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Solutions of heteroclinic type for some classes of

semzilinear elliptic partial differential equations

By Paul H. RABINOWITZ

Abstract. This paper studies certain classes of equations of the
form —Au = g(x,y,u) in an infinite strip (if n = 2) or cylinder (if
n > 2). Variational arguments are used to establish the existence of
solutions asymptotic to a pair of z-periodic states.

§1. Introduction

This paper studies the existence of solutions of heteroclinic type for 3
families of semi-linear elliptic partial differential equations. For n > 2, let
D denote a bounded domain in R”~! having a smooth boundary, OD. Let
Q2 = R x D, an infinite cylinder if n > 2 and an infinite strip if n = 2.
Points in Q will be denoted by (z,y), z € R, y € D. Consider the partial
differential equation

(PDE) —Au = g(z,y,u) (z,y) € Q

together with the boundary conditions

(1.1) u(z,y) =0, xe€R,y € oD
or

ou
(1.2) a(ac,y) =0, r€R,y € 0D.
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In (1.2), v = v(y) denotes the outward pointing normal to dD.

Suppose that g is periodic in « and there is a corresponding family, M,
of solutions of (PDE) and (1.1) or (1.2) which are periodic in = and are
minimizers of the associated variational problem. The main question of
interest here is in the existence of solutions of (PDE) together with (1.1)
or (1.2) which approach different members of M as x — +oo0. If n = 1,
(PDE) reduces to an ordinary differential equation in = and such solutions
are then heteroclinic to a pair of different elements of M.

The existence of solutions of heteroclinic type will be established for
three classes of problems. The first is for the Neumann problem when g is
also periodic in u. The second is again for (1.2) for a family of ¢g’s where

(1.3) G(z,y,u) = /Oug(sc,y,t)dt

has a finite number of global maxima wy,... ,u, independently of (x,y)
and G(z,y,u;) =0, 1 <i < m. The third case is for the Dirichlet problem
(1.1) when G is appropriately coercive in u as |u| — oco.

The first type of problem was suggested by some recent work on hete-
roclinic solutions of reversible Hamiltonian systems. See [1-2] and also the
papers [3—4] of Bolotin. We mention also the somewhat related work of
Moser [5] on minimal solutions of a variational problem on a torus. The
third class of problems was motivated by earlier research of Kirchgassner
[6] who studied a problem arising in the theory of water waves—see also
Turner [7]:

for z,y € R and |y| < 1 with the boundary conditions
(1.5) u(z,+1) =0

where a(y) > 0, f(z,y,0,A) = 0 = fu(x,y,0,A), and A is near A, the
smallest eigenvalue of the related linearized eigenvalue problem

—d?v
aE Aa(y)v, yl <1

v(£1) =0
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Kirchgissner used the Center Manifold Theorem to prove the existence
of a small amplitude solution of (1.4)—(1.8) which tends to z-independent
states as || — oo. Further studies of such problems were also made by
Kirchgéssner and his collaborators. See e.g. [8-9].

The approach taken here is a global variational one that is the analogue
for (PDE) and (1.1) or (1.2) of the arguments used in [1-2]. The more com-
plicated cases of g periodic in u will be treated in §2. Then the remaining
cases will be sketched in §3.

§2. The periodic case

Periodic in w nonlinearities g for (1.1) will be considered in this section.

Suppose that g satisfies
(91) 9 € CHQXR,R),
(92) g(x,y,u) is even and 1-periodic in z,
(93) G(z,y,u) is 1-periodic in u.

It is not important that the periods of g in z and u are the same. This
assumption is made merely for notational convenience.

The first step in finding heteroclinic type solutions of (PDE) and (1.2)
is to establish the existence of a large class, M, of solutions of (PDE)
and (1.2) which are l-periodic in x. They will be obtained as minima
of a corresponding variational problem. Thus let G be as in (1.3). Let
0 = [0,1] x D and |Q| = volume of ;. Let By = {u € WH23(Qy) |
u is 1-periodic in z}. For u € Fy, set

(2.1) Li(u) = /Q1 <%|Vu\2 - G(x,y,u)) dxdy.

Then by (g1), (g3), and standard results [10], I € C'(E1,R). Note that by
(g93), for all k € Z and u € Ej,

(2.2) L(u+k)=Ii(u),

i.e. I1 has a natural Z symmetry.
Let

2. = inf [ .
(2.3) = inf 1(u)
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PROPOSITION 2.4. There is a u € Ey such that I1(u) = ¢;.

ProOOF. Let (uy,) be a minimizing sequence for (2.3) with
(2.5) L(up) < K.

By (2.2), (tm+kmn) is also a minimizing sequence for (2.3) for any (k,,) C Z.
Hence it can be assumed that
1

(2.6) 0<[up]=— | updzdy<1.
[l Jo,

We claim that (u,,) is bounded in F;. The weak lower semicontinuity of
11, then implies that along a subsequence, u,, — @ € F; weakly in F; and

I (l_L) = (1.
By (2.5) and (g1), (g3), for some constant K7,

(2.7) IVumllZ2 () < Killumll 1) + 2K

for all m € N. Elementary calculus arguments show

(2.8) Juml L) < [ll[um]| + Kol Vuml 220y
and
(2.9) umllz2(0,) < Ks([[um]| + [[VullL2ay))-

Combining (2.7)—(2.9) shows (u,,) is bounded in E; and Proposition 2.4 is
proved. [

COROLLARY 2.10. @ is a classical solution of (PDE) and (1.2) with
u(z+1,y) = u(z,y) for all (x,y) € Q.

PROOF. Since % minimizes I; on By, I € C*(E,R), and (g1), (g3) are
satisfied, standard arguments imply @ in a classical solution of (PDE) and
(1.2) holds. The periodicity in z follows since u € E;. [
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By (2.2), whenever @ minimizes I on Ej, so does u + k for all k € Z.
Let

(2.11) M = {U S | Il(u) = Cl}.

Before constructing solutions of (PDE) of heteroclinic type, some further
properties of M must be obtained. Let

2.12 cr= inf  Ii(u).
212 ' et 1

ProPOSITION 2.13. ¢ = ¢.

PROOF. Since By € WH2(Qy), 1 < ¢;. To prove equality, suppose
¢1 < c1. Then thereis a u € W1’2(Ql) such that I;(u) < ¢;. Writing

(2.14) I(u) = /0 : /D L(u)dady + / 1 /D £(u)dzdy

=a+p

where

(2.15) Llu) = %\w? Gl yu),

it follows that either o or 3 < ¢1/2. Suppose e.g. a < ¢1/2. Define

v(z,y) =u(z,y) 0<z<-S,yeD

N —

(2.16)

=
1
=u(l —x,y) §§x§1,y€D

and extend v to R x D as a 1-periodic function in x. Then v € E;. Since
G is even and 1-periodic in z, by (g2),

(2.17) L(v) =2a<

contrary to (2.3) and Proposition 2.4. Thus ¢1 = ¢;. O
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PROPOSITION 2.18. Ifu € WY2(Qy) and I (u) = ¢1, then u € M and
U 1S even in T.

PROOF. Suppose u € W2(Qy) with I1(u) = ¢;. Define v as in (2.16)
so v € Fy and is even in z. By (2.3), (2.12), and Proposition 2.13, v and u
are critical points of I; and therefore both are classical solutions of (PDE)
and (1.2) with v =w on [0,3] x D. Let w = u — v.

Then w satisfies

(2.19) —Aw = g(z,y,u) — g(z,y,v) = bz, y)w

where

bay) = TEBDZICBO ) ey

= gu(x7y7u) if u(xhy) = U(xa y)

and

ow
(2.20) %(:Jc, 0D) = 0.

Note that b is continuous and w(z,y) = 0 for 0 < z < £ and y € D. But
then a local unique continuation theorem for elliptic equations—see e.g.
Nirenberg [11]—and a continuation argument imply w(z,y) =0, = € [0,1],
y €D, ie. u=vin Q. O

A special case of interest is when G is independent of z. Then the
elements of M also possess this property:

ProposITION 2.21. If G is independent of x and w € M, then w is
independent of x.

PrRoOOF. For each 0 € R, set

(2.22) (u) = /g " /D (%yvuﬁ _ G(y,u)) dudy.

1
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If u € Ey, then I?(u) = I;(u). Therefore

(2.23) ¢y = inf I (u).
Ey

Since G is independent of x, the argument of Proposition 2.13 shows any
minimizer w; of I? is even about = 6 for each § € R. Hence w is
independent of z. But the minimizers of I¢ are the minimizers of I;. O

For later purposes, for k € N, we must also study solutions of (PDE) in
(2.24) Er = {uc WH(R x D) | u is k periodic in x}.

Define

k
(2.25) To(u) = /O /D L(u)dady
and

(2.26) ¢ = inf I (u).
Ey

PROPOSITION 2.27. ¢ = kcy and if u is a critical point of I, on Ey,
then u € M.

PROOF. Any u € E; can be considered to be an element of Fj with
I(u) = kI (u). Therefore ¢ < key. Let uy be a critical point of I cor-
responding to cx. (It exists via the argument of Proposition 2.4.) Suppose
¢ < kei. As in Proposition 2.4, consider the restrictions of uy to the cylin-
ders [0,3] x D,[3,1] x D, ..., [k — 3, k] x D. Choose the restriction which
makes the smallest contribution to I (ug). This contribution must be less
than ¢1/2. Extending this restriction of uy evenly and then 1-periodically
about an endpoint yields v € Fy with I1(v) < ¢1, a contradiction. Therefore

¢ = kci. The argument of Proposition 2.18 shows ui € M. [J

Proposition 2.4 and (g3) show M is a sizable set. We assume it is not
too large in the following sense:
(M) M consists of isolated points.
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If (M) is not satisfied, perturbing the problem slightly produces a new
functional for which (M) holds. E.g. if u € M, replace G(z,y,u) by
Gz, y,u) = Gz, y,u) —e(u—u(z,y)? if (z,y) € Rx D and |u—1u(z,y)| <
1 Gz, y,u) = G(z,y,u) — e(u — (a(z,y) + 1)) if (z,y) € R x D and
lu — (a(z,y) +1)| < 1, etc. and extend G to the rest of R x D x R ap-
propriately so that G satisfies (g1)—(g3). Then for the associated func-
tional, I, I1 (@) = I (@) = ¢; but if u ¢ @+ Z, G(u) < G(u) and therefore
I (u) > Iy (u). Therefore the only minima of I are {u+k | k € Z} and M
is satisfied for the I; problem.

Our goal now is to show that for any v € M, there is a solution U
of (PDE) such that [|[U — v||pec(jnnt1)xp) — 0 as n — —o0, ie. U — v
uniformly in this sense as * — —oo and similarly U — M\{v} as x — oc.
By (M), this means there is a w € M\{v} such that U — w uniformly as
x — 00. Thus U is a solution of (PDE) of heteroclinic type. A variational
argument will be used to prove this result after some further technical
preliminaries. Let B,(v) = {u € Wh3() | [[u — vllyr2q,) < p} and
N,(8) = fu € W) | [u— Sllwiaay) < o).

PROPOSITION 2.28.  Suppose that g satisfies (g1)—(g3) and (M) holds.
Then there is a constant py > 0 such that if 0 < p < po,
(i) By(v) N By(w) = ¢ for all v #w e M.
(ii) I(u) > e1 for all u € WH2(21)\ M.
(iii) There is an a(p) > 0 such that

Ii(u) > c+ a(p) for all u € WH2(Q1)\N,(M).

PrROOF. Let
(2.29) v = inf{[jv — wllwr2@q,) | v # w e M}

We claim v > 0 and therefore (i) follows with e.g. pp = /2. To see that
~ >0, let u € M with

(2.30) 1<y <2

Then as in the proof of Proposition 2.4, there is a K = K(c;) such that
ullw20,) < K. Since u € M, it is a classical solution of (PDE) and
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(1.2). Therefore by standard elliptic regularity theory arguments, for any
B € (0,1), there is a Kg = Kp(c1) such that |lul|ces < Kg where C%P
denotes the set of u on [0,1] x D which are 1-periodic in z, C%, and whose
second derivatives are Holder continuous of order 5. Now if v = 0, there
are sequences (vj) # (wj) C M such that

(2.31) |vj — wjllwr2,) — 0
as j — 00. Asin (2.6), it can be assumed that
(2.32) 0< [w;] <1

for all j € N. By (2.31), [v;] satisfies (2.30) for large j. Consequently both
v; and w; converge in C? along a subsequence to u € M. But then u is not
an isolated solution of (PDE) and (1.2), contrary to (M). Thus v > 0 and
(i) holds.

Property (ii) follows from the definition of ¢; and Propositions 2.13 and
2.18.

To prove (iii), an indirect argument will again be employed. If (iii) is
false, there is a sequence (u,,) C WH2(Q1)\N,(M) such that 0 < [u,;,] < 1
and

(2.33) Il(um) — C].

As for (i), (2.33) implies (u,,) is bounded in W12(Q;). Hence there is a
u € WH2(Qy) such that, along a subsequence, u,, — u weakly in W1H2(€)).
Since I; is weakly lower semicontinuous, I1(u) = ¢;. Consequently u € M.
Set wm = u — Uy, Note that [[m|wi2,) > p and ¢, — 0 weakly in
Wh2(Q;) along the subsequence. Therefore

(2.34) Ii(um) = Ir(u) + /

1
5(Vonl + ) - V- Ve
971

1 1
_G(ma:%u - Spm) + G(l’,y,u) - 590%1 dxdy >+ §p2
_/ [VUV¢W+G(xay)U_SDm)
1951

1
—G(x,y,u) + 54,0%] dzdy.
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Since ¢, — 0 weakly in W12(Q1), ¢, — 0 in L?(Q) along the subse-
quence and

(2.35) G(z,y,u — @p)dxdy — G(z,y,u)dzdy.
Ql Q1

Thus the right hand side of (2.34) tends to 0 as m — oo, along the subse-
quence, i.e.

1
(2.36) lim Iy () > ¢ + = p>

m—00 2
contrary to (2.33). Thus there is an a(p) > 0 as claimed and (iii) holds. [J

REMARK 2.37.

(i) The argument of (i) of Proposition 2.28 implies that M /Z is compact.
This fact together with (M) shows that M /Z is a finite set. Therefore
setting

(2.38) ¥ =inf{|lu —v|lp2q,) | u=1veE M},

it follows that 4 > 0.

(ii) Choosing a(p) still smaller if necessary, the argument of (iii) of Propo-
sition 2.28 shows that Ia(u) > 2c¢; + a(p) for all u € Wl})’f(R X
D)\N2(M) where N?(M) denotes a uniform neighborhood of M
in WH2([0,2] x D).

Let u € VVlicl(R x D) and k € Z. Set

(2.39) Pru = [j j1)xD -
Then P,u can be identified with
w(z,y) = Peu(z + k,y) € W ().

This identification will be clear from the context and will not be made
explicitly in what follows.
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Now the variational problem which will be used to find solutions of
(PDE) of heteroclinic type can be formulated. For v € M, set

(2.40) T~ (v) = {U € W.2(R x D) | || PLU — v||r2(2,) — O
as k — —oo and [PU — (M\{vPlz2(0,) — O

as k — oo}

It is clear from the definition that I'"(v) # ¢. For k € Z and U € I'" (v),
set

(2.41) / o / o)) dzdy.

By the definition of M and Proposition 2.13,
(2.42) a,(U) >0

for all such k and U and ai(U) = 0 if and only if P,U € M.
Finally define

(2.43) JU) = ap(U
ke

and set

2.44 = inf J(U).

(2:44) ¢ Uelﬁlf(u) o)

At first glance, it may seem that J(U) equals

(2.45) /RXD(E(U) — L(v))dzdy.

However there are functions U € I'"(v) such that J(U) < oo but for which
the integral in (2.45) is not conditionally convergent.
Now the main results for this section can be stated

THEOREM 2.46. Let (g1)—(g3) and (M) be satisfied. Then for each
veM, thereis a U € I (v) such that J(U) =
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COROLLARY 2.47. U is a classical solution of (PDE) with PL,U — v
in C*(Q1) as k — —oco and PyU — M\{v} in C?() as k — oo.

PROOF OF THEOREM 2.46. The proof will be divided into four main
steps: (A) Construction of a minimizing sequence for (2.44) which converges

weakly to some U € I/Vlif (R x D); (B) Obtaining the asymptotic behavior

for U as x — —o0; (C) Obtaining the asymptotic behavior for U as x — oo;
(D) Showing that U minimizes J on I'" (v).
(A) A convergent minimizing sequence
For k € Z and W € '™ (v), set
(2.48) Wi(z,y) = W(x —k,y).
Then 7, W € I'"(v) and by (g1)—(g2),
(2.49) J(mpW) = J(W).

Now let (W) be a minimizing sequence for (2.44). By (2.49), (Tg(m)Wim)
is also a minimizing sequence for any (k(m)) C Z. Let

(2.50) pe€(0,7/3)

where 7 is defined in (2.38). For each m, choose k(m) so that
(2.51) | P Th(m)Win — vl L2(,) < P

for all 7 < 0 and

(2.52) 1 PoTk(m)Wm — vll2(0y) > P-

This is possible via the definition of I'"(v) and (2.38). Without loss of
generality, it can be assumed that k(m) = 0 for all m. Since J(W,,) — ¢,
there is an M > 0 such that

(2.53) J(Wy) <M
for all m € N. By (2.51), for any ¢ € N,

(2.54) [Winllp2(—e01x) < IVl z2((=e,0)xD) + P
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Also by (2.42)—(2.43) and (2.53),

1
2.55) || VW, ||7 < Y W[ Wanll -
( )2” HL2([—e,o]xD) = (x,y7u)€$%§ﬁx[0’l] 9(z, y, w| L1 (—e.01xD)

+ le1 + M.

Now (2.54)(2.55) and (g1), (g3) yield bounds for (W,,,) in W2([—¢, 0] x D).
As in (2.55),

1
2.56) =||[VW, |7 < Y5 ) || Wi,
(2.56) 2|| HLQ([O,Z]XD) = (m,y,u)eg{%}iﬁx[m] l9(z, y, w| |1 ((0,0xD)

+fe; + M.

By elementary calculus estimates,

(2.57) Wl (0.0 < £ /D Wi (0, )|dy

+LVWall L1 (0,0 x D)

and similarly

(2.58) /D Won (0, 9)ldy < [Wnll 1t/ + IV Wonll 21 (o).

Therefore combining (2.56)—(2.58) and the bounds already obtained for
(W) in WH2([—£,0] x D) provides bounds for W,, in Wh2([—¢,¢] x D).
Since /¢ is arbitrary, W,, is bounded in Wli’f(]R x D). Consequently there
isalU € Wli’f(Rxp) such that along a subsequence, W,, — U weakly in

W.L?(R x D) and strongly in L2 (R x D). Note that by (2.52),

loc loc

(2.59) [PU —vl[z2@) <p, k<O
and

(2.60) [PoU = vllr2(y) = p-

(B) The asymptotic behavior of U as x — —o0.
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By (2.53), for each ¢ € N,
l
(2.61) > ap (W) < M.
—¢

Therefore by the weak lower semicontinuity of a,(-),

l
(2.62) > ap(U) <M
)

for each ¢ € N. Hence
(2.63) J(U) < M.
Now (2.63) implies
(2.64) a,(U) — 0 as |p| — oc.

It will be shown next that (2.64) leads to (B) and (C), i.e. U € ' (v).
Let p be positive and together with p satisfy

(2.65) p+p<7/2

where 7 is as in (2.38) and p also satisfies (2.50). Choose pg so that
(2.66) ap(U) < alp)

for |p| > po where a(p) is given by Proposition 2.28. Thus if |p| > po,
P,U € N,(M). Therefore there is a u, € M such that

(2.67) 15U = upllwrzq,) < p-

Set
QPU =U ’[p,p+2}><D .
Since by (2.66) again,

(2.68) ay(U) + api (U) < alp),
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Remark 2.37 (ii) implies that

(2.69) 1QpU — Mllw12(0,21xD) < P

M being interpreted as a subset of Ey. Therefore there is a %, € M such
that

(2.70) 1QpU — Upllwr.2(jo,21xD) < p-
But
(2.71) 1QpU — pllfy12(0 215y = 156U = Upllfy2(ay)

+ 1Bl = 20y

so by (2.67) and (2.71),

(2.72) [lup — Z_L;DHWL?(Ql) < lup — PpUHleQ(Ql)
15U — tpllwrza,) < 2p.

Similarly
(2.73) [upt1 — Upllwrza,) < 2p <

Since @, € M, the definition of v implies u, = up+1 = u, for all |p| > po.
Hence by (2.59), (2.67), and (2.65), for p < —po,

(2.74) v = wpllz2y) < lv = BpUll2(ay) + 15U — wpll 22y
<ptp<.

Therefore u, = v for p < —py and

(275) ||PpU — ’UHWl,Q(Ql) < pP.

To complete (B) requires showing

(2.76) 1PU — vlly12(y) — 0
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as p — —oo. But that is now immediate from (2.64) and (iii) of Proposition
2.28.

(C) The asymptotic behavior of U as x — oo.

The arguments of (B) have already established the existence of w € M
such that

(2.77) 15U — wllwrz,) < p

for all p > pg. Hence (2.64) and (iii) of Proposition 2.28 imply P,U — w
as p — oo. It remains only to prove that w # v. A comparison argument
will be employed to do so.

Suppose that w = v. We claim that there is a j > 0 and 8 > 0 such that

(2.78) 1B Wi — ullwr2,) > 5

for all w € M and for all m sufficiently large. Otherwise for each j > 0,
there is a sequence k;(j) — 0o as i — oo and vy, (;) € M such that

(2.79) 1PiWii () — Uk () lwr2(ay) — 0

1,2

as i — oo. Since (Wp,) converges weakly to U in W /7(R x D) along a

subsequence as m — oo, (P;Wp,) is bounded for each j along this subse-
quence. Therefore only finitely many functions in M are possible candi-
dates for vy, (;y in (2.79) via Remark 2.37 (i). Thus without loss of generality,
Uk, (j) = vj independently of i. Again invoking the weak convergence of W,
to U in Wé’f(R x D) shows

(2.80) v; = P jU

for each j > 0. By (2.77),

(2.81) UV =W = PjU

for large j. Since v; € M, for all j > 0,

(2.82) vj(0,y) = vj(1,y) = v;41(0,y)
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via (2.80) and

2.83 —2(0,y) =0 =220, y).

(2.83) —(0,9) 5y (0>Y)

These observations and the unique continuation result used in Proposition
2.18 imply v; = v;4q for all j > 0. Hence by (2.81), v; = w for all j > 0.
In particular

(2.84) Vo =W = P()U.

But since v = w, (2.84) is contrary to (2.60). Thus (2.78) is valid.
Combining (2.78) with (iii) of Proposition 2.28 shows

(2.85) 4(Win) = a(f)

for all large m. Since J(W,,) — ¢, it can be assumed that
1

(2.86) T (W) < ¢+ za(B)

for large m. These inequalities will be used to prove that w # v. Choose

(2.87) 5 € (0,5/2)
so that

a(B)
(2.88) . /Q (£0) ~ £lw)dady < 7

With j given via (2.78), since P,U — w in W1H2(Qy) asp — o0, p = p(8) > j
can be chosen so that for p > p,

(2.89) 1PV = wllwrz,) <

| O

We claim there is a large m = m(6) so that for some p = p(m) > p,

(290) ||Pme - w||W172(Q1) < 0.
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Indeed otherwise, for each p > p and all large m,

(2.91) ||Pme — w||W1,2(Ql) > 0.
By (2.89),

6
(2.92) | PpWin — wllp2(0y) < [[1PpWim — PpUl| 20,y + 1

The first term on the right hand side of (2.92) can be assumed to converge
to 0 as m — oo. Hence there is an m = m(p, §) such that for m > m,

N O

(2.93) [ PoWin — wllp2(q,) <

If u € M\{w}, by (2.87) and (2.93),

N | O

(2.94) 1B Won =l () >

Consequently by (2.91), (2.94), and (iii) of Proposition 2.28,

0
(2.95) ap(Wn) > <§>
for all m > m. Choose ¢ = £(6) € N so that

(2.96) L+ 1) (g) >c+ @

Now (2.95) holds for each p > p(6) and m > m(p,8). Hence for m >
maxp<p<pre M(p, 6), by (2.95)—(2.96),

(2.97) J(Wi) >c+ %ﬁ)

contrary to (2.86). Thus (2.90) holds.
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Now finally to complete the proof of (c), for m and p given by (2.90)
define

(2.98) Un(z,y) =v(z,y) z<pyecD

=(p+1) —2)v(z,y) + (x — p)Win(z,y)
p<x<p+1l,yecD
=Wpn(z,y) p+1<zyeD.

Then U, € T~ (v). It will be shown that J(U,,) < ¢ which violates (2.44)
and therefore v # w. Note that

(299)  [1BpUn — wliwrzgan) = 10— 2)(Wan — )20
S 2||Pme - w||W1,2(Ql) S 26.

Hence by (2.88) and (2.99).

(2.100) ap(Un) < a(8).

(2.101) J(Un) = ap(Un) + Y _ ax(Win)
p+1
< ap(Un) +J (W) — ap(Wi)
Sagﬁ)+c+a(f) (8) = @<

which is impossible. Thus (C) is proved.
(D) JWU) =c.
By (B) and (C), U € I'" (v). Therefore
(2.102) J(U) > ec.

Let € > 0. Then for m sufficiently large and any ¢ € N,

¢
(2.103) cte=J(Wn) =Y ap(Wi).
—0
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Letting m — oo, (2.103) shows

¢
(2.104) cte>> ap(U).
—t

Since ¢ is arbitrary, by (2.104),

(2.105) c+e>JU).
Hence
(2.106) c=>J(U)

and equality must hold.
The proof of Theorem 2.46 is complete. [

PROOF OF COROLLARY 247. Let ¢ € C®(R x D) with ‘compact
support’, i.e. ¢ vanishes for large x and near 0D. Let 6 € R. Then
U+ 6p € T~ (v) and J(U + 6¢p) is a C! function of § with a local min-
imum at 6 = 0. Therefore

(2.107) J(U)p = /R D(VU Vo —g(z,y,U)p)dzdy

for all such ¢, i.e. U is a weak solution of (PDE). Standard regularity
arguments then show U is a classical solution of (PDE) and satisfies the
boundary conditions (1.2). In fact, since g € C*, U € C*#(R x D) for
any (8 € (0,1). Moreover since P,U and v are bounded in C2#([0,1] x D)
and P,U —v — 0 as k — —oco in W12(Qq), by standard interpolation
inequalities P,U — v in C%(Q;) as k — —oo. Similarly P,U — w in
C?*(N) as k — o0. O

REMARK 2.108. (i) It is natural to conjecture at least for the case when
M =v+7Z,ie. M/Z is a singleton, that P,U — v+ 1 or v —1 as k — oc.
Indeed this has been shown for n = 1, the O.D.E. case, in [2]. (ii) The
arguments given here extend to the case when 9D is a 1-periodic function
of z and even in z and in (1.2), v is the normal to 99Q. (iii) If (go) is
weakened to permit g to behave differently for e.g. x > 0 and =z < 0, one
still gets an analogue of Theorem 2.46. See e.g. [2] for an O.D.E. case.
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83. Some related problems

In this section, it will be shown how the results of §2 carry over to some
other situations. Since the ideas are so close to those of §2, the exposition
will be brief. The first variant of §2 involves (PDE) on a semi-infinite
domain. To describe it, consider (PDE) for e.g. x < 0 with the boundary
conditions:

and
ou
(3.2) (x,y) =0 x <0,y € dD

v

where e.g. ¥ is smooth and

oy
(3.3) a(y) =0, y € 9D
so (3.1) and (3.2) are compatible.
Let
(3.4) I~ ={ucW,.2(R™ xD)|ulm=¢ and

HPku — ./\/lel,z(Ql) — 0 as k — —OO}.

0
(3.5) J(u) = ap(u)

where the a, are as in (2.41) with any v € M. Let

(3.6) c= uienrf_ J(u).

The analogue of Theorem 2.46 here is:
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THEOREM 3.7. Let (g1)—(g3) and (M) be satisfied. Let 1 be smooth
and satisfy (3.3). Then there is a U € I'™ such that J(U) = c¢. Moreover
U is a classical solution of (PDE), (3.1)—(3.2) and for some v € M,

| PU — vz, — 0 as k — —o0.

PRrROOF. The argument follows the same lines as the proof of Theorem
2.46. If (W,,) is a minimizing sequence for (3.6), the estimates (2.55) and

(3.8) Winllr(—e01xp) < LUl oy + IVWinll L1 (= ,0)x D))

lead to I/Vlif (R™ x D) bounds for (W,,). Continuing to argue essentially as
in (A), (C), (D) and Corollary 2.47 yields Theorem 3.7.

To prepare for the next two applications, we reexamine what was done
in §2 a bit more abstractly. Thus consider (PDE) on R x D under either
the boundary conditions (1.1) or (1.2). Assume that g satisfies (¢1) and a
Sobolev growth condition:

(94) there are constants aj,as > 0 and s € [1, %£2) such that |g(z,y, 2)| <
ay + ag|z|®.
If n =2, (g4) can be weakened.

Let I; be as in (2.1) and let E; denote the class of W12 functions on €2
which are 1-periodic in x and also satisfy (1.1) if that boundary condition
is operative. By (g1) and (g4), I1 is bounded on bounded sets and is weakly
lower semicontinuous. Define ¢; via (2.3). Assume: (a1) any minimizing
sequence for ¢; is bounded in Fy. Note that this is not true for the setting
of §2 unless (g3) is employed to divide out the Z symmetry. Given (ai),
the arguments of §2 show M defined in (2.11) is nonempty. If (g2) is also
satisfied, then the conclusions of Propositions 2.13, 2.18, and 2.21 are also
valid. The same is true of Proposition 2.27 if (ay), the analogue of (a;) for
k € N, holds. Further assuming (M), Proposition 2.28 obtains. Suppose:
(b) the cardinality of M is at least 2. Then by Remark 2.37 (i), M is finite.

For any v € M, the set I'"(v) can be introduced as in (2.40), building
in the boundary conditions (2.1) if necessary. Define J and ¢ as in (2.43)-
(2.44). Then an examination of the proofs of Theorem 2.46 and Corollary
2.47 show they carry over if: (c) a minimizing sequence for ¢ is bounded in
WL2(R x D).

loc
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To recapitulate, given (g1 ), (g2) and (g4) there is an analogue of Theorem
2.46 and Corollary 2.47 provided that (ag), (b) (c) and (M) are satisfied.
Next these conditions will be verified for two examples. For the first, sup-
pose that we are dealing with (1.2) and g satisfies

(95) G(z,y,2) < 0 and = 0 if and only if z belongs to a finite set F of
cardinality at least two.
(g6) There are constants 3 > 0, R > 0 such that G(z,y,2) > B|z|? for
|z| > R.
Note that by (g5) and (g1), G has local maxima for + € R, y € D, and
z € F. Therefore g(x,y,z) = 0 at such points. O

PRrOPOSITION 3.9. If g satisfies (g1)—(g2), (94)—(g6), then (ag), (b),
(c), and (M) are satisfied.

PrOOF. By (g1) and (g5), M = F and ¢; = 0. Therefore (b) and (M)
hold. To verify (a;1) (and similarly (ax)), note that if (u,,) is a minimizing
sequence for cq, there is a K > 0 such that

(3.10) /91 <%]Vum|2 - G(x,y,um)> dedy < K

so by (gs),

(3.11) [Vt |72,y < 2K.

Moreover

(3.12) / u? dedy = / u? dxdy
M {@)llum (z,y)| <R}

+ / u, dzdy
{(xvy)||u"”(x7y)|>R}
<||R?+ 87K

via (g¢) and (3.10). Thus (u,,) is bounded in W2(Qy). Likewise to verify
(¢), if (uy,) is a minimizing sequence for ¢, for any ¢ € N,

¢ 1
s [ <§|wm12—a<x,y7um>) dudy < M + e,
—0JD
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and as in (3.10)(3.12), this leads to a bound for (u,,) in WL*(R x D).

For the final application of these ideas, consider (PDE) under (1.1).
Then there is a constant «; > 0 such that

(3.14) ull20)) < aal|Vull 2

for all uw € Ey. Suppose that g satisfies (g1)—(g2) and
(g7) There is an M > 0 such that

lg(x,y,2)| < M for all (2,9,2) ER x D x R.

Then a fortiori (g4) is verified and by (2.7) and (3.14), (a;) and similarly
(ar) and (c) hold. If also
(98) g(af,y, 0) =0
and
(g9) thereis a ¢ € E, such that I1(¢) < 0,
then I;(0) = 0 > ¢;. Suppose also that
(910) g(xv Y, Z) = —g((L‘, Y, _Z)‘
Then v € M implies —v € M and —v # v. Thus (b) is satisfied. In general,
(M) may not hold but a modification in the spirit of earlier remarks can
be made to replace g by a new function for which (M) obtains.

Condition (gg) can be verified for problems of the type considered by
Kirchgéssner [6] if A > A\;. More precisely consider (1.4) together with
(1.5) or its higher dimensional analogue (1.1). It is assumed that a(y) >
0 on D and is in C'. The function f is also assumed to be in C' and
f(x,y,2z,A) = 0(]z]) as |z| — 0 uniformly on bounded A intervals. Suppose
A > A1, the smallest eigenvalue of (1.6) (or its higher dimensional variant).
Then it is not difficult to show—see e.g. [10]—that

1
(3.15) Il(u):/ <—|Vu!2—5au2> dady
o, \2 2
+ 0(”“’”12/[/172(91)) as u — 0.

In particular for u = 1, a small multiple of the eigenfunction of (1.6)
corresponding to Aq,

M= A
(3.16) I (u) = (172) /Q Vul2dady + o |Vull2q,,) < 0
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and (gg) is verified.

As an example of a class of functions for which (g1)—(g2), (g97)—(g10) all
are satisfied, consider g(z,y,z) = Aa(y)z — h(x,y, 2, \)z where A > Aq,
a is as earlier, and h is C' in its arguments, even and 1-periodic in x,
h(z,y,0) =0, h(z,y,—z) = h(x,y, z), and there is an R > 0 such that
(3.17) h(z,y, R) > Aa(y).

It is easy to check that (g1)—(g2) and (gs)—(g10) obtain but a priori, (gy) is
not satisfied. Set

(3.18) 9(x,9,2) = 9(x,y,7) 2l < R

= g(z,y, R) >R

= —g(x,y,—R) z< —R.
Then § satisfies (g1)—(g2) and (g7)—(g10). (Actually g is Lipschitz continuous
rather than C! but that is sufficient for the earlier arguments to work.)

Therefore there is a solution of heteroclinic type for
(3.19) —Au = g(z,y,w) reR,yeD
and (1.1). If this solution satisfies

(3.20) Jull e ey < B

then w is also a solution of (PDE) via (3.18).

To verify (3.20), let M denote the set of minimizing periodic solutions
for (3.19) and (1.1). Then M C M. Indeed if v € M, since v # 0, it
has either a positive maximum or negative minimum in €, e.g. at (Z, 7).
Assuming the former case, if v(z,7) > R,

(3.21) 0< —Av(z,§) = §(&,4,v) <0
by (3.17)(3.18). Hence R > v in ©; and similarly v > —R, i.e.
(3.22) [0 Lo () < R

Therefore v satisfies (PDE) and v € M. Finally if u is a solution of (3.19),
since u — M as |z| — oo, |u(z,y)| < R for large |z| via (3.22). If u does
not satisfy (3.20), it has a positive maximum or a negative minimum at
some (z,7) € R x D. Then the argument of (3.21) again leads to (3.20) so
u is a solution of (PDE).
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