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Uniqueness in Inverse Problems for

the Isotropic Lamé System

By Masaru IKEHATA, Gen NAKAMURA and Masahiro YAMAMOTO

Abstract. For isotropic Lamé systems with variable coefficients,
we discuss inverse problems of determining force terms or densities from
a finite number of measurements of lateral boundary data. We establish
uniqueness results by the Carleman estimate. A Lamé system with
variable coefficients has different principal parts and usual application
of the Carleman estimate is difficult, and for the proof of the uniqueness,
we reduce the Lamé system to a system with the same principal part
by introducing a divergence component.

§1. Introduction

We consider an isotropic Lamé system with variable coefficients in a
bounded domain 2 C R™ whose boundary is of C?-class:

pla)u (z,t) = p(z) Auz, )+ (M) + p(2)V (VT u(z, 1))
+VTu(z, t) VN (2)+(Vu(z, t) + (Vu(z, ) D) Vu(z) + R(zx,t) f(z),
(1.1) reQ, -T<t<T,

2
where we set u = (u1, ...,u,)’, v = %, u” = %, T denotes the transpose
of vectors under consideration and we define an n X n matrix Vv and real-

valued Vv by

ov; " v,
Vv = < Z) and V7%y= !
05 ) 1< j<n ; Oz;

for v = (vy, ...,v,)7, the Lamé parameters ), y and the density p satisfy

(1.2) X s p € CP(QY),
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(1.3) 2u(x) > 69 > 0, r €,

(1.4) nA(z) +2u(z) > 6o >0, Max)+ p(x) > o, T €Q,
and
(1.5) p(x) > b9 >0, T €Q,

with some constant 69 > 0. Furthermore f = f(z) and R = R(x,t) are
suitable vector-valued or real-valued fucntions.

REMARK. The condition (1.3) and (1.4) mean that the Lamé operator
at the right hand side of (1.1) is positive definite (e.g. Gurtin [6]). If n > 2,
then the second inequality in (1.4) follows from the first one and (1.3).

We define a stress tensor o(u) whose (4, j)-component o(u);; is defined
by

Henceforth A;; denotes the (7,j)-component of an n X n matrix A and
0ij =1if 1 =7, 6;; = 0if i # j. Let us denote the outward normal vector
to 00 at x by v = v(z).

Then we formulate

Inverse problem for the isotropic Lamé system. Let u = u(x,t) satisfy
(1.1) with suitable initial and boundary conditions on 2. Let T' > 0 and
R = R(z,t) be given. Then determine some of {\, i, p, f} from

(1.7) o(u)(z, t)v(z), xred,0<t<T

provided that the other functions are given.

In this paper, we discuss the uniqueness in such inverse problems. Our
inverse problems are important parameter identification problems where
we are required to determine Lamé parameters, a density and/or a forcing
term from the surface traction o(u)r. Under some strict positivity of ini-
tial values, the weighted estimate called a Carleman estimate gives a good
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uniqueness result to similar inverse problems for a single hyperbolic equa-
tion and a single parabolic equation (e.g. Bukhgeim [2], Bukhgeim and
Klibanov [3], Isakov [9], [10], [11], Khaidarov [13], [14], Klibanov [15], [16],
[17], Kubo [18]). Originally Carleman [4] has applied such a weighted esti-
mate to the unique continuation in a nonhyperbolic Cauchy problem and
for the Carleman estimate, we can further refer to Hérmander [7], Niren-
berg [20] for example. For proving the uniqueness in the inverse problem,
the key depends on whether we can establish the Carleman estimate.

An attempt has been made by Isakov [8] to obtain a Carleman estimate
for the isotropic Lamé system with variable coefficients. By applying the
differential operator whose principal symbol is the cofactor matrix of the
principal symbol of our system, he transformed the Lamé system to

(1.8) Oa,Oa,u + (terms of "order < 37)

as = £ and O,u = au” — Au, so that the Carleman

with a1 = ﬁpQM’
estimate is proved and produces the uniqueness results. Furthermore in
Isakov [12], the unique continuation is discussed for the thin elastic plate
by the Carleman estimate. For the compensation of using the transform
is that it makes difficult to determine the density. His Carleman estimate
holds true for more general systems of the fourth order in the form (1.8),
not restricted to the Lamé system. However, unlike Isakov [8], we derive a
Carleman estimate for the equations for v and V7u whose principal part is
diagonal and its diagonal components are [l,,- and [, -.

The purpose of this paper is to show the uniqueness in two inverse prob-
lems: determination of a density p and determination of a forcing term f by
means of the equations for u and V7u. In a forthcoming paper we discuss
the determination of Lamé parameters A and pu.

For the stationary isotropic Lamé system with variable coefficients, the
unique continuation by direct application of Carleman estimates is compli-
cated (e.g. Dehman and Robbiano [5]) because of multiple characteristics.
However, the usage of similar equations for v and V7 u makes the argument
simple (Ang, Ikehata, Trong and Yamamoto [1]).

This paper is organized as follows:

Section 2: formulation and the uniqueness in determining a forcing term:;
Theorems 1 - 3

Section 3: the uniqueness in determining a density ; Theorems 4 and 5
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Section 4: transform of the Lamé system into the system which is diagonal
in its principal part

Section 5: Carleman estimate for the transformed system

Section 6: transform of the boundary conditions

Section 7: proof of Theorem 1

Section 8: proof of Theorem 2

Section 9: proof of Theorem 3

Section 10: proofs of Theorems 4 and 5.

§2. Formulation and the Uniqueness in Determining Forcing
Terms

Throughout this paper, in addition to (1.2) - (1.5), we further assume

21) 1+ (x,v <Tp2“) (m)> >0, 1+ <$ v <ﬁ> <w)> >0, zel.
> (xt) >(5) @

Here (-,-) denotes the scalar product in R"™.

REMARK 2.1. The condition (2.1) is satisfied if V (ﬁ) and V (5)
are small in comparison with {2 or they are monotonically increasing along
the z-direction. The condition (2.1) is necessary for actually establishing
a Carleman estimate in §5 and is rather restrictive for general A, p and p.
However, in our case where we assume Dirichlet data on the whole boundary
012, we do not know whether we can establish a Carleman estimate without
(2.1). In Isakov [8], [10], Khaidarov [13], [14], Klibanov [17], etc., similar
conditions are assumed.

Henceforth we set

(Lu)(z) = p(z)Au(z) + (A(@) + p(2))V (VT u(@)) + Vu(z)VA(z)
(2.2) +(Vu(z) + (Vu(z)))Vu(x), x € Q.

In this paper, we mainly consider two kinds of systems with the principal
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part (2.2) in z:

fi(z) )
p()y" (x,t) = (Ly)(x,t) +r(z,t) | ],

(2.3) zeQ, -T<it<T,
y(SC,O) =0, T €Q,

y(z,t) =0, zed, -T<t<T,

where 7 is a scalar-valued function defined in Q x (=7, 7).

p(a:)yg(a:,t) = ‘C(yk)(xat) + f({l?)Rk(CL',t), x € Qv T <t<T,
(2.4) < yp(z,0) =0, x € (),
( 0 xed, -T<t<T,

where we set

" (2, 1)
Ry(z,t) = : , €, -T<t<T, 1<k<n,
7‘1(1]6)(55775)

and f is a scalar-valued function in . We note that in (2.4) we consider
a set of m solutions corresponding to n-kinds of non-homogeneous terms
f(@)R(x,t),1 <k <n.In(2.3)and (2.4), we do not assume any conditions
on y/(+,0). In fact, like in Isakov [10], Klibanov [17] for example, we can
determine also y/(+,0) and y;.(-,0), 1 <k < nin (2.3) and (2.4) respectively.

We assume that A\, u, p, r, rz(k), 1 <4,k < n are given and consider

Inverse Problem I. Let T > 0 be given. In the system (2.3), does
o(y)(z,t)v(x) =0, x € 0N, =T < t < T imply fi(z) = ... = fu(x) = 0,
x €7

Inverse Problem II. Let T' > 0 be given. In the system (2.4), does
o(yp)(z,t)v(z) =0, 2 € 00, —T <t <T,1 <k < nimply f(z) =0,
x e Q?
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For the statements of our uniqueness results for these inverse problems,
we introduce notations. We set

(2.5) al(x):< P >(a:), ag(x):<£> (z), z€Q

A2 I

and
(26)  dj(2) = [Va(@)laj(2) 72, ejla) =1+ 51222 j=1.2.

For 2 C R", we define w > 0 by

w = inf sup |z — 7.
n€Q zeQ

Henceforth after translating 2 by a fixed g € R" if necessary, we can
assume that

0 € Q and the infimum in 7 is attained at n = 0.
That is, throughout this paper, we assume

(2.7) w = inf sup |z — n| = sup |z|.
n€Q zeQ zeQ

Then we choose 6 > 0 such that

0<@6 i
<0< min ( 2ozj(;v)

(2.8) z€Q, j=1,2

VP (@) + da;(@)e; (@) — wd, (x) ) i

1
0<0< min .
20, j=1,2 ()

For these inverse problems of determining forcing terms, we are ready
to state the uniqueness results, the first group of our main results.

THEOREM 1 (Uniqueness for Inverse Problem I). Let r, % € C?(Q x
[-T,T)), and fi,..., fn € C(Q). Moreover let us assume that there erists a
constant ro > 0 such that

(2.9) r(z,0) > ro >0, x €.
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Let

(2.10) T> SupL\/gM

Ify € C?(Q x [=T,T))" satisfies (2.3),

(2.11) y € CHQ x [T, T))"

and

(2.12) oy)(z, tw(z) =0, € -T<t<T,

then

(2.13) filg) == folz) =0, =z€Q

and

(2.14) y(z, ) =0  in{(z,t) € Qx (=T,T); |z|> — 6> > 0}.

THEOREM 2 (Uniqueness for Inverse Problem II). Let

(2.15) Ry, R, € C*(Q x [-T,T))", 1<k<n
' VTR, VIR, € C*(Q x [T, T])

and

(2.16) fect(n).

We assume that there exists a constant rg > 0 and some i,k with 1 < i,k <
n such that

(2.17) |det(Ry(z,0), ..., Ry(2,0))| > 79 >0, x€Q
and

(2.18) \r(k)(x,O)\ >rg >0, z € Q.

)
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Moreover let
SUPyeq 7]

Vo
If yp € C?(Q x [T, T))" satisfies (2.11), (2.4) and

T >

(2.19) o(yx)(z, t)v(z) =0, red), -T<t<T, 1<k<n,
then
(2.20) flx)=0, x e
and
Yr(w,t) =

0
(2.21) ‘ P
in {(x,t) € QA x (=T,T);|z|* — 0t >0}, 1 < k <n.

REMARK 2.2. The condition (2.10) for observation time is sufficient for
the uniqueness and same as the one in Isakov [8] or [10]. The time length
in (2.10) depends on both sup,cq |z| and 0 given by (2.8). In a simple case

p 2 :
xio; and £ are constants, we can rewrite (2.8) as

where

1
(2.87) 0<6< min
veQ,j=1,2 ()

so that the condition (2.10) means that 27" has to be greater than the time
where the P-wave and the S-wave run over the diameter of {2, and so in this
case, (2.10) gives the optimal observation time length for the uniqueness.
On the other hand, in the case of variable

/\fQM and ﬁ, the optimal time is

an open problem.

REMARK 2.3. In Theorems 1 and 2, we require that y, » and R are
sufficiently smooth on Q x [T, T]. We can relax the regularity condition
if we can apply the Carleman estimate in Sobolev spaces of the negative
order. As for such a Carleman estimate for the D’Alembertian, we can refer
to Ruiz [21].
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In order to obtain the uniqueness of a scalar function f in Inverse Prob-
lem II, we have to change n-times non-homogeneous terms Ry, so that (2.17)
is true. This is a very overdetermining formulation for Inverse Problem II.

In particular, in the case of determining 2-dimensional f, we can prove
the uniqueness without changing non-homogeneous terms.

THEOREM 3 (Uniqueness in the two dimensional Inverse Problem I).
We consider

p(x)y"(x,t) = (Ly)(z,t) + f(z)R(z,1),
x=(r1,..,2n) EQCR" T <t <T,

(2.22) ,
y(z,0) =y (z,0) =0, x € Q,
y(x,t) =0, red, -T<t<T,
where
Tﬂxaﬂ
R(z,t) = : , e, -T<t<T.
rn(z,t)
We assume that
(2.23) feCY) and f(z) depends only on x1 and xs.

Moreover let R satisfy the regularity condition

R, R, R" € C*(Q x [-T,T))",
(2.24) T T T o~
V'R,V'R ,V'R" e C*(Q x [-T,T))
and
ri(z,0) ri(x,0) —
(2.25) det (rg(x, 0) r(x,0) >rg>0, €0

with some constant ro > 0 independent of x € Q. Moreover let

SuprQ‘x‘

T>
Vo
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If y = y(x,t) satisfies (2.22) with the regularity condition

(2.26) y € C°(Q x [T, T))"

and

(2.27) o(y)(z,t)v(x) =0, red, -T<t<T,
then

(2.28) flx) =0, x €

and

(2.29) y(x,t) =0, reQ, -T<t<T.

In Theorem 3, we note that  itself is a domain in R™. We can deter-

mine f uniquely in a single system (2.22), while we have to further assume
Y (2,0) =0, z € Q.
We can restate Theorem 3 in the interval (0,7).

THEOREM 3’. We consider

p(z)y"(z,t) = (Ly)(2,t) + f(z)R(z,1),
= (T1,..,Tn) EQCR", 0<t <T,
y(x,0) =o' (z,0) =0, x €Q,
y(z,t) =0, r€ed, 0<t<T.

(2.22)

Under the same assumptions as in Theorem 3, lety € C?(Qx [0,T])" satisfy
(2.22)" and

(2.26") yeC®(Qx[0,T])"
and

(2.277) o(y)(z,t)v(z) =0, xred,0<t<T.
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Moreover we assume that R(x,t) can be extended to [—T,0] such that the
extension is so smooth that the solution y = y(z,t) to

p(2)y" (z,t) = (LY)(2,t) + f(z)R(z,1),
reQCR" -T<t<0,

9(x,0) =7 (2,0) = 0, x €9,
y(z,t) =0, e, -T<t<O0

(2.30)

satisfies j € CO(Qx [=T,0]). Then f(x) =0, x € Q and y(x,t) =0, x € Q,
0<t<T follows.

For a sufficient regularity condition in order that § € C°(Q x [-T',0]) in
(2.30), we can apply results in Lions and Magenes [19] for example.

We can directly derive Theorem 3’ from Theorem 3, noting that
y(x,t), t>0
y(z,t), t<0

Y0 = {

is in C°(Q x [-T,T7)).
§3. Uniqueness of Density

In this section, we apply Theorems 2 and 3 for Inverse Problem II of
determining a density p provided that the Lamé parameters A and p are
known. For fixed 6y > 0, we define an admissible set of densities p’s in the
following way:

U :{p € C2(M);1 + (:v( (;*ng% (;E)> >0,
) (@

min
2€Q, j=1,2 ()

—~
w
—
SN~—
—_
AV
>
()
—
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where a; = a(p, A\, ), dj = d;j(p, A\, ), ej = ej(p, A\, i), j = 1,2 are defined
by (2.5) and (2.6) for p, A and p, and w is given by (2.7). We discuss the
Lamé systems without non-homogeneous terms.

p(z)u"(z,t) = (Lu)(x,t), reQ, -T<t<T,
(3.2) u(z,0) = ag(z) = (@ (@), ..., a®@)T, zeq,

n

u(z,t) = nr(x,t), red, -T<t<T,
and

p(2)d" (z,t) = (Lu)(z, 1), zeQ, -T<t<T,
(3.3) i(2,0) = ag(z) = @ (@), ...aP ()T, zeq,

n

u(x,t) = ng(z,t), red, -T<t<T

for 1 <k <n. Let u = u and u = uy, satisfy (3.2) and (3.3) respectively
for ar and ng, 1 < k < n. In this section, ag, ng, 1 < k < n are given
suitably.

Henceforth we denote the i-th component of a € R™ by [a];; [a]; = a4,
1 <i<nfora=(a,..ap)".

We are concerned with the unique determination of p in (3.3) with 1 <
k < n. In other words, we determine the density function by changing
n-times initial displacements ax, 1 < k < n and boundary values ng, 1 <
k < n. For this formulation, we can state the uniqueness result as follows.

THEOREM 4 (Uniqueness of density by n observations of boundary trac-
tion). Let p,p e U. We assume

(3.4) T > SWaen |7]

Vo
and there exists a constant ro > 0 and some i,k with 1 < i,k <n such that
(3.5) |det((Lay)(x), ..., (Lan)(z))] =10 >0, €0

and

(3.6) [[(Lag)(x)]i| > ro >0, x €.
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If for 1 <k <mn, up and uy satisfy (3.2) and (3.3) respectively, and

(3.7) ug, up € CHQ x [T, T))", 1<k<n,

o(ug)(z, t)v(z) = o(ug)(z, t)v(z),
(3:8) red, -T<t<T 1<k<n,

then we have p(x) = p(x), z € Q and

ug(z,t) = ug(x, t)

in {(z,t) € Q x (=T,T);|z|* — 6pt> > 0}, 1 <k < n.

In the n-dimensional case, we do not know whether we can prove the
uniqueness by suitably choosing an initial displacement and boundary value
one time, not n-time. This theorem asserts that if we can choose initial dis-
placement and boundary data m-times in an appropriate way such that
(3.5) and (3.6) are satisfied, then the uniqueness follows. We should com-
pare Theorem 4 with a result by Isakov [8] which proved the uniqueness in
determining a density function in the three dimensional case by choosing
suitable four kinds of data. Moreover our regularity assumption (3.7) is
more relaxed.

According to Theorem 3, if we can assume that unknown densities de-
pend only on two components of x, say, 1 and x2, then a single adequate
choice of intial displacement and boundary data can guarantee the unique-
ness. More precisely, we have

THEOREM 5 (Uniqueness of two dimensional density by a single obser-
vation). We consider

p(x)u (z,t) = (Lu)(z,t), z€QCR" -T<t<T,
(3.9) u(z,0) = a(z), u'(z,0)=b(x), x €,
u(z,t) = n(x,t), red, -T<t<T
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and

) (z,t) = (La)(z,t), z€QCRY, -T<t<T,
(3.10) u(z,0) = a(x), U (x,0)=0b(z), x € Q,
u(z,t) = n(z,t), xed, T <t<T.

Let us set
(3.11) V = {p € U;p depends only on x1 and x2}

where U is defined by (3.1). Let initial data a, b and boundary data n be
given such that

(3.12) )‘Zro>0, x €}

(Ca)@) [(Lb)(@)]s
det <[<£a><x>12 [(£b) ()]s

with some constant 1o > 0 independent of x € Q, and the solutions u and
u to (3.9) and (3.10) satisfy the regularity condition

(3.13) u,u € C°(Q x [T, T)™.

Moreover we assume

(3.14) p,pEV.

If

(3.15) o(u)(z, t)yv(z) = o(@)(z,tv(z), =€dQ -T<t<T,

then
p(x) =p(x), wu(x,t)=1u(x,t), xeQ, -T<t<T

follows.
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84. Diagonalization of the Lamé System

Our system py” — Ly has constant multiple characteristics and non-
diagonalizable principal parts, so that direct application of the usual Car-
leman estimate is difficult. Here we reduce (2.2) to a diagonal system for
y and Viy = Yoy ggi () by introducing V7y and changing variables.
Henceforth I,, denotes the n x n identity matrix. We set

(@) = plz) 2
(4.1) B(a) = y(2)(Mx) + u(x))
C(z) = A+ p) (@) V(@) +1(x)Va(z), z€Q

and

[(z) = VA(z )®V7(SL‘)+v () @ V()
(42) { A+ (@)VA(2) + (Vy(2) - V(e) + pAy(x)) I
A(z) = y(@){T(z) = (V¢(2))"} = Vy(z) @ C(x),  z€Q,

TS 4
g tA
Ty(z) = < %vﬁ 1+v6 >

o CT
(4.3) 140 R
o < 00 )
2(w) = ¢ preec :
™5 Ths TA

Moreover we define a differential operator P; of the first order by

<p07 (Yp(fy’;}zi) - xiA n (?TT g) I+ FQ}
y (1 Jrofyﬂ (’ylcn) > 70 (Zvllj )Z(m)

- <>\ J:) 24 2(VM)TM—IH%(W)T> N
(4.4) +(Prz)(x), x e
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for z(z) = (21(2), ..., 2a(x), 2Zns1(z))T. We note that all the coefficients of
P, are independent of t. Here we note

<pv (V(pv))T)l<1+vﬁ (’YC)T> ('7(;1 (VV_I)T)

0 (I 0 I, v,
T _ p T
45) =l At 2p 2(Vu)t =5Vt
0 wln
Let us set
o A+2u 2(Vvp)T - E(vp)T

By (1.4), we see that A\(z) + u(z) > 0, z € Q. Moreover in view of (1.2),
we can show

LEMMA 4.1. We set

T n T
(@7 o=y T wen

Then Q,Q~! € C*(Q) and

-1

O)~ Ao(2)Q(x) = (0‘1(“”") seq.

0
0 as(z) ', )7

Here we recall (2.5). Moreover we set

(4.8) M(z) = (O‘léx) o (2) Iﬂ) L zeq,

and we define differential operators P», D and P by

(4.9) Pyw = A(Qw) — QAw,

(4.10) Dyw=-II(Q'P.Q + Q 1Ay Py)w,
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and
(4.11) Pw = (1167 — A)w + Dyw

for w € C?(Q x [T, T])"*. Here Q, P, and Ag are defined by (4.7), (4.4)
and (4.6). Then we note that D; is of order 1 and that all the coefficients
of D1 and P are independent of t.

We are ready to state the diagonalization:

PROPOSITION 4.1. Let us set

(4.12) w(z,t) = Qz)! <VTy(“”)t)> .

y(x,t

Then

nQ~ (pg (fo;)y}f ) h (7:) Ypy" — Ly — @(x,1)]

=(I07 — A)w — H(QflplQ +Q 1 A Po)w

_HQl<pO7 ) ( >7®xt

—Pw —TIQ™" <p07 (Y%YI) ) <7:>’Y<I>(x t)

(4.13) in Qx (=T,T).
Here ® = ®(z,t) is an n X 1 matriz and

0P

b —
73:‘[}2'

cCQUx [-T,T)), 1<i<n.

Henceforth for a k x [ matrix-valued function ¥, we simply write ¥ &
C(Qx [T, T]), not ¥ € C( x [-T,T])**!, when all the components of ¥
are in C'(Q x [-T,T)).

PrROOF OF PROPOSITION 4.1. Here we recall that the operator L is
defined by (2.2). First lengthy but direct calculations yield
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LEMMA 4.2.
<7:> Y(py" — Ly) = <p07 (7;57;2T> 5 Ao()d - By <V;y> ’

By Lemma 4.2, we have

(5 ) ()t
—(07 — Ap(z)A — P) <sz>
(T ()
and
o <po7 ( ))) ) (I:>7(py"—£y—¢>)

V(py

(py
a7 ()

)

Q

- vy o, (V)TN T (VT
-0 1P1< y _Q1<0 () In > <In>7¢)
=Q 19} (Qw) — Q' A A(Qu) — QT PQu

O~ (m (V(/)’Y))T)_1 (VT> iy
() I,
by (4.12). By noting (4.9), multiplication of IT = II(x) from the left com-
pletes the proof of Proposition 4.1. [J

§5. Carleman Estimate for a Diagonal System
By Proposition 4.1, we can reduce the Lamé system to a diagonal system

of hyperbolic equations. Therefore on the basis of an existing Carleman
estimate, we can establish the Carleman estimate for the Lamé system.
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We set
(5.1) ¢ = d(x,t) = |z — 01
where 6 > 0 is given by (2.8), and
(5.2) ¢ = {(2,1) € Q x (—00,00); p(x,) > €’}

with a constant € > 0. Henceforth we further set

n+1
(5.9 Jwlffaioy = > [ oo t)deds
k=1 e
for w = (wy, ..., wn, wpy1)T, and
(5.4) Tpy1=1t, == (T1,...,%n),
(5.5) D =091 ...09m1,  a=(a1,..,an41) € (NU{0})"H,
(5.6) lal = a1 + ...+ any1.

For the operator P, we show the following Carleman estimate.

PROPOSITION 5.1.  In addition to (2.10), we assume that ¢, C Q X
(=7,T) and T — M\/gz\f\ is sufficiently small. Let € > 0 be given. Then
there exist constants T = 7(€) > 0, M = M(e) > 0 and = = Z(e) > 0 such

that if € > Z(e), then
& lwexp(6e™) 724,y +€ D (Dw) exp(€e™)lIZ2 4,
|er|=1

(5.7)  <M|[(Pw)exp(e™)|32 4,

for any w € HZ(¢e)" .
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Here and henceforth Z|a|:1 means the sum when the multi-index «
varies over |a| = 1.

Proor or ProprosiTIO 5.1. First we can restate the Carleman esti-
mate by Isakov [10], [11] as follows:

PROPOSITION 5.2. Let

(Ve(z), z) o)

: ’Q 1 Q
(5.8) ce C*(Q), c(x)>0, + 2e(x) >0, xz¢€

and . C Q x (=T,T). We set d(z) = \Vc(m)|c(m)_% and e(x) = 1+

4(266((32)@) > 0. Moreover we fix @ > 0 such that

2

\/w2g(x)2 + de(z)e(z) — wd(x)

5.9 0 < 0 < min
(5:9) i 2(2)
and
1
(5.10) 0 <6 <min——:.
zeQ ¢()

Then there exists ng = no(c) > 0 such that if

_ SUPgeq |2|

< o,
\/5 Tlo

then for € > 0, there exist constants T = 7(€) > 0, M = M(e) > 0 and
= = Z(e) > 0 such that if £ > =(e), then

(5.11) 0<T

§3||uexp(567¢)||i2(¢e) +¢ Z [(D%u) eXp(gew)”%Q(qSe)

|a|=1

— Au)exp(€™)| (s

2

0“u
SMH(C(iﬁ')w

for any u € H3(p.).
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In fact, the Carleman estimate by Isakov (e.g. Corollary 1.2.5 in [10])
reads as follows: If

D=

0 (c(@) + [HIVe(@)le(z) ")

(5.12) <1+%, reQ, -T<t<T
1 _

(5.13) 0<c(z) < 7 x €

and

(5.14) w? < 0T?,

then the conclusion of Proposition 5.2 holds.

For the proof of Proposition 5.2, it is sufficient to verify that if 6 satisfies
(5.9) and (5.10), and T satisfies (5.11), then (5.12) - (5.14) hold. First (5.13)
and (5.14) follow from (5.10) and (5.11). Now we have to verify (5.12). We
define a function ¥ = ¥(x,n) by

—wd(z) + \/wd(z) + de(@)e(@) + And(2)e(a)
2¢(x) + 2nd(x)

‘1’(95’77) =

for z € Q and > 0. The condition (5.9) implies that min, g ¥(z,0) > V.
Since W(x,7) is continuous in x € Q and 7 > 0, we see that

(5.15) U(z,n) >Vl, zeQ

for sufficiently small n > 0. By (5.11) we can set T' = % +n, where n > 0
makes (5.15) valid. That is,

W(I,T—%) >\/§, r €.

This inequality means

6 (c(x) + (T - %) E(x)> + wd(x)V0 —e(z) <0,
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namely, N
O(c(z) + Td(z)) <e(z), x €.
Recalling the definition of d and €, by |t| < T, we can see (5.12). Thus the
derivation of Proposition 5.2 from Corollary 1.2.5 in [10] is complete.
Proposition 5.1 can be easily derived from Proposition 5.2. In fact, by

the assumption (2.8), we can apply Proposition 5.2 separately to ay ()07 —
A and az(z)0? — A, so that

& |wr exp(€e™) |72,y +€ D 1(D%wr) exp(€e™)lI2 4,

la=1
0%wn 5
<M (e (2) 2% A exp(ee™) 3
and
€3Hwk eXp EeT¢)||L2 (6¢) +€ Z || “wy, exp({e )H%Q(d)e)
er|=1
wy TN |2
SMH(OQ(‘T) 8152 - Awk) eXp(fe )||L2(¢e)’ 2 < k <n+ 1
for w = (w1, ..., wny1)T € HE(¢e)" !, Therefore we have

Ellwexp(Ee™)[F2p +€ D (D) exp(€e™) 724,
|ar|=1

(5.16)  <M||(T(2)8; — Aywexp(£e™)|72 (4.

for w € HZ(¢e)""1. Since D; is a differential operator of the first order
with bounded coefficients, we have

(5.17)  [(Drw)exp(&e™®)|[F2(5,) <M Y [(Dw) exp(€e™)|[72(4.)-
|l <1

Recalling (4.11), we see that
1(T1(2)07 — A)wexp(€e™)|| 2o,y < [|(Pw) exp(€e™) |12,
+ [I(D1w) exp(¢ )HL2(¢E

so that in view of (5.16) and (5.17), we complete the proof of Proposition
5.1. 0
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§6. Relation between the Boundary Conditions for the Lamé
System and the Diagonalized System

For the Carleman estimate for the diagonalized system P, we have to
ow

take wypq and v |90

into consideration. For this, in this section we prove

LEMMA 6.1. Lety € C*(Q x [T, T))" satisfy

(6.1) p(x)y" (z,t) — (Ly)(z,t) =0, 2€dQ, -T<t<T
(6.2) y(x,t) =0, red, -T<t<T
and
(6.3) o(y)(z,t)v(z) =0, xed, -T<t<T.
Then
oy 0%y .

. = = — < <n.

(6.4) D~ Ou,008 0 ondQx(=T,7),1<i,j5,k<n

Therefore, setting

w(z,t) = Qz)"! (i:) Y@ ), z€Q —T<t<T

where Q is defined by (4.7), we see that

(6.5) w(zx,t) =0, red, -T<t<T
and
ow
(6.6) 5 (@) =0,  w€dQ ~T<t<T
v

Proor. We divide the proof into three steps.
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First Step. For a = (ay,...,a,)" and b = (by,...,b,)T, we define the
tensor product a ® b by

(6.7) a®b=(abj)i<ij<n-

We note that a ® b is an n x n matrix. Then, under the assumption (6.2),
we have

(6.8) Vy={(Vy)v}®@v ondQx (-T,T)
and
(6.9) VIiy=(Vyw-v ondQx (-T,T).

In fact, setting ¥y = (y1,....,un)" and v = (v1,...,vn)T

condition (6.2) implies

, we see that the

Qyi
ox1 O
Vy; = : —(Vyi-u)u—(ﬂ)w 1<e<n.
8:% ov
Ozn
Therefore we have
(Vy)T (Vyp - v)vt
(6.10) Vy= : = : = ((Vyi - v)vj)i<ij<n
(Vyn)" (V- )"

By the definition (6.7), this means (6.8). Moreover by vv? = 1, we have

(Vyr - v)v’ (Vy1-v)
(Vy)v = : v = E 7
(Vyn : V)VT (vyn : V)

and so
(Vyv-v=(Vy1-v)v1 + -+ (Vy, - v)v, = Trace Vy = vTy

by (6.10). Thus we see (6.8) and (6.9).
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Second Step. In this step, we will prove that (6.2) and (6.3) imply

(6.11) Vy=0 onoQdx (-T,T).

PROOF OF (6.11). We define an n x n matrix B = B(z) by
(6.12) B(z)a = XNx)(a-v(z))v(z) + 2u(x){Sym (a ® v(z)) }v(z)
for a € R™. Here and henceforth, for square matrices A = (a;;)1<i j<n and

B = (bij)lgi,jgna we set Sym A = %(A + AT) and A- B = ZZ]‘:I aijbij,

|A]> =377, ai;. Then

(6.13) B = B(x) is invertible for all x € 0.

In fact, since

(Sym(a®@v))v-a= (Sym(a®v)) - (a®v)
—[Sym (a )l

by direct calculations, we see

(Ba-a) = \a - v|* 4 2u/Sym (a @ v)|?
(6.14) =Altr A2 + 2u] A%

Here we set
A=Sym(a®v)

and

tr A
(6.15) c=a-227,
n
Then tr C' = 0, so that

(6.16) C-I,=0
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by the identity C' - I, = tr C. Therefore (6.14) - (6.16) imply

9 tr A 2
Ba-a = AtrA|* +2u|—1I,+C
n

trA
i
n

=Atr A + 2u (

2
trA
+ycy2+2—rn In-0>

_nA+2pu

5
- ltr A% + 2u|C|? > £|trA|2 + 6olC2.

At the last inequality, we have used (1.3) and (1.4). By (6.15), we have
A=C+24], so that §o|A]? = %OltrA]Q + 80|C|? by (6.16). Therefore

Ba-a > &|Sym (a ® v)[2.
Moreover we have
1
Sym(a @v)]* = Z(la@ v +2a®v) - (v®a) +|v©af’)
L2 oy _ Lo L
=7 (al” +2la-v|+]a[") = S(la]" + |a-v[) = Slal”,
4 2 2
so that
(6.17) Ba-a > 5|a| on 0f2.

Moreover direct calculations verify that Ba - b= Bb - a for every a,b € R",
which means that B is a symmetric matrix. Therefore (6.17) implies (6.13).
On the other hand, by (6.8) and (6.9) we have

B((Vy)v) = M(Vy)v - viv + 2u{Sym (Vy)v @ v)}v
=\VTy)v +2u{Sym (Vy)}v = o(y)v on I x (=T,T).

Therefore by (6.3) we obtain B((Vy)r) = 0 on 9Q x (=T,T), which is
(Vy)r = 0 by (6.13). Therefore, in view of (6.8), we see that Vy = 0. Thus
the proof of (6.11) is complete. [J
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Third Step. Recalling (2.2), since y € C?*(Q x [T, T])", we see from
(6.11) that Ly = pAy + (A + p)V(VTy) on 99 x (=T, T). Therefore by
(6.1) and (6.2), we obtain

(6.18) pAy + A+ ) V(Viy) =0 on 0Q x (=T, 7).

Since 99 is of C?-class, for any z¥ = (29,29,...,20) € 99, we can take
neighbourhoods V in R™ of 2% and ¢/ in R*~! of (29,...,2% ), a function
o =0(x1,...,Tp_1) € C%(U) such that

(6.19) (T1y ey Tn—1,x,) € VN OQ if and only if z,, = o(x1, ..., Tp—1).
We introduce a new coordinate n = n(x) = (91, ..., ln—1,n) by

(6.20) M =Ty oy Npel = Tp—1, Nn==Tp— 0(T1,.cc,Tp_1)

for (z1,...,xp—1) € U. We define a set W of (n1,...,n,) by W = n(V N IN).

Henceforth we locally regard y = y(z1, ..., z,) as a function in (91, ...,m,) €
n(V). Then the boundary conditions (6.2) and (6.11) imply

B 5?2
(6.21) y=29_ %Y _o 1<i<n-1,1<j<n
onj  OnOn;
in W. For simplicity, we set

do .
o= —(z1,.,tp_1), 1<i<n-—1

81‘1'

and o, = —1. Then noting that

dy Oy dy : dy Oy
= — U5 > 1 S S - 17 a. T A
ow;  om ' on, = Oxy, Oy
we see
0%y B 0%y Y 0%y B 0o %
0x;0x; - on;on; T On;0my, O0x;0x; Ony,
0? 02

Y ..
016773'87771 + 0i0; 877%’ <7< n R
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2 2 2 2 2
Py _ oy Oy _ 9y 0o,
Oz Onp’  Owi0x,  OmiOny oz
Therefore (6.21) implies
2 2
(6.22) 9 0 %Y 1<ii<n

O0x;0x; O-iaj@’ o

in W. Here we note that we set o, = —1. We substitute (6.22) into (6.18),
and we obtain

8y
ony

NE R

0? 0?yn,
+ (A +w) <0i01—8ny21 ot i > =0,

n n

in WW. We can rewrite the above equalities as

a2y1 82yn g .
(6.23) D(n)<577,%"”7 377%) =0 inW

where we define an n x n matrix D = D(n) by
D(n) = A+ )k @ K + plk|* T,
with k = (o1, ,0,)T. For any a € R", we have
Da-a= A+ p)((k® K)a) - a+ plsl*(a-a)
(6.24) =\ + p)(a-&)* + pulrl?|al*.
On the other hand, (1.4) implies
(6.25) Az) +2u(z) > bo, x € 0N.

In fact, if A > 0, then (6.25) is straightforward from (1.3). If A(z) < 0, then
nA(z) + 2u(z) < AM(x) + 2p(x) implies (6.25).

Since p € C(2), by (6.25) we can choose a sufficiently small € > 0 such
that

(6.26) A@) + (2 — Opla) > %0 v €00



Uniqueness in Inverse Lamé Problems 655

Applying Schwarz’s inequality in (6.24), by (6.26) and (1.3), we obtain

Da-a=\+p)(a-r)?+ (- ue)lslal® + el llaf?
>(A+ (2 - Op)(a-w) + pelwlal® > pelwl]al’

> 2| laf? > °af?

(6.27)

At the last inequality, we use

k=07 + - +o2=1+ 0o ~|—---+ 0o 2>1
- N 8(E1 O0Tp—1 -

By the definition, D(n) is symmetric, the inequality (6.27) implies that
D = D(n) is invertible in WW. Therefore (6.23) yields

Py Py _
o2  omE

n

0 inW,

with which we combine (6.22) to obtain

0%y (
(‘%cié)a:j

z,t) =0, ze€VNoQ, -T<t<T,1<i,j<n.

Since ¥ € V is an arbitrary point of 99, we see that

0%y (
aﬂiiaxj

z,t) =0, z€dQ, -T<t<T, 1<4j<n.

Thus the proof of the former part of the lemma is complete. [

Now we will complete the proof of the latter part. First (6.5) is straight-
forward from (6.2) and (6.11). Next as for (6.6), we obtain

0Q ! vT v\ oy
Zamz < >+ZQ (In>8xiw

on 00 x (=T, T), and the equalities (6.2), (6.11) and (6.4) yield the conclu-
sion (6.6).
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§7. Proof of Theorem 1

Our proof is a variant of Isakov [10] and Klibanov [17], because we
establish the Carleman estimate (Proposition 5.1) for the Lamé system and
we reduce the original boundary conditions to the ones of H, g—class (Lemma
6.1). We here point that the proof of Theorem 1 is done by first eliminating
the non-homogeneous term 7(f1,..., f»)? and then diagonalizing. On the
other hand, for the proof of Theorem 2 in §8, we first diagonalize the system
and then eliminate the non-homogeneous term.

We divide the proof into four steps. We can assume that

_ SUPgeq [2|

Vo

so that Proposition 5.1 is applicable.

T > 0 is sufficiently small for a; and ao,

First Step. We set f = (f1,..., fn)T. By the assumption (2.9), we can
take small 6 € (0,T) such that

(7.1) r(z,t) #£0, z€Q, |t <6
For simplicity, we set

Ly =py" — pnAy — (A + )V (VTy) = VIy(VA) = (Vy + (Vy)")Vu
(72)  =py" — Ly.

Since
(Ly)(z,t) = r(z,t)f(z), =€ [t|<T,

we see by (7.1) that
r(z,t) " (Ly)(z,t) = f(z), € Q,|t] <6
We differentiate the both sides with respect to ¢, so that
r(z,t) " (Ly) (x,t) — r(x, t) 72 (z,t)(Ly)(x,t) =0, z€Q,|t| <8,
namely,

(7.3) (Ly) (z,t) — h(z,t)(Ly)(z,t) =0, =z €Q, |t <§,
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where

(7.4) h(z,t) =1 (z,t)r(z, )", z€Q,|t| <6

We define a differential operator IV in t by

(7.5) (Ny)(x,t) = (z,t) — h(z, t)y(x, t), z€Q,|t] <.
Consequently we obtain

(7.6) (NLy)(z,t) =0, xe€Q, |t <é.

Second Step. We recall

(7.7) w = sup|z|.
e

For a sufficiently small € > 0, we set
(7.8) c(e) = (w2 — 06% + €2)2

where 6 € (0,7) is chosen such that (7.1) is true. Let x € C*®(Q x [6, 8])
such that 0 < x(z,t) <1,z € Q, |t| < 6 and

i L, (:l?, t) € ¢c(3e)
(7'9) X< 7t) - { 0, ($,t) € (ﬁ X [_67 6]) \ ¢c(2e)-
We set
(7.10) v(z,t) = x(z, t)y(x,t), (7,1) € Qo)

In this step, we will prove

(7.11) (Nv)(x,t) =0, (2,t) € de(3e)-

First we directly verify that

¢c(e) C ¢c(0) - {(.I,t);x € Qv \% w? — 6% < |.’L’| <w, |t‘ < 6}
(7.12) CQx (-T,T).
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Then we have

vLNv =~NLv + v[L, N]v
=Y[NL,x]ly + yxNLy +v[L, NJv in ¢q.

Here [L, N| denotes the commutator of the two operators:
(7.13) [L,NJv = L(Nv) — N(Lv).

By (7.6) we have

(7.14) YLNv =~[NL,x]y +7[L,Nv in ¢
We set

L (VT (VT ,
(715) w:Ql(I )NU:Q1<I >N(Xy) 1n(bc(e)'

Then we can prove

(716) w e Hg(¢c(e))n+l'

PROOF OF (7.16). By the definition (7.9) of x, we readily see that
w = ‘g—f =0on dg.) N (2 x (=T,T)). Therefore for the proof of (7.16), it
is sufficient to prove w = g—f =0 on dg.) N (92 x (=T,T)), namely,

ow
w= - =0 ondQx (-T,7T).

In view of Lemma 6.1, we have to verify

(7.17) N(xy) € C*(Q x [-T,T))"
(7.18) L(Nxy) =0 on dQ x (=T,T)

(7.19) N(xy) =0 on 09 x (=T,T)
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and
(7.20) o(N(xy))v=0 on dQ x (=T,T).

First, since N(xy) = (xy)’ — hxy, the equalities (7.17) and (7.19) follow
from y,y’ € C?(Q x [-T,T))" and y = 0 on 9Q x (—T,T).
Next we see

oy 0%y
8332‘ N 8:Cj833k

(7.21) =0 ondx (-T,T),1<i,jk<n.

In fact, since y € C%(Q x [T, T])" satisfies the first equation in (2.3), we
have

fi(z)
(7.22) (Ly)(z,t) = r(z,t) : on 90 x (=T, T).

Consequently at t = 0, the boundary condition and the initial condition
in (2.3) yield 7(z,0)(f1(z), ..., fu(x))T =0, 2 € 9Q. The assumption (2.9)
implies

(7.23) filx) = ... = fu(z) =0, x € 0N.
Hence, by (7.22) and (7.23), we obtain
(7.24) (Ly)(z,t) =0, xed, -T<t<T.

Thus application of Lemma 6.1 with (2.12) and the boundary condition in
(2.3), yields (7.21). Let us proceed to completing the proof of (7.18) and
(7.20). By the deﬁnition (1.6) of o(-), we see that o(N(xy))v is given by a

linear combination of x , gg , 1 <, j < nwith variable coefficients on 92 x
J

(=T,T). Therefore the conclusion (7.20) is straigthforward from (7.21).
Similarly we readily verify that L(NNxy) is given by a linear combination of
(2) 5, 0<1<3, (2)™ 2L, (§)" 524, m=0,1,1<4,j,k <n, so that
(7.21) and the regularity condition (2.11) imply (7.18). Thus the proof of
(7.16) is complete. O]
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We set

TN\ —1
(7.25) S(@:(”J (Y,O(Q’;V}Z) L req.

Then with P and L given by (4.11) and (7.2) we can rewrite Proposition
4.1 for Nv:

T
112)Q() 560 (7, ) LN D) = (Pu)la)

(726) (x,t) < (]50(6)

In view of (7.12) and (7.16), we can apply Proposition 5.1 to Pw, so that
there exist constants 7 = 7(c(€)) > 0, M = M(c(e)) > 0 and Z = E(c(e)) >
0 such that if £ > E, then

& wexp(ee™®) o) +€ 3 1(D%w) exp(&e™) B
or|=1

<M ||(Puw) exp(&e™) Bz, .
with which we combine (7.26) to obtain

& lwexp(€e™)IIF2g,.) +€ > (D) exp(ée™) 1724

laf=1

c(e))

(7.27) <M HHle ((i:) fyLNU) exp(£e™®) 2

L2 (¢c(e))

Since S = S(z) is a matrix whose components are smooth on §, we have
(TTQ19) (z)w| < Mp|lwl|, z € Q, w € R" with a constant My. Conse-
quently

T 2
[the right hand side of (7.27)] < M H <<7 > 'yLNv> exp(£e™)

L2 ((z)c(e))
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Substitution of (7.14) and (7.15) into (7.27) yields

1 vT ré
(@ () o
n L2(¢e(ey)

+ ) ||Ip* (Q1 (YT) Nv) exp(€e™)

|lal=1
2

<M H <(ZT) V[Nva]y> exp(£e”™®)

2

63

2

L2(¢c(e))

L2 (¢c(e))
2

(728)  +M H <<7:> VL, N]v) exp(e™)

L2(¢e(ey)

Since Q(x)~! is a regular matrix on Q, we have |Q(x) tw| > Mp|w| and
(D*Q Y (x)w| < Mi|w|, * € Q, w € R*! with constants My > 0 and
M; > 0, which are independent of € @ and w € R*"!. Then, noting
DYQ 'w) = Q7D + (D*Q~)w, we have

£\ D” (Q_l <7T> NU) exp(£eT¢’)

T
>¢|Q7! (Da (7 ) Nv) exp(£e™)

2

L2(¢c(e))
2

L2(¢c(e))
2

—¢|(peo ) <<7T ) Nv) exp(£e™)
(o]

()|

L2 (¢c(5))

>Moé

L2 (¢c(e))

L2(pe(ey)

<Q1 (7:) Nv) exp(&e”®)

< ( 7: ) Nv) exp(£e™®)

and
2

£3

L2(¢c(e))
2
>Moé&?

L2 (¢c(e))
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Therefore from (7.28) we obtain

2

(g~ b+ 1)) | ((ZT) Vo) explec

(5o

2

L2(¢c(e))

L2 (¢c(e) )

<M H <<ZT> V[NL,X]y) exp(&e”™®)

(5 e

L2(¢c(e))
2

)

L2(de(e))
vT
fz D~ << I, ) Nv) exp(£e™?)
al<1

((f) YN, x]y> exp(£e™)

(7.29) M H ((7:) VL N@) exp(e™)

namely,
2

L2(¢B(e))
2
<1

L2(¢c(e))
2

L2(¢c(e))

for all sufficiently large £ > 0. Now we give an upper estimate of the right
hand side.

Upper estimate of the second term of the right hand side of
(7.29). We will prove

(G )] ewise],
(7.30) <M > |ID* ((7:) Nv) exp(€e™)

o] <1
for all sufficiently large £ > 0. Because the coefficients of L are independent
of t, we see by direct calculations that

(V[L,N]U)(x,t) = Z pa(a;,t)(Dav)(x,t)

laf<1

L2 (¢c(e))
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where po € (L (¢,(o))) D> o] < 1. For the proof of (7.30), it is
sufficient to verify

(D"0) exp(€e™) 2o,
(731) <MY DN exp(e) a6l <1,

laf<1

and

197 (D) exp(ée™) |26,

<M YD (Nv) exp(6e™) | z2s, )
la<1

(7.32) M 3 [D(VT (Vo)) exp(€e™llpz s Il < 1.
la|<1

By the definition of (7.5) of N, we have
(7.33) V' (x,t) — h(z, t)o(x,t) = (Nv)(z,t), (2,t) € de(o)-
Moreover we see that

v(z,0) =0, (z,0) € ¢peey N {t = 0}

by y(x,0) = 0, x € Q. Therefore in terms of the fundamental solution of
an ordinary differential equation (7.33) in ¢, we can take a scalar-valued
function K = K (z,t,s) such that K € C'({(,t,5); (2,1) € ¢, 0 < s <
t}) and DK are bounded there for |a| < 1, and

t

T3 o) = [ Kt (No)es)ds, (0.0 € b
0

Now we can proceed to

Verification of (7.31). By (7.33) and (7.34), we have

(00,0) (2, ) = /O (00, K)(2, 1, 5) (Nv)(, 5)ds

t
+/ K(x,t,5)(0y,(Nv))(x,s)ds in bee), 1<i<nm
0
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and
(Op)(z,t) = (Nv)(z,t) + h(z, t)v(zx,t)

=) st) + 1) [ KN, gy
0
Therefore

(Do) (x, )] < M|(Nw)(,t)[+M Y / | DY(Nv)(x, s)lds,  (x,1) € de(e)
la|<1

for all k € (NU {0})"™! with |x| < 1. Thus

1(D"0) expl€e™) 126,y < MING) exp(Ee™) 120,

(7.35)  +M Y </¢>
c(e)

lal<1

1
2 2

/ |D*(Nv)(z, 5)|ds

exp(2§eT¢)dxdt>

Here we show

LEMMA 7.1. Let € C’l(qﬁc(e)) and t%—lf < 0. Then

t
|| [ sas
¢c(e) 0

forp e L2(¢c(e)) :

2

dxdt <  sup |t|2/ XY |p(x, t)|*dedt
(x7t)€¢c(e) ¢c(£)

This lemma is proved for example in Klibanov [17], and we will give the
proof in Appendix for convenience.

Since in Lemma 7.1 we can set ¥(z,t) = ¢"®@! we can derive (7.31)
from (7.35).

Verification of (7.32). By (7.34) we have
(V) (z,t) / Z 0, K)(x,t,8)[Nv]i(x, s)ds

(7.36) +/0 K(z,t,s) (VI (Nv))(z,s)ds in Pe(e)
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Therefore similarly to (7.31), in view of Lemma 7.1, we can see (7.32) with
|k| = 0. Let us prove (7.32) with || = 1. In fact, by (7.36) we obtain

VT(DH ):DR(VT )
/ ZD"‘ (0, ) (2., $)[Nvls(x, )ds
/ Z (02, K)(x,t,s)D*[Nv]i(z, s)ds

/0 (DFK)(x,t,s) (VT (Nv))(x,s) ds—l—/ K(z,t,8)(D"VT(Nv))(x, s)ds.

Again by Lemma 7.1 we similarly obtain (7.32) with |x| = 1.
Next we proceed to

Upper estimate of the first term of the right hand side of (7.29).
Since [NL, 1]y = 0, by (7.9) we have

(57
(5o

N rav
(7.37) <exp(26e™) )H( T >7[NL,x]y

2

L2 (¢c(e))
2

L2(¢e(ey\be(3e))
2

L2 (¢c(e)\¢c(3€))

Consequently applying (7.30) and (7.37) in (7.29), we obtain

( ( v ) NU> exp(€e™)

T
(738) <M exp(2eem0o?) H (Z ) AN Ay

2

€2 |P

la| <1

L2(¢c(e))
2

L2 (¢c(e) \¢C(36>)
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for all sufficiently large § > 0. By ¢.i3e) C ¢c(e) and é(z,t) > c(3¢€)? in
Pe(3¢), the estimate (7.38) immediately implies

T 2
> (%))
\a|§1 n L2(¢c(3€))
M 2

(7.39) =

((7:) VINL, X]y>

for all sufficiently large £ > 0. Hence we can let £ > 0 tend to oo in (7.39),
so that we obtain Nv = 0 in ¢3¢, namely, (7.11) is seen.

L2 (¢c(e) \¢C<36>)

Third Step. By (7.11) and (7.34) we have v(z,t) = 0, (7,t) € ¢3e)-
Consequently by the definition (7.9) and (7.10) of x and v, we see y(z,t) =
0, (x,t) € Ge(3e)- Since € > 0 is arbitrarily small, it follows that

y(z,t) =0,

(740 (,8) € Ge(o) = {(z,1) € X x (=T, 7); [2* — 0£* > w* — 087},

Substitution of (7.40) into the first equation in (2.3) in (z,t) € ¢y for an
arbitrarily small € > 0, yields

fi(z)
rl@t)| ¢ ) =0, (2,1) € ¢go)
namely
fi(z)
r(x,t) : =0, (z,1) € Pe0)-

Since (z,t) € ¢y implies || < 6, in view of (7.1) we obtain
(741)  fi(z) == fu(z) =0, 2€Q with Vw? -6 <|z|<w.
Fourth Step. By (7.41), near the boundary 02, we can write (2.3):

(7.42) (Ly)(z,t) =0, Vw?—02<|z|<w, -T<t<T
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(7.43) y(z,0) =0, x €

(7.44) y(z,t) =0, xed, -T<t<T
and

(7.45) o(y)(z, t)v(z) =0, xed, -T<t<T.

In this step, we will prove

(7.46)  fi(z) == fu(z) =0, z€Q with Vw?—-20><|z|<w
and

(747) y(SC,t) =0, (aj, t) € ¢cl(e)

for sufficiently small € > 0. Here and henceforth we set

(7.48) c1(€) = Vw? — 2062 + €2,

In other words, we will expand a domain where the uniqueness holds. For
this, we will extend r in ¢t to 7, keeping the positivity and the equality
Ly =T7f simultaneously (see (7.53) and (7.55)).

We define a function x = k(t) such that

k€ CP(R), 0<k(t) <1,
1 Jt] < V62 —¢?
)= {

7.49
(7.49) 0 |t]|>46

and we define an extension 7 of r by

(7.50) 7(x,t) = r(x,0) + k() (r(z,t) —7(,0)), (2,t) € ¢ (o)
Then by (7.49), we have

r(z,t), [t| < V62 —e

, |t > 6.

(7.51) (o, t) = {

~—

r(z,0



668 Masaru IKEHATA, Gen NAKAMURA and Masahiro YAMAMOTO

Furthermore for |t| < é, we have 7(z, t)—r(z,t) = (1—£(t))(r(x,0)—r(z,t)),
so that [rF(x,t) — r(z,t)] < SUpj|<s |r(z,0) — r(z,t)] < |7 ||Loo(Q><( 7,17))0-
Therefore in view of (2.9), we can actually take 6 > 0 so that

Tz, t) > ZO zeq, |t <6
and
T
(7.52) o= 7 for large | € N

as well as (7.1). Hence by (7.51) we obtain

(7.53) ) >

ZO> (.Z‘,t) € ¢c1(e)

By (7.41), (7.51) and the geometry of ¢, (), we see that

7z, 1) f ()
(7.54) —{ 0 (,1) € bey (o N (2, )' Ve =082 < |z| < w}
o L@ nf@), @) € duo N slal < VT =08},

In fact as direct calculations show, if (2,t) € ¢ (o N {(z,1);]z] <
Vw? — 062}, then |t| < V6% — €2, and so (7.51) implies that Tz, t)f(x) =
(sc,t)f( ) for (z,1) € ¢¢, () N {(,1); |2] < Vw? — 062}, If (z,t) € Pey(e) N
{(z,t); Vw? — 062 < |z| < w}, then (7.41) implies 7(x,t) f(x) = 0.

Moreover we note

¢Cl(6) = {(.’If,t) € 0 x (_OO’OO); ¢($7t) > 01(6)2}
CQ x (—V26,V26),

so that
o) = {(2,8) € Q x (=T, T); ¢, ) > c1(€)*},

provided that 6 > 0 is sufficiently small. Therefore by (7.42) and (2.10) we
obtain

(7.55) (Ly)(x,t) = 7(x, 1) f(x),  (2,1) € Pey(e)
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and
(7.56) y(z,t) =o(y)(z,t)v(z) =0, (x,t) € e (o) N (O X (—00,00)).

Hence in view of (7.53), we can repeat the arguments in First, Second and
Third Steps to the system (7.55) with (7.43) and (7.56), so that we obtain
(7.46) and (7.47).

Repeating (m + 1)-times the above argument, we see

(7.57) f(x)=0, z€Q with Vw?—mbs? < |z|] <w

and
y(z,1) =0 in o} /2 —m052
(7.58) ={(z,t) € Q x (=00, 00); |z|* — 6t > w? — MOS*}.

We have ¢ /r—ge C Q x {[t| < 6y/m}. Therefore we can repeat the
argument until a natural number m satisfies 6v/m < T < §v/m + 1, namely,
m =1 by (7.52). Then w? — mé? = w? — 016% = w? — T2 < 0 by (2.10).
Hence our process can be repeated until w? — m#é% = 0. Therefore we
have f(x) =0, z € Q with |z| < w, that is, f(x) =0 for all x € Q. Then

y(x,t) =0, if |z|? — 6t > 0.
Thus the proof of Theorem 1 is complete. [J
§8. Proof of Theorem 2

First Step. In contrast with the proof of Theorem 1, for the proof of
Theorem 2, we first apply Proposition 4.1. We set

vak(xv t)
yk(xv t)

wk(:r,t):Q(x)_1< ), zeQ, T<t<T, 1<k<n.

Here the matrix fucntions Q = Q(x), S = S(z) and the differential operator
P are given by (4.7), (7.25) and (4.11) respectively. Since Q~! € C%(Q) by
Lemma 4.1, from (2.11) we see

wy, €CH([=T,T]; C*(Q)" ) N C*([-T, T); ¢ ()")
(8.1) NC3([-T,T);C(Q)"™), 1<k<n.
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By (2.4) we apply Proposition 4.1, so that

T
(Pu)(e.t) - Q050 (5, ) ()il t) =0
(8.2) xeQ, -T<t<T, 1<k<n.

For Ry(x,t) = ('rgk)(aj,t), ...,rék)(a:,t))T, we set
8.3) ) =rW(at)= (VIR (a,t), 2€Q -T<t<T,1<k<n,

and define an (n+1) x (n+ 1) matrix Cj, and an (n+ 1)-dimensional vector
gk respectively by

R IR
(8.4) Cr(a,t) = T%k) oo 0
0 0
and
(vf)()
(55) o(z) = 8x1(7:f (z)
0, (11) )

forx e Q, -T <t<T and 1 <k <n. Then by direct calculations from
(8.2) we can derive

(Pwy) (@, t)~I(2)Q ™ (2)S(2) Cy(w, t)g () = 0,
(8.6) xeQ, -T<t<T,1<k<n.

Moreover we can prove

(8.7) wk(x,t):%(:v,t)zo, xed, -T<t<T, 1<k<n.

PROOF OF (8.7). Since y € C?(Q x [T, T))" satisfies (2.4), we see

(8.8) (Lyg)(z,t) = f(2)Ri(x,t), €0, -T<t<T,1<k<n,
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so that 0 = (Lyk)(l’,()) = f(I)Rk(x7O)v red, 1<k<nby yk(x¢0) =0,
x € Q, 1 <k <n. Therefore (2.17) yields

(8.9) flx) =0, x € 0f.
Hence
(8.10) (Lyg)(z,t) =0, 2€0Q, -T<t<T.

Consequently by yi(z,t) =0, 2 € 0Q, -T <t <T,1 <k <n and (2.19),
we apply Lemma 6.1 to see (8.7). O

On the other hand,
(8.11) wr(z,0) =0, z€Q,1<k<n.

For the proof we have to verify g(z) = 0, x € Q from (8.6), (8.7) and
(8.11). Through Proposition 5.1, we know that the Carleman estimate is
applicable to (8.6), but in our case we have to overcome a difficulty that
the matrices Cj = Ci(x,t) in (8.6) are not invertible. Thus for recovering
the invertibility, we simultaneously consider n solutions wy, ..., w,. First
we write (8.6) as

Cl 0 0 g
Pw1
. . 0 Cy - 0 g
: —H(z)Q™ (2)S(z) | . S : .| =0
Pun o - - C, g
(8.12) in Qx (=T,7).

Then we will determine (n + 1) x (n + 1) matrices A;;, 1 < 4,j < n such
that

Ani(z,t) + - + App(z,t) = Ci(z, 1)
AQl(I‘,t)+"'+A2n(Z’,t) Cg(x,t)

(8.13)

Api(z,t) + -+ App(2,t) = Cp(z,t), z€Q, T <t<T,
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and
(8.14) |det(Aij($,O))1§i’j§n| >rg>0, xe€ Q
where r¢ > 0 is independent of = € €. In fact, we can prove

LEMMA 8.1.  Under the assumptions (2.17) and (2.18) there exist (n+
1) x (n + 1) matrices A;;, 1 < 0,5 < n satisfying (8.13), (8.14) and
Ay, B e C*(Q % [T, T)).

PrROOF OF LEMMA 8.1. In view of (2.18), without loss of generality,
we may assume

(8.15) PV (@,0)>rn >0  zeq.

Let A;;,1<i¢<n,1<j<n-—1bechosen. We set

n—1
Ain(,t) = Ci(z,t) = Y Ajja,t), 2€Q, -T<t<T,1<i<n.
j=1

Then (8.13) is satisfied. Therefore it is sufficient to choose A;;, 1 < i < n,
1 <j <n—1in order that (8.14) is true. We have

A11($,0) e Aln(.%,())
det : :
Api(z,0) -+ App(z,0)
Ci(z,0)  Ani(x,0) - App-1(,0)
= |det : : . :
Cn(x, 0) Anl (x, 0) tee Ann_l(ac, 0)
r(()l) T§1) n(]l)
: b; -+ by
(n) .(n) (n)
T r r
8.16) =|det | ¢ ! " ,0
(8.16) e RO 0 (z,0)
: : a; - apz
r) 0 0
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by exchanging rows. Here
by, .....,b,2_1 :n-dimensional column vectors dependent on x

aj,...,a,2_; :n’-dimensional column vectors dependent on

and an (n? +n) x (n? 4+ n) matrix

by -+ b,
aj an2—1

is given from

An(z,0) -+ Ap-1(z,0)

Anl (l‘, 0) o Annfl(l‘a 0)
by exchanging rows suitably. Therefore for (8.14) it is sufficient to choose
bi(z,t), ..., bye_q(z,t), ay(x,t), ..., a,2_1(z,t). Let a;;b; € C?(Q x
[—T,T)) satisfy al, bl € C?(Q x [-T,T]) for 1 <i<n?—1 and

bl(x,()) === bnzfl(.l’,O) = On,l,
(al(xa O)v T 7an271(x7 O)) = (OILTL2_1> :
n2—1

Here Oy, and I,,, denote the m x n zero matrix and the m x m identity
matrix respectively. This choice gives our desired A;;. In fact, from (8.16)
by exchanging columns, we see

A11(z,0) -+ Aip(z,0)
det : . :
Api(z,0) -+ App(z,0)
Tgl) T‘g) ’I"(()l)
: : : Onn2—1
NI SR
=|det | 0 Tgl) 0 o | (z,0)
0 0 * 1 0
0 0 : :
0 - 0 * 0 1
rgl)(x, 0) rg )(a:, 0)
= |det | z x i (@, 0)l,
7‘5 )(1‘,0) rﬁbn) (z,0)
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which never vanishes for z € Q by (8.15) and (2.17). Thus the proof of
Lemma 8.1 is complete. [

For completing the proof of Theorem 2 along the line of [3], [10], [17],
we rewrite (8.12) in terms of the matrix (A;j)1<; j<n which is invertible at
= 0. In view of (8.13), we can rewrite (8.12) as

(Pwi)(,t) 9(x)
: —T(2)Q *(2)S(z)A(z, t) : =0,

(Pwn)(x,1) 9(x)
(8.17) e, -T<t<T,

where we set

All(ﬂ},t) s Aln(l‘,t)
(8.18) A(z,t) = : : : , e, -T<t<T.
Api(z,t) - App(z,t)

The condition (8.14) implies

(8.19) |det A(x,0)] > 719 >0, z€Q.
Consequently we choose a small 6 € (0,7") such that
(8.20) |det A(z,t)| > 719 >0, x€Q,|t|<é.
Then it follows from (8.17) that

Puw, g
A7Ls Q! : —1:]l=0
Pw, g

in Q x (—6,6). Since g is independent of ¢, we differentiate the both sides
in ¢, and we obtain

8 Pw1 Pw1
(8.21) o | F | H@D | =0 inQx (=66
Pwn Pwn



Uniqueness in Inverse Lamé Problems 675

H(z,t) = —TI(2)Q™ " (2)S(x) Az, t) (A (z,1))'S ™ (2) Q)T (z),
(8.22) zeQ, |t <6

We easily see
(8.23) H e C*(Q x [-6,0]).

Similarly to (7.5), defining an ordinary differential operator N in ¢ by

v1(z,t) v (z,t) v1(z,t)
N = - H(:L’, t) )
v (z, 1) vl (x,t) v (z, 1)
(8.24) x e, |t <6,

for functions vi(x,t) € R™, we obtain

wy
(8.25) NP : | =0 inQx(=50).

Wn,

Second Step. Now we can proceed similarly to the second - fourth steps
in the proof of Theorem 1. We will here show a sketch. Let us recall (7.7),
(7.8), let € > 0 be sufficiently small and the cut-off function x = x(z,t) be
defined by (7.9). We set

wi(x,t)
(8.26) W(x,t) = : , Vi, t) = x(z, )W(z,t), (2,1) € ¢e(e)-

wn(xa t)
Then by (8.25) we have
PNV = PN(xW) = NP(xW) + [P, NV

_[NP,\]W + xNPW + [P, N]V
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for

By noting A(Kv) = (AK)v + KAv + 2 (Z;n:l 2k=1 %I;j gTvi)l<i<m

an m X m matrix K = (Kjj)i<ij<m and an m-dimensional vector v =
(v1, ..., vm)T, in terms of the regularity (8.1), direct calculations show

[P,N]V = (HH —IIH)V"
n+1
(8.28) +Zaz x, t (2, t) + ao(a, )V (2,t)  in e

with some a; € L>(¢.()), 0 < i < n+ 1. Here we note that HII # I1H in
general for the matrices H and II.

By (8.7) and the definition (7.9) of x, we have NV € (Hg(¢)))" .
Apply Proposition 5.1, the Carleman estimate, to (8.27) by noting (8.28):

€Y IDUNV)exp(€e™) |72y, ©)

o <1

<M[(PNV) exp(&e™) B

<M|(INP, W) exp(6e™) 724,

(8:29) +M 3 I(DV) exp(e™) 3y, ) + MIV" exp&e™) 3,
la|<1

for sufficiently large £ > 0. Similarly to the verification of (7.31) and (7.32),
we apply Lemma 7.1 for ¢(z,t) = e™@) to obtain

> DV exp(&e” )H%Q(%(e))

la|<1

oz T
(8.30) <Mz|<:1\|D (NV) exp(€e™) 22 g, .-

On the other hand, since V' — HV = NV in ¢, we have V"' = HV' +
H'V 4 (NV)" in ¢, so that application of (8.30) yields

(8:31)  [[V"exp(&e™) e,y < M D IDHNV)exp(&e™)| 72, .-
<1
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Therefore by (8.29) - (8.31), we obtain

(€ —2M%) Y [D*(NV)exp(ée™) Tz, )
|| <1

<MI|([NP,x]W)exp(&e Wm%m

=M|([NP,x]W)exp(ée™)l[724,,,.)

+M|[([NP,x]W) exp(€e )||L2(¢C(E)\¢c<35))

for sufficiently large & > 0. By the definition (7.9) of x, we have y = 1 in
be(3¢) and [N P, 1]W = 0. Consequently we see

& ID (V) expl(e™) g

la<1

(8.32) MNP, XIW exp(&e™ )25, \buion)

7¢( 3e

for sufficiently large £ > 0. Since exp(£e™®) > exp(£e7(9)7) in be(3¢) and
exp(£e7?) < exp(€e (3¢) ") in Pe(e) \ Pe(3¢), the estimate (8.32) implies

£ Z ||Da(NV)H%2(¢C(3€)) < M|[NP, X]W”%Z(d)c(e)\(z)c(iie))
|| <1

for sufficiently large £ > 0. Hence we see
(833) (NV)(.I‘, t) =0, (.13, t) S ¢c(3e)

by letting ¢ tend to co. By (8.11) and (7.9), recalling (8.26), we have
V(z,0) =0, z € Q. Moreover by means of the uniqueness of solutions to the
initial value problem for the ordinary differential equation (NV)(zx,t) =0,
we see by (8.33) that V(x,t) =0, (,t) € ¢ Returning to the definition
(8.26) of V, since € > 0 is arbitrarily small, we obtain W (z,t) =0, (x,t) €
®c(0)- Then we can directly follow the argument after Third Step in §7. In
particular, the extension argument by (7.50) is similarly carried out. Hence
we do not repeat the arguments here. Thus the proof of Theorem 2 is
complete. [
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Similarly to the proof of Theorem 2, we set

(0.1) w(x,o:cz-l(x)(
wo(z.t) = (VI (1 R)) (.
(9'2) qk(x7t) = ('W‘k?)(xvt)v
and
i)
(00 1))
Oz, f)(x
03) g =| FE
0

VTy(x,t)
y(z,t)

), reQ, -T<t<T,

r
pewt (o))

re, -T<t<T,1<k<n

eR"™, zeQ -T<t<T.

By (2.26) and Lemma 4.1, we see

w eC*([-T,TJ;

T
(9.4) NCH[-T,T

CH™) N ([T, T]; T (@Q)")
L@

We define an (n + 1) x (n + 1) matrix by

Qn('xvt)
(9.5)

q1(z,t)  qo(x,t)
0 0 03,n72
0 0
0 0 ’
: : I,
0 0

reQ, -T<t<T,
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where O3 ,,_2 denotes the 3 x (n—2) zero matrix. Then by (2.23) and (2.24),
we see that

C,C',C" e C*(QUx [-T,T)), ar s qr € C*(Q x [-T,T)),
(9.6) 0<k<n.

We recall that @, S and II are defined by (4.7), (7.25) and (4.8) respectively
and I, _o is the identity matrix of order n — 2.

Then using the assumptions (2.23) and (2.24), and noting (9.4) and
(9.6), in view of Proposition 4.1, we can obtain from (2.22)

(Pw)(z,t)~1(z)Q " (2)S (2)C(x, t)g(x) = 0,
(9.7) (Pw)'(z,t)-T(z)Q " (2)S ()" (x, t)g(x) = 0,
reQ, -T<t<T,

(9.8) w(z,0) = w'(z,0) =0, x €
and
ow
(9.9) w(z,t) = %(m,t) =0, 2€0Q, -T<t<T.

In fact, (9.9) can be derived similarly to (8.7).

Non-invertibility of C' involves a similar difficulty to §8 for the application
of the Carleman estimate, and we have to apply similar enlargement by
taking time derivatives of (9.7) without changing non-homogeneous terms
in the system (2.4). First we show

LEMMA 9.1.  Under the assumption (2.23), we can choose (n + 1) X
(n+ 1) matrices Ay, A, As, Ay such that

(9.10) Ay, Al € C*(Q x [-T,T)), 1<k<4,

3($,t>+A4($,t) :C/(.Z',t), 37697 _TStST}
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and

(9.12)

Al((L',O) AQ((E,O) —
det (Ag(x,O) Au(z,0) >rg >0, xzeQ,

where Tg > 0 is independent of x € Q).

PrOOF OoF LEMMA 9.1. Since

e (300 00 )| =200

det(r}Ex,O) r?(m,0)>
ri(z,

we have

by (1.3), (4.11) and (2.25). Here ¢; > 0 is independent of = € ). Therefore
we can choose a large constant o > 0 such that

(9'14) pﬂ(w) = qQ(xv0)_U{Qi(x’o)qQ(xv0)_QI($7O)qé('x70>} 7é 07 HAS ﬁ

Defining an (n 4 1) x (n + 1) matrix As(z,t) by

0 QI(xvt) q2($7t)
. 1 0 0 03,n72 re)
O15) D=0 sp@ —on( e
On-23 In—2

we see by (9.6) that Ay, A € C?(Q x [T, T]). We further set

Ai(z,t) = C(z,t) — Ag(z,t)
(9.16) Az(z,t) = C' (2, t) — Lnyq
Ag(z,t) =TIy, 2€Q, -T<t<T.

Then these A;, As, Az, A4 are desired matrices. In fact, the condition
(9.10) and (9.11) are satisfied directly by (9.6) and (9.16). We will verify
(9.12). It is sufficient to verify that for any fixed = € Q, the equations

(9.17) {Aﬂ%®a+AAQMb:0

As(z,0)a + A4(x,0)b =0, a,be R”H}
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implies a = b = 0. We set
(9.18) E(z,t) = C(x,t) — Ay(z,t)C' (z, 1).
Direct computations yield

(90 — @141 — ¢245)(,0)  qi(=,0) q2(x,0)

(Q1 - Q6)($, O) _qg Z, 0) _QQ z, 0) O3,n—2
po(z) 0 0
E(z,0) = (¢ — 4 (,0) 0 0
: In—2

]

(40— d)(.0)
and
det E(z,0) = po(z)(q}(x,0)q2(x,0) — q1(z,0)g5(x,0)), =€ Q.
Therefore by (9.13) and (9.14) we see that
(9.19) E~Y(x,0) exists for all z € Q.
Furthermore we note
(9.20) Ay (x,0)7! exists for all z € Q.
In fact, we have
det Ay(x,0) = o(q1(x,0)? + g2(,0)?), z€Q,
and (9.13) implies that ¢;(x,0)? + g2(z,0)? never vanishes for x € Q.
Therefore from (9.17) we derive Ag(z,0) LA (z,0)a+b = As(z,0)a+b =

0, namely, (Az(z,0) A1 (x,0) — A3(x,0))a = 0. On the other hand, we see
by (9.16)

:AQ(xv 0)71(C($7 0) - Ag(l’, O)) - (Cl(ma O) - In+1)
=Ao(,0)7H(C(z,0) — Ay(z,0)C"(x,0)) = As(z,0) " E(x,0).
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By (9.19) we obtain @ = 0 and so b = 0. Thus the proof of Lemma 9.1 is
complete. [

In view of Lemma 9.1, we can rewrite (9.7) as
Pw(z,t) ) 1 <A1 A > <9($)>
Qs — 0,
((Pw)/(x,t) @ Az Iny1 ) \ g(7)
(9.21) e, -T<t<T.

By (9.12), (9.19) and (9.20), there exists 6 > 0 such that

Al(wa t) Ag(l‘, t)
‘det <A3(1’,t) Lo , |det E(z,t)],
(9.22) | det Ao ()] > %0 e, |t <6
We set
Xl(xat) XQ(*T?t) Al(xvﬂ A2($7t>
Xg(ﬂf,t) X4($7t) A3(x7t) A4($,t)
In+1 0 re}
. = <
(9.23) < 0 In+1> , e, |t| <6,

where X3, 1 < k < 4 are (n+ 1) X (n + 1) matrices. In terms of (9.6),
(9.10), (9.13) and (9.18), direct calculations show that

Xi(z,t) = B Ya,t), Xo(z,t) = —E 1(z,t)Ax(x,1),

(9.24) T €Q, [t <,
and
(9.25) E,E' X1, X, X], X}, € C*(Q x [-6,0)).

Therefore by (9.21) and (9.23) we obtain

(X L) (59000 (1) 0 waxan
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The first component gives
Xo ST QU Y (Pw) + X1 S7IQIT H(Pw) =g in Q x (=6,6).
Differentiating the both sides in ¢, we obtain

(XoS™1QII Y (Pw)” + (X287t Y + X, S71QII 1) (Pw)’
HXSTIQI Y (Pw) =0 in Q x (=6,6).

Hence

(Pw)"(z,t)+Hy(z,t)(Pw)'(z,t) + Ha(z,t)(Pw)(z,t) = 0,
(9.26) xeQ, |t <6,
where

Hi(x,t) = —TIQ 'SA;' B((X2S QI + X157 1QIT ) (x, t)
(9.27)  Ho(z,t) = —TIQ'SA'E(X1S71'QU Y (2,t), z€Q, |t| <6

Then
(9.28) Hy, Hy € C*(Q x [-6,6)).
We define a differential operator IV of the second order by

(Nv)(z,t) =" (x,t) + Hy(x, )V (2, t) + Ho(z, t)v(z, t),
(9.29) x €Q, |t| <.

Then we can rewrite (9.26) as
(9.30) (NPw)(z,t) =0, z€Q [t|<é.

Now we can follow the argument in Second Step of the proof of Theorem 1 in
§7 with some modifications. Here we will mainly explain such modifications.
Let us recall (7.7) - (7.9), (5.1) and (5.2). We set

vi(z,t)
(9.31) v(z,t) = : = x(z,Hw(z,t) in dg).
'Un-‘rl(xvt)
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Then, noting (9.30) and A(Hv) = H)Av + (AHy)v +

n+1 H2 Z] 81;3
2(pd s, g fu

> , etc., we have
1<i<n+1

PNv = NPv+[P,N)v
(9.32) =[NP, x]Jw+ xNPw+ [P,Nlv =[NP, xJw+[P,NJv in ¢

Moreover by direct calculations we see that

[P, N]v = (IIH; — HyI1)v"" + (211H] + T1Hy — HolT)o"
+(IIHY + 21H} — AH, + Dy Hy)V

T T
n+l n n+l n
RY D) preciiiint oS0y A O
1 =1 a$k 8.Tk 1 =1 8.Tk 8a:k
i= 1<i<n+1 = 1<i<n+1

—|—(HHé/ — AHsy + Dng)’U in £ % (—(5, (5)

That is, in view of (9.28), we can write it as

3 kU n /
[P, No(z,t) = > ax(,t) gtk (z,t) + > bi(x,t) o (@)
k=0 = J
(9.33)  +> ¢la, t)aa—v(x, t),
j=1 !

where ay,bj,c; € C(Q x [6,6]), 0 < k < 3,1 < j < n. Furthermore
similarly to (7.16), we can prove that

Nv e H§(¢C(6))n+1‘

Without loss of generality, in addition to T > Su%;\/gm, we can assume that

T — S9Pacolel 4 sufficicently small such that Proposition 5.1 is applicable.

NG
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Thus we apply Proposition 5.1 to (9.32):

&3 I (N exp(Ee™) s,

laf<1
MNP, xw exp(ée™)|[2a, ) + MIIIP, NJo exp(ée™)|2aq,.

3 i 2
<M|[[NP,x]wexp(€e™)l|72(,,.) + MZ g - exp(&e™) o)
= L ¢c(e)
n 8’0 2 n 2
(9.34) —|—MZ Texp(ﬁew) Z S eXD (€e™?)
7=1 l“] L2(¢c(5)) =1 L2(¢c(e))

for sufficiently large ¢ > 0. Since v(z,0) = v/(z,0) = 0, 2 € Q, by the
initial condition in (2.22) and the definition (7.9) of x, in view of (9.28),
we can construct an (n + 1) x (n + 1) matrix function K = K(z,t,s) €
C?(Q x [~6,6]?) which solves (9.29) by

9.35) (@ t) = /O K(z,t,8)(Nv)(@, s)ds, (2.t) € dugo

Therefore in ¢.(), we have

ov

LOK
5 —(z,t) = K(x,t,t)(Nv)(:r,t)+/O E(m,t,s)(Nv)(x,s)ds,

v OK (z,t,t) ,
T (x,t) = T(Nv)(m, t) + K(z,t,t)(Nv) (x,t)

t 92
+%—I;(x,t,t)(Nv)(a:,t) +/O %Té{(fc,t, s)(Nv)(z, s)ds,

o5

9%v 0K

_ 0K (Nv
oz, oY = aa

(x,t,t)(Nv)(x,t) + K(x,t,t) oz, (z,t)

~—

t 82K taK 8(N'U)
+/0 ata{l?j(x’t?S)(NU)(x’S)ds+/O W($7t75) a.ﬁl?j (:I:)S)d57
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so that Lemma 7.1 implies

8%) 2y

") exp(ee™) , H( )exp@ew)

9.36) <M DY(Nv) exp(&e™® , i=0,1,2,1<j<n.
(9.36) < %H (voyexpeen)| j

Moreover in view of (9.29), we have

///( )
Hy(x, t)v
so that from (9.

937) 0" exp(§e™®) | 26,) < M D [ID*(Nv) exp(6e™)l| 24, )-
laf<1

= —Hy(z,t)v" (x,t) — H{(x,t)v'(x,t) — Ho(z, 1) (2, 1)
( ) (NU) (.7}, )7 (.l’,t) € ¢c(e)a
36) we obtain

Consequently substitution of (9.36) and (9.37) in (9.34) yields

&> ID(Nv) exp(&e™)|2 .,

la|<1

(9.38) SMI|[N P, xJwexp(€e™)IIF(q, )

for sufficiently large £ > 0. Now similarly to the proof of Theorem 1, noting
X = 1 in ¢.3e), and letting £ tend to oo in (9.38), we see that Nv = 0 in
be(3¢)- Then in view of (9.35), it follows that v = 0 in ¢, namely, w = 0
in ¢e3e). Therefore g = 0 and y = 0 in ¢3¢ by (9.1). Since € > 0 is
arbitrarily small, we obtain

{g(w) =0, z€Q with Vw?—606<|z| < w}
y(fE,t) =0, (ﬂ?,t) € ¢c(0)'

Then we can follow the argument after Third Step of the proof of Theorem
1 in §7. For convenience, we will supply a sketch of the proof. We recall
that ci(€) and k = k(t) are given by (7.48) and (7.49), and we set

Ar(@,t) = Ap(z,0)+5(t) (Ax(2, ) — Ag(,0)),
(9.40) E(z,t) = E(2,0)+x(t)(E(z,t) — E(z,0)),

( t)€¢cl(e)’1<k<4

(9.39)
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First we verify

Ay(w,t) As(a,t) =
‘det (;{;(l’,t) ;{Z(l’,t)) y |detE(x,t)|,
(9.41) |det As(z,1)] £ 0, (2,t) € ey(o)-

If (9.41) is verified, then we can repeat the arguments after Fourth Step of
the proof of Theorem 1 in §7. In fact, by (9.39) and (9.40), we easily have

)i \
x,t)  Ag(z,t) g(z
($7t) €¢Cl(e)ﬂ{($,t);|$| < Vw2_062}7

so that in ¢Cl(€) we can repeat the previous argument.
Now we return to the proof of (9.41). Here we will show only (9.41) for

;{;, because the positivity of the rest two determinants are seen similarly.
We set

I
=
—

8
S~—
O
L
—
G
n
—

8
N~—

RS

As(@,t) = (0 (2, )1<ijenst,  Aa(w,t) = (a3 (2,1))1<ij<n1-

Then for 1 <i,57 <n+1 and [t| < 8, we have

o) (z,1) = a2 (. 8)] = |(1 = £(0)(al] (x.1) — al (z,0))|
<4l (az(?)),HLOO(Qx(—T,T))-

Since the determinant: A = (a;j)1<ij<n+1 —— det A is continuous in a;j,
1<14,j <n+1,in terms of (9.22), we can in advance choose § > 0 so small
that
To —— 70 —
| det Ag(x,t)| > > | det Ag(x,t) — det Ax(z,t)| < Vi €N, |t| <.

Then we obtain

(9.42) | det Ay (, )| > %0 z e, |t <6
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On the other hand, by (9.20) and the definition (7.49) of k, we see
(9.43) | det Ay (2, )| = | det Aa(z,0)] > %0 z e, ft| > 6.
The inequalities (9.42) and (9.43) yield

—~ T -—
‘detAQ(l',t)‘ > ZO, (l‘,t) S ¢Cl(€)'

Consequently we see (9.41) for Ay(z, t).
Thus the proof of Theorem 3 is complete. [J

§10. Proofs of Theorems 4 and 5

PrROOF OF THEOREM 4. We set

yk(a:,t)zﬁz(x,t)—uk(x,t), .IEQ, -T<t<T,1<k<n

f(z) = p(z) = p(x), Ri(z,t) =uj(z,t), z€Q, -T<t<T,1<k<n
Then from (3.2), (3.3) and (3.8), we obtain

p()yi(z,t) = (Lyg)(z,t) + f(z)Re(x,t), 2€Q, -T<t<T,
(10.1) < yr(x,0) =0, x €,
k(z,t) =o(yr)(z, t)v(x) =0, €N, -T <t<T,

N

<

for 1 < k < n. Since y, € C*(Q x [T, T])", by (3.2) we have

Ri(2,0) = uj(x,0) = (Lug)(x,0)

1
p()

(10.2) (Lag)(z), z€Q,1<k<n.

1
p(x)
Therefore the conditions (3.5) and (3.6) imply the corresponding (2.17) and

(2.18) in Theorem 2. In view of p € U, we can apply Theorem 2 and the
proof of Theorem 4 is complete. [J
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PRrROOF OF THEOREM 5. Setting

y(a,t) = ulz,t) —u(x,t), f(x) = plz) - p(r),
R(z,t) =u"(x,t), 2€Q, -T<t<T,

from (3.9) and (3.10) we derive
p(x)y" (x,t) = (Ly)(z,t) + f(z)R(z,t), z€Q, -T<t<T,
(103) y(x,()) = yl(:l:ao) =0, T €,

y(x,t) =o(y)(z,t)v(z) =0, €0, -T<t<T.

Similarly to (10.2), since y € C%(Q x [T, T])" from (3.9) we see

R(z,0) = ﬁ(ca)(l’), req
and
R(2,0) = o (2,0) = % (ﬁ(m)@,ﬂ) - ﬁ(ﬁb)(w), veq.

Therefore in the system (10.3) the condition (3.12) means (2.25). Since
f = p—p satisfies (2.23), we apply Theorem 3. Thus the proof of Theorem
5 is complete. [J

Appendix. Proof of Lemma 7.1

By the definition (5.2) of ¢., we can take a domain D C Q such that
¢C(e) = {($at) € Rn+1;$ €D, |t| < l(:l?)},

where we set

(NI

l(z) = —= (|l2* = c(e)?)

Sl
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Therefore by Schwarz’s inequality and change of orders of integrations in s

[ vt

and ¢, we have

/ (260(.1)
d)c( )ﬂ{t>0}
2
/(/ 25wrﬂt)(/ \p:vsds) dt)dsc
D \Jo
I(z
/ / teXv (@) (/ Ip(x, s |2ds> dt | dx
D \Jo
l(z I(x
/ / / ( )tezw(m’t)dt ds | dx
0 s
I(z) I(z)
_/ l(x) (/ Ip(z, s)|? (/ eQE‘b(””t)dt) ds) dz.
D 0 s
Since ¢/ (z,t) < 0 for t > 0, we obtain
t
[ et [, s)ds
¢c(e)m{t20} 0
I(z)
sAM@(/ W@—ﬂM%ﬁ%wm@%>M
0

I(z)
§l(x)2/D (/0 |p(x,5)\2e2w(x’s)ds> dz

=I(x)? / Ip(z, 5)|2eX¥ @) dxds.
¢c(e)m{t>0}

2
dxdt

IN

]

2
dxdt

Similarly we can prove

t
/ e | [ p(a,s)jds
be(eyN{t<0} 0

<l(z)? / Ip(z, 5)|?eX¥ @) dads.
¢c( )ﬂ{t<0}

2
dxdt
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The proof of Lemma 7.1 is complete. [
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