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Stability for the deep Bénard problem

By Zakaria CHARKI

Abstract. Existence and uniqueness of a local in time strong solu-
tion for the unsteady deep Bénard convection problem is proved through
use of semigroup theory. The bifurcation problem is also dealt with.

1. Introduction

As is well known, when a layer of a heavy homogeneous and viscous
fluid is heated from below, convective instabilities set in when the vertical
temperature gradient exceeds a certain critical value; motion occurs because
hotter fluid is less dense and therefore tends to rise. This instability known
as the Rayleigh-Bénard problem has been studied within the scheme of the
Oberbeck-Boussinesq approximation [6]-[10]-[19] and under the assumption
of a shallow layer of fluid.

Nevertheless, in most applications such as oceanography, geophysics and
astrophysics, the convective zone is deep and one has to take into account
the influence of the layer’s depth. In this connection, R. Zeytounian [37]
derived a model called the deep Bénard convection problem as opposed to
the classical (or shallow) Rayleigh-Bénard problem. This model has been
obtained rigorously through use of a perturbation technique and leads to
the appearance of a new parameter linked to the depth of the fluid’s layer,
which in turn implies that the viscous dissipation term in the conservation
of energy equation is no more negligible.

In this paper, we will investigate the wellposedness of the deep Bénard
convection equations. The main tools used are the general existence and
uniqueness theorems elaborated in [15]-[31]. The solution found is thus only
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local in time. We will also extend some well known results for the Rayleigh-
Bénard problem to the deep Bénard convection problem. This article is
organized as follows : the relevant equations will be given in Section 2. The
functional framework and the notations will be made precise in Section 3.
Existence and uniqueness of a local in time strong solution to the deep
Bénard problem will be established in Section 4. Section 5 is devoted to
the analysis of the linear and nonlinear bifurcation problems. At last, the
possibility of existence of periodic and quasi-periodic solutions to the deep
Bénard problem is analyzed in Section 6.

2. Statement of the problem

We consider a deep layer of a heavy homogeneous viscous fluid heated
from below. We assume that the fluid is confined between the horizontal
planes z = 0 and z = 1 in R? and that the lateral boundaries are sufficiently
far away so that the layer may be considered as having an infinite horizontal
extension. Then the fluid motion is governed by the following dimensionless
deep Bénard convection equations [37]

(2.1)1 &+ (4.V)i +ovp—ode —oau=0  inQX(0,T),

—~ = A 26

(2.1)9 8t19+u.V19—Ru.e—% X(Z)D(u):D(u):O

in Qy X (0,7),
(2.1)3 divu =0 in Q0X(0,7),

T >0 and z = (z1, 72, 2) € Qy = R?X(0, 1).

Here the unknowns are the vector field wu(z,t) = (u1, ug, u3) which rep-
resents the velocity, and the scalar fields p(x,t) and ¥(x, t) denoting respec-
tively the disturbances of the pressure and the temperature. ¢ > 0 is the
Prandtl number, R > 0 is the Rayleigh number, § € [0,1] is the Zeytou-
nian’s depth parameter, x(z) =1+ 6(1 — z) where z € (0, 1) is the vertical
coordinate. € is the unit vector pointing upward, D(u) = %[Vﬂ + (Vu)t]
denotes the rate of deformation tensor and

3 2
D(u):D(u):Z E <8x'+8$]-> .
. J 7
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We supplement the system (2.1) with the following boundary conditions
for rigid horizontal planes

(2.2) W=0,0=00n2=0, 2=1,t € (0,T),
and initial conditions

(2.3) u(z,0) = u'(x),d(x,0) = 9 (z),z € Q.
3. Functional framework

The domain €2y is not compact and the linearized equations have an
infinite dimensional kernel for every value of the control parameter R above
a certain threshold. To overcome this difficulty, we restrict attention to
spatially periodic solutions; in this way, we achieve a compact domain and
introduce a hidden symmetry in the problem.

3.1. Transformations and invariances

As is easily seen, the equations (2.1)—(2.2) are equivariant with respect to
rigid motion in the plane. We will assume that, at the onset of convection,
the pattern is doubly periodic in the horizontal plane, and that the pattern
in each cell is repeated so as to tile the whole plane. In order to deal
with these cellular solutions, we denote by T3 the group generated by the
translations

27 2T

T > T+ —, T = T2+ —, &’ + % #£0.
o B

Then

Uy, 1) = B, 1),
I(yzx,t) = J(z,1),
p(yx,t) = p(z,t),Vy € Th, (z,t) € QX(0,T).

The fundamental region of periodicity of T is Q = [0,2F) X |0, =
X (0,1), the layer is then generated by 7.
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Let 0(3) denote the 3-dimensional orthogonal group [32] and let 75 be
the subgroup of 0(3) generated by the rotations

cosw —sinw 0
(3.1)1 T, = | sinw cosw 0 w € (0,2m).
0 0 1

We define the action of 75 by

(312 ulyz,t) =vu(a,b),
(3.1)3 V(ya,t) = Iz, 1),
(3.1)4 p(yz,t) = p(z,t), Vy € Ty, V(x,t) € Qo X(0,T).

The equations (2.1) are equivariant with respect to these transforma-
tions. Solutions with various cell patterns may solve the deep Bénard con-
vection problem. If the cell patterns exist, the triple «, 8 and w must satisfy
the following compatibility relations :

LEMMA 3.1. A necessary condition for the existence of nontrivial,
spatially periodic and invariant solutions (under Ty) of the problem (2.1)-
(2.2) is

2
(3.2) w:%,k€{1,2,3,4,6}.

COROLLARY 3.1. Let w satisfy (3.2), then the only possible combina-
tions of k,a, B, are

k=1, a>0,>0 : no cell structure;
. 2{04>O,ﬁ=0 : rolls;
B a>0,08>0 : rectangles;
p
k=3, a=—, >0 : hexagons;
3 p g
k=4,a=0, >0: : squares;
k=6, a= ﬁ 8>0 s triangles.

5

For the proof of the above Lemma and Corollary, see [25].
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3.2. Mathematical preliminaries

As usual, LP(2),1 < p < o0, H*(2),s € R, and W*P(Q) will denote the
classical Lebesgue and Sobolev Spaces [1]-[2]-[28]-[29]-[30]; their respective
norms will be denoted by |.|, , ||-|ls , ||.|ls,,- The Hilbert spaces L?(£2) and
H{'(Q) are respectively endowed with the inner products and norms :

(f.9) = /Q fx)g@) dz, Y fge Q). |fP=(ff):

(f,9)m= D (D*f,D%), ¥ f,geH'Q),  flZ=(f)m

|a|=m
For convenience, we set ||.|[1 = .||, ((-,)1 = ((.,.))-
To simplify the notations, if X is any functional space then we set
X = X"n =3 orn = 4; we agree to use the same notation for the

norm (or the inner product) in X or X.

In order to accommodate the divergence free condition, we choose our
working spaces to be solenoidal, we will also impose a periodicity condition.
We will say simply that a function f = (ﬂ, ¥, p) is periodic if f is periodic
in the direction z;,7 =1, 2.

Let co > p > 3/2 and s € N, then we set:

WP — {f eW*P(Q),f=00onz=0,z2=1, fis periodic},
s 3 — — -
PSP — {u € {Ws’p(ﬂ)] cdivu =0,u=0

onz=0,z= 1,5 is periodic},
USP = VPSP X WSP.

These spaces are Banach spaces with naturally induced norms.
By the Hodge decomposition theorem [4], there is a bounded operator

P WSP(Q) — VP,

For s = 0, p = 2, P is an orthogonal projector [27]-[35]; on the other
hand W2, V52 and U*? are Hilbert spaces with naturally induced inner
products and norms. We shall set for convenience H = V%2, V = VY12,
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3.3. Operators

Using the projector P we can write the system (2.1)-(2.2)—(2.3) in the
following abstract form in /%P

d_) — — — —
(3.3)1 d—Z:UAOpUWLUﬁ@ + Bop(u, u);

dﬁ — — — — —
(3.3)2 E:Alpﬂ—i—Ru.e + Bip(u,9) + Bap(u, u);
(3.3)3 w(0)=u  9(0) =",

Here Ag, and Ay, are the linear operators defined by

D(AOp) — WQVP(Q) N VLp D(Alp) = WQ,ZJ(Q) N Wl’p
Appu = P A u; Al = oL

v) = —P(u.v)v,Yu, v € D(Ap);
Bip(u,?) = —u.v9,Y(u,9) € D(Ay) X D(Ay,);

2
= X(Z)D(u) :D(v),Vu,v € D(Agp).

Let us set
o= (u,9), Myp=(cV€, Ru.¢), App = (cAgpu, A1) with D(A,) =
D(Aoy)X D(A1p) and Yo, € D(A,), we put, for ¢ = (v,T), By(p,v) =
(BOP(57 ;)a Blp(a7 T) + B3p(ﬁv U))v BP(QD) = Bp(@a 50)'

With these notations, the equations (3.3) become

—

dy
(3.5)1 at = App + Mpp + Bp(@)a

(3.5)2 0(0) = <p0.
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4. Existence and uniqueness of solutions

First, let us note that A, is the infinitesimal generator of an analytic
semigroup on LP(Q2) and 0 € p(—A,) (where p(A) is the resolvent set of
A). One can define fractional powers of —A,, [14]. Let us set D((—A4,)%) =
Xy, 0<a <1, pe(3/2,00) and let X be endowed with the graph norm
of (—A,)%, denoted by ||.||a-

Now, let us recall some embeddings [15, pp. 39-40]-[31, p. 243] :

3 3
(4.1), X, C Wk4(Q) for k — p < 2a— . q > p;
1 1 2«
4.1)9 Xy CcLiYQ) for — > - — —, g >p;
(@) p oL@ for > -2
(4.1)3 X5 cov(Q)for 0 <v < 20— 3
p

with continuous injections.
Choosing p, a such that

3 1
4.2 2 — + =
(4.2) pE(3/2,00,a> 1+,
we infer from (4.1) that
a 1 00 3 3
(4.3) X, CWH(Q)NL (Q),qup,l—;<2a—]—9.

REMARK 4.1. Assume that «,p has been chosen so that (4.2) is sat-
isfied; then one can find ¢, ¢’ such that

1 1 1 3 3 3 3
(4.4) Sro="1-2<2a-21-2 <202,
¢ 4 b q p q P

4.4 > p.
In order to appeal to the general existence and uniqueness theorems in

[15]-[31], we need the following technical result.

LEMMA 4.1. Let F,(p,¢) = My, ¢ + Bp(p,¥) and assume that (4.2)
is satisfied. Then F), is well defined on X' and F), is locally Lipschitzian.
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PrRoOOF. First note that

(4.5)1 By(p) — Bp(¥) = Bp(w — ¥, ) + Bp(v, ¢ — ).

(i) F'is well defined on X
Let a,p satisfy (4.2), then Vo, € X2

|Fp(%¢)|p < |Mp@|p + |Bp(8071/))|p'

According to remark 4.1, 3¢, ¢’ such that (4.4) holds. Thus

[ Bp(e0, 9)p < C6<\UIoo-|V¢|p + \VU|q-!VU\q/) < coll@lla-[[¥llas

where cp, ¢, are strictly positive constants.
Since 3 ¢1 > 0: [My|, < c1l¢lla, we finally deduce that 3¢ >0 :

(4.5), |@@¢M<cQMWW@uwm)

(ii) F is locally Lipschitzian

!&W%JMWbSMW—MMG+WNMWM>
(by virtue of (4.5); — (4.5)2). Hence 3 ca = ca(||¢]las |¥0]|a) > 0 :

(4.5)3 [Fp(9) = Ep(¥)lp < callp = Ylla- O

From [15; theorem 3.3.3, p.54] or [31 ; theorem 6.3.1, p.196] we infer the
following

THEOREM 4.1. Assume that «a,p has been chosen so that (4.2) holds.
Then V' € X3, 3T = T(¢°) > 0 such that the initial value problem (3.5)

has a unique local strong solution in U"P.

Thus the system (3.5) generates a local semiflow ¢, in X2 [3].
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Well known regularity results and embedding theorems finally tell us

that every solution of (3.5) is a classical solution for p > % In fact, for
t>0,
p(t;¢°) € D(Ay),
d
t— d—f € X is locally Hélder continuous

[15; theorem 3.5.2, p. 71]; consequently,

(ta 33) - 90(‘%7 t; 900)7
dp

L 9P O
(t2) — Sl ti ),

are continuouson x € Q, 0 <t < T.

Let ¢ € D(A,), then Vo € WHP(Q) and

(i) for p > 3, B,(p) € WHP(Q); thus A,p € WHP(Q) € COMNQ), A €
(0,1 —3/p] which finally gives ¢ € C?*(Q);

(ii) for p € (3,3), Ve € LUQ), 2 = 1 — 4 thus By(p) € LY3(Q) =
App € LI2(Q) = o(t) € W29/2(Q).

In conclusion, if ¢ € W2Pi(Q) = ¢ € W2Pi+1(Q), where pg = p and

1
p

1 1 1\ . 1 3
:2(_——>,16N(< — forpi > 5 = piy1 > pi).
Pit1 pi 3 bi 2

At last, one can find p;y1 = p; > 3 for some i € N, and as in (i)
By(p) € CO*(Q), € (0,1 — p%] and ¢(t) € C*H(Q).

(iii) for p = 3, it is easy to check that ¢ € C*#(Q), for some u € (0,1)
owing to the compact Sobolev embedding W1P(Q2) C L(f),Vq € [1, 00).

Hence, for t > 0, p > 3/2, o(t,x;¢%) is a classical solution of the
problem (3.5).

5. Eigenvalues and bifurcations

In this Section, we shall mainly study the cellular bifurcation from the
equilibrium state ¢ = 0, p =constant, for ©° = 0.
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5.1. Bifurcation in the steady problem
In the steady case, the nonlinear deep Bénard convection equations be-

come

1 - — — — -
(5.1); —)\(U.V)U +AVp—XMe—Av=0 in €;

o
(5.1)2 X()\Z)U.Vﬁ— Ax(z)v.e— A9 — ED(U) :D(v)=0

in Q;

(5.1)3 dive = in Q;
(5.1)4 3:6,19: onz=0, z=1.

Here v = Au,A = VR # 0. Now, let us introduce the following operators
D(Agm) = H™2(Q) NV, D(Aip) = H™2(Q) n W2,
Apmv =—=P A . Ay = — A 9.

App = (Agm v, Ai¥) ; My = —(9€, x v.¢), where o = (v,9);
Bu(p ) = (5 (v.9)d, X;z) 0.9T — 35 D(V) : D(u)) for & = (,T) and
B (¢) = Bm(p, ). With these notations the equations (5.1) are easily
written

(5.2) Apmp + MMy + By () = 0.

Note that A, is surjective and that A, ! is a compact operator in U2,
Next, observe that 3¢,/ > 0:

631 ([Mnpllmir < cllelmie Vo € D(An),
(5:3)2 [ MmAL ¢llmi1 < A llmia < Ell@lim Vpelud™?.

The abstract equation (5.2) is equivalent to
(5.4) Y+ MKt + B (4,14) = 0,

with ¢ = A1) and K,, = M,, AL
Then as shown in [25, theorem 4.2], using a theorem of Krasnosel’skii
[26], we have

THEOREM 5.1. Let m > 3/2, then for every eigenvalue (—);)~1 of
Ko, Nj # 0, of odd multiplicity, (X\;,0) is a bifurcation point of (5.2).
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5.2. The linearized problem
Let us set p = constant + q, ¢ = (5),19), then the unsteady linearized
equations of the system (2.1)—(2.2) around the equilibrium state are

1 — — — -
(5.5)1 ;atv +AVg—Me— A v =0;
(5.5)2 x(2) <aﬂ9 — AZ.Z) — A0 =0;
(5.5)3 dive = 0;
(5.5)4 ?:6,79:0 onz=0,z=1.

Throughout this section, we will assume that there is a unit cell which
repeats itself regularly and that the walls of the unit cell are vertical and
are surfaces of symmetry. We will also assume that, on the cell walls,
the normal gradient of the vertical velocity vanishes. The cell walls are
supposed to be perfectly thermal insulators.

Thus the solution must satisfy, besides the periodicity and the invariance
with repect to the rotations, some particular conditions. Here, we introduce
the evenness and oddness conditions after Iudovich [18].

(5.6)1 u(xy, e, 2) = —u(—x1,x2,2) = u(r1, —T2, 2),
(5.6)2 v(x1, w9, 2) = v(—11, T2, 2) = —v(T1, — T2, 2),
(5.6)3 w(z1, T2, 2) = w(—r1, T2, 2) = w(x1, —T2, 2),
(5.6)4 Wy, xe,2) = H—w1, 22, 2) = H a1, —T2, 2),
(5.6)5 q(z1,72,2) = q(—71,22,2) = q(1, —72, 2),

where v = (u, v, w).

As is easily verified, the system (5.5) preserves these invariance condi-
tions. Furthermore, by virtue of Lemma 3.1, w, o, 8 must satisfy to a certain
relation. Since we are considering only invariant and periodic solutions of
(5.5), we will restrict the form of ¢ = (v, 1) as follows

[ee)

(5.7)1 w0 = Z ©mn(z) exp (z mazx+inf x2>e“t",,u eC,
m,n=—o0
thus
0 s 2 2 92
5.7 A =|=—=+—=— , a° =
(5.7)2 1L <8x%+8x§>w agoa = m?a? + n=G°.
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5.3. Principle of exchange of stabilities

In this subsection, we will prove that the system (5.5) gives no rise to
oscillatory instabilities and thus that the principle of exchange of stabilities
holds for the deep Bénard convection problem. In order to eliminate the
pressure term in (5.5)1, let us take e. curl curl (5.5)1, then we obtain the
following system

1
(5.8)1 S Aw—AAL Y =A% w,
o
(5.8)2 x(z) <8t19 - Aw) =AY
(5.8)3 ﬁzO,sz,g—Z:Oonz:O,z:l.

Taking into account (5.7), we get

2
(5.9)1 <D2a2> V+>\aT+u(D2a2>V:0, in (0,1);

(5.9)2 aAXv—<D2—a2)T—uaxT:0, in (0,1);
(59)3 T=0,V=0,DV=00nz=0,z=1.
d Wi (2)

H D=—V=
ere 7 .

The system (5.9) may be written

I = —0pmn(z),a #0.

(5.10) (L —pMo)p =0, ¢ = (V,T), L =L+ B,

My = dlag(—(D2 —GQ),O' X )7LS = dlag<(D2 _a2)27_(D2 _QQ))7
= 0 a A
B_<a)\x 0 )

Let us introduce the following Hilbert space Hjy, defined by Hyy, =
H(0,1)XL?(0,1). Hyy is endowed with the following inner product and
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norm
1 —— — —
[80, w] = / <D<P1-D¢1 + a1 + UX902¢2> dz,
0

1/2
el = [%4 ;

where ¢ = (¢1,92),% = (11,%2) and the overbar denotes the complex
conjugation.

Then, as is easily checked, all the assumptions in a theorem due to R. C.
Diprima & G. Habetler [9] are satisfied. So we infer that the eigenvalues of
(L, My) lie within circles of radii || My ' B||ar about those of (L, Mp), where
the notation p is an eigenvalue of (C, F) means 3 ¢ #20: C ¢ = u F .
Let C be an arbitrary linear operator, then we denote the spectrum of C
by ¢(C) and its point spectrum by Po(C). Let G~! be the inverse of the
selfadjoint extension of My ' Ls in Hyy,, then o(G) = Po(My ' Ls) and
o(T) = Po(My* L), where T = G + My "' B. By virtue of [24, theorem
3.16, p.212], if n is an isolated element of multiplicity one of Po(Ls, Mp)
such that dist(n, Po(Ls, Mg) — {\}) > 2 |[My' Bl|la and T a circle of
radius || My ' B||as centered about 7, then T' contains exactly one eigenvalue
of (L, Mp) and it has multiplicity one.

The first conclusion we draw is that the eigenvectors of problem (5.10)
span the Hilbert space Hyy, in a certain sense (see [9, p.220]).

To prove that the principle of exchange of stabilities holds for the deep
Bénard convection problem, we need to show that the eigenvalue with least
real part is necessarily real when its real part vanishes [8]-[36]. To this end,
let us set

(5.11) L, = <(D2a_;2)2 _(D%A_az>> . Bi= (GM(Ol_Z) 8)

It is clear that | My " By|lar is a continuous function of § and that
”Mo_l BIHM — 0 as 6 — 0.

For 6 = 0, it is easy to show that the eigenvalues are real and can be
ordered as follows
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O<pur <pa<pz<...... Then the principle of exchange of stabilities
holds for the deep Bénard convection problem V § € [0, 1] such that

(5.12) 84" Bilay < 12

REMARK 5.1. A similar argument leads to the same conclusions if we
replace the rigid upper and lower plates by a top free surface and a lower
rigid plate or by a top and bottom free surfaces. In the free-free case the
proof is sraightforward (see [11])

Before we close this subsection, we give an energy inequality which will
be used later; to this end, let us take the scalar product of (5.5) with (v, %)
in L2(Q), then we obtain

1 d—) - — —
1 = Spp - 20
(5.13); 5 dt\v| AWe,v)+] v 0 ;
1 d SN )
1 - R - e, 9) — ¥, =) =0.
(5.13), 5 WP =A@ ) - (89, D) =0

Observing that : V9 € W12,

—

Y v o
(5.14); FC(Q,8)>0:(—ad, =)= (9, —) + <w, —26>

X X X

< Cl9|?,
1 52 V 5
from (5.13), we get
1 d — 1d = BN
1 — — v+ = — |9 + K9 Z<oAW .

(5.15) oo |0+ = O+ I+ V) < 20 €, V)
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5.4. Variational formulation

Let us choose 6 € [0, 1] such that the condition (5.12) is satisfied; since
for such ¢’s the principle of exchange of stabilities holds, to study the lin-
ear stability of the equilibrium state, we have only to consider the steady
linearized problem, i.e.

(5.16); — AT —A9E+AVg=0 inQ
(5.16)5 —Ad—Ayv.e =0 in Q;
(5.16)3 div v =0 in Q;
(5.16)4 ?:6,1920 on z=0, z=1;

or equivalently
(5.17)1 Ap—AMp=0=A\) ¢;

with D(A) = U2 N H2(0)
{AQP:(_PAE:_Aﬁ)? 90:(0’19);
).

As is easily verified, the adjoint problem to (5.17); is

N
e

(5.17)2 Apt — XMt T =0,

where T = (v, 91) and M+ T = (x(2) 9T €, vT.¢).
Hence problem (5.17); is not self adjoint. We will then use an adjoint
variational principle [6]-[12]. First, define the functional I(p, ™) on U by

M e, 0")

(518) Ip.0%) = Tt

where U = {(gp,gp“‘) eUPX U (Ap,oT)#05.

Then consider the following variational problem
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Variational problem. Maximize the functional I(p, ™) for (p, ™) €
Uu.

Then as is easily verified, the vanishing of the first variation yields the
problem (5.17); and its adjoint. Let us replace ¢ by ¢ in (5.18), this

is possible since the adjoint boundary conditions are the same as (5.16)4.
Then we have

LEMMA 5.1. 3 ¢ € UY? such that I1(¢) = 1(¢,9)
= max¢€u1,2\{0} I((p)
PrROOF. First observe that
(1+x)v.e,9) (1+x)v.e,v)

(5.19) I(p) = ~—= =
V12 + |92 lll|?

If ¢, € UM? converges weakly to ¢ in U2 | then, by compactness of
the injection U2 C U2, we can extract a sequence, again denoted by ¢y,
such that

©m converges to ¢ in U%2.

Therefore

lim inf [, ]| > (¢,
m—o0

i (LX) V- €, 0m) = (L4 x) V€, 9).

Hence
lim sup () < I(p).

Thus I is weakly upper semicontinuous, and attains its maximum in /2. O

5.5. Bifurcations

In this subsection, we will study the bifurcation from the eigenvalue 0
of A()\) with respect to the eigenvalues A; of (5.17);. Note that by the
elliptic nature of the problem (5.16), we expect an increasing sequence of

{)\Z}, 0 < A < A2 < ... Moreover, each A; will be of finite mutiplicity. If
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we require the solutions of (5.16) to be cellular and set L; = (D? —a?)*, i =
1,2, then we get as before

(5.20); Ly W — Ma*=0 in (0,1);
(5.20)2 —L1 0 —AxW=0 in (0,1) ;
(5.20)3 W=0, DW=0,0=0 onz=0,z=1;

where O, = 6, wp,,, = W. Note that the system (5.20) is equivalent to
(5.16).

Following Tudovich [17], let G1(z,2’), G2(z, 2") be the Green’s operators
for the differential operators -L; and Lo subject to the boundary conditions
(5.20)3. Both G; and G4 are positive compact integral operators with posi-
tive symmetric oscillatory kernels [23]. Then the system (5.20) is equivalent
to

(5.21); W = Xa®G32 0,0 =\ G1xW,
or
(5.21), W = Ma?GoGixW, 0 = \2aG1 xG-H.

Since x > 0, the operator G = G2 G1 x is a compact operator with
positive oscillatory kernel and analytic with respect to «, 3. Therefore the
spectrum of G is a sequence of positive and simple eigenvalues

0<pi(a) <pola) <psla) <...... < ppa) <...

and p(a) = a®)\? is analytic with respect to a > 0.
Thus the spectrum of (5.20) consists of the positive eigenvalues

fin (@)

(5.22)  Appm = (since A > 0), a® = (ka)? 4+ (mpB)?,
(m, k,n) € N3,
Since p1(0) > 0, it follows that

(5.23)1 lim Ay, — 0.

a—0
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On the other hand, from (5.20), we get

D2 W|* +2a*|DW* +a*|W[* = a®Ayjm(W,0),
[DO)> + a®|0° = Ay pm(x W, 0),

where (.,.) and |.| are L?(0,1) inner product and norm. Using Cauchy-
Schwarz’s inequality we obtain

a® W2 < AvgmWIO]  and
a2]0\2 S (1 —|—(5) Al,k,m’WHm

Thus
2 1/2
(5.23)2 Al gm > \/fﬂ —ooasa= [(k;a)2 + (mﬁ)2] — 00.

To study the simplicity of the eigenvalues of problem (5.20), let us define
the function

(5'24) w(av ﬂ) = An17k17m1 - An2,k2,m2'

The function 7 is real analytic in «, 3 since p, and A, ., are analytic
functions in a, a > 0. Proceeding as in Iudovich [17], we conclude that the
zeros of ¢ are denumerable and so the set

Y= {(a,ﬁ) s Y(a, ) =0, (n1, k1,m1) # (na, kg,mg)} is denumerable.

Thus we have proved

LEMMA 5.2.  The system (5.20) has a sequence of positive and simple
eigenvalues for all (. > 0, B > 0) except at most countably many points
in the (o, 3)-plane.
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5.6. Linear stability
Setting ot = (v, 2) in (5.18) yields
200 ¢, v 200 ¢, v 1
(5.25) Ippt) = 200 2Wev) L
[ol?+(=29,7) (o2 +k[l9> A

(by virtue of (5.14)3). The calculations of R, (and hence of A.) has been

done in [11] for various boundary conditions.
From (5.15), if 0 < X < A, we infer

Ldge o LD e e w2 < A—(k 1P +Hv!!2>-

20 dt 2 dt
Hence
1 d - 1 d - A
5.26 — — V) + = =9 k|02 2l (1—-=) <o
5200 o 510 + 5GP e[kl +15 <o,
where ¢ > 0.

Thus |v ()|, [9(t)] — 0 as t — oo.

Summarizing, we have obtained the following

LEMMA 5.3. Let A, be given by (5.25). If0 < X < A, then ¢ = (v,0)
= 0 1is the unique solution of (5.5).

Lemma 5.3 may also be derived using the following argument : it is
matter of routine to write the Egs. (5.5) as an abstract evolution equation.
To this end, let us introduce the following operators

Ay : D(A)) — H X W92 =H, D(A)) = H2(Q) N (V X Wt?)
=H2(Q) NV,

_ =AY v . - - —
Ay =—(P A%T)aﬁp—(v,ﬁ) My =—=\10 e,v.e).

With these notations, the system (5.5) becomes

d
(5.27)1 d—f + Ayxp + Myp =0,

(5.27)2 ©(0) = o.

As is easily seen, for A € [0,).[ , the operator Ay + M) = A, is
accretive in H. From the Hille-Yosida theorem (cf. e.g [5]), we infer that
the spectrum of Ay lies in the positive complex half plane and we have the

following
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LEMMA 5.4. VY g € D(A)), problem (5.27) admits a unique solution
p € C1([0,00); H) N C([0,00); D(A)).
Moreover

d N N
(5.28) Vi20|e(t) < leol and \d—f(t)! = [Ax (t)] < [Ax pol-

For ¢g = 0, from (5.28), we get ¥V ¢ > 0, |¢(t)| = 0.

We are now in position to analyse the stability of the bifurcating solu-
tions of the system (5.5). Recall that the trivial solution will lose stability
for some A. € [0,\1]. Note also that when the principle of exchange of
stabilities holds, Ay = A\, (where \. is given by (5.25)). For those values of
6 such that the condition (5.12) holds, all the assumptions in [33, theorem
4.2] are satisfied as is easily checked, then we infer the following

THEOREM 5.2. For the deep Bénard problem, solutions bifurcating

above criticality are stable, while subcritical bifurcating solutions are un-
stable.

6. Some remarks on the existence of periodic and quasiperiodic
solutions

6.1. Introduction

According to the Landau-Hopf scenario, the transition to turbulence
may be described as repeated branching of quasi-periodic solutions into
quasi-periodic solutions with more frequencies as the control parameter is
increased. The most important assumption in this scenario is that quasi-
modes do not interact or at least only weakly, i.e. each quasi-mode retains
its individuality.

In this Section, we will begin by investigating the bifurcation of a peri-
odic solution from a steady solution. Next, we study the bifurcation of a
quasi-periodic solution from a time periodic solution.
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6.2. Bifurcation of periodic solutions for the deep Bénard
problem
Assume that for some R = Ry > R, a steady solution ¢ loses its stability

and is replaced by a time periodic solution ¢ with period wi(%)’ Setting

Y = CO(:C?R) + Qb(ﬂ?,t,R) in (21) - (22)1 (()b = (23,195),40 = (upaﬁp))a we
obtain

(6.1)1 he +Lp +N(@) +0(Vp,0)=0;
(6.1)2 div u, =0;
(6.1)3 » =0 onz=0,z=1;
2
(6.1)4 p(x,t +w—7r,R) = (x,t,R) ;
0

where £ = (—0 & tp— 00y € + (Up.V) s+ (0s. V) tip, — 222 + U0V I, +
UpV U5 — R up.e — 2D (up) : D(uy)), N(@) = ((up-V)thp, up. V8 —
%D(Up) : D(ap))-

Now, we assume that £ has a simple complexe eigenvalue = & +1i n,
ie. 3¢ #0: L = p, and all the eigenvalues of £ have negative real
parts. Note that p is also an eigenvalue of £. We will also assume that ¢
and p vary continuously with R and that

¢(R) > Ofor R < Ry, &(Ry) =0, &(R) < Ofor R> Ry.

We can then carry a similar argument to that of [34] to obtain the
following

THEOREM 6.1. [34] Assume that the domain Q is of class C*?*, and
that L has a simple eigenvalue p(R) such that p(R) crosses to the left half-
plane as R increases across Ry and that £ has no eigenvalue of the form
Fi k w(Ro),k € N, for R = Ry. Then there exists a family of periodic
solutions of the deep Bénard convection problem of period T(R) such that
T(R) — n(21§o) as R — Ry and the amplitude of oscillations tends to zero.

The periodic solutions are of class C?2%h,

(The reader is referred to [7]-[34] for the definition and properties of the
spaces CbmB(Q X[0,T)), T >0, 0< a, < 1,1, m €N).

In a similar manner, we can derive for the deep Bénard convection prob-
lem all the results found in [22]. In particular, we have the following
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THEOREM 6.2. For the deep Bénard convection problem, subcritical
periodic motions are unstable, while supercritical periodic motions are stable
in the linearized theory.

Note that the equations (6.1) fit in the frame studied in [16]. Thus
under the same assumptions as in [16], all the results of [16] concerning the
existence and stability of periodic solutions are valid for the deep Bénard
convection problem.

6.3. Bifurcation of quasi-periodic solutions bifurcating from
periodic solutions of the deep Bénard problem
It is a matter of routine to rewrite (6.1) as an abstract evolution equation

e _

(6.2) 2

F(R, ).

As R is increased further, we assume that ¢ loses stability when R =
Rp1. Let ¢ be a small disturbance of ¢, then 1 satisfies the linearized
equation

dv R
where D, F' is the Fréchet derivative of F'.
Setting
wt . 2m ..
P =et (1), where ((t) is — — periodic, we get
wo
dg R .
(6.4) pe=— +DFRQ)C=L( p=E+iwand

&(Ro1) =0, £&(R) > O(resp. < 0) for R > Ry (resp. < Ro1).

We again assume that i wq(Rp1) is a simple eigenvalue of L and that the
rest of the eigenvalues of L have negative real parts.

Using a similar argument as in [20]-[21], we arrive at the following con-
clusions :

Case (i)

If Z;Eggig =2 0< 2 <1, (m,n) € N? n#0, then we have for

() n =1,2,3,4, subharmonic periodic solutions bifurcate;
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(8) n > 4, under some conditions, a torus 72 of asymptotically doubly
periodic solutions bifurcate.

Case (ii)

If wilfion) g irrational, then a torus 72 bifurcates. Solutions on 72 are

wo(Ro1)
asymptotically doubly periodic with two frequencies wg and w;.
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