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The Heat Flows of Harmonic Maps from S? to S?

By Keisui AsAl

Abstract. In this paper we show that the heat flow u(x,t) with
a rotationally symmetric initial map ug(z,t) converges to a harmonic
map ast —ooifn=1and 0 < h(f) <7 (6 € (0,7)). Here we call ug :
52 — S2 rotationally symmetric if there exists a function h : [0,7] — R
such that h(0) = 0, h(r) = nm, and u(cos7sinf,sinTsinf,cosd) =
(cos Tsin h(#), sin 7 sin h(6), cos h(H)).

§0. Introduction

The heat flows of harmonic maps between compact Riemannian mani-
folds made their first appearance in the paper by Eells and Sampson [E-S].
In general the heat flows of harmonic maps are given by nonlinear parabolic
partial differential systems. They showed that there exist global solutions
of the heat flows of harmonic maps if the sectional curvatures of target
manifolds are non-positive.

In 1981 Sacks and Uhlenbeck [S-U] proved that weakly harmonic maps
from a compact Riemann surface to a compact Riemannian manifold with
positive sectional curvatures are not always regular, using Ljusternik-
Schnileman theory for a suitable sequence of functionals. In 1985, Struwe
([S1][S2]) established the existence of unique global solutions of the heat
flows of harmonic maps from Riemannian surfaces. This unique solution is
regular with the exception of at most finitely many singular points where
non-constant harmonic maps of S? into the target manifolds.

It will be an interesting problem to obtain the maximal existence time of
the regular solutions. Is it finite or infinite 7 Chang, Ding, and Ye [C-D] [C-
D-Y] showed in 1990 that either case occurs. They considered rotationally
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symmetric (see the definition in §1) initial maps from D? to S2. (Their ter-
minology is “spherically symmetric” instead of “rotationally symmetric”.)
In this case the partial differential system of the heat flow is reduced to a
one-dimensional parabolic equation, which satisfies the Maximum Principle
and the comparison theorem so that the behaviour of the solution is well
controlled.

In this paper we shall consider the heat flows of harmonic maps from 52
to S? ((1.4)) with rotationally symmetric initial maps. In §1, we recall the
result of Struwe (Theorem|[S2]) and state ours (Theorem). In §2, we study
the rotationally symmetric solutions. In this case our partial differential
system of the heat flow is reduced to a one-dimensional parabolic equation
which is singular on the boundary. We shall show the Hopf boundary lemma
does hold even in this case so that the comparison theorem can be applied
under very milder conditions on initial maps. We prove our Theorem in §3.

The author would like to thank Professor T. Ochiai, H. Matano, H.
Nakajima, and M. Toda for their advice, N. Ishimura for having informed
us of the paper [C-D] [C-D-Y] and giving constant encouragement and the
referee for the useful suggestions.

§1. The Heat Flows of the Harmonic Maps

Let S? be the unit sphere in the Euclidean space R. In order to formu-
late the problem, we introduce some notation: we denote by C1(S?, 5?%)
the sets of u : S — S? whose first differentials are a-Holder continuous,
where 0 < o < 1. For u € C1(5?,§%), the Hilbert-Schmidt norm |Vu]| is
defined by

2 . .
ou’ ou’
2 pr— —_—
(1.1) |Vul” = ;Vag(x)ama 525
where z = (z!, 2?) is a local coordinate system on S? with the metric tensor
Y = (Yap)1<ag<2, Where (79) = (v45) 7" and u = (u',u?,u3) € S? C R3.
The energy of u € C1¥(52,8%) is defined by

(1.2) E(u) = %/S Vul?dS?.
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We call a critical points of E a harmonic map. A harmonic map v : 5% — 52
satisfies the Euler-Lagrange Equation

(1.3) Au+ |Vul*u =0,

where

1 0 0
A ([ ag 21
V/dety 0z ( detyy 8:03)

The solutions to the evolution problem

ot
u(0,t) = ug € CH(S?%, 9?)

gu _ Au + |Vul|?u
(1.4)

are called the heat flows of Harmonic maps.

THEOREM (Struwe)[S2, p.197]. Let ug € C1(S2%,S?). Then there ex-
ists a solution of (1.4), E(u(-,t)) < E(ug), which is reqular with the excep-
tion of at most finitely many points, and which is unique in this class. Let
S = {(zs,t;) € S2x RT;1 < i < K} be the set consisting of all the singular
points.

For (Z,t) € S, there exist sequences Ry, \, 0,tmm / t,Zm — T such that

(1.5) U (7) = u(exp,, (Rmn@), ty) 1 R — 52

converges to @ : S = R?>U +oo — S? uniformly on each compact subsets
in R?.

Finally u(-,t) converges to a harmonic map us : S*> — S% on any
compact subsets in S*\{x;;t; = +oo} uniformly.

REMARK. Struwe proved the existence of the solution u with initial
map ug € H?(X, N), ¥ being a Riemannian surface and N a Riemannian
manifold. He shows that for a singular point (Z,t < 400) € X X [0, 00] and
for any R €]0,ix[ (ix is the injective radius of the domain manifold X), we
have the following:

(i) if t < +o0,
limsup E(u(ty,); Br(Z)) > €1,
tm /'
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(i) if ¢ = 400,
.. _ &1
liminf F(u(ty,); B > L
fm i (u(tm); Br(T)) 5

where €7 is a positive constant which depends on only the geometry of X
and N. See Chapter 5 of [S2] for the detail.

We call the points of S the blow up points for v and the minimum of
{t;} the maximal existence time (denoted by T') of the regular solution for
ug. We are concerned with T. Chang and Ding showed that a solution with
an initial map from D? to S? does not always converge to a harmonic map
even if it is regular for all time. On the other hand we shall show that a
solution with a particular initial map from S? to S? is regular for all time
and converges to a harmonic map.

We call v : S — S? rotationally symmetric if there exists a function
h:[0,7] — R such that h(0) =0, h(7w) = nn, and

(1'6) u(@(Ta ‘9)) = 80(7—7 h(@)),

tagl.6 where ¢(7,6) = (cosTsin 6, sin 7sin 6, cos 0).
The main result of this paper is as follows.

THEOREM. Let ug € C%%(S%,52) be a rotationally symmetric map
which is given by continuous hy : [0,7] — R in form (1.6). If ho satis-
fies that 0 < ho(6) < m, ho = (0), and ho(w) = 7, then there ezists uniquely
the smooth solution u(x,t) of (1.4) for all time t and u(x,t) converges to a
harmonic map us : S? — S? uniformly as t — oo.

§2. Solutions with Rotationally Symmetric Initial Maps

At first we give some lemmas for rotationally symmetric maps. Now let
R, be the rotation around the x3-axis by an angle n and Ri3 the reflection
with respect to the xix3 plane.

LEMMA 2.1. wug € C1(S2,S?) is rotationally symmetric if and only if
ug 18 Ry -invariant for all n and Rq3-invariant.

Proor. We remark that u is R,-invariant if and only if

(2.1) uo R, = R,ou,
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and that u is Rys-invariant if and only if
(22) u o R13 = R13 o u.

If w is rotationally symmetric, it is easy to see u satisfies (2.1) (2.2).
Conversely suppose u satisfies (2.1) (2.2). Let

Cr = {(p(1,0);0< 0 <7} C S

and

Cr=CrUCrir = CrURL(CH).

Co is in the z123 plane, then Ri3(Co) = Co. By (2.2) Riz o u(Cp) = uo
R13(Co) = U(C()) Since R13(C()) = Co,Nu(CQ) C Cy.

The behaviour of u from u(Cp) to Cp exactly decides u : S — S2%. So u
is rotationally symmetric. [

We can easily prove lemmas 2.2 and 2.3 by lemma 2.1 and the uniqueness
of the solution (Theorem [S2]).

LEMMA 2.2. Let u : S? — S? be rotationally symmetric and repre-
sented by h in form (1.6). u € CY* if and only if h € ®1* = {h €
Cct([0,7]); h(0) = 0, h(7) = nm,n = 0,£1,42,... }.

LEMMA 2.3. If ug € CY*(S?,52%) is rotationally symmetric, then so
is the solution u(z,t) of (1.4) for all t € [0,T], where T is the mazimal
existence time of the regular solution for ug.

We suppose wug is rotationally symmetric. Without loss of generality,
we may assume u((0,0,1)) = (0,0,1). Then there exists a function hq :
[0, 7] — R such that ho(0) = 0, ho(m) = nm, and up(p(7,0)) = @(1, ho(0)).
By lemma 2.3 the solution of (1.4) is also rotationally symmetric and there
exists a function h : [0,7] X R — R such that h(0,t) = 0,h(m,t) = nm,
and u(p(7,0)) = @(7,h(0)). Then (1.4) is reduced to the one-dimensional
parabolic equation,

cos sin 2h
2.3 h: = h —
(2:3) ! o + sinf ? 2sin%g’

(2.4) h(6,0) = ho(0),0 € [0, 7]
h(0,t) =0, h(m,t) = nr.
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For our theorem, we need only to consider the case n = 1, that is

(2.5) h(0,t) =0, h(m,t) = .

LEMMA 2.4. Let h(0,t) be the solution of (2.3) (2.4) (2.5), where hy €
dL. Suppose that 0 < ho(0) < 7 for 6 € (0,7). Then 0 < h(0,t) < 7 on
(0,7) % (0,T), where T is the mazimal existence time of the reqular solution
for hg.

PROOF. At first we shall prove h(6,t) > 0.
We write the equation in the form of

cosf
hy = hgg + Sin@he + q(@, t)h,
where
sin 2h
——F— (h(6,t 0
. , 1
o (h0.0)=0)

We shall check whether ¢(6,t) is bounded from above on the neighborhood
of # = 0 and 7. Since h(0,t) = 0, for each s € (0,7, there exists 6 = &5
such that ¢(0,t) < 0 on (0,65) x (0, s).

On the neighborhood of § = m, since h(m,t) = m, by choosing € = &5
sufficiently small we may assume

(2.7) h(0,t) > g(> 0) for 6 (m—es ).

q(6,1) is a continuous function on (0, 7) % (0, s), then ¢(0, t) is upper bounded
on (0,7 —¢&5) x (0,s). Namely there exists a positive constant ¢ = ¢5 which
is independent of § and t such that ¢(6,t) < c.

We replace h(6,t) by h(6,t) = e °*h(0,t). Since h(0,t) satisfies (2.3), h
satisfies 9
Z?r?@he + (¢ — ¢)h.
Using ¢ —c¢ < 0, we can apply the Strong Maximum Principle on each of the
domain whose boundary is contained in (0,7 — &5) x (0,s). Consequently

hy = Bee +
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h(0,t) > 0 on (0,7 — &) x (0,5). By (2.7) we can conclude h(6,t) > 0 on
(0,7)x (0, s). Because each s is in (0,T), we have h(0,t) > 0 on (0, 7)x(0,T).
Next we shall prove that h(6,t) < .
Let f =7 —h and fy = 7™ — hg > 0. We can write the equation in the

form of
cosf sin2f

Jo = 2sin?6’
By the same argument as above we can conclude f(6,t) > 0on (0, 7)x(0,T).
Then h(0,t) < mon (0,7) x (0,7). O

ft = foo + —
sin @

We can prove next lemma by applying the same argument in the proof
of lemma 2.4 to g = h?> — h' > 0. We omit details.

LEMMA 2.5. Let h', h? be the solutions of (2.3)(2.4)(2.5) with initial
values h(l], hg € ®L and their mazimal existence time T, T? for the
regular solution for h}, h% respectively.

If

0<hy(@) <hd(®) <7  forall 6c(0,m),
then
hl(6,t) < h3(0,t)  for all (,t) € (0,7) x (0,T),

where T = min{T*, T?}.

Let us study the stationary solution of (2.3).
The solution A : [0, 7] — [0, 7] which satisfies

Froo cosf - - sin 2h B
7 sing"? T 2sin20
(2.8) R(0) =0
h(n) =m
is given by tag2.9
h 0
(2.9) tan 5= Atan 2’

where A is a positive number. In fact we replace § by s = log tan %. Then
h(s) = h(f) satisfies

1. -
hss = 3 sin 2h.
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We can solve this equation and obtain (2.9). By (2.9) A/(0) = A and
W(m) = %. h(6) converges to h(f) = 0 uniformly as A — 0 except § = 7.
Also h(0) converges to h(f) = 7 uniformly as A — oo except 6 = 0.

Now we show that Hopf boundary lemma (see [P-W] p.170 Theorem 3)
holds in our case. We note again that the equation is singular itself at the
boundary. Although the method of the proof is well-known, we perform the
details because of their importance.

LEMMA 2.6. Let hg € ®4% and 0 < ho(0) < 7 for 6 € (0, 7). Then the
solution of h(0,t) of (2.3)(2.4)(2.5) satisfies

he(0,t) >0 for 0<t<T,

and
ho(m,t) <0 for 0<t<T.

ProOOF. We show hy(0,tp) > 0, where 0 < t9 < T. On the (6,t), let
K be a disk plane whose center is (R, tp) and radius is R, where 0 < R <
min{ty,T — to, 5}. Let K’ be a half disk whose center is (0,9) and radius
is 6, where 6 is a small positive number such that h(6,t) < 7 if (0,1) € K'.
Let C = 0K NK' and C' = K NOK', where C contains its end points and
C’ does not contain its end points. Let D be a domain which is enclosed
with C U C’.

By lemma 2.5,

h(0,tg) =0
h(6,t) > 0 (0,t) € C\ {(0,%0)}
h(6,t) >n >0 0,t) e C’

where 7 is a positive constant. Let
v(0,1) = e OB+ (—10)*} _ o—aR?
It is easy to see

v>0 in D\9dD
v=0 on C.
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Let us assume tag2.10

cosf

2.10
( ) Voo + sin 6

vg+q(0,t)v —vy >0 in DUOJD,

where ¢(0,t) is defined by (2.6). Later we shall prove this assumption holds
for sufficiently large a.
Set
w(f,t) = h(6,t) —ev(6,t).

By choosing a small positive constant €, we have

w(0,t9) =0
w(f,t) = h(6,t) >0 (0,t) € C\ {(0,%0)}
w(@,t) >n—ecv>0 0,t) e C'.

Namely we have
cos 6
weg + ——wp + q(0,t)w —wy <0
sin 0

on DUAD \ {(0,%9)} by (2.10). Since 6 is a small positive number such

that h(0,t) < 5, we can see ¢(f,t) < 0 in DU JD. Applying the Strong

Maximum Principle, the minimum of w attains on (0,¢y) only. Then
’LU@(O, t()) Z 07
1.€. ho(0,t9) — evg(0,t0) > 0.

Consequently we can conclude that hy(0,t9) > 0 by vg(0,t9) > 0.
Finally we shall prove (2.10). Setting 72 = 72(6,t) = (0 — R)? + (t —to)?,
we have

cosf
Vgo + sng +q(0,t)v—uv;
= 2ae—ar2{2a(R _ 0)2 _ 1+(t o to)}
e sin 2h
+Sin2 G{QQ(R —0)cosfsinf — o (1- efa(R277,2))}

_0”.2

> 204670”2{20&(R —0)% —1+(t —to)} + ‘

——1I(0
sin? 9 (©),
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where
I1(0) = a(R —0)sin20 — (1 — e—a(RQ_TZ)).

If =0, then t =ty on dD. So 1(0) = 0. We have at t = t,

I'(6) = 2a(R — 0){cos 20 — e *F =)} — qsin29
I'(0)=0
I"(0) = 2a(R — 0){—2sin 20 + 2a(R — Q)G*a(R%ﬁ)}

— 2afcos 20 — e*a(RLTQ)} — 2accos 20
I"(0) = 2a(2aR? — 1).

Choosing sufficiently large «, we get I”(0) > 0 and

10) _ iy PO _ i) 1O _ Ly o

lim ——2 — =\

60 sin2f  0-0sin20  6--02cos20 2
Consequently by choosing « so large and 6 so small, we get (2.10). O
§3. The Proof of Theorem

In the proof of theorem [S2] in Ch.1, it is shown that the center of the
radiation of u,, at (1.5) is ,, which is chosen such that for some Ry > 0
and R,,, — 0

xGQRo(:?)
i —Tm <t<tm
where 7, depends on ¢1, R,,, and E(ug). But we shall prove that we can
choose z,, = Z (independent of m) if the fixed point by rotation is a singular
point of the solution.

LEMMA 3.1. Let ug € CH%(S2%,52) be rotationally symmetric. Suppose
that the solution u(z,t) of (1.4) is singular at ((0,0,1),T). Then u : S? =
R%2U +o0o — S?% in theorem (Struwe[S2]) is rotationally symmetric.

Proor. If z = ((0,0,1),7) is a singular point, then there exist se-
quences R, \,0,t,, T,z — Z such that

€1

E(u(tm); Br,,(zm)) = 1
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We compare the convergence of R, \, 0 with that of
dp, = dist(zm,T) \, 0. As m — +oo, we have either

R R
(i) d—:—>0 or (ii) ﬁ>0.
In case (i) we consider B, 14, (z) and Bgr,, (z,,)- Let 6, be defined by
sin 0,, = g—g. By the symmetry there are [229—1] balls, Bg,, , whose centers
are on OBR, 44, (z) and which have no intersections. Then

2 €1

E(u(tm); By +dm(z)) = [W]Z

— 400,
this is a contradiction. In case (ii) we have By, (Z) C Bg,,(zy,) for suffi-
ciently large m and

€1

E(u(tm); BRy+dm (Z)) > 1

By choosing R),(< Ry, + dp,) — 0 in the place of R,,, we have

9
E(u(tm); Bry, (T)) =  sup E(u(t);B%(;ﬂ)):Zl_
I€2Ro(f)
tn —Tm <t<tm

Then we can take Z as the center of the radiation of u,, at (1.5). O
Now we shall prove Theorem.

PrROOF OF THEOREM. By lemma 2.3, if the initial map ug is rotation-
ally symmetric, then so is the solutions of (1.4). The singular points are
at most finite (Theorem [S2]). So if there exist singular points, they must
be fixed points of R,. Therefore they are included in (0,0,1),(0,0,—-1).
Namely 6 € 0,7 in form (1.6).

We suppose the maximal existence time T' < 4o00. If (0,0, 1) is a singular
point, then

hm(0) = h(Rpm0, tm) — heo(0),

(We may choose z,, = (0,0,1) for all m in (1.5).) where hy : [0,7] —
R, hoo(0) = 0 in the form of (1.6). Because u«, is non constant, there exists
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0 € [0,7] such that hoo(f) = 7. Since R,,0 — 0 as m — +oo, there exist
0,, = R,,0 and t,, — T such that

(3.1) h(Om,tm) — ,

Fix any to € (0,7), for lemma 2.6 we have hg(#,%9) > 0. So choosing
stationary solutions h', h? properly given in (2,10), we have

h(0) < h(8,t0) < h*().
Then by lemma 2.5 we can concluded
h'(0) < h(6,t) < h*(0).

This is a contradiction to (3.1).
Consequently we can conclude (0,0,1) is a regular point. Similarly, so is
(0,0,-1). Hence there is no singular point for all 7' < +o0. [
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