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Semaiclassical analysis of Schrodinger operators

with coulomb-like singular potentials

By Fumihiko NAKANO

Abstract. In this paper, we study the behavior of eigenvalues and
eigenfunctions of Schrédinger operators whose potentials have finitely
many negative singularities. We prove that if potentials behave like
O(|z — p;|7")(0 < p < 2) near singular points z = p;, then eigenvalues

2

behave like O(h_?&ﬂ) when the Planck constant h approaches to zero.
Then we obtain the asymptotic expansion of the eigenvalues and eigen-
functions in h. We also study the splitting of the lowest eigenvalues and
show that the asymptotic is estimated by a suitable Riemann metric
called Agmon distance.

0. Introduction

We consider Schrodinger operators whose potentials have finitely many
negative singularities, and study the behavior of eigenfunctions and eigen-
values when h, the Planck constant, approaches to zero.

The Schrodinger operator we consider is the following:

H(h) :== —h*A +V(z) on L*(RY),

where h is the Planck constant.
We always assume the following assumptions (A) throughout this paper.

ASSUMPTIONS (A).

(1) V(x) has finitely many singular points pi,ps,---,pn € RY, and
V(x) is bounded below in the complement of the union of neighbor-
hoods of singular points, i.e., for any € > 0, there exists a constant
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M, > 0 such that,
if lx—pi| >¢€ (foranyi=1,---,n), then V(x) > —M..

(2) V(x) € C®(RN{p1, -+ ,pn}), and V() has asymptotic expansions
near each p; in the following form:

1 SN
Vie)~ - |z — py|Ptt > (@ —p)* as x—pi
la|=1

(3) Ifd=1, then 0 < p < 1. Otherwise, 0 < p < 2.

REMARK. When (3) is satisfied, V(z) is in the Kato class and hence
H(h) has a unique Friedrichs extension and is bounded below (cf.[7]).

At first, we study the behavior of H(h) in the limit: h | 0. Let E,,(h)
be the m-th eigenvalue of H(h), counting multiplicities. Let h(()l)(h) =
(i) .«
an’ x¢ .
—A=3 0= T2l (¢=1,---,n)andlet {em }m=0,12,.., be the eigenvalues

of @, hg), counting multiplicities.

THEOREM 1. Let N € N. For sufficiently small h, H(h) has at least
N eigenvalues and

Umh*Ep(h) =em, 0<m <N, a=_—.
h|0 2—-p

Secondly, we consider asymptotic expansions of eigenvalues and eigen-
functions in h as h tends to zero. For that purpose, we need additional
assumptions on V(x).

AssumpTIONS (B).

(1) V() has at most polynomial growth, i.e., there exist k > 0, M > 0,
C >0, such that if |x| > M, then |V (z)| < C(1 + |=|)*.

(2) Ifd < 3, then p < &
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THEOREM 2. Assume (B).

(1) Let ey, be a simple eigenvalue of @), hgi). Then the correspond-

ing eigenvalue En,(H) of H(h) has an asymptotic expansion in the
following form:

Epm(h) ~h™® em+Zaj (h?)7)
i.€.,

Em(h) — h™%(em + Z aj(hP)) = O(p=otk+DBy

where o = 22_—pp, 0= 2%

(2) Let 1y, be the eigenfuction of H(h) corresponding to an eigenvalue
E,.(h) and @, be the eigenfuction of hgi)(h) corresponding to e,
(i is taken so that ey, is an eigenvalue of héi)). And let U be an
operator defined by

(U ) (z) := W2 f(WPx +p;)  for fe L*(RY).

Then, U Dy, has an asymptotic expansion in the following form in
L?-sense:

U, ~ o + > ()50,
j=1
When e, is degenerate, the situation is slightly different.

THEOREM 3. Assume (B). Let Ey,, -, Epmik—1 be the eigenvalues

such that h=*E,, appoaches to e, which is an eigenvalue of @;-, h(()i) with
multiplicity k. Then each E,,1, has an asymptotic expansion in h:

Epmip~h e+ _al(h’)), p=0,-- k-1
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THEOREM 4. Under the same conditions as in Thoreom 3, if no two
asymptotic expansions of En,,--- , E,1x—1 are the same, then for each cor-
responding eigenfunction v;, there exists an unique singular point py, ;) of
V(x), such that for any N € N,

() = Dsll2 = O(R™)

holds and U”(j)¢j has an asymptotic expansion in L? sense, where In(y) 18
a function with compact support that takes value one in the neighborhood of
Pugi) (I 1l2 is L*(RY)-norm).

COROLLARY. If Ej(h) is simple for h > 0, then either of the following
two holds, (1) There exists a singular point Pn(j) € R? such that for any
N e N,

”( n(j) )Q/JJHQ = ( )7 as h l 0.
(2) There exists another eigenvalue E’(h) such that for any N € N,

|E; — Ej| =O0(hY), as h]O0.

Physically, the case (2) of this corollary corresponds to the situation that
a particle exists near both of at least two singular points. And the quantity
\E]/ — Ej| is related to the tunneling effect between the singularities.

When the number of the singularities is two (i.e., n = 2), and Ej is the
lowest eigenvalue of H(h), we can estimate |E — Ej;| sharply.

DEFINITION.  For z,y € R?, the Agmon distance py,(z,y) with respect
to the energy E,(:= h™%eq) is defined by

onl(e,) mﬁ/’¢mm — Bo(h), 0)[4(s)lds

wm=mwn:%veﬂﬁ.
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THEOREM 5. Letn =2, and let a and b € R? be the singular points.
Let J, (resp. Jp) be a function that takes value one in the neighborhood of
a (resp. b). Let Eg(h) be the lowest eigenvalue of H(h). And let ¢y be the
eigenfunction corresponding to the eigenvalue Ey(h).

Assume that, for any e > 0, there exists C. > 0 such that,

[ Tatbol|2]l Totboll2 > Cee™</M’.

Then, for any € > 0, there exist constants C1.,Ca . such that

Cl,e exp <—w(1 + 5)) S |E1 — E0| S CQ,E exXp (—w(l — 8)) s

where E7 is the second eigenvalue.

The assumption of Theorem 5, || Joto||2||Jstoll2 = Cee=/"” comes from
the postulate that particle exists on both a and b. For example, if V' (z) has
mirror symmetry with respect to one point, this condition is automatically
satisfied.

Estimating pp,(a, b), we obtain,

THEOREM 5°. Under the same conditions as in Theorem b5, for any
e > 0 there exist constants C ., Ca such that

Creom (-5 =04 ) < 11— B
()

< Cyeexp

As for the known results, similar problems have been studied extensively
by many mathematicians in the case that V(x) satisfies

(1) V(z) € C®,V(z) > 0.

(2) lim o Vi(z)>0.
(3) There exist finitely many points p1, - - - , p,, such that V(p;) =0 (i =
1,--+,n) and each minimum is non—degenerate ([1],[2],]4],[5],[6], and

in thelr references).
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The aim of this paper is to show that when V(z) has negative singu-
larities, the results similar to above hold. We use mainly Simon’s methods
([1],[2]). The main difference between “the singular case” and “the regular
case” is the following:

(1) In Theorems 1,2,3,4,5, the powers of h in each asymptotic formula
is different. In the regular case, & = —1,5 = 1/2 (In the above
context, it corresponds to p = —2).

(2) From the Theorem 5, in the singular case, the behavior of |Ey — Ep|
is determined by |a — b|, p, a9 only. Whereas in the regular case, it
depends on the global properties of V' (z).

We prove Theorem 1 in Section 1, Theorems 2,3,4 in Section 2, and Theorem
5 in Section 4. In the appendix, we show that the similar exponential
estimates as in Theorem 5 and Theorem 5 can be obtained for the width
of the ground state band of Schrodinger operator with periodic potential.

1. Proof of Theorem 1

1.1. Upper bound
Here, we will show Ehw hYE,,(h) < ep.
Take a function j(z) € C$°(R?) which satisfies,

() { 1, if |z] <1,
x) =
J 0, if|z|>2,

and let

o . p
J(];):](h 5($7p1))7 221,"',n, O<(5<ﬂ

We can assume SuppJ(;) N SuppJ(;) = ¢ by taking h sufficiently small if

necessary.

Let e, be the m-th eigenvalue of ;" h(()i), and ¢, be the correspond-

ing eigenfuction. Then Ui(m)_lgom is an eigenfunction of Héi(m)), where
. (1) .«
H(()z)(h) = —hZA — Z\a\:l % and i(m) is defined so that e, is the

(i(m))

eigenvalue of hy .
We take

. -1
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as an approximating eigenfunction. Then, from the definition of J(f;) and
Assumptions (A), we can see

2(1—p)

(1.0) (1. (H = H Yo ) = O(h ™+

where (-,-) is L?(R%)-product. Next, we study the properties of the ap-
proximating eigenfunctions.

CLAaM 1.

(1.1) (1, %) = i + O (exp(—ché—z%)> .

ProOOF oF CrAmm 1. When i(l) # i(m), (1.1) is clear. Therefore we
assume (1) = i(m).

MWWJ%M—UH— AU o U g, da

/ v SOZ U(i)ilwmch
|z— pz|>ch‘S

_/ll 5h Pgol(h 2- Pm)cpm(h 2- px)dx
z|>ch

=0 (exp(—ché_%ﬁ)) O

CLAIM 2.
(1.2) (Y1, HYpm) = h™%embm + O(h™29),

where 6 —max{6 1 p)}
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PRrROOF OF CLAIM 2. As in the proof of Claim 1, we can assume i(l) =
We use the fact that if Hn = En, then

(f71, H fn) = E(fn, f71) + (0, i*(V )*7).

We substitute f = J{;), H = H(()i), n = U(i)_lcpm, n = U(i)_lapl into this
identity. Then,

(o1, H ) = W™ em (1, 90m) + (1, B2 (V15 ) tom).

Estimating VJ(};), and using (1.0), (1.1), we obtain (1.2). O

Now we use the Min-Max principle. At first, let

Mm(h) = sup Q(glv 7‘£m—1§h)7

517... k) m*l

Q(€17 T a€ﬂ1—1;h)
= inf {(¢,H¢) ‘ o e DH), [z = 1,0 € {&1, - ,fm_l}L} .

Then p,,(h) equals to either the m-th eigenvalue of H (counting multiplic-
ities) or inf oess(H).
Fix any e > 0. For each h € (0,1], we can find &}, - - ,§fn_1 such that,

From (1.1), {¢1,- - , %} span a m-dimensional subspace if h is sufficiently
small. Hence there exists ¢ € {£1,--, &1} which is a linear combination

of {¢1, -+ ,¥m}. From (1.2),
Qér, -, m_1:h) < (9, Hp) < h % + O(h™%).
Since ¢ > 0 is arbitrary,
fim(R) < h™ %, + O(h™%).

As V(z) is bounded below outside of a compact set, inf oess(H) > —o0.
On the other hand, limp|g h™ %€, = —oo. Hence py,(h) = Ep(h) if h is
sufficiently small and thus we obtain the upper bound. [
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1.2. Lower bound

We prove lim, 10 h®E,,(h) > e, here. If we have proved it, we complete
the proof of Theorem 1. Fix arbitrary r such that e,, < r < ep11. It
suffices to show

H>rh “1+F
where 1 is an identity operator and rankF < m.

We define J € C%(R%) so that (J§)" :==1— 1, (Jh)®. Let P® be
eigenprojections onto the eigenspaces of Héi) whose corresponding eigenval-
ues are smaller than h~%r (hence,Y rankP() = m), and let F() := Héi)P(i).

By IMS-localization formula (see [7]), for any € > 0,

(1.3) H=JoHJ+(1—-¢) > JHJ;
i#£0
+ 5" Tl + H - H) g =3 (V)
i#£0

From the definition of F(®,

(1.4) T B Tl > T FO gl hor(Jl)2.
On the other hand, since |z — p;| > ch® on Supp.Jp,

(1.5) JoH Jy > (Jo)>O(—ch™%7) > rh™*(Jy)?,
and

(4) a
hQA Z 2aa

(1.6) eHY + H-HY >
: |al=1 ’x|p+1

[\DI(")

> —ceh™® — c.h™ — O(h*™7),
where o = 2(;__;), and ¢, ¢ are independent of h .
Substituting (1.4)~(1.6) into (1.3),

H>(1—-ce)rh™*1—-0(h™") + F, 7y := max(d’, 26),

(F=>Ju J(Z rankF' < m). Since € > 0 is arbitrary, we have done.
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1.3. Additional arguement

We shall show here that if e,, is non-degenerate, the “approximating
eigenfunction” used in the proof of Theorem 1, approaches to the “real”
eigenfunction in L2-sense. We will use this result in Sections 2,4. At first,
for each [, we find g; such that for any m, either e,, = ¢; or |e,, — €| > ¢
holds.

ProrosIiTiION 1.1. Let

1

h ._
= o
T |th—a‘:h—ael

(= = H(h))™"dz,

then, |[(1 — P")pll2 — 0 (h | 0).

PROOF. We use the inductive arguement. Assume that the proposition
is valid for any [ for [ < k. At first, we prove the following claim.

CLAIM. For any [ such that e; < ey, Plhz/q@ — 01in L2

PROOF OF CLAIM. If the degeneracy of ¢; is m, Py, — 4, — 0 in
L? (j=1,---,m) (where Yi;(j = 1,--- ,m) are eigenfunctions correspond-
ing to e;.). From (1.1), we see {¢/y;};=1,.. ,» and moreover, { P9, }j=1,....m
are linearly independent (for h small). Let {uj;};=1,.. m be the orthonor-
mal basis of Ran P (the range of F}). Since { Fj9/y, } is linearly independent
and contained in Span{wu; }(j = 1,---,m), we can write each u; by linear
combination of {Py;}j=1... m and we write u; = Zaiplwlk. Then, we
have

Py = Z Vks ug; U

m

zpk,Zaflelp Zaﬂleq
p=1

Ms i

1

J

From the assumption of the induction,

m

(r, > _ a)Pipy,) — wk,Zawz ) 50

p=1 p=1
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m
On the other hand, from (1.1), (¢, Zaéwlp) MO, By combining these
p=1

two facts, we see that Py, — O(h | 0) in L2 O

Let E?Z be the spectral measure of h*H. From the claim above, for any
e>0,B} ¥k —0ash |0 L% Onthe other hand, (g, h* Hpy) —
er (from (1.2)). Then it must follow that HE{‘ek_E ek_"_e)wZHQ —1(h]0).0

2. Asymptotic expansions of eigenvalues and eigenfunctions

2.1. Proof of Theorem 2
To simplify the notation, we write i instead of i(m). Let

Ko == heUuOHuO ™

(1),
-1 ag’

— U@ gy
K = U HU PR

= Ko+ h*V(Px+pi) + >
|a]=1

From the assumption, K — K has an asymptotic expansion near the origin
in the following form as h | 0,

1 - 7 al .«
(2.1) K—KON—W|§| 2&&)(”’)' 2o,
Let )
Ph::—_ z—K_ldz,
Wi=5gf

where we take ¢ sufficiently small such that the set {z| |z—e;,| < €} contains
no other e;(j # m).

Then, by Theorem 1, rankP(h) = 1 for h sufficiently small, and by
Proposition 1.1, p(h)(pm — @m (h | 0). Hence it is enough to obtain the
L%-asymptotic expansion of P(h)pp,. In fact, the relations

(KSOmvp‘Pm)

(2.2) h®E,, = -

I
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‘ 1 B
(2.3) U, = i lPnm
(SDm, P‘Pm)

hold and K,, has obviously the L?-asymptotic expansion under Assump-
tions (B). From the definition of P(h) it suffices to obtain the L%-asymptotic
expansion of (z — K) lp,.

One can expand (K — 2) "1, as follows:

l
(K — Z)il‘Pm = ka + 71,
k=0

where
fr = (1)Ko = 2) 7' V(Ko — 2) " om,
and
n= ()UK 2T V(K - )
We shall estimate the L? norm of f; and r;. Write V = V; + Va where
Vi(z) = Vde\Uyle? Vao(z) = Vixun_ B (x4 is the characteristic function
of A and B5 := {z| [z — p;| <e}).

CLamM. | filla = O(KP*), ||Iry||? = O(RPU+D).

PROOF OF CLAIM. We prove by the induction. We assume ||[V (Ko —
D% 0mll2 = O(hP*). At first we consider the contribution of V5. By the
Sobolev embedding theorem,

(1) When d < 3, H* (RY)cL>®(R?). From (2) of Assumptions (B),

Vo € L?(R%). Hence Va(Ko — 2)~ ' € L2(for any ¢ € L?).
(2) When d = 4, xx(Ko — z)" % € L" for any r < oo and for any
compact set K. And if p < 2, there exists § > 0 such that V5 € L*t9.
Hence V(Ko — 2) "1 € L2(RY) by the Holder’s inequality.
(3) When d > 5, H>(RY)cLY(RY) (where % =1 —2). Hence if p < 2,
Va(Ko — 2)~ 1 € L2(R?) by the Holder’s inequality.
Combining the above facts, we obtain,
O(eld=20)/2 k), ifd <3,
[Va(Ko—2) [V (Ko—2) Fomla = { O(eW- G002/ pSk) - if g = 4,
O(e¥1=p/2)4/dpfky, if d> 5.
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If we take a suitable constant Cy > 0 (dependent on the dimension d), and
put e = hPCU+Y) | then we obtain

(2.4) IVa(Ko — 2) 7 [V (Ko — 2) " *omll2 = ORIV,
If we take € as above, we can write (from (2.1)) for any N € N,
Vi =Qn(hiz) + Ry (h;z) + S(h;x),
where Q(h; ) is a polynomial of z and h? of degree at most N, and

‘RN‘ < Ch_pﬁcd(l+1)’hﬂ$’]v+l,

(2.5) Qn| < CRO(1+ [2])™,
S| < ChPla| =D,
We take N sufficiently large such that
(2.6) BN +1) — pleall +1) = B +1).
Now we need the following lemma for the proof of Claim.

LEMMA 2.1. Foranyl € R, (1+|z|) (Ko—2)" ' (1+|z|)~! is a bounded
operator.

For its proof, we refer to [3].

Put A := (1 + |z|). We can write Vi(Kq — 2) 7' V(Ko — 2) " HFom =
(A_bvl)Ab(Ko _ z)_lA_b(A_bV)A%(KO _ Z)—lA—2b .. -A(k""l)b@bm. By
lemma 2.1, AP*(Kq — 2)"*A7P? is a bounded operator. On the other hand,
by (2.5), |[A~*(Qn + Ry)|| = O(hP) for suitable b. Hence

||V1(K0 - z)_l[V(KO _ Z)_l]kSOmHQ _ O(h’g(k"_l)).
Combining this with (2.4), we obtain || fxi1]|2 = O(hP*+D),

The estimate for r; is similar. This proves the Claim. [

We set f] = (—1)F(Ko—2) QN (Ko—2)"!]*¢m. Hence, by (2.4),(2.5),
and (2.6), in the same way as in the above arguement, we obtain

1f = fill2 = O(RPED).

Noting that f; is a polynomial of hP, we obtain the asymptotic expansion
of (K —2) Yo, O
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2.2. Proof of Theorem 3
We begin with stating the following lemma.

LEMMA 2.2. Let C(h) be a k x k Hermitian matriz whose entries
have asymptotic expansions of h. Then the eigenvalues of C(h) also have
asymptotic expansions of h.

For the proof, we can refer to [1].

Let P be the projection onto the subspace which is spanned by the
eigenfuctions of H corresponding to the eigenvalues E,,, -, Epir—1.
Hence, by using the eigenfunctions of H(gi) corresponding to the eigenvalue
h~%e, it follows that ,

(2.7) (Yi, Prabs) — 0ij

as h tends to 0 (by Proposition 1.1).
Thanks to the same arguement as in the proof of theorem 2, one can
prove that

Aij = (Yi, Puyj),  Hij := (i, HP1pj),
have asymptotic expansion of h%. And from (2.7), Ay; = &; + o(hP).
Hence C := A~Y2H A2 has asymptotic expansion of h?. Therefore, by
Lemma.2.2, E,,, -+ , Epqr—1 also have asymptotic expansion of h%. O
Theorem 4 and its corollary follow easily from the proof of Theorem 3.

3. Exponential decay of eigenfunctions

In order to prove Theorem 5 and Theorem 5’, we obtain the exponential
decay of the eigenfunction corresponding to the lowest eigenvalue of H.
From now on, we assume the number of the singular points is two (n = 2):
a,b € RY,

ProrosITION 3.1.  There exist Ry > 0,C > 0, and D > 0 such that
if |x| > Ry and h is sufficiently small,

o (s )| < Ce™Plel/m?,
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Proor. Take Ry > 0, § > 0 such that, if || > Rp/4 and h is suffi-
ciently small,

62
(3.1) Vi)~ o~ Fo(h) <1,
(That is possible since V' (z) is bounded below far away from the origin and
Eo(h) = O(h™9).).
Let ¢ be a function which satisfies
(M pel® 0<¢(s)<1,
2) p(z) =z, if |2|< R,
for a constant R; > 0.
We set p(z) = 6p(|z|)/h?/?=P) (z € R¥). Then it follows that
|Vp(x)|? < 62/h%, p(z) is bounded, and is smooth in the complement of
the neighborhood of the origin. Let ¢ be an R-valued fuction such that its

support is contained in {z| |z| > Ro/4}. From (3.1), for sufficiently small
h, we obtain

(e”/Mp, (H — Eo)e ?Mp) > (v, (V — (Vp)* — Eg)b)
(3.2) > ||y]13.

Therefore, if we define a function 1 on R? such that

(1) 1- ne 0807

and if we set ¢ := e?/"mpg, it follows that
(3:3) (", (H — Eo)e /M) = h*(e*/Mpbo, —2(Vn) (Vabo) — (Lm)dho).

Since the RHS of (3.3) is independent of R;, we can take R; go to infinity
and let p = 6|x|/h?/2=P). On the other hand, if we note that |[1bo|l2 = 1
and ||Vi)gll2 = O(h™1), we obtain ( from (3.2),(3.3)),

/ 28121/ 4y 12 4o < CpedRo/H®.
|I|>R0/2
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Hence,

/ eel/h? o |2 < Ch.
|z[>Ro

Since 1) is subharmonic on {z| |z| > Ry}, the value of 9y on z is bounded
by the integral of itself over the unit ball around x. Therefore, we obtain
the conclusion. [J

PropoOSITION 3.2. For any e > 0, Ry > 0, and k > 0, there exists a
constant Cg ry x> 0 such that if |z| < Ro, |v —a| > &, |t —b| > k and h is
sufficiently small,

Yo (h; 2)| < Ce ro,n exP <_min(ﬂ(9€7 a),;;L(x, b))(1 — €)> |

PrROOF. Let ¢(x) := min(p(z,a), p(x,b)). Then,

P(x) — p()| < /0 40/ V(0z + (1= 0)y) [ — yl.

for z,y € {x| V() — Ey > 0}. Hence for any ¢ > 0, R > 0, we can find
6 > 0 and ¢(z) (by regularization and cutoff), such that if |z| < R,

(1 =e)p(x) < plx) < (1+2)p(x),

V(@) < (1—8)y/V(x) - Eo.

Hence, for any x > 0, we see that if |x — a| > &, |z — b] > &,

for h sufficiently small. Here, the second inequality follows from the fact
that by Theorem 1, —Fy = O(h~®) and Ey — Eg = o(h~®). Therefore, if
we take 1 so that its support is contained in {z| |z — a| > &, |x — b] > K},
we have, by following the same arguement as (3.2),

(e”/Mp, (H — Eg)e™?Mp) > 5|13
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On the other hand, there exists k¢ determined by & such that, if [y—a| <
ko or |y — b| < Ko, then ¢(y) < ep(x). By the method used in the proof of
the Proposition 3.1, we can obtain

(1-¢)?¢

(i) < Cexp (-5

> on |z| < R,|r—a|l>k,|z—0b >k 0O

Secondly, we consider the lower bound of 1. In order that, we need the
following lemma.

LEMMA 3.3. Let éy be the lowest eigenvalue of —/\ on the (d — 1)-
dimensional unit ball with Dirichlet boundary condition and let n be the
corresponding eigenfunction (n is normalized so that ||n|ec = 1). And let
d := miny, <1 /91(y). Let Do be a cylinder in R? such that,

Dy :={z=(z1,21)] 0<x;<a(l+90), |[x.| <R}

Let Q(zx) be such that Q(x) > 0 and Q(z) satisfies AQ(x) = W (z)Q(x)
on Dy for some W > 0. Let o* := sup,ep, {¢oR™2+ W (x)}. Then the
following estimate holds.

min{Qe)] o1 = a, lo1| < o)

> de™(1 — e~ 2 min{Q(z)| z; = 0, |z, | < R}.

For its proof we can refer to [2].

PROPOSITION 3.4. Assume that any € > 0, |[Javoll2]/pt0l2 >

C’Ee_a/hg for a constant C. > 0. Then for any € > 0 and any compact
set K(C RY), there exists a constant Cy . > 0 such that if v € K,

¢i%hmwx—aux—ﬂxl+@)
hP '

rwahuwrzcxﬁema<—

By estimating pp,(z, a) from below, we immediately obtain the following
proposition.
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COROLLARY. Under the same conditions as Proposition 3.4,

[vo(h; )| = Cjc exp <_min(l)h($,a),ph(x,b))(1 + 5)> .

h

PROOF OF PROPOSITION 3.4. There is a constant C' > 0 such that
V(z) — Eg > 0 if |z — a| > ChP. Moreover, from the proof of Lemma 4.3
(in Section 4), for any Cy > 0, we can find a constant Co > 0 such that if
|z —a| < C1hP, then |hg| > Cy. Hence, we take a cylinder D so that its
bottom starts at the position whose distance to a is Ch” and its top is at
x, and its radius is Rh®. Then, there exists a constant C’ (determined by
C and R) such that on the bottom of D, || > C’. Thus we can apply
Lemma 3.3 to D and vg. The conclusion is that, for any € > 0, there exists
a sufficiently small § > 0 such that for sufficiently small A,

|w0(h; IL‘)| > de*a(zfafs) (1 _ 672601(1) Cl,

where o := egR™2h 2% + sup,.p h"2(V(z) — Ep). By taking h sufficiently
small, we can let e~ 202 < | /2. Moreover, by taking R sufficiently large,
we can take egR™% < €2, Using the fact that —Ey = O(h™®) and the result
of Theorem 1, we conclude

[olhs 2)| > Cexp (—v=eoh™ |z —al(1+¢))
The uniformity of the constant C' for x € K is obvious. [

4. The proof of Theorem 5

4.1. The upper bound
To prove the upper bound, we need the following equality.

LEMMA 4.1. Let f be a C! function which is uniformly bounded. Then

(fvo, (H — Eo) f1bo) = R ((V f)3bo, (V.f)¥o).
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For its proof, we can refer to [2].
We set
pn(x,a) — pp(x,b)
pn(a,b) ’
Fix any 6 > 0. By the regularization procedure, we can find a function
ds(z) which satisfies

dh(x) =

ds(x) € C*°, |dp —ds|] <6 (uniformly in h).

Fix any a > 0, and take a smooth function h(x) on R so that

hi) = { ~1, on (~00,—a),

1, on (a,00).

We set g(x) := h(ds(z)). Then g(x) € C°(R%), and SuppVy is contained
in a neighborhood of the geodesic bisector of a,b (i.e., it is contained in

{z| d(z) = 0} =: By.). Since min,ep, {min(pp(z,a), pn(z,b)} = 2pn(a,b),
we can see that, for any € > 0 and sufficiently small «;, 6 > 0,

@) win {min(ey(ea), om0} > gonlab)(1 <)

Now, let
<g>p= /gwgdw, f(@):=g(x)— <g>n.
Then (1, 1) = 0. Therefore, by Lemma 4.1, we obtain

B2 (V)0 (Y £)to)

4. E — FE
(42) LS T e fu)

We shall estimate the RHS of (4.2).

CrLAamM. For any € > 0,

(4.3) (fabo, fibo) > Cee=/M".
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PRrROOF OF CLAIM. Suppose that there is a constant C' > 0 such that
(fbo, fo) < Ce=</"’. Assume that there is a sequence {hn}, hyn | O such
that < g >p,> 0. Then |f(x)| > 1 near the neighborhood of b. Hence

[ Jstboll2 < Ce=¢/?*2. On the other hand, if < g >, < 0, then ||[Jutb|l2 <
Ce=¢/2"’  But this contradicts the assumption of Theorem 5. [J

CramM. If z € K (a compact set of R?), |Vds| < Cf for a constant
Ck > 0.

PrROOF OF CLAIM. Let ps be a regularization of pp(z,a). We can
write,

(4.4) Vs (x) = 2P 5(36’;‘2 (; Z)p o(2,0)

Since x € K, we can find M > 0 such that

(4.5) \Vps(z,a) — Vps(x,b)| <2/ M — E.

For a suitable € > 0, V(z) > m, on |x — a|] > € and |x — b| > €. Therefore,

(4.6) pla,b) > |a — bj\/m — Ep.
Combining (4.4) ~ (4.6), we obtain the conclusion. [J
We estimate E; — Ey using (4.2), (4.3), the claim above, Proposion 3.1

(to estimate it in the area far from the origin) and Proposition 3.2. We
have, for a constant C' > 0,

B — Ey < Cexp (_QminxGSuppvg{mi;Ll(p(sc,a),p(x,b))}(l . €)>

fom (1), < Cenp (220 =),

This proves the upper bound in Theorem 5.
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4.2. Lower bound
At first, we need the following two lemmas.

LEMMA 4.2.  Let {Wy}n=12,... and Wy, be a sequence of C™°-functions
and a function such that they and all their derivatives converge to those of

a function We in Ly, and satisfy

2
loc*

00
loc®

Assume that E, — Eo and @, — Qoo in L Then, pn — Yoo in L

For its proof, we can refer to [2].

LEMMA 4.3. Let ¢1(h;x) be the normalized eigenfunction associated
_ ()

Yo(z)’
C > 0 such that for sufficiently small h,

to the eigenvalue Eq, and set gp(x) : Then there exists a constant

gh 2 07 Zf ‘$ - a| S hﬁ7

gn <=C, if |o—b <h.

Proor oF LEMMA 4.3. Let &,, &, be the eigenstates associated to the
lowest eigenvalues of the Hamiltonians whose potentials are the first term
of the asymptotic expansions of V' arround a, b respectively. Then &, &, are
written as follows:

Ealhyz) = h 24P, (h P (2 — a)),

&(hyx) = 2Pk (WP (2 — b)),

where kg, kp are the eigenstates corresponding to the lowest eigenvalues of
héa), h(()b) respectively. Let P, be a projection to the subspace spanned by
€, & It is easy to see ||[(1 — Pp)vjll2 — 0 ( =0, 1) as h tends to zero (due
to a similar arguement to that in Proposition 1.1). Therefore, there exist

a(h) > 0,8(h) > 0, such that

(4.7) o+ 62 =1, |¢o—ata—B&[la—0 (h10).
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Since 11 is orthogonal to vy,

(4.8) |11 — B + abpll2 — 0 (R ] 0).

By the assumption of Theorem 5, « - § is bounded below(which means
lao - B] > C for some constant C' > 0 that is independent of h). Hence «
and ( is bounded from above and below. If we set

on = h®2a(h) Ypo(hPx + a),

Gn = h¥P2B(R) 1y (WP + a),
2

then from (4.7) and (4.8), ¢, @n converge to K, in Lj
exponential decay properties of kp). Furthermore, it is easy to see that
Ko, = h*Eypp, and Ky, = h*FE1p,. Thus we can apply Lemma 4.2.
Then ¢y — Kq, and @, — K, in L7, as h tends to zero. Thus we see that

(Here we use the

lgn, — g\ — 0 uniformly on {z| |z — a| < h?} and similarly |g + 5l — 0on
{z| |z —b] < KP}. O

Now, we are ready to prove the lower bound part of Theorem 5. Esti-
mating pp(a,b) from below, we see that it is enough to show that for any
€ > 0, there exists a constant C' > 0 such that

E1 — Ey > Cexp(—v/—eoh™Pla — b|(1 + ¢)).

Let 7 be a straight segment from a to b. Then, maxze,{min{|z—al, |z —

b\}} = @. Thus for any € > 0, there exists a positive constant § such
that

_ . o — bl
(4.9) max{min{|z — a|, |z — b|}| dist(z,7) < §} < T(l +€).

It follows from Proposition 3.4 that

(4.10) [¢o]* > C exp(—v/=eoh™|a — b|(1 +¢)),

for x € T, := {z| dist(z,v) < 6}. Taking T} sufficiently small if necessary,
we can find smooth coordinates y = (y1,y) so that

Te = {yl lyl <1},
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v C{ylyL =0},

and a = (0,0), b = (1,0). Since these coordinates are smooth and 7 is a
straight segment from a to b, we can find C' > 0 such that for suffciently
small h,

{yly1 = 0,]y1| < Ch°} C {z] |z — a| < K7},
{yly1 = 1,y | < ChPY C {z] |z — b] < hP}.
Let T™ := {y| |y.| < ChP}. From Lemma 4.1 and the definition of gy,

By By = 12 / IV g1 20 2dz

>0 [ 9P

We substitute (4.10) into this and change the variables from z to y. Since
the Jacobian is bounded above and below, | S| is bounded from below by
C |8g;|. Therefore,

(4.11) E) — Ey > Cexp(—v/—egh™|a — b|(1 + €))
1 2
0
/ dyL/ dy1 ooh
lyL|<ChP 0 oy
On the other hand,
2
(4.12) 9n(0,y1) — gn(1,y1)| ’/ dy1 ")y, y1)
8gh
< | dyr |-
/0 oy

The last inequality is due to the Schwarz inequality. By Lemma 4.3, if
ly1| < ChP, the LHS of (4.12) is bounded from below by (2C)2. Therefore,
we get

Ei — Ey > ChP4 Yexp(—v/—eoh™Pla — b|(1 4 ¢)). O



612 Fumihiko NAKANO

5. Appendix. The periodic potential

It is known that if the periodic potential have negative singularities, the
spectrum of the Schrodinger operator have the band structure. We will see
that the width of the lowest band have an asymptotic similar to that of
Theorem 5’. The strategy is based on that in [8].

ASSUMPTIONS OF V(x).

(1) There are ai,az,--- ,aq € R?, mutually independent, such that
Viz+a;)=V(z)([i=1,-,d).
(2) V(z) has an asymptotic expansion around a € L := {njaj;n; =

0,£1,---} in the following form,

1 - o
Vi(z) ~ _|x_a|p+1 E aa(z — a)®.
laf=1

(3) V(z) € C*(RI\ L)
(4) Ifd<3,p<d/2. Ifd>4, p<2.

Now we shall decompose H(h) := —h%2A + V(z) on L*(R%) into the
direct integral.

DEFINITION.

(1) We say a mesurable set C' C R? is a fundamental cell if and only if,
(a) For any a € L, C + a and C are disjoint. (b) R\ User(a + O)
has measure zero.

(2) A fundamental cell W is a Wigner-Seitz cell if and only if,

W = {z| z is the nearest point to the origin among all a € L

with respect to the Euclidian metric}.
(3) We define the dual lattice of L (denoted by L*) if and only if,

1
kel*s Q—k-aez for any a € L.
T

(4) The Brillouin zone B is defined as the Wigner Seitz cell of L*.
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We take any fundamental cell C. For each k € B, we define the Hilbert
space Hj, as follows:

Hp:={feli, | f(x+a)=e*"f(zx), forallac L}.
For f,g € Hy, we define the inner product:
< f,g>= /Cf(x)g(m)dx
For g € L2(R%), we define f;, € Hy, using the Fourier transform by
fe)=c Y g8t — k- K),
KelL*

where ¢ = (2m)%2[vol C]~/2. This gives an isomorphism between L?(R%)
and [5 Mxdk. The fiber of H is

Dy, := {f € Hy| the Laplacian of f (in the sense of distribution)

belongs to Hy}.

And for f € Dy, we define

(H(h:k)f) (x) == =h*(Af) (@) + V(@) f(2).

From the Assumptions, H(h;k) is self-adjoint on Dy, and has compact
resolvent, and

Hh) = /B69 H(h: K)dk.

Let eo(h;k) < e1(h;k) < --- denote the spectrum of H(h;k). Hence,
bn(h) := Ukep en(h;k) is the n-th band of H. The similar arguement
as Theorem 1 proves (for details, see [8])

THEOREM A.l. Letey <ey; <--- be the eigenvalues of hg := —A —
Ml% > la|=1 @a®®. It follows that

2
lim h%, (h; k) = e,, o= —p,
h]0 2—p

and the convergence is uniform with respect to k.

We see from Theorem A.l, that the width of each band behaves
|b,,(h)| — 0 as h tends to zero. We shall estimate |by(h)| in more detail.
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THEOREM A.2. For anye > 0, there exist two positive constants C1 ¢
and Ca . such that

C1,cexp <_h—ﬁ Eﬂem la|(1+ €)>

< i) < Cocxp (—Y minlal(1 - 9)).

_ 2
where 3 = 75

The method of its proof is basically the same as [8]. To prove Theorem
A.2, we need the exponential decay of the eigenfunction vy associated to
the lowest eigenvalue of H (h;0).

THEOREM A.3. For any e > 0, k > 0, there exist two positive con-
stants Ce ,, and C. such that

o < Conep (=Y P minle —al(1=6)) - on minle—al > k.

and

o> Ceexp (YL minjz —a|(1+¢) ).
hfg a€L
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