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Stability for the deep Bénard problem

By Zakaria Charki

Abstract. Existence and uniqueness of a local in time strong solu-
tion for the unsteady deep Bénard convection problem is proved through
use of semigroup theory. The bifurcation problem is also dealt with.

1. Introduction

As is well known, when a layer of a heavy homogeneous and viscous

fluid is heated from below, convective instabilities set in when the vertical

temperature gradient exceeds a certain critical value; motion occurs because

hotter fluid is less dense and therefore tends to rise. This instability known

as the Rayleigh-Bénard problem has been studied within the scheme of the

Oberbeck-Boussinesq approximation [6]-[10]-[19] and under the assumption

of a shallow layer of fluid.

Nevertheless, in most applications such as oceanography, geophysics and

astrophysics, the convective zone is deep and one has to take into account

the influence of the layer’s depth. In this connection, R. Zeytounian [37]

derived a model called the deep Bénard convection problem as opposed to

the classical (or shallow) Rayleigh-Bénard problem. This model has been

obtained rigorously through use of a perturbation technique and leads to

the appearance of a new parameter linked to the depth of the fluid’s layer,

which in turn implies that the viscous dissipation term in the conservation

of energy equation is no more negligible.

In this paper, we will investigate the wellposedness of the deep Bénard

convection equations. The main tools used are the general existence and

uniqueness theorems elaborated in [15]-[31]. The solution found is thus only
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local in time. We will also extend some well known results for the Rayleigh-

Bénard problem to the deep Bénard convection problem. This article is

organized as follows : the relevant equations will be given in Section 2. The

functional framework and the notations will be made precise in Section 3.

Existence and uniqueness of a local in time strong solution to the deep

Bénard problem will be established in Section 4. Section 5 is devoted to

the analysis of the linear and nonlinear bifurcation problems. At last, the

possibility of existence of periodic and quasi-periodic solutions to the deep

Bénard problem is analyzed in Section 6.

2. Statement of the problem

We consider a deep layer of a heavy homogeneous viscous fluid heated

from below. We assume that the fluid is confined between the horizontal

planes z = 0 and z = 1 in R
3 and that the lateral boundaries are sufficiently

far away so that the layer may be considered as having an infinite horizontal

extension. Then the fluid motion is governed by the following dimensionless

deep Bénard convection equations [37]

∂t
→
u + (

→
u.∇)

→
u + σ�p− σϑ

→
e − σ � →

u =
→
0 in Ω0 X(0, T ),(2.1)1

(2.1)2 ∂tϑ +
→
u.�ϑ− R

→
u.

→
e − � ϑ

χ(z)
− 2 δ

χ(z)
D(

→
u) : D(

→
u) = 0

in Ω0 X (0, T ),

div
→
u = 0 in Ω0X(0, T ),(2.1)3

T > 0 and x = (x1, x2, z) ∈ Ω0 = R
2X(0, 1).

Here the unknowns are the vector field
→
u(x, t) = (u1, u2, u3) which rep-

resents the velocity, and the scalar fields p(x, t) and ϑ(x, t) denoting respec-

tively the disturbances of the pressure and the temperature. σ > 0 is the

Prandtl number, R ≥ 0 is the Rayleigh number, δ ∈ [0, 1] is the Zeytou-

nian’s depth parameter, χ(z) = 1 + δ(1− z) where z ∈ (0, 1) is the vertical

coordinate.
→
e is the unit vector pointing upward, D(

→
u) = 1

2 [�→
u + (�→

u)t]

denotes the rate of deformation tensor and

D(
→
u) : D(

→
u) =

1

4

3∑
i,j=1

(
∂ui
∂xj

+
∂uj
∂xi

)2

.
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We supplement the system (2.1) with the following boundary conditions

for rigid horizontal planes

(2.2)
→
u =

→
0 , ϑ = 0 on z = 0, z = 1, t ∈ (0, T ),

and initial conditions

(2.3)
→
u(x, 0) =

→
u0(x), ϑ(x, 0) = ϑ0(x), x ∈ Ω0.

3. Functional framework

The domain Ω0 is not compact and the linearized equations have an

infinite dimensional kernel for every value of the control parameter R above

a certain threshold. To overcome this difficulty, we restrict attention to

spatially periodic solutions; in this way, we achieve a compact domain and

introduce a hidden symmetry in the problem.

3.1. Transformations and invariances

As is easily seen, the equations (2.1)–(2.2) are equivariant with respect to

rigid motion in the plane. We will assume that, at the onset of convection,

the pattern is doubly periodic in the horizontal plane, and that the pattern

in each cell is repeated so as to tile the whole plane. In order to deal

with these cellular solutions, we denote by T1 the group generated by the

translations

x1 → x1 +
2π

α
, x2 → x2 +

2π

β
, α2 + β2 �= 0.

Then

→
u(γx, t) =

→
u(x, t),

ϑ(γx, t) = ϑ(x, t),

p(γx, t) = p(x, t),∀γ ∈ T1, (x, t) ∈ Ω0X(0, T ).

The fundamental region of periodicity of T1 is Ω = [0, 2π
α ) X [0, 2π

β )

X (0, 1), the layer is then generated by T1.
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Let 0(3) denote the 3-dimensional orthogonal group [32] and let T2 be

the subgroup of 0(3) generated by the rotations

(3.1)1 Tω =


 cosω − sinω 0

sinω cosω 0

0 0 1


 ω ∈ (0, 2π).

We define the action of T2 by

→
u(γx, t) = γ

→
u(x, t),(3.1)2

ϑ(γx, t) = ϑ(x, t),(3.1)3

p(γx, t) = p(x, t), ∀γ ∈ T2,∀(x, t) ∈ Ω0X(0, T ).(3.1)4

The equations (2.1) are equivariant with respect to these transforma-

tions. Solutions with various cell patterns may solve the deep Bénard con-

vection problem. If the cell patterns exist, the triple α, β and ω must satisfy

the following compatibility relations :

Lemma 3.1. A necessary condition for the existence of nontrivial,

spatially periodic and invariant solutions (under T2) of the problem (2.1)–

(2.2) is

(3.2) ω =
2π

k
, k ∈

{
1, 2, 3, 4, 6

}
.

Corollary 3.1. Let ω satisfy (3.2), then the only possible combina-

tions of k, α, β, are

k = 1, α ≥ 0, β ≥ 0 : no cell structure;

k = 2

{
α > 0, β = 0 : rolls;

α > 0, β > 0 : rectangles;

k = 3, α =
β√
3
, β > 0 : hexagons;

k = 4, α = β, β > 0 : : squares;

k = 6, α =
β√
3
, β > 0 : triangles.

For the proof of the above Lemma and Corollary, see [25].
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3.2. Mathematical preliminaries

As usual, Lp(Ω), 1 ≤ p ≤ ∞, Hs(Ω), s ∈ R, and W s,p(Ω) will denote the

classical Lebesgue and Sobolev Spaces [1]-[2]-[28]-[29]-[30]; their respective

norms will be denoted by |.|p , ‖.‖s , ‖.‖s,p. The Hilbert spaces L2(Ω) and

Hm
0 (Ω) are respectively endowed with the inner products and norms :

(f, g) =

∫
Ω
f(x).g(x) dx, ∀ f, g ∈ L2(Ω), |f |2 = (f, f);

((f, g))m =
∑

|α|=m

(Dαf,Dαg), ∀ f, g ∈ Hm
0 (Ω), ‖f‖2

m = ((f, f))m.

For convenience, we set ‖.‖1 ≡ ‖.‖ , ((., .))1 ≡ ((., .)).

To simplify the notations, if X is any functional space then we set

X = Xn, n = 3 or n = 4; we agree to use the same notation for the

norm (or the inner product) in X or X.

In order to accommodate the divergence free condition, we choose our

working spaces to be solenoidal, we will also impose a periodicity condition.

We will say simply that a function f ≡ (
→
u, ϑ, p) is periodic if f is periodic

in the direction xi, i = 1, 2.

Let ∞ > p > 3/2 and s ∈ N, then we set:

Ws,p =

{
f ∈ W s,p(Ω), f = 0 on z = 0, z = 1, f is periodic

}
,

Vs,p =

{
→
u ∈

[
W s,p(Ω)

]3

: div
→
u = 0,

→
u =

→
0

on z = 0, z = 1,
→
u is periodic

}
,

Us,p = Vs,p X Ws,p.

These spaces are Banach spaces with naturally induced norms.

By the Hodge decomposition theorem [4], there is a bounded operator

P : W
s,p(Ω) −→ Vs,p.

For s = 0, p = 2, P is an orthogonal projector [27]–[35]; on the other

hand Ws,2, Vs,2 and Us,2 are Hilbert spaces with naturally induced inner

products and norms. We shall set for convenience H ≡ V0,2, V ≡ V1,2.
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3.3. Operators

Using the projector P we can write the system (2.1)–(2.2)–(2.3) in the

following abstract form in U0,p

d
→
u

d t
= σA0p

→
u + σϑ

→
e + B0p(

→
u,

→
u);(3.3)1

dϑ

d t
= A1pϑ + R

→
u.

→
e + B1p(

→
u, ϑ) + B3p(

→
u,

→
u);(3.3)2

→
u(0) =

→
u0, ϑ(0) = ϑ0.(3.3)3

Here A0p and A1p are the linear operators defined by

(3.4)

{
D(A0p) = W

2,p(Ω) ∩ V1,p

A0p
→
u = P � →

u ;
;




D(A1p) = W 2,p(Ω) ∩W1,p

A1pϑ =
� ϑ

χ(z)
.

B0p(
→
u,

→
v ) = −P (

→
u.�)

→
v ,∀→u,→v ∈ D(A0p);

B1p(
→
u, ϑ) = −→

u.�ϑ, ∀(
→
u, ϑ) ∈ D(A0p)XD(A1p);

B3p(
→
u,

→
v ) =

2δ

χ(z)
D(

→
u) : D(

→
v ),∀→u,→v ∈ D(A0p).

Let us set

ϕ = (
→
u, ϑ), Mpϕ = (σ ϑ

→
e , R

→
u.

→
e ), Apϕ = (σA0p

→
u, A1pϑ) with D(Ap) =

D(A0p)X D(A1p) and ∀ϕ,ψ ∈ D(Ap), we put, for ψ = (
→
v , T̃ ), Bp(ϕ,ψ) =

(B0p(
→
u,

→
v ), B1p(

→
u, T̃ ) + B3p(

→
u,

→
v )), Bp(ϕ) = Bp(ϕ,ϕ).

With these notations, the equations (3.3) become

dϕ

dt
= Apϕ + Mpϕ + Bp(ϕ),(3.5)1

ϕ(0) = ϕ0.(3.5)2
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4. Existence and uniqueness of solutions

First, let us note that Ap is the infinitesimal generator of an analytic

semigroup on L
p(Ω) and 0 ∈ ρ(−Ap) (where ρ(A) is the resolvent set of

A). One can define fractional powers of −Ap [14]. Let us set D((−Ap)
α) =

Xα
p , 0 < α ≤ 1, p ∈ (3/2,∞) and let Xα

p be endowed with the graph norm

of (−Ap)
α, denoted by ‖.‖α.

Now, let us recall some embeddings [15, pp. 39–40]–[31, p. 243] :

Xα
p ⊂ W

k,q(Ω) for k − 3

q
< 2α− 3

p
, q ≥ p;(4.1)1

Xα
p ⊂ L

q(Ω) for
1

q
>

1

p
− 2α

3
, q ≥ p;(4.1)2

Xα
p ⊂ Cν(Ω̄) for 0 ≤ ν ≤ 2α− 3 ;

p
(4.1)3

with continuous injections.

Choosing p, α such that

(4.2) p ∈ (3/2,∞), α >
3

4p
+

1

2
,

we infer from (4.1) that

(4.3) Xα
p ⊂ W

1,q(Ω) ∩ L
∞(Ω), q ≥ p, 1 − 3

q
< 2α− 3

p
.

Remark 4.1. Assume that α, p has been chosen so that (4.2) is sat-

isfied; then one can find q, q′ such that

1

q
+

1

q′
=

1

p
, 1 − 3

q
< 2α− 3

p
, 1 − 3

q′
< 2α− 3

p
,(4.4)

q, q′ ≥ p.

In order to appeal to the general existence and uniqueness theorems in

[15]–[31], we need the following technical result.

Lemma 4.1. Let Fp(ϕ,ψ) = Mp ϕ + Bp(ϕ,ψ) and assume that (4.2)

is satisfied. Then Fp is well defined on Xα
p and Fp is locally Lipschitzian.
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Proof. First note that

(4.5)1 Bp(ϕ) −Bp(ψ) = Bp(ϕ− ψ,ϕ) + Bp(ψ,ϕ− ψ).

(i) F is well defined on Xα
p

Let α, p satisfy (4.2), then ∀ϕ,ψ ∈ Xα
p

|Fp(ϕ,ψ)|p ≤ |Mpϕ|p + |Bp(ϕ,ψ)|p.

According to remark 4.1, ∃q, q′ such that (4.4) holds. Thus

|Bp(ϕ,ψ)|p ≤ c′0

(
|→u |∞.|�ψ|p + |�→

u |q.|�
→
v |q′

)
≤ c0‖ϕ‖α.‖ψ‖α;

where c0, c
′
0 are strictly positive constants.

Since ∃ c1 > 0 : |Mϕ|p < c1‖ϕ‖α, we finally deduce that ∃ c > 0 :

(4.5)2 |Fp(ϕ,ψ)|p < c

(
‖ϕ‖α + ‖ϕ‖α.‖ψ‖α

)
.

(ii) F is locally Lipschitzian

|Fp(ϕ) − Fp(ψ)|p ≤ c ‖ϕ− ψ‖α
(

1 + ‖ϕ‖α.‖ψ‖α
)

(by virtue of (4.5)1 − (4.5)2). Hence ∃ c2 = c2(‖ϕ‖α, ‖ψ‖α) > 0 :

(4.5)3 |Fp(ϕ) − Fp(ψ)|p ≤ c2‖ϕ− ψ‖α. �

From [15; theorem 3.3.3, p.54] or [31 ; theorem 6.3.1, p.196] we infer the

following

Theorem 4.1. Assume that α, p has been chosen so that (4.2) holds.

Then ∀ϕ0 ∈ Xα
p ,∃ T = T (ϕ0) > 0 such that the initial value problem (3.5)

has a unique local strong solution in U0,p.

Thus the system (3.5) generates a local semiflow φp in Xα
p [3].
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Well known regularity results and embedding theorems finally tell us

that every solution of (3.5) is a classical solution for p > 3
2 . In fact, for

t > 0,

ϕ(t;ϕ0) ∈ D(Ap),

t −→ dϕ

dt
∈ Xα

p is locally Hölder continuous

[15; theorem 3.5.2, p. 71]; consequently,

(t, x) −→ ϕ(x, t;ϕ0),

(t, x) −→ ∂ϕ

∂t
(x, t;ϕ0),

are continuous on x ∈ Ω̄, 0 < t < T .

Let ϕ ∈ D(Ap), then �ϕ ∈ W
1,p(Ω) and

(i) for p > 3, Bp(ϕ) ∈ W
1,p(Ω); thus Apϕ ∈ W

1,p(Ω) ⊂ C0,λ(Ω̄), λ ∈
(0, 1 − 3/p] which finally gives ϕ ∈ C2,λ(Ω̄);

(ii) for p ∈ (3
2 , 3),�ϕ ∈ L

q(Ω), 1
q = 1

p − 1
3 ; thus Bp(ϕ) ∈ L

q/2(Ω) ⇒
Apϕ ∈ L

q/2(Ω) ⇒ ϕ(t) ∈ W
2,q/2(Ω).

In conclusion, if ϕ ∈ W
2,pi(Ω) ⇒ ϕ ∈ W

2,pi+1(Ω), where p0 = p and

1

pi+1
= 2

(
1

pi
− 1

3

)
, i ∈ N(<

1

pi
for pi >

3

2
⇒ pi+1 > pi).

At last, one can find pi+1 = pj > 3 for some i ∈ N, and as in (i)

Bp(ϕ) ∈ C0,µ(Ω̄), µ ∈ (0, 1 − 3
pj

] and ϕ(t) ∈ C2,µ(Ω̄).

(iii) for p = 3, it is easy to check that ϕ ∈ C2,µ(Ω̄), for some µ ∈ (0, 1)

owing to the compact Sobolev embedding W 1,p(Ω) ⊂ Lq(Ω),∀q ∈ [1,∞).

Hence, for t > 0, p > 3/2, ϕ(t, x;ϕ0) is a classical solution of the

problem (3.5).

5. Eigenvalues and bifurcations

In this Section, we shall mainly study the cellular bifurcation from the

equilibrium state ϕ̂ = 0, p =constant, for ϕ0 = 0.
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5.1. Bifurcation in the steady problem

In the steady case, the nonlinear deep Bénard convection equations be-

come

1

σλ
(
→
v .�)

→
v + λ �p− λϑ

→
e− � →

v =
→
0 in Ω;(5.1)1

(5.1)2
χ(z)

λ

→
v .�ϑ− λ χ(z)

→
v .

→
e− � ϑ− 2δ

λ2
D(

→
v ) : D(

→
v ) = 0

in Ω;

div
→
v = 0 in Ω;(5.1)3

→
v =

→
0 , ϑ = 0 on z = 0, z = 1.(5.1)4

Here
→
v = λ

→
u, λ =

√
R �= 0. Now, let us introduce the following operators{

D(A0m) = H
m+2(Ω) ∩ V,

A0m
→
v = −P � →

v .

{
D(A1m) = Hm+2(Ω) ∩W1,2,

A1mϑ = − � ϑ.

Amϕ = (A0m
→
v ,A1mϑ) ; Mmϕ = −(ϑ

→
e , χ

→
v .

→
e ), where ϕ = (

→
v , ϑ);

Bm(ϕ,ψ) = (
1

σλ
(
→
v .�)

→
u,

χ(z)

λ

→
v .�T − 2δ

λ2
D(

→
v ) : D(

→
u)) for ψ = (

→
u, T ) and

Bm(ϕ) = Bm(ϕ,ϕ). With these notations the equations (5.1) are easily

written

(5.2) Amϕ + λMmϕ + Bm(ϕ) = 0.

Note that Am is surjective and that A−1
m is a compact operator in Um,2.

Next, observe that ∃ c, c′ > 0 :

‖Mmϕ‖m+1 ≤ c‖ϕ‖m+2 ∀ϕ ∈ D(Am),(5.3)1

‖MmA−1
m ϕ‖m+1 ≤ c‖A−1

m ϕ‖m+2 ≤ c′‖ϕ‖m ∀ ϕ ∈ Um,2.(5.3)2

The abstract equation (5.2) is equivalent to

(5.4) ψ + λKmψ + Bm(A−1
m ψ) = 0,

with ϕ = A−1
m ψ and Km = MmA−1

m .

Then as shown in [25, theorem 4.2], using a theorem of Krasnosel’skii

[26], we have

Theorem 5.1. Let m > 3/2, then for every eigenvalue (−λj)
−1 of

Km, λj �= 0, of odd multiplicity, (λj , 0) is a bifurcation point of (5.2).
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5.2. The linearized problem

Let us set p = constant + q, ϕ = (
→
v , ϑ), then the unsteady linearized

equations of the system (2.1)–(2.2) around the equilibrium state are

1

σ
∂t

→
v + λ�q − λϑ

→
e− � →

v =
→
0 ;(5.5)1

χ(z)

(
∂tϑ− λ

→
v .

→
e

)
− � ϑ = 0;(5.5)2

div
→
v = 0;(5.5)3

→
v =

→
0 , ϑ = 0 on z = 0, z = 1.(5.5)4

Throughout this section, we will assume that there is a unit cell which

repeats itself regularly and that the walls of the unit cell are vertical and

are surfaces of symmetry. We will also assume that, on the cell walls,

the normal gradient of the vertical velocity vanishes. The cell walls are

supposed to be perfectly thermal insulators.

Thus the solution must satisfy, besides the periodicity and the invariance

with repect to the rotations, some particular conditions. Here, we introduce

the evenness and oddness conditions after Iudovich [18].

u(x1, x2, z) = −u(−x1, x2, z) = u(x1,−x2, z),(5.6)1

v(x1, x2, z) = v(−x1, x2, z) = −v(x1,−x2, z),(5.6)2

w(x1, x2, z) = w(−x1, x2, z) = w(x1,−x2, z),(5.6)3

ϑ(x1, x2, z) = ϑ(−x1, x2, z) = ϑ(x1,−x2, z),(5.6)4

q(x1, x2, z) = q(−x1, x2, z) = q(x1,−x2, z),(5.6)5

where
→
v = (u, v, w).

As is easily verified, the system (5.5) preserves these invariance condi-

tions. Furthermore, by virtue of Lemma 3.1, ω, α, β must satisfy to a certain

relation. Since we are considering only invariant and periodic solutions of

(5.5), we will restrict the form of ϕ = (
→
v , ϑ) as follows

(5.7)1 ϕ =
∞∑

m,n=−∞
ϕmn(z) exp

(
i m α x1 + i n β x2

)
e−µtσ, µ ∈ C,

thus

(5.7)2 �⊥ ϕ =

(
∂2

∂x2
1

+
∂2

∂x2
2

)
ϕ = −a2ϕ, a2 = m2α2 + n2β2.
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5.3. Principle of exchange of stabilities

In this subsection, we will prove that the system (5.5) gives no rise to

oscillatory instabilities and thus that the principle of exchange of stabilities

holds for the deep Bénard convection problem. In order to eliminate the

pressure term in (5.5)1, let us take
→
e . curl curl (5.5)1, then we obtain the

following system

1

σ
∂t � w − λ �⊥ ϑ =�2 w,(5.8)1

χ(z)

(
∂tϑ− λw

)
=� ϑ(5.8)2

ϑ = 0, w = 0,
∂w

∂z
= 0 on z = 0, z = 1.(5.8)3

Taking into account (5.7), we get

(
D2 − a2

)2

V + λaT + µ

(
D2 − a2

)
V = 0, in (0, 1);(5.9)1

a λ χ V −
(
D2 − a2

)
T − µ σ χ T = 0, in (0, 1);(5.9)2

T = 0, V = 0, DV = 0 on z = 0, z = 1.(5.9)3

Here D =
d

dz
, V =

Wmn(z)

a
, T = −ϑmn(z), a �= 0.

The system (5.9) may be written

(L− µM0)φ = 0, φ = (V, T ), L = Ls + B̃,(5.10)

M0 = diag(−(D2 − a2), σ χ ), Ls = diag

(
(D2 − a2)2,−(D2 − a2)

)
,

B̃ =

(
0 a λ

a λ χ 0

)
.

Let us introduce the following Hilbert space HM0 defined by HM0 =

H1
0 (0, 1)XL2(0, 1). HM0 is endowed with the following inner product and
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norm

[
ϕ,ψ

]
=

∫ 1

0

(
Dϕ1.Dψ1 + a2ϕ1ψ1 + σχϕ2ψ2

)
dz,

‖ϕ‖M =

[
ϕ,ϕ

]1/2

;

where ϕ = (ϕ1, ϕ2), ψ = (ψ1, ψ2) and the overbar denotes the complex

conjugation.

Then, as is easily checked, all the assumptions in a theorem due to R. C.

Diprima & G. Habetler [9] are satisfied. So we infer that the eigenvalues of

(L,M0) lie within circles of radii ‖M−1
0 B̃‖M about those of (Ls,M0), where

the notation µ is an eigenvalue of (C,F ) means ∃ ϕ �= 0 : C ϕ = µ F ϕ.

Let C be an arbitrary linear operator, then we denote the spectrum of C

by σ(C) and its point spectrum by Pσ(C). Let G−1 be the inverse of the

selfadjoint extension of M
−1
0 Ls in HM0 , then σ(G) = Pσ(M−1

0 Ls) and

σ(T ) = Pσ(M−1
0 L), where T = G + M−1

0 B̃. By virtue of [24, theorem

3.16, p.212], if η is an isolated element of multiplicity one of Pσ(Ls,M0)

such that dist(η, Pσ(Ls,M0) − {λ}) > 2 ‖M−1
0 B̃‖M and Γ a circle of

radius ‖M−1
0 B̃‖M centered about η, then Γ contains exactly one eigenvalue

of (L,M0) and it has multiplicity one.

The first conclusion we draw is that the eigenvectors of problem (5.10)

span the Hilbert space HM0 in a certain sense (see [9, p.220]).

To prove that the principle of exchange of stabilities holds for the deep

Bénard convection problem, we need to show that the eigenvalue with least

real part is necessarily real when its real part vanishes [8]–[36]. To this end,

let us set

(5.11) Ls1 =

(
(D2 − a2)2 a λ

a λ −(D2 − a2)

)
, B̃1 =

(
0 0

a λ δ(1 − z) 0

)

It is clear that ‖M−1
0 B̃1‖M is a continuous function of δ and that

‖M−1
0 B̃1‖M −→ 0 as δ −→ 0.

For δ = 0, it is easy to show that the eigenvalues are real and can be

ordered as follows
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0 < µ1 < µ2 < µ3 < . . . . . . Then the principle of exchange of stabilities

holds for the deep Bénard convection problem ∀ δ ∈ [0, 1] such that

(5.12) ‖M−1
0 B̃‖M ≤ |µ1 − µ2|

2
.

Remark 5.1. A similar argument leads to the same conclusions if we

replace the rigid upper and lower plates by a top free surface and a lower

rigid plate or by a top and bottom free surfaces. In the free-free case the

proof is sraightforward (see [11])

Before we close this subsection, we give an energy inequality which will

be used later; to this end, let us take the scalar product of (5.5) with (
→
v , ϑχ)

in L
2(Ω), then we obtain

1

2σ

d

dt
|→v |2 − λ(ϑ

→
e ,

→
v ) + ‖→v ‖2 = 0 ;(5.13)1

1

2

d

dt
|ϑ|2 − λ(

→
v .

→
e , ϑ) − (� ϑ,

ϑ

χ
) = 0.(5.13)2

Observing that : ∀ ϑ ∈ W1,2,

∃ C(Ω, δ) > 0 : (− � ϑ,
ϑ

χ
) = (�ϑ,

�ϑ

χ
) +

(
�ϑ,

δϑ
→
e

χ2

)
(5.14)1

≤ C‖ϑ‖2,

∃ k > 0, k =
1

1 + δ
− δ2

π2
: −(� ϑ,

ϑ

χ
) ≥ k‖ϑ‖2 (see [13]);(5.14)2

from (5.13), we get

(5.15)
1

2σ

d

dt
|→v |2 +

1

2

d

dt
|ϑ|2 + k‖ϑ‖2 + ‖→v ‖2 ≤ 2λ(ϑ

→
e ,

→
v ).
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5.4. Variational formulation

Let us choose δ ∈ [0, 1] such that the condition (5.12) is satisfied; since

for such δ’s the principle of exchange of stabilities holds, to study the lin-

ear stability of the equilibrium state, we have only to consider the steady

linearized problem, i.e.

− � →
v − λ ϑ

→
e + λ �q =

→
0 in Ω;(5.16)1

− � ϑ− λ χ
→
v .

→
e = 0 in Ω;(5.16)2

div
→
v = 0 in Ω;(5.16)3

→
v =

→
0 , ϑ = 0 on z = 0, z = 1;(5.16)4

or equivalently

(5.17)1 A ϕ− λ M ϕ = 0 = Ã(λ) ϕ ;

with {
D(A) = U1,2 ∩ H

2(Ω)

A ϕ = (−P � →
v , − � ϑ), ϕ = (

→
v , ϑ);

M ϕ = (ϑ
→
e , χ(z)

→
v .

→
e ).

As is easily verified, the adjoint problem to (5.17)1 is

(5.17)2 A ϕ+ − λ M+ ϕ+ = 0,

where ϕ+ = (
→
v+, ϑ+) and M+ ϕ+ = (χ(z) ϑ+ →

e ,
→
v+.

→
e ).

Hence problem (5.17)1 is not self adjoint. We will then use an adjoint

variational principle [6]–[12]. First, define the functional I(ϕ,ϕ+) on Ũ by

(5.18) I(ϕ,ϕ+) =
(M ϕ,ϕ+)

(A ϕ,ϕ+)
,

where Ũ =

{
(ϕ,ϕ+) ∈ U1,2X U1,2 : (A ϕ,ϕ+) �= 0

}
.

Then consider the following variational problem
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Variational problem. Maximize the functional I(ϕ,ϕ+) for (ϕ,ϕ+) ∈
Ũ .

Then as is easily verified, the vanishing of the first variation yields the

problem (5.17)1 and its adjoint. Let us replace ϕ+ by ϕ in (5.18), this

is possible since the adjoint boundary conditions are the same as (5.16)4.

Then we have

Lemma 5.1. ∃ ϕ̂ ∈ U1,2 such that I(ϕ̂) = I(ϕ̂, ϕ̂)

= maxϕ∈U1,2\{0} I(ϕ).

Proof. First observe that

(5.19) I(ϕ) =
((1 + χ)

→
v .

→
e , ϑ)

‖→v ‖2 + ‖ϑ‖2
=

((1 + χ)
→
v .

→
e , ϑ)

‖ϕ‖2
.

If ϕm ∈ U1,2 converges weakly to ϕ in U1,2 , then, by compactness of

the injection U1,2 ⊂ U0,2, we can extract a sequence, again denoted by ϕm,

such that

ϕm converges to ϕ in U0,2.

Therefore

lim
m→∞

inf ‖ϕm‖ ≥ ‖ϕ‖,

lim
m→∞

((1 + χ)
→
vm.

→
e , ϑm) = ((1 + χ)

→
v .

→
e , ϑ).

Hence

lim
m→∞

sup I(ϕm) ≤ I(ϕ).

Thus I is weakly upper semicontinuous, and attains its maximum in U1,2. �

5.5. Bifurcations

In this subsection, we will study the bifurcation from the eigenvalue 0

of Ã(λ) with respect to the eigenvalues λi of (5.17)1. Note that by the

elliptic nature of the problem (5.16), we expect an increasing sequence of{
λi

}
, 0 < λ1 ≤ λ2 ≤ . . . Moreover, each λi will be of finite mutiplicity. If
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we require the solutions of (5.16) to be cellular and set Li = (D2−a2)i, i =

1, 2, then we get as before

L2 W − λθa2 = 0 in (0, 1) ;(5.20)1

− L1 θ − λ χ W = 0 in (0, 1) ;(5.20)2

W = 0, DW = 0, θ = 0 on z = 0, z = 1 ;(5.20)3

where ϑmn = θ, wmn = W . Note that the system (5.20) is equivalent to

(5.16).

Following Iudovich [17], let G1(z, z
′), G2(z, z

′) be the Green’s operators

for the differential operators -L1 and L2 subject to the boundary conditions

(5.20)3. Both G1 and G2 are positive compact integral operators with posi-

tive symmetric oscillatory kernels [23]. Then the system (5.20) is equivalent

to

(5.21)1 W = λa2G2 θ, θ = λ G1χW,

or

(5.21)2 W = λ2a2G2G1χW, θ = λ2a2G1χG2θ.

Since χ > 0, the operator G = G2 G1 χ is a compact operator with

positive oscillatory kernel and analytic with respect to α, β. Therefore the

spectrum of G is a sequence of positive and simple eigenvalues

0 < µ1(a) < µ2(a) < µ3(a) < . . . . . . < µn(a) < . . .

and µ(a) = a2λ2 is analytic with respect to a > 0.

Thus the spectrum of (5.20) consists of the positive eigenvalues

Λn,k,m =

√
µn(a)

a2
(since λ ≥ 0), a2 = (kα)2 + (mβ)2,(5.22)

(m, k, n) ∈ N
3.

Since µ1(0) > 0, it follows that

(5.23)1 lim
a→0

Λ1,k,m −→ ∞.
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On the other hand, from (5.20), we get

|D2 W |2 + 2a2|DW |2 + a4|W |2 = a2Λ1,k,m(W, θ),

|Dθ|2 + a2|θ|2 = Λ1,k,m(χ W, θ),

where (., .) and |.| are L2(0, 1) inner product and norm. Using Cauchy-

Schwarz’s inequality we obtain

a2 |W |2 ≤ Λ1,k,m|W |.|θ| and

a2|θ|2 ≤ (1 + δ) Λ1,k,m|W |.|θ|.

Thus

(5.23)2 Λ1,k,m ≥ a2

√
1 + δ

−→ ∞ as a =

[
(kα)2 + (mβ)2

]1/2

−→ ∞.

To study the simplicity of the eigenvalues of problem (5.20), let us define

the function

(5.24) ψ(α, β) = Λn1,k1,m1 − Λn2,k2,m2 .

The function ψ is real analytic in α, β since µn and Λn,k,m are analytic

functions in a, a > 0. Proceeding as in Iudovich [17], we conclude that the

zeros of ψ are denumerable and so the set

Σ =

{
(α, β) : ψ(α, β) = 0, (n1, k1,m1) �= (n2, k2,m2)

}
is denumerable.

Thus we have proved

Lemma 5.2. The system (5.20) has a sequence of positive and simple

eigenvalues for all (α > 0, β > 0) except at most countably many points

in the (α, β)-plane.
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5.6. Linear stability

Setting ϕ+ = (
→
v , ϑχ) in (5.18) yields

(5.25) I(ϕ,ϕ+) =
2(ϑ

→
e ,

→
v )

‖→v ‖2 + (− � ϑ, ϑχ)
≤ 2(ϑ

→
e ,

→
v )

‖→v ‖2 + k‖ϑ‖2
≡ 1

λc

(by virtue of (5.14)2). The calculations of Rc (and hence of λc) has been

done in [11] for various boundary conditions.

From (5.15), if 0 ≤ λ < λc, we infer

1

2σ

d

dt
|→v |2 +

1

2

d

dt
|ϑ|2 + k‖ϑ‖2 + ‖→v ‖2 ≤ λ

λc

(
k ‖ϑ‖2 + ‖→v ‖2

)
.

Hence

(5.26)
1

2σ

d

dt
|→v |2 +

1

2

d

dt
|ϑ|2 + c

[
k |ϑ|2 + |→v |2

] (
1 − λ

λc

)
≤ 0,

where c > 0.

Thus |→v (t)| , |ϑ(t)| −→ 0 as t −→ ∞.

Summarizing, we have obtained the following

Lemma 5.3. Let λc be given by (5.25). If 0 ≤ λ < λc, then ϕ = (
→
v , ϑ)

= 0 is the unique solution of (5.5).

Lemma 5.3 may also be derived using the following argument : it is

matter of routine to write the Eqs. (5.5) as an abstract evolution equation.

To this end, let us introduce the following operators


Aλ : D(Aλ) −→ H X W0,2 = H, D(Aλ) = H
2(Ω) ∩ (V X W1,2)

= H
2(Ω) ∩ V,

Aλ ϕ = −(P � →
v , � ϑ

χ ), ϕ = (
→
v , ϑ) ,Mλ ϕ = −λ(ϑ

→
e ,

→
v .

→
e ).

With these notations, the system (5.5) becomes

d ϕ

d t
+ Aλϕ + Mλϕ = 0,(5.27)1

ϕ(0) = ϕ0.(5.27)2

As is easily seen, for λ ∈ [0, λc[ , the operator Aλ + Mλ = Ãλ is

accretive in H. From the Hille-Yosida theorem (cf. e.g [5]), we infer that

the spectrum of Ãλ lies in the positive complex half plane and we have the

following
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Lemma 5.4. ∀ ϕ0 ∈ D(Aλ), problem (5.27) admits a unique solution

ϕ ∈ C1([0,∞);H) ∩ C([0,∞);D(Aλ)).

Moreover

(5.28) ∀ t ≥ 0, |ϕ(t)| ≤ |ϕ0| and |d ϕ

d t
(t)| = |Ãλ ϕ(t)| ≤ |Ãλ ϕ0|.

For ϕ0 = 0, from (5.28), we get ∀ t ≥ 0, |ϕ(t)| = 0.

We are now in position to analyse the stability of the bifurcating solu-

tions of the system (5.5). Recall that the trivial solution will lose stability

for some λc ∈ [0, λ1]. Note also that when the principle of exchange of

stabilities holds, λ1 = λc (where λc is given by (5.25)). For those values of

δ such that the condition (5.12) holds, all the assumptions in [33, theorem

4.2] are satisfied as is easily checked, then we infer the following

Theorem 5.2. For the deep Bénard problem, solutions bifurcating

above criticality are stable, while subcritical bifurcating solutions are un-

stable.

6. Some remarks on the existence of periodic and quasiperiodic

solutions

6.1. Introduction

According to the Landau-Hopf scenario, the transition to turbulence

may be described as repeated branching of quasi-periodic solutions into

quasi-periodic solutions with more frequencies as the control parameter is

increased. The most important assumption in this scenario is that quasi-

modes do not interact or at least only weakly, i.e. each quasi-mode retains

its individuality.

In this Section, we will begin by investigating the bifurcation of a peri-

odic solution from a steady solution. Next, we study the bifurcation of a

quasi-periodic solution from a time periodic solution.
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6.2. Bifurcation of periodic solutions for the deep Bénard

problem

Assume that for some R = R0 > Rc a steady solution ϕ̃ loses its stability

and is replaced by a time periodic solution ϕ̂ with period 2 π
ω0(R) . Setting

ϕ = ϕ̃(x,R) + ϕ̂(x, t, R) in (2.1) − (2.2)1 (ϕ̃ = (
→
us, ϑs), ϕ̂ = (

→
up, ϑp)), we

obtain

∂tϕ̂ + Lϕ̂ + N(ϕ̂) + σ (�p, 0) = 0 ;(6.1)1

div
→
up = 0 ;(6.1)2

ϕ̂ = 0 on z = 0, z = 1 ;(6.1)3

ϕ̂(x, t +
2π

ω0
, R) = ϕ̂(x, t, R) ;(6.1)4

where Lϕ̂ = (−σ � →
up−σϑp

→
e +(

→
up.�)

→
us +(

→
us.�)

→
up,−�ϑp

χ +
→
us.� ϑp +

→
up.� ϑs − R

→
up.

→
e − 4δ

χ D(
→
up) : D(

→
us)), N(ϕ̂) = ((

→
up.�)

→
up,

→
up.�ϑp −

2δ
χ D(

→
up) : D(

→
up)).

Now, we assume that L has a simple complexe eigenvalue µ = ξ + i η,

i.e. ∃ ζ �= 0 : L ζ = µ ζ, and all the eigenvalues of L have negative real

parts. Note that µ̄ is also an eigenvalue of L. We will also assume that ζ

and µ vary continuously with R and that

ξ(R) > 0 for R < R0, ξ(R0) = 0, ξ(R) < 0 for R > R0.

We can then carry a similar argument to that of [34] to obtain the

following

Theorem 6.1. [34] Assume that the domain Ω is of class C2,2α, and

that L has a simple eigenvalue µ(R) such that µ(R) crosses to the left half-

plane as R increases across R0 and that L has no eigenvalue of the form

∓i k ω(R0), k ∈ N, for R = R0. Then there exists a family of periodic

solutions of the deep Bénard convection problem of period T (R) such that

T (R) −→ 2π
η(R0) as R −→ R0 and the amplitude of oscillations tends to zero.

The periodic solutions are of class C2,2α;1,α.

(The reader is referred to [7]-[34] for the definition and properties of the

spaces C l,α;m,β(Ω̄ X[0, T ]), T > 0, 0 < α, β < 1, l, m ∈ N).

In a similar manner, we can derive for the deep Bénard convection prob-

lem all the results found in [22]. In particular, we have the following
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Theorem 6.2. For the deep Bénard convection problem, subcritical

periodic motions are unstable, while supercritical periodic motions are stable

in the linearized theory.

Note that the equations (6.1) fit in the frame studied in [16]. Thus

under the same assumptions as in [16], all the results of [16] concerning the

existence and stability of periodic solutions are valid for the deep Bénard

convection problem.

6.3. Bifurcation of quasi-periodic solutions bifurcating from

periodic solutions of the deep Bénard problem

It is a matter of routine to rewrite (6.1) as an abstract evolution equation

(6.2)
d ϕ̂

d t
= F (R, ϕ̂).

As R is increased further, we assume that ϕ̂ loses stability when R =

R01. Let ψ be a small disturbance of ϕ̂, then ψ satisfies the linearized

equation

(6.3)
d ψ

d t
=

[
DϕF (R, ϕ̂)

]
ψ,

where DϕF is the Fréchet derivative of F .

Setting

ψ = eµ tζ(t), where ζ(t) is
2π

ω0
− periodic, we get

µ ζ = −dζ

dt
+ DϕF (R, ϕ̂)ζ ≡ L ζ, µ = ξ + i ω1 and(6.4)

ξ(R01) = 0, ξ(R) > 0(resp. < 0) for R > R01 (resp. < R01).

We again assume that i ω1(R01) is a simple eigenvalue of L and that the

rest of the eigenvalues of L have negative real parts.

Using a similar argument as in [20]-[21], we arrive at the following con-

clusions :

Case (i)

If ω1(R01)
ω0(R01) = m

n , 0 ≤ m
n < 1, (m,n) ∈ N

2, n �= 0, then we have for

(α) n = 1, 2, 3, 4, subharmonic periodic solutions bifurcate;
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(β) n > 4, under some conditions, a torus T 2 of asymptotically doubly

periodic solutions bifurcate.

Case (ii)

If ω1(R01)
ω0(R01) is irrational, then a torus T 2 bifurcates. Solutions on T 2 are

asymptotically doubly periodic with two frequencies ω0 and ω1.
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