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On exterior Galois representations

assoctiated with open elliptic curves

By Hiroaki NAKAMURA

Abstract. We give an explicit formula for the two variable power
series meta-abelianizing the exterior Galois representations in the fun-
damental groups of punctured elliptic curves. Some applications to
Grothendieck’s anabelian conjecture are presented.

§0. Introduction and main statements

Let C be a smooth curve over a number field &, and [ a rational prime
number. Then we have a canonical exterior Galois representation

Qo - Gk - Outm(é)(l),

where G, = Gal(k/k) is the absolute Galois group of k, 71 (C)(l) is the max-
imal pro-I quotient of the profinite fundamental group m1(C) of C = C ® k,
and ‘Out’ denotes the continuous outer automorphism group. If C' is a
smooth curve of genus g with n (k-rational) points punctured, then the
image of the Galois representation ¢ is known to lie in the so-called pro-I

mapping class group I'y,, C Outmi(C)(l) which is defined as the subgroup
of all the braid-like outer automorphisms of 71 (C)(I) (cf.[NT]). In [NT],
we showed that one of the basic themes of the theory of exterior Galois
representations is to construct nontrivial Galois images in explicit locations
of the weight graduation of the ‘Torelli subgroup’ of I'y,,. The purpose of
this paper is to give a second step of the investigation in the case where

C' is an open elliptic curve, especially in the case (¢g,n) = (1,1). In [T],
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H.Tsunogai studied a letter of S.Bloch [Bl], and considered a natural homo-
morphism of the Torelli subgroup of I'y ; into the commutative power series
ring Z;[[Th, T»]]. Let E be an elliptic curve over k with origin O € E(k), and
let k(1) denote the overfield of k generated by the coordinates of I-power
division points of E. Then, by composing ¢g\ (o} with the above homo-
morphism, we obtain a natural Galois representation into the power series
ring:
a:Gyay = LT, o)) (01— ao).

Our main result is to give an explicit formula for the power series a, as
follows.

THEOREM A (4.12). In the ring Q;[[U1, Us]] with U; = log(1+T;) (1 =
1,2), we have

1 vivj
Oég(Tl,Tz) = Z 1 _m Z Iiij(U) illj!Z (O’ S Gk(l))-
m>2 i+j=m
even i,j>0

Here kij @ Gpay — Zy is an explicit character with Kummer properties
along a coherent sequence of special values of products of fundamental theta
functions.

See (3.11.4-5) for precise characterization of x;;. The above formula is
an elliptic analogue of Thara’s power series F;, (the universal power series for
Jacobi sums [Ih], [IKY]). It would suggest interesting problems to expect
that our a, may have possible arithmetic or motivic aspects analogous to
those of F, as in [De],[Ih],[IK] etc. The characters ;; (i + j = m) give the
coordinates of a certain natural element of H!(k, Sym™T;E(1)) ® Q;. The
author does not assure himself yet how it can be related with the elliptic
polylogarithms studied by Beilinson-Levin [BL)].

A partial nonvanishing result for x;; (3.12) insures the existence of non-
trivial Galois images in the Torelli subgroup of I'y ; sufficiently enough to
give new results on the following analogue of the Tate conjecture in genus
one case.

Let Outg,m1(C)(l) denote the centralizer of the Galois image ¢ (Gj) in

Outmy (C)(1). Then, by the standard functoriality of 71, we obtain a natural
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homomorphism CIDg) of the k-automorphism group of C into Outg, m1(C)(1):

@g) : AutyC' — Outg, 71 (C)(1).

Suppose that C is of hyperbolic type, i.e., the associated Riemann surface
of C is uniformized by the complex upper half plane. Then AutiC is a
finite group faithfully acting on the 1-dimensional homology group of C,
and hence the map @g) turns out to be injective (cf. also (1.8) below). In

this situation, our fundamental question is whether Outg, 1 (C)(l) can be a

finite group (Conjecture C of [N4]), or more strongly, whether @g) can be a
bijective mapping. These types of problems are suggested in Grothendieck
[G] as “anabelian” Tate conjectures.

As an application of Theorem A and special properties of the power
series a,, we obtain the following

COROLLARY B (5.2). Let E be an elliptic curve over a number field
k with EndyE =2 7Z, S a nonempty finite subset of k-rational points of E,
and | a rational prime number. Then Outg,m (E \ S)(I) is a finite group
isomorphic to a subgroup of {+1} x S,,. Here n is the cardinality of S, and
Sn denotes the symmetric group of degree n.

In fact, after some preliminary samples of C' answering these questions
positively ([N3],[N4] §2), we showed finiteness of Outg, 71(C)(I) for suffi-
ciently general open curves C' in a collaboration with H.Tsunogai ([NT]).
Our results also show that the bijectivity of <I>(Cl) can hold true for some
optimistic curves C' of any given genus. Our application of the power series
a, for proving Corollary B is motivated by the previous work [N3] on the
fundamental group of P! — {0,1, 00} in which the role of a, in the present
paper was played by Ihara’s power series F,

In [N1-2], the author considered Grothendieck’s another problem of
whether the isomorphism class of a smooth hyperbolic curve C can be char-
acterized by its profinite fundamental group m1(C) as an extension group

of Gj,. As an application of the above results, we obtain

COROLLARY C (5.5). Let E; be an elliptic curve over a number field
k, and S; a finite subset of k-rational points of E; containing the origin
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(1t = 1,2). Suppose that EndiyE; = 7 and that either of the following
conditions (a) or (b) is satisfied:

(a) S1 contains a non-torsion point of E;

(b) S1 consists of l-power division points of Ey for a prime l.
Then two open curves FEy \ S1 and E3 \ So are isomorphic over k if and
only if their profinite fundamental groups are isomorphic as Gi-augmented
profinite groups.

The organization of the present paper is as follows. In §1, we prepare
some basic notations, and give a brief review of the graded coordinate
systems on pro-I mapping class groups. In §2, certain [-adic characters
Vab + Gray — Z are constructed from a tower of theta functions. This
construction was motivated by Bloch’s suggestive use of Siegel functions
[Bl] and Deligne’s construction in the cyclotomic case ([De] §16). In §3,
we define fundamental measures ;") (o) (o € Gy, 7 = 0) by summing
up those v4 in an l-adic way, and study their basic properties. In §4, we
introduce the power series a,, and obtain Theorem A by comparing it with
u(o)(o) studied in §3. In §5, proofs of Corollaries B, C will be given. In
86, we discuss the Magnus representation associated with an elliptic curve
minus one point and its relation to our a-.

This paper was submitted to the University of Tokyo in the spring of
1993 as part of the author’s doctoral dissertation. The author would like to
express his sincere gratitudes to the referees of the dissertation. In a more
recent paper [N6], the author obtained an alternative proof of Corollary B
which can be generalized to any affine curves of higher genera. The new
proof depends on a construction of different kinds of Galois images inherited
from Soule’s characters of genus 0 case. It turned out that the genus 1 case
treated in the present paper together with the genus 0 case treated in a
series of works by Thara (e.g. [Ih3]) form the especially important two cases
among the cases of all genera.

§1. Preliminaries

We use the notation N (resp. Z) to denote the set of nonnegative integers
(resp. the ring of rational integers). For a,b € Z, set [a,b] = {x € Z | a <
x < b} and [a,b) = {x € Z | a < z < b}. We denote by Q (resp. R,C)
the field of rational numbers (resp. real numbers, complex numbers), and
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by Z; the ring of [-adic integers for a prime [. In this paper, k& denotes a
number field of finite degree over Q embedded in C with algebraic closure
k C C, and [ denotes a rational prime number.

(1.1) Let E be an elliptic curve over k with origin O € E(k), and S a
nonempty finite subset of k-rational points of E. We assume O € S. Let us
denote by Eg the complement affine curve E \ S over k. When S = {O},
we also write Fy = Eg. There is a homotopy exact sequence of profinite
fundamental groups

(1.2) 1 —— m(Es) —— m1(Es) PEslk, Gy, — 1

where Eg = Eg ® k, Gy = Gal(k/k). We fix an algebraically closed field
over C with infinite transcendental degree, and when we speak of 71 without
reference to base points, the reader should understand that the base points
are taken to be suitable ones valued in ).

(1.3) We denote by m(Eg)(l) the maximal pro-I quotient of 71(Eg),
and define a quotient group ﬂ;l) (Eg) of m(Eg) to fit in the following exact
sequence naturally.

PEg/k
—

(1.4) 1 —— m(Es)()) —— =(Eg)

G, — 1.
From this we obtain the exterior Galois representation
(1.5) opgs : Gy — Outmy(Es)(1).

Here for each o € Gy, ppg(0) is the class of automorphisms of 71 (Egs)(l)
induced from the conjugations by elements of pgi /k(a).

(1.6) By Grothendieck’s theorem, it is possible to identify 71(Eg) with
the profinite completion of the topological fundamental group of Eg(C).
From this we may consider 71(Es)(l) to be presented as

m(Es)() 21, = (21,22,21, .. 20 | [21,22]21 - - 20 = Vpro—tis

such that each z; gives a generator of an inertia group over a point of §
(n : the cardinality of S, [v1, 72] = T1zez 'y ).
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(1.7) In [NT] §2,3, following works of Asada, Kaneko [AK],[K], we stud-
ied some basic formation of pro-I mapping class groups. We shall recall
some notations and results in loc.cit. in our context of genus one for the
convenience of readers. An automorphism of II; ,, which stabilizes the union
of conjugacy classes of the cyclic groups (z;) (1 < j < n) is called (full)
braid-like automorphism of Iy ,,. The group of all braid-like automorphisms
of Iy 5, (denoted fl,[n}) contains the inner automorphism group Intll; ,, of
ly1,. The (full) pro-l mapping class group I'y, is the quotient group
flj[n]/lntHLn If a braid-like automorphism of II; , preserves each conju-
gacy class of (z;) (1 < j < n) respectively, then it is called pure. ((x)
means the smallest closed subgroup containing *.) We denote the group of
pure braid-like automorphisms of II; ,, by f‘l,n, and set I'y ,, = f‘l,n/lntﬂl,n.

The group theoretic weight filtration II; ,, = II; ,(1) D II1 ,(2) D ...
(due to Oda-Kaneko) is defined by the rule: II;,(2) = [IIj,,IIi,] -
(21, 2n), i p(m) = (15 (¢), 1 ()] | i4+J = m,i > 0,j = O>~(m > 3).
By using this, we define the (induced) weight filtration I'y ) D I'1 (1) D
Flyn(Q) D... by

Sz(f) € Hlm(m + 1)(7, = 1,2)

f‘ n — f n m
) = {7 € Fy FE) 2 o= 1, )

bz,

where s;(f) = f(x;)z;* (i = 1,2),and X denotes conjugacy by an element
in Iy ,,(m).

By taking natural projection images, we introduce a filtration {I'y ,,(m)}
in I'y ). It turns out that (), I'1,(m) = {1} (cf.[A]). Each graded quotient
module gr™I';,, (m > 1) is a free Z;-module of finite rank, and the con-
jugate action of I'y ) on it factors through I'y ,)/T'1,(1) = GLa(Z;) X Sh.
We know how to compute explicitly the GLa(Z;) x Sy-actions on gr™I'y ,
(m > 1) through certain ‘coordinates’ introduced in [NT] (see also [NT2]).
Coordinate systems of this kind are also constructed in the case of higher
genera ([AK],[K],[NT],[NT2]), and are called the graded coordinate systems
on the pro-l mapping class groups.

(1.8) Let us denote by Outg, 71 (Es)(l) the centralizer of the Galois image
¢0rs(Gy) in Outmy (Es)(l). We call Outg, m1(Es)(l) the Galois centralizer of
the curve Eg. The hyperbolicity of the curve Eg ensures that the canonical
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mapping
l —
) : AutyEs — Outg,m (Es)(l)
gives an injective homomorphism. See also [G], [N5] for discussions about
the injectivity properties of these kinds of homomorphisms in a more general

setting.

(1.9) It is well-known that the Galois image ¢ (G}) is contained in the
pro-l mapping class group I';,. (If S were not pointwise k-rational and
just defined over k, then the image would lie in T'y ,;.) On the other hand,
we also know that Outg, m1(Es)(l) is contained in I'y [,,. This is due to the
fact that the conjugacy union of inertia subgroups in 7y is characterized in
terms of the cyclotomic character (see [N4] 2.1).

(1.10) A principle established in [NT] for estimating a Galois centralizer
Z was as follows. Firstly, by a weight argument, we can embed Z into the
top graduation I'/T'(1) of the pro-I/ mapping class group I' (in our case, into
GLg x S,.) Faltings’ theorem then imposes a first condition that Z must
be contained in the invertibles of the Z;-tensored endomorphism ring of the
Jacobian. Secondly, any Galois image in the Torelli part I'(1) has to be fixed
by the conjugate action of Z. If such ‘Torelli-images’ are constructed in
explicit locations of graduations gr''I', then its effect on Z can be evaluated
by the graded coordinate system described in (1.7). In some optimistic cases
of curves, these conditions would suffice to imply finiteness of Z.

§2. Tower of theta functions

We fix a rational prime [.

(2.1) We first recall some facts about special theta functions. Let £ =
Zwy @ Zws be a lattice in the complex plane C with 7 = w;/wy belonging
to the upper half plane, and let

Z z 1z,
o(z,8) =z [[(1- S)exp(—+5(=)7)
wel!
be the Weierstrass o-function of £ in the complex variable z (£ = £\ {0}).
The fundamental theta function 6(z, £) is defined by

0(z, £) = A(L)e =025 (7, )12
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where

2 -~ ,
AL) = ()¢ [J(1 = gM)* (g7 = exp(2micwn [w2)),
w2 n=1
n(z, L) = s2(L)z + 7z/Mg
1 .
(32(2) = ll_f)f(l) W, Mo = (wlcﬂg — @1@2)/21).
s>0 wel!

It is an even non-holomorphic function on C. The following specialized
formulae will be used frequently in this paper.

(2.2) PROPOSITION. Formn >0, we have

(1) O(wo,1"L) = ¢ - O(wo +w, ") (wo € & wel"e, " =1),
(2) Owo, ") =¢ ]  Olwo+w, "),
welng/intig
(wo € £\ 1", (" =1)

@) em=¢ J[ 6wr"e) (0<m<n " =1

welmg/ing
welng

(4) O(I"wp,I"L) = O(wo, 1" ™L) (wo € L,0<m<n).

Proor. (1) follows from [KL] (K2) p.28. (2),(3) are just special forms
of the distribution relations due to Ramachandra-Robert ([KL] p.43). (4)
follows from [KL] (KO0) p.27. O

(2.3) DEFINITION. For m > 1, we define a meromorphic function
0m(z) on C by

0(z, ™)  A(I™L) I A(™E)

Onl2) = Gig 1) = AT (9(2, 17 ) = p(w, Im£))6

welm=1g/img
wglme
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where p(z, £) is the Weierstrass p-function:

It is an elliptic function with period lattice I £. This function has zeros of
order 2 — 1 in I™£ and simple poles in [~ 1€\ I™£.

(2.4) Given an elliptic curve E over k, we choose a period lattice £ =
Zwy @ Zws with C/£ = E(C) as in (2.1) whose p-function p(z, £) gives the
‘z-coordinate’ of a Weierstrass model for E/k. Let E™ — E be the finite
etale covering of E over k correspoinding to the projection C/I"£ — C/£
(m > 0), and let EJ* C E™ be the pull back of Ey = E \ {O}. We
choose and fix a point b* = —cw; — ewy € C for a sufficiently small real
number € > 0, and let b, € EJ*(C) be the image of b*. As a generator
system of the fundamental group m;(Ep(C),b), we define loops z; (i =
1,2) to be the image of the segment from b* to b* + w; (i = 1,2). Then
z = [x1,29]" ! is homotopic to a simple loop around O inside the square of
vertices b*, b* + w1, b* + wo, b* + w1 + wo.

(2.4.1) For each (a,b) € N2, introduce the notation x4, to denote z{x}
when a > b and xl{xgm‘f_b when a < b, and set z,, = xabzx;bl. We also
define a bijection N — N2 (5 — (a(j),b(4))) as follows. Let s be the unique
integer with s> < j < (s+1)? and put t = j — s2. If t < s (resp. t > s), we

set (a(j),b(y)) = (t,s) (resp. = (s,2s — t)).

(2.4.2) Let 2z; denote z4(;)p(j) for j € N. Then it follows that for each
mo

m > 0, m (EJ") has a generator system z!", 24", 2; (0 < j <[*™ —1) with
a relation

m m

(2", 2h 2021 .. z2m g = 1.

(2.5) Let us fix a generic geometric point 7 : Spec(Q) — FE, and let
M C 2 be the maximal extension of the function field k(E) of E unramified
outside the origin. Then 7 (Fy,n) is identified with Gal(M/k(E)). Now
we have another geometric point b7, : SpecQ2 — E™ corresponding to b, €
E(C) of (2.4). Choose a chemin « from b to n. Then a lift 7, : Spec(2) —
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E™ of 7 is determined naturally by b% and 7. In this situation, we have
the following commutative diagram:

™1 (Eo,by) ——  mi(Eo,n) = Gal(M/k(E))

I [

m(Egby,) —— mu(Eg nm) = Gal(M/k(E™))

(2.6) For each m > 1, 6,,(z) gives a function contained in k(E™) (2.3).
— N
The Kummer extension k:(Em)(Hm/ :
Hpn of m (EFY). Let Oy, ¢ w1 (E,

; ) is the fixed field of an open subgroup
0") — Z; be a homomorphism defined by

Om(2y") = =11 = 1)/2
Om(zhy ) =1(1—1)/2
-1, (a,b) € I™N?
Im(zap) = ¢ —1, (a,b) € ™ IN2\ [""N2,
0, otherwise.
It is easy to see that H,, y is the kernel of ¥,, mod IN. 1f we set H,, = 'm0,

H,, oo = NNHpy, N, then the quotient group Hm/HmOo is isomorphic to Z;
generated by the image of z.

(2.7) Let k(1) denote the subfield of k generated by the coordinates of
the I-power division points of E/k. Denote by K, ny the function field
k(l)(ES”)(G}r{ZN) and by H,, v the Galois group of M over K, y (0 < N <
o0). These are well-defined as k(1) contains e, the set of I-power roots of

unity. In the terminology of [N1] §2, the triple (Hy, v, Hm n, k(1)) forms a
“model” in (W%l)(EO),pEO/k).

(2.8) DEFINITION. For each o € Gy(1), m > 2, (a,b) € N, we define
an l-adic integer v} (o) € Z; as follows.
(2.8.1) If (a,b) = (0,0) mod ™!, then v (0) = 0.
(2.8.2) SNuppose (a,b) # (0,0) mod I™!. Choose a lift o, € pg;/k(a) N

Hyy 0o Then v = vl}(0) is defined as an [-adic integer such that

1

OmZab0py, 18 conjugate to 27" zqp2" in Hyp oo
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The [-adic integer v as in (2.8.2) is determined uniquely because in this
case Zgp € Hp oo and the conjugacy classes of (zqp) in Hy, oo correspond
bijectively to the places of kK, o lying over an unramifed place of kKiK.

Notice that if (a,b) = (a’,0") mod I, then v} (o) = v}, (o).

(2.9) If (a,b) € Z*\1™Z?, then the value 0(at+b, "™ (ZT+7Z)) considered
as a function of 7 in the upper half plane of C gives a modular [-unit
of level 2/2™ whose g-expansion has coefficients in Q(p) ([KL] Theorem
1.1 (p.29) and Theorem 2.2 (p.37)). Therefore we see that the special
values 0(aw; + bwa, L) and 0y, (aw1 + bws) are contained in the field k(1)
(cf. [Sh] 6.2). Let ((n) be the standard generator of T;(Gy,) such that
(v = exp(2mi /1Y),

(2.10) LEMMA. If (a,b) € N2\ ™" IN2, then

(0 = 1) (awn + b))/ = ¢

for each 0 € Gyy. Here the action of (o — 1) is understood to be multi-
plicative.

PROOF. Let v = vu(0) and let P € EJ'(k) be the point lying below
awi + bwy. Denote the normalization of Ej* in the function field K, n
by Unn. If Q € Upn(k) lies over P, then 0Q = ¢*Q is also above P
(0" = id x 1) Spec(c™1)). So a covering transformation of Uy, n over Ef"
carries Q) into 0@. If [z] denotes the transformation corresponding to the
image of z in Gal(K,, n/Kp) then Jpj9 = z7'Jgz where J, denotes the
conjugacy union of the inertia groups over *. Thus J,q = ijQO';Ll =
27Y3qQz" = T, hence 0Q = [2]VQ. If ¢y, : Uy v — Gy is the pull-back

of By over k(1) then 0* (4 Q) = (0" Q) = ¥m([Q) = (" (W Q).
Since 1, (Q)'" = 0(P), this means that (o — 1)(0(P)/'") = ¢y
on G,,. J

§3. Equivariant measures

(3.1) Let [ be a prime and m > 1 an integer. We identify [0,1™)?
with (Z/I™Z)? by (a,b) + (a,b) mod I™. An element of the group ring
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Zy[(ZJI™Z)?] is considered as a Z;-valued measure of the discrete space
[0,1™)2. For (a,b) € [0,1™)%, we denote by e, the element of Z[(Z/I™Z)?]
corresponding to the Dirac measure supported at (a,b) mod {". The group
GLo(Z/I™Z) acts on (Z/I™Z)? = [0,1™)? in the standard way on the left.
By composing this action with the canonical map GL2(Z;) — GL2(Z/I™Z),
we get an induced action of GLa(Z;) on Z;[(Z/I™Z)?] as follows:

(32) g-( > “€ap) Zc ea (9 € GLa(Z1), ca) € ).

(a,b)E[O,lm)2 (a,b)
For simplicity, we shall often write 0 for (0,0) € [0,1™)2.

(3.3) Let E/k be an elliptic curve over k, and T} E the l-adic Tate module.
Choose (w1,w2) as in (2.4) which is also regarded as a basis of T} F, and
identify Zl2 with T} F by (‘;) — awi + bwe. Then the Galois action on T} F
determines a homomorphism

p: Gk — GLQ(Z[)

such that o(aw; + bwz) = (w1,w2)p(0) (Z) The complete group ring A =
Z,][Z3)] can be considered as the space of Z;-valued measures on Z? denoted

Meas(Z3?). The left action of GLy(Z;) can be given by the rule
(3.4) / g\ = / (9 € GLa(Z)), X € A = Meas(Z})).

The [-adic cyclotomic character y of Gy is given by det(p), and we will
consider A as a Galois module by

op=plo)x(o)n (o€ Gy, peA.

The measure space A considered as a Galois module in this way will be
denoted by A(1) = Z[[Z?]](1).

(3.5) For 0 € Gy1y, we define i, (0) € Zy[(Z/I"™Z)?] by

Mm(a) = Z ,U/m(aw b; U)eab7
(a,b)el0,0™)?
(a,b)#(0,0)
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where
Lim ((I b O' 1_l2 Zym-‘rl-ﬂ l2z

Since O, 114i(z) = 0(z, ™) /60(z, 1T £) by definition (2.3), it follows
from Lemma (2.10) that

(351) (0’ — 1)9((1(4}1 + bw2’ lmg)l/lN _ C];t[m(a,b;a)

for (a,b) # 0 mod I". We decompose i, (o) as

m—1
i) (o)
r=0
where
o) =" > pm(a,bio)eq.

(a,b)=0 mod I"
(a,b)20 mod ™11

By the distribution relation (2.2)(2), we see that {,u%)(a) | m > 1}, forms
a compatible system with respect to the projection maps Z;[(Z/I™T1Z)?] —
Zy[(Z)I™Z)?) (m > 7). Therefore we can give the following definition

(3.5.2) DEFINITION. 2™ (0) =lim  p%) (o).

S—m>r
Obviously, we have (") (o109) = u) (01) + p") (09) for oy, 09 € G-

(3.6) Let X; € A be the image of w; and put T; = X; —1 (i = 1,2). Then
A = Meas(Z}) is identified with the commutative formal power series ring
Zi[[T1,T»]]. When we emphasize that an element A\ € A is regarded as a
formal power series in variables 17, T, we write A = A\(T1,T%). Conversely,
if a formal power series F'(T3,T5) is considered as a measure on Z7, we will
write it as dF'(T1,T») or just dF.

(3.7) PROPOSITION.

M(T)(TMTQ) = /1'(0)((1 + Tl)lT -1, (1 + TQ)V - 1)
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Proor. It follows from (2),(4) of (2.2) and (3.5.1) that

(T, Ub:0) = pnr(abi0) = Y pmlateb+dio)
(c,d)€[0,i™)2
(¢,d)=0 mod ™"

for m > r and (a,b) € [0,I™)? with (a,b) £ 0 mod ™ ". The formula is a
formal consequence of these equalities. [

(3.8) PROPOSITION. Let € : A — Z; be the augmentation homomor-
phism, and let 0 € Gy1y. Then, for any r > 0,

(O’ o 1)l12/lN — CJE\;H(T)(U))‘

PrROOF. By (3.7), we may assume r = 0. Then the formula follows
from (2.2) (3) and (3.5.1). Notice that k(1) contains all the I-power roots
of unity. [

(3.9) EQUIVARIANCE LEMMA. The measure valued homomorphism
MOE Gray — A(1) satisfies

pO(rort) = r(19(0))
Jor o € Gy, 7 € Gi.

PrROOF. By (3.5.1) and Definition (2.3), we have

N/

i — a,b;ror—1
H(TUT_l — 1) (Omy14i(awr + wa)l2 )UZN = CNW( o )
1=0

for (a,b) € [0,I™)2\ {(0,0)}, m > 1,7 > 0 and for any N’ > N. Since
Om+1+i are defined over k, the i-th factor of the left hand side is given by

7((0 = 1) (1 (7~ (awy + bwz)) )V

= T((O’ — 1)(0m+1+i(<w1,w2)p(7'_1) <b> )121')1/ZN)7
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where (a,b) is regarded as an element of [0,/™1+9)2\ {(0,0)}. If it is
represented as a power of (y, then by (2.10), the exponent is

X(T) (1= Bt (o) 1,

From this and the definition of y,,(a,b; o) (3.5), the assertion follows. [J

(3.10) LEMMA (cf.Yager[Y]). Let D; be the differential operator (1 +
Ti)aiTi on the measure space Meas(Z}) = Z[[T1,To]] (i = 1,2). For X €
Meas(Z3?), i,j > 0, we have

DiDIN0,0) = /
Zi

d(DngA(Tl,TQ)):/ XiXJdA.

z

Here X%Xg in the right hand side is understood as a measurable function
Zl2 — 7.

(3.11) Let us embed Z;[[T1, T5]] to Q;[[T1,T3]] and introduce new vari-
ables U; = log(1 + T;) (i = 1,2) in the latter ring. The action of GLa(%Z;)
on Z;[[T1, T»]] is naturally extended to that on Q;[[T1, T»]] and is described
as follows.

(3.11.1) (CC‘ Z) Uy = aUy + cUy, (‘CL Z) Uy = bU; + dUs.

Therefore it is possible to consider the space of homogeneous polynomials
of degree m in Q;[[U1, Us]] as Sym™V,E = Sym™T; E ® Q; by sending Ung
to wiwg as a representation space of GLso.

Now we shall expand our equivariant measure u(9 () € A(1) (o € Gry)

in the variables Uy, Us as

iTT]
(3.11.2) pO)=>" mj(a)U.l—(.],Q.
550 4!

By (3.10), we can compute the coefficient r;;(c’) modulo IV as follows.

kij(0) = Di Dy (0)(0,0)
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(3.11.3) = Z a'ty dp® (o)

0<a,b<IN (a.b)+HNZE

= Y dWunlabo),
0<a,b<iV
(a,b)

where [ 1 (a,b) means that [t a or [ b. Therefore, by (3.5.1), the character
Kij : Gr1) — Z; can be characterized by the Kummer properties:

(3.11.4) (0 —DEN =@ (V=1

where

(3.11.5) 5% = H 0(awr + bws, ZNS)“ibj.
0<a,b<I™V

it(a,b)

Since O(w, IV L) = O(—w, IV 2), it follows easily that x;; = 0 when i + j is
odd.

Using Thara’s technique which appeared in [IS] p.62, we can show the
following partial nonvanishing result.

(3.12) LEMMA. For each elliptic curve E [k, there is an integer N > 1
such that for every 4-tuple (i,7,u,v) of positive multiples of (I—1)IV=1, the
character

Kio + Koj — Kuv * Gray — 2y

has an open image.

PROOF. Let 9((12[) denote 0(aw; + bws, IV L) for simplicity. If a 4-tuple
(i,4,u,v) is as above, then since (I — 1)IN=1 > N,

0 — N j — N uv
5]\0/': H 9((11)), 5%: H Hgb)’ EN

0<a,b<I 0<a,b<IV
la b
N N
= H 021)) mod k(1)*!".
0<a,b<I

lta,b
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On the other hand, by (2.2)(3), we have

l12 — C H 9((12[) (CZN — 1)
0<a,b<I™
it(a,b)

Hence 5’}85% (e¥)~1 =112 mod k(1)*™ . Thus, for the proof of the lemma,
it suffices to show that one can take a sufficiently large N such that {12/ o o4
k(1). This is possible if we notice that the Kummer extensions k(e , 112/1")
will give nontrivial meta-abelian extensions over k for large N. In fact, if £
has complex multipication, then since k(1)/k is virtually abelian, 112/ i ¢
k(1) for large N. So let E have no complex multiplication. Then by Serre’s
result [Se], Gal(k(1)/k(u=)) is an l-adic analytic group with Lie algebra
sly. Again we can take large N with k(pee, llz/lN) Z k(1). O

4. The power series a,

(4.1) Let (E,O) be an elliptic curve over a field k, and consider the
exterior Galois representation

Y =QE,: Gk — Fl,l C Out?Tl(Eo)(l)

as in §1. By the weight filtration in I'y ;, we obtain a field tower k C k(1) C
k(2) C ... such that Gyny = ¢ '(T'1,1(m)) (m > 1). From this definition,
there occurs an injecitive homomorphism

gr'(p) : Gal(k(m +1)/k(m)) — gr™T11  (m >1).

As a result, Gal(k(m + 1)/k(m)) (m > 1) turns out to be a torsion-free
Z;-module of finite rank. Moreover, by conjugation, it has a structure of an
l-adic representation space of Gal(k(1)/k) of weight (—m). For simplicity,
in this section, we write w1 = m1(Ep)(l), which is also identified with IIj
as in §2 (2.4).

(4.2) PROPOSITION. If m is odd, then k(m) = k(m + 1).
PrOOF. Suppose that o € Gy (). We note that ¢(o) commutes with

the image of (—1) € AutiE in I'; ;. Since p(—1) acts on gr”T';; by multi-
plication by (—1)™, the assertion follows. [J
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(4.3) If 0 € Gy3), then ¢(0) can be uniquely lifted to an element of

ii={felu1| f(z) =2 (a € L)}

in such a way that ¢(o) € I'] 1(3). (Form > 1,T7(m) = F{,lﬂflﬁl(m)). In
fact, the ambiguity of such a lift comes from inner automorphisms by powers

of z. Therefore the lift must be uniquely determined, for z* € II; ;(3) iff
a =0 (cf. [NT] §2).

(4.4) By (4.3), we know that gr™I'y 1 = gr™T'] ;| for m > 3. Actually, we
can compute gr'l'y ; = gr’l';; = grlI‘1 1 =0, gr Fl 1 =2 Z; by (1.14), (2.3)
of [NT]. Therefore k(1) = k(2) = k(3). As k(3) = k‘( ) by (4.2), we obtain
a canonical mapping

"Gy — IMa(4) C Ty

(4.5) As is shown in Thara’s famous work [Ih], the quotient group =} /7
regarded by conjugation as an A = Z;[[m1/7}]]-module is free of rank one
with a generator z = z mod n{. For F € A,w € «}/n{, we shall rep-
resent this module operation by F - w. Let X; be the image of x; in
71/}, which coincides with w; via the canonical identification /7] =
T\E = H{(E(C),Z) ® Z, and let ; = z; mod nf. U T, = X; — 1
(i = 1,2), then A can be regarded as the ring of formal power series in
(commutative) variables T3, T». The following formulae are basic in which
F.Ge A, a,B,y€Z,w ey /.

(4.5.1) (FG) - w=F- (G- w)

(4.5.2) (F-%)(G- ) (F+G)
(4.5.3) (L+ 1)1+ 1)’ — 1) @ = [z, ]
(4.5.4) (vF) - w=F o' = (F- )

(4.6) Let us introduce the group ¥* studied by Bloch [Bl], Tsunogai [T].
It is defined by

U* = {f € Aut(m /7)) | f(z) = 2% Ja € Z]}.



Exterior Galois representations 215

The natural action of ¥* on m /7] = Z; X1 @ Z; X2 gives a surjective ho-
momorphism p : U* — GLy(Z;). We denote the kernel of this p by ¥*(1).
Since /7 is generated by Z; (i = 1,2) as a pro-l group, f € ¥* is deter-
mined by the pair of S;(f) = f(z;)7; ' (i = 1,2). Notice that f € U*(1) iff
Si(f) € m/al (i =1,2).

(4.7) PrOPOSITION (Bloch[Bl], in this form, see Tsunogai[T]). Let
f e ¥ (1) and write S;(f) =G; -z (i =1,2; G; € A). Then we have

(*) T5G1 — TGy = 0.

Conversely, if a pair (G1,G2) € A? satisfies (x), then we can find a unique
fev*(1) such that S;(f) =G; -z (i=1,2).

PrROOF. By wusing formulae in (4.5), we compute f(z) =
SQ[i‘Q,Sl]SlES;l[SQ,i’l]sfl = [i‘Q,SlHSQ,il]E = (TQGl — TGy + 1) - Z.
The first assertion follows from this and the condition f(z) = z. For the
second, take for f the reduction modulo 7} of the automorphism of the free
pro-/ group m; sending z; to a lift of (G; - 2)z; (i =1,2). O

(4.8) Since A is a unique factorization domain, the pairs (G1,Ga) € A?
satisfying () correspond bijectively to the elements H € A by

B:0%1) S AQ), f—H

where T; H = G; (i = 1,2) ([Bl],[T]). Since S;(f) = (T;8(f))-z = (=T;8(f))-
z7l = [-B(f) - 2,74], every f € ¥*(1) is an inner automorphism of my /7Y
by {—0(f)-z}. By virtue of the Tate-twist appeared in the target of /3, the

map ( turns out to be a GLo-equivariant isomorphism, i.e.,

B(faf™") = (detpp)ps(Blg))  (f € ¥* g€ W (1), pr = p(f)).

See Tsunogai [T] for a more detailed account of these properties.

(4.9) Let € : A — Z; be the augmentation map, and I = ker(e) the
augmentation ideal. Introduce a decreasing filtration ¥*(1) D U*(2) O ...
by U*(m) = B~Y(I™2) (m > 2). It follows that f € ¥*(m) < B(f) €
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I"? s G el™ M i=1,2) & Si(f) € m(m+ Dy /xf (i = 1, 2) To get
the last equivalence, use the isomorphisms I™ = my(m + 2)77 /7] (m > 0)
([Th](19)p.67) by F + F -z. Remark that gr'¥* = 0 and that gr™¥* =
(Im™=2/1m=1(1) = Sym™ 2T, E(1) for m > 2.

Let gr™(my /7)) = mi(m)ny /m1(m + )7 (=2 1=2/I™3). Then there is
an exact sequence

(4.9.1)
Cm a2 fin m+2(

0 —— grmy* ——2 grm+1(7f1/7T1) —— gr 7T1/7T/1/) > 0

in which

E(f) = (S1(f), Sa2(f)) mod 7y (m + 2)x7,
fin(S1, 82) = [T, S1] + [S2, #1] mod 71 (m + 3)m]

(We use _ to mean taking images in suitable graded quotient modules.)
We shall recall the formation of (modified) coordinate modules from

NT] §2. Let s;(f) = f(x;)x; ! for f € I'7; (i =1,2). Then f € I'T(m) if

and only if s;(f) € m1(m+1). The m-th stage coordinate module C"(2,1)*

is just (gr™*1m)®2, and there is an exact sequence ([NT] §2 (2.5))

(4.9.2)

0 — g, —— (gr™™

mp)®2 LN gr™t2(r) —— 0

which lifts the exact sequence (4.9.1) as follows :

cm(f) = (s1(f), s2(f)) mod mi(m +2),
S2) = [x2, s1] + [s2, 1] mod 71 (m + 3).

fm(s1,

Now we consider the natural map v : I'l; — ¥* obtained by reduc-
tion modulo 7{. It is easy to see that it preserves filtrations and induces
canonical homomorphisms

gr’y i grl] — g™ (m>1).

This is GLgy-equivariant, and is compatible with obvious homomorphisms

Ym : gt — gr'™(my /7)) (m > 1)
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in view of (4.9.1-2). Namely we have the following GLg-equivariant com-
mutative diagram connecting two exact sequences (4.9.1) and (4.9.2):

(4.9.3)
0 0

2 gm

ker (Y1) ——  ker(ym42)

0 —— g™}, —m  (gHm)® In gt g

lgrmv v&2 Yrnt2

0 —— gt S gy /)02 T gy /) s 0

l l

0 0

(4.10) LEMMA. For even m > 4, the map gr'™~ is surjective if | is
odd. When l = 2, it has an open image of exponent 2.

PROOF. This can be proved in a quite similar way to [Ih] p.91. We
only give a sketch of the line. By the snake lemma applied to (4.9.3), it
suffices to show that the induced mapping py, : gr™¥* — coker(g,,) is zero.
It follows from definitions that p,, sends f mod U*(m + 1) to [z, 3(f) - 2]
mod 71 (m + 3) where 3(f) - z € m1(m) is a lift of 5(f) -z € m(m)n] /7] .
Thus, as shown by Ihara (and Kaneko) in [Ih], the proof is reduced to the
following congruence formula modulo the image of g,,:

[[z1, z2], [wiws . .. [won[x1, x2]...]| = —[[z1, T2], [Wan[won—1 ... [wi[z1, z2]...]],
where w; =z or xg (i=1,...,2n) and 2n =m — 2. O

Let us return to the geometric situation (4.4). By composing the maps
B, v and ¢*, we obtain a Galois representation

o Gy —2— 1 (1) 2 e 1) 2 Aq).
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For every o € Gy, we know ¢*(0) € I'} 1 (4), hence oy = a(0) € I?. The
main theorem of this section is to relate o, to (% (o) studied in §3.

(4.11) THEOREM. Let pil, = p9 (o) — e(u9(0)) for o € Gy). Then
we have

(T1, 1) = Z% 1+T)" —1,(1+ 1) —1).

PROOF. Let 0 € Gy(1). Then there is a unique lift ¢ € pgg(a) such
that Intg|r, € I'7;(4) (see (4.4).) Since Hp/Hpm oo is a free pro-l cyclic
group generated by the image of z, there is a unique &,, = §,,(0) € Z; such
that 2¢mG € pES(U) N Hyyoo. Therefore we may set o, = 257G in (2.8.2).
Then, for each (a,b) € N?\ I !N? we have

szaba,;l = z§m6zab5_12_5m
= 2&m 6mab&_1z&x;b1&_1z_5m
= zfmw{(a:‘fmg —Daf(o) - z}zab{(x‘fxg —Da(o) - z}_lw 1

for some w € 7{. [For F' € A, we shall write F'- z to denote a representative
of F'-z € m}/n{ in 7}.] By the definition of v = v (o) (2.8.2), if (a,b) £ 0
mod ™1, szaba;bl is of the form hz Yz 2" h~! for some h € H,, o. Since
the centralizer of zq, in 7 is (z4p) and since Hp, oo 3 Zab, Hmoo O T, We
see that v = v]}(0) satisfies

(4.11.1) 27 = 25 { (2828 — 1)a(o) - 2} mod Hy, o
for (a,b) #Z 0 mod I, m > 2. Suppose that

(T, To) = > om(abio)1+T1)'(1+Ty)
(a,b)ef0,1m)?

l"n

modulo the ideal ((1+71)" —1, (14 T3)
for (a,b) # 0 mod I (m > 2),

—(I* = Drg(o) =

—1). Then, by (4.11.1) we have
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— - 1)
+ {l2am(—a, —b;o) — Z am(—c,—d;0)}

(¢,d)€[0,1™)2
(c,d)=(a,b) mod I"™~1

o {l2am(070;0) - Z am(iq 7d7 J)}
(c,d)€[0,i™)?
(c,d)=0 mod ™1

=&n(0) (2 = 1) + {Pay(—a, —b;0) — apm_1(—a, —b;0)}
— {2, (0,0;0) — apm-1(0,0;0)}.

Here 9, : m (E{)”) — 7 is the homomorphism determining H,, o (2.6). It
follows then that

Lo (CL b, O’ 1—l ZVerlJrz l2¢
= am(=a,=b;0) = an(0,0;0) = (I = 1) Zﬁmﬂﬂ

for m > 1, (a,b) € [0,1™)2\ {0}. Put Xp,(0) = (12 — 1) Y020 Emr14i(0)%
and Y, (0) = —an(0,0;0) — X, (o). Then noticing that p, is an “even”
measure, we have

(4.11.2) fm (@, b;0) = o (a,b;0) + Yy (o)

for (a,b) € [0,1™)%\ {0}.
Let ay,(0) denote the image of a(o) in Z[(Z/I™Z)?]. Then,

am (o) = Z am(a, b; o)egp.

(a,b)€[0,im)2
We shall decompose it into the sum Y, agn)( ) + am(0,0; 0)eqp, where

oM (o) = Z am(a,b;o)egp.
(a,b)=0 mod I"
(a,b)#0 mod "1
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Since {uﬁ,?) — agg)}m has coherence with respect to the projections
(2] 7)?) — Z,[(Z)1™Z)?, it follows from (4.11.2) that I?Y,,11(0) =
Y (o) (m > 1). From this we get {*° | Y},,(¢), hence Y;,,(0) = 0. Thus

pm(a,byo), if (a,b) € [0, lm)2 \ {0},

(4.11.3) am(a,bo) = { —Xn(o), if (a,b) = (0,0).

Forany m > 2 and r with 0 <r <m — 1,

(Use (3.7) for the second equality, and the coherence of « for the fourth
equality.) Taking into account e(a,(0)) = 0, we get —m(Xp,—1(0) —
Xm(0)) — Xm(o) = 0. Hence

(4.11.4) Xm(o) =mXi(o).

Moreover, it follows that

(4.11.5) X1(0) = e(u”(0)),

for the left hand side is equal to —a1(0,0;0) = 5(04&0) (0)) = s(ugo) (0)).
On the other hand,

wo(T, o) = —e(u@(0) + Y pla,bio)(1+T0)*(1 + To)"
(a,b)€[0,1™)?
H(a,b)

mod ((14 7)) —1,(1 4+ T»)!"™ —1).

Therefore, by (3.7),

ST (1) -1, 1+ 1) - 1)
1=0

= —me(uV(0)) + Z fim (@, b; ) (1 + T1)*(1 + Ty)®
(a,b)€[0,im)\{0}
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l m

mod ((1+ 1) —1,(1 4+ T»)"™ — 1). Comparing this with (4.11.3-5), we
complete the proof of Theorem (4.11). O

(4.12) COROLLARY. In Q[[Uy,Us]], ag can be represented as

1 Uivj

(T, To) =) =5 D Figl0)
m>2 i+j=m -

even iJZ[)

Proor. This formula follows from Theorem (4.11) together with
(3.11.2). O

(4.13) COROLLARY. «, € I™ if and only if u. € I'"™ (m >1).

(4.14) Let k;j be the fixed field of the kernel of x;; : Gy1) — Z; and ki,
the composite field of the k;; (i +j =m — 2, 4,5 > 2). We also define the
field tower

k(1) = k[2] = k[3] = k[4] C k[5] = k[6] C ...

by Gy = a”H(I™72). Then by (4.12) we see that k[m + 1] (m > 4) is
generated by the k; (4 <i < m) over k(1).

(4.14.1) CrAamM. k(m) N ky/k(1) is a finite extension, hence k[m] N
km/k(1) is also a finite extension (m > 4).

ProOOF. If not, there exists j < m such that
Gal(k(j)/k(j —1)) = Gal(k(j) N km/k(F — 1) N km)

has an image with free Z;-rank > 1. Tensoring with Q;, we get a non-
trivial homomorphism of Gal(k(1)/k)-modules of different weights. This is
impossible. [J

Thus, noticing that k[m + 1] = k[m] - k,,, we obtain

(4.14.2)  Gal(k(m + 1)/k(m)) ® Q; — Gal(k[m + 1)/k[m]) ® Q,
= Gal(kn k(1)) © Qi
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in which arrows are equivariant with conjugate actions of Gal(k(1)/k).

(4.15) COROLLARY. For any elliptic curve E over a number field k,

there is an integer N such that for every m = 2 mod (I — )IN™1 with
m>2+ (1 —1)N"1

gr'y : Gal(k(m+1)/k(m)) — gr'T'1 4
gives a nontrivial homomorphism.

PRrOOF. By (4.14), we have only to see that some r;; (i 4+ j =m — 2)
has an open image in Z;. For this, it suffices to apply Lemma (3.12) by
settingi=j=m—-2,u=(1—-1)""tandv=m—2—u 0O

(4.16) Suppose that E has no complex multiplication. Then by Serre’s
theorem ([Se]), Gal(k(1)/k) is an open subgroup of GL2(Q;). If kj; is
nontrivial for some (,j) with i +j = m — 2 > 0, then (4.14.2) shows
that Gal(k(m + 1)/k(m)) ® Q; regarded as a submodule of gr"'T';; ® Q
contains the (m — 2)-th symmetric tensor representation of G Ly twisted by
the determinant character. We mention that this irreducible component
has the highest weight in gr''I'1 ; ® Q; and appears with multiplicity one
(see [NT2]).

§5. Application : Galois rigidity

(5.1) THEOREM. Let !l be a prime, and let E be an elliptic curve over
a number field k with EndyE =2 Z. Then the centralizer Outg, m1(Eo)(l) of
the Galois image of
@ Gk — Outm(Eo)(l)

is isomorphic to Auty(E,O) = {£1}.

PROOF. Let Z = Outg,m1(Ep)(l). By weight characterization of in-
ertia subgroups in 7 ([N4] 2.1), we may assume Z C I'y ;. We first show
that Z NI 1(1) = {1}. In fact, if f € ZN T 1(1) is not trivial, there is
an m > 1 such that f € 'y 1(m) \T11(m +1). Let p: I'1y — GLa(Z)
be the canonical projection, and ¢, : I'11(m) — C™(2,1)/gr™Il;; the
(reduced) coordinate homomorphism ([NT](1.13)). Then for each o €
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Gi, em(f) = em(p(0)fe(0)™) = p(@(0)) - em(f). Since p o (Gy) acts
on C™(2,1)/gr™II; 1 by weight-m Frobenius eigenvalues, the above forces
cm(f) = 0, hence f € T'11(m + 1), a contradiction. Therefore we see
Z = p(Z) C GL2(Z;). By Faltings’ theorem [F] and our assumption, the
centralizer of the Galois image in End(1}E) is isomorphic to Z;. Therefore
p(Z) consists of scalar multiples. Let f € Z with p(f) = ay € Z. By
Corollary (4.15), there are integers my,mg > 2 with G.C.D.(m, ma) = 2
and elements o; € Gk(l) (Z = 1,2) with (p(O’i) € F171(mi) \ Fl’l(mi + 1).
Then e, (9(01) = cmy(F2(03)1 ) = p(f) - ema(9(03)) = @y (2(07))
(i =1,2). Hence a}nl = a}”Q =1,ie,ar==+1.0

(5.2) COROLLARY. Letl be a prime, E an elliptic curve over a number
field k with EndyE = 7Z, and S a subset of k-rational points of E with
cardinality n > 0. Then Outg, 71 (Es)(l) is a finite group isomorphic to a
subgroup of {£1} x Sy,.

PROOF. By a similar weight argument as in the proof of (5.1), Z is
embeded into GLo x .5,,. Since the kernel of Z into the second factor can be
injectively mapped by the ‘forgetful map’ I'1 ,, — I'1 1, the proof is reduced
to the above theorem (see also [NT2]). O

(5.3) REMARK. The finiteness of Outg,m1(Ep)(l) was firstly shown
by H.Tsunogai [T] for special real elliptic curves and | = 2. After that
A.Tamagawa showed a sharp criterion for an open curve to have finite Galois
centralizers, by which the finiteness of Outg, m1(Es)(l) also follows under
the condition EndiyFE = Z. These results depend on a criterion given in
[NT] Theorem (3.3). We also remark that when S C E(k) is involved with
more than one torsion packet of E, the above estimate of Outg, m1(Es)(l)
can be considerably improved. See [NT] Theorem(4.16).

Next, we shall consider the characterization problem of curves by profi-
nite fundamental groups (see [N1-2] for the case of genus 0). We begin by
the following lemma which is an easy application of Faltings’ famous result.
Two algebraic varieties X,Y over k are said to be mi-equivalent over k, if
there is an isomorphism «a : m1(X) = 71(Y) with PX/k = Py/k © Q.

(5.4) LEMMA. Let A, B be abelian varieties over a number field k, and
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suppose that Endy(A) = Z. If A and B are mi-equivalent over k, then they
are k-isomorphic.

PrROOF. Since T})A = T;B as Gj-modules, by Faltings’ theorem [F],

A and B are k-isogeneous. We may assume that there is a sequence of
k-isogenies

A=Ay — 2y a4y %2, O 4 =B

in which deg(¢;) are prime powers and, for i # j, deg(¢;) and deg(¢;) are
prime to each other. It suffices to show that A; and A;41 are k-isomorphic
for i € [1,n — 1]. Let [ be a prime dividing deg(¢;). By assumption, we
have an isomorphism of Gj-modules h : TjA = Ty B, hence also 1 : TjA; =
T,A LA T)B = T;A; ;1. Then, by Faltings’ theorem [F] again, ! o Tj(¢;) €
Endg, T1A; = Z; - id. From this we see that coker(7;¢;) is of the form
(ZJ1™Z)%9 for some m > 0. Since A(k);_torsion = T1A ® Q;/Z;, we have

coker(Ty¢p;) = Tor(coker(Tip;), Qi/Zy) = ker(¢;).
Thus ker(¢;) = (Z/I™Z)?9, and hence A; and A;,; are k-isomorphic. [J

(5.5) THEOREM. Let E; be an elliptic curve over a number field k, and
S; a finite subset of k-rational points of E; containing the origin (i = 1,2).
Suppose that EndyE1 = 7 and that either of the following conditions (a)
or (b) is satisfied:

(a) Si contains a non-torsion point of E;

(b) S1 consists of l-power division points of Ey for a prime [.
Then Uy := E1 — 51 and Uy := Es — Sy are isomorphic over k if and only
if they are w1 -equivalent over Gjy,.

PROOF. We have only to prove the ‘if” part of the above theorem. Let
a : m(U1) — m1(Usz) be an isomorphism giving the 7j-equivalence over k.
By [N2] Corollary (3.5), we have a bijection o* : S} — Sy with a(J(x)) =
J(a*(z)) for x € S;. Here J(z) denotes the union of the conjugacy classes
of inertia subgroups of 7; over x. By this together with Lemma (5.4), we
may assume £ = F’ and a*(0) = O. Let S ={O = Py, P1,...,P,—1} and
define Q; = o*(P;) (0 <i <n—1). Since a maps J(P;) onto J(Q;), taking
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quotients we get a Gj-compatible automorphim «g : 71 (Ey) — m1(Ep)
induced from «, which also gives a Gg-compatible automorphism aél
ng)(Eo) — ng)(E()) for each prime [. Let o; be the restriction of a(()l) to the
geometric pro-! fundamental group mi(l) of Ey. Then by Theorem (5.1),
pi(aq) = £1, where p; : Outmy (1) — GL(T,E).

For each i € [0,n — 1], choose an inertia subgroup I; C J(F;), and
let D; be the normalizer of I; in m(U1). Then, a(l;) C J(Q;). Define
s; + Gy — m1(Eo) to be the section of pg, /i, : m1(Ep) — G whose image
coincides with the image of D; by m1(U1) — m1(Ep). Then a o s; gives a
section whose image is that comes from a(D;) by m1(Uz) — m1(Ep). Then
we obtain continuous 1-cochains d;,e; : Gy — [[; T} E (0 <i<n—1) by

di(o) = si(a)_lso(a) (o € Gy),
ei(0) = a(si(o) 'so(0)) (0 € G,

modulo the commutator subgroup of 71 (Ep). By Kummer theory (and the
Mordell-Weil theorem), we have an injective homorphism j of the profinite
completion of E(k) to the continuous cohomology group HY . (Gk, [[, T F).
By construction, it follows that j(P;) = [d;], j(Qi) = [ei] (cf. [NT] §4).
Therefore if we denote by hl! the induced automorphism of
HY (G TT, TiE) from [T, v, then bl (5(P)) = (Q0)-

We first consider the case where (b) is satisfied. By assumption, every
prime-to-{ factor of 5 maps S; onto 0, hence also S5. Thus in this case,
S; and Sy are injectively mapped to Hl (G, TyE) by the [-factor of j.
Therefore P, =@Q; (1 <i<n-—1)or P,=—-Q; (1 <i<n-—1) follows, and
our assertion is proved.

It remains to consider the case where (a) is satisfied. Assume that P;
is a non-torsion point. Since E(k) modulo its prime-to-I-torsion subgroup
injectively mapped to HL,,(Gk, T)E), we have P = +Q; + R for some
torsion element R € E(k) of order prime to I. Then letting ! run over all
other primes, we get P, = £Q;. After replacing Q); by —Q; and « by its
composite with 71 (Uz) = m1(E \ (—S2)) if necessary, we may assume P, =
Q1(= P). Then « induces a Gi-compatible automorphism of w1 (E\ {O, P})
preserving J(O), J(P) respectively. By [NT]| Theorem (4.21), we see that
a; = 1 for all [, hence h!, = 1. Therefore, by the above argument, we get
P, =Q; for all ¢ > 2.
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(5.6) REMARK. It is possible to show that elliptic curves (E, O) over
a number field k are characterized by 7 (E \ {O}) over G}, even for the
curves with complex multiplication. We hope to discuss CM-case more
satisfactorily elsewhere.

§6. Magnus representations

(6.1) Let (E,O) be an elliptic curve over k and m = m1(FEp)(l) the
maximal pro-I quotient of the geometric fundamental group of Ey = E\{O}.
We choose a free generator system {zi,z2} of m; as in (2.4) so that z =
[x2, 1] generates an inertia subgroup of m over the origin O € E.

(6.2) We identify the complete group ring A = Z;[[m1]] with the noncom-
mutative power series ring Z;[[u1, us]]ne by setting u; = z; — 1 (i = 1,2).
Then 7 is regarded as a subgroup of A*. The left action of Autm; on
w1 is naturally extended to that on A. The standard anti-automorphism
g — g~ ! of m is also extended to that of A denoted A — A\°. We have then
(Ap)® = pA% (A, p € A).

(6.3) Let ¢ : A — Z; be the augmentation homomorphism and I =
Ker(e) the augmentation ideal of A. The m-th power I" is the two-sided
ideal of A consisting of the power series having no term of degree less than
m. On the other hand, let I,,, denote the kernel of the canonical map
A — Zy[[r1 /71 (m)]] (m > 1). We notice that I,, G I"™ (m > 2) and that
T; =u; mod Iy (i = 1,2).

(6.4) The free differential calculus due to R.H.Fox can be applied also in
our pro-l context as shown by Thara [Ih2]. Let (y1,y2) be a free generator
system of 71. For each A € A, we define free derivatives g—;‘_ (i =1,2) with

respect to (y1,y2) by the formula

Then the mapping 8%1- : A — A gives a continuous Z;-linear homomorphism.
The following basic properties of pro-l free differential calculus can be found
in [Th2].

O OX
dyi dyi

ou

(6.4.1) o

e(p) + A




Exterior Galois representations 227

A A —1 9\
8y7; - )\—1 ayz

oA Oy,
; Oyr Oy;’

(6.4.2) (A € m).

(6.4.3) ay

)

where (y,y5) is another free generator system of 71, and 9/9y. (i = 1,2)
are carried out with respect to this basis.

(6.4.4) = f(

) (f € Autm),

where 9/0f(y;) (i = 1,2) are carried out with respect to the basis
(f(y1)s f(y2))-

(6.5) For each f € Autmy, we define two by two matrices ¢, Ry € Ma(A)

by 9s1(f)  9s1(f)
S1 S1
si(f) 0
Ry = (afx(lf) Dan() ) , Ap= ( + Ry
dr o 0 s2(f)
If we let Autm; act on Ma(A) componentwise, then by using (6.4) we see

that
Ry = f(Ag)Ay (f,g € Autmy).

In particular, for every f € Autm, ; lies in GLy(A) and the mapping
2 : Autm; — GL2(A) (f — Uyf) gives an anti-1-cocycle. When we compose
the Galois represetation ¢* : Gpy — I'f; C Autm with the above 2 or
R, we shall write 2, = A +(,), Ro = Ry (o) (0 € Gy for brevity. (As
pointed out by Morita [M], the mapping 2° : Autm; — GLa(A) gives an
ordinary 1-cocycle, where ! denotes the transposition of matrices.)

(6.6) THEOREM. For any f € I'] (1), we have

B nT, —T?
Q[f: 12+,80’)/(f) < T22 T, mod 1s.
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PRrROOF. Basic formation of relation modules (see [Br](5.2.2), [Ih2] The-
orem 2.2) shows that there exists an exact sequence of A = Z[[m/7}]]-
modules

0 —— m/nf 9, pe2 A —— 7 0
where
d(n mod 7)) = ((;9_;’ g—;;) mod Iy (n € m}),

d((al,CLQ)) = a1u1 + aguUs (ai cA i= 1,2).

By calculations, we obtain 9(z) = (Ts, —T1), hence for f = ~(f),

(G1(f)To, —G1(F)Th) = B oy (f)(TWTo, —T7),
(Go(f)To, —Go()T1) = Boy(f) (T35, —ThTy).

a(S1())
A(Sa(f))

From this the formula follows. [J
(6.7) COROLLARY.

T, —T?
A, =19 + Oég(Tl,Tg) ( T22 —T1;2> mod Is. (U € Gk(l))

PrOOF. This is a direct consequence of Theorem (6.6) and the defini-
tion of a, preceding Theorem (4.11). O

Thus the anti-1-cocycle %, gives a natural noncommutative lifting of
the power series a,. It is possible to analyze images of the exterior Galois
representation

PE, : G — F171 C Outm

by using 2, together with derivation calculus developed in [NT] §5. All
these devices originated from Thara’s many papers on the case of genus
zero ([Ih],[Ih2] etc.) See also [Ih3] for a survey of his related works. The
effective use of free differential calculus in this direction is also emphasized
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by S.Morita [M] in a topological context. We hope to pursue this theme
more in a future article.

We shall close this paper by showing a lemma which suggests a compat-
ibility of our anti-1-cocycle 2, with respect to the weight filtration.

(6.8) PROPOSITION. The following three conditions are equivalent for
feli;,m>1

(1) fel7,(m).

(2) ™Ay =13 mod I".

(3) |y =0 mod I"™.

Proor. (1)<(3) and (3)=-(2) follow easily, so it suffices to show
(2)=(1). Assume (2) holds. Then

9s1(f) _ 0sa(f)
8272 8:761

0si(f)
31’i

=0 mod I',

(1 — si(f))u; mod I (i =1,2).

U

Since £(s;(f)) = 1, by the definition of free derivatives, we obtain
si(f) —1= (1 —s(f))u; mod I™ (i =1,2).

From this follows that s;(f) — 1 € I"™*! hence s;(f) € mi(m +1). O
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