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Asymptotic completeness for long-range

many-particle systems with Stark effect

By Tadayoshi ADACHI and Hideo TAMURA

Abstract. We prove the existence and the asymptotic complete-
ness of the Graf-type modified wave operators for many-particle Stark
Hamiltonians with long-range potentials.

1. Introduction

The problem of the asymptotic completeness for many—particle quantum
systems has made a major progress for these several years. This problem
was first solved by Sigal-Soffer [16] for a large class of short-range pair
potentials. After that work, alternative proofs have been given by several
authors [6, 11, 18, 23]. On the other hand, for the long-range case, Enss [4]
first proved the completeness for three—particle systems with pair potentials
decaying like O(|x|™") at infinity for some v > v/3 — 1. This result has been
extended by Dereziiiski [3] to N—particle systems and also the case of poten-
tials decaying more slowly has been dealt with by [5, 21] for three—particle
systems. We here study the problem of the asymptotic completeness for
many-particle Stark Hamiltonians with long-range potentials. Recently
the first author (T. Adachi) has proved the completeness of the modified
wave operators for three—particle systems under the conditions that a uni-
form electric field is sufficiently strong and that any two—particle subsystem
has a non—zero reduced charge ([1]). The second condition implies that no
two—particle subsystems have bound states, so that scattering states have
only a single channel. We extend this result to N—particle systems without
assuming the two additional conditions above.
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We consider a system of N particles moving in a given constant electric
field £ € R?, £ # 0. Let mj, e; and rj € R3, 1 < j < N, denote the
mass, charge and position vector of the j—th particle, respectively. The
N particles under consideration are supposed to interact with one another
through the pair potentials Vji(r; — ri), 1 < j < k < N. Then the total
Hamiltonian for such a system is described by

- 1
H= > {—%AW —ejf:-rj} +V,

1<j<N

where & -1 = Z?:l gnj for &, n e R3 and the interaction V is given as the
sum of the pair potentials

V = Z Vik(r; —ri).

1<j<k<N

As usual, we consider the Hamiltonian H in the center-of mass frame. We
introduce the metric (r,7) = Z;VZI mjr; - 7; for r = (r,...,ry) and 7 =
(71,...,7n) € RN, We use the notations 2 = (r,r) and |r| = (r,r)1/2.
Let X and X be the configuration spaces equipped with the metric (-, ),
which are defined by

X:{TGR?’XN: Z m;r; :0},
1<j<N

XL:{TERWN;TJ-:rkf0r1§j<k§N}-

These two subspaces are mutually orthogonal. We denote by 7 : R3>*N —
X and 7, : R¥»*¥ — X the orthogonal projections onto X and X,
respectively. For r € R3*VN | we write « = 7r and x| = 7, respectively.
Let F € X and E; € X | be defined by

E:W<ﬂg7”_7€_Ng>7 E =7, (25,...,6—]\’ >7
mi my mi my

respectively. Then the total energy Hamiltonian H is decomposed into
H=H®Id+ Id®T,, where Id is the identity operator, H is defined by

H=-A/2—(E,x)+V  on L*X),
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T denotes the free Hamiltonian 7, = —A | /2—(FE |,z ) actingon L?(X ),
and A (resp. A)) is the Laplace-Beltrami operator on X (resp. X ;). We
assume that |E| # 0. This is equivalent to saying that e;/m; # ey /my, for
at least one pair (j, k). Then H is called an N-particle Stark Hamiltonian
in the center—of-mass frame.

The problem of the asymptotic completeness is to determine completely
the asymptotic states as time ¢ — £o0 of the solutions ¢ (t) = exp(—itH)y
to the Schrodinger equation for all initial states ¢ € L?(X). The asymptotic
behavior of the solutions depends on the values of e;/m;. If e;/m; # ex/my,
for any j # k, then each pair cluster has a non—zero reduced charge. Hence
the N particles are expected to be scattered along the direction of £ without
forming bound states and also the solution v (¢) has a single channel as the
asymptotic state. On the other hand, if, for example, e;/m; = ex/my
for some pair (j, k), then the pair cluster (j, k) has a zero reduced charge
and these particles may escape to infinity, forming a bound state at some
energy. Therefore the solution v (t) has scattering channels associated with
such bound states as the asymptotic state. Thus the asymptotic behavior of
the solutions is different according to the values of e;/m;. We shall discuss
the matter more precisely. To do this, we require several basic notations in
many—particle scattering theory.

A non-empty subset of the set {1,..., N} is called a cluster. Let Cj,
1 < j < m, be clusters. If Ui<j<,,C; = {1,...,N} and C; N C}, = 0 for
1<j<k<m,a={C,...,Ch} is called a cluster decomposition. We
denote by #(a) the number of clusters in a. We denote by A the set of
cluster decompositions and set A = {a € A : #(a) > 2}. We let a, b € A.
If b is obtained as a refinement of a, that is, if each cluster in b is a subset
of a cluster in a, we say b C a, and its negation is denoted by b ¢ a. We
note that a C a is regarded as a refinement of a itself. If, in particular, b is
a strict refinement of a, that is, if b C a and b # a, this relation is denoted
by b ¢ a. We denote by a = (j, k) the (N — 1)—cluster decomposition
(G k) (e Gheve s (R), e (N},

Next we define the two subspaces X and X, of X as

X*={reX: ijrj =0 for each cluster C' in a},
jec
Xo={re X :rj=ry for each pair a = (j,k) C a}.
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We note that X is the configuration space for the relative position of j—th
and k-th particles. Hence we can write V,,(x®) = Vji(r; —71). These spaces
are mutually orthogonal and span the total space X = X® @ X, so that
L?(X) is decomposed as the tensor product L?(X) = L*(X?)® L?(X,). We
also denote by 7® : X — X? and m, : X — X, the orthogonal projections
onto X and X,, respectively, and write 2 = 7n%x and z, = w,x for a
generic point x € X. The intercluster interaction I, is defined by

Io(z) = Valz®),

afa

and the cluster Hamiltonian

Hy=H-I,=-A/2— (B,x)+ V", V%) =) Vala®),

aCa

governs the motion of the system broken into non—interacting clusters of
particles. Let £* = n® E and E, = 7, E. Then the operator H, acting on
L?(X) is decomposed into

H,=H*®Id+1d®T, on L*(X%) ® L*(X,),
where H? is the subsystem Hamiltonian defined by
H* = —A"/2 — (E* 2" +V*  on L*(X%),
T, is the free Hamiltonian defined by
T,=—-No/2— (Ea,za)  on L*(X,),

and A® (resp. A,) is the Laplace—Beltrami operator on X (resp. X,). By
choosing the coordinates system of X, which is denoted by = = (2%, z,),
appropriately, we can write A% = (V%2 and A, = (V,)?, where V¢ =
Opa = 0/0x" and V, = 0,, = 0/0x, are the gradients on X* and X,,
respectively. We note that we denote by z (resp. z,) a vector in X (resp.
X,) as well as the coordinates system of X (resp. X,).

We now state the precise assumption on the pair potentials. Let ¢ be a
maximal element of the set {a € A : E* = 0} with respect to the relation
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C. As is easily seen, such a cluster decomposition uniquely exists and has
the following property : £ € X. and E ¢ X, for any b 2 c. If, in particular,
ej/mj # ey /my, for any j # k, then ¢ becomes the N—cluster decomposition.
The potential V, with o ¢ ¢ (resp. a C ¢) describes the pair interaction
between two particles with e;/m; # er/my (resp. ej/m; = ep/my). We
make different assumptions on V,, according as o Z ¢ or ao C ¢. We assume
that :

(V) Va(z®) € C*°(X?) is areal-valued function and has the decay property
0o Va(2®) = O(l2*|7# W), %] — oo,

with p > 0 for a ¢ ¢ and with p > /3 — 1 for a C c.

Under this assumption, all the Hamiltonians defined above are essentially
self-adjoint on C§°. We denote their closures by the same notations.
Throughout the whole exposition, the notations ¢ and p are used with the
meanings described above. Without loss of generality, we may assume that
0<p<1l/2forad¢cand 3 —1<p<1foracCec IfV, satisfies this
decay assumption, then V, is called a long-range potential.

To formulate the obtained result precisely, we define the modified wave
operators. The definition requires several new notations. We assume that
a C c. Then the subsystem operator H® does not have a uniform electric
field (E* = 0). Hence it may have bound states in L?(X®). We denote
by P% : L*(X®) — L%*(X?) the eigenprojection associated with H®. We
also write p, for the coordinates dual to x, and denote by D, = —iV,
the corresponding velocity operator. Let IS be the intercluster interaction
obtained from H¢:

I5(x) = L) = ) Vala®)

aCc,aa
We consider the time—dependent Hamiltonian
(1.1) Hug(t) = Hy + IS(tD,) + I.(1*E/2)  on L*(X).

The three operators on the right side commute with one another. This can
be easily seen, if we take account of the fact that IS(tp,) = IS(tm¢p,). Thus
the propagator U, (t) generated by Hyi(t), that is, {Ua,g(t) her is a family
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of unitary operators such that for ¢ € D(H,c(0)), ¥+ = Usc(t)3 is a strong
solution of idiy/dt = Haq(t)y, 1o = 1, is represented by

Un(£) = exp(—itH,) exp <—i /0 (I5(sDy) + IC(SQE/2)}ds> .

With these notations, the modified wave operators in question are now
defined by

(1.2) WL =s— . lirin exp(itH )Uyq(t)(P* ® Id), a C c.

We can easily prove that if these wave operators exist, their ranges are all
closed and mutually orthogonal

Range WaiG 1 Range WbiG, a # b.

If Vo(x®) decays like Vo (z®) = O(|z*|7%), v > 1/2, for a ¢ ¢ and like
Va(z®) = O(|z*|7"), v > 1, for a C ¢, V,, is called a short-range potential.
For the class of short—range pair potentials, the ordinary wave operators

WE=s— Jim _exp(itH) exp(—itHo) (P ® Id)
— =00

a

exist without the modifiers I¢(tD,) and I.(t?E/2). The asymptotic com-
pleteness has been also proved by [12] for three-particle systems and by
[19] for N-particle systems. However it is known ([9, 14]) that such wave
operators do not generally exist for the class of long—range potentials which
we consider here.

The main result of this paper is the following theorem.

THEOREM 1.1.  Assume that (V') is fulfilled. Let c be as above. Then
the N —particle Stark Hamiltonian H has mo bound states, and the wave
operators ng, a C ¢, exist and are asymptotically complete

LX) = Z @ Range W;EG
aCc
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If, in particular, c is the N —cluster decomposition, then the solution ¥ (t) =
exp(—itH )y has a single scattering channel as the asymptotic state for any
initial state 1 € L*(X) and behaves like

t
P(t) = exp (—i/o V(s*E/2) ds) exp(—itHy)y™ + o(1), t— oo,

for some y* € L*(X), where o(1) denotes terms converging to 0 strongly
and Hy = —A/2 — (E, x) is the free Hamiltonian.

We conclude the section by making a brief review on the results related
to the main theorem above.

REMARK 1.2. The long-range scattering problem for two—particle
Stark Hamiltonians has been studied by several authors [7, 10, 22]. The
above type of modified wave operators was first introduced by Graf [7], and,
also for three—particle case, was used in [1]. They assumed that the pair
potentials V, (z®) satisfy the decay properties 85; Vo(z®) = O(|z| =P8l
for some p, > 0 with p 4+ ¢ > 1. We can also modify the assumption for
the pair potentials V,,(z%) with a ¢ ¢ analogously in our case.

On the other hand, the works [10, 22] have dealt with another class of
long-range potentials: afa Va(z®) = O(|z®|7~181/2) for some v > 0. In this
case, the modified wave operators may be defined with I.(t?E/2) replaced
by I.(t*E/2 + tD,), if we take account of classical Stark trajectories. The
completeness of such wave operators is much more difficult to prove and
the argument here does not directly extend to this problem.

REMARK 1.3. As previously stated, the completeness of long-range
many—particle systems without uniform electric fields has been proved by
[3]. The proof of the main theorem uses this result applied to the subsystem
Hamiltonian H¢ without uniform electric fields (E€ = 0). To this end, the
decay assumption with p > v/3 — 1 is required for V,, o C c.

REMARK 1.4. The non-—existence of bound states has been already
proved by [20] under the assumption that |V, (z%)|+|VVa(z®)| = O(Jz*|7"),
v > 1/2. See also Sigal [15] for a certain class of singular potentials. The
argument developed in [20] extends to the class of potentials satisfying (V)
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without any essential changes. We omit the proof of the non—existence of
bound states.

Acknowledgements. T. Adachi thanks Professor Kenji Yajima for a lot
of support and encouragement.

2. Conjugate operators

Throughout the discussion below, we always assume (V) to be ful-
filled. The proof of the main theorem is based on the conjugate operator
method initiated by Mourre [13]. We fix an energy A € R arbitrarily. Let
f € C*(R) be a non-negative smooth function with support in a small
interval around A. Then a self-adjoint operator A is said to be a conju-
gate operator of H, if both f(H)i[H, A]f(H) and f(H)i[i[H, A], A]f(H) are
bounded operators on L?(X) and if

(2.1) F(HYIH,Alf(H) > 0 f(H)?, o >0,

where [ , | denotes the commutator relation and the inequality is under-
stood in the form sense over L?(X). Such a conjugate operator has been
constructed in [20]. For later references, we here make a brief review on its
construction.

We start by introducing some new notations. Let Sx be the unit ball in
X. We define Sp(X) by

So(X) ={q € C(X) : ¢(x) is homogeneous of degree zero outside Sx }.

We introduce a smooth non-negative partition of unity {j,(x)}aca over X
such that :
(5.1)  Ja(x) € So(X) and > ,c 4 ja(x)? =1 over X.
(7.2)  Ja(x)Vo(z®) = O(|z|~"), |z| — o0, for any a Z a.
With these notations, the conjugate operator A in question is constructed
in the form

A:ZjaBa.ja+M77 M>1,

acA

where + is defined by

(22) v =—/2) (2/(2), V) + (V.2/{@),  (2) = (L +]e[),
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and V is the gradient on X. Below we summarize the properties of operators
B,.
(1) Let A and Ag be the sets of cluster decompositions defined by

(2.3) A={ac A: E, # 0}, A={a€cA: E,=0}.
The operator B, with a € A is defined as
(2.4) B, = —i(®4, V), Wo = E,/|E,| € Sx N X,.

By (j.2), H is approximated by the cluster Hamiltonian H, = H® + T,
on the support of j,. In fact, we can easily show that j,(f(H) — f(H,)) :
L*(X) — L*(X) is a compact operator. Since H* and B, commute with
each other, we have

(2'5) f(Ha)Z‘{Ha, Ba]f(Ha) = |Ea| f(Ha>2a |Ea| > 0.
(2) The operator B, with a € Ag is also constructed to satisfy
(2.6) f(Ha)ilHa, Balf(Ha) 2 0af(Ha)?, 00 > 0.

The construction is done by induction on a € Ag. We first consider the
case #(a) = N — 1, assuming that such a cluster decomposition belongs to
Ag. In this case, the cluster Hamiltonian H, takes the form H, = H* + T,
where T, = —A,/2 does not have a uniform electric field (E, = 0) and

H*=-A%)2 - (E* 2") +V,, a=a,

with % = E # 0. We define B, as B, = —i(w*, V) with & = E*/|E?| €
Sx N X% and calculate

FIH)I[H®, By f(H?) = |E*| f(H")* + K,
where K¢ = f(H%)i[Vy, Ba|f(H?) : L*(X®) — L?(X%) is a compact opera-
tor by the assumption (V). Since H® has no bound states, we can take the

support of f so small that

(2.7) FOH®)I[H®, Bo]f(H) > 06 f(H®)?, 04> 0,
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in the form sense over L?(X®). If H® takes energy in a small interval around
A—0, 0 >0, we can prove that the form inequality

J(H® + 0)i[H*, By f(H* + 0) > 04 f(H* 4 6)*

is still valid with o, > 0 independent of #. Since B, acts on L?(X?)
and commutes with 7, = —A,/2 > 0, we obtain (2.6) for a € Ay with
#(a) = N — 1 by making use of the direct integral representation.

(3) Before constructing B,, a € Ay, inductively, we shall explain the
role of the operator «. This operator is introduced to control error terms
which arise from the commutators between H and the partition {j,}aca.
All the operators B, are constructed as first order differential operators
with smooth bounded coefficients. Hence these error terms take the form

() V2V eV (@) Y2 4 ey () 72V 4 o) 73,

where ¢j, 0 < j < 2, are bounded smooth functions. As is easily seen,
F(H)(e1{z) ™2V + co(z)73) f(H) is a compact operator on L?(X). But

f(H)(2) " PVesV (@)~ V2 f(H) : LA(X) — L2(X)

is not necessarily compact for the Stark Hamiltonian H. We can show by
a simple calculation that

FH)I[H A f(H) = f(H) (@) (=A/2) (@) 2 f(H) + K

for some compact operator K. Thus such error terms are controlled by
choosing M > 1 large enough.

(4) We now construct B, a € Ag, inductively. These operators are
constructed as first order differential operators acting on X* as well as on
X. We introduce a partition of unity {j;'(z*)}scqa over X?, which has the
same properties as (j.1) and (j.2) with natural modifications. If b € Ao,
then we may assume by induction that Bj has been constructed so as to
fulfill the form inequality (2.7) for H®. We note that this B, can be regarded
as an operator acting on X For b € A, we define By by (2.4). Since

E,=FE—E'=FE*— E’ ¢ X
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for a € Ay, By can be regarded as an operator acting on X“. The operator
B, in question is now defined as

B, = ngBbjg + My~a, My>1,

bCa

where 7, = —(i/2) ((z*/(z%), V) + (V,2%/(x*))) plays the same role as 7.
The subsystem operator H* has non—zero uniform electric field E* = E # 0
and hence it has no bound states. If we take account of this fact, then we

can prove that B, defined above satisfies (2.6). The basic form inequality
(2.1) follows from (2.5) and (2.6).

REMARK 2.1. In the work [20], the conjugate operator has been con-
structed under the same assumption as in Remark 1.4. However the argu-
ment there extends to the class of pair potentials satisfying (V) without
any essential changes.

3. Commutator calculus

We always denote by A the conjugate operator constructed in the pre-
vious section and by @ the multiplication operator with (x)l/ 2. The com-
mutator calculus for the operators H, A and () is used as a basic tool
in studying the propagation properties of exp(—itH). We here summarize
some basic results on these commutators, which are often used without
further references throughout the future discussion.

We start by making a brief review on the almost analytic extension
method due to Helffer-Sjostrand [8], which is useful in analyzing operators
given by functions of self-adjoint operators. For two operators By and B,
we define

ady, (By) = By, adh (Bs) = ady; '(Bs), B1], n>1.
For m € R, let 7™ be the set of functions f € C*°(R) such that
FB ()] < Culs)™*, k=0,

If f € 7™ with m € R, then there exists F' € C°°(C) such that F(s) = f(s)
forse R, supp F(¢) c {C € C: [Im(¢| <d(1+]|Re(]|)} for some d > 0 and

0cF(Q)| < Caur(Q)™ " MIm (M, M > 0.
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Such a function F'(¢) is called an almost analytic extension of f. Let B be
a self-adjoint operator. If f € F~™ with m > 0, then f(B) is represented
by

(3.1) 1(B) = 5= [ BPQEB— ¢ o AT,

For f € F™ with m € R, we have the following formulas of the asymptotic
expansion of the commutator:

M- 1 n—l

(3.2) By, f ady(B1) f™(B) + Ry,

n=1

(33) Ru=o- /C DF (B — ) ad (B1)(B - )~ d¢ A dC.

Ry is bounded if there exists k such that m+k < M and ad¥ (By)(B+i)~*
is bounded. For the proof, see [5].

LEMMA 3.1. Let fj € CP(R), 1 <j <2, and let g € F°. Assume that
B is a self-adjoint operator such that ad%(H)(H +i)7, 1 <45 <2, are
bounded from L?(X) into itself Then one has :

(1) [fu(H), g(BJt)] = L (H), Bfg'(B/t) + O@2).

(2) Hfl(H)vB]7f2(B/t)] o).
Here O(t™") denote bounded operators with their norm estimated by Ct™"
as t — 00.

PrOOF. The lemma is more or less known (see, for example, Lemma
3.2 of [17]).
(1) Set B, = B/t,t > 1. By assumption, we have

adp((H —¢)™") = O((Q)[Im¢|™2) + O((¢)* [ Tm ¢[72).

Hence it follows from (3.1) that ad%, (f1(H)) = O(t~2). Let G € C*°(C) be
an almost analytic extension of g. Then, by the formulas (3.2) and (3.3),
the commutator [f1(H), g(B;)] under consideration is written as

A(H), Bl (B) + 5 /agc (By — ) Yad%, (f1(H))(By — ¢)~2 d A dC.
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This proves (1).
(2) This can be proved in the same way as above. By assumption, we
have

[[f1(H),B], (B:—¢)" =001 O(Im¢|7?).

Hence we can obtain (2) again by the almost analytic extension method. O

The lemma above is used with B = A or Q. It is easy to see that these
operators fulfill the assumption in the lemma. In fact, this is verified as
follows. Let w = E/|E| be the direction of E. We denote the coordinate
z € R by z = (x,w), so that H is written as H = —A/2 — |E|z+ V. Note
that (z) < (z?) for a € Ag, Ag being defined by (2.3). By construction, A
takes the form

A= —i((a(r),V) +(V,a(z))),
where the coefficient a(z) is a smooth function which values in X and obeys
the estimates lafa(ac)| < Cp(z)7 18, Hence A admits a unique self-adjoint
realization on its natural domain in L?(X) and we denote its self-adjoint
realization by the same notation A. As is easily seen,

(7TV2VH+D)7Y, (2)TIWVV(H +40)7 LX) — LA(X)

are bounded. Hence it follows from the assumption (V') that A satisfies the

assumption in Lemma 3.1. This is verified also for ) in a similar way.
The next lemma can be also proved in almost the same way as Lemma

3.1. As for (3), we should note that adé(H ) is bounded. We skip the proof.

LeEMMA 3.2. Let fj € C°(R), 1 < j <2. Then one has :

(1) [H+)™ AAM =00,  [(H+i) ™ AQ/)] = 0.
(2) @ AQAM=00t),  [£(Q/) ii(A/H)] = O(™?).

(3)  (H+i)AH), 2(Q/1)] =0,

We end the section by introducing the following convention for smooth
cut—off functions F' with 0 < F' < 1, which is often used throughout the
discussion below. For § > 0 small enough, we define :

F(s<d)=1 for s<d—-06, =0 for s>d+,

F(s>d)=1 for s>d+6, =0 for s<d—4,

F(s=d)=1 for |[s—d| <6, =0 for [s—d|>26
and F'(d) < s <dy) = F(s >di) F(s < d2).
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4. Propagation properties

We prove the main theorem for the + case only. The important step
toward the proof is to show that the solution exp(—itH )i concentrates
asymptotically on classical Stark trajectories as t — oo. We define

['0;d,6) ={zeX:|z|>d, |z/|z|—0] <}
for 8 € Sx, Sx being again the unit sphere in X.

THEOREM 4.1. Fiz 0 < € < 1 arbitrarily. Let w = E/|E| € Sx
be again the direction of E and let qo € So(X) be a non-negative cut-
off function such that qy is supported in T'(w;|E|/4,2¢) and ¢ = 1 on
I'(w; |E|/3,€). Then

s — lim {1 - F(Q/t = (1E1/2)"*)q0} exp(—itH) = 0.

The theorem above implies that the N particles escape to infinity along
the direction of uniform electric field £ as t — oo, which are accelerated
in the configuration space X with the acceleration that is about E. This
propagation property, which has played an important role in [1], has been
proved under the assumption that &£ is sufficiently strong and any pair
cluster has a non—zero reduced charge. We here prove this without such an
additional assumption. The main body of the present work is occupied by
the proof of Theorem 4.1.

We begin by fixing some new notations used in the proof of Theorem 4.1.
Throughout the discussion below, we always denote by f € C5°(R) a non-
negative function supported in a small interval around A € R, A being fixed
arbitrarily. We use the notations || || and (, ) for the L? norm and scalar
product in L?(X), respectively. We also denote by B(t), t > 0, operators
having the following properties : (1) f(H)B(t)f(H) : L>(X) — L*(X) is
bounded ; (2)

/100 (B(t) f(H) exp(—itH)y, f(H) exp(—itH)y)| dt < C[|9]|?,
Y € L3(X).
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PROPOSITION 4.1. There exists M > 1 such that
© dt 1 . 2 2
: S IF(Q/t < M) f(H) exp(—it H)y[|” < Cl¥]
for ¢ € L*(X), where the choice of M depends on \.

This proposition is obtained as an immediate consequence of the two
lemmas below.

LEMMA 4.1. There exists d > 0 such that

/1 %HF(!AI/t < d)f(H)exp(—itH)y|* < C o[,

LEMMA 4.2. Letd > 0 be as above. Then one can take M > 1 so large
that
F(|A|/t > d)F(Q/t < M~ Y)Y H +i) "t =0@™).

ProoOF OoF LEMMA 4.1. The proof is done in exactly the same way as
in the proof of Lemma 4.1 of [17]. Let G € F° be defined by

G(s):/s Flu] < d)? du,

so that G'(s) = F(|s| < d)? € C§°(R). To prove the lemma, we use
D(t) = G(A/t)

as a propagation observable. The Heisenberg derivative of this observable
is calculated as

(4.1) D ®y(t) =i[H, ®1(t)] + P (2).
If we take g € C§°(R) such that g = 1 on the support of f, then

f(H)ilH, @.(0)]f(H) = f(H)ilg(H)H, 1(8)] f (H).
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By repeated use of Lemma 3.1, we have
f(H)i[H,®1(t)]f(H) = Ff(H)i[H,A/t] f(H)F + B(t)
with F' = F(|A|/t < d). Hence it follows from (2.1) that
F(H)I[H, ®1(t)|f(H) > ot~ Ff(H)*F + B(t)

for some o > 0. On the other hand, the second term on the right side of
(4.1) is evaluated as

FH)® () f(H) > —2dt™" f(H)F? f(H).
Thus we obtain
FUH)D @1(t)f(H) > (0 — 2d)t™ f(H)F?f(H) + B(t)
by Lemma 3.1 again. This proves the lemma. [J

PROOF OF LEMMA 4.2. We set Fy = F(|A|/t > d) and F, = F(Q/t <
k). Then u = (H — i)~ ' FyF,w solves the equation

(H —i)u = FyFow,  w e L*(X).

Recall that the conjugate operator A is a first order differential operator
with smooth bounded coefficients. Hence it follows that A2 < C'(—A+1) for
some C' > 0 and, by the boundedness of V' and the fact that u is the solution
of the above equation, we also have ||Au|| < C(||Qu| + ||w|) with another
C > 0. Since |A|Fy > (dt/2)Fy and QF,, < 2xtF);, we make repeated use of
Lemma 3.2 to obtain that

1Aull > (dt/2)|(H — i)~ FaFewl| = C ||wl],
1Qul| < 2st||(H — i)~ FyFywl|| + C ||wl]

for some C > 0 independent of t > 1. Hence we can take x > 0 so small
that FyF.(H +14)~' = O(t~1). This completes the proof. [J

PROPOSITION 4.2. There exists M > 1 dependent on \ such that :
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(1) For € L*(X),
< d
| IR@u = M expl=ieml < €l
(2) Fory € S(X), S(X) being the Schwartz space over X,

/100 %”F(Q/t > M) f(H) exp(—itH)y|* < oo.

Proor. This proposition can be also proved in the same way as in
the proof of Theorem 4.3 of [17] (also see [1]). We take the propagation
observables

Da(t) = —F(Q/t > M) and By(t) = —(Q/t — M)F(Q/t > M)

to prove (1) and (2), respectively. The detailed proof is omitted. [J

PROPOSITION 4.3. Let A be defined by (2.3). Assume that ¢ € So(X)
vanishes in a small conical neighborhood of &, = E,./|E,| for all a € A.
Then there exists M > 1 large enough such that

| FIPQrT <@/t < Mnas () expl—iem ol < C i

To prove the proposition above, we prepare two lemmas. We prove the
first lemma only. The second lemma is obtained as an immediate conse-
quence of the first one. We should note that the operator D in the first
lemma was first introduced by Yafaev [23], who has derived the radiation
conditions—estimates for many—particle short-range systems without elec-
tric fields, and the second author (H. Tamura [19]) used it in order to get the
same property as in Proposition 4.3 for many—particle short-range systems
with constant electric fields.
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LEMMA 4.3. Denote by Q, the multiplication operator with (x)°/?. Let
D, be defined by D = —iV —Q_17Q—_1 x, where vy is given by (2.2). Then
one has

| IR0t <@/t < M)QiDLf(H) exp(—itH)IP < C [

LeEmMA 4.4. Ifqe So(X), then one has

| IR < @/t < M)Qlg. Al exp(-itH )P < C o]

PROOF OF LEMMA 4.3. We write Fyy = Fy(t) for F(M~! < Q/t <
M) and take

Dy(t) = Fy®Fyy, D =Q_127Q-1/2,

as a propagation observable. By Lemma 3.2 (3), we see that f(H)®4(t)f(H)
is uniformly bounded in ¢ > 1. We calculate the Heisenberg derivative of
®,(t). Propositions 4.1 and 4.2 enable us to take Fj; € C§°(R) such that
Fyr =1 on the support of F/(M~' < s < M) and
dt, - , 9 9

| FIBs @ s esp(-itwlP < C ol
We write FM¢ = FM(Q /t). Since the support of VFys or 0;F) lies in the
support of F, .+ which is the forbidden region of the propagator exp(—itH),
it follows from Lemma 3.2 (3) that f1(H){D ®4(t)— Fasi[H, ®|Far} f1(H) =
t= Far O (t) Farg + O(t72) for some f; € C3°(R) such that f;f = f and for
some C'(t) which is uniformly bounded in ¢ > 1. Hence the Heisenberg
derivative D ®4(t) takes the form

D ®(t) = FyrilH, @) Fas + B(t).
We now assert that

(4.2)  Fui[H, ®|Fy = (3/2) FuQ_3/2(—=A = v*)Q_32Fur + B(2).
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If this is verified, then the lemma immediately follows, because a simple
computation yields

FrQ_3/0(—A = v)Q_3/9Fn = FyQ_3/9(D1, D1)Q_3/9Fn + B(t).
We calculate the commutator on the left side of (4.2) as
(4.3) i[H,®] =i[—A/2,Q] + i[—|E| z, ®] +i[V, ],
where z € R again denotes z = (z,w). By the assumption (V), it follows

that Fyi[V, ®] Fyy = O(t3). The second operator on the right side takes
the form

i[—|Elz,®] = Q_3/2| E|2Q_3/2 = Q_3/2(—A/2 — H +V)Q_3/2
and hence
Fri[—|E|z, ®1Fyr = FyQ_3/2(—=A/2)Q_3/2Fn + B(t).

Finally we look at the first operator on the right side of (4.3). Since
(4.4) i[=A/2,Q_1 2] = —(1/4)Q_5/57 + O((x) /%),
it follows that

Faril=A/2,Q_12)vQ_12Fy = —(1/4) FrQ_3/27°Q_3/2Fn + B(t)
and also we have

FrQ_1/2i[—A/2,9]Q_1/9Fn = FrQ_32(—A — v*)Q_3/9Fn + B(t)

by a direct calculation. Thus we combine the two relations above to obtain
that

Fai[=A/2,8)Fy = FiQ_30(—A = 3v%/2)Q_3/0Fn + B(t).

This yields (4.2) and the proof is complete. [J



96 Tadayoshi ADACHI and Hideo TAMURA

PROOF OF PROPOSITION 4.3. The proof is long and is divided into
several steps. Throughout the proof, we use the notation @), and Fj; with
the same meanings as above. We also use the notation

consuppq = {60 € Sx : q(z) = q(|z]|0) # 0, |z| > 1}

for g € Sp(X). Let g be as in the proposition. By assumption, there exists
do > 0 such that

(4.5) 1 —|(@q,0)| > do, 6 € consuppgq,

for all a € A.
(1) We define the subset S,, a € A, of Sx by

Se={0=(01,...,0n) € Sx :0; =0, for a Ca, 0; #0 for a ¢ a}.

By definition, {S;}sc4 becomes a family of disjoint subsets and Sx =
UaeaSq- The first step toward the proof is to construct a smooth non—
negative partition of unity {kq}eea over X with the following properties :
(k1) ko € So(X) and Y, 4 ka(x)? =1 over X.

(k.2)  consuppk, Nconsuppky, #0 = aCb or bCa.

(k.3)  SaNconsuppky #0 = a C b and hence S, C Uycpcon supp ky,.
(k.4) consuppk, C {0 € Sx : 6% < 6} for § > 0 small enough.

Here 8¢ = 7@ is the projection onto X% of # and the choice of 6 > 0
depends on the value of dy in (4.5). Such a partition of unity can be easily
constructed by use of a simple geometrical properties of {S,} ([18]). By
construction, it follows from (k.2) and (k.3) that

(4.6) ka(2)Va(z) = O(l2]77), || — o0,
for & ¢ a and also we have by (k.1) that

(4'7) Q(m)2 = an({b)Q, Ga = kaq € SO(X)

(2) We recall the properties of the operators B, a € A, constructed in
section 2. These are first order differential operators with smooth bounded
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coefficients. In particular, B,, a € A, is defined by B, = —i ({,, V), so that
i[Hq, Ba] = |Eq| > 0. The operator By, a € Ay, also has the property

(4.8) f(Hy)i [Hy, Baf(Hy) > 04 f(Hy)?, 04> 0.

With these operators, we now define the observable ®5(t) by

O5(t) = ZYa(t) = ZFMCI)aFMv ¢, = Q—l/QQaBaQGQ—l/Z-

We see that f(H)®5(t)f(H) is uniformly bounded in ¢ > 1. We assert that
the Heisenberg derivative of Y, (t) is evaluated as

(4.9)  fH)DYo(t)f(H) > da f(H)FrQ-1/202Q-1/2Fa f(H) + B(t)

for some d, > 0. If this is proved, then the proposition follows from (4.7)
at once.
(3) We first consider the case a € A. By Propositions 4.1 and 4.2, we

have
DY,(t) = FyiH, @y Far + B(t).

The commutator on the right side is calculated as
i[H, @] = Q_1/24ai[H, Ba]qaQ—-1/2 + G1a + G2,

where

Gia = l[_A/27 Q—I/Q]QGBQQanlﬂ + {adjOint}v
Goa = Q-1/2i[—A/2,4a]BagaQ-1/2 + {adjoint}.

Since YB, + Bay < —2 A + d for some d > 0, it follows from (4.4) that
FyGioFv 2 Fr@Q-3/20(A/2)q0Q—3/2F 0 + B(1).

We put G = Qi[-A/2,q.]Q_1/2- Then we have by Lemma 4.4

/1 |G Fa f(H) exp(~it HYb |2 dt < 1.



98 Tadayoshi ADACHI and Hideo TAMURA

Since B2 < —A +d for some d > 0 and since
Goa > —€Q_1/20aBr0aQ_1)2 — € 'G*G
for any € > 0, we have
FryGoaFyr > € Fy@Q_3/960(A/2)¢aQ—3/2Fn + B(t)

for any € > 0 small enough. Thus, if we make use of the relation A/2 =
—|E|z — H + V, then we obtain

DYy(t) > FrQ_1/2qa(i[H, Ba] — (1 + €)|E|2/(x))qaQ—1/2Fm + B(2).

(4) We continue to consider the case a € A. We write

i[H, Ba] = |Ea| + Y i[Vaa, Bal.
afa

By (4.6), the second operator on the right side obeys
FrQ-1/20aVa, Bal@aQ-1/2Fy = O(t°727).
Hence (4.9) is obtained for a € A, if it can be shown that
|Ea| — (1+€)(E,z/(x)) >0

strictly for |z| > 1 with = € suppq,. Let dy > 0 be as in (4.5). Since

(B, x/{x)) = (B 2%/ (x)) + (Ea, xa/(2)),
we can take ¢ in (k.4) so small that

(E,z/(2))] < [Eal(|(Wa, 0)| + do/2) < |Ea|(1 = do/2)

for |z| > 1 with 0 = z/|z| € consuppk,. If € is further chosen small

enough, then we can make the quantity in question strictly positive and
hence (4.9) is obtained for a € A.
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(5) The proof is completed in this step. We prove (4.9) also for a € Ay.
The operator B,, a € Ay, satisfies vB, + B,y < d(—A + 1) for some d > 0.
Hence we make use of the same argument as in step (3) to obtain that

DYo(t) > FrQ_1/2qa(i[Ha, Ba] — d(E, x/(x)))qaQ-1/2Fm + B(?)

with another d > 0. The Hamiltonian H can be approximated by H, on
the support of g,. Indeed, we can show that

Frqof(H) — f(Hy)Frgq = Ot~ ™n(1:20))
Hence it follows from (4.8) that

f(H)D Yo (1) f(H)
> f(H)FyQ_1/2qa{0a — d(E,x/(x))}qaQ_12Fn f(H) + B(t)
for some o, > 0. Since F, = 0 for a € Ay, we can show, repeating the same
argument as in step (4), that the quantity in brackets can be made strictly

positive for |z| > 1 with 2 € supp q,. This proves (4.9) for a € Ag and the
proof is complete. [

LEMMA 4.5. Letq € So(X) be as in Proposition 4.3 and let ®(t) denote
one of the following three operators

FQ/t<M™), F(Q/t>M), F(M™<Q/t<M)
with M > 1. Then one has

s — lim ®(t)f(H)exp(—itH) = 0.

t—o00

PrROOF. We calculate the Heisenberg derivative of ®(¢). Then the sup-
port of V& or 0;® lies in the forbidden region of the propagator exp(—itH)
in the sense of Propositions 4.1 ~ 4.3. Hence these propositions imply the
existence of the strong limit

(4.10) s — tli)rglo exp(itH)P®(t) f(H) exp(—itH).
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In fact, taking f; € Cg°(R) such that fif = f and noting that Q[q, fi(H)]
is bounded, we have [®(t), f1(H)] = O(t~!) by Lemma 3.1. Hence, to prove
(4.10), it suffices to show the existence of the strong limit s —lim; .o, W(?),
where

W (t) = exp(itH) fi(H)®(t) f(H) exp(—itH).
By Propositions 4.1 ~ 4.3, we have

(o, W(s1)9) = (o, W(s2)¥)| = o(D)loll, 51, s2 = 00,

for ¢, 1 € L*(X). This implies that {W (t)1}¢>; is a Cauchy sequence and
hence the existence of (4.10) is proved. By Propositions 4.1 ~ 4.3 again, we
see that for ¢ € S(X), there exists a subsequence {ty}nen with ¢, — o0
such that

(4.11) Jim &(t,) f(H) exp(—itn H)¢ = 0,

where the choice of subsequence {t,},en depends on 3. By (4.10) and
(4.11), we have for ¢ € S(X),

lim ®(t)f(H)exp(—itH )y = 0.

t—o00

Thus the lemma follows by density argument. [J

In general, E, and Ej can equal each other, even if a # b. We now
set £ ={FE,:a € A} and let E € £. We define a(F) to be the maximal
element of the set {b € A : E¥ = 0} with respect to the relation C, and set
Y ={a(E): E € £}. We should note c € ¥.

We now introduce a non—negative cut—off function ¢, € Sp(X) with
conical support in a small neighborhood of &, for a € ¥. The function
¢o(x) has the following property : ¢, is supported in I'(&,; |E|/4,2¢) and
go = 1 on I'(&g; | E|/3, €). We should note q,(x)I,(x) = O(|z|~?) for a € X.
We also define

(4.12) @a(t,z) = F(M™' < (2)Y?/t < M)qu(2), a€ X,

with M > 1. Then we have the following proposition as a consequence of
Lemma 4.5:
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ProPOSITION 4.4. Let @, be as above. Then one has

s — lim (1 - Z cpa> f(H)exp(—itH) = 0.

t—o0
a€eX

To prove Theorem 4.1, it suffices by Proposition 4.4 to show that

(413) s lim {1~ F(Q/t = (|E|/2)"/*)ao}paf (H) exp(~itH) =0,
a€ .

It should be noted that (|E|/2)Y/? is independent of A, while the choice of
M > 1 depends on A. The following two sections are devoted to the proof
of (4.13).

5. Time-dependent Hamiltonians

The result obtained above reduces the proof of Theorem 4.1 to the prop-
agation analysis in a conical neighborhood of &,, a € X'. To this analysis, it
is convenient to introduce an auxiliary time—dependent Hamiltonian which
approximates the full Hamiltonian H. Our choice of it is inspired by the
argument in [1]. In this section, we study the relation between exp(—itH)
and the propagator generated by such a time-dependent Hamiltonian.

Let a € X and ¢, be another cut—off function such that ¢, takes a form
similar to (4.12) and @, = 1 on the support of ¢,. We define

Wo(t,x) = Wy (t, 2% xq) = @alt, z) ().
By the assumption (V'), W, obeys the estimate
(5.1) 0] W (t, )] < Crnp(t)™"™((8)? + ()77,
We now consider the time—dependent Hamiltonian

HaO(t) = Ha + WaO(t)a
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where Wyo(t) is defined by

Wao®) Wa(t, 2% t*E,/2), E*#0
O Wa(t,0,£2B/2) = L(12E/2), E®=0.

We should note that a = cif E* = 0. Let U,o(t) be the propagator generated
by Hao(t), that is, {Uso(t) }+>1 is a family of unitary operators such that for
¥ € D(Hao(1)), ¥ = Ugo(t)y is a strong solution of idiy/dt = Hao(t)y,
11 = 1. By definition, H,(t) is decomposed into

Hy(t) = H't) @ Id+I1d®T, on L*(X%) ® L*(X,),

where H%(t) = H® + Wyo(t) acts on L?(X?). Hence Upy(t) is represented
as
Uao(t) = U%(t) ® exp(—i(t — 1)Tg),

where U%(t) denotes the propagator generated by H%(t). The aim here is
to prove the following

PROPOSITION 5.1. Let the notations be as above. Then there exists the
strong limit
s — tlim Uao(t)* af(H) exp(—itH).
—00

To prove this proposition, we follow the argument in [1], and further
introduce an auxiliary Hamiltonian
H,(t) = Hy + We(t), Wal(t) = W,(t, x),

and denote by U,(t) the propagator generated by H,(t). For this propaga-
tor, the Heisenberg derivative of f(H,)®(t)f(H,) is calculated as

f(Ha){i[Ha, @()] + @' (t)} f(Ha) +i[Wa(t), f(Ha)®(t) f (Ha)].
Since [Wy(t),(H, — ()Y = Ot~ '=2)O(({)|[Im¢|~2) by (5.1), we have

(Wo(t), f(H,)] = O(t172¢). By (5.1) again and the above fact, it follows
that

(5.2) iWa(t), f(Ha)®;(t) f(Hy)] = O(t™") for some v > 1,
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for all the propagation observables ®;(¢), 1 < j < 5, which are used in
the proofs of Propositions 4.1 ~ 4.3. Thus the contributions from these
commutators can be dealt with as integrable terms and hence U, (t) is proved
to preserve the same propagation properties as in these propositions :

LEMMA 5.1.  Let the notations be as above. Then one has for ¢ €
L*(X),

/100 %\F(Q/t <MY f(H)Ua (9] < C 9l
/100 %“F(Q/t = M) f(Ha)Ua()¥|* < C 191,

| FIPQrT <@/t < Myaf (UL < C

where q € So(X) as in Proposition 4.3. Moreover, for ¢ € S(X)

/100 %F@/t > M) f(Ho)Ua(t)9]? < o0.

LEMMA 5.2. There exists the strong limit

s — lim Ug(t)gaf(H) exp(—itH).

Proor. Taking fi € C{°(R) such that fif = f and noting
pa(Wa(t,z) — Io(2)) = 0 and fi(He)pa — afi(H) = O~ ™12)) in
virtue of Lemma 5.1, the existence of the limit can be proved as the exis-
tence of (4.10). O

PrROOF OF PROPOSITION 5.1. By Lemma 5.2, we have only to show
the existence of the strong limit

(5.3 5 Jim Uaolt)" V(1)
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It follows from (5.1) that

Ot 272" |xq — t?E, /2|, E*#0

(Wal(t, z) = Wao(t)] < { Ot~ 272 (|ag — t2E, /2| + |2°]), E®=0.

Hence (5.3) is obtained as an immediate consequence of the lemma below. (J

LEMMA 5.3. Assume that 1) € S(X). Then one has :
(1) l(za = *Ea/2)Ua(t)]] = O(1).
(2) If, in particular, E* = 0, then ||x® U,(t)y| = O(t).

PrOOF. (1) Recall that D, = —iV, denotes the velocity operator cor-
responding to p,. For the propagator U,(t), the Heisenberg derivative of
D, — tE, satisfies

(D), D — 1) + (D, 1) = ilWa(0), Du] = 0=,
so that we have
(5-4) (Da — tEa)Ua(t)¢] = O(1).
Similarly the Heisenberg derivative of x, — t’E, /2 is calculated as
i[Hy(t), 24 — t?E, /2] — tE, = Dy — tE,

and hence (1) follows from (5.4) at once.

(2) We first note that the Heisenberg derivative of 2 is D* = —iV?,
where V¢ is the gradient on X® By assumption, H* does not have a
uniform electric field and hence we see that for f € F~1/2 Dof(H®) is
bounded. In order to prove (2), it suffices to show that for g € F/2,

(5.5) lg(H*)Ua ()| = O(1).

Let G € C*°(C) be an almost analytic extension of g. Since the Heisenberg
derivative of g(H®) is i[Wq(t),g(H®*)], by the formulas (3.2) and (3.3), we
have

iWa(t),g(H")]
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=i[Wa(t), H*]g'(H")

o[BGO — O ade (W) (11 — )2 dC A .
C

+ =
2mi
Since ¢’ € F~1/2, we see that the first term is O(t=2°~2). Since

(H" = ) ada (Wa () (H* — ()2
=0(t™*72)O([Im ¢|) + Ot~ 1O ()| Im¢|™?)
+ OO0 Im ¢ ?),

we also have the second term is O(t~2°~2), and hence
(5.6) i[Wa(t), g(H®)] = O(t™72).
(5.6) proves (5.5) and the proof is complete. [J
We have the following as a consequence of Proposition 5.1:

PROPOSITION 5.2. Let the notations be as above. Then there exists
Y € L*(X) such that

pa exp(—itH)f(H)Y = Uso(t)¢a + o(1), t— o0.

The following can be proved as Lemma 5.3:

LEMMA 5.4. Fory € S(X),

(1) (za = £ Ea/2)Uao(t)9]] = O(t).

(2) If, in particular, E* = 0, then ||x® Uy ()] = O(t).

LEMMA 5.5. Let gy € So(X) be as in Theorem 4.1. If E* =0, then

s — lim {1 — F(Q/t = (|E|/2)"*)q0}Uao(t) = 0.
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Proor. We follow the argument in [1]. We put ¢:(x) = F(Q/t =
(|E|/2)Y?)qo(x) and note ¢¢(t2E/2) = ¢¢(t>E,/2) = 1 for t > 1. Since
1= ¢1(2)] = |¢1(t*Ea/2) — de(x)| < O(t7?)(|za — 12 Ea /2| +|2]), by Lemma
5.4, we have for ¢ € S(X)

Jim {1~ 6u(2)}Uaolt) = 0.
By density argument, the lemma follows. [

The lemma above, together with Proposition 5.2, implies (4.13) when
E® = 0, that is in the case a = ¢. Thus it remains to prove (4.13) also in
the case E® # 0 in order to complete the proof of Theorem 4.1. To do this,
we further continue the analysis on the propagation properties of U%(t) in
the space L?(X%).

6. Propagation properties of subsystem operators

The proof of Theorem 4.1 is completed in this section. Throughout
the section, we fix a € X'\ {c}, so that E* # 0. We also work in the
space L?(X%) and use the notation Q¢ for the multiplication operator with
<$a>1/2'

LEMMA 6.1. Let h € C§°(R) be such that h = 1 on the interval [—1,1].
Then one has
(1= h(H/R))U(t) = o(1), R — oo,

uniformly in t > 1 in the strong topology.

PROOF. Recall that U%(t) is the propagator generated by H®(t) =
H + Wao(t), Wao(t) = Wyo(t, ). To prove the lemma, it suffices to show
that the Heisenberg derivative of 1 — h(H®/R) is

—i[Wao(t), A(H/R)] = o(1)O({t)"'7%), R — o,

uniformly in ¢. This is verified by the almost analytic extension method.
Let u € L?(X%) be the solution to the equation (H* — {)u = w, Im ¢ # 0,
with w € L?(X%). Then u satisfies

() 729 < CUO Null® + llwl] full)
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for C > 0 independent of {. Hence it follows that
(@) AV HT = )7 = 0(() P Im ([T + O(|1Tm ¢ 7H2)
and also we have
(@) AV R = ()7t = ORYAO() 2 Im (| + [Tm ¢ 712).
This, together with (5.1), shows that

[Wao(t), (H*/R = ()]
= O(R*1/2)0(<C>1/2‘[m C|*2 + |ImC|f3/2)O(<t>flf2p)‘

Thus the desired result is obtained from (3.1) and the proof is complete. O

By Lemma 6.1 and Proposition 5.2, we obtain the following: For any
€ > 0 small enough, there exists g. € C5°(R) such that

(6.1)  @af(H)exp(=itH)Y = ge(H*)Uao(t)a + O(€) + o(1), ¢ — o0,

where the norm of remainder term O(e) is estimated by Ce uniformly in
t > 1. Let b € A be such that b C a. Then we can write

X =Xxto X  Xf=X,NnX¢

so that E® has the orthogonal decomposition F¢ = E° + Ey with By € Xj.
Similarly we write 2% = 2® + z¢ for 2% € X% Let A, = {b€ A: b C
a, B #0}. Weset £ = {E:be A} and let E € £%. We define b(E) to
be the maximal element of the set {¥ € A, : EY = 0} with respect to C,
and set X, = {b(E) : E € £*}. The Hamiltonian H® still has a non-zero
uniform electric field E* # 0. Hence we can construct a conjugate operator
A® of H* which satisfies

(6.2) F(HYI[H®, A f(H") > oo f(HY)?, 04> 0.

Making use of this form inequality, we can show the following propagation
properties of U%(t) as Propositions 4.1 ~ 4.3:
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LEMMA 6.2. Let the notations be as above. Then one has for i €
L3(X9),

| FIR@ s < M oul? < C ol
*d
| IR@ = el < ¢l
| IRQrt <@ < anat Ut 0wl < C R,

where ¢ € So(X®) wvanishes in a small conical neighborhood of W) =
E¢/|E}| for all b € Aq. Moreover, for ¢ € S(X)

/100 %”F@a/t > M) f(HOU 0] < oc.

In virtue of Lemma 6.2, we can prove the following as Lemma 4.5:
LEMMA 6.3. Let ®%(t) denote one of the following three operators
F*/t<M™), FQ%/t>M), FM'<Q"/t<M),
where ¢* € So(X?) is as in Lemma 6.2. Then one has

s — lim ®%(t) f(H)U(t) = 0.

t—o0

Let b € ¥, and ¢ € So(X®) be a non—negative cut—off function sup-
ported in a small conical neighborhood of & = EP/|E}|. The function
¢y () has a property similar to g, € So(X) in (4.12). We define

Ot x%) = F(M ™ < (Y2t < M)ql(z%), be Z,.

Then, in virtue of Lemma 6.3, we can prove the following as Proposition
4.4:
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PROPOSITION 6.1. Let ¢j be as above. Then one has

s — lim (1 — Z 4,0?) J(H")Uqgo(t) = 0.

t—o00
beX,

To prove (4.13) in the case E* # 0, it suffices by (6.1) and Proposition
6.1 to show that

(63) s~ Jim {1~ F(Q/t = (1BI/2)"*)ao}o f(H)Uao(t) =0, b€ 5.

We repeat the same argument as in the previous section to prove (6.3).
Let I} = I(z®) be the intercluster potential of H®. Then the cluster
Hamiltonian H;' obtained from H® takes the form

H=H"-I¢ =H@Id+1d®T¢ on L*(X%) ® L*(X%),

where T = T,—T, acts on L?(X{"). We introduce a time-dependent Hamil-
tonian which approximate the generator H%(t) of the propagator U%(t). Let
@i (t, %) be another cut—off function which takes a form similar to ¢f and
satisfies @ = 1 on the support of 7. We define

Wit (t, a) = Wit(t, 2%, 2f) = @a(t, 2%) (Wao(t, %) + I (2%)).
Since E¢ # 0, we may assume that if E® # 0, Weo(t,2% 2¢) = 0 at z§ =
tQEg/Z. If, in particular, E? = 0, then By = E®. Taking account of these

facts, we set

we @) WE(t, 2P 12 E8/2) = @u(t, 2% 2B /2) I8 (b, 2 E22), E°#0
Tl wet,0,82E/2) = IS(2E7/2), B =0.
Then the time-dependent Hamiltonian in question is defined by
Hio(t) = Hy' + Wip(t)-

This Hamiltonian has the decomposition

HE () = H ) @Id+Id® T8  on L*(X°) ® L*(X}{),
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where H"(t) = H® + Wg(t) acts on L?(X?). If we denote by U(t) the
propagator generated by H"(t), then the propagator Ug(t) generated by
H,(t) is represented by

Uy (t) = U (t) ® exp(—i(t — 1)T).

We can prove the following by the same argument as in the proof of

Proposition 5.1:

PROPOSITION 6.2. There exists the strong limit

s — Jim U ()" e (H)U (1),

Recall that Uyg(t) = U*(t) ® exp(—i(t — 1)T,) and T = T, + T}*. Hence
we have the relation

UR(t) @ exp(—i(t — 1)T,) = U (t) @ exp(—i(t — 1)Tp).

If E® = 0, then H? has no electric fields, and the following can be proved
as Lemma 5.5:

LEMMA 6.4. Let the notations be as above. Then one has

s — lim {1 = F(Q/t = (|E[/2)"*)a0} Uy (t) ® exp(—i(t — 1)T) = 0.

Hence (6.3) follows from this and Proposition 6.2. On the other hand,
if B° # 0, then H"(t) still has a non-—zero uniform electric field. To prove
(6.3) for such b € 5,, we work in the space L?(X?) and repeat the same ar-
gument as applied to U%(t) to analyze the propagation properties of U%?(t).
In any case, (6.3) is verified by repeated use of similar arguments and the
proof of Theorem 4.1 is now complete.
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7. Asymptotic completeness

The present section is devoted to proving the main theorem. The proof
uses the asymptotic completeness of long—range many—particle systems
without uniform electric fields. As stated in section 1, this result has been
already established by [3].

ProOF OoF THEOREM 1.1. Let ¢ be as in the theorem. Then w =
E/|E| = E./|E.| and also H¢ does not have a uniform electric field (E€ = 0).
Let gp € So(X) be as in Theorem 4.1. Recall that go(z) has a support in a
small conical neighborhood of w. We define :

pelt,w) = F((2)' 2/t = (|E|/2)*)q0(x),
Weo(t) = I.(t2E/2).
To prove the theorem, we consider an auxiliary time—-dependent Hamilton-

l1an

Hco(t) = HC + Wco(t).

Denote by Uq(t) = O(t) exp(—itH.) the propagator generated by the above
operator, where

t
O(t) = exp <—¢ / L(sE/2) ds> .
0
Then it follows from Theorem 4.1 that there exists the strong limit
(7.1) s — tlim Ueo(t)* exp(—itH).

In fact, by Theorem 4.1, we have only to prove the existence of the strong
limit
s — lim Uy (t)*pcexp(—itH).
t—oo
Let f € C3°(R) and take M > 1 as in Propositions 4.1~4.3, which depends
on f. Let g1 € So(X) be such that giqo = qo and ¢; has a support in a

small conical neighborhood of w, and g2 € Sp(X) be such that g2q1 = q1
and ¢y has a support in a small conical neighborhood of w. We define

Polt, ) = F(M™' < (2)'2/t < M)qu (),
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H.(t) = H.+ W,(t,x),

Welt,z) = Welt, 2% ze) = F((2)'/2/t > (2M) " )gz(w)Le(2),
and denote by U.(t) the propagator generated by H.(t). We note that
W.(t,t2E/2) = We(t) for t > 1. We also note that W,(t,z) satisfies (5.1),

since ¢ is the maximal element of the set {a € A: E* = 0}. Then we have
only to prove the existence of the strong limits

s — tlim Ue(t)*@cf(H) exp(—itH), s — tlim Ueo(1)*U.(2),

because p.p. = @.. The existence of these limits is proved in exactly
the same way as Proposition 5.1 and Lemma 5.2. We can also show the
existence of the strong limit

(7.2) s — lim exp(itH)Ue(t).

This is also proved in almost the same way as Proposition 5.1 (see [1]). In
fact, both the propagators U (t) and U.(t) have the same properties as in
Lemmas 5.3 and 5.4. Hence, in particular, Theorem 4.1 remains true for

Ue(t):
PROPOSITION 7.1. Let the notations be as above. Then

s = Jim {1 = F(Q/t = (|EI/2))an}Uc(t) = 0.

Thus we can prove the existence of (7.2) as that of (7.1).
It follows from the existence of (7.1) that for any ¢ € L?(X),

(7.3) exp(—itH )y = O(t){exp(—itH®) ® exp(—itT,)}1p. + o(1), t — oo,

with some 1. € L?(X). Thus the proof of the theorem is reduced to ana-
lyzing the asymptotic behavior as ¢ — oo of exp(—itH®).

We now use the asymptotic completeness for the subsystem Hamiltonian
H¢ without uniform electric field (see [3]). For a C ¢, we define

So(t) = HS 4 I¢(tDy) = H* + TS + IS(tD,) on L*(X¢)
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and denote the propagator US)(t) generated by HS,(t) as

t
o(t) = exp(—itH;) exp (—z/ I5(sDy) ds) ,
0

where H = H¢ — IS is the cluster Hamiltonian obtained from H¢ and
T¢ =T, — T. = —A%/2 acts on L?(XS). Then we have that : (1) There
exists the strong limit

(7.4) 0 = s — lim exp(itH)Ugy(t)(P* @ Id) : L*(X€) — L*(X°)

for the eigenprojection P associated with H*. (2) The wave operators QS
defined above are asymptotically complete

(7.5) L*(X°) =) ©Range Q.

aCc

Let Hy(t), a C ¢, be defined by (1.1). Then Hyg(t) is decomposed into
H, (t) = Hgo(t) +Te+ Weo(2).

The three operators on the right side commute with one another. The
propagator U,;(t) generated by H,q(t) is also represented by

Ua (t) = @(t)( go(t) ® exp(—z’tTc)).

In virtue of the existence of (7.2), the existence of W, defined by (1.2) can
be proved by showing the existence of the strong limit

s— tlim Ueo(t)* Uaz(t)(P*®@Id) = s — t]im {exp(itH®)Ug,(t)(P*®1Id)} ® Id,

which follows from the existence of (7.4). On the other hand, by (7.3)
and (7.5), we have with the = > . 550 ¥ ® P+ O(e), Y5 € L?*(X€) and
Wl e LA(X,),

exp(—itH)p = O(t) Y exp(—itH)yS @ exp(—itTe )] + Ofe)
j:finite
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) )Y exp(—itH®) Q) @ exp(—itT.)w) + O(e)

j:finite aCc

t) D > Unt)ds; @ exp(—itT.)dl + O(e) + o(1)

j:finite aCc

for some wc € L?(X¢), which implies

Since € > 0 is arbitrary and )

b= D> Wi @l < Ofe).

j:finite aCc

. @RangeW:G is closed, we have

Y € Z @RangeW;rG,

aCc

which implies the asymptotic completeness of the wave operators W;E; The
proof of Theorem 1.1 is now completed. [J
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