterior diffeomorphic to that of K is isotopic to K.
Note that when the embedded 3-manifold is diffeomorphic to 53, it is known
that there exist at most two embeddings with diffeomorphic exteriors (for
example, see [54, §22]). Here the terminology “reflexive” comes from this
fact, although for general 3-manifolds we may have more than two such
embeddings, as will be seen in Theorem 4.6.

In [12], Cappell and Shaneson have shown that there exist infinitely
many nonreflexive spherical 3-knots in S°. (For the case of classical knots
in S3, see [28].) On the other hand, Levine [54, §22] has shown that every
simple fibered spherical 3-knot is reflexive. In this section, we show that
certain (nonspherical) fibered 3-knots are reflexive (in fact, they are com-
pletely determined by the homotopy type of their complements). We also
give some examples of nonreflexive fibered 3-knots.

In order to obtain some results on the reflexivity of fibered 3-knots, we
consider the following classes of closed orientable 3-manifolds ¥ and .

(I) ¥ is of the form ¥ = ¥4---#3,, where each ¥; is either S* x $? or
a Haken 3-manifold (i.e., irreducible and sufficiently large [87]). X’
does not contain any compact contractible 3-dimensional submanifold

which is not diffeomorphic to the standard 3-ball (i.e., it contains no
fake 3-cell).

(IT) X is a Seifert fibered space with infinite m; and ¥’ is irreducible.
(III) ¥ and ¥’ are hyperbolic 3-manifolds.

(IV) ¥ is a hyperbolic 3-manifold which contains an embedded hyperbolic
tube of radius (log 3)/2 = 0.549306 - - - about a closed geodesic and ¥
is irreducible (see [25]).
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Note that for each pair of closed orientable 3-manifolds ¥ and Y’ as above
the following holds: every homotopy equivalence 1) : ¥’ — ¥ is homotopic to
a homeomorphism. See [87], [48], [80], [66], [67], [62], [25] and [68, Lemme 9].

THEOREM 4.1.  Suppose that X and X' are a closed orientable 3-mani-
fold pair as in (1), (I), (III), or (IV) described above and that Hi(X;Q) =
0= H,(X;Q). Let Ky be a fibered X-knot and K1 a fibered ¥'-knot. Then
Ky is isotopic to Ky if and only if (Eo,0Ey) is orientation preservingly
homotopy equivalent to (Ey,0F1), where E; = S° —Int N(K;) (j =0,1).

PROOF. Suppose that (Ey, OEy) is orientation preservingly homotopy
equivalent to (E1,0E1). Let m; : (Ej,0E;) — (E;,0E;) be the infinite
cyclic coverings induced by the fibrations (7 = 0,1). Since (FEy,0FEy) is
homotopy equivalent to (Eq,0FE), there exists a homotopy equivalence \ :
(Eo,0Ey) — (E1,0E1). Note that (E;, 0E;) is diffecomorphic to (Fj, dF;) x
R. Set A = 71 0 Mo, where v : (Fy, dFy) — (Eo, OEp) is an inclusion map
and 71 : (El,BEl) — (Fy,0F)) is a natural retraction map. Furthermore
let hj : (F},0F;) — (F},0Fj) be the geometric monodromy of K;. Then
the following diagram is commutative up to homotopy:

(Fy,0F) —2—  (Fy,0F)

(4.1) XJ xl
(F1,8F1) L) (F1,8F1).

Thus the homotopy equivalence A preserves the intersection forms and the
algebraic monodromies. Let S;, H; and L; be the intersection matrix for Fj,
the monodromy matrix for K; and the Seifert matrix of K; respectively with
respect to a fixed basis of Ha(F}). Then by [21], [36], we have L;(I — H;) =
Sj, where I is the unit matrix. On the other hand, we have det(/ — H;) # 0,
since Hy(Kj; Q) = 0. Hence we have L; = S;(I—H;)~!. Thus X also induces
an isomorphism on the second homology group which preserves the Seifert
forms.

By our hypothesis on ¥ and ¥’, we see that Ky is homeomorphic to
K and that the homotopy equivalence 5\| Ko : Ko — Kj is homotopic to
a homeomorphism. Thus, changing A homotopically if necessary, we may
assume that \| g, is a homeomorphism. Then by Theorem 2.2, K| is isotopic
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to K (see also Remark 2.8 (2)). The converse is trivial. This completes the
proof. [J

COROLLARY 4.2. Let X be a closed orientable 3-manifold as in (I), (II)
or (III) described just before Theorem 4.1 and suppose that H1(%; Q) = 0.
Then every fibered YX-knot is reflexive.

As a corollary to the above result, we obtain the following.

COROLLARY 4.3. Let X and X/ be a closed orientable 3-manifold pair
as in (I), (IT), (II1), or (IV) and suppose that H1(X; Q) = 0 = H1(X; Q).
Let Ky be a fibered X-knot, K1 a fibered ¥'-knot and ¢; : S° — K; — St
the fibrations as in Definition 2.1 (i = 0,1). Suppose that there exists an
(orientation preserving) embedding 6 : E(Ky) — E(Ki) which makes the
following diagram commutative:

E(Ky) & B(K))

(4.2) P0 "\ !
St

Furthermore, we assume that Fy —Int 0(Fy) is an h-cobordism between OF;
and 0(0Fy), where F; is the fiber of ¢; : E(K;) — S over 1 € St. Then Kq
and K1 are isotopic to each other.

PrOOF. Under the hypothesis, it is not difficult to show that (E(Kj),
0E(Kyp)) and (E(K;),0E(K;)) are orientation preservingly homotopy
equivalent. Then the result follows directly from Theorem 4.1. [J

Compare Corollary 4.3 with the corresponding higher dimensional result
(for example, see the proof of [52, Lemma 2.2]).

REMARK 4.4. In Theorem 4.1, the hypothesis on the first homology
group is essential. See the example below (Theorem 4.6).

REMARK 4.5. For n > 3, every simple fibered (2n — 1)-knot K satisfy-
ing H,(K;Q) = H,(S?"1; Q) is reflexive. This can be proved by using the
same argument as in the proof of Theorem 4.1 together with the fact that
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K is simply connected (see also [54, §22]). We do not know if this is true
without the assumption on the homology group.

Next we give examples of nonreflexive fibered 3-knots.

THEOREM 4.6. Let ¥ be a nontrivial orientable S'-bundle over the
closed orientable surface of genus g > 2. Then there exist simple fibered
knots Ko, ..., Kq4_1 in S5 with the following properties.

(1) All K; are diffeomorphic to ¥ as abstract 3-manifolds.

(2) The exteriors E(K;) = S° — Int N(K;) are all diffeomorphic to each
other, where N(K;) is a tubular neighborhood of K; in S°.

(3) The Seifert matrices of K; are all congruent to each other.

(4) The knots K; and K; are not isotopic to each other if i # j.

ProOOF. In the following, we use the same notation as in the proof
of Theorem 3.1. Let Ky be a fibered X-knot constructed in the proof of
Theorem 3.1 by using a unimodular skew-symmetric 2g x 2¢g matrix Jy.
(The matrix Jp will be chosen more explicitly later.) Note that the Seifert
matrix Lg of Ky is of the form Ly = Jy® R® Lg. Let I be the fiber of the
fibered 3-knot Kg and h : F' — F the geometric monodromy.

It is not difficult to see that there exist @; and b; in Hy(F,0F) such that
oa; = a;, 8?)1 = bg, and a; - Elj = Bz . i)j = 6@‘,@,‘ . (N)j = l_)z . ELj = 0, where
“” denotes the intersection number in F. Note that Ha(F,0F) naturally
decomposes as Ho(F',0F") @ Ho((#2852 x 52)°,0(#2¢S? x S%)°). We may
assume that d;,b; € Hy(F',0F'). Furthermore, Hy(F') and Hy(F',OF)
decomposes as Hao(F') = A® B and Hy(F',0F") = A’ ® B’ respectively in
accordance with the decomposition Jy & R. Then we may further assume
that a; and b; are in A’, since in the exact sequence of the pair (F”,dF")

(4.3)  0— Hy(0F') > Ao B -5 Ao B -2 H(OF) — 0,

Ima = A, §(B) C B’ and B'/B(B)(C H1(0F")) is finite cyclic of order e
(generated by the class represented by a fiber of the fibration 7 : ¥ — 3,).

Since ¥ is a principal S'-bundle, we have a 1-parameter family of dif-
feomorphisms ¢; : ¥ — ¥ parametrized by t € S* = [0,1]/{0,1} which is
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induced by the S'-action on . Let ¢: ¥ x [0,1] — F be a collar neighbor-
hood of OF in F, where ¢(z,1) = z for all x € ¥ = OF. Then define the
diffeomorphism h” : F — F by

PR if x ¢ ¢(¥ x [0,1]),
(44) Wil = { i) t), i a = cly, ).

Furthermore, set h' = h” o h. Note that h’ is isotopic to h (not relative to
boundary). Let A and A’ : Hy(F,0F) — Hy(F) be the variation maps of h
and h' respectively. Then we have

(4.5) Alla;) = Alag) — b,
Al(gi) = A(Bi) + a;,
Allz) = A(z),

where z is an arbitrary element in B’ @ Ha((#2%5% x S2)°, 9(#2£52 x S?)°).
Thus the variation map A’ : Hy(F',0F") @ Ha((§2FS? x S?)°,0(12kS? x
S2)°) — Ho(F') @ Hy((#%*S? x S?)°) decomposes as the direct sum of
two maps Ho(F',0F") — Ho(F') and Ho((#2%S? x §2)°,0(42F52 x §2)°) —
Ho((#2852% x $2)°) as A does. Furthermore, we see that A and A’ preserve
the decompositions Hy(F') = A® B and Ha(F',0F') = A'® B’ and that the
restrictions to B’ @ Ho((12852 x §2)°, 0(#2#S? x $?)°) of A and A’ coincide.
Thus in the following, we concentrate ourselves to the part corresponding
to A and A’. Note that {a;, b;} constitutes a basis of A and {a;, b;} a basis
of A’. With respect to these bases, we have

(4.8) A=A+,

where J is as in (3.10). On the other hand, by [37], we have A = J; . Thus
we have

(4.9) AN=Jt+T=J T~ J)J.

Now let Jy be the matrix of the form

where X is a unimodular g X ¢ integral matrix of the form as in (3.12) con-
structed from a sequence of integers ay,...,ay—1. We choose the sequence
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as follows. Set

11 1 1
1 2 22 29—1
(4.11) c=|13 3 - 37" |

and let C* be the transpose of the cofactor matrix of C'; in other words,
C*C = CC* = (detC)I, where I is the g X g unit matrix. Note that

ag_l 0
Oég_z 1
(4.12) = JetC *
a1 0
ap (g —1)!

Setting C* = (¢j;)1<i,j<g, We have

Qg—1 Clg
: —1)!
oy det C C‘;flg
ag c;g
c’{g
JE— 1 :
H1§i<j§g—1(j — 1) Co—1g
99
Furthermore, we have
(4.14) ¢, = (=1)"**
1 1 1 i 1
1 2 22 9i—1 29—1
. det 5
1 (9-1) (¢9—-1)* - (¢9—1)"" -+ (¢9—-1)97!

where the column with “7” is deleted.
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LEMMA 4.7. The product []i<jcp<q—1(k — j) divides cj, in Z.

ProoF. For each i with 1 <7 < g, set

(415) fi(xl,...,mg_l)
1 T x% . xil_l e (B-(l]_l
= det . . .2 2. 2. )
i 2 i1 g1
Tg—1 Tg—1 Tg—1 Tg—1
which is an element of Z[x1,...,24—1]. Then we have only to show that for

all j and k with 1 <j <k <g—1, x —x; divides fi(z1,...,24-1). Let us
denote by S;—; the symmetric group on the g — 1 letters {1,2,...,9 — 1}.
For an element o € S;_1, let us denote by e, the signature of o and by
d:4{1,2,...,9—1} —{0,1,...,i—2,4,...,g—1} the composition Too, where
T:{1,2,...,9—1} = {0,1,...,4 — 2,4,...,g — 1} is the order preserving
bijection. Then we have

(416) fz-(ml, ce ,wg_l)

0'65971
= Z sgq:f(l) - asg_gl_l) + Z ngf(l) . -scg(_gl_l)
o(j)<o(k) o(j)>a(k)
&(1 &(j &(k 5(g—1
SRR IR DR CR o)
o(j)<o(k)
&(1 &(k &(j 5(g—1
—331( ) x]( ) _xk(J)_ g(_g1 ))
_ Z e 27 xf(]) 270 '$Z£g1_1)(l‘z(k)_g(j) —xf(k)_gm),
o(j)<o(k)
which implies that x, — x; divides fij(x1,...,24—1). This completes the
proof. [
By the above lemma, ag, ..., ag—1 are integers. Furthermore, since

(4.17) o= 1 k=1,

1<j<k<g—1
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we have ag = 1.

LEMMA 4.8. For the above constructed sequence of integers g, ...,
ag—1, we have

(4.18) 1+nag_1 + 7”L2Oég_2 +-+n9tag +nfp =1
form=0,1,...,9g—1.

PROOF. Since we have

ag_l 0
4.19 C =
(4.19) o 0
Qg (g—1)!

by (4.12), the result easily follows. [

For n = 0,1,...,9 — 1, set h], = (h")" o h, where (h”)" denotes the
composite of n copies of h”. Note that b} = h’. Let Al denote the variation
map of h], restricted to the direct summands A’ and A of Hy(F,0F) and
H,(F) respectively. Then we have

(4.20) AL =A+n]=J;"+nd =Jy (ndy — J)J,
where

0 nX —1
(4.21) nJo—J = ( X+l 0 ) :

It is easy to show that

(4.22) det(nX — 1)

= (=1)9(1 +nag_1 +nlag_o+ - +nflag +nfay)

and that this is equal to (—1)9 by the above lemma. Thus A/ is an isomor-
phism. Then by the open book construction [37], [74], we can construct a
fibered knot K, using the diffeomorphism A/ . If we put L/, = (A!)~!, then
the Seifert matrix of K, is of the form L] ® R® Lg.

By the above construction, the properties (1), (2) and (3) of Theorem 4.6
obviously hold. Now we show that K; and K are not isotopic to each other
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for i # j. Consider e/ (t) = det(tJ — L},). Then it is not difficult to show
that ez, = f,(t)?, where

(4.23) falt) = 9+ (mt+ D)9 g+
+ (nt +1)9 a4 (nt +1)9.

Thus the coefficient of ¢ in f,(t) is equal to ay + gn. This implies that
ep(t) # er (t) if @ # j. Then by the same argument as in the proof of
Theorem 3.1, we see that K; and K are not isotopic to each other. This
completes the proof of Theorem 4.6. [

REMARK 4.9. In the above construction, the exteriors F = E(K;) of
K; are diffeomorphic to each other and if we attach ¥ x D? to E appropri-
ately, then we obtain K; as the core ¥ x {0} of ¥ x D2. In this construction,
the attaching maps are essentially different from each other.

REMARK 4.10. By the above calculation, we see that when e = 1, the
variation map of h” : F/ — F’ is equal to J, which is unimodular. In other
words, we can construct a fibered Y-knot by using h” : F/ — F’ as the
geometric monodromy; in other words, we do not need stabilizations. This
is a fibered >-knot which has the minimal second betti number of the fiber.

REMARK 4.11. We do not know if there exist infinitely many fibered
Y-knots which satisfy the conditions (1)—(4) (or (1) and (4)) of Theorem 4.6
for some 3-manifold . See also Remark 3.6.

5. Fibering Structures

In higher dimensions, fibering structures of fibered knots are unique up
to isotopy [21], [36]. In this section we consider the problem whether or not
fibering structures for fibered 3-knots are unique (see [21, p.53]). First we
show that fibering structures are unique up to topological isotopy.

THEOREM 5.1. Let K be a fibered 3-knot and ¢; : S° — K — S (j =
0,1) two smooth fibrations of its complement as in Definition 2.1. Then
there exists a homeomorphism ® : S° — S° with ®(K) = K which is
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topologically isotopic to the identity and which makes the following diagram
commutative:

5K 2 §$_K
(5.1) ®0 "\, P
St

Proor. By the proof of Lemma 2.5 together with Remark 2.7, we see
that there exists an orientation preserving homeomorphism ® : (S°, K) —
(8%, K) which makes the diagram (5.1) commutative. Then the result fol-
lows from the following lemma.

LEMMA 5.2. Fwvery orientation preserving homeomorphism h : S™ —
S™ is topologically isotopic to the identity for all m.

ProOOF. We prove the lemma by the induction on m. For m = 0, the
result is obvious. Assume that m > 1 and that the conclusion of the lemma
is true for m — 1. Let Dy and D_ be the hemispheres of S™ separated
by the equatorial (m — 1)-dimensional sphere Sj*~'. Note that Dy are
homeomorphic to the m-dimensional disk. By a topological isotopy, we
may assume that h(Dy) C Int Dy. Then by the solution of the annulus
conjecture (see [43], [70]), we see that Dy — h(Int D) is homeomorphic
to S™~! x [0,1]. Hence, by the induction hypothesis, we may assume that
RS = h(SZY),h(D4) = Dy and h(D_) = D_. Then for h|p, use the
Alexander trick to obtain a topological isotopy to the identity map. This
completes the proof of Lemma 5.2 and hence that of Theorem 5.1 as well. []

REMARK 5.3. In [21], it has been shown that the fibering structures
are unique up to smooth isotopy for a fibered (2n — 1)-knot K with n >
3. More precisely, if ¢; (j = 0,1) are two fibrations, then there exists a
diffeomorphism @ : §?7+! — §2n+l with ®(K) = K smoothly isotopic to
the identity such that ¢g9 = ¢1 o ®. This is also true for n = 1.

If we work in the differentiable category, fibering structures of fibered
3-knots are not unique. To see this, we use the following proposition, which
is essentially due to Donaldson.
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PROPOSITION 5.4. Let f be a polynomial in C3 with f(0) = 0 and with
an isolated critical point at the origin. Let Fy be a fiber of the Milnor fibra-
tion associated with f (see §11). If OFy = Ky is a homology 3-sphere, then
Fy is not diffeomorphic to a connected sum X14Xs, where X; are smooth 4-
manifolds with b > 0 (b is the rank of the positive part of the intersection
form on the second homology group).

PROOF. By [59], Fy is diffeomorphic to the manifold given by DS N
f71(6) (0 < 6§ << e << 1). Thus Fy can be smoothly embedded (as a
smooth manifold) in a nonsingular algebraic surface in CP? with sufficiently
high degree. Then the result follows directly from [20, Theorem A]. This
completes the proof. [J

PROPOSITION 5.5. Set f(x,y,2) = 22 4+ y3 + 221 (k > 4). Then the
algebraic knot Ky associated with f has at least two smooth fibrations of its
complement with nondiffeomorphic fibers.

PROOF. Let Fy be a fiber of the Milnor fibration associated with f.
Then by [10], 0F is a homology 3-sphere and the intersection form of Fy
is isomorphic to k(—2Eg @ 3U) & (k — 2)U, where Eg is the unique positive
definite symmetric unimodular bilinear form of even type and of rank 8 and
U is the bilinear form represented by the matrix

(5.2) (? é)

(See, for example, [60].) Furthermore by [57], the 3-manifold Ky bounds a
smooth compact 1-connected 4-manifold N with intersection form U. Set
F = kVii(k — 3)(S? x S%)4N, where Vj is diffeomorphic to a K3 surface
(for example, a nonsingular complex surface of degree 4 in CP3). Note that
the intersection forms of Fy and F' are isomorphic and 0F; = OF. Let L
be a Seifert matrix of the algebraic knot K. Then by [74], there exists a
fibered 3-knot K with fiber F' and Seifert matrix L. (This is obtained by
the open book construction.) By Theorem 2.12 (or by [74]), K is isotopic
to K. However, the fibers of K and K are not diffeomorphic to each other
by Proposition 5.4. This completes the proof. []

REMARK 5.6. Other examples as in Proposition 5.5 can be found in
[74]. We do not know if there exists a fibered 3-knot which admits an
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infinitely many smoothly distinct fibering structures. It is probable that
we can construct such an example by using the method of the next section
together with a result of [27] about exotic K3 surfaces.

Let K be a stabilizer defined in [75]. Furthermore let ¢g : S°—Kg — S*
be a fixed fibration of its complement whose fiber Fg is diffeomorphic to
((S% x §%)1(S? x §%))°. If we work in the differentiable category, all we can
say is that fibering structures of fibered 3-knots are stably unique as follows.

PROPOSITION 5.7. Let K be a fibered 3-knot and ¢; : S5 - K — St
(j = 0,1) two smooth fibrations of its complement as in Definition 2.1.
Then there exist a nonnegative integer k and a diffeomorphism ® : S5 — §°
with ®(KtkKg) = ®(K#kKg) smoothly isotopic to the identity such that the
two fibrations ¢;tkds : S° — (KtkKsg) — S satisfy (¢1ikds) o @ = ¢otkds,
where ¢;kg is the fibration of the complement of the fibered 3-knot K$kKg
associated with ¢; and ¢g.

PROOF. Let Fj be a fiber of ¢;|gs 1 n(x), where N(K) is a tubular
neighborhood of K in S5 Furthermore let E = E(K) = S° — Int N(K)
be the exterior of K in S® and 7 : E — E the universal cover of E. Then
by the same argument as in the proof of Lemma 2.5, we see that there
exists a smooth h-cobordism W between Fy and F; embedded in E. Then
by [50], [71], WH.2k'(S? x S% x I) is diffeomorphic to (Fpf2k'(S? x S?2)) x
I for a sufficiently large nonnegative integer k. In particular, the fibers
F ]’ of ¢;tk’¢gs are diffeomorphic to each other and we also see that their
geometric monodromies are smoothly pseudoisotopic relative to boundary
by using Wall’s construction [89, p.140]. Hence, by the same argument as in
the proof of Lemma 2.4, we see that there exists an orientation preserving
diffeomorphism W : S° — S° with U(F}) = F} such that | F preserves the
Seifert forms. By Lemma 2.3 we may also assume that Fj’ have handlebody
decompositions without 3-handles. Then by using Levine’s argument [54,
§§18-20], we see that F) and F] are smoothly isotopic to each other in
S5. Then by an argument similar to that in [21, Proof of 3.2], we see that
the geometric monodromies of ¢;#k’¢s are smoothly pseudoisotopic to each
other. By [69], [72], this pseudoisotopy is smoothly isotopic to an isotopy
after a connected sum with k” additional copies of Kg to Kfk/ Kg for some
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E"”. Then using the same argument as in [21], we see that there exists a
desired diffeomorphism ® : S° — S® for k = k' + k”. This completes the
proof. [

6. Fibered 3-Knots with Fiber a Punctured K3 Surface

In §10 we will show that for any smooth closed 1-connected spin 4-
manifold N not homotopy equivalent to S*, there exists a fibered 3-knot
whose fiber is diffeomorphic to (N#(S? x S?))°. Let Vj be a K3 surface;
i.e., V4 is a l-connected compact complex surface with trivial canonical
bundle. Then it is known that Vj is not diffeomorphic to a connected sum
NE(S? x S?) [19]. Thus it arises the question whether or not a punctured
K3 surface V can be a fiber of a fibered 3-knot. In this section we answer
to this question affirmatively, using a result of Matumoto [58].

Suppose A € GL(3,Z) satisfies det(I — A) = £1, where I € GL(3,Z) is
the unit matrix. Set

I1—-A 0
(61) B_< 0 I_tA—l >7

then it is easy to see that B is unimodular. Set

0 1Y\,
(6.2) C:(I 0)3 L

Then C is unimodular and we have

(0T
6 cre- (1)
and
_ A 0
(6.4) —C “C:(O Lyt )

Then D = —C~'C is an isometry of

0 I
(6.5) H:(IO>,

i.e., 'DHD = H. Thus D preserves the positive part of H (here we identify
H with the symmetric bilinear form R% x R® — R with matrix represen-
tative H). Then we can show that a matrix representative of D restricted
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to the positive part of H is equal to A +‘A~1 = A(I + A~1*A~1). Since the
symmetric matrix I + A~"A~! is positive definite, we see that D preserves
the orientation of the positive part of H if and only if det A = 1. Assume
det A =1 in the following.

Let Ly be a unimodular 8 x 8 matrix satisfying L1 +'L; = — Fg; for exam-
ple, a Seifert matrix for the algebraic knot associated with the polynomial
22+ y3+ 25 Set L=L,®L; ®C. Then L+ 'L is congruent to —2Fg & 3U
and the isometry —L 'L of L + 'L preserves the orientation of the positive
part of L + L. By [58], —L L can be realized by a self-diffeomorphism
of a punctured K3 surface V,” which is the identity on the boundary. Then
using the open book construction [37], [74], we get a fibered 3-knot whose
fiber is a punctured K3 surface. Thus we obtain the following.

PROPOSITION 6.1. There exist infinitely many fibered 3-knots with fiber
diffeomorphic to a punctured K3 surface.

ProoF. For integers a; and a9 with a; + ag = £1, set

00 1
(6.6) A=]1 0 -
0 1 —Q

Note that there exist infinitely many such pairs (a1, @2). By Lemma 3.5, we
see that det A = 1 and det(I — A) = a1 + ag = +1. Using these matrices in
the above construction, we obtain infinitely many fibered 3-knots with fiber
diffeomorphic to a punctured K3 surface. We can show that all these knots
are not isotopic to each other, since their Alexander polynomials (or the
characteristic polynomials of the algebraic monodromy) are distinct. This
completes the proof. [J

If we use a matrix with det A = —1 in the above construction, we get
the following.

PROPOSITION 6.2. There exist infinitely many smooth embeddings &; :
Ve — S (i=1,2,3,...) with the following properties.
(1) &(0Vy) is an almost fibered 3-knot with &(Vy) a fiber.

(2) There exists no smooth fibering of the complement of &(0Vy) in S®
with & (VYY) a fiber.
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ProoF. For integers a1 and a9 with a1 + ag + 2 = £1, set

00 -1
(6.7) A=11 0 -
01 —Q9

Note that there exist infinitely many such pairs (a1, as). We see by Lemma
3.5 that det A = —1 and det(I — A) = £1. Then we can find an embedding
E VY — 5% whose Seifert matrix is L = L1 & L1 & C, using Kervaire’s
method [41]. (Note that V has a special handlebody decomposition [29].)
Using the unimodularness of L and Freedman’s theorem [23], we see that
the exterior of £(OV) in S° fibers over S topologically with £(V}) a fiber.
Since the monodromy does not preserve the orientation of the positive part
of Hy(V/; R), it cannot be realized by any diffeomorphism [20]. Thus the
complement of £(AV}) in S° never fibers over S smoothly with £(Vy) a
fiber.

We see that the almost fibered knots constructed above are all distinct
by the same argument as in the proof of Proposition 6.1. This completes
the proof. [

REMARK 6.3. We do not know whether £(0V)°) in Proposition 6.2 is a
smooth fibered 3-knot or not. If there exists a smooth homotopy K3 surface

with a self-diffeomorphism realizing the above algebraic monodromy, then
€(0Vy) does fiber smoothly, and vice versa. See [27].

REMARK 6.4. We do not know if there exists an almost fibered 3-knot
which is not smoothly fibered. Note that there does exist an algebraically
fibered 3-knot which is not smoothly fibered [40]. In fact, Kearton’s example
is not an almost fibered 3-knot. Note also that an almost fibered 3-knot is
always algebraically fibered and that every algebraically fibered 3-knot is
topologically fibered [32].

7. Decomposition of Fibered 3-Knots

We say that a knot is decomposable if it is the connected sum of two
nontrivial knots. Here a trivial knot refers to a standardly embedded sphere
embedded in a sphere in codimension two. In [74] we have given an example
of a decomposable fibered 3-knot such that one of its factor knots is not
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smoothly fibered. In this section we give an example of a decomposable
fibered 3-knot such that neither of the factor knots is smoothly fibered.

Ezample 7.1. Let ¥ be the Brieskorn homology 3-sphere 3(2,7,13)
(for example, see [57]). Then ¥ bounds a smooth compact 1-connected
4-manifold M with intersection form isomorphic to —FEjs [57]. Set F =
M#2(S%x S?) and let L be a Seifert matrix of the algebraic 3-knot associated
with the polynomial 22 + 3 4+ z''. Then by [10], we see that L + 'L is
congruent to —2Fg ® 2U =2 —FE14 @ 2U. Thus there exists a fibered 3-knot
K with fiber F' and Seifert matrix L [74]. Since L is nontrivial and the
Rohlin invariant of ¥ is zero, the knot K is decomposable by [75].

Suppose K = K 3K>, where both K; are nontrivial. We show that
neither of K; is smoothly fibered. It is easy to see that m1(S° — K;) are
isomorphic to Z, since so is 7 (S°— K). Since X is an irreducible 3-manifold,
we may assume that K is an S3-knot and K> is a ¥-knot. Since Af(t) =
det(tL +'L) = ¢g6(t) (the 66-th cyclotomic polynomial) is irreducible, L
cannot be decomposed into a direct sum. Thus we see that a Seifert matrix
of K7 must coincide with L and a Seifert matrix of Ky with zero.

If K; is smoothly fibered, then its fiber F} is a smooth compact 1-
connected 4-manifold with 0F; = S and intersection form isomorphic to
—2FEg @ 2U. This contradicts a result of Donaldson [19]. Thus K; is not
smoothly fibered.

If Ky is smoothly fibered, then its fiber F5 is a smooth contractible 4-
manifold with 0F; = 3. Then M Us, (—F5) is a smooth closed 1-connected
4-manifold with intersection form isomorphic to —F16. This contradicts
Donaldson’s theorem [18]. Thus K3 is not smoothly fibered.

Thus the fibered 3-knot K is the connected sum of two nontrivial knots
and neither of the factor knots are smoothly fibered.

REMARK 7.2. Using Freedman’s results [23], we see that both of Kj
do fiber topologically (see also [32]).

Next we consider the decomposition of fibered 3-knots constructed by
the cyclic suspension ([63]) of iterated torus knots (for example, see [91]).

By using the results in [75], it is easy to prove the following.

PROPOSITION 7.3. Let k be an iterated torus knot which is not a torus
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knot, and let K be the r-fold cyclic suspension of k. Then if K is a homology
3-sphere, then the knot K is decomposable.

In the above proposition, the condition that K should be a homology
3-sphere is essential. If K is not a homology 3-sphere, the conclusion of the
above proposition does not hold in general as follows.

ProprosiTION 7.4. Let K be the 2-fold cyclic suspension of the
{(3,2),(7,3)}-iterated torus knot. Then Hy(K) = Z/3Z and the knot K
18 not decomposable as a knot.

PROOF. The Alexander polynomial Ag(t) of K is easily computed and
we get Ag (t) = ¢a2(t)pg(t), where ¢, (t) is the m-th cyclotomic polynomial.
Since Ak (1) = 3, we see that Hy(K) = Z/3Z.

Suppose K = K1§K>, where both of K; are nontrivial. It is easy to see
that m (S® — K;) are isomorphic to Z, since so is m(S® — K). Since the
3-manifold K is the 2-fold branched covering space of S? branched along
a prime knot, it is irreducible ([47], [45, p.493]). Thus we may assume
that K is homeomorphic to S® and K5 is homeomorphic to K as abstract
3-manifolds. Let L; be a Seifert matrix of K; and L a Seifert matrix of
K. Then Ly @ Ly is S-equivalent to L (for details, see [54]). Let A;(¢) be
the Alexander polynomial of K;. Since L; is not S-equivalent to the zero
matrix, A;(t) = det(tL; +'L;) is nontrivial. Since Ag (t) = A1(t)Az(t) and
Al(l) = 1, we have Al(t) = ¢42(t) and Ag(t) = ¢9(t).

On the other hand, L is of the form A & B, where A is a Seifert matrix
of the algebraic knot associated with the polynomial 2% 4+ y3 4 27,

B, B, B
(7.1) B=| B B B |,
B, B, B

and Bj is a Seifert matrix of the (2,3)-torus knot (see [81]). We have
sign(A + A) = —8 by [10] and sign(B + 'B) = —2 by a direct computation,
where “sign” denotes the signature of a symmetric matrix. Thus sign(L +
') = —10.

Since Ak (—1) = 1, we have det(L; — 'L;) = £1. Then using Trotter’s
argument [85], we see that L; are S-equivalent to nonsingular matrices
L. Since the degrees of Aj(t) = det(tL} + ‘L) for j = 1,2 are 12 and 6
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respectively, we have |sign(L; +‘L)| = [sign(L} +*L})| < 12 and |sign(Ls +
tLo)| = |sign(Lh+1L})| < 6. Since the Rohlin invariant of S? is equal to zero,
we have sign(L; + ‘L1) = 0 mod 16, and hence sign(L; + ‘L) = 0. Since
sign(L +'L) = sign(Ly + 'L1) + sign(Lg + 'Ly), we have |sign(L + 'L)| < 6.
This is a contradiction. Thus K cannot be decomposed into a nontrivial
connected sum. This completes the proof. [J

REMARK 7.5. The {(3,2),(7,3)}-iterated torus knot is not algebraic
(for a precise definition of an algebraic knot, see §11). Thus we do not know
whether or not there exists a counter-example to Corollary 3.8 of [75] when
the 3-knot is not a homology 3-sphere. Furthermore, we do not know if the
knot in the above proposition is topologically decomposable or not.

Using Lemma 3.2 of §3, we obtain the following interesting result about
the cancellation of fibered 3-knots.

PROPOSITION 7.6. Let K and K’ be fibered 3-knots in S° such that the
intersection forms of the fibers are the zero forms. If there exists a fibered
S3-knot Ko such that KiKy is isotopic to K'tKy, then K is isotopic to K'.

PROOF. We denote by F,F’ and Fj the fibers of K, K’ and Ky re-
spectively. By Theorem 2.2, we see that there exist a homeomorphism
¥ : K — K’ and an isomorphism A : Ho(F§Fy) — Ho(F'hFy) which satisfy
certain conditions. By Lemma 3.2, this isomorphism decomposes into two
isomorphisms Ay : Hyo(F) — Ho(F') and Ay : Ho(Fy) — Ha(Fp). Now it is
easy to see that the homeomorphism ¢ and the isomorphism A; satisfy the
required conditions of Theorem 2.2 (4) for K and K’. Hence K and K’ are
isotopic to each other. This completes the proof. [

We say that a fibered 3-knot K is definite if the intersection form of its
fiber is (positive or negative) definite. For the cancellation problem for such
fibered 3-knots, we have the following.

PROPOSITION 7.7. Let K and K' be definite fibered 3-knots in S° such
that K and K' are homology 3-spheres as abstract 3-manifolds. If there
exists a definite fibered S3-knot Ko such that K#Kq is isotopic to K"K,
then K is isotopic to K'.
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The above proposition can be proved by using an argument similar to
that in the proof of Proposition 7.6 together with the result in [5, §2].

About the cancellation problem for simple spherical (2n — 1)-knots in
S§2nt+l (n > 2), Bayer-Fluckiger has obtained numerous results. In some
cases, the cancellation works, while in other cases, it does not. For details,
see [1, Proposition 6.6], [2], [3, Corollary 1], and [4].

REMARK 7.8. About the factorization of simple (not necessarily
fibered) S3-knots, the following is already known.

(1) Every simple S3-knot decomposes into finitely may irreducible knots

[5].

(2) Every simple S3-knot has only finitely many factors. In particular,
such a 3-knot can factorize in only finitely many ways [6].

(3) Irreducible factorization of a simple S3-knot is not unique in general
[38], [39], [5]-

8. Plumbing Fibered 3-Knots

It is known that for fibered (2n — 1)-knots with n # 2, the plumbing
operation is a powerful way to construct a new fibered knot from given two
fibered knots (see [30], [83], [55], [56]). In this section we show that the
plumbing operation does work also for fibered 3-knots.

First we recall the plumbing operation. Let K; (i = 1,2) be two fibered
3-knots with fiber F;. Divide S° into two hemispheres D} (i = 1,2), so
that S® is the union of the two 5-dimensional disks D? attached along their
common boundary S(= S%). We suppose that F; C D? and that there exists
an embedding v : D? x D? — S with the following properties.

(1) iNS=FRNS=FnNF=yD?x D?).
(2) Y(0D?*x D?) = 0F1MyY(D?*x D?) and 1(D?x0D?) = 0FsMip(D?x D?).
(3) The orientations of Fy and F, coincide on 1 (D? x D?).

Define F10OF5 to be the union of F; and Fy with the corner smoothed and
define K = K10OKy = O(F10F,). We say that K is obtained from K; and
K by a plumbing construction (see [55, §2]).



Theory of Fibered 3-Knots in S° 735

By the same argument as in [55, Proposition 2.1], we see easily that
K is algebraically fibered; i.e., K has a Seifert matrix S-equivalent to a
unimodular matrix (see [75]).

Our main result of this section is the following.

THEOREM 8.1. IfK; (i = 1,2) are fibered 3-knots with fiber F;, then the
knot K = K1OKs constructed from K1 and Ky by a plumbing construction
is also fibered with fiber F1OF,.

PROOF. Set F' = Fi0OF5 and let h; : F; — F; be the geometric mon-
odromy of K;. Note that h; is the identity on the boundary OF;. We define
the diffeomorphisms h; : F' — F (i =1,2) by

7 hz ) if 2y
(8.1) i) = { x7(x) i ; ?

It is easy to see that h; are diffeomorphisms and that they are the identity
map on dF. Set h = hyo hy : F — F, which is a diffeomorphism with hlor
the identity.

We need the following lemma.

LEMMA 8.2. Set

(8.2) F| = F, —(D? x Int D?),
(8.3) Fy = Fy—(Int D? x D?),
(8.4) Y] = 0F —(dD? x Int D?),
(8.5) Yo = OF, —(Int D? x 9D?).

Then (ji)« : Ho(F!,Y;) — Ha(F;,0F;) is an isomorphism, where j; :

(2

(FlY;) — (F;, OF;) is the inclusion map (i = 1,2).

PROOF. By Lefschetz duality we have an isomorphism Ho(F{, Y1) &
H?(F{,(D? x dD?)). Furthermore, the latter group is isomorphic to
H?(Fy,%(D? x D?)) by excision. Then since ¢(D? x D?) is contractible,
we have H2(Fy,¢(D? x D?)) = H2(F,) = Hy(F,0F)). Tt is not diffi-
cult to show that the composition of the above isomorphisms Hs(FY,Y1) —
Hy(F1,0Fy) coincides with (j1)«. Similarly we can show that (j2). is an
isomorphism. This completes the proof. [
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Now let {xi1,...,2x} and {y1,...,y} be fixed bases of Hs(Fy) and
Hy(F5) respectively. Let {«7,..., 25} and {yj,...,y;} be their dual bases of
Ho(Fy,0F)) = H%(Fy) and Hy(F,0F,) =2 H?(F) respectively. Note that
T; - a:;‘ =
the supports of the representatives of x7,..., 2}, y7,...,y; do not intersect
with ¥(D? x D?). Furthermore, it is easy to see that {z1,...,Zg, y1,..., U}
and {z7,..., 2}, yf,...,y/} constitute bases of Ho(F') and Hy(F,OF) re-

spectively. Set

b;j and y; - y; = ;. By the above lemma, we may assume that

k l
(8.6) Ay(z5) = Zngxi and Aa(y;) = ZD?jyi,
i=1 i=1
where A; is the variation map of h;. Furthermore, set Q;; to be the in-
tersection number x; - y; in F = F10F, and set Lq(x;, ;) = L}j and
Lo(yi,yj) = L?j, where L; are the Seifert forms of K;. Here we assume
that the map ¢ : F — S° — F used in the definition of the Seifert form
satisfies that i(y(D? x D?)) C D?. Then the Seifert matrix L of F with
respect to the basis {x1,..., 2k, y1,...,y} is equal to

L' 0
where L° = (Lj;) (s = 1,2) and Q = (Q;;). Thus L is unimodular, which

implies that K is an almost fibered knot (see Remark 2.8 (1)).
Now let us calculate the variation map Ay of h. We have

(88)  Ap(z;) T — (’}2 o h)s(x7) ]
(8.9) = @ = (ha)(27) + (ho)s (27 — (h1).(27))
(8.10) = (h2)u(ai — (h)s(a7))
(8.11) = (h2)«(A1(a7))
l
(8.12) = Au(z7) — Ay (Z(Al(xf) : yj)l/}‘)
j=1

k l k l

(8.13) = Z Dgl‘ixj - Z Z Dvlm(xm “Yj) Z D?zjyn
7j=1 j=1m=1 n=1

k l k
(810 = Y Dl - (z zp,;iczmjpzj) n
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where (8.10) is valid since the support of a representative of z7 does not
intersect with F5. Furthermore we have

(8.15) An(y;) = i = (ha)wo (h)+(y])
(8.16) = 5 — (ha):(y})
(5.17) = Aoty
(8.18) = iD%jyn.

n=1

Thus the matrix representative of Ay, is equal to

1
(819) < _DQDtQDl D02 )7

where D* = (D};) (s = 1,2). Since K; and K3 are fibered knots, D! and
D? are unimodular. Thus Aj is an isomorphism. Then using the open
book construction [37], we can construct a fibered knot K’ with fiber F and
geometric monodromy h. Furthermore, the Seifert matrix L’ of K’ satisfies

(8.20) L' = D!

B (Dl)_l 0
(8.21) = < Q (DQ)—I )

L' 0
522 - (5 %)
(8.23) = L.

Thus the fibered 3-knot K’ is isotopic to the almost fibered knot K by
Theorem 2.2 and Remark 2.8 (1), and hence K is a fibered 3-knot. To show
that the fiber of K is isotopic to £10F5, we need the following.

LEMMA 83. Let & : F — S° (i = 1,2) be two smooth embeddings,
where F' is a compact 1-connected 4-manifold with connected boundary. Sup-
pose that the Seifert forms of & (F') coincide with each other. Then & and
& are isotopic as embedding maps.

Proor. By Lemma 2.3, FtkN has a handlebody decomposition with-
out 3-handles for some nonnegative integer k, where N = (52 x 5§2)°. Then
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we can extend & to the embedding & : FtkN — S5 by using the trivial
embedding N — S°. Note that the Seifert forms of éz coincide. Then by
using the same argument as in [54, §§18—-20], we see that 51 are isotopic to
each other. Then their restrictions &; to F' are also isotopic. This completes
the proof. [

By the above lemma, we see that a fiber of K’ is isotopic to F1OF em-
bedded in S°. Thus K is a fibered 3-knot with fiber F;OF,. This completes
the proof of Theorem 8.1. [

REMARK 8.4. By [65, 2.4. Theorem]|, the fibered 3-knot K1OKjy un-
folds into K1 and K.

REMARK 8.5. Suppose that F; and F» are compact 1-connected 4-
manifolds with connected boundary embedded in S° such that they are
separated by a standardly embedded 4-sphere. Then we can construct F' =
F10F, by the plumbing construction. Furthermore, suppose that OF is a
fibered 3-knot with fiber F. Then is it true that JF; are fibered 3-knots
with fiber F;? The answer is “no” in general as follows. Let Fj; be the
punctured K3 surface embedded in S° as in Proposition 6.2. Furthermore
let Fy be the fiber of a stabilizer as defined in [75, §4]. Note that F is
diffeomorphic to (5% x S245% x S2)°. Then the connected sum of F; and
OF, is a fibered 3-knot with fiber FifFs by [74] and Lemma 8.3. Note that
the connected sum operation is realized as a special case of a plumbing
operation. Thus the plumbing of F} and F5 creates a fiber of a fibered knot,
although F} is not a fiber of a fibered knot. This example shows that the
de-plumbing operation does not work well for fibered 3-knots. Note that
the corresponding de-plumbing operation works for higher dimensions (see
[55, Proposition 2.1]).

Let Ky be a fibered 3-knot whose Seifert matrix is equal to (£1). The
fiber of such a fibered knot is called a Hopf band. For example, consider the
algebraic 3-knot associated with the polynomial x? + y? + 22 € Clz,y, 2]
and let F' be the fiber. Then it is known that F' is a Hopf band. In this
case, OF is diffeomorphic to the lens space L(2,1)(=2 RP3).

DEFINITION 8.6. We say that a fibered 3-knot K is obtained by plumb-
ing if there exists a sequence of compact 1-connected 4-manifolds with con-
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nected boundary Fy, F,. .., F, embedded in S® such that Fy = D* 0F, =
K and Fj, is obtained by plumbing together F; and a Hopf band. For the
classical case (i.e., for 1-knots) see [83], [30]. For higher dimensions, see [55].

Then we can show the following by the same argument as in [55, Propo-
sition 2.4].

ProPOSITION 8.7. If a fibered 3-knot K is obtained by plumbing, then
it has a unimodular triangular Seifert matriz.

We do not know if the converse is also true for fibered 3-knots.
By the same argument as in [55, §3], we obtain the following.

PrROPOSITION 8.8. Let K be a fibered 3-knot obtained by plumbing such
that H1(K) = 0, that the fiber F' has a positive definite intersection form
Q. Then @Q is an orthogonal direct sum of copies of the form Eg.

We end this section by posing some problems.

Problem 8.9. (1) Does there exist a fibered S3-knot which cannot be
obtained by plumbing?

(2) Let K be a fibered 3-knot. Then does there exist a sequence Fp,
Fy, ..., Fs of compact 1-connected 4-manifolds with connected boundary
embedded in S° such that Fy = D* 0F, = K and either F;1 is obtained
by plumbing together F; and a Hopf band or F; is obtained by plumbing
together Fiy; and a Hopf band (see [56])?

9. Application to Isotopy of 1-Connected 4-Manifolds with
Boundary

In [72], it has been shown that two (orientation preserving) homeomor-
phisms of a closed simply connected 4-manifold are homotopic if and only if
the induced isomorphisms on the second homology group coincide (see also
[17, §5]). Using this, Quinn [72] has shown that two homeomorphisms with
the same isomorphism on the second homology group are actually topolog-
ically isotopic. In this section we apply our results in the previous sections
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to the case where the simply connected 4-manifold has nonempty connected
boundary.
First we show the following.

ProrosiTION 9.1.  Let F' be a smooth compact 1-connected 4-manifold
with connected boundary. Suppose that h; : F — F (i = 1,2) are orienta-
tion preserving diffeomorphisms which are the identity on the boundary and
whose associated variation maps Ap, : Hao(F,0F) — Hy(F) are isomor-
phisms. Then Ap, = Ay, if and only if h1 and hy are topologically isotopic
relative to boundary.

PROOF. Since the variation maps are isomorphisms, we can construct
fibered 3-knots K; with fiber F' and geometric monodromy h; by the open
book construction [37]. If Ap, = Ap,, then by Theorem 2.2, K; and K, are
isotopic to each other. In fact, by Lemma 8.3, we may assume that they have
a common fiber F' embedded in S°. Let N(F) be a regular neighborhood
of Fin $° and set V = S° — Int N(F). Then we have diffeomorphisms
W; : F x I — V which arise from the fibrations S° — K; — S!. Then
the composition 1y You : Fx I — F x I gives a smooth pseudoisotopy
relative to boundary between the identity and hg Lo hi. Thus hq and hy are
smoothly pseudoisotopic relative to boundary. Finally by [72], [69], h; and
ho are topologically isotopic relative to boundary.

Conversely, if hy and ho are topologically isotopic relative to boundary,
then we see easily that A, = Ay, by the definition of the variation map.
This completes the proof. [

PROPOSITION 9.2. Let F' be a smooth compact 1-connected 4-manifold
with connected boundary such that there exists a unimodular matrixz L with
L + 'L an intersection matriz of F. Suppose that h; : F — F (i = 1,2)
are homeomorphisms such that hi o h2_1 1s topologically isotopic relative to
boundary to a diffeomorphism. Then hi and ha are topologically isotopic
relative to boundary if and only if Ay, = Ap,.

PROOF. By using Kervaire’s method [41] we can construct an embed-
ding ¢ : F — S such that the Seifert matrix coincides with L. Then, since
L is unimodular, K = £(OF) is almost fibered; i.e., V = S5 — Int N(£(F))
is an h-cobordism relative to boundary between two copies F4 of F', where
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N(£(F)) is a regular neighborhood of £(F) in S°. In other words, if we
identify the two ends Fy of V' by the identity map and then attach F x D?
along the boundary, then we get S°. Note that V is homeomorphic to F x I
by [23].

Now suppose that Ay, = Ap,. By our hypothesis, we may assume that
hiohy l'is a diffeomorphism. By using a homological argument, we see
that if we use hy o hy ! when identifying the two ends of V instead of the
identity map, we get S° again. Let K’ be the almost fibered 3-knot in S°
thus constructed. Furthermore let h and b’ : F — F be the geometric
monodromies of K and K’ respectively arising from the homeomorphism
V — F x I. Note that h and k' are homeomorphisms. Then we see that
B = (hyohyt)oh.

LEMMA 9.3. Let F' be a smooth compact 1-connected 4-manifold with
connected boundary and let g; : F — F (i = 0,1,2) be homeomorphisms
which are the identity on the boundary. If Ay = Ay, , then we have Agyyoq, =
Aggogy, and Agiogy = Agyogy-

PrOOF. Let (D,0D) be an arbitrary 2-cycle in (F,0F). Then the 2-
cycles D — g1(D) and D — go(D) are homologous in F' by our hypothesis.
Hence go(D) — go 0 g1(D) and go(D) — go 0 g2(D) are also homologous in F'.
Thus D—goog1(D) = (D—go(D))+(g0(D)—goog1(D)) and D—googa(D) =
(D —go(D))+ (go(D) — go 0 g2(D)) are homologous in F'. This implies that
Agoogr = Aggog.- The other equality can be proved similarly. This completes
the proof. [

By the above lemma together with our assumption that Ay, = Ay,, we
see that Ay, = Ay,. This implies that the Seifert forms of K and K’ coincide
with each other and hence by Theorem 2.2, K and K’ are isotopic to each
other. In fact, by Lemma 8.3, they have a common fiber F' embedded in
S5. Then by the same argument as in the proof of Proposition 9.1, we see
that h and A’ are topologically pseudoisotopic relative to boundary. Then
by [72], [69], they are topologically isotopic relative to boundary. Since
R = (hiohy 1) o h, we see that h; and hg are topologically isotopic relative
to boundary. This completes the proof. [

PROPOSITION 9.4. Let F be a smooth compact 1-connected spin 4-
manifold with connected boundary and h; : F — F (i = 1,2) two diffeo-



742 Osamu SAEKI

morphisms which are the identity on the boundary. Then there exists a
nonnegative integer k such that h;tk(id) : Fik(S? x S?) — F#k(S? x S?)
are smoothly isotopic relative to boundary if and only if Ap, = Ap,.

PrROOF. First suppose that Ay, = Ap,. In [74], it has been shown
that there exists a nonnegative integer k1 and a fibered 3-knot K such that
Fiik1(S? x S?) is a fiber of K. Let h be the geometric monodromy of K.
Then by an argument similar to the proofs of Propositions 9.1 and 9.2, we
see that h and ((h1fk1(id)) o (hafik1(id))~!) o h are smoothly pseudoisotopic
relative to boundary. This implies that hq8k (id) and hotk; (id) are smoothly
pseudoisotopic relative to boundary. Then by [72] there exists a nonnegative
integer ko such that hifi(k; + k2)id and hofi(k1 + k2)id are smoothly isotopic
relative to boundary.

Conversely suppose that there exists a nonnegative integer k such that
hitk(id) and hatk(id) are smoothly isotopic relative to boundary. Then we
have Ay srid) = Anor(id)- 1t is easy to see that Ay gria) - Ho(Fk(S? x
S2)° 0(Fik(S? x 8?)°)) — Hy(Fik(S? x S%)°) decomposes into the direct
sum of the two maps Ay, : Ha(F,0F) — Ha(F) and Ayg : Hoy(5%(S? x
S2)°,0(5F (8% x $?)°)) — Ha(5*(S? x S2)°). Thus we have Ay, = Ayp,. This
completes the proof. ]

As we have used the techniques of fibered 3-knots in S° in the above
propositions, we have needed some technical assumptions on F' and on the
homeomorphisms. It is probable that the following conjectures hold.

CONJECTURE 9.5. Let F' be a compact 1-connected topological 4-mani-
fold (possibly with boundary) and h; : F — F (i = 1,2) two homeomor-
phisms which are the identity on the boundary. Then hi and ho are topo-
logically isotopic relative to boundary if and only if Ap, = Ap,.

CONJECTURE 9.6. Let F' be a smooth compact 1-connected 4-manifold
(possibly with boundary) and h; : F — F (i = 1,2) two diffeomorphisms
which are the identity on the boundary. Then there exists a nonnegative
integer k such that h;tk(id) : Fik(S? x S?) — Ftk(S? x S?) (i = 1,2) are
smoothly isotopic relative to boundary if and only if Ap, = Ap,.

As to isotopies which may not fix the boundary points, we have the
following result.
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PROPOSITION 9.7. Let F' be a smooth compact 1-connected 4-manifold
with connected boundary such that there exists a unimodular matrix L with
L + 'L an intersection matriz of F. We suppose that OF is homeomorphic
to a lens space L(p,q) (p > 2), the 3-sphere S, or the Poincaré homology
3-sphere (2,3,5). Suppose that h; : F — F (i = 1,2) are homeomorphisms
such that hq o h2_1 1s topologically isotopic to a diffeomorphism. Then hq
and hy are topologically isotopic (not necessarily relative to boundary) if and
only if (h1)s = (h2)« : Ha(F) — Ha(F).

For the proof, we need the following.

LEMMA 9.8. Let F be a compact 1-connected 4-manifold with
H(0F;Q) = 0 and g; : FF — F (i = 1,2) homeomorphisms which are
the identity on the boundary. Then Ay = Ag, if and only if (g1)« = (g2)« :
Hy(F) — Ha(F).

Proor. IfA, = Ag,, then for every v € Ha(F'), we have y—(g1)«(7) =
v — (92)«(7), and hence (g1)« = (g92)« : Ha(F) — Ha(F). Conversely,
suppose that (g1)« = (g2)« on Ha(F). By Poincaré-Lefschetz duality and the
universal coefficient theorem, Hs(F,0F) is isomorphic to Hom(H2(F),Z)
and hence (g1)« = (g2)« : Hao(F,0F) — Hy(F,0F). Let (D,0D) be a
2-cycle in (F,dF). Then there exists a 3-chain D in F such that D’ =
0D — (g1(D) — g2(D)) is a 2-chain in F. Furthermore, we have 9D’ =
—g1(0D) + g2(0D) = 0, since g; are the identity on the boundary. Thus
D' is a 2-cycle in OF. Since by our hypothesis we have Hy(0F) = 0, there
exists a 3-chain D’ in &F such that D' = D’. Thus D— D’ is a 3-chain in F
and we have (D — D') = g1(D) — go(D). This implies that D — g;(D) and
D — g2(D) are homologous in F. Thus Ay = Ay, : Hy(F,0F) — Ha(F).
This completes the proof. [

PROOF OF PROPOSITION 9.7. First suppose that (hi). = (h2)s on
Hy(F). We may assume that g = hy o hy lis a diffeomorphism. Then g
induces the identity on Ha(F) and on Hy(F,0F). Thus g|sr also induces
the identity on H;(OF). Then by [33], [8], [31], [7], we see that g|sp is iso-
topic to the identity on OF. Thus we may assume that g|sr is already the
identity. Then by the above lemma, we see that the variation maps of g and
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the identity coincide. Then by Proposition 9.2, g and the identity are topo-
logically isotopic relative to boundary. Hence h; and ho are topologically
isotopic.

Conversely, if h; and hy are topologically isotopic, then we have (hy). =
(h2)« on Hy(F'). This completes the proof. [J

Using a similar argument together with Proposition 9.4, we obtain the
following.

PROPOSITION 9.9. Let F be a smooth compact 1-connected spin 4-
manifold with boundary homeomorphic to a lens space L(p,q) (p > 2), the
3-sphere S3, or the Poincaré homology 3-sphere (2,3,5). Suppose that
h; : F — F (i = 1,2) are orientation preserving diffeomorphisms. Then
there exists a nonnegative integer k such that hifk(id) : Fik(S? x S?) —
Fik(S? x S?) are smoothly isotopic (not necessarily relative to boundary) if
and only if (h1)« = (ha)« : Hao(F') — Ha(F).

REMARK 9.10. Let Ki,..., K, be the fibered 3-knots constructed in
Theorem 3.1 and let h; be the geometric monodromy of K;. Then hj|sr = id
and (h;)« = (hj)« on H,(F) and on H,(F,0F) for all ¢ and j. This is seen
as follows. It is known that if L; is a Seifert matrix of K, then the matrix
representative of (h;), on Ha(F) is given by —L;“Lj (see, for example, [21],

tJ; is equal to the unit matrix,

[36]). Furthermore, it is easy to see that —.J j_l
since J; is skew-symmetric. Thus the matrix —Lj_ltLj does not depend on
j. However h; is not homotopic relative to boundary to h; by Corollary 2.9
if i # j. In fact the variation maps Ay, and Ay, : Ho(F,0F) — Ha(F) are
different (¢ # j). We do not know if they are topologically isotopic (not

necessarily relative to boundary).
10. Application to Embeddings of 4-Manifolds into S°

First we prove the following.

ProrosiTiON 10.1. Let M be a smooth closed 1-connected spin
4-manifold. Then there exists a fibered 3-knot whose fiber is diffeomorphic
to

(10.1) (MH(S? x S?))°, if M is not a homotopy 4-sphere, and
' Mo, if M is a homotopy 4-sphere,
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where X° denotes X — Int D* for a 4-manifold X .

REMARK 10.2. If M is a homotopy 4-sphere, then (M#(S? x S?))°
cannot be a fiber of any simple fibered 3-knot. This is because there exists
no unimodular matrix L such that

(10.2) L+tL:<2 é)

PROOF OF PROPOSITION 10.1. By Donaldson’s theorem [18], the in-
tersection matrix of M is indefinite. First suppose that M is not a homotopy
4-sphere and set F' = (M#(S? x 52))°. Let Q be the intersection form of F.
Then by [88] every isometry of @ is induced by some self-diffeomorphism of
F which is the identity on the boundary. Therefore, if we find a unimod-
ular matrix L such that L + ‘L is a matrix representative of @, then the
conclusion follows by the same argument as in [74, §3].

By Serre’s theorem (see, for example, [60]), @ is isomorphic to aEg® U
with 8 > 2. Set

0O 0 0 010
0 1 0 1 1 0 0 100
0 0 10 0 0 0 00 1
Lo = I —
0 0 -10 0 [ 0 -1 1 00 o | ®d
1 0 10 1 0 0 00 0
0 0 -1 010
11000000
01100000
00110000
00011000
(10.3) L=t o0o001101|
0000O0T1T10
0000O0GO0T1O0
00000001

then L; (i = 0,1,2) are unimodular, Ly + 'Lg is a matrix representative of
U®U, L1 +'L; is a matrix representative of U @ U @ U, and Ly + Lo
is a matrix representative of Eg. Combining these matrices, we obtain a
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unimodular matrix L such that L+ ‘L is a matrix representative of ). This
completes the proof for the case where M is not a homotopy 4-sphere.

When M is a homotopy 4-sphere, we can perform the open book con-
struction [37] by using the identity map M° — M° and get a desired fibered
3-knot. This completes the proof. [

REMARK 10.3. Let K be a fibered 3-knot with fiber . Suppose F’
is a compact 1-connected smooth 4-manifold with boundary diffeomorphic
to OF. Then F’ can be embedded into S° as an almost fiber of K (see
Remark 2.8 (1)) if and only if F’ is smoothly h-cobordant to F' relative to
boundary.

Using the above theorem, we can give an alternative proof of Cappell-
Shaneson’s embedding theorem [13] in the case where the 4-manifold is
simply connected.

THEOREM 10.4. Let M be a smooth closed 1-connected spin 4-mani-
fold. Then the following two hold.

(1) The 4-manifold M admits a PL embedding into S® which is locally flat
except possibly at one point of M.

(2) If the signature of M wvanishes, then M embeds smoothly into S°.

PROOF. (1) We can embed (M#2(S? x S?))° smoothly into S° by
Proposition 10.1. This implies that M° embeds smoothly in S°. Putting
the cone on the punctured hole in S¢ = D% Ugs DY we see that M embeds
in S in the required manner.

(2) By Proposition 10.1 and its proof, M° embeds smoothly in S° so
that its Seifert matrix L is the direct sum of some copies of

o O O

01
(10.4) Ly, ( 0 0 ), and

o O = O
_ o O O
O O = O

-1

(If M is a homotopy 4-sphere, then L is the zero matrix.) Clearly this
matrix L is null-cobordant in the sense of Levine [53]. Thus dM° bounds
a 4-disk which is smoothly embedded in Db (9D% = S%). Putting together
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the embedded M° in S® and the 4-disk in D%, we get a required embedding
of M into S®. This completes the proof. [J

REMARK 10.5. (1) We can prove the above theorem by a similar ar-
gument without using Donaldson’s theorem.

(2) If M itself is a fiber of a fibered 3-knot K in S°, then the embedding
of M into D% constructed in the proof of Theorem 10.4 (1) is closely related
to the trivial unfolding of K as discussed in [65, §1].

REMARK 10.6. Cappell and Shaneson [13] state the above theorem
without the assumption that M should be simply connected (see also [73]).

REMARK 10.7. In fact, the 4-manifolds as in Theorem 10.4 (2) embed
into S° (see [15], [16]).

11. Application to the Topology of Hypersurface Singularities in
C3

Let f € Clz1,...,2n+1] be a complex polynomial of n + 1 complex
variables. We suppose that f(0) = 0 and that f has an isolated critical
point at the origin. For a sufficiently small positive real number &, we set
Ky = 52" n f71(0), where S2"! is the (2n + 1)-sphere in C"™! centered
at the origin with radius €. It is known that K is a smooth closed (2n —1)-
manifold and that the isotopy class of Ky in S 2n+1 does not depend on the
choice of e, provided that it is sufficiently small. We call the isotopy class
of K the algebraic knot associated with f. In [59], it has been shown that

(11.1) ¢p=[f/If]: 82" — Ky — S

is a locally trivial smooth fibration and that, with this fibration, Ky is a
simple fibered (2n — 1)-knot in the sense of Definition 2.1. The fiber Fy of
the fibration ¢ is called the Milnor fiber of f and the n-th betti number
p(f) of Fy is called the Milnor number of f.

By [59], it has been shown that the topological type of f~1(0)(c C**1)
at the origin is completely determined by the algebraic knot K¢(C Sontly,
Thus, the study of algebraic knots plays an important role in the topological
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study of isolated hypersurface singularities in C"*!. (For various definitions
of the topological type of such an isolated hypersurface singularity, see [77].)

In this section, we apply our results in the previous sections to the study
of algebraic knots in S° and hence to the study of isolated hypersurface
singularities in C3.

Let f; : C"*1. 0 — C,0 (¢t € [0,1]) be a u-constant deformation; i.e.,
each f; is a polynomial of n + 1 complex variables with f;(0) = 0 and with
an isolated critical point at the origin such that the Milnor numbers p(f;)
are constant. It has been known that if n # 2, then the algebraic knots Ky,
are isotopic to each other [52]. When n = 2, we have a partial result as
follows.

PROPOSITION 11.1. Let f; : C3,0 — C,0 (t € [0,1]) be a p-constant
deformation of an isolated singularity. Suppose that Hy(Ky,) = Z/rZ,
where r = 1,2,4,p™ or 2p™ with p an odd prime. Furthermore we sup-
pose that m(Ky,)) = m (K ). Then the algebraic knots Ky, and Ky, are
1sotopic to each other.

PrROOF. It is not difficult to see that the isomorphism class of the
Seifert form is constant under a p-constant deformation (for details, see
[78]). This implies that the homology groups of K, are also constant. If
m1(Ky,) are finite groups, then the result follows from [22], [76]. If m(Ky,)
are infinite, then it has been shown that if Ky and Ky have isomorphic
fundamental groups, then they are diffeomorphic [64] (not necessarily pre-
serving the orientations). More precisely, in [64], Neumann considers dif-
feomorphisms which preserve the orientations, and the case where the link
3-manifold is a torus bundle over the circle is excluded. In this case, it is a
Haken 3-manifold and the above result follows from [87]. Now by our hy-
pothesis, Hq(Ky,) are finite, and hence Ky, are not torus bundles over the
circle. Thus Ky, and Ky, are orientation preservingly diffeomorphic. Then
by Theorem 2.12, we have the conclusion. This completes the proof. [

REMARK 11.2. In fact, in Proposition 11.1 the polynomial functions
fo and fi are right equivalent as germs at the origin; i.e., there exists a
homeomorphism germ ® : C3,0 — C3,0 such that fy = fi o ® as germs at
the origin. This is true, since the fibrations associated with Ky, and Ky,
are homotopic. See [42], [68].
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REMARK 11.3. Szczepanski [84] claims a more general result in which
she drops the assumption on H;(Ky,). Unfortunately her proof contains
some gaps as follows.

(1) In the fourth paragraph of the proof of Theorem 2 of [84], she claims
that there exists a Z-homology cobordism between V and K x I. In order to
prove this, she assumes that V' U (K x I) is homologically indistinguishable
from K x S' (see [84, Appendix]). However, this is not always the case,
since she assumes only the existence of a diffeomorphism v between the two
boundaries Ky and K7 of V. Let ¢ : H,(Ko) — H.(K1) be the isomorphism
induced by the inclusions into the homology cobordism V. Then VU(K x I)
has the same homology as K x S if and only if 4, = ¢. Therefore 9 should
satisfy this homological condition. See also [84, Remark 1 (p.521)].

(2) The 4-manifold V' U (K x I) must be a spin manifold. In the proof of
Proposition 3.1 of [84], she claims that aUB : VU(K x I) — S3 x St gives a
degree one normal map (see also [11]). If this is the case, the stable normal
bundle of V U (K x I) should be trivial, since that of S x S! is trivial.
This is equivalent to that V U (K x I) is spin; i.e., wa(V U (K x I)) = 0.
Note that such a 4-manifold is not always spin; for example, consider the
S1 x S%-bundle over S whose monodromy is the diffeomorphism defined
by (z,w) + (z, zw), where we identify S with the unit circle in C and S?
with C = C U {oo}. Thus one needs to assume that the diffeomorphism 1)
preserves the spin structures of K; associated with the corresponding Milnor
fibers.

Consequently Theorems A, B, 1, 2, and 3 of [84] need some corrections.
Here we note that the part (1) above corresponds to the condition (4)(b) in
our Theorem 2.2 and the part (2) above to the condition (4)(a). We also
note that the two conditions are independent as is seen from the example
in (2) above.

Note that the condition on H;(Ky,) in Proposition 11.1 eliminates the
two problems above.

We also note that Szczepanski [84] misunderstands something about the
orientations of link 3-manifolds. For example, in the proof of [84, Theo-
rem 2|, one should note that the embedding of a Milnor fiber into the other
which homologically identifies the strongly distinguished bases is automati-
cally orientation preserving. Thus 0V = KoU(—K7). Therefore, the diffeo-
morphism v : Ky — K should be orientation preserving so that VU(K xT),
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which we construct by using id : K x {0} — Ky and ¢ : Ko x {1} — Kj,
becomes orientable.

Furthermore, when the link 3-manifolds are lens spaces, Szczepanski
[84] uses an argument a little bit complicated (see [84, Theorem 3]). (For
example, she uses a result of [34] which is valid only in the case where
H,(Kj;) are of prime power order.) We can find a shorter proof as in our
proof of Proposition 11.1.

ProrosiTION 11.4. Let f € Clz,y, 2| be a polynomial of three complex
variables with f(0) = 0 and with an isolated critical point at the origin. We
suppose that Hi(Ky) = Z/rZ, where r = 1,2,4,p™ or 2p™ with p an odd
prime. If f can be connected by a p-constant deformation to a polynomial
with real coefficients, then f is right equivalent to f, where f : C3,0 — C,0
is the function defined by f(z) = f(z) (the complex conjugate of f(z) € C).

PROOF. Define the diffeomorphisms ®g : C? — C3 and 7 : C — C by
Do (21, 22, 23) = (Z1, 22, 23) and 7(z) = Z respectively. Let g be a polynomial
with real coefficients which is connected to f by a p-constant deformation.
Then we have g = 7ogo®y. Thus K| is orientation preservingly isotopic to
its mirror image. (Note that the fibration associated with the map 70go®g
coincides with the fibration associated with ¢ but with reversed orientations
of S$° and S'. In particular, the orientations of the fibers and the knots
coincide.) In other words, K, is (+1)-amphicheiral. This implies that the
Seifert matrix L, of K, is congruent to ‘L,. Since the congruence class
of the Seifert matrix is invariant under u-constant deformations, we see
that Ly is also congruent to th, where L; is the Seifert matrix of Kjy.
Then by Theorem 2.12, Ky and its mirror image are isotopic to each other.
Thus the fibered 3-knots associated with the maps f and 7 o f o &g are
isotopic. Then by Perron [68], we see that there exits a homeomorphism
germ ® : C3,0 — C3,0 such that f = f o ® as germs at the origin. This
completes the proof. []

Compare the above proposition with [77, Proposition 6].

ProrosITION 11.5. Let f and g € Clz,y,z]| be polynomials of three
complex variables with f(0) = g(0) = 0 and with isolated critical points at
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the origin. We suppose that Hi(K¢; Q) = 0 = H1(Ky; Q). Then if there
exists a homeomorphism germ ® : C3,0 — C3,0 such that ®(f~1(0)) =
g 1(0) as germs at the origin, then the algebraic knots Ky and K, are
1sotopic.

Proor. It is not difficult to see that, under the above hypothesis,
there exists a topological (oriented) invertible cobordism between (S°, K)
and (S°, K,) (for details, see [77]). Then we see that (E(K),0E(Ky)) and
(E(Ky),0E(K,)) are orientation preservingly homotopy equivalent. Then
the result follows from Theorem 4.1 when the fundamental groups are infi-
nite (see [64], [66]). When the fundamental groups are finite, we can use an
argument similar to that in the proof of Proposition 11.1. This completes
the proof. [

REMARK 11.6. In the above proposition, the assumption on
H(Kyf;Q) and H;(K4; Q) are in fact redundant. For details, see [77]. Note
that our proof is different from that given in [77].
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