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Asymptotics of Heavy Molecules
in High Magnetic Fields

By Fumihiko NAKANO

Abstract. As the extention of the results of Lieb, Solovej and
Yngvason[LSY1], we consider the Coulomb systems of large molecules
in strong magnetic field and study the energy asymptotics.

1. Introduction

The aim of this paper is to consider the N electrons interacting each
other by the Coulomb repulsion, attracted by K fixed nuclei in a strong
uniform magnetic field.

The corresponding Hamiltonian of quantum mechanics is defined as:

N N
(11) Hy:=> {(p'+A@")’+0" B} + > V(a')+ > |oF—2!""
i=1 i=1 1<k<I<N

where z' = (z},2%,2%) € R3 is the coordinate of the i-th particle. We
often write x = (21,2, 23) = (v1,3) where z, = (z1,22) € R?. V() :=
Zjlil Zilz* = R;|7Y, Z; > 0 (resp. Rj € R3) is the charge(resp. position) of
the nuclei, p = —iV, o is the Pauli spin matrix, and A = %B X x is the vec-
tor potential associated to the uniform magnetic field B = (0,0, B), B > 0.
We consider Hy on Hy := AN L?(R3; C?) which is the space of the anti-
symmetric spinor valued functions on R3" (A" means the exterior product).
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Hy is essentially self-adjoint on ANC§°(R3; C?) whose self-adjoint exten-
sion is also denoted by Hpy. Our main object is to obtain the large field
asymptotics of the ground state energy:

(1.2) E®(N, {Z;}, B,{R;}) := inf{(V, HyV) : ¥ € D(Hn), (¥, ¥) = 1},

where (-,-) denotes the inner product of L?(R3"). {Z;} and {R;} means
{Z1, -+ ,Zk} and {Ry, -, Rk} respectively. This model is arised from
the investigation of the surface structure of neutron star. This has been
studied by many physicists and mathematicians. Among the mathemati-
cal papers, Lieb, Solovej and Yngvason[1,2] have studied quite extensively.
They divided the domain of the asymptotic parameter into five regions,
namely, 1.B < Z%3 2.B~ 743 3.7*3 « B« 73, 4.B~ 7Z3,5.73 < B,
and derive the leading asymptotics in each region (B < Z% is meant by
B/Z* - 0as Z — oo, and B~ Z% ismeant by 0 < C < B/Z* < D < o0
where C, D are some constant). Briefly speaking, the magnetic Thomas
Fermi theory is used in region 1,2,3, and the density matrix functional is
used in region 3,4,5. They treated the one nuclear case(K = 1 case), so
we shall show that as for the density matrix functional theory, that is, in
region 3,4,5, it is easily extended to K nuclei case.

Therefore, we want to obtain the leading asymptotics of E9 when Zj =
kjZ, kj, X\ := N/Z are fixed, B = O(Z%) (a > 4/3), and Z — oo. The
motivation we extend to the K nuclei case is that, first, in the future we
want to consider the atomic binding. If B < Z2, no binding occurs which
is proved using the magnetic Thomas Fermi theory[LSY2]. On the other
hand, if Z3 < B, the occurrence of binding is proved by the hyper strong
theory[LSY1]. But when B ~ Z3, whether binding occurs or not is the
open problem. The author hope that the study of the K nuclei case will
serve a little to approach this problem. Second, this paper will help us to
consider infinitely many nuclei called “molecular chain” by physicists. In
[NKL], by numerical calculations it is suggested that, as B is order 102G,
molecular chain is preferred by single atoms. But if B grows higher, no
results have been showed up to the author’s knowledge.

The first observation is that, if \(= N/Z) is fixed and 8 := B/Z*? — o
as Z — o0, the leading order of the ground state energy is the same as
the ground state energy restricted on the lowest Landau band. Before the
precise statement, let us recall about the Landau band[LSY1,LL]. This is the



Heavy Molecules in High Magnetic Fields 249

eigenstate of the Pauli Hamiltonian Hs := (p+A(z))?+0-B,A = iB xx,
whose spectrum is written formally by the sum of the spectrum of one-
dimensional harmonic oscillator and that of the free particle moving along
the magnetic field:

1
(1.3) Epac = 2(a+ 0+ §)B + p2,

where « is a nonnegative integer, o is the spin variable and p? is the energy
of the one dimensional free particle. The eigenspace corresponding to (1.3)
for fixed v = a+ o0 + % is called the v-th Landau band. When v = 0(the
lowest Landau band), that is, « = 0,0 = —1/2, the remaining energy is
only the kinetic energy along the magnetic field and spin is restricted to
down(oc = —1/2). Therefore if we write IIy to be the projection operator
onto the lowest Landau band, the Pauli Hamiltonian is reduced to simple
form:

02
1.4 IgHAllp = ——
( ) 041 ALLQ 8$§

M.
IIy has the integral kernel

B 1 1
(1.5) Mp(x,2") = o exp{g(xl xz') B-— Z|IL — 2| ’PBY6(x3 — %) P,

where P! is the projection in the vectors in C? with spin o = —1/2[LSY1].
Let Hév = ®f\;1 IIy which is the projection onto the subspace where all
particles are in the lowest Landau band. We define the ground state energy
within the lowest Landau band:

(16) EZ,;(N,{Z;}, B, {R;})
= inf{(V, HyU) : U € D(Hy), IV =T, (U, 0) =1},

THEOREM 1.1. If A= N/Z <A, A >0 is fized, then there exists some
constant & = §(A\¥33, \) such that & — 0 as \*/38 — oo and

(1= 6)EUN,{Z;}, B,{R;}) < ES, (N, {2}, B, {R;}).
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REMARKS.

(1)

In general, E? < 0 (theorem 5.3 of [LSY1]). Hence the above
statement implies the upper bound of the modulus of E¥ in terms
of B¢

conf"*

By the definition, EQ < EY

conf’
EQ/ES, , — las X33 — .
The theorem does not say the ground state corresponding to E? lie
in the lowest Landau band. It only shows that E? is asymptotically
calculated as if all particles were in the lowest Landau band.
Roughly speaking, the idea of its proof is to show that EQ >
EcQon f
equality as the order of Z7/3 (that is the leading order of N-electron
systems when the magnetic field vanishes). On the other hand,
Egm f is estimated by variational inequality of Lieb[L] as the order
of N3/576/5B2/5(in case of B < Z3). The condition B > Z*/3

comes from requiring that error term is lower order than Egm s

hence in particular we obtain

— (error), where error term is estimated by Lieb-Thirring in-

As stated before the theorem, in the lowest Landau band, all spins are
down and the remaining kinetic energy is only that of the movement parallel
to the ﬁeld,i.e.,(—a—Z), so that the situation becomes quite simple.

Ox3

The next step is, when ¥ € domain Hy satisfies HéV\If = W, to write the
energy (¥, Hy V) in terms of the density matrix:

(1.7) I‘\P (w3, 75) Z/ / ey aga ™ 2

Uzl ai= by, ol ot 2N

x dxt - det et --d:L‘N,

—N/ / (x1, 23507 2)

X U(xy,wh; a2 - aN)de?- - da?.

The second equality holds since ¥ is antisymmetric. f means the integra-
tion on R? unless stated otherwise.
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F;I’l (w3, x%) stands for the probability amplitude of the particles trans-
ferring from the point (z,,z3) to (1 ,2%). For example, let N = 2 and we
take ¢1, ¢o € LQ(R3) such that Ilg¢; = QZ)Z(Z =1, 2) and ((;52, ¢j)L2(R3) = 613
Set ® := (2)"Y2{¢1(x1)pa(x2) — p1(x2)a(x1)} € Hy(that is the Slater
determinant). Then, ' (3, %) = S22 iy, w3)pi(wy, %), We will be
able to understand the density matrix theory easier if we keep this example
in mind.

At first sight, it seems strange to let N — oo because as it goes,
Hy,Hpn,etc. would varies. But by reducing the Hamiltonian in terms
of the one density matrix alone, it will become simple which we shall briefly
see here.

The kinetic energy of Hy which is simpler in the lowest Landau band
(1.4) is

2

M dedx? - - - da™,

aha?-

>S5

=1

—N/—\Il z, w3 xaN)

X 6—3\1’(11,533;:52---:5]\7)‘13 - dxda® - - da?
o 0
drsdx | .
a(E3 81'3 :B3=$/3 T3ATL

It has an easier interpretation by regarding F;I’l as the kernel of an operator
on L?*(R) parameterized by z; € R2. To do this, let {¢,}>°; by the
complete orthonormal basis of L?(R.)

0 (9

/
Oz3 8x (a:;»,,xg)
n m P} n m d d
n;1¢ 3)pm (T3 // o ay3 (Y3, Y3) n(y3) dm (y3) dysdys.
Then,
o 9

v
8—:1:38—%F (3, 23) oy oy, d
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N , Obnpw (0 1y 9Pn
- Z/ dy3/ dy3 /1:{2 dx . ayg F:UL(y&yS) ayg?
9¢
‘l/
d
/R2Z<3903 “3%‘3>L2(R) o

where T'Y ' is the operator on L*(R) whose kernel is F;I’L (wg, xh).
We define :

99
‘1’ -
(1.8) TTLQ(R)[ a 2 ~TL : Z (813 L03@3)[/2(1:{)'

Hence the kinetic energy of Hy equals to [, T'r rm)l— 7, 2F ' ldz 1 which

is finite if ¥ € the domain of 3V, HY,
We turn to the attraction energy of the Coulomb force by nuclei.

N N
(\IJ}ZV(J;Z)\;[I) = Z/W(.I‘l, ’ 7xi_17xiami+17" ! axN)V<$Z>
=1

1=1

X W(xl, - il g it )
x dzt - daet e daN dat
~ [V@pula)da

where py(x) := Ty (23, 23) which is the diagonal part of I'y . Note that
pu(x) is 1nterpreted as the density of particles which satisfies f pu(x)dr =
N.

As for the repulsion term:)_,_; |z¢ — 27|71, we expect that exchange
energy is lower order, so that we replace (¥, . |zt — 27|710) by
D(pw.pv) = 3 [ [ |z — y| 'pu(z)pw(y)dedy. The main error will arise
from here whose estimation is the most difficult part of this theory.

Now we are in a position to establish the density matrix functional:

32
(1.9) EPMIT) .= /RQ Triar) [—8—%@4 dx |
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+/V($)pr(x)d$ + D(pr, pr),

where pr(z) = T'; (x3,x3) is the diagonal part of I and D(f,g) =
[ 1z —y|7' f(2)g(y)dazdy. As the domain of I, we take

(1.10) GEM .= (T, : T, is a L*(R) — operator valued function on

x| € R? which satisfies the following four conditions}

(1) For arbitrary f € L?(R), the map x| +— (f,[';, f) is measurable

(2) Ty, is a positive semidefinite, trace class operator for almost all
T € R?

(3) 0 <T,, < B/2r for almost all x; € R?

(4) JrzTrieml(l — aa—;%)f‘n]dmL < 0.

REMARKS.

(1) Because of the condition(1), the integral of Tryzg)[(1 — ;—é)f‘] and
pr(z) makes sense[LSY1].

(2) The condition (3) above comes from the fact that in the lowest
Landau band, the density states per unit area perpendicular to the
field is at most B/2m.

(3) If ¥ € the domain of Y | HY, (¥, ¥) = 1, and I ¥ = ¥, then
I'Y belongs to GBM (lemma 4.1 of [LSY1]).

We set the variational problem:

(1'11) EDM(N’ {Zj}ﬂB>{Rj})

— inf{£PM] . T € gOM, /R Trpag[Te,Jdz, < N}

The last condition comes from the fact that, N = [pp(z)dz =
J T, (z3,23)dasdry = [go Trp2wy[D)de . EPM has the unique minimizer
['PM (we can refer to theorem 4.3 of [LSY1] and confirm that it holds for K
nuclei case).

We state the main theorem of this paper:
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THEOREM 1.2. If X\ :== N/Z, Z; = k;Z, k; > 0 are fized and [ :=
B/Z*3 — 0, as Z — oo, then EQ/EPM _ 1,

Finally, we prove the relation between pP™ := prpy and the density
function p¥ corresponding to the true ground state ®9, i.e., the minimizer
of (1.2).

To do this, we must let the position of the each nuclear R; € R?3 depend
on Z, that is, R;j(Z) = Z‘lj%j where each Rj € R? is fixed. This comes
from the scaling property of £PM

(112> EDM(N7 {k]Z}a B, {Z_le}) = Z?’EDM(N/Z7 {kj}’ B/Zg’ {Rj})
We split EPM into three terms
(1.13) EPM — gPM _ gDM | pDM

where KPM = [0, Trizm) [—%Ffﬁw} dr), —APM = [V(2)pPM (z)dx

and RPM = D(pPM  pPM)  Similarly, we write
(1.14) E9 = K9 - A9 + RO,

To avoid confusion, we use the notation pPM(z; N,{Z;}, B,{R;}) when
the number of particles is N, the charge(resp. position) of j-th nuclear is
Zj(resp. R;) and the value of the magnetic field is B.

THEOREM 1.3. Let Z; = k;Z, R;j(Z) = Z7'R; and k; >0, \= N/Z ,
n = B/2wZ3 and R; € R3 are all fized. Then as Z tends to infinity, it
holds that

Z74p%(Z'a; N, {Z;}, B,{R;})

— p(x; A\, {k;}, 27, {R;}) weakly in Li,.(R?),
Z KON, {Z;}, BAR;}Y) — KPM (A {ks}, 2, {R;}),
Z73A%(N {Z;}, B,{R;}) — APM (X, {k;}, 2mn, {R;}),
Z7RO(N,{Z;}, B,{R;}) — RPM (X {k;}, 2mn, {R;}).



Heavy Molecules in High Magnetic Fields 255

In the following sections, we will prove the above theorems. Since their
proofs are based on the same argument as in [LSY1], we will only prove part
of them. In section 2, we prove theorem 1.1, in section 3, we see various
properties of the density matrix theory and in section 4, we will meet the
proof of theorem 1.2 and 1.3 (though stated quite briefly).

Before leaving introduction, we comment on the extension of superstrong
and hyperstrong theory in [LSY1] in the K nuclei case. We can easily see the
existence and uniqueness of minimizers of them. But the main difference
from the atom case is that it is difficult to derive the explicit form of the
minimizer of £7%, the hyper strong functional(it seems to need the elliptic
functions) and is also difficult to obtain the critical binding number of £#
which seems to be essential in order to prove EPM = ESS (the superstrong
energy £°° can be defined as EPM) for large n so their study for molecules
is trusted to the future study.

2. Proof of Theorem 1.1

The proof of theorem 1.1 is almost the same as theorem 1.2 of [LSY1]
which we see here.

Step 1.

In this section, we treat the wave functions in ®” L2(R3; C?), that is,
forget antisymmetry. Let a be the subset of {1,---, N}. We want to define
the projection II* whose eigenspace corresponds that if ¢ € «, i-th particle
lies in the lowest Landau band and ¢ € « is not. To do this, at first we define

6 which is the projection onto the subspace in which the i-th particle lies
in the lowest Landau band(as for the other particles, it operates as the
identity operator). Let Hi> =1 — Hé that is the projection onto higher
bands. We define

(2.1) =[] [

i€ Jéa

It is clear that ) II* = I. The plan of proof is to “expand” Hy in terms
of II* and treat each II*HyNII?*. We will divide II*H yII% into two terms.
The first term contains ¢ € « particles and it is estimated from below by

Q
Econf‘
error term and we estimate it by Lieb-Thirring inequality.

The second term including the variables ¢ ¢ a corresponds to the
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Now we begin the proof. We decompose Hpy with respect to 11¢

Hy > ) T*H,II"
Where € > 0 is arbitrary, and

K
a—ZHA_ ZZ]Z\xi—Rj\_l

j=1 1€
1+ Zz >l =Ry
j=1 i€
(1 —3e¢) Z]x — 2T = (37 — Z|x — 2|
1<j i<j
hjea i
- (5671 + 2€~ 1) Z |zt — 27|71
1€
jga

To see this, we consider each term of Hy respectively. The first term of
(2.2) Zf\i | HY is obvious since HY commutes II* for arbitrary a. For the
second term we write

(2.3) V(a') = (I + L)V (2") (I + I1L).

From it arises two diagonal terms, (IT{V (z*)II} and IIL V (z*)II%) and two
remaining non-diagonal terms. Diagonal terms of (2.3) corresponds respec-
tively to Y, V(") = ZJ | Yiea Ziltt — Rj|7' and
—Z]K:l >ida Zjlzt — R;|7" of (2.2)(if i € a (vesp. i € «), HLV (z")IIL
(resp. II{V (2*)II})) vanishes since II* is operated). Non-diagonal terms of
(2.3) are estimated

(24) TV (2)IO) + TV (2L > eIy V (2*)I) + e TIL V (2")IIL,
which is derived by taking form of the left hand side of (2.4), apply Schwarz

inequality, and use ab > $(ca® + e~ 1b?). (2.4) says that “the non-diagonal
terms become the diagonal terms” so that they become €3 ;. V(z') =
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—e Y Yo Zilrt — Ry Tt and —e P S Zlat — Ry of (2.2)
respectively. Thus we obtain (2.2) for the attraction term. The terms
ZKJ- |#¢ — 27|71 are treated similarly as (2.3) except that |z¢ — 27|7! is
operated by (IT} + Hg)(Hg +I1L) from both sides. There will be 16 terms
but “non-diagonal terms become into diagonal terms” similarly as (2.4).

Step 2.
We estimate each term H® respectively from below and thus estimate
Hpy from below. This is possible since

(2.5) inf spec(A 4+ B) > inf specA + inf specB,

for any operators A, B.

Fix a. We bound H® below on functions ¥ which are antisymmetric
with respect to 2(i € ) and also antisymmetric with respect to z°(i & ).
In addition, we impose that [I;¥ = ¥ if i € o and [I{¥ = 0 if i & . At
first we consider three terms of (2.2) that depend on only z*(i € a)’s. They
are in the first, second and fourth terms

K
(2.6) H*:=(1-3c)H,, +c Y |3H)—4) Zjla' — Rj|" |,
i€a j=1
where n, := fa that is the number of elements of o and H,,, is the Hamil-

tonian(1.1) of z’(i € «) particles where N is replaced by n,. We shall
estimate the second term of (2.6).

K
(2.7) > [3H, —4) |2t - Ry

i€ j=1
K 1 4
i i poy—1
2321[;?@—52]@ Ri|7Y.
Jj= 1€EQ

We also treat each term of Z]K:1 separately and use (2.5). By translation
invariance, we can let R; = 0 in each term. Let ¢; > 0 which satisfies

@(% — Ja) = 27;(in fact, 6; > 1) so that we claim

1 Zi ne . .
(2.5) 1 (i - (5 - ke )
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i 1 i Z; Ne i— i
> 8311, (EHA - (?J —5)l7] 1) .

This can be seen as follows. Let h(8) := Ilo(Ha — 6Z/|z|)[y = Iy(p3 —
67 /|z|)y. By scaling, 3 — 6 123, we can show h(8) is unitarily equivalent
to 62To[p3 — Z (22 + 6222 )~Y/2|TI, and this operator is greater than §2h(1).
Thus (2.8) is obtained.

We forget the multiplication by Iy which is already contained in IT%.
By the method of theorem 5.3 of [LSY1], it holds that

1 3 Z i
29 X |- (- g
i€a
J 1 1
5 |t~ S
1€ 1<j

By translation invariance, RHS of (2.9) is unitarily equivalent to
1 . 7. 1 1 ; i—1
O T D el
1€Q 1<)
And this is estimated from below by

(210) > HA_Z%xi_Rk|—1+%Z|xi_xj|—17

1€ k=1 1<j

KZ HA—ZZW — Ryl '+ et -2

1€EQ 1<J

Putting it into RHS of (2.7), we estimate that the second term of (2.6) is
bounded below by 3 Z]K:1 6J2»EQ(na, {Z;}, B,{R;}). Therefore, we arrive at

the purpose for He:
(2.11)  TIHI® > 1%{(1 — 3¢)E Conf (na,{Z;}, B, {R;})
+ (const.)e E9(na, {Z;}, B, {R;}) }II*.
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Step 3.
The remaining terms of (2.2) is bounded below for € > 0 small by

K
(212) H*:=T*-(1+ec ")) Z;) |2 — Rj|™
j=1 ida

— 37! ZZ |t — 27|t = 37! Z |zt — 27|71,

i¢a jEa 1<j

1,j¢a
where T := dida HY, is the kinetic energy operator of i(i € «)-th particle.
We shall employ two ways to estimate H* and apply them at the same

time.
The first is to consider the kinetic energy. Note that for one particle

2BTl. < TIs HAll. =TI-[(p + A)?> 4 o - B]II.

Since on the higher Landau band, epos > 2B(see (1.3)). Thus, IIs(p +
A)?T1. > 11 (2B — o - B)IL.. Hence

1 1
(2.13) Tl HuIls > 1o §(p—|—A)2+§(2B—a-B)—|—U-B I,

> _TI.[(p + A)? + B]II..

N —

In the last inequality, we used B > +o - B.
For the second way, we decompose H:
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We treat each H ;¥ and use (2.5) again. By translation, we can let R; = 0 in
each term. Note that H* contains no differentiation with respect to z*(i €
«) so that °(i € ) in H{* can be treated as fixed points whose values are
adjusted to give the lowest possible energy of II*H {II¢. Now consider that
any antisymmetric function ¥(z!, .-, 2")(of n := N —n,variables) and its
corresponding density py(z)(z € R?). We can always translate ¥ by letting
z +— z +y such that the maximum of z — [ py(x + 2)|z|'dz occurs at
z = 0. After this translation, the maximum of 27 — [ pg|z—27|"1dx occurs
at ©7 = 0 that means inf,; ;. [--- [TI*WHPI*W dz™ - - dz™ occurs if
) =0(j € ).

Due to the two arguments above, we conclude that inf spec(Haﬁ oT1%) >
inf spec(II* H*T1®), where HY = Z{il Hy* and

_ B 1<~ (p'+A)? =\
i=1
3! , ,
- Z |zt — 27|71
K 1<i<j<n

We decompose further using > | = =557 S0 ;-

j#i
_ nB 1 < "1
2.16) HY = — —(pF + A(zF))?
210) Aif =52+ 23 Y ;[M(w (@)
k#i

n

n—1 ZHl(l

We bound each operator H l(i) by letting ' = 0 due to the same argument as
above. Therefore we reached the no-interacting Hamiltonian and we shall
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estimate it using Lieb-Thirring inequality that says the sum of the absolute
value of negative eigenvalues of > {(p + A)? — V} is bounded above by
(const.) [ V?/2(z)dx. To apply this, we cut off the Coulomb potential. For
R > 0, define v(z) = |z|~t — R7! for |#| < R and v = 0 if |x| > R so that
—|z|7t > —v(x) — R~!. We estimate Hl(i)

K

o1
(2.17) H > {2

l(pk + A(z*)? — e 2K 7 + 3N]|xk|_1} .

We use —|2*|™! > —v(2*) — R~! and apply Lieb-Thirring inequality to v
which concludes

(2.18) Y > —%{(const.)Rl/Qs’S/z(QKZl + 3N

— V2K 7, + 3N)%}.
By maximizing the RHS of (2.18) with respect to R, we obtain
i 1
(2.19) H > — el (const)e A (N — na) 22K 2 + 3N)?).

Thus, we arrived at the position of estimating H®.

a 7o 7
(2.20)HfEH—§ (ﬁ+n—1é Hl)7
=1 =1 =1
N —
> 2n B — (const.)e 3(N — ng)/3(K?2? E k‘?—l—KNQ)

Let K% be the number such that
(2.21) K% = RHS of (2.11) + RHS of (2.20),
so that Step 2 and Step 3 yields

(2.22) *HOTI* > [I°K°.
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Step 4.
It suffices to show that & (> 0) which first appeared in Stepl can be
taken to depend on A\2/38 = Z72N?2/3B and A such that

(2.23) K* > EY

conf(N, {Zj}a B, {RJ}) + 6()‘2/367 A)EQ(Na {Zj}7 B, {RJ})7
for every a, and 6 — 0 and as \2/33 — oo for each fixed A. We can easily
derive theorem 1.1 from (2.23) since

(2.24) (U, HyW) > > KU, T1°0) and (U, ) =) (T, 11°F).

«

In proving (2.23), we first note that we can replace n, by N in (2.11)
since B2, ;(na,{Z;}, B, {R;}) > EZ, ,(N.{Z;}, B,{R;}) (it holds because
we can always make particles throw away to infinity[LS1]). (2.11) already
satisfies the conditions of (2.23) if we can let € > 0 arbitrary small when
A\?/33 — co. For the contribution of (2.22), we needs to consider two cases,
namely B < Z3 and B > Z3. When B < Z3, the contribution of (2.21)
can be bounded below by omitting the B term. The rest is bounded below

by

(2.25)  — (const.)(K* >k} + KA)e >(\2/3p) /5 Z6/5N3/5 g*/5
> (const.)(K* Yk} + KA)e (\/3p) /5
x E9(N,{Z;}, B,{R;})-

This inequality comes from the upper bound of E®(it can be obtained by
mimicking the proof of theorem 5.3 of [LSY1]). When B > Z3, (2.21) is
easily seen to be positive as A2/38 — oo provided that Z is bounded below
which follows easily from N/Z < A. Hence we can let ¢ — 0 as A2/ 33 = o0
with satisfying (2.21) is positive.

3. The Density Matrix Functional

In this section, we see the various properties of £PM such as the existence
and uniqueness of the minimizer. These proofs are essentially the same as
in section 4 of [LSY1], so we will give only the sketch.
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At first we need the bound for the energy of one-dimensional Coulomb
potential which is the lemma 2.1 of [LSY1].

LEMMA 3.1. Let us consider the one-dimensional Schrodinger operator
on L*(R)

K
Mz} AR Hagy 7= — Z - ) —
: - 9 ]

where {Z;} denotes the set {Z1,--- , Zx},etc. Let —Mn(ﬁ{zj},{Rj}{aj}) be the
n-th eigenvalues of B{Zj},{Rj}{aj} counting multiplicity. Then they satisfy
the following estimates

K 2
. 1
_ > 2 sinh !
11 (hyz,y qRHayy) = K;Z] {1 + [blnh (Kajzjﬂ }

K
1
(3.1) —H2n, M2n+1(h{z }{R;Has}) _4— Z 32

Proor. We decompose the Hamiltonian

1 Z; L.
hizpimyian = 2 | ~Fas 3 =) _hy.
=\ K (x—Rj)*+ai) =1
We use
A K A
(32) ~tn(hyz,y qm,3 o) = = D pin(hy).
j=1

In lemma 2.1 of [LSY1], yun(h;) is estimated

. 1 2
— V> -—KZ% |1 inh !
pa(hy) > —KZ; ( + [Slnh <KZjaj>] ) ,
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2

C4p2

(3.3) —pian, —pant1(hy) >
Putting this into (3.2), the lemma 3.1 is proved. O

REMARK. If we adopt the method used in lemma 2.1 of [LSY1] directly,
we obtain slightly different bound

2
K

K
o ZZ] sinh_l(ajfl) —l—ZZ] R
=1
1 K
(3'4) —H2n.2n+1 > _W Z ZJZ
j=1

In the following, we see the estimates related to I' € QBP M which can be
proved essentially in the same way as in [LSY1].

ProPOSITION 3.2. IfT" € GEM it holds that

(1)
(3.5) /,orcl:U:/R2 Triamy[lz, Jdr o,

(2)

N 0
(3.6) /R< aé:) dxg < Trrem) [—a—x%FM] , for a.e. x| € R?,

(3)

3B? 0?
(3.7) /P%dﬂ? < (7) Trrzry) [_a—xgrm} ;

(4) If [ prdz < N and

R 2 & .
(38) h{Zj},{Rj},CEL = _d—x% — Z Zj|(17 — RJ| 5
7=1
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which is an one-dimensional Schrédinger operator on L*(R). Then,

(39) /R2 TTL2(R)[ﬁ{Zj},{Rj},xlrml]de_

K
6/5
> —(const.)K1/5N3/5ZZj/ B/,
i=1

and

(3.10) /R  Treewlhizy, (7, Dol Jdo s

2
B
2
> —(const. ) NK JE 1 Z; 1+ (anQNZ2>

Using these inequalities, we can prove the existence and uniqueness of
minimizer of £PM . Theorem 4.3 of [LSY1] applies to this with no change.

THEOREM 3.3. EPM has an unique minimizer TPM. EPM(N {Z;},
B,{R;}) is a monotonically non-increasing, convex function of N and non-
increasing function of B.

Next, we set the linearized functional of £PM . Tt is defined as

(3.11) EPMIT] = /RQ Trp2gre) B2V T, Jdz,

where hD M ig the one-dimensional Schrédinger operator
DM &> DM

(3.12) hy" = @2 % (x3),

where

(3.13) ZZ|x—R| Uz s pPM]
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which is the effective potential. We set the minimizing problem similarly
as (1.9)

(3.14)  EPM —inf{€PM[T] : T € GBM, / Tryaa)Ta, Jdz, < N},

The following theorem is proved in [LSY1,theorem 4.4].

THEOREM 3.4. T'PM s also the minimizer of Elm .

This is used to prove the uniqueness of IT'”M (the uniqueness of p”M
proved without the aid of EPM . so that EPM is well- defined) and also used
to prove the lower bound to E in terms of EPM (in section 4).

The virial inequality has the following form

LEMMA 3.5. If we write as EPM = KPM _ APM o RPM “tphey satisfy
the following estimates.

(3.15) RPM < APM _ogPM 4 X gPM < APM _opPM 4 X
(3.16) APM <3|EPM| 4 X, KPM < |EPM| 4 X,

where

(3.17) X = Z/ ’x_R 2 z <agf::‘4)

REMARK.
K K
(3.18) X<z / 3R;pPM (2)d < (const )N S Z;R;,
2 =

and it is lower order than E® when B > Z*/3(by mimicking theorem 5.3
of [LSY1]).

Finally, this is the estimate of p”™ which can be proved by mimicking
proposition 4.9 in [LSY1].
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PROPOSITION 3.6.

(3.19) /R (%) d.’l?g

K
1
2 : —1
S (COTLSt.)KB Z Z‘7 [Slnh (m)
J

=1

2
+1

The above estimates will be used to bound the E€ in terms of FPM.

4. Proof of Theorem 1.2

This is the section we prove the main theorem. We derive the upper and
lower bound of E9 and estimate the error.

THEOREM 4.1. E€ ECO 7 satisfy the following estimates.

(41)  EQN,{Z;}, B,{R;}) < EL, (N {Z;}, B.{R;}).
< EPM(N,{Z;}, B,{R;}) + Ry.

Ry is estimated :

K
Ry < (const.) ZZ] 4/?’NI/BBI/3 and
j=1

K 9 5/6

(4.2) (const.)Kl/?’(Z Z;)PNY3 {1+
=1

l B
"\FN(E, 70

It is proved by the same way as theorem 5.1 of [LSY1] except the ) Z;
treatment and the virial inequality. Proposition 3.2, lemma 3.5 and propo-
sition 3.6 are used to do this.

To lower E9, it is sufficient to use theorem 7.1 of [LSY1] which is the
estimate of the Coulomb repulsion.
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THEOREM 4.2. When N = \Z, Z; = k;Z,

(4.3) Hy > Z( Z7VHHY — ¢PM (g )) — D(pPM, pPM)
— O (L+ X)L+ Z%3) (1 + [In(B/2%))?)

K _ _
where quM(:I:):Zj:le\:E—Rj\ Uz =t % pPM,

Using the above theorems, propositions and lemmas together lead to the
theorem 1.2. In more detail, we can refer to the section 8 of [LSY1] so that
we omit the proof.

5. The proof of theorem 1.3

The proof of the convergence of p¥ is the same as [LSY1] which is omitted
here. Next, we prove the convergence of each term of the energy. We
will only see the attraction energy only here since the other is essentially
the same. We use the method of [LS1]. At first we define the modified
Hamiltonian for o > 0:

HN—Z{ +o'- B}—aZV )+ > fat — a7

1<J

Let ES denotes the ground state energy of HY defined similarly as (1.2).
Moreover, we define £7M '] whose Coulomb attractions are all multiplied
by a. EPM denotes its infimum. Let T2 be the minimizer of EPM. Tt
is easy to show I'PM — TPM ip 130 L9/% as a — 1(To see this, note that

O/ pPM . .
when a moves near 1, [ ( ag . ) dx is uniformly bounded. Hence we

can use the argument used in the proof of theorem 2.2 in [LSY1]). Then it
follows that

(5.2) a MEPM — EPM) < o7t (EXMITPM] - PMTPMT)
_ ADM
- 4 )

> o™t (EPMPRY) - PV EEM)),
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DM
ADM |

Since |z|~' € L3/% + LS, we sece APM — APM a5 o — 1. Hence

oOEPM

_ ADM
(5.3) e | =ATY.
Due to the same argument, we can show
OES 0
(5.4) o la=1 = AT

We can apply the proof of theorem 1.2 and conclude that

ES(N,{k;Z}, B,{Z'R;})

—— — 1 as Z—>oo,B>>Z4/3.
Eo[z)M(Na {ij}vBa{Z_le})

(5.5)

If {k;}, {]%j}, n fixed, we can use the scaling property and derive

(5.6) Z3EQ(N,{k;jZ}, B,{Z7'R;})
— EPM (X {k;},2mn,{R;}) as Z — occ.

Because Eg and EO’?M are concave with respect to «, we can derive the
convergence of the derivative(since when a function is concave or convex,
its derivative is monotone)

0 0

(5'7) Z_38_aE3(N7 {ij}> B, {Z_léj}) - 8_an?M(>‘v {kj}v 27, {RNJ})
Putting @ = 1, we reach the conclusion.
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