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Two Transforms of Plane Curves

and Their Fundamental Groups

By Mutsuo OkA

§1. Introduction

Let C = {(X;Y;Z) € P34 F(X,Y,Z) = 0} be a projective curve and
let C* = {f(x,y) = 0} C C? be the corresponding affine plane curve
with respect to the affine coordinate space C?> = P? — {Z = 0}, » =
X/Z, y=Y/Z and f(x,y) = F(x,y,1). In this paper, we study two basic
operations. First we consider an n-fold cyclic covering ¢, : C?> — C?2,
on(z,y) = (x,(y — B)" + ), branched along a line D = {y = } for an
arbitrary positive integer n > 2. Let C,(C; D) be the projective closure
of the pull back ¢, 1(C?) of C* The behavior of ¢, at infinity gives an
interesting effect on the fundamental group. In our previous paper [O6],
we have studied the double covering ¢s to construct some interesting plane
curves, such as a Zariski’s three cuspidal quartic and a conical six cuspidal
sextic.

Secondly we consider the following Jung transform of degree n, J, :
C? — C2% Jy(x,y) = (z + y",y) and let J,(C;Ls) be the projective
compactification of J;1(C?). Though J, is an automorphism of C2, the
behavior of J,, or J,(C) at infinity is quite interesting.

Both of ¢,, and J,, can be extended canonically to rational mapping from
P2 to P2 and they are not defined only at [1;0;0] and constant along the
line at infinity Lo = {Z = 0}. They have also the following similarity. For
a generic ¢, and a generic J,, there exist surjective homomorphisms

D, : m(P? = C,(C)) — m(P? = O),
W, (P? = J,(C)) — m (P2 - C)
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and both kernels Ker ®,, and Ker ¥,, are cyclic group of order n which are
subgroups of the respective centers of m1(P? — C,(C)) and 71 (P? — J,(C))
(Theorem (3.7) and Theorem (4.7)).

Both operations are useful to construct examples of interesting plane
curves, starting from a simple plane curve. Applying this operation to
a Zariski’s three cuspidal quartic Z4, we obtain new examples of plane
curves Cy,(Z4) and J,(Z4) of degree 4n whose complement in P? has a non-
commutative finite fundamental group of order 12n (§5). We will construct
a new example of Zariski pair {C3(Z4), Ca} of curves of degree 12 (§5).

In §6, we study non-atypical curves and their Jung transforms. We use
a non-generic Jung transform to construct a rational curve C of degree pq
for any p, ¢ with ged(p, ¢) = 1 such that C has two irreducible singularities
and the fundamental group m; (P? — 6’) is isomorphic to the free product
Z/pZ « Z/qZ (Corollary (6.7.1)). This paper is composed as follows.

§2. Basic properties of 71 (P? — C) and Zariski’s pencil method.

83. Cyclic transforms of plane curves.

§4. Jung transforms of plane curves.

§5. Zariski’s quartic and Zariski pairs.

§6. Non-atypical curves and some examples.

§2. Basic properties of 71 (P? — C) and Zariski’s pencil method

Let C be a reduced projective curve of degree d and let C,...,C, be
the irreducible components of C' and let d; be the degree of C;. So d =
dy + - -+ + d,. First we recall that the first homology of the complement is
given by the Lefschetz duality and by the exact sequence of the pair (P2, C)
as follows.

(2.1) H(P?—-C)=2Z"/(dy,...,d)) =2 ©Z/dZ

where dy = ged(dy,...,d,) and Z" = Z&- - -®Z (r factors). In particular, if
C is irreducible (r = 1), we have H;(P2—C) = Z/dZ and H,(C*-C%) = Z
where C? :=P? — L, and C% := C' N Lo

(A) van Kampen-Zariski’s pencil method
We fix a point By € P? and we consider the pencil of lines {L,, n € P!}
through By. Taking a linear change of coordinates if necessary, we may
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assume that L, is defined by L, = {X —nZ = 0} and By = [0;1;0] in
homogeneous coordinates. Take Lo, = {Z = 0} as the line at infinity
and we write C2 = P2 — L,.. Note that Lo, = lim, ., L,. We assume
that Loo ¢ C. We consider the affine coordinates (z,y) = (X/Z,Y/Z)
on C? and let F(X,Y,Z) be the defining homogeneous polynomial of C
and let f(z,y) := F(z,y,1) be the affine equation of C. In this affine
coordinates, the pencil line L, is simply defined by {z = n}. As we consider
two fundamental groups 7 (P? — C) and 71 (P? — C'U L) simultaneously,
we use the notations : C* = C' N C? and Ly=1L,nN C? = C. We identify
hereafter L, and Lj with P! and C respectively by y : L, = P! for n # cc.
Note that the base point of the pencil By corresponds to oo € P1L.

We say that the pencil {L, = {z = n}, n € C}, is admissible if there
exists an integer d’ < d which is independent of € C such that C* N L}
consists of d’ points counting the multiplicity. This is equivalent to : f(x,y)
has degree d' in y and the coefficient of y* is a non-zero constant. Note
that if By ¢ C, L, is admissible and d' = d. If d' < d, By € C and the
intersection multiplicity I(C, Lo; Bo) = d — d'.

Hereafter we assume that the pencil {L,} is admissible. A line L is
called generic with respect to C' if C'N L consists of d distinct points. A
pencil line L, is called non-generic with respect to C' if L, passes through a
singular point of C'* or L,, is tangent to C®. Otherwise L, is called generic.
Here we note that a generic pencil line L,, may not be generic as a line in
P2 if By € C and d — d' > 2 but L,, intersects transversely with C* at d’
points.

Let Cp be the line of the parameters of the pencil (Cp = C) and X :=
{M,...,n¢} be parameters in Cp which corresponds to non-generic pencil
lines. We fix a generic pencil line L, and put Ly NC* = {Q1,...,Qu}.
The complement Ly — Ly N C is topologically C minus d'-points . We
take a base point by € Ly on the imaginary axis which is sufficiently near
to By and by # By. We take a large disk A, in the generic pencil line Ly
such that Ay, D C'N Ly and by ¢ Ay,. We orient the boundary of Ay,
counter-clockwise and let 2 = 9A,,;. We join ) to the base point by a path
L connecting by and ) along the imaginary axis. Let w be the class of this
loop LoQo L™t inm (L, — Ly, NC3bo). We take free generators gi, . .., ga
of Wl(L?]O - L3 NC; bp) so that g; goes around @; counter-clockwise along
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a small circle and

(2.2) W=ga g

Put G = mi(Ly, — Ly N C%by). Note that G is a free group of rank d’ with
generators ¢i,...,gs. The fundamental group m1(Cp — X;n9) acts on G
which we refer by the monodromy action of m(Cp — X;19). We recall this
action quickly.

Take a large disk A C Cp on the base space so that A D ¥ and ng € A.
So we have m(Cp — X;1m9) = m (A — X;19). We take a system of free
generators o, . . ., oy of 1 (A—3X; 1) which are represented by smooth loops
in A, so that the product oy--- 01 is homotopic to the counter-clockwise
oriented boundary of A. We take a large disk of radius R, B(R) := {y €
C; |y| < R} so that B(R) D [J,ea €N Ly under the identification y : Lj =
C. We may assume that by € Ly, — B(2R). Take g € mi(Ly —C*N L3 ;5 bo)
and o0 € m(Cp — X;n). Represent them by smooth loops « : (I,0I) —
(Ly, — Ly, N C3bo) and 7 : (I,0I) — (A — X;mp) and construct a one-
parameter family of deffeomorphisms hg : (Ly,, CNLy,) — (L), CNLg@)),
0 < 0 <1 such that the composition

is identity on C — B(2R). The action of o € m(Cp — X;m9) on g € G is
defined by (g, 0) — [har 0. We denote this class by g”. Note that w9 = w
for any g € m(Cp — X;190). The normal subgroups of G which is normally
generated by {g71g% ; g € G,0 € m1(Cp —X;n0)} is called the group of the
monodromy relations and we denote it by M. Let M(o;) = {g;igj_l;j =
1,...,d}. Then the group of the monodromy relations M is the minimal
normal subgroup of G generated by Ule M(0;). By the definition, we have
the relation R(0;) : g; = g;' in the quotient group G/ M. We call R(0;) the
momnodromy relation for o;. The following is a reformulation of a theorem
of van-Kampen ([K]) to an affine situation with an admissible pencil. Let
JiLy, = Ly, NC* — C?2 - C%and 1 : C? - C?% — P? — C be the respective
inclusions.

PROPOSITION (2.3). (1) The canonical homomorphism jy : w1 (L3 —
Ly, N C%bo) — 71 (C?% — 0% by) is surjective and the kernel Ker jy is equal
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to M and therefore m1(C? — C%by) is isomorphic to the quotient group
G/ M.

(2) The canonical homomorphism vy : m1(C* — C%by) — m (P% — C;by) is
surjective. If By ¢ C (so d' = d), the kernel Ker v is normally generated
byw=ga-- g1

Assume further that By ¢ C and Ly is generic. Then

(3) ([03]) w is in the center of w1 (C* — C®). Therefore Ker(iy) = (w) = Z.
(4) ¢4 induces an isomorphism of the commutator groups: vyp : D(m(C? —
C))—=D(m (P? — C)) and an ezxact sequence of first homologies: 0 —
(W) = Z — H,(C? — C) — H,(P? — C) — 0.

ProOOF. The assertions are well-known except (4). So we only need
to show the assertion (4). First up is surjective. As the homology class
[w] of w is given by [(0,dy,...,d,)] under the identification H;(C? — C?) =
Z"/(1,dy,...,d,), [w] generates an infinite cyclic group. Thus the injec-
tivity of ¢4p follows from D(m(C? —C))NKer s = {e}. The exact sequence
follows from the first isomorphism and the property: (w)ND(m(C?—C?)) =

{e}. O

We usually denote G/M as m1(C? — C%by) = {(g1,...,94; R(c1), ...,
R(0y)). We call m(C? — C%) the fundamental group of a generic affine
complement of C if Lo is generic. Note that if Lo is generic, w1 (C? — c®)
does not depend on the choice of a line at infinity L.e.

(B) Bracelets and lassos

An element p € (P2 — C;by) is called a lasso for C; if it is represented
by a loop £ o7 o £~! where 7 is a counter-clockwise oriented boundary
of a small normal disk D;(P) of C; at a regular point P € C; such that
D;(P)N(CULy) = {P} and L is a path connecting by and 7. We call
7 a bracelet for C;. Tt is easy to see that any two bracelets 7 and 7/ for
the same irreducible component, say C;, are free homotopic. Therefore the
homotopy class of a lasso for C; (or L) is unique up to a conjugation. We
say that the line at infinity Lo, is central for C' if there is a lasso w for Lo,
which is in the center of m(C? — C%) = 71 (P2 — C'U Ly). If Lo is generic
for C, Lo is central by Proposition (2.3) but the converse is not always
true (see Corollary (3.3.1) and Theorem (4.3)).

Assume that L, is central for C' and take an admissible pencil {L,,,n €
C} with the base point By ¢ C. Then d' = d and w defined by (2.2) is in
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the center of 71 (C2% — 0% bg) as w™! is a lasso for Ls,. Thus we can replace
the homotopy deformation of w by free homotopy deformation of €2. This
viewpoint is quite useful in the later sections.

REMARK (2.4). Suppose that By ¢ C and Ly is not generic. Take
A = {n € Cpg;|n| < R} C Cp as before and we may assume that 17y € 0A
and let 05 := OA. The monodromy relation g, 1 g7> is contained in the
group of monodromy relations M. We can also consider the monodromy
relation around 7 = oo. For this purpose, we identify L, = P! through
another rational function ¢ := Y/X for [n| > R. Forn # 0, ¢ : L, — C
is written as @(n,y) = y/n. Let jo : Ly, — Lyjexp(oi), 0 < 0 < 27 be a
family of homeomorphisms which is identity outside of a big disk under this
identification ¢ : L, — C. Then the base point by stays constant under the
identification by ¢ but under the first identification of y : L, — P!, the
base point is rotated by 6 — bgexp(0i). Putting b’ = jor, this implies that
the monodromy relation around L., is given by

(2.4.1) hy(g) =wg "~w™!, g€G
This gives the following corollary.

COROLLARY (2.5). Take another generic line L,y for C with ng # no.
Let Ry,..., Ry be the monodromy relation along o; as before. Then the
fundamental group of a generic affine complement 7y (P? — C U Ly bo) is
isomorphic to the quotient group of w1 (C? — C%by) by the relation wg; =
giw, i = 1,...,d. In particular, if w is in the center of m (C? — C%by),
71 (C? — C%by) is isomorphic to the fundamental group of a generic affine
complement 71 (P2 — C U Ly bo)-

PrOOF. Changing coordinates if necessary, we may assume that n, =
0. Using the second identification Y/X : L, = P! for n # 0, we can write
the monodromy relation R(co) at n = oo as

R(o0) g9j = hé(gj), for j=1,...,d

and the other monodromy relations R;,7 = 1,..., ¢ are the same with those
which are obtained from the first identification. Therefore we have m (P? —
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cu L%;bo) >~ (g1,...,94; R1,..., Ry, R(c0)). On the other hand, we know
that w = g4--- g1 is in the center of m (P%? — C U Lyyibo) ([02]). Thus we
get

(%) wgj =gjw, j=1,...,d

in 71 (P2 —CULy;bo). Conversely in the group (g1, ..., g4; 1, . ., Re, (%)),
we have the equality:

oo, —1 ) 1 o

g; 'hiy(g5) = g; twg; W = g lg 0 = e
Thus we can replace R(oc0) by (%) O

(C) Milnor fiber

Consider the affine hypersurface V(C) = {(x,y,z) € C*; F(z,y,2) = 1}
where F(X,Y,Z) = Z%f(X/Z,Y/Z). The restriction of Hopf fibration to
V(C) is d-fold cyclic covering over P2 —C. Thus we have an exact sequence:

(2.6) 1 -m(V(C) - m(P?-C)—Z/dZ — 1
Comparing with Hurewicz homomorphism, we get

ProrosITION (2.7) ([02]). If C is irreducible, w1 (V (C)) is isomorphic
to the commutator group D(m1(P? — C)) of m (P? — O).

§3. Cyclic transforms of plane curves

(A) Cyclic transforms

Let C C P? be a projective curve of degree d. Fixing a line at infinity
Lo, we assume that the affine curve C% := C' N C? is defined by f(z,y) =0
in C? = P2~ L. We assume that f(z,y) is written with mutually distinct

non-zero aq, . .., 0L as
k
(1) fy) =]~ aia®)” + (lower terms),  ged(a,b) =1
=1

Here (lower term) implies that it is a linear combination of monomials z%y?
with ac + b3 < kab. This implies that deg, f(x,y) = d’, deg, f(z,y) = d"
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where d’ := aZ;‘;l v, d’ = bZ?:l v; and d = max(d’, d”) and both pencils
{x = n}pec and {y = 6}scc are admissible. Note that the assumption
(#) does not change by the change of coordinates of the type (z,y) —
(z +a,y+ ).

(HWIfa=b=1,thend=d =d" and LocNC = {[1;;;0;i =1,...,k}. In
particular, if v; = 1 for each ¢, Ly, is generic for C' and thus L., intersects
transversely with C.

(2) If @ > b (respectively a < b), we have d = d’, C'N Loo = {poo := [1;0;0]}
(resp. d =d", C N Lo = {p. :=1[0;1;0]} ) and C has a singularity at peo
(resp. at pl.). The local equation of C' at po (resp. pl,) takes the form:

TT5,(¢* — a;€%b)¥ + (higher terms) = 0,
(=Y/X,6=2Z/X, a>b
T, (¢ — ;€)% + (higher terms) = 0,
=Z)Y, & =X/Y, a<b

(3.1)

Here (higher terms) is defined similarly. For instance, in the first equality it
is a linear combinations of monomilas (*¢” with (@ — b)a +af > ka(a —b).
Now we consider the horizontal pencil M, = {y = n}, n € C and let
D = Mg be a generic pencil line. As 3 is generic, D N C* is d” distinct
points in C2. For an integer n > 2, we consider the n-fold cyclic covering
¢, : C? — C2, defined by

n:C2_>C2> @n(may):(m7(y_ﬁ)n+ﬁ)

which is branched along D. Let C,(C; D)* = ¢, 1(C%) and let C,(C; D) be
the closure of C,(C; D)® in P2. We call C,(C; D) the cyclic transform of
order n with respect to the line D. To avoid the confusion, we denote the
source space of ¢, by C2? and the coordinates of C2 by (Z,7). Thus the
line {§ = B} is equal to ¢, 1(D) and we denote it by D. We denote the
line at infinity P? — C2 by Leo. Let f™)(z,3) be the defining polynomial
of C,(C; D). As f)(&,9) = f(&,(§ — B)" + B), f™(%,9) takes the form:

k

(3.2) F(z,y) = H(g"a — ;z%)" + (lower terms).
i=1

Observer that f(™(z,7) also satisfies (f).
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(B) Singularities of C,(C;D)

Let ay,...,as be the singular points of C% and put Lo, NC = {al,...,
al } and C,(C; D)NLso = {a. ;i = 1,...,0} where Ly is the line at infinity
of the projective compactification of the source space C2 of ©n. Note that
¢ =kifa=>b=1and ¢ =1 otherwise. Note also that ¢ = kb or 1
according to na = b or na # b. Cn(C; D) N Ly is either {[1;0;0]} if na > b
or {[0;1;0]} if na < b. It is obvious that for each i = 1,...,s, C,(C; D) has
n-copies of singularities a; 1, ..., a;, which are locally isomorphic to a;. We
denote the local Milnor number at a € C' by u(C;a). First we recall the
modified Pliicker’s formula for the topological Euler characteristics (see, for
instance,[02]):

(3.3.1) X(C) =3d—d®+ ) u(Cia;)+ Y u(Csal,)

j=1 =1

PROPOSITION (3.3.2). If the branching locus D is a generic pencil line,

the topological types of ((AJE,Cn(C; D)%) and (P%,C,(C; D)) do not depend
on the choice of a generic (3.

PROOF. By an easy computation, we have x(C,(C; D)%) = n(x(C?%) —
d") + d” which is independent of the choice of 8. As x(C,(C;D)) =
X(Cn(C; D)) + £, x(Cn(C; D)) is also independent of a generic 5. On the
other hand, the Milnor number of C,,(C; D) at a; ; is equal to that of C at a;.
Therefore by the modified Pliicker’s formula, the sum Zle w(Cy(C; D);al,)
is also independent of 3. This implies, by the upper semi-continuity' of the
Milnor number the independentness of each u(C,,(C; D);a’,). The assertion
results immediately from this observation. [J

Note that C,,(C; D) has further singularities, if the branching line D is
not generic.

(C) Main results of this section

Let G be an arbitrary group. We denote the commutator subgroup and
the center of G by D(G) and Z(G) respectively. The main result of this
section is :

I This easily follows from the mapping degree characterization of Milnor number ([M]).



408 Mutsuo OKA

THEOREM (3.4). Assume that (8) is satisfied and D is a generic hori-
zontal pencil line. -
(1) The canonical homomorphism @py : m1(C2? —Cy(C; D)*) — m (C? — C%)
18 an isomorphism.
(2-a) Assume a > b (so degCn(C; D) = nd). Then there is a surjective
homomorphism ®, : 7 (P? — C,(C; D)) — w1 (P? — C) which gives the
following commutative diagram.

m(P?—Cn(C;D)) —» m(P2-C)

Tzﬁ Tbﬁ

m(C2—Co(C; D)) 2% m(C2 - 09
where 1y and 13 are induced by the respective inclusions and the kernel of
®,, is normally generated by the class of W' := cp;ﬁl (w) where w1
for Lo and '~ " is a lasso for the line at infinity Lo of C2.
(2-b) Assume that na < b (so degC,(C;D) = degC® = d). Then w
cp;ﬁl (w) is a lasso for Lo, and we have an isomorphism: w1 (P?—C,,(C; D))
(P2 - O).

15 a lasso

R

COROLLARY (3.4.1). Assume that a > b and Lo is central for C. Then
(1) Ly is central for C,(C; D) and there is a canonical central extension
of groups

| = Z/nZ—tsm (P2 — Co(C: D)) Ty (P2 — €) — 1

(i.e., (Z/nZ) C Z(m1(P%? - C,(C;D)))) and Z/nZ is generated by w' =
@;ﬁl(w)-
(2) The restriction of ®,, gives an isomorphism of commutator groups

®,, : D(m (P? - C,(C; D)) — D(m (P2 - C))

and the following exact sequences of the centers and the first homology
groups:

1 — Z/nZ — Z(m(P?-Cy(C;D)) -2 Zm((P?-C) — 1

1 — Z/nZ — H(P?2-C,(C;D) =2 HP?’-0) — 1
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PROOF OF THEOREM (3.4). Taking the change of coordinates (z,y) —
(z,y + (), we may assume D = {y = 0} for simplicity. We first prove the
assertion (1). We consider the horizontal pencil {M,,n € C} where M =
{y = n}. Let A. = {n € Cilyl < e}, B() = Upea. (Mg — C* 1 M) and
E(e)* = E(e) — D. As My = D is a generic pencil line, F(¢) and E(e)* are
homeomorphic to the products (M&—C*NMZ)x A, and (ME—C*NMI)x Af
respectively for a sufficiently small ¢ > 0. Thus we have the isomorphism
T (E(e)*) = m (Mg — C* N M) x Z so that the canonical homomorphism
v (ME—=C*'NME) — w1 (E(e)*) is the canonical injection g — (g, 0). Let
T be the generator of Z represented by a lasso for the branch locus D and let
P1,-- -, par be the generators of m (M —C*NME). Then 7 commutes with
every p; and the monodromy relations for p1,. .., pgr in 71 (C? — C%) and in
71(C% — C%U D) are the same. Therefore by Proposition (2.3), we can see
that 71 (C%2 — C*UD) = 71 (C? - C?) x Z and the canonical homomorphism
associated with the inclusion map a4 : 71 (C? — C*U D) — m(C? — C?)
is the first projection under this identification. For simplicity, we denote
Cn(C; D) by Cp(C) hereafter. We have the following exact sequence of the
covering:

1= m(C? = Co(C)* U D)™ r (C2 — C*U D) — Z/nZ — 1

As a subgroup of 71(C? — C*U D) = m(C? — %) x Z, 7r1(6‘/2 —Cp(C)* U
D) can be identified with 71(C% — C%) x nZ by ¢ng. Note that @;ﬁl (e x
n) is represented by a lasso T for D. Let us consider a subgroup H :=
@Tjﬁl(m((ﬁ — (C%) x{e}) C 7r1((A3é — Co(C)* U D). Now we consider the
following commutative diagram:

m(C2—Co(C)*UD) S B (CE - (C))
l‘ﬁnti [ #ns
n(C2—CcouD) 2 5 (C2-c9)
where @ and a are respective inclusion map. As ay : m; ((AJJ2 —Cn(C)*UD) —
771(6/2 — Cp(C)?) is surjective and wgﬁl (nZ) is included in the kernel of ay,
the restriction a3 : H — m ((fjv2 — Cn(C)) is surjective. On the other hand,
as the composition ¢, oay : H — 7 (C% — C?) is equal to ag o @y, it is
obviously bijective. Thus we conclude: az : H — 7T1(C2 Cn(C)*) and
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Pny 771(6/2 —C,(C)%) — 7 (C?% — C?) are isomorphisms. This proves the
assertion (1).

We consider now the fundamental groups 71 (P?—C,,(C)) and 7 (P2-C).
First we consider the easy case : na < b (Case (2-b)). In this case, d = d”,
CN Lo = {p, =[0,1,0]} and deg, f(x,y) = deg; f™(Z,9) = d. Take a
generic horizontal pencil line M,, := {y = no} with 7y # 0, a base point
bo € My and generators gi,...,ga of m (Mg — My N C%by) as before.
Let w = g4---g91. We can assume that w is homotopic to a big circle as
in Proposmon (2.3). Take mp € C so that nj = no. We also take a base
point bo € M‘l so that gon(bo) = by. By the definition, the pencil line M~ is
generic and @, : M;;O Mf;o NCH(C; D) — My — Mg NC® is homeomorphism
which is simply given by (u,79) — (u,7n0). Thus we can take the pull-back
g; of gj for j = 1,...,d as generators of ﬂl(ﬂ% - Mgo NCYC;D)). Let
W=49qq - g1- Then ©On ﬁ( w) = w. Thus the assertion (2-b) follows from

m1(P2 = €, (C); bo) = m (C2 = C3i(C5 D) bo) /N (@)
= 71 (C? — C%bo) /N (@n (@ ))
~m (P2 —Ciby) as pny(@) =

where A/(g) is the normal subgroup normally generated by g.

Now we consider the non-trivial case a > b (Case (2-a)). Then d = d’
and deg f(z,y) = deg, f(v,y) and nd = deg Nz, 5) = deg; (&, 3).
Now we consider the vertical pencil L, = {x = n} for the computation of
the monodromy relations for 7 (C? — C?). Take a generic pencil line Ly,
and let C* N Ly, = {&1,...,&q}. Now we take R > 0 sufficiently large so
that C* N Ly, C {Sy > —R} and f(x, —R) has distinct d” roots. We can
assume that 3 = —R by Proposition (3.3.2). Taking a change coordinates
(z,y) — (x,y + R), we may assume from the beginning that

D={y=0}, C*NLy C{yeC;Sy>0}

We take the base point by on the imaginary axis near the base point By of
the pencil as in §2 so that {|y| < |bg|/2} D C* N Ly, and we take a system
of generators g1, ..., ga of 71 (Ly, —C% bg) represented as g; = [Loojo L™ o
where £ is the segment from by to by/2 and o; is a loop in {Sy > 0}N{|y| <
|bo|/2} starting from by/2 and w = g4--- g1 is homotopic to the big circle
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Ot — exp(2mti)by. See the left side of Figure (3.4.A). Then by Proposition
(2.3), we have

(3.4.2) 11 (P2 — C) 2 11 (C2 — 0% by) /N (w)

Now we consider the fundamental groups 7r1((A3é — Cy(C)") and m (P? —
Cn(C)) using the pencil Ln = {Z = n} in the source space C2 of ©n. We
identify L with C by g-coordinate. Then by the definition of C,(C), the
intersection of C,(C)*N Em is n-th roots of §;, for j = 1,...,d. As we have
assumed ¢&; > 0, C,(C)* N Z,,O consists of nd points. So }Zno is a generic
line for C,,(C). Consider the conical region

D; == {(n0,9) € Lyy; 2mj/2n < argy < 7(2j +1)/2n}, j=0,....,n—1

is biholomorphic onto H = {(no,y) € Ly ;Sy > 0} by ¢,. Thus the inter-

section E:;O NCn(C)* N D; consists of d-points which correspond bijectively

to those Ly N C*. Let b(()j) € Dj,7=0,...,n—1 be the inverse image of
the base point by by ¢, and we may assume bNo = béo

complex number, béj) is an n-th root of by for j = 0,...,n —1.) Let @ be
the class of the big circle: @ : [0,1] — L& , &(t) = by exp(2ti). We take the

7m0’
pull-back g(J ... ) gc(l] ) of g1, ---,9d, in each conical region D;. They gives a

system of free generators of m1(D; — C,(C)* N E,‘;O; b(()j)). Let ¢; be the arc :
L e”b( ) 0 <t < 2jm/n which connects b(O) to b(j) We associate gz(j)
element g; j of 771( —Cn(C)*N E“ ; b(o)) by the change of the base point:
gy) = i = ng( )E ! Thus {gzj,l <i1<d, 0<j<n-—1}isasystem of
free generators of 7T1(Ln0 —Cr(C)*N L%O; (0))
(3.4.A).

Let wj = gqj--- g1, for j =0,...,n— 1. Then it is easy to see that

) for example. (As a

See the right side of Figure

(343) w= Wp—1"""Wo
and by Proposition (2.3), we have

(3.4.4) (P2 = Co(C); 0 = 1 (C2 = €, (C)*; B N (@)
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Figure (3.4.A)

Now we examine the isomorphism: @y : 711(6/2 — Cn ()% béo)) — 1 (C? —
C“% by) more carefully. Note first that ¢,(¢;) is j-times the big circle Q:
t +— bpexp(2nti), 0 < t < 1. Thus it is homotopic to w/. Therefore we
obtain

(3.4.5) ons(gig) =W giw ™, op(wj) =w
This implies that v’ = w; = -+ = w, and
(3.4.6) Ong (W) = w"

Thus the assertion follows immediately from the isomorphisms:
P2 — C,(C); b)) 2 1 (C? — Co(C) b)) JN (@
i n(C)iby”) = mi( n(C)%0°) /N (W)

= 7T1(02 — C%bo) /N (pny(@
= 11 (C* = C%bo) /N (w")

~—

In fact, by this isomorphism and (3.4.2) we have the canonical surjective
homomorphism:

O, : 1 (P2 — Co(C);0\”) — m (P = C;by)

which is defined by ®,,(g; ;) = g;. It is obvious that ®,, makes the diagram
in (2) of Theorem (3.4) commutative. This completes the proof of Theorem
(3.4). O
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PROOF OF COROLLARY (3.4.1). Assume that L is central. Then w €
Z(m1(C2—C%by)). As ¢y is an isomorphism, o’ € Z(m1(C2—C,(C); b)).
Thus the normal subgroup N (w') of 771((/3\/2 - Cn(C);béO) ) is simply the
cyclic group (w') generated by w’. We consider the Hurewicz image of
W' in Hy(P? — C,(C)). Suppose that C has r irreducible components C;
of degree dj, j = 1,...,7. Then it is obvious that C,(C) consists of r
irreducible components C,(C1),...,Cn(C,) of degree ndy,...,nd, respec-
tively. For any fixed j, d;-elements of {g1 j,...,g4;} are lassos for C,(C}).
Thus ' corresponds to the class [w'] = (dy,...,d,) of Hi(P? —C,(C)) =
Z"/(ndy,...,nd,). Thus [w'] has order n in the first homology group. As
W™ = e already in 7 (P? — C,(C)), order(w’) = n and the kernel of ®,, is a
cyclic group of order n generated by w’. This proves the first assertion (1).

As ®,, is surjective, the commutator subgroup D(m (P%—C,(C; D))) by
®,, is mapped surjectively onto the commutator subgroup D(m;(P? — C)).
On the other hand, the kernel Z/nZ is injectively mapped to the first
homology group Hi(P? — C,(C)). Thus D(m(P? — C,(C))) N Z/nZ =
{e}. Therefore ®,, induces an isomorphism of the commutator groups. The
sequence

/

1 — Z/nZ — Z(m (P? — Cn(C)))&Z(m(PQ )

is clearly exact. We show the surjectivity of ¥/,. Take h' € Z(m(P? — O))
and choose h € 7 (P? — C,(C)) so that ®,(h) = h'. For any g € m (P? —
C.(C)), the image of the commutator hgh~'g~! by ®,, is trivial. Thus we
can write hgh~!1g~1 = w'® for some 0 < a < n—1. As [w'] has order n in first
homology, this implies that a = 0 and thus hg = gh for any g. Therefore
h is in the center. The last exact sequence of the assertion (2) follows by a
similar argument. This completes the proof of Corollary (3.4.1). O

REMARK (3.5). (1) We remark that the rational map ¢/, : P2 — P2
which is associated with ¢, is defined by ¢/, ([X;Y;Z]) = [XZ"~1; Y™, 27
and thus ¢/, is not defined at poo := [1;0;0] € Cn(C) and ¢, (Lo — {psc}) =
Poe = [0;1;0].

(2) In the case of na > b > a, there does not exist a surjective homomor-
phism @, : 7 (P% — C,(C)) — 71 (P? — C) in general. For example, take
C" a smooth curve of degree d’ and let C' = Co(C’; D') a generic two fold
covering with respect to a generic line D' := {& = a}. Then we take a
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covering C3(C; D) of degree 3 with respect to a generic D := {y = [§}.
Then we know that degC' = 2d' and degCs3(C; D) = 3d and therefore
7 (P? — C3(C; D)) = Z/3d'Z and 71 (P? — Co(C'; D')) = Z/2d'Z. Thus
there does not exist any surjective homomorphism.

(D) Generic cyclic covering
Now we consider the generic case:

d
(3.6) f(z,y) = H(y — a;x) + (lower terms),
i=1
a,.0q €CY g #F aj (i F )

This is always the case if we choose the line at infinity L., to be generic and
then generic affine coordinates (z,y). Take positive integers n > m > 1 and
we denote Cy,(C; D) by Cn(C) and Cy, (C,,(C; D); D) by Cpp o (C') where D =
{y = B} and D' = {x = a} with generic «, 5. Note that C,(C) = C1,(C).
The topology of the complement of Cy, ,,(C) depends only on C' and m,n.
We will refer C,,(C') and Cp, ,,(C') as a generic n-fold ( respectively a generic
(m,n)-fold ) covering transform of C. They are defined in C? by

Ca(C)* = {(2,7) € C% f(,5") = 0},
Cinn(C) = {(%,7) € C* f(3™,§") = 0}

taking a change of coordinate (z,y) — (x4 «,y+ ) if necessary. If n > m,
Cmn(C) has only one singularity at poo = [1;0;0] and the local equation
takes the following form:

d
H(C” — ;&™) + (higher terms) =0, (=Y/X,(=72/X
i=1

Therefore Cp, ,(C) is locally d x ged(m,n) irreducible components at po.
(Cm.n(C), pso) is topologically equivalent to the germ of a Brieskorn singu-
larity B((n — m)d,nd) where B(p,q) := {&¥ — (%} = 0. In the case m = n,
we have no singularity at infinity. By Theorem (3.4) and Corollary (3.4.1),
we have the following.
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THEOREM (3.7). Let C,(C) and Cp, n(C) be as above. Then the canon-
ical homomorphisms

11(C2 — Cpon(C)) 21 (C2 — €, (C)*) 2y (C2 — €9

and @, : T (P% = Cipn(C)) — m(P? — Co(C)) are isomorphisms. There
exist canonical central extensions of groups where the diagrams are commu-
tative.

1 — Z/nZ - mP2—Cun(C) - mP2-C) — 1
lia o ~|a,, o |ia

/

1 — Zjnz % m@Pr-c.c) o mpioc) — 1

The kernel Ker @, (respectively Ker @, ) is generated by an element o’
(resp. W' = ®-Y(w')) in the center such that W™ (resp. w"") is a lasso

for Lo (resp. for EOO) The restriction of ®p,pn, Pm and &, give an
isomorphism of the respective commutator groups

Do : DT (P2 — Corn(€)) 2P Dy (P2 — €0(C)) 2D (P - )

and exact sequences of the centers and the first homology groups:
1 — Z/nZ — Z(m(P?2-Cnn(C) — ZmP?-0) — 1

1 — Z/nZ — Hi(P?—Cnn(C) — H(P?-C) — 1

Let {aj,...,as} be singular points as before. Then C,(C) (respectively
Cmn(C) ) has n copies (resp. nm copies ) of a; for each i = 1,...,s and
one singularity at po := [1;0;0] except the case n = m. The curve C, ,(C)
has no singularity at infinity. The similar assertion for C, ,,(C') is obtained
independently by Shimada [Sh].

COROLLARY (3.7.1). (1) m(P? — Cpun(C)) is abelian if and only if
71 (P? — C) is abelian.
(2) Assume that C is irreducible. Then the fundamental groups
T (V(Crnn(C))) and w1 (V(C)) of the respective Milnor fibers V(Cp,pn(C))
of Coun(C) and V(C) of C are isomorphic.
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PrOOF. The assertion (1) follows from Theorem (3.7). The assertion
(2) is immediate from Proposition (2.7) and Theorem (3.7). O

The following is also an immediate consequence of Theorem (3.7) and
Corollary (2.5).

COROLLARY (3.7.2). Eoo is central for Cp, n(C) i.e., 7T1(P2—Cm’n(C)U
Eoo) 18 isomorphic to the fundamental group of the generic affine comple-

ment of Cp,n(C).

(E) Homologically injectivity condition of the center
The following is useful to produce Zariski pairs from a given Zariski pair
(See §5). First we consider the following condition for a group G:

(H.1.C) Z(G)ND(G) = {e}

This is equivalent to the injectivity of the composition: Z(G) — G —
H,(G) := G/D(G). When this condition is satisfied, we say that G satis-
fies homological injectivity condition of the center (or (H.I.C)-condition in
short).

THEOREM (3.8). Let C = CyU---UC, and C' = C{U---UC) be
projective curves with the same number of irreducible components and as-
sume that degree(C;) = degree(C)) = d; for i = 1,...,r and assume that
71 (P2 —C") satisfies (H.1.C)-condition. Assume that 71 (P? —Cp,n(C)) and
71 (P? — Cinn(C")) are isomorphic for some integer m,n with 1 < m < n.
Then w1 (P? — C) and 71 (P? — C") are also isomorphic.

PrROOF. We may assume that m = 1 by Theorem (3.7). Suppose that
a: m(P? - C,(C)) — m(P? — C,(C")) is an isomorphism. This induces
isomorphisms of the respective commutator subgroups, centers and the first
homology groups. We consider the exact sequences given by Corollary
(3.4.1):

1 — Z/nZ — mP?2-C,(C) - mP:-0) — 1
e
1 — Z/nZ — mP2-C(C") - mP?-C) — 1
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Let w’ and w” be the generator of the kernels of ®,, and ®/, respectively. As
W] = [(di,...,d)] € H(P? —Cn(C)) = Z" /(ndy, . ..,nd,) in the notation
of (2.1) and [w'] has order n, the homology class [a(w’)] corresponding to
a(w') has also order n in Hy(P%—C,(C")), thus [a(w')] is also anihilated by
n. Therefore it is homologous to [(ady, . . ., ad,)] € H1(P?—C,(C")) for some
a € Z. This implies [®] (a(w'))] = 0 € H1(P? — (') and thus @/ (a(w)) €
D(m1(P?2—C")). Therefore @/ (a(w')) € D(m1(P2—C"))NZ(m(P2-C")). By
the (H.I.C)-condition, this implies that ®/ (a(w’)) = e. Thus by the above
exact sequence, a(w') = (w")? for some 3 € N with ged(8,n) = 1. Thus
the restriction of o to Ker(®,,) & Z/nZ is an isomorphism onto Ker(®!) =
Z/nZ. Thus it induces an isomorphism : @ : 7 (P? - C) — m(P? —C"). O

REMARK (3.9). (1) Take a non-generic line D = {y = §} for C' and
consider the corresponding cyclic covering branched along D, ¢, : C? —
C2. Then the assertions in Theorem (3.4) and Corollary (3.4.1) for the pull
back C" = ;1 (C) may fail in general. For example, we can take the quartic
defined by (5.1.1) in §5. Then L, is central for C and 71 (P? — C) = Z/4Z.
Take D = {y = 0} and consider ¢y : C?> — C2, po(z,y) = (z,y?). Then
the pull back Z; of C is a so called Zariski’s three cuspidal quartic and
71 (P? — Z,) ia a finite non-abelian group of order 12 ([Z1],[O5]). See also
§5.

(2) We do not have any example of a plane curve C such that 71 (P2 — C)
does not satisfy the (H.I.C)-condition.

¢4. Jung transforms of plane curves

Let C be a projective curve of degree d in P? and let f(x,y) = 0 be the
defining polynomial of C' with respect to the affine space C? = P? — L.
In this section, we introduce another operation which produces a projective
curve J,(C) of degree nd.

(A) Jung transform of degree n
First for any integer n > 2 we consider the following automorphism of

C? ([J]).
(4.1) Jp:C? = C2% Julz,y) = (x+y"y).

The inverse of J,, is given by J, 1(z,y) = (x —y™, y). Let Jn(C; L) be the
projective closure of J~1(C%). We call J,,(C; Ls,) an Jung transform of C of
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degree n. By the definition, 7, (C; L) is birationally equivalent to C' and
the affine complements C? — C® and C? — 7,,(C; Lo )® are biholomorphic.
We denote the source space of J,, by 6/2, the line at infinity by EOO and the
affine coordinates by (Z, %) as in §3. By the definition, J,,(C; Lo ) is defined
in C2 by

(4.2) F™(@,9) = f(@+ 3" 9).

We say that J, or the affine coordinates (x,y) is an admissible for C' if
[1;0;0] ¢ C. We call J,(C; L) an admissible Jung transform of C of
degree n if J, is admissible. Note that the admissibility of J,, implies that
deg f)(%,7) = nd. Finally we call 7,(C; Ls) a generic Jung transform of
C' of degree n, if Ly, is generic with respect to C' and J, is admissible for
C'. In this case, we denote 7, (C; L) simply by J,(C).

(B) Singularities of J,(C;Ly)

We consider the singularities of an admissible Jung transform
In(C; Loo). Let aj,...,as; be the singular points of C% and let
{al,,...,a%} = C'N Ly be the points at infinity. Let r; be the num-
ber of local irreducible components of C' at a’_. As J, is biholomorphic,
the singularities of 7,,(C; L) in C? corresponds bijectively to aj, ..., as.
Let f(x,y) = fa(z,y) + fa—1(x,y) + -+ + fo be the homogeneous decom-
position of f. By admissibility, we can write fy(z,y) = Hle(x — oY)
where a1,...,aq € C are mutually distinct and Zle v; = d. We may
assume that a’, = (a;;1;0) in the homogeneous coordinates. Then the
homogeneous polynomial which defines 7, (C; L) is

k
(43) F(") (X’ Y’ Z) = H(XZ’nfl + yn aiyznfl)ui
=1

d
+Y 2 (X2 Y Y 2
j=1

Thus deg J,,(C; L) = nd and ps := [1;0;0] is the only intersection of

JIn(C; L) with the line at infinity Lo, and ps is a singular point of
JIn(C; Ls). The number of local irreducible components of 7,(C; L)
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at poo 18 Zle r; and the local Milnor number p(J,(C; Loo); @n) can be
computed using the modified Pliicker’s formula :

(4.4) X(Jn(C; Loo)) = 3nd — n?d* + ZM(C; a;) + 1(Tn(C; Log ) 200
=x(C)—k+1 .

Thus the Milnor number (7, (C; L ); axo) is independent of the choice of
the admissible affine coordinate (z,y) of C?> = P? — L.,. As the space of
the admissible affine coordinates are connected and a p-constant family of
plane curves are topologically equivalent to each other, we have:

PROPOSITION (4.5). The topological type of the pair (P?, 7,(C; Lso))
depend only on C and Lo and it does not depend on the choice of the
admissible affine coordinates (x,y). If Lo is generic, the topological type
of the pair (P2, J,(C; L)) does not depend on Loo.

Let us study the structure of the singularity po, € J,(C) of a generic
admissible Jung transform of degree n in detail. Let ( =Y /X, = Z/X be
affine coordinates centered at pe, of the affine space P? — {X = 0}. Then
local defining polynomial takes the following form:

d

d
(4.6) h(C,&) =€ +¢" =€) + Y fa (€ + ¢ ce

i=1 j=1

Jn(C) has d irreducible components at po. Consider an admissible toric
modification

T:C? o C% w(uw) = (G,6), (=uw"l, € =uwm
Then the defining polynomial changes into
d
7*h(u,v) = Uf"(nfl)(—l)d("fl) (H(m + a7 !) 4 (higher terms))
i=1

where u; := u+1,v; := v are local coordinates at (u,v) = (—1,0). Thus we
see that the Newton boundary of 7*h in (ui,v;) is non-degenerate. Thus
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the resolution complexity o(J,(C); poo) is two for n > 3. See [Le-Oka] for
the definition of the resolution complexity. The Milnor number is given
by u(Tn(C); poo) = d*(n? — 1) —d(3n — 2) + 1. (In the case of n = 2,
the resolution complexity o(J,(C);poo) is 1.) The germ (J,(C); pso) is
topologically determened by the first term of (4.6) and it is equivalent to
B(n— 1,m;d) == {(€"1 + (") — (C€" 1) = 0},

(C) Main results of this section
Now we state the main result of this section.

THEOREM (4.7). Assume that Ly, is central for C' and let J,, : C? —
C? be an admissible Jung transform of degree n of C. Then Lo is central
for Jn(C; Lo) and there exists a unique surjective homomorphism ¥, :
71 (P? — J.(C; L)) — w1 (P2 — C) which gives the following commutative
diagram A\,
m(P? = Tn(Ci Lo))  —%  m(P?=C)

|7 K

— Jn
m1(C? = Jn(C; Leo)®) — m(C?—C%)
where 1y and vy are associated with the respective inclusion maps. ¥, has
the following property.

(1) The kernel of V,, is a cyclic group of order n which is a subgroup of the
center. So we have a central exactension of groups:

| = Z/nZ-Ymy (P2 — J0(C: L))~y (P2 — C) — 1

The image o(Z/nZ) is generated by Ty(w') where W' := Jrjﬁl (W), w is a lasso
for Log in the base space P2 > C, and '™ is a lasso for the line at infinity
L.
(2) The restriction of ¥,, gives an isomorphism ¥, : D(m (P?—7,(C; L))
— D(m1 (P2 — C)) and the following exzact sequences of the centers and the
first homology groups:

| — Z/mZ — Zm(P?— Ju(Cil) % Z(m(P2-C)) — 1

| = Z/Z — H(P = J(Cile)) o H(P2-C) — 1

PrOOF. First we note that [1;0;0] ¢ C' by admissibility and

(4.7.1) Jns : T1(C2 = J(C; Log)®) — m1(C? — C%)
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is an isomorphism as J,, is an automorphism of C2. We consider the pencil
L, ={Y =nZ},n € C in the original affine space C?. The base point By
of the pencil is [1;0;0]. We fix a generic 1y with |ng| large enough and we
take generators g1, ..., gq of mi(Lg — Ly N C%bg) as before so that

(4.7.2) ga-- g1 =w, w(P? = Ciby) = m(C* - C;bo)/(w)

where w is in the center of m(C? — C;bg) and w™! is a lasso for Lo,. We
choose base point by of C2 - In(C; L) so that Jn(go) = bp. In (AJE, we
consider the pencil Mg = {Z = £}. We may assume that by € Mﬁo and Mfo
is generic for J,(C; Ls). By the definition, J,(Z,9) = (Z + ", y). Thus
Jn(Mg) = M where M¢ is a rational curve defined by {z — y™ = £}. Note
that M¢N C? is isomorphic to a line C and M¢, NC* consists of nd distinct
points. Let & be the class of a big disk A (counter-clockwise oriented)
in Mfo where A = {(&,79): 7] < [7o|} where by = (£,%0). By Proposition
(2.3) and (4.7.1), we have

(4.7.3)  m(P2 = J0(C; Loo); bo) = m1(C2 — T (C; Loo)™; o) /(@)
= 11(C? — C%bo) /{Jnt (D))

Thus we need to know the image Jpy(@). Let o' = Jgul(w) € Wl(& -
jn(c; Loo);bO)-

LEMMA (4.74). Jy@) = o™, W' = @ and the order of (W) in
71 (P2 — J.(C; L)) is m.

Assuming this for a moment, we complete the proof of Theorem (4.7).
As Jpy is an isomorphism, w’ € Z(7T1(CAJ/2 — Jn(C: Loo); b)) and 7y (P2 —
Tn(C: Loo);bo) = m(C2 — C%by)/(w™) by (4.7.3). Combining this with
(4.7.2), we get a central extension

1 ((w)) = m(P? = Tu(C5 Loo): Bo) L2my (P2 — Csby) — 1

where U, is the quotient homomorphism which is associated with the above
identification. This proves (1). The assertion (2) can be proved by the exact
same way as in the proof of Corollary (3.4.1). O
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PROOF OF LEMMA (4.7.4). The main difficulty is that the image of a
pencil line Mg is not a pencil line but it is a smooth rational curve M, and
it is not so easy to see how w’ and @ are related. First observe that the base
point of the family of rational curves Mg, £ € C is [1;0;0]. We take R > 0
sufficiently large so that L, is generic for C' for any n with [n| > R,n # oo.
As we are going to study the behavior of M, and L, for |{[, |n| — oo, it
is convenient to take another affine coordinates s = X/Y,t = Z/Y for the
affine space P? — {Y = 0}. We identify L,, n # 0 with P! by the rational
mapping s : L, 2 P'. Note that By corresponds to co € P! and L,, — {Bo}
is identified with C = P! —{oc}. In this affine coordinates, L, is defined by
L, = {t = n~'}. We choose a positive number S so that Dg(n) D L, N C
for any |n| > R where

Ds(n) = {(s,1) € Lyt =n"", |s| < ).

We can assume that |np| > R and w which is represented by a loop LoQoL ™!
where £ is a line segment on the imaginary axis connecting by and 257 €
0Dys(ng) and ©Q = 9Dyg(no) as before. To show the assertion, we look at
the behavior of Mg when £ — co. Put § = 1/¢f. Mg, is defined by

Mfo - {[XaY; Z] S P2;fO_I(XZ"_1 _ YTL) — Zn}

and Mg, N{Y =0} = {[1;0;0], [£0; 0; 1]}. In the affine space P? — {Y = 0},
we have Mg, N{Y # 0} = {(s,t) € C%t" = (st ! — 1)}. The affine
equation can be rewritten as

(4.7.5) Mg, N{Y #0} = {(s,t) € C% (t/eo)" = —1+ e s (t/eo)" '}

Thus we see that lim.,_ot/e¢p = 6; for some j = 0,...,n — 1 where §; =
exp((27 + 1)mi/n). Thus the curve M, behaves approximately like the
union of n lines Lg, , U ---U Lg,,_, outside of By where 56]1 = eof; when
€9 — 0. To see this assertion more precisely, we consider the projection

Peo - M{g — Loo = Pla ¢§o([XaY7Z]) = [XaY]a (ng(S,t) = (S,O)

By an easy computation, we see that ¢¢, is an n-fold covering branched
over

S(pe,) == {5 € C;s" = g n"/(n — 1" 1} U {[1;0; 0]}
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Figure (4.7.A) (n =2, M = Mg,)

Here s € C corresponds to [s;1;0]. Note that |X(pg,)| = n + 1 and each
point of ¥(pg,) goes to infinity when g9 — 0. Thus X(pg,) N Dag = 0 as
long as |gg| is small enough where Dog := {(s,0) € L% ;|s| < 2S}.

Let Aj(&),j = 1,...,n be the connected components of gog (Das) N
Me,. Here we may assume that A;() is sufficiently near to Dag(o,;)
so that A;(&) contains exactly d points of Mg, N C® in its interior which
are sufficiently near Lg,, N C?%. Let Q; := 9A;(£p). Then by the above
observation, €; is free homotopic to dD2s(&,;) C L, . in C* — C by the
homotopy H : A; x [0,1] — C2? — C% which is defined by H(s,t,7) =
(1 —7)(s,t) + 7(s,€00;). Recall that 0Dyg5(& ;) is free homotopic to a
bracelet of Lo,. Therefore 2; is also free homotopic to a bracelet of Lo,. We
have assumed that by € Mg NL,,. Thus we can choose a point b; € 0A;(&)
and a simple path ¢; from by to b; in Mg, so that ¢; N ¢, = {bo} and the
following property is satisfied. Let

wj = [ljo Qo l;'] € m(C* = C;by),
&; = J; N @;) € m(C? — Jn(C; Loo): o).

Then wy, ---wp is homotopic to the counter-clockwise oriented big circle
Q:={(z,y) € Mgy; |yl = ly(bo)|} in Mg, and

(4.7.6) 5 =001 € m(C? = Tu(C; Loo); bo)

Figure (4.7.B) shows these loops in Mg = C. On the other hand, w; = w
as €); is free homotopic to €2 in C?2 —C® As Jpg is an isomorphism, we
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Figure (4.7.B) (d = 3)

conclude that w' = &y = -+ = &, and Jp3(@) = w". The order of W; in
71 (P? — 7,(C; L)) is n by the exact same homological argument as in the
proof of Theorem (3.4). This completes the proof of Lemma (4.7.4). O

(D) Corollaries
The proofs of the following Corollaries are given by the exact same way
as those of Corollaries (3.7.1), (3.7.2) and Theorem (3.8).

COROLLARY (4.8). Let J, : C2 — C? be an admissible Jung transform
of degree n with respect to a central line at infinity Loo. Then we have the
following.

(1) 71 (P% — Ju(C; Loo)) is abelian if and only if w1 (P? — C) is abelian.
(2) Assume that C is irreducible. Then 7 (V(Jn(C; L)) = m(V(C))
where V(JIn(C; Lso)) and V(C') are respective Milnor fibers of J,(C; Loo)
and C.

COROLLARY (4.9). Let J, : C? — C? be an admissible Jung trans-

form of degree n with respect to a central line at infinity Lo. Then Loo is
central for J,(C; L) and 71 (P? — J,(C; Leo) U Loo) is isomorphic to the
fundamental group of a generic affine complement of J,(C; Lso).

COROLLARY (4.10). Let J, : C* — C? be an admissible Jung trans-
form of degree n with respect to a central line at infinity Loo. Let C =
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CiU---UC, and C" = C1U---UC]. be projective curves with the same num-
ber of irreducible components and assume that degree(C;) = degree(C?) = d;
fori=1,...,r. We assume that either w1 (P%—C) or m (P? — C") satisfies
(H.I.C)-condition and that 71 (P? — 7,(C; L)) and 71 (P% — J,(C")) are
isomorphic. Then 71 (P2 — C) and 1 (P? — C") are isomorphic.

REMARK (4.11). (1) In the definition of an admissible Jung transform,
we can take an affine automorphism

J,:C* = C%  (z,y) — (x4 ha(y),y)

where h,(y) is an arbitrary polynomial of degree n. Let J(C; L) be the
closure of J/, "' (C*). Then the topological type of the pair (P2, 7/ (C; Lso))
is equal to that of (P2, 7,(C; Lso)).

(2) If J,, : C% — C? is admissible but L, is not necessarily central, there
exists a surjective homomorphism ¥,, : 71 (P? — J7,,(C; Lso)) — m(P? —
(). In fact, assuming the admissibility [1;0;0] ¢ C, J, ca be extended
a birational mapping J! : P2 — P2 defined by J/([X;Y;Z]) = [XZ" ! +
vy, Y zn=t z7). J! is well-defined on P2—{[1;0; 0]} and J/, (Lo —{[1; 0; 0]})
= [1;0;0]. So J), : P2 — 7,(C; Lso)) — P2 — C is well-defined. However
Ker W, is not necessarily a cyclic group of order n. We will see an example
in Theorem (6.7) in §6.

85. Zariski’s quartic and Zariski pairs

In this section, we apply the results of §3 and §4 to construct plane
curves whose complement have interesting fundamental groups.

(A) Zariski’s three cuspidal quartics

Let Z4 be an irreducible quartic with three cusps. Such a curve is a
rational curve. For example, we can take the following curve which is
defined in C? by the following equation ([O6]):

(5.1)  Z{={(z,y) € C*a°(Bzx +8) —62°(y* — 1) — (y* — 1)* = 0}

We call such a curve a Zariski’s three cuspidal quartic. It is known that
the fundamental group 71(C? — Z;) and 71 (P? — Z4) have the following
representations ([Z1],[06]):

{ m(C?—Zy) = (p.&{p.EY =€, p*=¢2)

5.2
(5:2) (P2 —Z)) = (& dp €l = e, p = . pl =)
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where p and ¢ are lassos for C' and {p, &} := p&p€~tp~1¢~1. The relation
{p, &} = e is equivalent to p&p = Ep€. A lasso w for Ly, is given by p?€2(=
o). Recall that w™! is a lasso for Ly, and is contained in the center. A
Zariski’s three cuspidal quartic is the first example whose complement has
a non-abelian finite fundamental group. We first recall the proof of the
finiteness.

LeEmMA (5.3) ([Z1]). Put

Gi= (& =e PP =80 =e).

Then G is a finite group of order 12 such that D(G1) = (p*¢p) = Z/3Z,
Z(Gh) = (p?) 2 Z/2Z and H1(G1) = Z/AZ and it is generated by the class
of p

PROOF. Let g € Gy. First, using the relations p* = ¢4 = e, p? = €2 and
p€p = Ep€, we can write g in one of the following expression: p®, p“&, p®*Ep
for 0 < a < 3. This observation already shows that |Gi| < 12. Let G
be the subgroup of &12 generated by o := (1,2,3,4)(5,6,7,8)(9,10,11,12)
and 7 := (1,5,3,7)(2,9,4,11)(6,10,8,12). It is easy to see that o and 7

satisfies the relations: o710 = 701, 02 = 72 0¢* = e. Thus we have a

homomorphism ¢ : G — G defined by ¢ (p) = o and ¥(§) = 7. By an
easy computation, we see that o7 has order 6. As orderc =4, o ¢ (o7T).
This implies that |G}] > 12. It is also easy to see |G| = 12 directly.
Thus we conclude that |G1] = |G| = 12 and ¢ is an isomorphism. Taking
abelianization of the above relations, we get that p = £, 4p = 0 i.e., H1(G1)
is a cyclic group of order 4 which is generated by p = €. This implies that
|D(G1)] = 3. Let 8 be the commutator [p,£]. Then § = p&p~l¢! =
pEp3€3 = p*ép and Y(B) = [0, 7] = (1,8,11)(2,12,5)(3,6,9)(4,10,7). Thus
0 has order 3 and therefore 3 generates the commutator subgroup. We can
show by an easy computation that Z(G1) = (p?) = Z/2Z. O

We consider the Hurewicz exact sequence:
(5.4) | DG = 235Gy -y (Gh) = 247 — 1

This sequence splits by taking the section p — p of ¥ so that GG; has a

structure of a semi-direct product of Z/3Z and Z/4Z. More precisely, the

semi-direct structure is given by pBp~! = 32 as pBp~t = p(p*p)p~t =
3 2

p g = P
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(B) Generic transforms of a Zariski’s quartic

Let Cn(Z4) (respectively Cp, n(Z4)) be a generic cyclic transform of de-
gree n (resp. of (n,n)) of the Zariski’s quartic Z4 and let J,(Z4) be a
generic Jung transform of degree n of the Zariski’s quartic Z4. The sin-
gularities of C,(Z4) (respectively of Cp,(Z4)) are 3n cusps (resp. 3n?2
cusps). Cp,(Z4) has one more singularity at poo € Loy and (Cn(Z4), pso)
is equal to B((n — 1)d,nd) := {¢"® — ¢4~} = 0}. On the other hand,
JIn(Zy) is a rational curve which has 3 cusps and one more singularity
at infinity poe € Jn(Z4) N Leo. (Tn(Z4), pso) is topologically equal to
B(n — 1,n;d) == {(€"1 + (") — (¢€1)% = 0}. By Corollary (3.4.1)
and Theorem (4.7), we have the following:

THEOREM (5.5). The affine fundamental groups w1 (C? — Cn(Z4)%),
11(C? — Tu(Z4)%) are isomorphic to m1(C? — Zy) = {pn,én; {pn, én} =
2 _ (2
€, lon - §n>
(1) The projective fundamental groups w1 (P2—C,,(Z4)) and m1 (P2 — T, (Z4))
are isomorphic to G, where Gy, is defined by G, = (pn,&n;{pn,&n} =

e, p2 = &2, pi" = ¢e). Moreover we have a central extension of groups:

(5.5.1) | — Z/nZ — G 2nG, — 1

defined by ®,(pn) = p and ®,(&,) = € and Ker @, is generated by pi. In
particular, we have |G,| = 12n, D(G,,) = (Bn) = Z/3Z where By, = [pn, &n)
and Z(Gy) = (p?) = Z/2nZ.

(2) The Hurewicz sequence 1 — D(Gyn) — G, — Hi(G,) — 1 has a
canonical cross section 0 : Hi(G,) — Gy, which is given by 0(pn) = pn.
This gives Gy, a structure of semi-direct product Z/3 and Z/AnZ which is
determined by pnBup,t = 32.

(3) Gy, is identified with the subgroup of the permutation group &iay, of 12n
elements {x;,yj, z1; 1 < 1,7,k < 4n} generated by two permutations: o, =
(15 ey Zan) Y1y -y Yan) (21, - ooy 2an) and Ty = (T1,Y1, T3, Y35+« s Tdn—1,
Yan—1)(T2, 21, T4, 23, - - -, Tan, Zan—1) (Y2, 22, Y4, 24, - -+, Ydn, Zdn) -

ProOOF. The assertions (1) and (2) is due to Theorem (3.7) and The-
orem (4.7). We prove the assertion about the semi-direct structure in
(2). Note that any element of G, can be uniquely written as one of
0l p&n, pi&npn for 0 < i < 4n — 1. Let B, = [pn,&n] € D(GR). Then
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by an easy computation, we have 3, = p"=2¢,p,, 32 = pir~1l¢, and and
An—1

onBupnt = pin=le, = B2. Finally we prove the assertion (3). It is easy to
see that {0, 7,} satisfies the relations: {0y, 7,} =e, 02=72, o
Thus we have a homomorphism ¢ : G, — Gj9, which is defined by
d(pn) = oy, and ¢(&,) = 7,. Let G}, be the image. As we know |G,,| = 12n
and ord(c,) = 4n, we have either |G)| = 4n or 12n. As 7, ¢ (o,), we
must have |G),| = 12n, which implies that ¢ : G,, — G}, C G, is an

isomorphism. [J

= €.

REMARK (5.6). Composing the cyclic and Jung transformations, we

can produce many different types of singularities with the same fundamental
group. For example, there are at least 7 types of curves C;, ¢ =1,...,7 of
degree 12 whose complements have the fundamental group G3 as follows.
(In the list, X(C;) is the singularities of Cj.)
1. ¢ = 61,3(24) and Z(Cl) = {93(2,3) + B(8, 12)}. 2. Cy = (1273(Z4
and X(Cq) = {18B(2,3) + B(4,12)}. 3. C3 = C33(Z4) and X(Cs3) =
{27B(2,3)}. 4. Cy = J3(Z4) and ©(Cy) = {3B(2,3) + B(2,3;4)}. 5. C5 =
C3(J3(Zy); D) where D = {z = a} and 3(Cs) = {9B(2,3) + 3B(4,8)}. 6.
Cs = Co(TJ3(Z4); D) where D = {z = a} and ¥(C5) = {6B(2,3)+B(4,28)}.
7. C7 = C3(J2(Z4); D) where D = {z = a} and X(C7) = {9B(2,3) +
B(4,24)}.

(C) Zariski pairs

Let C and C’ be plane curves of the same degree and let X(C) =
{a1,...,an} and X(C") = {a],...,al ,} be the singular points of C' and
C’ respectively. Assume that L., is generic for both of them. We say that
{C,C"} is a Zariski pair if (1) m = m/ and the germ of the singularity
(C,a;) is topologically equivalent to (C’,a}) for each j and (2) there exist
neighborhoods N(C') and N(C") of C and C’ respectively so that (N(C),C)
and (N(C"),C") are homeomorphic and (3) the pair (P2, C) is not homeo-
morphic to the pair (P?,C") ([Ba]).

The assumption (2) is not necessary if C and C” are irreducible. For our
purpose, we replace (3) by one of the following:
(Z-1) m (P? — C) ¢ m (P2 - ),
(Z-2) 71 (C? — C%) 2 m1(C? — C""), where C? = P? — L, and L, is generic
for C' and C’,
(7:3) D(m (P* — C)) % D(m (P — C).
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We say that {C,C"} is a strong Zariski pair if the conditions (1), (2) and
the condition (Z-1) are satisfied. Similarly we say {C,C"} is a strong generic
affine Zariski pair ( respectively strong Milnor pair) if the conditions (1),
(2) and the condition (Z-2) (resp. (Z-3) ) are satisfied.

If C and C’ are irreducible curves satisfying (1) and (2), {C,C"} is a
strong Milnor pair if and only if the fundamental groups of the respective
Milnor fibers V(C') and V(C") are not isomorphic by Proposition (2.7). The
above three conditions (Z-1)~ (Z-3) are related by the following.

PRrROPOSITION (5.7). (1) If {C,C"} is a strong Milnor pair, {C,C"} is
a strong Zariski pair as well as a strong generic affine Zariski pair.
(2) Assume that C and C" are irreducible and assume that {C,C"'} is a
strong Zariski pair and either w1 (C2—C%) or w1 (C? —C"") satisfies (H.1.C)-
condition. Then {C,C"} is a strong generic affine Zariski pair.

PrOOF. The assertion (1) is immediate by Proposition (2.3). As-
sume that C' and C’ are irreducible and assume that 7;(C? — C'%) sat-
isfies (H.I.C)-condition and assume that ¢ : m(C? — C) = m(C? — ')
is an isomorphism. Let w,w’ be the generators of the respective kernels
of the canonical homomorphisms: ¢ : m(C%? - ) — m(P? — C) and
= m(C? — C'") — m(P%2 — C’). As the homology class of w is divis-
ible by d = degree(C'), the homology class of ¢(w) is also divisible by d
and therefore (¢(w)) € D(m (P2 —-C")) N Z(7r1(AP2 —(")). By (HI.C)-
condition, ¢(w) € Ker(sy) and thus ¢(w) = w"” for some j € Z. As
Hi(C?*-C) 2 H(C? - (') 2 Z and [w] = d, [w'] = d, we must have
Jj = £1. Thus ¢ induces an isomorphism of Ker¢; and Ker Lé and therefore
an isomorphism of m (P? — C) = 71 (P2 — C”) by Proposition (2.3) and by
Five Lemma. [

The results of §3,4 can be restated as follows.

THEOREM (5.8). Let C,C" be projective curves and let Cp.,(C),
Conm (C") (respectively Jn(C) and J,(C")) be the generic (n,m)-fold cyclic
transforms (resp. generic Jung transform of degree n) of C' and C' respec-
tively.

(1) Assume that {C,C"} is a strong affine Zariski pair (respectively strong
Milnor pair). Then {Cpm(C),Cpnm(C")} is a strong affine Zariski pair (resp.
strong Milnor pair).
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(2) Assume that {C,C"} is a strong Zariski pair. We assume also either
C or C' satisfies (H.I.C)-condition. Then {Cpm(C),Cnm(C)} is a strong
Zariski pair.

The same assertion holds for J,,(C) and J,(C").

ProOF. The assertion (1) is due to Theorem (3.7) and Theorem (4.7).
The assertion (2) follows from Theorem (3.8) and Corollary (4.10). O

A well-known example is given by Zariski ([Z1]). Let Zg be a curve
of degree 6 with 6 cusps which are on a conic and let Z§ be a curve of
degree 6 with 6 cusps which are not on a conic. In [O6], such examples
are explicitly given. It is known that w3 (P? — Zg) is isomorphic to the free
product Z/2Z x Z/3Z and 71 (P? — Z§) is isomorphic to Z/6Z.

Ezample (5.9) (A new example of a Zariski pair). In (1) ~ (4), we
apply generic 2-covering or (2,2)-covering and generic Jung transform of
degree 2 to the pair {Zs, Z{} to obtain three strong Zariski pairs of curves
of degree 12:

(1) Take {C2(Zs),C2(Z§)}. Both curves have 12 cusps (= B(2,3)) and one
B(6,12) singularity at infinity. 71 (P? —Ca(Zs)) is a central Z /2Z-extension
of Z/3Z x Z/2Z and it is denoted by G(3;2;4) in [05]. 71(P% — C2(Zf)) is
isomorphic to a cyclic group Z/12Z.

(2) Take {C2,2(Zs),C2,2(Z§)}. They have 24 cusps. The fundamental groups
are as above.

(3) Take {J2(Zs), J2(Z§)}. Singularities are 6 cusps and one B(6, 18). The
fundamental groups are as in (1).

(4) Take {Ca(J2(Zs)),Ca(T2(Z))}. Singularities are 12 cusps and two
B(6,6) singularities.

(5) We now propose a new strong Zariski pair {C, Ca} of degree 12. First
for C, we take the generic cyclic transform C3(Z4) of degree 3 of a Zariski’s
three cuspidal quartic. Recall that C7 has 9 cusps and one B(8,12) sin-
gularity at poo := [1;0;0]. We have seen that m1(P? — C}) is G3, a finite
group of order 36. We will construct below another irreducible curve Cy
of degree 12 with 9 cusps and one B(8,12) singularity at ps such that
71 (P? — C3) = G(3;2;4) where G(3;2;4) is introduced in [O5] (see also §6)
and it is a central extension of Z/3Z x Z/2Z by Z/2Z.
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Figure (5.9.A)

(6) Take {C33(Z4),C3(Co; D)} where D = {z = a} is generic. They are
curves of degree 12 with 27 cusps. The fundamental groups 71 (P?—Cs 3(Z4))
and 71 (P? — C3(Cy; D)) are isomorphic to the case (5).

CONSTRUCTION OF Cs. Let us consider a family of affine curves
Ka(r) ={(z,y) € C% h(y)’> = 7G(2)} (7 € C*) where h(y) = 3y" +4y°— 1,
G(z) = —(2% — 1)2. Let K(7) be the projective compactification of K(r).
Let ai,...,a4 be the solution of h(y) = 0. Here we assume that ai,ao
are real roots with a; < a2 and a3 = a4. By a direct computation,
we see that K (7) has 8 cusp singularities at {Ay, A}, ..., Ay, A} where
A = (1,a;), A, := (—1,a;) for i = 1,...,4 and a B(8,12) singularity at
Poo = [1;0;0]. Putting 7 = 1, K(1) has one more cusp at Ay := (—1,0).
For Oy, we take K(1). As m(P?— K(7)) = G(3;2;4) by [05]2, 71 (P2 —Cs)
is not smaller than G(3;2;4) as there exists a surjective morphism from
m (P2 — K(1)) to m(P? — K(7)) = G(3;2;4). In fact, we assert that
1 (P? — Co) = G(3;2;4).

Appendiz: PROOF OF m(P? — C) = G(3;2;4). We use the pencil
L, = {z = n} to compute the fundamental group. We use the same method
which was used in [O5]. Note that the critical valuesof H : C — C, H(y) =
h(y)3 is {0,—1,—-8}. Let {ai,...,as} be the root of h(y) = 0 and let

2In [O5], we have only considered the curves of type f(y) = g(z) with deg f = degg.
However the same assertion holds if deg f(y) > deg g(z).
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Figure (5.9.B) (T'g)

Figure (5.9.C)

{aij;i=1,...,4,5 = 1,2,3} be the roots of H(y) = —1. We assume that
a1 < ag are real solutions and ag, ay are conjugate and J(as) > 0. Let O be
the origin, P = —1 and Q = —8 in the complex plane and we consider the
oriented thin line segment OP and the oriented thick line PQ. We consider
I' = OPUPQ as an oriented graph with vertices O, P,Q. Put 'y = H—1(I")
and I'¢ = G~Y(T") and we consider I'y and I'g. Let b; > 0 and —b; be the
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solution of G(z) = —1 and let by > 0, —ba, b3, b3 be the roots of G(x) = —8.
In the graph, A=1,A" = —-1,B =b;,B' = —b; and C,C’, D, D’ correspond
to the roots of G(x) = —8. We move the pencil line L, along I'g. Then
the intersection L, N Cy moves along I'yy. We take generators g; ;,1 < i <
4, 1 < j <3 of m(Le;bp), € small and 0 < ¢ < 1, as in Figure (5.9.C). In
a small circle centered at a;, we have three intersections of Cy N L. and in
Figure (5.9.C), we find corresponding generators g; 1, g; 2, gi.3. We obtain
the monodromy relations by the deformation along I', turning counter-
clockwise near the vertices. The real graphs of h(y) and G(x) (Figure
(5.9.A)) and Figure (5.9.B) will be helpful to see the movement of the
intersection L, N Cy.

At n = 1, we get the cusp relation: R(1) : ¢i1 = ¢i3, {9i19i2} =
e,i=1,...,4. At n = by and by, we obtain R(2) : g12 = g2,1 = ga.1 and
R(3) : g31 = g21. At 7 = 0, we obtain the relation R(4) : 9;731,94,291,3 =
922, {913,922} = e. Finally at = b3 and b3, we obtain the relations:
R(5) : g22 = g32 and R(6) : g32 = ga2. Therefore we get p 1= g12 =
921 = 923 = 931 = g33 = g1,1 = g3 and § 1= gao = g32 = ga2. By R(4),
we get g1.36 = £g1,3. Together with the relation R(1), we get g1 3 = £. Thus
we need two generators p, £ and it has the braid relation: pp = £p€. The
vanishing relation of the big circle is given by w = (g2,392,292,1)(93,393,293.1)"
(94,394.294.1) - (91391,291,1) = (p€p)* = e. We know that (p,&;{p, &} =
(p€p)* =€) is Z/27Z central extension of Z/3Z * Z/2Z and we have denoted
by G(3;2;4). We can see easily that n = —1,—b1,—bs do not give any
further relations. [

§6. Non-atypical curves and some examples

Let f(x,%) be a polynomial and we consider f as a mapping f : C? — C
and let Cf := f~1(t) € C? and let C; be the compactification of CZ. Let
{al ,...,a%} = Lo, N C be the points at infinity as in §4. Recall that
7 € C is not an atypical value if the embedded topological type of the germ
(Cy,al,) is stable at t = 7. This is also equivalent to the local constancy of
the Milnor number u(Cy;al,) at t = 7 for each i = 1,...,k ([H-L]). We say
that C'? is a non-atypical affine curve if 7 is not atypical value. We say that
a polynomial f(x,y) is non-atypical if f has no atypical values. Assume
that C? is a reduced affine curve and let {aj, ..., a5} be the singular points
of C2. Define x(C2) := x(C%)—=>"7_; u(C% a;). By the formula (3.3.1) and
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by the upper semi-continuity of the Milnor number, we have the following
simple criterion for 7 to be non-atypical value.

PROPOSITION (6.1). Assume that C¢ is reduced. Then T is not an
atypical value if and only if x(C¢) = x(C§) where Cf. is a smooth non-
atypical curve. This is equivalent to x(C*) < x(Cf) for any t such that C§
1s reduced.

A projective curve C'is called non-atypical if there exists a line L, which
passes through all singular points of C' such that C% := C N (P? — L) is
a smooth non-atypical affine curve with respect to the affine space C? :=
P? — L. For a smooth non-atypical affine curve, we have the following
result.

PROPOSITION (6.2). Let C% be a non-atypical smooth affine curve.
Then 7 (C? — C%) > Z.

PROOF. Let X be the finite set which is defined by the union of the
critical values and the atypical values of f. Then f: C2— f~1(¥) = C—-X
is a locally trivial topological fibration. Let D(7) be a small disk centered
at 7 such that D(7)NYE = 0 and let D(X) be a domain containing ¥ which
is homeomorphic to a disk and D(X) N D(7) = (). We take a simple path L
which joins D(X) and D(7). Let D' = D(7) U D(X) U L. We may assume
that D(X), D(X) U L and D’ are deformation retract of the base space C.
By the above fibration structure, we see that the following inclusions are
homotopy equivalences.

FUDE) = FUDE) VL) = D) = 2,
JUD ) = € -

As f7Y(D(r) — {r}) is diffeomorphic to the product C% x (D(r) — {r})
where 7’ is a point in the boundary dD(7), we apply van Kampen theorem
to f7YD' - {7r}) = fFYDE)UL)U fYD(r) — {r}) and the assertion
follows immediately. O

COROLLARY (6.2.1). Let C; be a non-atypical projective curve. Then
1 (P? — C,) =2 Z/dZ where d is the degree of C,.
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By Proposition (6.1), we have the following application for Jung trans-
forms which are not necessarily central.

THEOREM (6.3). Let f(z,y) be the defining irreducible polynomial and
let let C¢ := f~1(t). Consider Jung map J,, : C* — C2, (x,y) — (z+y",y)
and let ) (z,y) = f(Ju(w,y)) and Cf = J1(CF) = f07(2).

(i) If 7 € C is a non-atypical value for f, then T is also a non-atypical value
for ™). Thus if C?% is a smooth non-atypical curve, so is 6’?
(ii) If f is a non-atypical polynomial, so is f(™).

Ezample (6.4). We give some examples of non-atypical curves. Let
C® be an affine curve defined by C* = {f(z,y) = 0} and let f(z,y) =
fo+ filz,y) + -+ fa(z,y) be the homogeneous decomposition of f. Let
falz,y) = ca"y® Hle(y — ;)" where o; # 0 for i = 1,..., k and mutually
distinct.

1. (Generic line at infinity Lo,) Assume that v; = 1 for any i = 1,...,k
and max(r,s) < 1. Then C and L., intersect transversely and f is a non-
atypical polynomial.

2. Assume that f(z,y) is convenient, f(0,0) = 0 and the outside faces of
the Newton diagram A(f) are non-degenerate. Then the toric degeneracy
vl (f) is zero. Thus f is non-atypical ([L-O2,L-03]).

3. We assume that Cj is smooth at [1; a;; 0] for any i = 1, ..., k. By a linear
change of the affine coordinates, we assume that f;(z,y) = chzl(y —
a;x)¥i. For i with v; > 2, the smoothness is equivalent to fy_1(1, ;) # 0.
Then C} is smooth at infinity for any ¢ € C and f is non-atypical.

4. (Onme place at infinity) Assume that fy(x,y) = y? and Cp is locally
irreducible at [1;0;0]. Then C} is also irreducible at [1;0;0] for any ¢t € C
and f is non-atypical ([E], [A-O]).

5. Let f(x,y) be a weighted homogeneous polynomial. Then 0 is only
possible atypical value of f as f : C? — f71(0) — C* is a fibration. If
further the origin is an isolated singular point of f~1(0), f is non-atypical.

The following assertion can be proved by a standard argument.

PROPOSITION (6.5). Let f(x,y) be a non-atypical polynomial and let
to be a regular value and let By be the first Betti number of the generic
fiber Cf = f~Y(to). Let X = {p1,...,ps} be the critical points of f. Then
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>oi_, 1 f; pi) = B and the vanishing cycles at p1, ..., ps are linearly inde-
pendent.

Ezample (6.6). We consider the following simple polynomial f(z,y) :=
q4yP? — x? with p > q¢ > 2. The constant ¢? is given by a technical reason.
Let C; be the projective closure of f~1(t) for t € C. Note that C; is a
rational curve if ged(p,q) = 1. By the criterion (2) or (5) in the Example
(6.4), f is a non-atypical polynomial. We denote the affine fundamental
group m1(C? — Cp) by G(p;q). If p,q > 2 and (p,q) # (2,2), G(p; q) is not
commutative and it has the following representation ([O5]):

G(paQ) = <£07' .. 7§p—1;§i - §q+i7 l Sp_ q— 17
§i = wéiygpw !, p—q<i<p—1)
(6.61) G (€D v = Gpibya o,
& = Eqrir Gipp = w&w ™ i € Z,)
The second representation is useful for a systematical treatment

G(piq) ([05]). We define G(p;q;r) = G(piq)/(w"). Thus m1(P? — Cp)
G(p;q; 1) == G(p; q)/{w) and we know

R e,

G(p;q;1) =Z/p1Zx F(s—1), s=ged(p,q), p=pis

where F'(s—1) is a free group of rank s—1 ([O5]). The assertion for the case
ged(p,q) = 1 is also results from the simply connectedness of the Milnor
fiber V(f) ([O1]). Therefore Ly is not central in this case. We consider
the Jung transform C, of Cy of degree p. The affine equation is given by:

Cf ={(z,y) € C* f(z,y) =1}, flz,y) = %" — (x + ")

Co has two singularities. The origin O is a non-degenerate singularity which
consists of s cusps of type yP* — z? = 0 where s = ged(p,q),p = p1s and
q=qs. So u(Cp;0) = (p— 1)(q — 1). Another singularity is as, = [1;0;0]
and u(é’o; asx) =pq(pg—4)+p+q+1. ay is also singular point of C, with
the same Milnor number. The local equation at a,, is given by

CCELTT — (T ) =t (=Y/X.§=2/X
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6} has also s irreducible components at a.

We know that m (P2—C}) = Z/pqZ for t # 0 by Corollary (6.2.1). Now
for Cy, we assert:

THEOREM (6.7). We have an isomorphism, m (P? — 6’0) = G(p;q;q)
and G(p; q;q) is a Z/sZ central extension of Z/p1Z+Z/qZxF(s—1) where
s = ged(p, q) and p = sp1 and q = sqi.

This example shows that Theorem (4.7) does not hold in general with
a non-central line at infinity Lo.. It has been proved that the fundamental
group of the complement of a projective curve of degree pq defined by
fa — f& = 0 for generic homogeneous polynomials f, and f, of degree p and
q respectively is isomorphic to G(p; ¢;¢q) ([O4]). However such a curve has
pq singularities of type y? —x? = 0. Our curve C has only two singularities.
As a corollary, we have the following (cf.[Z2]).

COROLLARY (6.7.1). Let p,q > 2 be positive integers with ged(p,q) =
1. Then there exists an irreducible rational plane curve C of degree pq with
two irreducible singularities so that w1 (P? — C) = Z/pZ x Z./qZ.

PROOF OF THEOREM (6.7). We compute the fundamental group using
the vertical pencil L, = {x = n}. Put h(n,t) := ¢%t — (n+1)?. As f(z,y) =
h(xz,y?), L, is a singular pencil if and only if either h(n,0) = 0 or h(n,t)
has a non-simple solution. The first case occurs if and only if n = 0. The
second case occurs if and only if the following equations have a common
solution :

Oh

h(n,t) = ¢t = (n+8)1 =0, —-(n,) =q(g" = (+)") =0

Thus we have either n =0 or

(6.7.2) n=(g—1), j=0,....¢—2, t=+,
where v = exp 27i/(q — 1).
Thus we have ¢ — 1 singular pencil lines. Note that
73)  h(0,) =t — ), f(0.y) = y"(¢" —y" )
(6.7.4) h(g—1,t) = (t = 1)*hg—(t), fla—1.y) = (P —1)*hg—2(y)
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where hy_2(t) is a polynomial of degree ¢—2 and the solutions of hy_2(t) = 0
are all simple and non-zero and there is no positive solution. In particular,
f(g—1,9) = 0 has {ad;5 =0,...,p — 1}, a = exp 27i/p, as solutions of
multiplicity 2 and there are g — 2 solutions in each angle region Q, = {y €
C;2ar/p < argy < 2(a + 1)w/p} for a = 0,...,p — 1. By the equalities
h(n,0) = —n, h(n, —m+q) = ¢4(¢—n—1), we can see easily that h(n,t) =0
has two positive real solutions for ¢, for a fixed 0 < n < ¢—1, which approach
to 1 as n — ¢ — 1 and no positive real solution for n > ¢ — 1. We take a
small enough € > 0. Let

L:0C={yo, Up-1,Yap;0<a<p—-1,0<b< g -2}
where the intersection points are characterized by the above observation as

lva| = (e/q) VP, arg(y,) = 2ma/p
Yap| = q/PY ) arg(yap) = 27 (a/p + b/plg — 1))

and the strict equality arg(y,o) = 2an/p for b = 0. Taking above obser-
vation into consideration, we choose generators gq,gap, 0 < a < p — 1,
0<b<qg—2ofm(Les—L:-N 6’) as in Figure (6.7.A). g, and g, go around
6’0 at y, and y, respectively. By the choice of generators, they satisfy the
equality

(6.7.5) w = (90,0 9go,g-2) " (Ip-1,0* * Gp—1,4-2)(Gp—1 """ go)

where w is represented by a big circle as before. We have ¢ singular pencil
lines L,, n =0, (¢ — 1)77, j =0,...,q — 2. It is convenient to introduce
the elements 0 := g,_1---go and gppyj := ngﬂ_k for 0 <j<p-—1and
k € Z. Then

(R-1) 0=gp-1---90, gp+j=090"", jEZ
Recall that (R-1) implies (S) : 0 = gj1p—19j4p—2---9j, j € Z. This can

be proved by a two-side induction. See Proposition (2.6) in [O5]. Then the
monodromy relation at 7 = 0 can be simply written by (6.5.1) as

(R-2) Yi+qa =95, ViE€Z.
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Figure (6.7.A)

Now we study the monodromy relation at 7 = ¢ — 1, by moving the pencil
line L, from n = € to n = g — 1 along the real axis. By the above consid-
eration, those intersections {yq,Yq,0} approaches to exp(2ami/p) along the
half line {y € C;arg(y) = 2ami/p}. The other intersections move in the
open angle region €2, but their movement is topologically trivial. Thus we

get ga0 = ga, @ = 0,...,p — 1. Now we consider the monodromy relation
at n = (g —1)7° for 0 < b < ¢ — 2 where v = exp 27i/(q — 1). We move the
line L,

(1) first, along the small circle e exp(277i/(q¢ — 1)) for 0 < 7 < b, and then
(2) along the half line {n € C;arg(n) = arg(y®) = 2bx/(¢—1)} to (g —1)7°.
By the first movement, those p points {yo,...,yp—1} of L, N C on the
small circle |y| = (¢/q)%/P are simply rotated by the angle 2bgmi/p(q — 1).
Thus y, is transformed to y/, which is approximately equal to Y,6% where
6 = exp(2mi/p(q — 1)). The points y,. move to y, . in the same angle
region but this movement is sufficiently small. See Figure (6.7.A) for the
case p=4,¢ = 3 and b = 1. Note that v = é” and 77 = ~* and therefore
FP, ys") = 4% (¢%yP — (n+ yP)?). Thus (6.7.4) can be read as f(qg —
DY y) = 770" = 7")Phg—2(Y"P), vy = ya6™ and arg(y,, ;) = 2m((a +
b)/p+ b/p(q — 1)). Thus by the observation of the case b = 0, two points
Yo and y; ., on the half line {y € C;arg(y) = 27((a +b)/p + b/p(q — 1))}

approaches each other to the complex number v26% = exp(2mi((a + b)/p +
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Figure (6.7.B) (p =4, ¢=3,b=1)

b/p(¢ — 1))) along that line and other intersections moves topologically
trivially. See Figure (6.7.B). Thus we obtain the following relation as the
monodromy relation at 7 := (¢ — 1)7? is

(R-3) Gap =Gab, 0<a<p—1,0<b<g-—2

By this relation, we can eliminate the generators {g,4;0 < a <p—1,0 < b <
q — 2}. Finally as the vanishing relation at infinity, w = (go0 - go,q—1) - - -
(Gp—1,0 " Ip—1,g-1)9p—1 - - - go = e. Using (R-3), we can rewrite this as

w = (gog-1-- -g_q+2)(91 s gS—q) T (gp—l - 'gp_q+1)(gp_1 -+ go)

(R-2) S
=" 90g—1-*9-p(g-1)+10 = 01

Therefore the vanishing relation w = e implies
(R-4) 01 =e.

Thus we have proved that w1 (P? — 6’) is generated by g;, j € Z, 0 and
the generating relations are (R-1), (R-2) and (R-4). Thus 7 (P? — C) =
G(p;q;q). We know that 7 € Z(G(p;q;q)) and order(#?') = s and the
quotient group G(p; ¢; q)/(09") is isomorphic to Z/p1Z+Z/q Z+F(s—1). See
Proposition (2.5) and Theorem (2.12) of [O5], or the following appendix. [J
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Appendiz. We recall the generators of Z/p1Z, Z/q; and F(s—1). Let us
write 1 = ap1 +bq; for some integers a,b € Z. Then s = ap+bq and we have
Gjtsv = Jjtvaptvbg = Jj+vap = 07*g;077* by (R-1) and (R-2). Therefore we
can write 0 as

0= gp—1---90
= (1= Dag _ g=(Pi=Dayglpr=bag g=(p1=1)a)
(P Dagog=(Pi=lay (g gg)
— g (9o, where =g, 1o go

Thus by (R-4), we have the relation

(R-5)

(™)t =e, P =gs_1--go.

We put p = §7%p). Then the above equality implies that pP* = e. The above
cyclic groups Z/p1Z and Z/qZ are generated by p and 0 and g1,...,¢gs—1
generate the free group F(s — 1).

[C-F]

[D-L]
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