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Nondegeneracy and Single-point-blowup
for Solution of the Heat Equation

with a Nonlinear Boundary Condition

By Bei Hu

Abstract. This paper studies the nondegeneracy of the blowup
limit and the single-point-blowup for the heat equation u; = Au with
the nonlinear boundary condition u, = u? on Q2 x [0,T). Under certain
blowup rate assumption (which was established recently under some
assumptions on the initial data), we prove that the blowup limit is
nontrivial at the blowup point. We also establish that the single-point-
blowup occurs in two space dimensional radially symmetric domain
with non-radially symmetric initial data with only one “hill” on the
boundary.

1. Introduction

Let us consider the following heat equation with a nonlinear boundary
condition:

(1.1) ng = Au forx e, t>0,
(1.2) gz = P forxe€0Q, t>0,
(1.3) u(z,0) = wup(z) forxze (uo(x) > 0),

where Q is a bounded domain in R" with boundary 992 € C**® (0 < a < 1),
n is the exterior normal vector on 02, p > 1 and ug(z) > 0.

It is known for a long time (cf. [19], [20], [22]) that the solution blows
up, for certain wup(x), and in [6] for all ug(x) # 0. If uP is replaced by a
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general nonlinear function f(u), a necessary and sufficient condition was
found in [22] for the problem to have a finite time blowup.

In the one space dimensional case as well as a radially symmetric do-
main in R", the blowup set, blowup rate and asymptotic blowup limit were
obtained (see [6] [7]) under certain monotonicity assumptions on the initial
data. The blowup rate is also studied in [3] with more general initial data.
Similar questions are also studied in [5] for equation (1.1) with an additional
competing absorption term —cu? with the boundary and initial conditions
(1.2)—(1.3).

The problem for a general domain in several space dimension is more
difficult than the one dimensional case. The local existence theorem for
ug € L1 (¢ > n(p—1)/2) for the system (1.1)—(1.3) is obtained in [17]. Using
the integral equation method, partial results on blowup were obtained in
[25]. In our recent papers [15] [16], the blowup rate is established for all

n
n—2
the case n = 2, under the assumption Aug(x) > 0. The asymptotic blowup

subcritical p’s, namely, for 1 < p < inthecasen >3 and 1 < p < oo in

limit is also discussed.

There are a lot of similarities between the system (1.1)—(1.3) and the
equation:

(1.4) ug — Au = uP, (p>1).

For this equation, questions like blowup rate, blowup limit, nondegener-
acy, single-point-blowup or finite-point-blowup were studied extensively by
a number of authors (cf. [1], [2], [4], [8], [11]-[13], [21], [23]-[24], etc.). In [§]
various results regarding to the blowup rate and blowup set were obtained.
Later, by introducing self-similarity variables, the authors of [12] eliminated
the monotonicity condition and obtained the rate estimates for subcritical
p’s, namely, for p € (1, Z—fg) Moreover, the asymptotic behavior near the
blowup time was obtained in [11]-[13]. Questions like single-point-blowup

or finite-point-blowup were studied in [8], [4], etc..

This work is a continuation of our works [15] [16]. We state the nonde-
generacy result as follows.

Suppose that

(1.5) r;leaé(u(a:,t) < T—1p
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for some positive constant P. If for some K >0

(1.6) lim inf (T — t)° inf u(a+ yVT —t,t) =0,

=T ly|<

then a is not a blowup point, namely, u(x,t) is uniformly bounded in a
neighborhood of the point a. In another words, the blowup limit cannot
be 0 if a is a blowup point. As mentioned above, the assumption (1.5) is
valid (see [15], [16]) for subcritical p’s with monotonicity assumptions on
the initial data (i. e., u¢(x,0) = Aug(x) > 0).

A natural question is whether it is possible to have a single-point-blowup.
For equation (1.4) in one space dimensional case, Chen-Matano [4] studied
the number of blowup points by looking at the sign of the u, (actually, more
general f(u,t) in place of uP is studied in [4]). For the system (1.1)—(1.2),
one can also study the one space dimensional problem or the radially sym-
metric data on a radially symmetric domain (which is essentially one space
dimensional). However, such a system must have blowup points everywhere
on the boundary, if blowup ever occurs, owing to the symmetry of the data.
Here, we shall study a two space dimensional problem with radially symmet-
ric domain, but with non-radially symmetric data. Therefore the problem
remains two dimensional. We shall establish the single-point-blowup for
those monotone initial data with only one hill on the boundary. Our result
is as follows.

Letn =2, Q = B1(0) = {(z1,72); 27+ 23 <1} and 1 < p < 0. We
assume that ug(r,0) = up(x) (v1 = rcosf, xo = rsinf) is C? and satisfies:

(1.7) up >0, Azug>0 forxe Bi(0),
(9U()
(1.8) = ub for|z| =1,
a'LLo
(1.9) W(T’9)<O for0<r<1,0<6<m,
(1.10) uo(r,0) =up(r,2mr —0) for0<r<1,0<6<m.

Then (r,0) = (1,0) is the only blowup point.

In section 2, we shall establish a local estimate, the proof is purely
based on the regularity (Holder’s estimate, etc.) of parabolic equations.
This local estimate, together with the energy estimates in section 3, gives
us the nondegeneracy result.
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It turns out that the nondegeneracy result is a powerful tool to study
whether single-point-blowup will occur. By the monotonicity of the solu-
tion, all asymptotically self similar solution will have to converge to the one
dimensional solution of the limit equation, if we have more than two blowup
points. This gives us a sharp estimate on the rate of du/00 as t — T — 0,
which leads to the single-point-blowup result in section 4.

2. Local estimates

Suppose that u satisfies the equations (1.1)—(1.3) and that

(2.1) ulz,t) < for (z,t) € Qs(a) = (Bs(a) N Q) x (T = 62,T),

__c
(T —t)P
for some a € 92 and § > 0. (If a € Q, then [16, Theorem 4.1] implies that
a is not a blowup point). We want to show that a is not a blowup point if
¢ is small enough.

ProprosiTION 2.1. There exists g > 0, depending only on p, n and
C?% norm of 00 (it is independent of §), such that if (2.1) is valid for some
e < e, then

u(z,t) < C forx € Bsjom(a)NQ, 0<t<T,

for some m > 1.

For the application of this proposition later on, it is important to keep
€o to be independent of §. We divide the proof into two lemmas. In the
proof of the following Lemma 2.2, the scaling argument, together with the
parabolic Holder’s estimates, gives a function inequality which will imply
a better rate estimate than that in (2.1). Similar procedure will then be
iterated in Lemma 2.3 to obtain Proposition 2.1. Therefore, Proposition 2.1
can be viewed as a direct consequence of the regularity theory of parabolic
equations.

LEMMA 2.2. There exists ¢g > 0, depending only on p, n and C*
norm of 98, such that if (2.1) is valid for some € < g, then

C(e,6,p, 09)

(22w =

Jorz € Bsjp(a)NQ,0 <t <T,
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where 1 = max (g,ﬂ — %)

Proor. For simplicity, we let a = 0. Take a cutoff function {(z) such
that

] 1 forfx| <6/2 [
(2.3) (z) = { 0 for |x|>36/4 ° 8n(x) =0 ondf,
C C
D<@ <1 V@I < S, DK@ < 5.
Then the function v = (u satisfies the equations
v .
(2.4) 5 Av = =2V(-Vu—uAl= f(x,t) inQx(0,7),
(2.5) gz = «”'v on 9Q x [0,T).
For each (z*,t*) € <335/4(0) N ﬁ) x [T —62,T), we set
L(t") = max u(z,t)
{z€Bs(0)NQ, 0<t<t+}
and introduce the scaling
S W A=
SO(Z/»S)—L(t*)U( y+zt Ns+t7), —m-

The parabolic Schauder’s estimate (see [9], [18]) then easily leads to

C o
|Vu(z*, t*)| < CLP(t") < 3 for 2% € Bgs/y N, 0 <t <T.

(T —t+)(1/2)
Let
(2.6) M(t)= max ov(x,7).

z€Q,0<7<t

For each ¢ € [T — £2P=1§2 T (we assume that £2P~1) < 1/4), either
(2.7) M(t)< M(2t-T),

or
(2.8) M(t) > M2t —T).
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In the following discussion, we shall assume that (2.8) is valid. It follows
that there exists (2*,t*) such that 2* € QN {|z| < 36/4}, t* € (2t — T,t ]
and M(t) = v(x*, t*).

We shall use the scaling argument analogous as in [10]. Introduce the
rescaled function

2

1 ~ 0
(29) @A(yv S) = M(E’)v()‘y + I*a >\25 + t*) for Y € Q)n _ﬁ S S S Oa

where Q) = {y; Ay +z* € Q}. If we choose

VT

(2.10) A=

)

then A < v/26. So the function ¢y solves

dpx A2~ I |

s ySO/\"‘M(t)f(?JaS) or y € 8y, 4_8_()’
IO\ iy s)on for y € 9%, — = < 5 <0

on = 0y, S)¥x ) Ay 4 ==

— 1
0<pr(y,s) <1, foryGQ)\,—Z <s5<0,
where f(y,s) = f(z,t) and b(y, s) = AP~ }(2,t). By (2.1),

T,
by, s)al < [b(y, 8)| < e <y

it is clear that for f(y,s),

C(4) C(4)
(T — )28 T (T =)

F(y.5)| <

Therefore, we can apply the parabolic interior-boundary Holder’s estimates
(see [18], or one can simply write the solution in terms of the Green’s func-
tion for the Neumann data, and obtain Holder’s estimate immediately) to
obtain
A2
| @ei-sscaco < € (1+ L] oo )



Single-point-blowup 257

for some universal constants C and o € (0,1/2) depending only on n and
09). It follows that, in terms of v,

v(x* t*) — v(x*, A2s 4+ t¥)
<0M(3§)<1+ X )HU for —~ <s<0
—=_ o |8 or — — S .

<G M) L 3

Therefore, for —1/8 < s < 0,

g i o * 06v5 o
We now let ~
1 T

Since t* € (2t — T, t ], we have —e2(P=1) < 5 < (. We assume that e2(P~1 <
1/8. Then from (2.11),

C(6,¢)

< MEI-T)+C(2) (1 4

(1—C 2P VM@E) < MQ2E-T)+

1
(T — E)ﬁ1/2>
for T — ?P~1§2 <t < T with (2.8) holds.
It is obvious that the above inequality is valid when (2.7) holds. Let T—t = 7
and g(7) = M(T — 7), then

~B-1/2

for 0 < 7 < 2P~ §2,

(1— C2rD7)g(r) < g<2f>+c<6,s>(1+ ! )

1
Recalling that 7 = max (g,ﬁ — 5) > 0, (in fact, the proof works for any
17>Oifﬁ—%§0),wehave
211 — C12P~ VY g(7) < (27)7g(27) 4+ C(6,6,p) for 0 < 7 < 2P~ D g2,
We now take € to be small enough such that

e 2 1 1
(212) 0<e<s,  20-Cig’ M) =1+ =, 4PV <
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Then

21 -1 2(p—1) £2
1+ 5 mg(1) < (27)"9(27) + C(6,2,p) for 0 < 7 < eP7H 6%,
This inequality, together with the continuity of 7"¢(7), gives

n < (6 n
719(7) < 55— C(6,€,p) +82@71)62/122?92@71)620 9(0),

for 0 < 7 < e2(P=1§2. Rewriting this inequality in terms of M (t), we obtain,

(2.13) M(t) < Cle,6.p)

It is clear that ¢ dependents only on p and C;. Therefore €y depends only
on p, n and the C?**® norm of 9. The lemma is proved. O

Next, we prove

LEmMMA 2.3. If

(2.14) u(z,t) < forz € Bs(a)NQ, 0<t<T,

T
for some n < B and some C > 0, then
(2.15) u(z,t) < C(6,p,Q) forx € Bsjom(a)NQ, 0 <t <T,
for some m > 1.

ProoOF. For each (z*,t*) € (Wﬂﬁ) x [T'/2,T), we let

L(t") = max u(z,t).
{z€Bs(a)NQ, 0<t<t*}

Similar to Lemma 2.2, the parabolic Schauder’s estimate (see [9], [18]) im-
plies that

(2.16) Vu(a*, ) < CLP () < —C

(T — t*)pn”
Define function ¢ as in (2.3), and define v = (u as before. We apply the
same procedure as in (2.4)-(2.9) except that this time we define

(2.17) A= (T —t*)ne=1),
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The function b(y, s) = MuP~!(z,t) then satisfies

C
-1y~
b(y, s)pa| < (T —t¥) Ty <.

Similarly, f(y, s) satisfies

c()

|f(ya8)| < m

Similar to (2.11), we now have

- - C(6,p)
< o 2 * ) o
(2.18) M(t) < CyM(t)|s|” + M(AN°s+t*) + Tty |s]7.
Define s the same way as before, namely,

1/~ . 2t — T — t*
s = ﬁ<2t—T—t ) - T

Since n < 3, we easily conclude
1 1-2n(p—1) 1-n/B
_ég_(T_zj = —(7-%) <5 <0,

provided T — # is small enough. Substitute this into (2.18), we obtain
M(#) < CiM(E)|T — g0 =70
+M(2t —T)

1
+C(6a p) (1 + (T _ f)nf(pfl)nfo'(lfn/ﬂ) ) '

(2.19)

Similar to the proof of Lemma 2.2, we now obtain a better rate estimate as
follows.

w(w, ) < M) < SEpn)

S L for x € Bsjp(a)NQ, 0<t<T,

where
1

¢ = max <mﬂ7— (p—1)n—o(1 —77/5))
For any n < /3, (notice that 0 < o < 1/2)

(p—1n+o(l=n/8)=o+nllp—1) ~20(p-1)] > 0.
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Therefore by repeating this procedure finitely many times (the exponent will
be reduced by at least o each time we apply the procedure, if the resulting
exponent is still > 1/(4p — 2) ), we obtain

C

(2.20) u(z,t) < (T — ) /@-2)

for z € Bsjgm-1(a) N Q, 0<t<T,

for some m > 1. But then the regularity obtained from the scaling argument
as in (2.16) gives

C

7@ t)‘ S T DY)
= \/TCi—t for x € Bs/om(a) nQ, 0<t<T,

which implies that
u(z,t) < u(z,0)+ /Ot ug(x,7)dr < C for x € Bsjom(a)NQ, 0<t<T.
The lemma is proved. O
3. Nondegeneracy of blowup limit
We will assume throughout this section that
(3.1) max u(x,t) < 8= 5 !

€ (T_t)ﬁ’ (p_ 1>’

for some positive constant P. This estimate is valid if we assume the fol-
lowing (see [15], [16])

(3.2) l<p<oo forn=2, 1<p<L2 for n > 3,
n—
(3.3) o0 € C* for some a € (0,1),
(3.4) ugp >0, Aug>0 forax e,
0
(3.5) 10 _ ub for x € O0.

an
As in Giga and Kohn [11]-[13], we introduce the scaled solution:

wa(y’ 3) = (T_t)ﬁu(x7t)v
r—a=yvVT —t, T—t=¢e",
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where a is a fixed point on 9. If u solves (1.1), then w, solves

0 1
(36) %wa—Awa—i—iy-Vywa—i—ﬁwa:O in W
85:;“ =wh on 9,W,
where
W = U Qu(s),
s>so+1
and

Qu(s) = {(y,5); e*?y+aecQ}, so=—nT.

The estimate (3.1) implies the following estimates

%U(%t) < C(P,p,) Ifggup(m,t) < %,
(%jgmku(x,t) < C(P,p,0Q) Teag u? Yz, t) < (TC—(%%’
(see the proof of [16, Theorem 3.1]). As a consequence,
(3.7) 0 <wu(y,s) < C(P,p,Q) for (y,s) e W,
(3.8) ’%wa(y, s)| < C(P,p,Q2) for (y,s) € W,
92
(3.9) mwa(y, s)| < C(P,p,2) for (y,s) € W,

where the constants C' are independent of the point a. For the following
“energy” functional (as in Giga and Kohn [12])

1 1
3.10) E :—/ Vw2 + Bow?) dy — —— P+ g,
(310) Eu(9) = 5 || ApIVywal’ + Bpui) dy = =7 | pu

(where p = exp(—y?/ 4)), it is established in [16, section 5] that

d ow,
ds (5) /Qa(s) p’ ds

Ja(s) < CFe™¥/4,

2
dy + Ja(s)a

(3.11)

% [Ea(s) + 40*6—8/4] <0,
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and

oo ow,
3.12 / / ’ a4
(3.12) w Jouw " Bs

A careful examination of the proof given in [16] indicates that the constant
C* in inequality (3.11) is independent of the point a; it dependents only on
n, p, , and P. Notice that (3.11) claims that the “energy F,(s)” has a
limit “E4(00)”. The energy E,(s) is the difference of two terms:

Bis) = [ (oIl + Bput) dy

2
dyds < oo.

E%(s) = /89(3) pwbttds.

It is proved in [16] that the limits of both terms exist, and

(313) tm Bis) = 22 Vg o) 1 B2(s) = 22D

S—0Q0 p _ 1 00 p . 1 Ea(oo)

LEMMA 3.1. Let the assumption (3.1) be in force. If for some K >0

(3.14) liminf(T — t)? inf w(a+yvVT —t,t) =0,
t-T lyl<K

then,

(3.15) lim sup(T — t)? sup u(a+ yv'T —t,t) = 0.
=T ly| <K

PrOOF. Without loss of generality we may assume that the exterior
normal direction at the point a is (—1,0,---,0). By (3.14), there exists
(v, s5) such that
(3.16) lim y; =y € R?, lim s; = +oo, and lim w,(y;,s;) =0,

j—00 j—o00 j—00
where R = {(y1,--+,yn); y1 > 0}. From (3.7)—(3.9), there exists a further
subsequence of s;’s, still denoted by s;, such that w,(y,s + s;) converges
uniformly on any compact set to a function wi°(y,s). The estimate (3.12)
implies that wS° is independent of s. Hence

1
(3.17) —Aywg® + JY Vyws® + fwg” =0 in RY,
ows®

on

(3.18) = (w;°)P ony; =0.
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It is clear that wy°(y) > 0 and, by (3.16), w°(y) = 0. If y € RY, then
w®(y) = 0, by strong maximum principle. If § € OR", then by (3.18),
we(Y) = 5, ws(y) = 0. Thus wy®(y) = 0, by Hopf’s lemma. It follows that
E.(00) = Eg[we®] = 0. Thus by (3.13),

(3.19) Jim EX = lim / p|V wa|? + Bpw? )dy =0.

The estimates (3.7)—(3.9) implies that, for any given sequence s; — oo, there
is a further subsequence {s;, } such that w,(y, s;,) converges uniformly on
any compact set to a limit function as s; — oco. (3.19) implies that this limit
function has to be identically 0. Thus wq(y, sj,) converges to 0 uniformly
on any compact set. Since the limit function w® = 0 is independent of
the choices of the sequences {s;}, the function wq(y, s) has to converge to 0
uniformly on any compact set, as s — oo (not just on subsequences). The
lemma is proved. O

We next prove

LEMMA 3.2. Let the assumption (3.1) be in force. If

(3:20) u(w,t) < s for (z,t) € (Bs(a) N 0Q) x (T - 6%,T),

€
(T —1)
then there exists ¢ = c(e, 6, P,p,n) > 0 such that

3e — VEb

3.21) u(z,t) < ———— forzeQ e —a|l<—=,T—c<t<T.

(321) u(e.) < gy forw € Dfo—al < V2
PROOF. It is easy to check that (assuming that a = 0)

€ P|z|? P
— 1 L L=—knn— >
(T—t)ﬁ( T > L ( (c362/2nP)8 = {T:Tf?ﬁé/znp}“(“))

6,66

is a supersolution for T' — <t <T,|z| <é. Restricting z to |z| < %
and further restricting ¢ tot > T — (5/L)2(p Y we obtain (3.21). O

We next derive some inequalities. Multiplying the equation (3.6) with
wqp and integrating over ,(s) with respect to y, we obtain

(3.22) ENs) - i) =~ [ pu
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It follows that

Plple) = G+ <s>—[E1<s>—E2<S>}

(3.23) = (p+ )+ / PWa—

wa

< (p+1)Ey(s )—I— pw2dy
8 JQq(s)

+2/ 8“’“
p—1

1
5 Jo PV ywal*dy + g/ pwidy

(p+ +2/ 8“"1

= (p + 1)Ea(3) + 2<Ja(s) - %E‘l(s))'

dy,

which implies that

IN

Integrating this equation from s to s 4+ 1, we get

-1 s+1 1 s+1
— / / p|Vywa|2dyds + = / / pw2dyds
2 s Qa(s) 8 Js Qa(s)

< * _—s/4
_(p+5)s<1§13x+ Eq(0) +2Ce /",

(3.24)

The estimates (3.7)—(3.9), together with the equation (3.6), imply

< C(P,p,Q) foryeQs), [y <1, s>s0+ 1.

(3.25) ’

55 \UrS)
The boundary 9€2,(s) is C? uniformly as s — oo; it is certainly uniformly
Lipschitz. Using the elliptic version of the interpolation theorem (the proof
is similar to those in [14]), (3.8) and (3.25), viewing ¢ as another variable,

we obtain

n+1

n+3
-

lwallos)y < C[||wa||C(B)+"<§S;Vy)wa

1

o]
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(3.26) < C(P,p,0) {//B pwgdyda] =

1

< C(Pp,Q) {(p +5) max FE,(o)+ 20* e 5/4 "+3’

s<o<s+1

where B = {(y,0); y € Qu(s), s <o < s+ 1}. (3.22)—(3.26) are valid for
all a € 010, with constants independent of a.
Our main result of this section is

PROPOSITION 3.3. Let the assumption (3.1) be in force. If for some
K>0
(3.27) liminf(T — t)? inf w(a +yvVT —t,t) =0,
=T lyl<K

then a is not a blowup point.

Proor. By Lemma 3.1,

lim FE,(s) =0.

S§—00
Thus for any n > 0, there exists s* large enough such that
(3.28) 4Ct e <y, El(sh) <.

For this fixed s*, it is clear that FEj(s*) is a continuous function in the
variable b € 9€). Therefore there exists a neighborhood N of a such that

(3.29) Ey(s*) <2n for be dQN N.
Now by (3.11), (3.28) and (3.29),
BEy(s) < By(s*) +4C*e*"/* < 3p for any s > s*, b e QN N.

Substituting this inequality into (3.26), we obtain
1

(3.30) wy(0,5) < C(P,p,2)[(3p+16)n] "7
for any s > s*, b€ 902N N.

We now take 1 to be sufficiently small so that the right-hand-side of (3.30)
is less than £¢/3, where ¢ is determined in Proposition 2.1. Since g¢ is in-
dependent of the neighborhood N, the conclusion now follows from Lemma
3.2 and Proposition 2.1. O
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4. Single-point-blowup

In this section, we restrict our attention to the case of space dimen-
sion n = 2 and the domain is radially symmetric, say, Q@ = B1(0) =
{(w1,22); 2% + 23 < 1}. If the initial data is radially symmetric, then
the solution is also radially symmetric; in this case, the problem is essen-
tially one space dimensional and the solution will blow up everywhere on
the boundary |z| = 1.

Here, we shall consider those initial data which are not radially sym-
metric. We shall establish the single-point-blowup for those nice initial
data with only one hill on the boundary.

We first rewrite the equations (1.1)—(1.3) in polar coordinates

(4.1) Llu] = 0 for0<r<1, 0<6<2m,
(4.2) % = uP forr=1,0<6<2n,
r
(4.3) u(r,0,0) = wo(r,d) for0<r<1,0<6<2m, (up > 0),

where 1 < p < oo and

0 0 9?2 10 190
44) = o ozt ror t 2 an)
We assume that ug(r,0) = ug(z) (z1 = rcos, vy = rsinf) is C? and
satisfies:

(4.5) ugp >0, Ayug>0 forxe Bi(0),
Oug
(4.6) e ufy  for |z| =1,
(911,0
(4.7) %(r,9)<0 for0<r<1,0<0<m,
(4.8) up(r,0) =up(r,2r —0) for0<r<1,0<0<m.

The main result of this section is

THEOREM 4.1. Under the assumption (4.5)—(4.8), the point (r,0) =
(1,0) is the only blowup point.

PROOF. First, by uniqueness of the system and (4.8), we easily obtain

(4.9) u(r,0,t) =u(r,2r —0,t) for0<r<1,0<60<m 0<t<T,
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where T' is the blowup time. This implies that

0
(4.10) ai;:o on 6 =0and 6 = .
) . ) L. ou )
Using (4.7), (4.10) and applying the maximum principle to 90 (notice that

the operator £ may have a singularity at » = 0, however, there is no problem

ou ~ .
since we can apply the maximum principle to 20 = —ZToUg, + T1Ugz, 1IN
rectangular coordinates), we obtain

ou
(4.11) %<0 for0<r<1,0<6<m.

The blowup occurs only at the boundary ([16, Corollary 4.2]). Therefore,
if the conclusion is not true, then there exists 6y € (0, 7] such that (r,0) =
(1,60) is a blowup point. But then (4.11) implies that

(4.12) (r,0) =(1,0) (0 <6 <)) are all blowup points.
Thus by Proposition 3.3 and (4.11),

liminf inf (T —t)%u(1,0,t) > liminf(T — t)°u(1, 60, t) > 0.
t—T—0 {0<0<00} t—T—0
It turns out that the above estimate is not enough for our proof, for technical
reasons. We need more accurate estimate (see (4.19)-(4.20) below) for the
solution u. We need the following facts:

CramMm 1.

(4.13) lim inf 4000 0)

t—T—0 u(1,69,1) =1 forany 0 <0 <8 <6

If (4.13) is not true (notice that u(1,6q,t) < u(1,62,t)), then there exist
€ >0and t; — T — 0 such that

u(l, 91, tj)

(4.14) (L, 0s,t,)

<l—¢ forj=1,2,3,---.

We now take 6* such that ; < 0* < 5. We now go back to the rectangular
coordinate for the solution u(xi,x2,t) = u(r,60,t). Set z* = (zF,23) =
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(cos 0*,sin 0*). Let wi(y, s) and wy(y, s) be the solution in similarity variable
at the point (z1,22) = (1,0) and the point (z1,z2) = (z7, x3%), respectively.
We assume that a rotation (in y) has been made so that (—1,0) is the
exterior normal direction at the point (y1,y2) = (0,0). More precisely,
x —(1,0)

T—t
xr—x*
vI—1
where R; and Ry are rotation operators. Clearly, (3.7)—-(3.9) and (3.12)
are valid for both wy and we. Now let s; = —log(T —t;). There exists a
subsequence of s;’s, still denoted by s;, such that wq(y, s+ s;) and wa(y, s+
s;j) converge uniformly on any compact set. (3.12) implies that the limits,
denoted by wi® and ws® respectively, are independent of the variable s. It
is also clear that w(® and ws® are 02(R3_) functions satisfying the equations
(3.17)~(3.18).

Now by (4.9), (4.11) and (4.14),

(T —t;)Pu(1,60" +0,t;)

(4.15)  wi(y,s) = (T — t)ﬁﬂ(a:,t), =Ry, T—t=e?%

(4.16)  wa(y,s) = (T —t)u(x, 1), =Roy, T —t=c¢e%

< (L=e)(T = ;) u(1, 02, 1))
for any 6 such that |#| < min [#2,6* — 61]. Therefore by letting s; — oo, we
easily conclude that
ws® < (1 —e)wi® on {y; =0}.
Thus by the boundary condition (3.18),
Ows®
on

By the comparison principle (see Lemma 4.2 below),

o
p3w1

on

= (w5*)" < (1 =) (wi*)" = (1-¢)

ws® < (1 —¢e)Pwi® on R—i

Continue this iteration process, we obtain ws® < (1 —¢)P" w$® for any posi-
tive integer m, and hence w3® = 0. This implies that wa(y, s+ s;) converges
to 0 uniformly on any compact set; especially,

‘lim UJQ(O, Sj) = 0,

J—00
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ie.,

lim (T —t;)Pu(1,6%,t;) = 0.

j—oo
Thus Proposition 3.2 implies that (r,0) = (1,60*) is not a blowup point,
which is a contradiction. This proves the Claim 1.

CramM 2. Let 9(y1) be a positive function of the variable y; only satis-
fying (3.17)—(3.18) (the one dimensional, strictly positive, bounded solution
of the system (3.17)—(3.18) is unique, see [7, Lemma 3.1]). Let wyp- be the
solution in similarity variable in (4.16) at the point (r,0) = (1, 6*), then

(4.17) lim inf wy+ (y, s) = limsup wy+ (y, s) = ¥ (y1) for any 0 < 6" < 6,
§—0 5—00

where the limit in the above equality is taken uniformly on any compact

set.

In fact, since the estimates (3.7)—(3.9) and (3.12) are valid for wg-,
we can always take subsequence s; such that the sequence of the solution
we~(y, s+ s;j) converges uniformly on any compact set to a function wge. As
before, (3.12) implies that wg? is independent of the variable s.

Let t; =T —exp(—s;). We take 61 and 03 such that 0 < 6 < 0* < 6; <
6p. Then by the monotonicity (4.11) and Claim 1,

(T —t))%u(1,6* +0,t;) < (T —1t;)"u(l,6,t;)
< (L4 e(t))T = ) u(1,61,;)
< (LHet)(T =) u(1,6° +0.t5)
li t;)=0 by (4.1
(, lim e(t;) =0 by (413)),

for any 6 and 6 such that ||, |8] < min (8* — 65,0, — 6*). Letting 5; =

—log(T'—t;) — oo, we easily obtain that the function wg is independent of
— Oowge

the variable y2 on the boundary {y; = 0}. Thus w§® € C*°(R2) and i

Y2

is bounded on Rﬁ_. Differentiating the equation for wgs with respect toyyg
and apply the maximum principle (see Lemma 4.2 below), we obtain that
owge
Y2
one dimensional strictly positive bounded solution v of the system (3.17)—
(3.18) is unique, we conclude that w§e = ¢ (y1) on R2.

=0 on R%r. Thus wg? is a function of the variable y; only. Since the
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Now for any sequence s; — oo, there is a further subsequence s;, such
that wg-(y, s+ Sjk) converges uniformly on any compact set. We just proved
that the limit function (on this subsequence sj, ) has to be the one dimen-
sional solution ®(y;), which is unique. Thus the limit lim,_ oo wyg«(y, s)
exists (not just on subsequences), and the limit equals ¢(y;). Claim 2 is
proved.

Now let
(4.18) D = (0).

Claim 2 implies that

D —e(t
%(ﬁ S U(l, %71;) S u(l,@,t)
(4.19) (L' =1) 4
' <u, By < DO oy 3%
- 47 T (T —1t)8 4 = 47
where
(4.20) tiljgrioe(t) = 0.

Construction of a comparison function: We now construct an aux-
iliary function with the help of the one dimensional solution (y;) of the
system (3.17)—(3.18).

Recall that ([7, Lemma 3.1])

2

we) = du(p5.5) forezo,

(4.21) Ula,b, ) = F(la)/oooe”ttal(l—i—t)baldt,
1 1 .ITP(B+1)q28
b = FTEe)

W) = KEPN+0E?)] (K >0).
A direct calculation shows that (notice that b—a—1= % -/ —-1<0)

ou oo
5 \a, b7 - / _Mtta 1 +t b_a_ldt
(@b ety

U(CL, b, /,L) N /OO e—,utta—l(l + t)b—a—ldt
0
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©© —t 1a b—a—1
1/0 e "t (1+t/p) dt

% > —t ja—1 b—a—1
e "t (1 + t/,u) dt
0

_a for p>1
u

IN

(c1 is a positive constant depending only on a and b),

which implies that

dip U, 1 &
e 57 67757

(4.22) w‘é) = a“( 12524> g—% for £ > 2.
2U</67§72)

Notice that ¢'(£) < 0 for all £ > 0. Therefore (4.22) implies that

V') _ —c

<

(4.23) 0E) S1ve

for all £ > 0,

where cs is a positive constant depending only on p and S.
Define

(4.24)21(r,t):z1(r,9,t):(Tit)ﬁ¢<\}jj_jt)7 (5= 1 ).

By using the equation for ¢, we get

ELlal = % (T i )8 \/Tl— twl<\/1T_—rt>
— C
I (SR
_ r[(l—r;—lc—Q\/T——t]Zl for0<r<1,0<t<T,
where the operator £ is defined in (4.4). On the boundary,
(4.26) O _ b forr—1,0<t<T.

ar
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Now take a fixed n such that 1 <n < p. Then

Ll < 2 Ll

< 2] for0<r<1,0<t<T,
T o= +vT -1
0z] _ Dr—1
(4.28) e p=in _ 1 2zl forr=1,0<t<T,

=Nz ZzZ{ =
or 1T T

where the constant D is defined in (4.18). Define

2
(4.29)  29(r,0,t) = z{(r,t)sin [9—:: (9 — %)] for 0—0 <fh< 3—90.

Then by (4.27),

2 (r, m™2) . 127 0
i = {ei s HEO (@ g pr(p oy

— con 1,27 2}2'717 2w 0o
4.30 < —(—) = — (00— —
(4.50) B {[(1—r)+\/T—t]+7‘(90) rsm{90< 4”
) )
< 0 forT—83<t<T, 1—6y<r<l, £<90<%,
provided g is small enough (depending only on p and ). It is also clear
that

) 30
(4.31) 29 =0 for&:zoandG:TO,0<t<T,O<r<1,
0z 77Dp_1 fo 36y
4.32 — = fi =1, - <0< — t<T.
(4.32) 5 mzz orr ,4<<4,0<<
. . Ou | .
Completing the proof: The function 2% satisfies the equations
ou
L[%} — 0 for0<r<1,0<0<2rm,0<t<T,
0 /0u ou
—(ZZ) = p—1-7 —
87“((99) pu 90 forr=1,0<0<2m 0<t<T.

By (4.20), we can take ¢ (0 < ¢ < ép, with the 6y given in (4.30) ) to be
small enough such that

-1
(4.33) p(D - 5(t))p SgDP !l for T—62<t<T
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(this is possible since < p); we now fix such an é. Using (4.19) and (4.33),
find that —@ tisfi
we at — ., satisfies

ﬁ[—%] = 0 forl—6<r<l, 04<9<3700 T—-6<t<T,
0 0 Dr—1 0
or—a) > 7=(-%)

36

0
forr:1,20<0< T-82<t<T.

4"’
By Hopf’s lemma and strong maximum principle,

ou

(4.34) ot {00/4393361;}4, 1—59@1}{ 00

(0.7 = 6%)] > 0.
Since the solution u is uniformly bounded in the region {r < 1-§/2, T—6 <
t < T}, the strong maximum principle also implies that

(4.35) oy = —Sa(1=5,0,0)] >0,

inf
{90/4§9§3901/r}1, T—§2<t<T} [ 00

Using the fourth equation in (4.21), we know that 2y is uniformly bounded
on {r=1-6 T —6%<t<T}. Therefore by comparison principle,

309

) fo
(4.36) — 22 > 2z, for 2<O< =L 1-6<r<1T-6<t<T

00

provided v is small enough such that

0 30
o1 >’722(T,9,T—62) for1—-6<r<1, ZO<9< TO
6o 0
o9 > yz9(1 —6,0,t) for T—62<t<T, 1 <6< %
If we further restrict 6 to [36p/8,5600/8], (4.36) implies that
L2 D
(4.37) 89 > B T
forr=1 3% <6< 5% T-8<t<T
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Now by (4.37) and (3.1),

509 309 500/8
< 1, —.t) = 1, —.t —(1,0.t)do
O—“(’8’> “(’8’)+/390/880(”)

- P G2 D"
- (T—-tBf 4 2 (T-t)pn

This is a contradiction if 7' — ¢ is small enough. The Theorem is proved. O

To complete this section, we next state the following comparison lemma
used in the proof.

LEMMA 4.2. Suppose that w;(y) (j = 1,2) are two C*(R%) N C*(R7)
functions satisfying

1
=0 (=12 f0r50m60<a<min<£ ,)7

lim sup 7|wj(y)| o 1
n

lyl—oo €XP(ay?)

1 1
—Ayw; + Sy Vywi + fwr > —Ayws + Sy Vyws + fwy in R,

) 9
a(y) o _aT/l)’

Owy
on

811)1

an T b(y)wr > a(y) +b(y)wz  ony; =0, (

where Ri = {(y17' o 7yn)a Y1 > 0}; /6 > 07 a’(y) > 07 b(y) > 0 and a(y) +
b(y) > 0. Then
wi(y) = wa(y) on RY.

PROOF. Since
—2an+ (3 >0, —4a® +a >0,
the function h(y) = exp(ay?) satisfies

1
~Ayht Y- Vyh+ fh>0 in R

h __
gn:0 on y1 =0, h(y) >0 on R.

Using maximum principle, we obtain,

wi(y) +eh(y) > wa(y) on RY,
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for any ¢ > 0 (we use maximum principle on a finite domain since h(y)
dominate when |y| is large). Now the lemma follows by letting ¢ — 04. O
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