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On some differential inclusions and their applications

By Grzegorz LUKASZEWICZ and Bui An ToN

Abstract. The existence of a solution of the evolution inclusion
u' 4+ 0p(t,u) + g(t,u) — F(u) 20 on (0,7),u(0) =&

is established. For each t in [0,T], ¢ (t, -) is a proper ls.c. convex
function from H to [0, oo] and F is an upper hemicontinuous set-valued
mapping of L2(0,T; H) into its closed convex subsets.

The time periodic problem

u +9¢(t,u) — F(u) 20 on (0,T), u(0)=u(T)

is studied. Applications to the heat equation with mixed boundary
conditions and to the coupled Navier Stokes and heat equations with
convection, dissipation and control terms in non-cylindrical domains are
given.

Introduction

In this paper we consider the initial value problem for the nonlinear
evolution inclusion

(0.1) ur + 0o (t,u) + g(t,u) — F(u) 30 on (0,7), u(0)=¢,

in a real Hilbert space H. For each t € [0,T], ¢(t,-) is a proper lower
semicontinuous convex function from H to [0, + oo], and F' is an upper
hemicontinuous set-valued mapping of L?(0, T'; H) into its closed and convex
subsets.
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The time periodic problem
(0.2) ut + 0p(t,u) — F(u) 30 on (0,7), wu(0)=u(T),

is also studied.

Abstract evolution equations as in this paper, with F'(u(t)) = f(t), where
f is an element of L?(0,T; H), have been studied by Brezis [B], then by
Attouch and Damlamian [AD], Kenmochi [K], Yamada [Y1],[Y2], Watanabe
[W], and others.

In the works of Kenmochi [K] and of Yamada [Y1],[Y2], the lower semi-
continuous convex function ¢ depends on t, and this allows, in particular,
to have a unified approach to the study of parabolic equations in both
cylindrical and noncylindrical domains.

In this paper we shall extend the above cited works to the case when F' is
a set-valued mapping. In Section 1 the notations and the basic assumptions
of the paper are given. The initial value problem for (0.1) is studied in
Section 2. The existence of periodic solutions of problem (0.2) is established
in Section 3. Applications are given in Section 4, first to the coupled Navier-
Stokes and heat equations with convection, dissipation and control terms,
then to the heat equation with mixed boundary conditions.

1. Notations and basic assumptions

Let H be a real Hilbert space with inner product (-,-) and norm || - ||.
We denote by L?(0,T; H) the space of strongly measurable functions from
(0,7) to H, with the norm

1/2

T
T { / ||v<t>\\%dt} ,

and the obvious inner product.

C(0,T; H) is the space of continuous functions from [0, 7] to H, with the
usual norm. For each ¢t € [0,77], let ¢(t,-) be a proper lower semicontinuous
convex function from H to [0, 4o00], with

D(o(t,:) ={ue H: 0<o¢(t,u) <oo}.
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The subdifferential of ¢(t,-) at u is the set

0o(t,u)={f e H: ¢t,v)—¢(t,u) > (f,v—u) forall ve D(o(t,-))}.

The domain of the subdifferential is

D(@s(t,) = {u € D(g(t,) :  Dp(t,u) # 0}.

It is known that A(¢,-) = d¢(t, -) is maximal monotone in H. The images of
A(t,-) are closed and convex subsets of H, and hence, for each t € [0,T] and
u € D(A(t,-)) there exists a unique element m[A(¢,u)] in the set A(t,u),
with minimal H-norm.

AssuMPTION 1.1.  For each t € [0,T] and ¢ > 0
K. (t)={ue H: 0<¢(t,u) <c}
is a non-empty and compact subset of H, with ¢(t,0) = 0.
Let S.(T") be the set
Su(T) = {u € IO, T H) + lualBagorun) + sup o(tu)+
0<t<T
lm[A w7207, < <}

and denote by X.(T) the closure in L?(0,T; H) of the convex hull of S.(T).
The set S.(T") is not empty as it contains zero.

AssuMPTION 1.2.  ¢(t,-) is a proper lower semicontinuous convex
function from H to [0,400] such that for some positive constants 19, C4
and Cy, each ty € [0,T] and each vg € D(¢p(to,-)), there exists an H-valued
function v on the interval I(ty) = [max{ty — 79,0}, min{tg + 70, T'}] with

(1.1) [o(t) — voll < Cult — told*/*(to, vo)
and
(1.2) o(t,v(t)) < ¢(to, vo) + Ca|t — to|¢"/*(to, vo),

for all t € I(ty).
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AssumMPTION 1.3. For given A > 0, F is a set-valued mapping of
X,\(T) C L?(0,T; H) into subsets of L*>(0,T; H), such that
1) F is upper hemicontinuous,
2) For each u € X)\(T), F(u) is a closed and convex subset of L*(0,T;
H),
3) For each € > 0, there exists C(e) > 0, independent of A, such that

sup{[ly(®)[*: v € F(u)} < ed+Ce)(1 + [lu(t)|),
for all uw € X)\(T), and almost all t € [0,T].

REMARK. Alternatively, one can write “semicontinuous” instead of
“hemicontinuous”, and “compact” instead of “closed”, in conditions 1) and
2), respectively, of Assumption I.3.

DEFINITION.  F is upper semi-continuous at zo € L?(0,T'; H) if for any

open N containing F'(xg) there exists a neighborhood M of xy such that
F(M)C N.

In the next two sections we shall use the following lemma (cf. [Y1],
[OY)):

LEMMA 1.1. Let ¢ be a proper lower semicontinuous convex function
from H to [0,400]. Suppose that Assumption 1.2 is satisfied, and let u €
HY(0,T; H), with u(t) € D(0¢(t,-)) for almost all t € [0,T).

Suppose further that the function t — ¢(t,u(t)) is absolutely continuous
on [0, T].

Then there exist positive constants Cs, Cy such that

d

— ot u(t) — (alt, u)

° Tu(t)| < Colt,u®) + Ci 2 u(e) ot w),

" dt
for a(t,u) € A(t,u) and for almost all t € (0,T).
2. Initial value problems for inclusions

The main result of this section is

THEOREM 2.1. Let Assumptions 1.1-1.3 be satisfied, and let for some
p € [2,400), C|lul|P < ¢(t,u) for all w € D(P(t,-)),t € [0,T]. For an
arbitrary A > 0, let u — g(-,u(-)) be a single-valued mapping of X\(T) into
L2(0,T; H). Suppose that:
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1) For any given € > 0, there exist C(e) > 0, independent of X, and
r >0 with

lg(t,u)|| < eX+C(e){1+¢"(t,u)} ae. in tel0,T],
for all w € X)(T),
2) If up, € X\(T) and u, — u in L*(0,T; H), then for a subsequence
{u,}, g(t,u,) — g(t,u) weakly in L*(0,T; H).
Then, for each & € D(¢(0,-)) there exist:
(i) a non-empty interval (0,Ty), with Ty =T if 0 <r <1/2,
(ii) a solution u € C(0,Ty; H) of the differential inclusion

(2.1) ug +g(t,u) € —A(t,u) + F(u) on (0,T), u(0)=E¢.

Furthermore, u; and A(t,u) are in L?(0,Ty; H) and ¢(t,u(t)) is absolutely
continuous on [0, T].

For ¢ > 0, the set-valued mapping § — wug, where ug is a solution of
(2.1), is upper semicontinuous from K.(0) C H into L*(0,Ty; H), with
T, = T.(c).

Theorem 2.1 extends earlier results of Attouch and Damlamian [AD],
where g(t,u) = g(t), F(u) = 0 and of Oeda [O], Yamada [Y1], where F(u) =
f(@).

Let v be an element of X(7") and consider the initial value problem
(22) ur € _A(tau) + f(U) - g(ta U) on (07T)a U(O) = 5

LEMMA 2.1.  Suppose that all the hypotheses of Theorem 2.1 are satis-
fied, and let, for A > 0, f be a continuous mapping of X»(T) C L?(0,T; H)
into L?(0,T; H). Suppose that for ¢ > 0 given, there exists a constant
C(e) > 0, independent of \, with

IF DI < X+ ClOfl + lv®)]*} ae. in te[0,T],

for allv e X,\(T).
Then there exists a unique solution u of (2.2). Moreover,

(23) wnlZay,m) + 66 u(®)) + [mAC, wO oo
< M{6(0,€) + €Mt + C(e) + /0 (6(s,0)) + 6 (5, v)ds},

where M is a constant independent of t,&,v, and .



374 Grzegorz LUKASZEWICZ and Bui An TON

PROOF. The existence of a unique solution v € L%(0,T; H) with u;
and A(t,u) in L?(0,T; H) is known. Moreover, ¢(t,u(t)) is absolutely con-
tinuous on [0, 7] (cf. Yamada [Y1], [OY]).

Let a(t,u) be an element of A(t,u). From (2.2) we have

~la(t, u) 2+ [lg(t, v) 12+ | £ )

(24)  (Gualtn) + a0 < 5

dt
By Lemma 1.1

So(tw)+ Slat )] < Coplt,w) + a2t w)la(t, )|

+ g, v)II* + 1 f(0)I*.

Thus
d 1 2
+C{ed+ C()(1 + [[vl* + ¢° (¢, v))}-
Hence

1 t
0(t.1) + Fllat ) my < 900.6)+ CHed+ C(@) + Cs [ o5, )
t
+Co [ (0s,0) + 6 (5.0)ds.
0
The Gronwall lemma gives

(2.6)  o(t,u) < Cr{¢(0,8) + t(eA + C(e)) +/0 (¢(s,v) + ¢°(s,v))ds}.
Therefore
(2.7) lalt, W) 22(0.00ry < Cs{9(0,€) + t(ex + C(e))
—I—/O (P(s,v) + ¢ (s,v))ds}.

It then follows from (2.2), (2.7) and from the hypotheses on f, g that

(2.8) IluellF2(o ;) < 09{¢(07€)+t(6)\+0(6))+/0 (6(s,0) + ¢ (s, v))ds}.

The different constants C are independent of A, ¢,v. The lemma is proved. []
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LAMMA 2.2.  Suppose that all the hypotheses of Lemma 2.1 are satis-
fied. Then, for sufficiently large A, there exists Ty(\) > 0 such that if v is
in Xx\(Ty) then the unique solution u of (2.2) is in Sx(T%).

PROOF. For ) large we take Ty = min(7,T'), where
T = {\— M¢(0,6)}/{M(eX+ C(e) + X + \*")}.

Then it follows from (2.3) that u is in Sy(7%). O

LEMMA 2.3. Suppose that all the hypotheses of Lemma 2.2 are sat-
isfied and let T, be as in Lemma 2.2. Then there exists a solution u €
C(0,Ty; H), with ug, A(t,u) in L*(0,Ty; H), of the inclusion

(2.9) ug € —A(t,u) —g(t,u) + f(u) on (0,7%), u(0)=2~¢.

Moreover, u is in Sx(Ty) for some A > 0.

PrROOF. Let L be the mapping of X,(7%), considered as a subset of
L?(0,T,; H), into L?(0,T,; H), given by L(v) = u, where u is the unique
solution of (2.2).

From Lemma 2.2 we know that L maps X)(T%) into X(T%). It is clear
that X (%) is a closed and convex subset of L?(0,Ty; H). Since Ky(t) is a
compact subset of H for each t € [0,7] by Assumption 1.1, it follows from
the Arzela-Ascoli theorem that Sy(7}) is a compact subset of L2(0,Ty; H),
and hence X(T}) is also compact in L?(0, Ty; H).

To show that L has a fixed point we apply Schauder’s theorem and thus,
it suffices to prove the continuity of L.

Suppose that {v,} C X,(Ty) and that v, — v in L?(0,Ty; H). Since
X\(Ty) is closed, v € X)(Ty). Let u, = L(v,) be the solution of the

inclusion
(2.10)  (un)t +9g(t,vn) = f(on) € —A(t,un) on (0,7%), u(0)=¢.
Since f is continuous in L2(0,T; H), f(v,) — f(v) in L?(0,Ty; H). With

our hypotheses on g we have g(t,u,) — g(t,v) weakly in L?(0,T%; H). Since
{upmu} C S\(Ty) we may assume that w, — u in L*(0,Ty; H), (uu): — ut
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weakly in L?(0,Ty; H) and a(t,u,) — v weakly in L?*(0,T; H). From the
maximal monotonicity of A(-,-) we obtain ¢ = a(t,u). By (2.10)

(2.11) ug + g(t,v) — f(v) € —A(t,u) on (0,7%), u(0)=2~¢.

Since the inclusion (2.11) has a unique solution, it follows that the sequence
{u,} itself and not just a subsequence of it converges to u in L?(0,Ty; H).
The lemma is proved. [

LEMMA 2.4. Suppose that all the hypotheses of Lemma 2.1 are satis-
fied and let 0 < r < 1/2, where r is as in Theorem 2.1. Then T, =T.

PROOF. Let u be a solution of (2.9) given by Lemma 2.3. With v = u
in (2.6) we get

o(t, 1) < Cr{6(0,€) + HeA + C(e)) + /0 (6(s,u) + 1)ds}

From (2.7) we obtain

t
I AC, w200y < Ce{d(0,€) + t(eX + C(e)) +/O (é(s,u) + 1)ds}.
It follows from the Gronwall lemma that

o(t,u(t)) + ||m[A(',u(-))]||%2(0,t;H) < Cy9(0, ) exp(Crot).

C' is independent of ¢ and Ty. By continuation we get T, = T. [J

PROOF OF THEOREM 2.1. Since F' is an upper semicontinuous map
of X,(Ty) C L?(0,Ty; H) into closed and convex subsets of L2(0,T,; H), it
follows from the approximate selection theorem that there exists a sequence
{fa} of a single-valued continuous mappings X)(T.) C L%(0,T,; H) —
L?(0,T,; H) such that for all n € N:

(i) the range of f,, is contained in the convex hull of the range of F,

(ii) graph(f,) C graph(F’) 4+ (1/n) (unit ball about the graph of F).
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cf. Aubin and Cellina [AC. p. 84]
1) Let u, be a solution of the inclusion

(2.12)  (up)t € —A(t,upn) — g(t,upn) + fn(un) on  (0,7%), un(0)=~¢.

From Lemma 2.2 we know that 7T, is independent of n and it follows from
Lemma 2.3 that w, is in S)\(7}). There exists a subsequence {u} of inte-
gers such that: u, — u in L*(0,Ty; H), (u,): — u¢ weakly in L2(0,T; H),
and m[A(t,u,)] — 1 weakly in L?(0,7T%; H). From the maximal mono-
tonicity of A(-,-) we deduce that ¢ = m[A(t,u)]. With our hypotheses
on g and F' we may assume that g(¢,u,) — g(t,u) and f,(u,) — h, both
weakly in L?(0,T%; H). On the other hand there exist y,, € F(u,) such that
Y — fu(uu)HL?(O,T*;H) < 1/p. Thus, y, — h weakly in LQ(O,T*;H). By
Assumption 1.3 the graph of F' is strongly-weakly closed, hence h € F(u),
and we have

(2.13) up € —A(t,u) —g(t,u) + F(u) on (0,7%), u(0)=2~¢.

2) We shall show that the mapping L : & — wu¢ of K.(0) C H into
L*(0,T.; H), T, = Ti(c), is upper semicontinuous. Here ug is a solution of
(2.13).

Since Sy (T}) is, by Assumption I.1, a compact subset of L2(0,T}; H),
to prove that L is upper semicontinuous it suffices to show that its graph
is closed. Suppose that &, — ¢ in H and that u,, — u in L*(0,Ty; H), u, €
L(&,). We have to show that u € L(£). Since S)(7%) is closed, it contains
u. As in the previous part we show that (2.13) holds. Thus u € L(§). The
theorem is proved. [J

It is clear that when L is single-valued, i.e. when (2.13) has a unique
solution for a given £, then upper semicontinuity is equivalent to continuity
and we have the continuous dependence of the solution on the initial data.

3. DPeriodic solutions of evolution inclusions
In this section we consider the inclusion problem
(3.1) up € —A(t,u) + F(u) on (0,7), wu(0)=u(T).

The main result is the following



378 Grzegorz LUKASZEWICZ and Bui An TON

THEOREM 3.1. Let ¢ be as in Theorem 2.1, and suppose that Assump-
tions 1.1 and 1.2 are satisfied, with ¢(0,w) = ¢(T,w). Assume moreover
that A is strictly mazximal monotone. Let F be an upper hemicontinuous
set-valued mapping of L*(0,T; H) into its closed and convex subsets, with

sup{[ly()] -y € F(u)} < C{1+ [lu(®)[|*} a.e. in te[0,T],

for all w € L*(0,T; H) and for some a € [0,1).
Then there exists u € C(0,T;H), solution of (3.1). Moreover, u,
A(t,u) are in L*(0,T; H), and ¢(t,u(t)) is absolutely continuous on [0,T).

In [Y2] Yamada proved the existence of a periodic solution of (3.1) when
F is a single-valued mapping with F'(u(t)) = f(t).
First we consider the differential inclusion

(3.2) ug € —A(t,u) + f(v) on (0,7), u(0)=u(T).

LEMMA 3.1. Let f be a single-valued continuous mapping in L?(0,T;
H) such that

[f (@) < C{1+ [w(@®)[*} a-e. in t[0,T],

for allw € L*(0,T; H) with some o € [0,1). Suppose that all the hypotheses
of Theorem 3.1 are satisfied.

Then for each v € L*(0,T; H) there exists a unique solution u € C(0,T;
H) of (3.2), with uy, A(t,u) in L*(0,T;H), and ¢(t,u(t)) is absolutely
continuous on [0,T].

PrROOF. To establish the existence of a solution of (3.2) we use the
Poincaré method and study the single-valued mapping ¢ — w(7T'), where
u = u(t) is the unique solution of the initial value problem

u € —A(t,u) + f(v) on (0,7), u(0)=E¢.

A standard argument shows that for large A the above mapping takes the
compact convex set K)(0) = {w : ¢(0,w) < A} into itself. Moreover, the
mapping is continuous. Thus the Schauder fixed point theorem gives the
stated result. Since the estimates needed in order to show that the mapping
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takes K, (0) into itself are similar to the ones used in the next lemma, we
shall not reproduce them.

Suppose that ui,us are two solutions of (3.2). Then, for a(t,u;) €
A(t,uj),j =1,2,

1d
5&““1 - u2H2 + (a(t,u1) — a(t,uz), u; —u2) = 0.

So .
/ (a(t,u1) — a(t,uz),us — ug)dt = 0.
0

Hence w1 = us. O

LEMMA 3.2. Suppose that all the hypotheses of Theorem 8.1 and of
Lemma 3.1 are satisfied. Let u be a solution of the inclusion

(3.3) up € —A(t,u) + pf(u) on (0,7), u(0)=u(T).
Then there exists a constant M independent of u,0 < p < 1, such that

sup @(t,u) + ||luell 20,70y + IM[AC, w( )]l 20,1y < M-
0<t<T

Proor. 1) We have

1d

Thus, with 0 < a <1 and p > 2, we get
Dyl + Clul? < &4
dt -

Hence, |lu(t)]|? < ||u(0)||?exp(=Ct) + Cy/c. Tt follows that [|u(T)|* <
C1/c(1 —exp(—CT)). Thus

(3-4) lu(t)|* < Ci{exp(~Ct)/c(1 — exp(~CT)) + 1}
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2) Asin (2.4) let a(t,u) be an element of A(¢,u), we have

d
0t u) + 3 la(t,w)|? < Caot,u) + Cas 2t w)lalt, ) + 5L £

so that J .
9t u) + 7 la(t, w)[|* < Cs50(t, u) + Co(1 + [|ul?).

On the other hand ¢(t,u) < (a(t,u),u) < ||a(t,u)||||u||. It follows that

la(t, w)[|* + C2(1 + [lul?).

co| —

d 1 )
- - <
S0t )+ Jllalt )| <

Hence, taking into account (3.4), we have

d
(3.5) £o(t,0) + Lllalt, W) < Gy,

l' ) U ] Y — 9

and
(3.6) o(t, u) < ¢(0,u(0)) exp(—(C/4)t) + Cho.

With ¢(T,u(T)) = ¢(0,u(0)) we obtain ¢(0,u(0)) < Cyo/(1—exp(—CT/4)).
Hence

(37)  é(t,u(t)) < Crofexp(—C/4)t)/(1 — exp(—(C/4)T) + 1}.
3) It follows from (3.5)-(3.7) that
(3.8) At w1720y < C11{8(0,u(0)) + 1} < Cia.

From the equation we obtain Hut||%2(0 b )

<
C are all independent of ¢t and of p, 0 < u <

Ch3. The different constants
1.0
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REMARK. If Cllul||? < ¢(t,u) for all u € D(4(t,-)) and some p €
(2,4+00) then we may take o =1 in Lemma 3.2.

Let L be the single-valued mapping of [0, 1]x L?(0, T; H) into L*(0,T; H)
defined by

(3.9) L(p,v) = u,

where u is the unique solution of

(3.10) ug € —A(t,u) + pf(v) on (0,7), u(0)=u(T),
given by Lemma 3.1.

LEMMA 3.3.  The mapping L is continuous and compact.

PROOF. 1) We show that L is continuous. Suppose that p, — p and
that v, — v in L2(0,T; H), with u, = L(iy,,v,). We have

(un)t € =A(t, un) + pnf(vn) on (0,T),  un(0) = un(T).
A proof as that in Lemma 3.2 gives

[(un)ill 20,y + sup @t un(t)) + Im[AC, un ()]l L2010 < M,
0<t<T

with M independent of n.

From Assumption I.1 and the Arzela-Ascoli theorem as well as the weak
compactness of the unit ball in a Hilbert space we obtain, for a subsequence
{v} 1wy — uwin L2(0,T; H), (u,); — ug weakly in L2(0,T; H), m[A(-, u,(+))]
— 1) weakly in L2(0,T; H). Moreover, supg<,<p ¢(t, u(t)) < M.

The maximal monotonicity of A(-,-) and the strong convergence of {u,,}
yield ¥ = m[A(-,u(-))]. Moreover

(3.11) up € —A(t,u) + pf(v) on (0,7), u(0)=u(T).

Thus, L(py,v,) = w, — u = L(u,v) in L*(0,T; H). Since the problem
has a unique solution, we may take the sequence {u,} itself instead of a
subsequence, i.e. L(pin,vs) — L(p,v) in L2(0,T; H).

2) We now show that L is compact. Suppose that 0 < pu, <
Lol 20,y < M, and set up = L(pn,vn). As above, {u,} stays in
a compact subset of L?(0,T; H), i.e. L is compact. This completes the
proof of the lemma. [J
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LEMMA 3.4. 1) L(0,v) =0 for allv € L*(0,T; H).
2) If u = L(p,u) then there exists C, independent of p, such that
||UHL2(0,T;H) <C.

ProOOF. The first assertion is trivial to check. The lemma is now an
immediate consequence of Lemma 3.2. [J

PrROOF OF THEOREM 3.1. 1) The existence of a periodic solution of
the differential inclusion

ur € —A(t,u) + f(u) on (0,7), wu(0)=u(T)

is a consequence of the Leray-Schauder fixed point theorem. Indeed, it
follows from Lemmas 3.3 and 3.4 that L(y, ) given by (3.9) satisfies all the
conditions of the Leray-Schauder theorem. Thus, the equation u = L(1,u)
has a solution.

2) Since F' is upper hemicontinuous in L?(0,T; H), with convex and
weakly compact images, we may apply the approximate selection theorem
just as in Section 2. This completes the proof of Theorem 3.1. [J

4. Applications

Let ©; be a bounded open set of R™ with boundary I'; and set Q0 =
Uo<t< (¢ X {t}), T = Up<r<r(Ty x {t}). We shall make the following as-
sumptions on §2.

ASsSumMPTION IV. 1) There exist k € N and ¢ > 0 such that for
each t € [0,T),Ty consists of k closed hypersurfaces Fz of class C3, and
dist(T) , T1) > g > 0 for j # i.

2) Let QL = Usert(Q x {r}). Then the domain € is covered by N
slices Qf‘j“j,éj >0andj=1,---,N. For each j, Qngéj
cylindriéal domain Sk, X (tj,t; + 6;) by a diffeomorphism of class C* up to
the boundary which preserves the time variable.

s mapped onto a

Let G be an open ball in R" with Q; C G for all t € [0,T]. By
WhP(@Q), Wg’p(G) we denote the usual Sobolev spaces, and by W~12(G)
the dual of Wy*(@).

1. Navier-Stokes equations coupled with a heat equation in-
volving convection and dissipation terms. We shall take n = 3 and
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denote by H,(G), HL(G) the closure of the set
D, (G) = {w = (w1, w2, w3) € C3°(G) :  div(w) =0}

with respect to the L?(G) and to the W12(G) norms, respectively.
By P we denote the orthogonal projection of L?(G) onto Hy(G).
Consider the initial boundary value problem in (u, 0):

(4.1) w—vAu+(u-Vyu+Vpe Fi(0), divfu)=0 in 9,

u=0 on I, wu(z,0)=uy in o,

with
v n
(4.2) Or = pN0 +u- VO — o > (ke +tja,)? € Fa(f) in Q
7,k=1
=0 on F, 9(56,0) = 00 in Qo.

We shall apply Theorem 2.1 to problem (4.1)-(4.2), and establish the ex-
istence of its local solution. Let U = (u,#) and let ¢ be the proper lower
semicontinuous convex function on H = H,(G) x W~12(G) given by

- v 1% .
(43)  0(U) = SIIVullia + 50lla@), i U € HYG) x L(O);

= 400, otherwise.

The canonical isomorphism of I/VO1 2(@) onto W12(G) is Aw = —Aw, for
w e Wol’z(G). The inner product in W~1%(G) is given by (f, g)w-12(q) =
< A7'f,g >, where < -,- > is the pairing between WOI’Z(G) and its dual.

Since ¢ is a lower semicontinuous convex function on H, its subdiffer-
ential 0¢ is maximal monotone in H.

Let ¢ be the lower semicontinuous convex function on W~12(G) given
by

(4.4) 0100) = S0l 2y i 6 € LA(G);

= 400, otherwise.
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LEMMA 4.1. Let ¢1 be as in (4.4). Then 0¢1 = pA.
PROOF. If f € O¢1(6) then

¢1(0) = d1(0) > (f,0 = O w-12(), forall o€ D(d).

First we shall show that Wol’z(G) C D(0¢1), and that —u/\ C O¢1, with
—u/\ defined on Wol’2(G). In fact, it is easy to check that if 6 € Wol’2(G)
and f = —u/A\0 then the above inequality reduces to

1
/Gag/ ~(6? +0°%) forall oc L*G).
e G2

To show that —u/\ = d¢1 with D(9¢1) = WOI’Q(G) it suffices to prove that
—p/\ is maximal monotone. Monotonicity is evident, moreover R(—uA +
I) = W~12(@). This completes the proof. [J

LEMMA 4.2. Let ¢ be as in (4.3). Then 0¢(U) = (—vP(Au), uh).
PROOF. It follows from Lemma 4.1 and results in [O0Y]. O

Let K (t) be the closed convex set
Kit)y={UeH: U=0 in G-},

and let

(4.5) o(t,U) = ¢(U) + Ik (U),
where Iy is the indicator of the set K (t). We have

D(¢p(t,))={Uec H: Ulg, € H: () x L*(Q), U=0 on G — Q},
and

(4.6) D(9o(t,")) = {U € H: U |, € (Hy(Qu) N W2()) x Wy 2 (),
U=0onG— N}
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LEMMA 4.3. If ¢(t,-) is as in (4.5) then Assumptions 1.1 and 1.2 are
satisfied. Moreover X (T) = co(Sx\(T')) = co(SA(T")) = Sx\(T).

PROOF. For each t € [0,7] the set Kx(t) ={U € H: ¢(t,U) < A}
is a compact convex subset of H. Indeed, a straightforward application of
the Sobolev imbedding theorem gives the stated assertion.

We now show that Assumption 1.2 is verified. Let Vp be in D(¢(to, -)).
The existence of V' = (v,0) € D(¢(t,-)) with all the properties stated in
Assumption 1.2 follows from Lemma 3.2 of Otani and Yamada [OY] for v,
and from Yamada [Y1], p.119 for 6.

Moreover,

99(t,U) ={(f1. o) e H: P(Q)(f1 la.) = —vP(Q)(A(ula,)),
fo=—pA0), U= (u,0) € D(0¢(t,-))},

whence the last statement of the lemma. [J

LEMMA 4.4. Let g1 be the mapping of H}(G) N W?2%(G) into
W=L2(@), given by

3
v
g1(u) = 9 Z (ukyl'j + u]}ﬂﬁk)Q'
Jk=1

Then
lg1(w)llw—12c) < el P(AW)| 1, ) + ClO)lullF o).

PRrROOF. With G being a bounded subset of R3, the Sobolev imbedding
theorem gives

1/2 1/2
lullzsa) < Cllullyrgy 1Vulls@ < IValiag IVull sy

Thus

(91 (w), 0) < Cllullyr2 o [[VullLsa) [0l o)

3/2 1/2
< Cllullyyiae lullifae IVl

Moreover, for u as in the lemma, [ully2.2(q) < Cs||P(Au)| g, (@), and now
the desired inequality easily follows. [J
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LEMMA 4.5. Let go(u,0) be the mapping of HL(G) x Wol’2 into
W=L2(@), given by

< g2(u,0),v >=(u-Vl,v), forall ve Wol’Z(G).
Then

llg2(u, 0)[lw-12(cy < €ellABllw-12(c) + Cle)([ull 1y + 1011Z2())-

Proor. With u,v, and 8 as in the lemma we have

(- V0, 0)] = (- V0, 0)] < Cllull o lloll 210 ooy

Moreover,

1/2 1/2
18llz36) < ClOlyr26) 10126y 1002z < CllABlw-126).
whence the lemma follows. [J
THEOREM 4.1. Let (ug,0p) € H}(Q0) x L*(Q0), and let Fj,j = 1,2 be

set-valued mappings of LQ(O,T;WC}Q(G)) c L20,T;W=Y2(@)) into
L2(0,T; W=12(@)). Suppose that

1) Fj are upper hemicontinuous,

2) For each 0, F;(0) is a closed convex subset of L*(0,T; W~12(@)),
3) For each € > 0 there exists C(e) such that

sup{[[lf OOy 12y = f(0) € Fj(0)}
< OO 1) + CO+ 100y 15}
for all € L?(0,T; Wol’z(G)) and for almost all t € [0,T].
Then there exists a non-empty interval (0,7T,) and a pair of functions
(u,0) € (L2(0, Ty; HE (%)) N W22(Q4)) x L0, Te; Wy (%)),
such that
(ut,0;) € L*(0, Ti; Hy (G)) x L*(0, T; W—12(@)),

satisfying system (4.1)-(4.2), with T = T.

The mapping (uo,0o) — (u,0) of K.(0) C H into L*(0,T,; H), where
H = H,(G) x W=Y(Q), is upper semicontinuous.
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PrROOF. Let U = (u,0) and let ¢(¢,U) be as in (4.5). Set
9(U) = (go(u), g1(u) + ga(u, 0)),
where go(u) = P((u - V)u),
FU) = (F1(0), F2(0)),  U(0) = (uo,bo),

and A(t,U) = 0¢(t,U).
Using Lemmas 4.4 and 4.5 as well as earlier results (cf. [0Y], [O], [KF])
it is easy to check that

lg(@)llmr < el A, U) i + Cle)(L + ¢*(t,U)).
A direct application of Theorem 2.1 gives the stated result. [

2. Mixed boundary problems for evolution inclusions. Let
be as before and let G be a bounded, open and simply connected subset
of R™ with a smooth boundary. We assume that €); is a subset of G and
that for each t € [0,T],7 = 0G N T} is a non-empty closed surface. Set
v = Up<t<77: and let

HG)={uecW"¥G): u=0 on 0G—~}.

Let j be a proper lower semicontinuous convex function from R to [0, +0o0]
with j(0) = 0 and let § = 0j. We shall consider the initial boundary value
problem

(4.7) u— Au € F(u) in Q, —aiu € B(u) on 7,
n
u=0 on I'—7, wu(z,0)=¢ in Qo;

as well as the time periodic problem

(4.8) up—Au € F(u) in Q, —gu € B(u) on 7,
n
u=0 on I'—~, wu(z,0)=u(z,T) in Qy= Q.

Let H = L?(G) and ¢ be defined by

¢ —1 ul?dx (u)do
(4.9 o) =y [ wultdz+ [ e

if weH(G) and j(u) € L'(y);

= 400, otherwise.
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LEMMA 4.6. Let ¢ be as in (4.9). Then 1) 0¢(u) = —Au,

2) D(0¢(u)) ={uec H(G): AucH, —6%u € fB(u) on ~}.

PROOF. For u € WH2(G) and Au € L3*(G), a%u e W122(0G) (cf.
Lions and Magenes [LM]). Let Au = —Awu, with

D(A) ={u € H(G); Auc L*Q), —%u € B(u) on ~}.

We shall show that A is maximal monotone in H and that A C 0.

1) Clearly A is monotone. For u € D(A), and v € D(¢) we have
0
— [ Au(v—u)dr = | VuV(v—u)de— < —u,v—u >,
G G on
where < -,- > is the pairing between W~1/22(y) and W'/22(v). Thus
- [ Bue = wds < 6(0) - b(u),
G
whence A C 0¢.
2) To show that A is maximal monotone in H it suffices to prove that
I+Ais onto. Since 3 is maximal monotone, its resolvent operator (I+\3)~*

is non-expansive for all A > 0.
Consider the elliptic boundary value problem

(4.10) —Auyx+uy=f in G, uy=0 on G — 7,
uy + )\iuA =T+ X3)"'v on 7.
on

For (f,v) € L*(G) x L?(y) there exists a unique solution uy € WH2(GQ) of
(4.10). Let L be the mapping of L?(y) into itself, defined by

(4.11) Lv = uy |y.
3) We now show that L is a contraction. Let Lv® = u¥ |,. Then

||u}\ - Ui”{%{/m(c)— < %(U}\ — ui),u}\ — u?\ >=0.
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Hence

lux = udllfregey + A s — w37z

= AT+ 28) 7 — (T +28) "% ul — ).
In particular, with 0 < o =1/(Ac+1) < 1,
uy — u3llr2¢y) < allvt = 03| 2.

It follows that L has a fixed point, i.e. Luy = u).

The constant ¢ is given by [lw|[z2¢y) < c*1/2Hw||w1,2(G> for all w in
WLQ(G)

4) We have

0
lullfee— < 5y s ur >= (fruxn) < I fllz2eylunllcz @),

so, using the boundary conditions we obtain

1, 1 1, 1 B
sz + 5 (urnw) < SlIFllL2 @) + yluallze) I+ A8) " uall 2y

Since 0 € 3(0) and (I + AB)~! is non-expansive, we have

(I +A8) " uallz2(y) < lluallzzy)-

Thus,
luxllwrz@y < N fllzze)-
Let A — 0", and we obtain by taking subsequences: uy — u weakly in

W2(G) and strongly in W"2(G) for 0 < r < 1. It is clear that u = 0 on
0G — ~. On the other hand

0

U= Ba(uy) — oY

weakly in W1/22(y).
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The Yosida approximation () has the property: [i(uy) € B((I +
AB)"tuy). Since (I + AB)~'uy — w in L%(v), it follows from the maxi-
mal monotonicity of 3 that _a%” € B(u). The lemma is proved. O

Let K(t) = {u€ L*(G); u=0 ae. in G—Q}, and let
(4.12) ¢t u) = (¢, u) + I(p) (u),
where ¢ is as in (4.9) and If ;) is the indicator of the set K (). Then
D(0¢(t,-)) = {u € L*(G), Au € L*(G),u |, € WH?(y),

0
u=0 on G —Q, —a—nueﬂ(u) on Y }.

LEMMA 4.7. Let ¢(t,-) be as in (4.12). Then Assumptions 1.1 and
1.2 are satisfied.

PROOF. As in Lemma 4.3. [J
For the initial value problem (4.7) we have the following result.

THEOREM 4.2. Let F be an upper hemicontinuous set-valued map in
L*(0,T; L*(@)). Suppose that for each u, F(u) is a closed and convex subset
of L?(0,T; L*(G)). Suppose further that

sup{lly()ll72c) 0 ¥ € Fuw)} < C{1+ lu(®)llF3 )}

for some o € [0,1], all u € L?(0,T; L*(G)) and almost all t € [0,T).

Then, for any given & € W12(Qq), with € = 0 on Ty — v and —8%5 €
B(€) on o, there exists a solution u of (4.7) such that u € C(0,T; L*(G)), u
and Au are in L2(0,T; L?(Q)), u € L?(0,T; W12(Qy)).

The set-valued mapping & — ug of K.(0) into L*(0,T; L*(G)) is upper
semicontinuous.

PrROOF. In view of Lemmas 4.6 and 4.7 the stated result is an imme-
diate consequence of Theorem 2.1. [

For time-periodic solutions, by applying Theorem 3.1 we obtain the
following

THEOREM 4.3. Suppose all the hypotheses of Theorem 4.2 are satisfied
and suppose further that Qg = Qp and that 0 < a < 1. Then there exists a
solution u of (4.8) with the same regularity properties as in Theorem 4.2.
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