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Zonal Spherical Functions on

Quantum Grassmann Manifolds

By Tetsuya SUGITANI

Abstract. We give an explicit description of the zonal spherical
functions on quantum Grassmann manifolds of orthogonal and symplec-
tic type. A unified parametrization of their zonal spherical functions is
given in terms of Macdonald polynomials and Koornwinder’s multivari-
able Askey-Wilson polynomials.

§0. Introduction

In this paper we study two series of quantum Grassmann manifolds,
of orthogonal and of symplectic type, and show that, for each Grassmann
manifold of these series, the zonal spherical functions are expressed by Weyl
group invariant g-orthogonal polynomials with respect to the Haar measure
on the torus T = {x = (21, ,2;) € (C); |z1| = --- = |z = 1} with
weight functions A(z) := At (z)At(z) where
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Here the constants {k,} are nonnegative real numbers corresponding to
the root multiplicities of the restricted root system and (a; ¢)oo = [[;2,(1—
aq’). Such polynomials coincide with so called Macdonald polynomials
([M]) or Koornwinder’s multivariable Askey-Wilson polynomials ([K]). (See
Theorem 4.1.)
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336 Tetsuya SUGITANI
We consider the quantum Grassmann manifolds of the following series:

(BDI) ; (SO(N)/SO(l) x SO(N =1)), (I <[N/2], N>3,N #4),
(CII) ; (Sp(2n)/Sp(2l) x Sp(2n —21)), (I < [n/2]).

They belong to a class of g-analogues of the series of irreducible Riemannian
symmetric spaces of rank [, introduced in [N] (A; type) and [NS1, 2] (By,
C;, D; and BC; types). Especially in the above series (BDI) and (CII)
the restricted root systems of types By, C;, D; or BC; appear according to
the rank (see Subsection 4.1). And the above weight functions A(z) are
interpreted as g-analogues of [] |1 —z*|F
roots of these restricted root systems with multiplicity k..

o where « runs through the positive

A class of quantized function algebras A,(G/K) of the Riemannian sym-
metric spaces G/ K of compact type were introduced in [N] and [NS2] in a
unified way. The x-algebra A,(G/K) is an infinitesimal quantum subgroup
tc, ¢ invariant subalgebra of the quantized function algebra A,(G) of G.
The infinitesimal quantum subgroup ¢, ¢ is a coideal of the quantized uni-
versal enveloping algebra Uy, (g) (g =Lie(G)) such that £c, ¢ — &c if ¢ tends
to 1 (tc =Lie(Kc)). We call vectors of a commutative infinitesimal quan-
tum subgroup-biinvariant *—subring H = A,(K\G/K) of A zonal spherical
functions on quantum symmetric space (G/K)q.

The zonal spherical functions of all the series of quantum Grassmann
manifolds, however, were not determined in [NS1,2] because of some diffi-
culties arising from the higher multiplicities of the restricted roots, although
they occupy a greater part of the series of irreducible Riemannian symmetric
spaces of classical type. Since the x—algebra H is identifed with a subring
H|r of a Laurent polynomial ring A(T) corresponding to the torus sub-
group of G, to determine the zonal spherical functions we devote ourselves
to compute the radial part of a central element of U, that is, a g-difference
operator on H|p which coincides with the action of the central element.
Unlike the classical theory, even the Weyl group invariance must be derived
from the Weyl group invariance of the radial part, because of the difficulties
of algebraic structure of H.

From the result of this paper, we conclude that the zonal spherical func-
tions on all the quatum symmetric spaces of type A;, B;, C;, D; and BC,
discussed in [N] and [NS2], are g-orhtogonal polynomials with respect to
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the measures of the class mentioned at the beginning of Introduction. Es-
pecially if the restricted root system Y. associated with G/K is of type Ay,
By, C; or Dy, the zonal spherical functions on (G/K), coincide with Mac-
donald polynomials with specified parameters and if ¥ is of type BC;, then
they are expressed in terms of Koornwinder’s multivariable Askey-Wilson
polynomials.
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§1. Results from a Theory of the Quantum Symmetric Spaces

The statements (except Theorem 1.2) in this section is a summary of
the results of [NS2] (see also [N]). For the detail descriptions, consult with
the above paper.

Throughout this paper, for a Hopf algebra we denote the coproduct, the
counit and the antipode by A, € and S respectively. And ¢ is a real number
such that 0 < ¢ < 1.

1.1. Infinitesimal quantum subgroups
Let G/K be a compact Riemannian symmetric spaces of classical type
(see [NS2]). In [NS2] the quantum symmetric spaces (G/K), of all of such
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types were introduced. In this paper we restrict ourselves to the cases
(G, K);

(BDI) ; (SO(N), SO(I) x SO(N —1)) (I <[N/2], N>3,N #4),
(CII); (Sp(N), Sp(2l) x Sp(N —21)) (N =2n, 1< [n/2).

We fix the root data of G¢ (the complification of G) as follows.

Let £, = Zey ® --- @ Ze, be the Z-free lattice of rank n in the n-
dimensional Euclidean space &, = Re; & -+ ® Re,, with a nondegenerate
inner product (, ) such that (e;,€;) = 6;; for any 1 <, j < n. We realize
the integral weight lattice P in &, for the root system of type B,, C,, and
D,, corresponding to so(2n + 1;C), sp(2n;C) and so(2n;C). So we specify
the set of simple roots {«a;} and the integral weight lattice P = zn: ZAy,

k=1
with fundamental weights {A;}7_, in the following table. We also give the

n
condition for A = ) \;¢; to the cone Pg of dominant weights, in the integral
i=1
weight lattice Pg := P N L, corresponding to G¢-rational representations.

N | S0@n+1) (n>1) | Sp(2n) (n>1) S0(2n) (n > 3)
simple A = € — €41 Qf = € — €41 Qf = € — €41
roots | 1<k<n-—1 1<k<n-1 1<k<n-—1
for G(C Qn = €n an = 2€n Qn = €p_1+ €n
funda- Ay = €1+ + e Ap =€+ +ex Ay =€+ + e

(1.1) mental | 1<k<n-—1 1<k<n 1<k<n-2
weights [A,, = %(61+---+6n) An_1

L+ +en—1—¢n)

n

=1

| I

(14 +en—1+en)
= Ano1 > [An|

D> 2 A0 S > An >0

=
v

To proceed to the notion of infinitesimal quantum subgroups we need
a g-analogue of root vectors that behave nicely in the quantized univer-
sal enveloping algebra Uc = U,(gc) (9c =Lie(Gc)). L-operators L* =
D oi<ij<N eijLiij € Endc (V) ®c Ue give such g-analogues where V' is the
vector spaces of dimension N on which gc naturally acts and e;; are the
matrix units with respect to a suitable basis of V. They are described
through a suitable vector representation (my, V') of Ug by

Fv(L+) :R+, 7Tv(L_) =R
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where R = PRP (P is the flip), R~ = R~! and

R= ) ei®e;q"™ " +(q—q"
1<i,j<N

X E (61']‘ ® ej; — €55 @ ey51q pi pjlﬁilij).

1<j<i<N

Here we use the notation 5/ := N —j + 1 for 1 < 7 < N and the constants
{pr} and {k;} are given by

gc so(2n+1;C) sp(2n; C) s50(2n; C)
Pk {niéz"'7%’%70 {n77"'7271) {nilm"'vlyo»
1.9 13 S 9. IR
. PEEDR) ,—n+ 2} 1’ 2, ) n} 07 1, ’ 'I’L+1}
Ki ki=1(1<i<N) ki =1 (<7< n), ki =1(1<:<2n)
=-1(n+1<i<2n)

Using these L-operators and the following constant solution J to the reflec-
tion equation (see [NS2]); (BI, DI): SO(N)/SO(l) x SO(N —1);

— g .— Z ej]qu + Z €jjq —pj— pl+zejj 1_q2m —Pi=PL

1<y, <1 l<g<t
(CII): Sp(2n)/Sp(2l) x Sp(2n — 2I);

l

= E (—eak26—19"*1 + eap—1,21¢"*"
k=1

+ eqr-1y2ry " = egary @r-1y¢"*V)

P l+1 l+1
+ § e;irq Pj—P2 _ § ej; qu P2

2l<j<n 2l<j<n

2l

§ : 2p21—2\ —pj—p2+1
+ ejj’(l —q P21 )(] Pj—p21 ,

j=1

we introduce the infinitesimal quantum subgroups as C-vector space spanned
by the matrix elements of

M =Lt —JS(L7)t gt
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This C-vector space is a q-analogue of the Lie subalgebra tc =Lie(K¢) and
this becomes a two-sided coideal of Ur. We denote this C-vector space by
tc,q.

When we say about the x-operation on Uc, we adopt the x-operation
corresponding to the compact real form g of gc. In this situation the infini-
tesimal quantum subgroup £c, ¢ is 7 := *oS-invariant and the “compact real
form” €, can be defined by the (elementwise) 7-invariant subspace of £c, g,
but we do not mention about the “real structure” itself. The x-operation
of Ug is given by

(L) = S(LF) = CLTC™!  where C =

qP1 K1 O

We denote by Uy the commutative x—algebra generated by group-like el-
ements {Li}i<;<n with s-structure s.t. (LE)*=LE. For the descrip-
tion of the generators of Uy, it is covenient to introduce the commuta-
tive Hopf x-algebra generated by the symbols ¢* (u € L£,) with multi-
plication and the Hopf algebra structure ; ¢* - ¢* = ¢** (\, u € L),
A(g") = ¢" ® ¢, e(¢") = 1 and S(¢") = ¢ *. By setting L;; = ¢,
L, = q % for 1 <i < N where ¢4 = —¢;, we have the identification
Up=Cl¢" ; u € L,]. These are compatible with the notion of the weights
in U: For any ¢" € Uy=Clg" ; p € L], we have

'LY¢"=H'L*H, 'L ¢h"=H'LH

where H = diag(q), ... gen) (1), g~ Pen) ... g~ (e1)). Thus the ele-
ments Lz'-; and Ly; (i < j) have weights —¢; + ¢; and ¢; — €; respectively.

1.2. Quantum symmeric spaces and zonal spherical functions

The quantized function algebra M := A,(G/K) is the £, g-invariant
subspace of the quantized function algebra A := A,(G).

The quantized function algebra A is a Hopf x-algebra spanned by the
matrix elements of the finite dimensional Pg-weighted representaions of
U = Uy(g) =(Uc,*). The U-bimodule structure gives the Peter-Weyl de-
composition with components W (\) parametrized by the dominant integral
weight A of the cone of dominant weights ng .
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We also have the quantized function algebra of the coset space K\G/K;
H=A,(K\G/K):={pc A; tc,q0 =0, ¢.tc,q=0}

where  denotes an involutive anti-automorphism of ¢/ defined by

1 n
a=q’a*qg Pforacl (p= 52(1 = ZPkEk)
a>0 k=1

and tc,q = {a ; a € tc,q}.

Remark that the quantized function algebra M and H are both -
algebras by the 7-invariance of the coideal £¢, q.

This *-algebra H becomes a commutative algebra and has the simultane-
ous eigen space decomposion of the center Z of ¢ with components H(\) :=
H N W(A) parametized by the dominant weights A in Pg,e = @5:1 NA,

(spanned by the “fundamental spherical weights” A, (see Definition 1.1)).

Moreover the x-algebra H can be identified with a subring of the Laurent
polynomial ring A(T) = (C[zfd,-'- , 21 regarded as the quotient Hopf
algebra corresponding to the torus group of G. We denote the restriction
mapping A — A(T) by |r. Remark that there is a nondegenerate Hopf
pairing between Uy and A(T) such that (¢", z¥) = ¢"**) for p,v € £,, and
V=2t 2l (v = (v6), 1 <i<n)

We say the nonzero elements of H(A) the zonal spherical functions for
A€ Pg ¢- The zonal spherical functions ¢()) are uniquely determined up to

z

constant since dimgH(\) = 1 for each A € Pg’f. For more detail description
of the zonal spherical functions we need to explain about the restricted root
system of G/K.

Let g = £ ® +/—1p be the decomposition corresponding to the Cartan
decomposition of a real form gg of gc; go = € @ p. In that decomposition
choose a maximal abelian subspace a in p. Let ¥ = ¥(g; a) be the restricted
root system of rank [ for G/K associated with the pair (g,a) and let us
denote by W (X) the associated Weyl group. For the precise description of
Y, see the next section.

Here we see that we can embed the restricted root system 3 into the
root lattice of G in &, = Re; @ - - - @ Re,: By putting

~ { 2¢; (1 <4 <) for the cases BI and DI,
€ =
’ €2i—1 + €9; (1 <i <) for the case CII,
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we can realize the root system 3 in gl = Ré & - - - ® R¢; with the nonde-
generate inner product ( , ) derived from that of &, = Re; @ - - - @ Re,,.

Then we can take the standard simple roots {&; }1<;<; and fundamental
weights {Ki}lgigl} as in the table (1.1). For example, for the case BI (I <
n), Qi = €—€i4+1 = 20y (1 <1< l—l), ap = € = 2qy, K}g = €1+ +€, = 2A;,
(1<k<i-1and A =L@E +--+§) = A

Moreover corresponding to this embedding of root system, the integral
weight lattice P(X) is also embedded into P(A) and the Weyl group W (%)
is obtained as the restriction of a subgroup of W (A) onto &.

DEFINITION 1.1. We introduce a new inner product ( , )» on El such
that (€;,€;)x, = 0;; for 1 <i,j < 1. When we emphasize the inner product
on P(X), we will write it as P(X, (,)) and P(, (,)s) respectively. We give
the identification map

m : P(X,(,) — P(X%,(,)x)

by rewriting g = pi€1 + -+ + pipen, € P(X) into the form (u =)m(p) =
161+ +ulel such that fi; = (i, &)x for 1 < i <, and denote by ™) the
monomial x4" - l for p € P(¥) setting z; = zjj for 1 < j <. Then all
the zonal spherical functions ¢(\)|r (A € nge) belong to the commutative

algebra
- @ o
veEP(X)

where in the Theorem 1.2 we understand xf as z; for the cases BDI and
the «—operation is described as 2} = :rj_l for 1 < 5 < [. Note that the

correspondence between p and () is given by zH = (),
From [NS2| we have

(1.3) p(\)|1 = 2™ + Z ay,x” for some ay, € C
VEP(X)
v<sA

Especially, for the fundamental spherical weights [N\T, we have

(1.4) (Al =mg (x)+ D ™
veP(X)
Z/<EIKT
vgW (S)-A,
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Here A >y p implies the dominance order in P(X), that is, A — u =
2221 m;a; for some nonnegative integers m;.
The results in this paper (see Section 3) give the following statement.

THEOREM 1.2. The image of the restriction mapping H — T is pre-
cisely the subring of W (X)-invariants in A(X);

Hlr = A(E)"V®)

and the zonal spherical functions ¢(N)|r (A € ng,e) form a basis of this
algebra.

We can prove Theorem 1.2 by using (1.3), Lemma 2.2, 2.3 and the results
in the Section 3 that the zonal spherical functions ¢(\)|r are eigen functions
of Macdonald’s or Koornwinder’s g-difference operators D, with specified
parameters. However the proof has been already contained in [NS2], so we
omit it here.

§2. Macdonald Polynomials and Koornwinder’s Multivariable
Askey-Wilson Polynomials

We explain one of the most important class of g-special functions.

2.1. Macdonald polynomials

Macdonald polynomials are belonging to a class of g-orthogonal polyno-
mials associated with root systems. More precisely Macdonald polynomials
are associated with a pair of root systems.

In this paper, for simplicity, let (R, S) be one of the pairs of root systems
(Bi, BY), (Ci, C€)), (D1, D)) and (BC;, C}) where B; (I > 1), C; (I > 1),
D; (I > 3) and BC; (I > 1) stand for the root systems of rank [ of type B,
C, D and BC in & = Re; @ - - - @ Re; with standard inner product ( , ) and
RY denote the coroot system of R; RV = {a" = ﬁ; a € R}.

Let W=W(R) be the Weyl group associated with the root system R
and P(R) be the integral weight lattice in &. For a pair of the above
root systems (R, S), there exists a unique set of W-invariant positive real
numbers {ug}acr (W acts as w.ug = Uy for w € W) such that a¥ =
uzta € S.
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We assume 0 < ¢ < 1 and introduce the following quantities for a set of

W-invariant nonnegative real numbers {k, }acr; ¢ = ¢" and t, = qloia/ 2

for each a € R.

Let A=A(R) be a commutative subring of C[zflm, e ,:L‘lﬂ/z] spanned
by the monomials z# = z{* - xé‘ " indexed by the integral weights p =
pi€r + -+ g in P(R),

A=AR):= ) Ca"

HEP(R)

with *-operation s.t. 2} = :131._1 for1 <i¢<I.
We will introduce an inner product on A" the Weyl invariant subring
of A. For f, g € AW we define a hermitian inner product on AW by

(Fla) = W1 [ 5@ o) Ao
where fT dx denotes the normarized Haar measure on the torus
T={x= (21, ,2) €(C); |o|="|m| =1}.
And the weight function A(z) on (C*)! is given by
1
(t342%; 4a) oo
1
acRt (tatzzawa§ qOé)OO

(2.1) Az) == AT (z)*A*(z) and AT (2) =

where (a;q)s = [[529(1—aq") and R denotes the set of positive roots of R.

The Macdonald polynomials { P, (; q) },c p+(r) associated with root sys-
tems (R,S), indexed by the dominant integral weights, are characterized
by the following two conditions;

(1) Pulws) = my(e) + 3 amu(@)  (au €C)

(2) (Pu(x;q)|mu(z)) =0 ifu>v

where my(x) is the W-orbit sum of the monomial z#;

my(z) = Z x¥ (W - : the orbit of p in W)
weW -
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and v < p denotes the dominance order of weights;
v< 4= pu—v€EZsy—span of RT.

Note that {P,(x;q)},ep+(r) form a basis of A". Moreover Macdonald
polynomials P, (x;q) (u € PT(R)) are also eigenfunctions of the following
g-difference operator D,:

We set 0 = €1 and define

(2.2) Dy :=[Wo| ™' Y ws(2)(Tws — 1),
weW
T, (") =g V) ¥ for u, v € P(R),
_T,(A%(x))
(po-(l‘) .—A+—()7

I
a, = g3ioR) Z Qm ¢ —1 )+q7%ﬁj(q7uj —1),

7j=1
p: D) Z kaa_ijej,
a€R+
Ey _|W | ! Z ’LUq) Two,
weW
l
b, ::q%w’f3> Z(q%ﬁjqﬂj + q*%ﬁjqﬂlj)
j=1

where W, is the stabilizer of o in W.

THEOREM 2.1 (Macdonald). The g-difference operators D, is self
ajoint operators with respect to the inner product on AW. Moreover the
P,(z;q) are eigenfunctions of D, with eigen values a,,.

2.2. Koornwinder’s multivariable Askey-Wilson polynomials
for root system BC
We will also recall an extension of Macdonald polynomials. Let R be
the root system of type BC;. Define a hermitian inner product on AW by
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replacing the function A*(z) of (2.1) by

l

Pt aﬂ?k,bxk,cﬂ%,dﬂ?kﬂ)oo (i (i[5, 82025 G) oo

(2.3)

where a, b, ¢, d and t are real numbers such that |a|, |b], ||, |[d] < 1, but
the pairwise product of a, b, ¢, d are not > 1 and |¢| < 1. Here we used the
notation (a1, -+, ar;q)o = [[i—1(@i;¢)os. So we have the following forms
of the g-difference operator D,;

(2.4) Dy :=|Wo| ™' Y w.®0(x)(Tuo — 1)

weWw

I
= (@} (@)T, + T} (2)T-,) — Po(2)

k=1
where

(1 —azg)(1 — bxg)(1 — cog) (1 — dxy)

T () =
(1—23)(1 - qz7)
l
tQT]g — Tg 1- tl‘awk
% H T — Tq % H 1 —zx1
o i
l
O (x) = ®f (z7') and Po(z) = Y (P ().

k=1

In [K] Koornwinder showed the existence of a basis {P,(z|a,b,c,d,t;q)}
(n € PY(R)) of AW, which the same statements of Theorem 2.1 holds for
D, with eigenvalues

l

(2.5) ay = (¢ labedt” F 1 (g — 1)+ tF (g - 1)),
k=1

These polynomials {P,(x|a,b,c,d,t;q)} are generalizations of one-variable
Askey-Wilson polynomials (see [GR]).
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For later convenience we also introduce the following quantity;

MN

(2.6) by =

e
Il

1

such that a, = b, — by for p € PT(R).

Note that the operator D, defined above recovers Macdonald’s operators
in the previous subsection, as special limitting cases (see [K]|, [NS2]).

We will finish this section with some remarks on Macdonald’s and Koorn-
winder’s polynomials, which will be used to prove the Weyl group invariance
of zonal spherical functions (see Theorem 1.2). For the proofs, see [NS2].

LEMMA 2.2, We assume 0 < abed < 1 and 0 < t < 1 for Koorn-
winder’s D, and the condition of the parameters {kq} for Macdonald’s D, .
For dominant integral weights X, u € PY(R) such that X\ > p, we have

ay —a, > 0.

LEMMA 2.3. Fiz a dominant weight u € PT(R). If ¢ € A satisfies

(i) ¢= Z b,x”  for certain constants b, € C

v<p
vgEW-p

(it) Do = aud,
then ¢ = 0, assuming the same conditions in Lemma 2.2.
For Lemma 2.2, see [SK], [NS2] and [M].

§3. Explicit Formulas for Zonal Spherical Functions on
Quantum Grassmann Manifolds

3.1. Zonal spherical functions as g-orthogonal polynomials

We will show the zonal spherical functions ¢(\)|r are described in terms
of Macdonald polynomials or Koornwinder’s multivariable Askey-Wilson
polynomials. They are controled only by the information of the restricted
root system ¥ associated with G/K. Let us recall the data of the restricted
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root system ¥ = 3(g,a). We denote by ks the multiplicity of the root
a €.

G/K type of 3 |ke+e ke, kac,

BI - SO(2n +1)/S0() x S0@2n +1—1) B, 1 Pm—-0+1]0
DI : SO(2n)/SO(l) x SO(2n —1) B, (I<n) 1 2(n —1) 0
Di(l=n) | 1 0 0

CII : Sp(2n)/Sp(2l) x Sp(2n —21) |BC; (2l <n)| 4 4n—21) |3
C@2l=n) | 4 0 3

THEOREM 3.1. For each A € Pgé, the restriction of the zonal spheri-
cal function ¢(\) on the quantum Grassmann manifolds (G/K)q into A =
A(X) € A(T) associated with the representation V() is written in terms of
Macdonald polynomials Pry) (z;q) or Koornwinder’s Askey-Wilson polyno-
mials Pr(y(|a,b,c,d,t;q).

Case BI : DI, SO(N)/SO(l) x SO(N —1); ¢(\)|1 = Pyrn(x54")
Case CII: Sp(2n)/Sp(2l) x Sp(2n — 21);
¢()‘)’T = Pﬂ'()\) (LE‘ — 8, 8U, —q, qu, 1; q2)

where the Macdonald polynomials Py y)(w; q*) of the cases BDI are based on
the data of the root system ¥ with the inner product ( , )y , andt = ¢*a*e,
s = qk%l and u = q%ke”l.

REMARK. For the cases SO(2n)/SO(n) x SO(n) and Sp(4l)/Sp(2l) x
Sp(2l), we already have the above results in [NS1, 2]. Especially the re-
stricted root system for the cases are of type D,, and C; respectively, and
the zonal spherical functions turn out to be Macdonald polynomials.

To characterize the zonal spherical functions above, we will compute the

radial part of a central element of U{. For a central element C' of U, the
radial part D of C' on H|r is defined as a g-difference operator such that

(C.9)lr = D.g|r

for any ¢ € H]r.
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Recall that the decomposition H = @, Pt H(A) is the simultaneous

eigenspace decomposition of the center of U. Hence we have

D.¢(N)|r = xa(C)p(N)|T

for A € Pae where x) is the central character on V(A) (the irreducible
representation of highest weight \).

The practical method for the computation of the radial part of a central
element of U is given as follows.

By the U-bimodule structure of A, we have

(abc, ¢) = (b, c.¢.a)

for any a,b,c € U and ¢ € A. Therefore by the nondegeneracy of the Hopf
pairing we have

peEH (T, ¢)=0and (J,0) =0

where J = Utc, g and J = €¢, gid. Thus we have the following commutatve
diagram in which all the arrows are injective mappings:

H _— A(T)

l l

U/T+T) —— Up".

LEMMA 3.2 (see [N]). We set ¢x = q¢* € Uy (1 < k < n) and * =
(1)‘1---(7;\" = ¢ for \ = \e1---Men € P. Define g-difference opera-
tors Tqi’clk (1 <k < n) onlUy by TE (¢Y) = ¢F*NCA. Suppose for a

qack
central element C' of U there exists a nonzero Laurent polynomial a(z) €
ClEY, -, 25 and a g-difference operator Q((;Tye) € C[¢GEY, -+, ¢,
Tqicll, e ,Tqigln] such that

(a(Tyc) /)C = Q¢ Tye) f mod T + T

for any Laurent polynomial f = f(C) in Uy. Then the radial part D =
Clr : H|r — H|r is given by

D =a(z)"'Q((; Tye)
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where ~ means the multiplicative Fourier Transform (anti-algebra iso-
morphism,);

- +1 ptl +1 il
C[C >qu] (C[Z 7Tq,z]

such that (k Tq,2 T(LCk =z for 1 <k <n.

Applying this method, we will compute the radial part of a central el-
ement of U in the next subsection (Theorem 3.3) and we will see that the
zonal spherical functions ¢(A)|r are eigen functions of Macdonald’s D, or
Koornwinder’s D,. From this result we can prove Theorem 1.2 and The-

orem 3.1 at the same time. The detail of such an argument is given in
[NS2].

3.2. Explicit formula for the radial part of a central element in

u
We consider the following central elements {C,} (1 < r < rankg) defined
by [RTF];

N
Cr = tr(D*(LYS(L7))") = Y ¢ (LTS(L7))y;
i=1

where D = diag(¢®,--- ,q*’, g% ... ¢2r1). In particular we will com-
pute the radial part of

Z q291L+S

1,j=1

Note that the central character x)(C}) is given by

N
20; 2X\;
:E q"q
=1

for the dominant integral weight A € PT where we set \y = —)\; for 1 <
i < N.

THEOREM 3.3. The radial part Dy of C1 on H|t is given as follows.
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Case BI, DI: SO(N)/SO(l) x SO(N —1);

Dy =q "' Dy(;¢") + ¢ > bo+ Y ¢,

Case CII: Sp(2n)/Sp(2l) x Sp(2n — 2I);

Dy = (q+q ")q "' Do(x|—s, su, —q, qu, t;¢*) +(g+q g "bo+ Y ¢
2l<i<(21)

where each Macdonald’s operator Dy, in cases BI and DI, is the one corre-
sponding to the restricted root system X with the inner product { , )s and
the parameters (s,t,u) in the Koornwinder’s operator D, are the same as in
Theorem 3.1, moreover {pr} are given by p = > aep+(x) kao = 22:1 D€k
(see also the notation (2.6)).

For convenience we list the table of {py}.

BI DI CII
Pk n—k+; n—k on — 4k + 3

REMARK. In the Theorem above we have
Dy — X)\(Cl> = const. X (DU — CLW()\)) on H()\)h‘
for each \ € PG+,E'

3.3. Computation of the radial part of the central element C}

LEMMA 3.4.
Cy = tr(D*LTS(L7)) = tr(D™2S(L)L™")
PROOF. From the commutation relation Rj,L{ L, = Ly LT Rf,, we

have L S(L;)'R5™ = RLPS(Ly)'L (- LES(L*) = S(L¥)L* = I).
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Hence we have R, e LTS(LQ_)t = S(Ly)'Ly RY, 27" Moreover we have,
with D = diag(q 201 . ’q2p1/)7

N
-1

+ t2 _ Pn2p—-tin2 _ —8ii+6, .

Ry®  =Di’Ry'Di= ) ei®ejq 0t
1,j=1

—1 —20;+2p; —pi+pi
—(a—a7) D (e ®eizg > — ey @ eieg P iny)

i<j

Let (v; ® vj, L1avg ® vp) be the coefficient of v; ® vj of Ligvy @ vy for Lig €
Endc(V ®@cV)®U. By combining the relations (v ® vy, (LIFS(Lz_)tREt2 —

~1
RTZtQS(L_)tL+) vy @ vy = 0 and (v ® vy, (REtQ LiS(Ly)t—
S(Ly)LT Ry, - 1) 21 ®@vy) = 0, we can show the equation

Y LGSEye* + Y LS(Ly)d™

1<5<1/ 1<j<1

> SILha + Y S(Ly )L

1<5<Y 1<j<1/
Then by the induction on the rank of g we conclude the statement, not-
ing the triangularity of the matrices D2LTS(L~)D~2S(L™)L* with (4, j)-
entries L+S( )g*i and S(L; )qu 20 yespectively. O

REMARK. The above Lemma is also valid for the case gc = gl(n).

LEMMA 3.5. When G = SO(N) and Sp(2n), for the involutive algebra
automorphism T = x 0 S, we have

T(Cy) = C1.

Proor. We have

T (D*LTS(L7)) = D*r(LT)r (S(L7)) = D2S(LT)*S*(L™)*
=D?L"' (q_2”L_q2p)* (. S?*(a) = g *ag® for a € U)
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= DL~ (D?L~D7%)" = DL~ D2S(LT) D2
=D?*(C7's(L7)Cc'p*CcLtCc) D?
=D? (kC~'S(L7)LTC') D72

using C'D?C = kI where k = 1 if G = SO(N), —1 if G = Sp(2n). Hence
we have

7(C1) = 7(tr (D*L*S(L7)) = tr (D*kC'S(L™)LTC'D™?)
=tr (kC'C71S(L7)LY)
=tr (D2S(L7)LY) (-C'C'=kD7?)
=C; (. Lemma 3.4). O

LEMMA 3.6. We set €, = 2¢;, in cases BI and DI and €ap,_1 + €21, in
case CII for 1 < k <1 (I = the rank of ). For any q" € Uy (h € P), if
we have the expression

z !
¢"Cy = (Z O (1), + Y P () + <I>0(x)> q"
k=1 k=1

modulo J + J where & = &' = ¢, and ®y(z), Pp(x) and Po(z) are
rational functions in x1 = g\ oo = ¢\ then we have the unique
expression of ®i(z)’s and @y (x) = ®p(z~1) for any 1 < k < 1.

PrROOF. We first prove the uniqueness of the expression of ®y(x)’s.
Suppose that & (resp. & = 5,;1) belongs to J + J for some 1 < k <[ or
I <k <1. So from the arguments in Subsection 3.1 we have (£;.¢(\))|r =
0 for any zonal spherical function ¢(\) € H. On the other hand

(Ge-d(N) T = !N 22+ " ax,g! 2. (See (1.3).)
p<A

Hence comparing the leading term we have (¢x,A\) = 0 for any 1 < k <
and \ € Pg ¢~ This forces the contradictory conditions for spherical repre-

sentations of P(J;F,B' Hence any &, does not belong to J + J.
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Next suppose that C := 22:1 Crér + 22:1 Ciwéw = 0 modulo J + J
for certain constants C’s. By applying the same arguments above, we have

0— qu) ‘T— Zqué’“’ +ch/ (€A Z +Zb,\ M

n<A

for certain constants by,. Thus we have ZZ qu € +Zk L Cwg™ (AN =
0 for any \ € PgE' Then for the equation Zk:l Cryr + Zk:l Ck/yk =0
we consider a solution (yi,--- ,y) =(¢"@™, -, ¢/%4N). Hence if we choose
an appropriate \ € ng ¢» We can conclude €7 = Cp = 0 and 22:2 Cryk +
22:2 Cpryr = 0. Thus the successive argument leads C, = 0 for all k.
This shows the uniquness of ®(x)’s since the above argument is true for

Erqhs
—h

Since 7(¢") = ¢7", 7(&) = &w, we have, by the 7-invariance of J and
T, ¢ "Ci = 7(¢"Ch) = Yy (@4()ér + Prr(2)8) + Po(x)) ¢ " modulo
J+J.

On the other hand ¢ "C; = ka:l (Pr(z™ M) + Prr () &+

®o(z)) ¢ modulo J + J. Thus we conclude ®p/(z) = &p(x~ 1) for 1 <
k<l.0O

We will see that the modulo class th modulo J + J has the form in
Lemma 3.6, hence by Lemma 3.2 we can get the radial part of C'.

LEMMA 3.7 (see [N] and [NS]). For any ¢" € Uy (h € P) we have
"LTS(Ly)'R = R¢"LT S(L7)!

modulo J + J where R = RT2t2P12J2H1J1_1H1, H = diag(q<h’€1>,--- ,
¢"4)) and P is the flip in Endc(V ®¢ V).

Let us consider a vector space

l l
W=D Cu & Cwys @ @PCup (K =20+1-k+1)
k=1 k=1
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and the following linear maps
A0 VeV —W and o W—VecV (a=1,2)

such that, for 1 < k <1,
i (v @ vj) =w; (1< <1), my (v @) =wy (1< <),
T (Vs ® vs) = ¢ wppr (1< s <), wl(,[l,)(vi®vj)20(i7éj),
wp) =ve @0, 1<k <D, o\ (wp)=vw @vp 1<k <1,
(1

(3774 wl+1 § Vs & Vs,
I<s<l’

—~
/—\A
~— —
—

N

2 _
7T§V (Vok—1 ® Vog—1) = qug, 7T1(/V)(Uzkz ® vok) = q wg,

N
~

T (V(2ky @ V(2ky) = qUp, o) (Vak—1y @ Vk—1y) = 4 Wi,
D (0 @ vs) = P wigy (21 <s<(2)), 7D W) =0(i+#7)

2 2
Z(W (W) = Vog—1 ® Vogp—1 + Vo ® Vog, ng) (wp)

~

= V(2k)y @ V(2k)y + V(2k—1) @ V(2k—1),

ZE/‘Q/)('LU[+1): Z Vg ® Us.

2l<s<(20)

Note here that in the notation of the vector space V we set ' = N —k +1
for 1 < k < N, but in the vector space W we set k' = 2l +1 -k + 1 for
1<k<2+1.

We put matrices A = A(s, t,u) and B = B(s,t,u) € Endc(W) as follows
with assuming 0 < ¢ < 1 and 0 < s,u <1 (e;; denote the matrix units such
that €5 Wk = 5J~kwi).

A= A(s,t,u) Z €j; tep1 418t 1y Z eij(1— til)

1<j<l 1<i,j<2l+1
z’<]'<1' i,jAl+1
1y, —1
+ E eilr1(1—tu
1<i<l

£ Y ang (D0 - w42 s !
<<
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+ Z ejir(1— s 2t)st 1P,

1<5<1
B=B(s,t,tu)= Y ejjteqimst + > e (l—t!
1<;5<1 1<i,j <2041
l/<] <1’ A+
+ 3 e (D)1 —u)(1 4 %t u)s e
1<i<l
t Z ejir( “H)stT P
1<5<1
where the constants p = (p1,---,p;) are nonnegative real numbers such

that
pi—pia1=1(1<j<i—1), t"=sut'™"and t” = su.
Direct calculation shows the following two lemmas from the equation
w0 o (thfS(Lg)t}? - thL{S(Lg)t> oo =0 (- Lemma 3.7)
modulo J + J for a =1 or 2.

LEMMA 3.8. We consider the cases BI and DI.
Let us put (s,t,u) = (qk2€l grate q2 61) (s must be 1), A(zl|s,t,u) =

v
A(s,t,u)H and B(x|s,t,u) = B(s,t u)H where H diag(xzy, -+ 2y, 1,
wl_l,--- Loy t) with ;= ¢ M) for 1 < j <1. We have

¢ (Aals,t,u)g"Z - ¢ ZB(als,t,u)) = 7 g LT S (7)Y
— 7L S(L3)" )

modulo J + J where Z = wt(/ll,)thfS( )tz%,), ) = W‘(/Il/) oR —
qA(a:\s,t,u)w‘(/V) and 1V = Roz(l) zg/ll,)qB(a:\s,t,u).

LEMMA 3.9. We next consider the case CII. Let us put (s,t,u) and
the matrices A(x|s,t,u) and B(x|s,t,u) in the same way as above with
zp = ¢e2k—1tek) - Then we have

(81) ¢ (AGals,t,u)d"Z — " ZB(als.t,w)) = mPq" LT S(L5)2?
g Ly S(Ly )y
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modulo J + J where 7 := W‘(AQ/)LTS(LQ_)I‘/’L%/IQ/), 72 .= 7r‘(,[2/) o R —
qu(x\s,t,u)ﬁ‘(f,) and 1® := Ro zg,) — zgf,)q2B(x|s,t,u).
3.4. Proof of Theorem 3.3

We will prove Theorem 3.3 only for the case CII. However we can get
similar formula in cases BDI for the corresponding parameters (s,t,u). In

what follows we simply denote by my, wy, 7, © and C(x) the 71"(/‘2/), 1%2,), 7,
1 and C(x1,--- ,x;) respectively and set
Z =moL{S(Ly) ov=(Zij)i;.
For the case C'I1 we have, for 1 <i,j </,
Zij :qL;i—l,2j—1S(L2_j—1,2i—1) + qL;_i—l,QjS(L;j,Zi—l)
+ q71L§,2j—1S(L2_j—1,2i) + qilL;—i,QjS(L;j,Zz‘%

T+ - + -
Zitj =L iy 259 Liagy o) + WLaiyr (25-1) S L1y iy)
-1 _
+0 Ly, oy S Lz aic1y)
1 _
+0 Ligiay -1y S (Ligjo1y ai1y)s

T+ - -
Zijr _qLQi—l,(Qj)’S(L(Qj)’,Qi—l) + qL;_i—l,(Qj—l)’S(L(Qj—l)’,Zi—l)
-1 — -1 _
0 L 0y S (L) + 47 Di o 1y S (Lig 1y i)
Zign = Y, LES(Ly)e™,

2l<s<t<(21)

Zijy1 = Z (qL;_i—l,sS(Ls_,%—l) +q_1L;_i,sS(Ls_,2i)> )
2l<s<(20)

_ — 20s
Zisig = ) (Lz(zij(L@j)csH Li@j—l)'S(L(%—l)cs)) ¢
2l<s<(20)

Hence we have
(3.2) Cl = Z Zijq’ai = Z Zijtﬁi
1<i<<t 1< <1

where we set py = —p; for 1 < i < 1’. From this expression and (3.1) in
Lemma 3.9 we will derive the necessary reccurence relations for the modulo
class of th,-j modulo J + J.
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Let us put a (20 + 1) x (2] + 1)-matrix
E = (Eij)ij:=q° (TFthL+S( 2 ) —7qd"LTS(Ly) ZW)

n (3.1).

LeEMMA 3.10. Let us fix a number k such that 1 < k < [. For the
matriz E above we have

E:.

_{qhzijﬁkt_pj ifl1<i<k<j<lI
17 —

0 otherwise (i,j run 1 <1i,5 <1')

modulo I, + J + J where B = —w(l —u)?u~! and

1—s—ltxy,

I, :=¢'C +thq9@ +Zq ¢ 9Cx
J#k

To conclude this lemma we need long computation, so we will give a
sketch of the proof later (see subsectin 3.5).

v
Let us also introduce a matrix B(z|s,t,u) by
Y

B(xz|s,t,u) := B(x|s,t,u)

!

iy . -1 -1
g et | diag(wy, - 2, Ly -0 27 ).
=1

Thus we have from Lemma 3.10
h b
(3.3) A(z|s,t,u)q"Z — ¢"ZB(x|s, t,u) =0

modulo 7, + J + J. Here note that the matrices Z, A(z|s,t,u) and

B(x|s,t,u) are all upper triangular. So we see from (3.2) that the mod-
ulo reduction of the matrix ¢"Z is recursively and uniquely determined by
its diagonal parts modulo 7, + J + J.
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The modulo class of the diagonal elements of ¢"Z are given by

0"Zi = "(q** " + 7' P) = (g+q D"t (1<i<)),

h — h 2
" Zipa=d" Y. ¢,
2l<s<(2l)

¢"Zii = ¢"(gq7* +q7 ¢ ) = (g+q D" (1<i<)
modulo J + J, since L;_L%, S(L2_i,2i—1)’ Léi),(%_l),, S(L(_Qi_l),(%),), L;,
S(L;,), ¢©1 — ¢ and ¢° — ¢~ are all belonging to £c,q for 1 < i <1
and 2] < s <t < (21)’. Hence combining Lemma 3.10 and the consequent
discussion, we see that that modulo class of ¢"C; has the form in Lemma
3.6. Thus we can summarize the algebraic feature of the modulo reduction
by Zp + J + J in the next lemma.

LEMMA 3.11. We fiz the number k such that 1 < k < [. For the
v
matric A = A(x|s,t,u) and B(z|s,t,u) above, we consider the same size
upper triangular matric F = F(x,€|s,t,u) = (Fij)ij with the entries in
C(x)[&1y -+ & &v1, &+, &) such that Fyy =& (1 <i<1 and

.
AF - FB=0

modulo Z}I:l C(x)&;. Then we have
ik
(1 + szp) (1 — suxy) (1 — s~ ttuxy)

C:= FitPt =P
Z J (1 — s 1tag)(1 — l‘z)

1<i<j<1’

B _ —1
o tlepe gt Lot L ey

1 1
L= 2p g7y, L=z 1= zr oy

modulo lelzl C(z)&;. Here we adopt the notation like
itk

1- tka[ljg’l] o L 1 —txpx;

V=weay gy oy 12
i£k
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PROOF. There exist unique upper unitriangular matrices G =

v v v
G(z|s,t,u) = (Gg)w and G = G(zx|s,t,u) = (G:;)U with the entries in
C(x) such that

A = Gdiag(xy,- -,y stfl,:nl_l, e ,a:l_l)Gfl,

h A -1 -1 “1y e
B = Gdiag(xy,--- 2,8tz 1) )G

v
With these matrices G and G, the matrix F' is uniquely determined by

Vv
F = Gdiag(&1,- - ,&)G

v v
Here we set G—! = (Gy;)ij, and we have

v
Fyj= ) G&Gy
1<k<j
for 1 < < j < 1. Moreover we have
A - A \/_
ooy = (Yo X 6)e

1<i<j<l’ 1<i<k k<j<V

modulo Z%lzl C(x)&;. Thus we need to compute the quantities

ik
. Vo
Z1gigk G;gtpz and Zkgjgl/ ij-
CrLAamM 1. . . .
5 g < P10 =Py )
i = -1
1<i<k L= 2p g7y,
PrROOF. For the matrix A we have Gdiag(zy,--- ,xl,stfl,a:l_ R

z71) = AG. So we have

(3.4) Ghar=Ghoi+ > Gh1—t N,

1<s<k
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For 1 < i < k. Compairing (3.4) with the one obtained from (3.4) replacing
i for ¢ + 1, we have

Gj,;(xk—xz) = G;_lk(ajk—xi+1)+GL1k(1—t_l)xi+1 = G;q_lk(xk_t_lmi—&-l)-

Hence we have

1—t Lot 11—tz !

+ _ 1~ Lt 1R E

(3.5) G = RS AS T G
L= kizy, L=z 7y

_ (1=t =t 2 ez )

On the other hand, the entries A;; (1 <7 < j <) of Al = (A;;)ij are given
by A = (1—t)tPPighif 1 <i<j<landz;'if 1 <i=j <l Thus we

have another equations from Gdiag(z]?!,--- ,x;l, s xy, 1) = ATIG
so that
lewk = lkxl Ly Z G t”f Piy x] -1
1<i<k
So we have
1
> Gt = (Gfk( M+ GLA -t
1<i<k
tP1

_ + 1. -1
=1 —t—lle(l —t ).

Hence from (3.5) we have the expressin of Claim 1. O

CLAIM 2.

Z o t=PL =Pk (1 4 sap,) (1 — suxy) (1 — s~ tuxy,)

1-— tmkx[l’é,” . 1-— t;cka:[k“ l]

L=app gy 1- xkx[kﬂ 1]
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Proor. Similar discusion in Claim 1 shows

v t71(1 — tasx _1 v tPi =P (1 — tayap
Bo) o= - - ]

) 1 ij—1
1-— T 1—xx [z+1,j]

)

for1 <i<j<lI, and

_ bs7 (1 — twa;t) V.
(37) GzH—l (1 _ tfl)(l _ Siltl‘z‘) il

for 1 < i <1 where we set b := —(1 —u)(1 + s*t'u)s~u=2(= Bj1).
Moreover we have

(1 —ttst=1(1 — s71tw;) V. G-
b(1 — x;xp) i+l

1—t7tv {—(1 —s*t s L4 gt v _
i+1 Gil

V_
(38) Gy =

11—z 1 — @2

B {tl(l — tzz) ) bs~L(1 — twz; )

1 —xzzy (1 —z2)(1 — s~ Ha;)

{—(1 = s Hs L+ B 7 }

1—z;24

Gy
for 1 <i </, and

Vo t_l(l—t$i$j+1)v,

((1 — 52t st — ,Bk) t=hi ‘ trix;(1—t~ w] J+1)

e . ij
1 i 5 l_xlxj—i—l

for1 <i,5 <lI.
From (3.7), (3.8) and (3.9), for 1 <4, j </, if we put

-~ t 2,—1y 1 —1\ A
G ,:—G p T {—(1—st )s— Tt pJ:c:L’ + Bt Pizx }Gu,
1—ta: Tj ij
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then a long computation shows that

~_ TN —twiwi) 5 P (1 — b ) =
3.10) G, = TG = T
( ) ij 1 — zz; i(j+1)/ 1 —mizp 1 i
and
1) G = M ) s (1= sur) (s ) &

(1 — ) (1 — s~ 1ta;) (1 — ta?) i
Combining (3.6), (3.10), (3.11) and u=2s72 = ¢t~ 2/t we have

(14 sz;) (1 — suw;)(1 — s~ Htux;)
(1 — s Ytx;) (1 — tz?)(1 — 22)

1
1 —tzizpy L —twgag g g

\ ~ . .
(3.12) G =G =t PPl —1)

X -
1-— Ti% (13 1-— Tl )
On the other hand, from (k,1’) component of the equation diag(z1,--- , z;,
v v oV
stfl,xl_l, e ,:rl_l)G*1 = G~ B, we have
Vo 1 v
k<j<1/

Therefore by putting i = k in (3.12) we complete the proofs of Claim 2 and
Lemma 3.11. OJ

Now we return to the proof of Theorem 3.3 for the case C'I1.
By applying Lemma 3.11 putting & = (¢ + ¢ 1)¢"¢% (1 < i < 1') and
€41 = Ygrcoe(ary 447, from (3.2) and (3.3) we have

l l
¢"C1 =) Cr(@)& + Y Co(@)&w + Crp (@)&11
k=1 k=1

modulo J + J where

(14 szp) (1 — suxy) (1 — s~ Htuxy)

Cr(x) =t~ (1 — s~Ltay) (1 — 22)
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- B 1
y 1=ty gyt . L —twpry. g ‘ L —twpwp gy

1 —
L —2p g7y, 1- ‘Ekx[klﬂ,u L=apw gy

for 1 <k <land Ciy(x) (I+1<1i<1) are certain elements of C(z). But
from Lemma 3.6 we have Cy/(x) = Cy(x71) for 1 < k < [. Hence by Lemma
3.2 the radial part of C1 is given by

l

Dy =(g+q7) Y (O (@)Tp 4, + O ()T ) + 0 ()
k=1
where @ (z) are rational functions in C(x) = C(z1,---,2;) with z; =

29i_129; such that <I>+( )=Ci(x), 1 <i<1 andi#1+1.

The constant term @;Zrl( ) of Dy is uniquely determined by

!
of(x)=—(g+q "D (2} () + 2} (2)) + x0(Ch)

k=1

where Yy is the central character y, with A = 0, since D; has the eigenvector
1. For the dominant integral weight A\ € ng ¢» the central character has the
value

21
xa(C1) =" (qQ”"q”i +q g ) + Y g
i=1 2<i<(20)
l

—(a+a )Y (P M)+ > g

i=1 21<i<(21)

where N\ = o1 = o (1 <4 < 1). So using the Koornwinder’s ¢-
difference operator D, we have

Di=(q+q¢ g Do+ (qg+q Vg "bo+ D,
2l<i<(21)

Thus we complete the proof of Theorem 3.3 for the case CII. In the
proof for the cases BDI we can proceed completely in the same way with
corresponding parameters (s, t,u,q). O
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3.5. Remaining computations

In the previous section there remains a lemma unproven, that is, Lemma
3.10. We will finish this paper with giving a sketch of computation in
Lemma 3.10.

We recall that we treat the case C'I1.

We put, for 1 <i,k<land 1< j,j <2,

2%k
Z7* = qLy; 12kS(L(2k 1) 2i—1

ZZ'(Zk)

) + )

Z = qL2z‘—1,2k—1S( (2k) 2i— 1)+ ;219 1S(L(_%)’ 2:)

=qL3 | (zk)/s( ok—12i—1) T )
)

(2K-1) _ _
Z; = qLg; 1 o1y S (Lojoi 1)+q 1L; @h—1yS (Lo 2:)5

Y/ = qu 135(1/3'_ (2i) )= _lL;JS(Lj (2i—1)’)’

. - gLt -
Yi = qL(2z)/ ‘S(Lj,2i71> L(QZ 1y ‘S(Ljﬂi)'
Let us denote by (w;, L.w;) the coefficient of w; in L.w; for L € Endc(W)®

U.
We state some claims.

Cramm 1. If we put, for 1 < k <,
PF = gh {ZiQk$];1 _ Zi%_lx;;l _ ZZ»(%) ~2p2e—1 4. Z(Qk 1)/ q_2p2k_1}7
then we have, for 1 <7 <k </,

(wi, mw 0 ¢" LT S(L3)" 0 o(wpr))

{pk( 2pzz 2)q*2P21

+ | " Zi + Z this(l —ghH - q2pzl—2)2q—2p2k—2921+1}‘
1<s<k

Moreover the other matrix elements of my o ¢"LTS(L;)! o1 are all zero.
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CLAIM 2.

2(1 _ q2P2l*2)q*2P2k*P2l+1

pk— _ —1\_ h &
i T (g+a )a'q

modulo ¢"C(z) +J + J.

CrAamM 3. For 1 <1i<k<I, we have

Pikwi + Z mej(l —q
i<j<k

= Pz‘kq_l + thik + Z thij(l — q_4) 2(1 — qQPQI—Q)q—QPQk—le
i<j<k

modulo ¢"C(z) +J + J.
CLAIM 4. For 1 <i<k <] we have

xsxlgl

- \
Pik =_2(1— q2p21—2)q—202k—l’2z+1(q 4 q_l) X Z qhqesGiJ;G;kl
i<s<k -0

modulo ¢"C(x) +J + J.
CLAIM b.
(wi, mw 0 ¢" LT S(Ly)" o o(wy))
= q2(1 _ q2P2l—2)2(q + q—l)q—QPQk—QPQH-l

v . 14+ qx zexy !
x Y GLGLd" L )Tt

1<s<k

modulo th(x) +J+J.

We get Claim 1 directly and Claim 2 by direct modulo reduction mod-
ulo 7 + 7. We get Claim 3 by the computation of the equations (v; ®
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vj, (thLfS(Lg)t — thfS(Lg)t]~%> vs ®@ v) = 0 modulo J + J for the
pairs

(vi ® vj,vs ® V)

= (v2i—1 @ v2i—1, Vo, ® V(2p—1)),

—~

V2; ® Va;, Vg @ V(2k—1y')5

V2i—1 @ V2i—1,V2k—1 @ V(2ky ), (V2i @ V24, Vog—1 @ V(o) ),

~—~

( ) )
(V2i—1 ®@ V2i-1, V(2ky @ Vak-1), (V2i ® V24, V(2ky @ V2k-1),
( ) )-

V2i—1 ® V2i-1, U(2k—1) @ V2k), (V2i & V23, V(2k—1) @ U2k

We get Claim 4 by solving the recurrence formula of Claim 3 using the
results of the modulo reduction of thl-j for 1 <1¢ < j < in the previous
section (remark Claim 6 later). Note here that we can compute the coeffi-
cient of ¢"¢% in the modulo class of ¢"Z;; + Zi<j<k thij(l —q~*) modulo
J + J for i < s <k as follows;

¢"Zir + Z q"Zij(1—q7*)
i<j<k

= (g+q ) GG + > G sjl—q“) ¢

s<j<k

=G5 {é_(xl’ )+G }:Gfk(v?_xx_l
— sk sk\*"s%¥k is " sk Sk

modulo ¢"¢%C(x) + J + J. The second equality follows from

VooV v
G~ 'B = diag(z,--- ,ml,st_l,xfl,--- ,xfl)G_l. Using these results we
get Claim 5. Similar arguments show the next claim.

CrAamM 6. If we put

Qk = qh {Y.(%)/miq*?p% + Y-(%_l),ajiqupm + ng%) + Y(% 1’ }

7 (2

for 1 <14,k <, then we have for 1 <k <7<

(wi, o LT S(Ly)" o uw (wy))
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= [ —qQF+(1—g7") D QL (1—g?)g

1<s<l

+ 9" Ziwa P+ (L =g Y " Zarwg

1<s<l

X (1 _ q2p2l*2)2q*2pzz+l

And the other matrix elements of 7o L] S(L; )" oay are all zero. Moreover
we have for 1 <k <i <]

Qk =—2(1 — > 2)2g 2P (g 4 g7V

x< Y 7(; G,k,h‘es

i1 <s' <K' 1=q"
modulo th(x) +J + J. Especially we have
(wi, mo LT S(Ly )" oay (wyr)) =0

modulo YL, ¢"¢%C(z) + ¢"C(z) + T + T.
Thus from Claim 1, Claim 5 and Claim 6 we get the Lemma 3.10. [J

References

[D1] Drinfel’d, V. G., Hopf algebras and the quantum Yang-Baxter equation,
Dokl. Akad. Nauk. SSSR 283 (1985), 1060-1064.

[D2] Drinfel’d, V. G., Quantum groups, Proceedings of the International Con-
gress of Mathematicians, Berkeley, Califolnia, USA, 1986, pp. 798-820.

[GR]  Gasper, G. and M. Rahman, Basic hypergeometric series, Encyclopedia of
Mathematics and its applications, Cambridge University Press, 1990.

[H] Hayashi, T., Quantum deformations of classical groups, Publ. RIMS 28
(1992), 57-81.
[J] Jimbo, M., Quantum R matrix for the generalized Toda system, Comm.

Math. Phys. 102 (1986), 537-548.
[Kass] Kassel, C., Quantum Groups, Springer-Verlag, 1994.



[NDS]

[Loos]
[Lusz]
[NS1]

INS2]

[RTF]

Zonal Spherical Functions 369

Koornwinder, T. H., Askey-Wilson polynomials for root systems of type
BC, Contemp. Math. 138 (1992), 189-204.

Macdonald, I. G., Orthogonal polynomials associated with root systems,
preprint (1988).

Noumi, M., Macdonald’s symmetric polynomials as zonal spherical func-
tions on some quantum homogeneous spaces, Adv. in Math. 123 (1996),
16-77.

Noumi, M., Dijkhuizen, M. S. and T. Sugitani, Multivariable Askey-Wilson
polynomials and quantum complex Grassmannians, Fields Institute Com-
munications 14 (1997), 167-177. (the Proceedings of the Workshop “Spe-
cial Functions, g-Series and Related Topics”, Toronto, Canada, June 19—
23, 1995).

Loos, O., Symmetric spaces 11, W. A. Benjamin, Inc., 1969.

Lusztig, G., Introduction to quantum groups, Birkh&user, 1993.

Noumi, M. and T. Sugitani, Quantum symmetric spaces and related g-
orthogonal polynomials, in: “Group Theoretical Methods in Physics”, Pro-
ceedings XX ICGTMP, Toyonaka (Japan), 1994, ed. A. Arima et al., World
Scientific, Singapore, 1995, pp. 28—40.

Noumi, M. and T. Sugitani, Quantum symmetric spaces and multivariable
q-orthogonal polynomials, preprint.

Reshetikhin, N. Yu., Takhtajan, L. A. and L. D. Faddeev, Quantization
of Lie groups and Lie algebras, Algebra and Analysis 1 (1989), 178-206,
English transl. in Leningrad Math. J. 1 (1990), 193-225.

Sugitani, T., Harmonic analysis on quantum spheres associated with rep-
resentations of Ug(son) and g-Jacobi polynomials, Compositio Math. 99
(1995), 249-281.

Stokman, J. V. and T. H. Koornwinder, Limit transitions for BC type
multivariable orthogonal polynomials, Canad. J. Math. 49 No. 2, 374-405.
Tanisaki, T., Killing forms, Harish-Chandra isomorphisms, and universal
R-matrices for quantum algebras, in the Proceedings of the RIMS Research
Project 1991 “Infinite Analysis”, Int. J. Mod. Phys. A vol. 7 suppl. 1B
(1992), 941-961.

Woronowicz, S. L., Compact matrix pseudogroups, Comm. Math. Phys.
111 (1987), 613-665.

(Received February 6, 1996)
(Revised January 19, 1999)

Graduate School of Mathematical Sciences
University of Tokyo

Komaba 3-8-1, Meguro-ku

Tokyo 153, Japan



