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Remark on Non-Uniform Fundamental and
Non Smooth Solutions of Some Classes of

Differential Operators with Double Characteristics

By Nguyen Minh TRI

Abstract. We construct explicit formulas for fundamental solu-
tions and non-smooth solutions at degenerate points of a model of
Grushin’s type operator. The results give all the discrete values of
parameters where the operator is not hypoelliptic (nor analytic hypoel-
liptic).

The aim of this paper is to give explicit formulas of fundamental solutions
and non-smooth solutions at degenerate points of the following operator

0 o 02
1 .
(1) Gra = 02 +z a2 + iz )

where (z,y) € R2,\ € C,i = v/—1 and k is a positive integer. The above
operator is the simplest model of Grushin’s type operator [1]. According to
a theorem of Grushin the operator G,y is hypoelliptic (or analytic hypoel-
liptic) if and only if the equations

d?wy (x
Liywi(z) = #25) — 2wy () — AP twy (z) =0
and )
_ d“wsy(x _
Ly \wa(z) = %2() — 2wy (x) + AzFLwa(z) = 0

do not have non-trivial solutions in S(R). In [2], [3], [4], [5], [6], [7], [8]
there are given explicit formulas of all k, A for which G}, » is hypoelliptic.
We would like to mention a theorem (see, for example [8]).
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438 Nguyen Minh TRI

THEOREM 1. Gy, is hypoelliptic (or analytic hypoelliptic) if and only
if

in the case k odd A\ # £[2N(k+1)+k| or else A # £[2N (k+1) + (k+2)]
for some non-negative integer N.

in the case k even A # (2N + 1)(k + 1) for some N € Z.

Because of the non-symmetry of Gy, 5 there is a little hope to have an
explicit formula for fundamental solutions of (1) even at one single point.
While studying the analyticity of solutions of semilinear Kohn-Laplacian [,
on the Heisenberg group, see [9], we found a lot of such solutions. We would
like to mention that such kind of fundamental solutions was used to obtain
the C'*° regularity of solutions at boundary isolated characteristic points. It
is the fact that for boundary value problems the C'*° regularity of solutions
up to boundary may fail at characteristic points [10]. The expression for
fundamental solutions is suggested by the one of [11] and [12]. We try to
find them in the following form

FP (@) = (a4 — itk + 1)) (@ + ik + 1)y) 2

Here we take z{? = e?2"21 for 21, 20 € Cand if 2 = 7, —m < o < 7
then lnzl = Inr + ip. Let us rewrite Gy = Xo X1 +i(A+ k)z k—1 8 where

X1 = &C — iz ay,Xz = E)a; + mk 8 . We would like to find all a,ﬁ,'y, AeC
such that Gy Fy" 67(% y)=0 except (possibly) the points where F} B

not smooth. Note that
X1 (#F +i(k + D)y) = 2(k + 1)a*, Xq (2" —i(k + 1)y) =0,
X (& ik +1)y) = 0, Xa (2" —i(k + 1)y) = 2(k + 1)a"

Therefore we obtain
GraF2 P (,y) = (2" =ik + 1)y) " (@ ik + 1)y) 22
x { [A(k+1)%aB+2(k+ 1) (k+7)8+2(k+ Dy +5(y = 1)+ (k+1)(k+ Na

= (k+ 1)k + B2+ (k+ 1)y (y = Dy +i[-2(k + Dk + )8
4+ (k+ D2k + Na+ (k+ 1Dk + NG+ 2(k + 1)2a7]mk+1y}.



Non-Uniform Fundamental and Non Smooth Solutions 439

Hence formally we have Gk’,\FIS"B’V(Q:, y) =0 if

~v =0, X arbitrary, « =0, 8 = 0, the solution is a constant.

v=0, A=k,a=0, 3 arbitrary # 0.
=0, A= —k, « arbitrary #0, g =0.
=0, A arbitrary, a = (’\kﬂ) s (k, M), B= 2&113 =: B1(k, A).
=1, A arbitrary, « = 0, 8 = 0, the solution is the linear function x.
=1, A=k+2, a =0, § arbitrary # 0.
=1, A=—(k+2), « arbitrary #0, 8 =0.

~ =1, X arbitrary, a = g‘(_kli_g = ag(k,N), = —%‘E’;ﬁ’fﬁ? =: Ba(k, ).

=22 22

THEOREM 2. Assume that k is odd Then
T+l ) 8

92 T (e
y) = T REr A (z,y) = ap6(z,y).

0 0 2k+2 2k+2
1) Gy 1 F,, 0, (x,y) =0 if Ref > — lc+1
I11) Gy, kFaoo(x y) =0 if Reav > — k+1

I) G Fal(kvA) Igl(k >‘) O(I’

ProoOF.
I) We begin by noting that if k£ is odd then (wk“ —i(k+ l)y)a and (ac’“‘l +
i(k + 1)y)ﬁ € C*>(R?\(0,0)) for every o and . Let us introduce the
following “polar coordinate”

1 k+1 pk+1 &
Ty = P cos 8, drdy = [ 1|sin6\_kT1dpd9.

x = p(sinf

Here we use the following notation (sinf)’, = sign(sin)|sinf|" for every
r € R. Note that the map (z,y) — (p, #) is not a differmorphism along the
line z = 0. But it is good enough for us because in the future we will use it
only for integration, and if necessary we can take integrals as a limit. Now
it is easy to verify that p?**2 = 222 4 (k4 1)%92. Let us Write Fl(z,y) =
Fgl(k’)‘)’ﬁl(k’”’ (z,y). First we prove that Fl(z,y) € Lloc “T(R?) for any
small positive 7. Indeed, since F}(z,y) € C*(R?\(0,0)) it suffices to prove
that Fl(z,y) € L%_T(BE), where B, = {(z,y)|p(z,y) < €}. We have

k
/ \Fkl(xvy)\%”dxdyg()/ |sin |~ (== dg/ k+1(p k)M_po
Be

13
< C/ p TR dp < 0.
0
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Note that F}l(z,y) ¢ Lloc (R?). Let R?2 = {(x,9) € R?|p(x,y) > ¢}. By
applying Green’s formula we have

@ [ @w)Groxo(ey) dedy

= /R2 v(x,y)Gaf(z,y) dedy

€

8f(ac,y) 2k:8f(x7y)
_/psv(:r,y){yl. P + 9. x —8y

+ i\ vy, 2FT f(:r,y)} ds

+/ f(z y Bv(a )—i- Vy. X Qk—av(;:;y)}ds

i)

p:
/ V(f,v, k,\)dxdy
p=

/ (2, 9)Bu(f,k, N) ds+/ F(2,y) Ba(v, k) ds

p=¢

for every v(z,y) € C5°(R?), f(z,y) € C*(R?\(0,0)), where v = (v1,12)
is the unit outward normal to ORZ. Replace f(z,y) in (2) by F}(z,y) we
obtain

(3) / Fk}(may)Gk,—)\v((E?y) drdy = / V(Fklvvaka)‘) dxdy
R2 RZ
— / v(z,y)By(FL k,\) ds
p=¢
[ BB ds.
p=¢€

The first integral in the right side of (3) vanishes. We now compute the
third integral in the right side of (3). It is easy to check that

=

1 2k
ds on = P (52| sin @]~ ) cos? f + 2k +2 gin? 9) do and
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V‘aBE = (’/1”/2)‘836

B x2k+1 (k + 1)y
- I 1
<x4k+2 + (k+1)? y2) : (m4k+2 + (k+1) y2> > | loB.
Hence
<x4k+2 +(k+ 1)2y2>_% ds) =L Hgng e,
aB. k41
It follows that
@ | Aensens
OB
< C/ B )l (Jni] + v 2) ds
p=¢
- C/ k2P (R V2|
= 1
p=c <$4k+2 F(k+1)? y2) 2
<C |sin9|k7i1 (5\sin9|%+1 —|—€k+1|cosé’|) df — 0
as e —0.
Next we evaluate By (F}, k, \). We have
Bu(FL k)| = (@ = ik 1)) (@ i 1)) Y
p=¢
X (k‘ka —i(k + I)Axk_ly)
_1
% <x4k+2+(k+1)2y2> 2
p=¢

A

= €k(| sin 6| + icosf) **1

2k k—1
X (k| sin O|F+1 — i \| sin 0| k+1 cos&)

D=

. 4k+2 -
X <54k+2\ sin 0] k1 + 2512 cos? 9)
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Therefore

_/ v(xvy)Bl(FklakaA) ds
p=¢

= —%H _: (khm@\ﬁ — X[ sin ] FT cose)

x (|sin 6| +z’cos€)_%+1v(5,9) do

= _%4—1 _T;(U(an) +0(1)) (k| sin 6] — iX cos 0) | sin |71

X (\ sin 6] +icos€)_%+1 do

— —22(7_?_’? /Oﬂ—(kSinkil 0 — idsin” w1 0 cos 0) (Sin6’—|—icos€)7k¢+1 do

as € — 0. By integrating by parts we have the following identity

T A
/ (sinH + 7 cos 0)_k_+1 sinfk%rl O cosfdb
0

A k

— _% / (sin@ —i—z’cosﬁ)_’“+1 sink+1 6 df.
0
It follows that

_/ U(xvy)Bl(F%?k?)\)ds
p=¢

2(A2 — k2)u(
k(k+1)

™ A
070)/ (Sin&—%—iCOSH)im sjnrj& 0df as e — 0.
0

LEMMA. Assume that wi,ws € C,Rew; > —1. Then we have

2_“’17TI‘(w1 + 1)
F(1—|— w1;w2)1‘\(1 + w1_5W2)-

(5) / sin“! (sin 6 + i cos 0)“? df =
0

PROOF. We begin by noting that the integral in the left side of (5)
makes sense if Rew; > —1. Since Rew; > —1, we have

/ sin“? §(sin @ + i cos 0)“* df
0
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cosf +isinf

LR O e [ GO
g+ \ 2z z 1 2iz z
1

22 _1\w1 s\ wetl L/o2 _1\wi /gy wetl
GO e [ ) () e
st\ 2iz z c 2iz z
where S is the upper circle of radius r in C. First we consider the case

Rew; < —Rew;. We note the following inequality |z#| < C|z|R* where
0 < |z] < 1 and p is some complex constant. Therefore we see that

w A\ w21
fsj (Z2f1> ' <l) ’ dz tends to 0 when € tends to 0. Next we have

m i wat1
= _/ sin®! 0(—) d(cosf +isin0)
0

LG 0 = [ (5 ()
Z y — _ _r p
1\ 2z z 0 2iz z
1 2 w )\ W
:(—1)‘1‘°’1‘°”2/ (50)" (5" e
0 21z z

Hence letting ¢ tend to 0 we deduce that

/ sin“? (sin 0 + ¢ cos 0)“2 df
0

RIS NOR

cos T(wy +wy +1) 1 wy+w
- R )L/1<1—-zrﬂz-'lz Tl
0

279 lN(wy + 1)
P(]. + w1;t.U2)1'w(1 + wl_ng) .

Next we note that for every fixed w; € C,Rew; > —1 the integral in the left
side of (5) is an entire analytic function of wy and I'(.) is a meromorphic
function in C. It follows that (5) is true for every wi,ws, Rew; > —1.
Therefore the proof of Lemma is completed. [

k A

(continuing the proof of part I) Substituting wy = 77,ws = —z77 in

(5) we obtain

(6) —/;M%w&ﬁbhﬂﬁ
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2T (A2 — k2)D(2ktL)

kTl
- v(0,0)
k(k+ DPCHENT(55)
22+k+1771“
= o (:+)\1>v(0,0) as € —0.
(TS

Now from (3), (4), (6) we have

(Gk,AFk}(xay)vv(xvy)) = (Fkl('T?y)a Gk,—)\v(ajay))

= lim Fl(z,y)Gr_yv(z,y)dzdy
e—0 p>e

_ 22+k+17rf(k+1) 2(0.0)

KA\ =X
TG

Hence Gy, AFal(k A)B1(kA), O(:I? Y) = ar\6(x,y).

IT) Assume that Re3 > — k+1 We then have FO’B’ (z,y) = (" +i(k +

1)y ) € Ll (R?) foreveryl1 <p< m if Re3 < 0 and Fo’ﬂo(m y) €
L2 (R?) if Re 8 > 0. It is easy to compute that

Bl(F£7ﬂ707k7k)’

p=¢

— —(k+ 1)1:’“—1{5952“2 +ilk+ (k+ 1)) 2"y — k(k + 1)y }
_1

% ($k+1 +ik + l)y)ﬁ_l (m4k+2 +(k+ 1)21/2) 2

_ 2k (k1) (ﬂ(k 4+ 1)sin? @ + i(k + kB + B) cos 0] sin 0] — k cos® 9)

p=¢

-

X |sin9|% (| sin 6] + i cos 9)671 (€4k+2\ sin 9|% + £2k 2 cog? 9) ’
and

|(I] + [va. ka\)F,S”B’O‘ds‘p:a

< |(|sing| —l—icos@)ﬁ‘

X (6(k+1)(1+Reﬂ)\ sin 0| + g2k 1+ EFDRe S| 05| sin 9’%1) de.
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Using the assumption that Re 8 > — kil we deduce that

—/ v(z,y)Br(FP0 k, k) ds+/ FYP (2, y) By (v, k) ds — 0
p=¢€ p=¢
as € — 0.

Hence thF,S’ﬂ’o(x,y) = 0.
IIT) The proof of this part is the same as the proof of part IT) with [ replaced
by a. This concludes the proof of Theorem 2. [

COROLLARY 1. If X = £[2N(k + 1) + k], where N is a non-negative
integer, then Gy, Fal(k A),B1(kA),0 (x,y) = 0. Hence Gy is not hypoelliptic
(nor analytic hypoellzptic) at these points.

PROOF. Indeed, if A = +[2N(k + 1) + k] then F(2k+2) = o0 or

T(£H) = 00 = app = 0= G B VAN ) = 0.0

REMARK 1. The constant _k+1\/_ (%H in Theorem 6 of [11] is not

(2k+1)
2k+2
STV

accurate. It should be replaced by —

THEOREM 3. Assume that k s odd. Then

1
ko \), B2 (k,A),1 2? TR AT (EE2) s 95
1) G, Fa2( ),B82(k,A) (z,y) = F(k+2+)\)712(k11+217k) ((95;4/) =: ba ((93;73/).

k42

JDGMHFﬂwxw—OM&ﬂ> —kig

III) G, —j— QF”(x y) =0 if Rea > — zﬁ

2k+2

PROOF.
I) Let us write F¢(z,y) = F]?2(k’>‘)’[32(k’)‘)’1($ y). As in the proof of Theorem

k+2

2 it is easy to check that F?(z,y) € L5} (RZ) for any small positive 7
We see that

ov(z,y)
vo. 2% F2(x,y). ——2L ds
/p:s 2 k( y) ay

k

:/-ci—l/ av(aa;y)(|81n9|+i0089)_’£1Sin9C089d9—>0 as e — 0.
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Next we have
Bi(F¢ K, A)‘ = (k+ D)2 (2P + ik + 1)y) Y
p=¢
x (2" =ik + 1)y) 22N

_1
x (¥~ iy) <x4k+2 +(k+ 1)2 y2) 2

A

=" sing)} BT (]sin@| 4 icosf) F1

X ( (k4 1)|sin0| —2)\6059)

p=¢

M\)—‘

X (e‘”““\ sin | 11 + e26+2 cos 9)

We note that v(e,0) = v(0,0) + e(sin ) i BU(O O 4+ 5(e). It follows that

™) - [ v wBi(F k) ds
p=¢
1 (" i\ cosf
_ 1 . - ol —
E/ﬂU(O,O)SlgH(SIH )(|s1n | ] )

A

x (|sinf] +icos) 1 df

P
B 2/ 0v(0,0) G2 g iAsin®+1 6 cos

A

x (sin@ +icosf) *1 df + o(1).

Without a computation we can deduce that the first integral in the right side
of (7) vanishes by applying a theorem of Schwartz. Alternatively, we can see
this by noting that the integrand is an odd function of 6. To estimate the
second integral in the right side of (7) we have again the following identity,
which is easily obtained by integrating by parts

™ A
/ (sin@ + 7 cos 9)_’“_ smk+1 0 cos 0 db
0

. - N
= — Al /(sin@—i—icos@)_k_“sinlfz_ﬁGdH.
k+2 ),
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Therefore we deduce that

_/ v(:v,y)Bl(FkQ,k:,)\)ds
p=¢

80(0,0) A2 — (k + 1)(k + 2)
or  (k+ 1)(k+2)

A

/ (sin9 + 7 cos 9)_’“Tl sinz_ﬁ 0do
0

— 2

as € — 0.

Next we evaluate the remainder term in (3) with F}(z,y) replaced by
Fi(z,y)
k ’

dv(z,y)
2 )
/p_8 Fi(z,y). v1. 5 ds

1 ™ N
- _ / Ov(e, 0) (| sin 6| + i cos ) ’“+1|sin0]%§ do

k+1 ox
281}(0,0)
—A/ (sin@ + icos@)f’“_ sinkH 0df as e — 0.
E+1 J
Now applying Lemma with wy = i—ﬁ,wg = k->|\—1 we obtain

(Gk,/\FE(%y)vU(ﬂfay)) = (F]?(IE,Z/),G&_XUC%,]J))

= lim FE(z,y)Gr.,_zv(z,y)dedy

eV Jp>e
1
2k ((k+2)? = W)D(EET) - 90(0,0)

(k+ 1) (k+ 205055 o

2RISR 90(0,0)
NG NG DI

It follows that Gy, Fp2 5N BREN () — gy 2lew)

IT) Assume that Reﬂ > —,’:—ﬁ. We then have FO’B’I(I y) =z (" +i(k +

l)y) € L (R?) for every 1 < p < if Re < ;%1_1 and

k‘i
T+(k+1)Re
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F,S’ﬁ’l(x,y) € L (R?) if Re 8 > _kLH' It is easy to compute that

BIF™ ki k4 2)|

= {1+ BB+ B)™H2 il + 1)(k + 3+ KB+ Battly
— (e 12k + 2)
% ($k+1 ik o+ 1)y)6—1 <x4k+2 +(k+ 1)2 yz)_i

— 2k 1+ (k+1)B

p=¢

X ((1+kﬂ+ﬂ)sin20+i(k+3+kﬁ+ﬂ)cos9|sin9| - (k—|—2)cos20)

CVERT (] o - B=1 ( _ak+42) 0 o %2 | 2k+2 . 29)
X (sin @)™ (| sin ] + i cos ) (E |sin @] #+1 + ¢ cos 0)

N[

and

FOP1 By(v, k) ds’

p=¢
_ k_lel (_6k+2+(k+1)ﬁ(y sin 0| + i cos H)B! sin Q\I’z—ﬁ W
— eFFDEHB) (| 5in 6] + i cos 0)” cos O(sin 0) 1 81)(;’ y)>d9-
Yy

Therefore we deduce that

® [ wnBE k2 ds+ [ F ey Balo. ) ds
p=¢€ p=¢
e+ DB+1)4(0,0)

k+1
x/ <(1+kﬁ+ﬁ)sin20+z‘(k:+3+kﬁ+ﬁ)cos0|sin9|

—T

— (k + 2) cos® 0)
x sign(sin ) (\ sin 0| + i cos 9)6_1 do + O(6k+2+(k+1)Reﬁ)'

The integral in the right side of (8) vanishes for every e since its integrand

. . . . k42
is an odd function of §. Therefore using the assumption that Re 8 > — =
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we see that the expression in the left side of (8) tends to 0 as € tends to 0.
Hence Gk7k+2FIS’ﬁ’1(x,y) =0.

IIT) The proof of this part is the same as the proof of part II) with [ replaced
by a. This concludes the proof of Theorem 3. [

COROLLARY 2. IfA=x[2N(k+1)+k+2], where N is a non-negative
integer, then Gk7>\F,?2(k’/\)’ﬂ2(k’)‘)’l(m,y) = 0. Hence Gy, is not hypoelliptic

(nor analytic hypoelliptic) at these points.

PROOF. Indeed, if A = £[2N(k + 1) + k + 2] then I'(%25) = oo or

F(—kéf_:;‘) =00 —> bk7,\ =0= Gk7,\F]?2(k’)\)’ﬁQ(k’>\)’l(w,y) =0.0
THEOREM 4. Assume that k is even, and A = (2N + 1)(k + 1), where
N is an integer. Then
Gk7)\Fk(:11 (k,)\),ﬁl (k,)\),O ((L’, y) — 07 Gk?AF’SCQ()\%ﬂQ(k,A),l (IL" y) — O
If \=2N(k+ 1), where N is an integer, then
Gk,,\F;?l(k’/\)’ﬁl(k’/\)’o(%, y) = ap)o(z,y), Gk,AF,?(k’A)’ﬁQ(k’A)’I(w,y) =
b 96(z,y)
kX" oz -

PROOF. If A= (2N +1)(k+1) or A = 2N(k+ 1) then 27 +261(k, \)

and Z—ﬁ + 202(k,\) are integers. Therefore F;l(k’)‘)’ﬂl(k’”’o(x,y),

F;Z(k’)‘)’ﬂz(k’”’l(x,y) € O*°(R?\(0,0)). Again we have Flfl(k”\)’ﬁl(k’)‘)’o(x,y)
L2 N as (k) B (k)1 Her o .
€L (R?) and F} (r,y) € L (R*) for any small posi-

loc loc

F]?l (k,)\),ﬁl (k7>‘)70

tive 7. First we prove the theorem for . As in the proof of

Theorem 2 we can show that

/ Fgl(k’)‘)’ﬁl(k’/\)’o(:ﬁ,y)BQ(v,k‘) ds —0 as ¢ — 0.
p=¢

Next we have

O [ g BE D g ds
p=¢
1 m k 1
=711 v(e, ) (k;| sin |*+1 — i\(sin @) """ cos 9)

e
>

X (sin9+ic050)_ +1 d0
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_vk;((—)ii(i) /_ﬁ(k|sin0|ki1 —i\(sin @), wiT cos )
A
x (sin@ +icosf) ¥ df as € — 0.
If A= (2N +1)(k+1) (i. e =327 = —(2N + 1) ) then the integrand in

the right side of (9) changes sign when we replace 6 by § — 7. Therefore the
integral vanishes. Hence Gk ,\Fal(k A)PLkA), Yz, y) =0.
IfAN=2N(k+1) (i. e. _k—+1 = —2N ) then it follows that

(0 0) k-lt,-l . . __A
TRl (k| SinFiT 0] — iA(sin )" cos6) (sinf + icos ) FT db

_ ()\ k(kk+)1£§07 0) / (Sine + i cos 9)_% Slnk+1 9d0 = Qg )\U(O 0)
0

Therefore G, )\Fal(k AP kA), Uz, y) = aprd(a, y).

az(k,\), Bg(k A),1

Next we prove the theorem for F (z,y). As in Theorem 3 we

have
(10) _]/ o, y) By (EL2ENAENT 1y g
p=¢
+/ F,?2(k’>‘)’ﬁ2(k’)‘)’1(m,y)Bg(v, k) ds
p=¢

k2 1
™ 9v(0,0) [ (k+2)|sin@|*1  iX(sin@);" cosd
. Ox E+1 E+1

.

X (sin@ + 7 cos 9) k+1 d6O

ase — 0. If A= 2N+ 1)(k+1) (i e _k%rl = —(2N + 1) ) then the

integrand in the right side of (10) changes sign when we replace 6 by 6 —,
therefore the integral vanishes. Hence Gy, AFQQ(k A)B2(k2), 1( ,y) = 0.

IfFA=2N(k+1) (i e kj‘rl = —2N) then we deduce that

1
_ 0v(0,0) /7r ((k -+ 2)|sin0\%§ iX(sin §) L F cosH)

oz kE+1 - kE+1
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A

X (sin@ + ¢ cos (9)_’““ do

2(N2 = (k + 2)2) 200 o I
— x . . 2
(k+1)(k+2) /0 (sinf + i cos 0) sink+1 0 df
_ 1, 200.0)

B or

It follows that Gy Fp2 BN 2ENL G ) — py \Plew) o
COROLLARY 3. Ifk is even and A = (2N + 1)(k + 1), where N is an
integer, then Gy, x is not hypoelliptic (nor analytic hypoelliptic).

REMARK 2. Altogether Corollary 1, Corollary 2 and Corollary 3 give
all the values k, \ as stated in Theorem 1.

REMARK 3. Since Gy is invariant under the translation (z,y) —
(z,y + ¢) it is easy to have the fundamental solutions or singular solutions
at points (0, c) in all cases considered above.
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