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Transformations and contiguity relations for

Gelfand’s hypergeometric functions

By Eiji HORIKAWA

Abstract. The contiguity relations and transformation fromulae
are studied for the hypergeometric functions on the Grassmannian.
They are clarified by the action of Lie algebra of GL(n) and generalize
the classical results for Gauss’ hypergeometric function.

§1. Introduction

LM.Gelfand et al. [2, 3] (see also papers in Gelfand’s collected works
vol. 3) introduced a generalization of hypergeometric function which is es-
sentially defined on the Grassmannian Gy, , of k planes in an n space. We
take k x n independent variables v = (vip)i=12,. k j=12..n (real or com-
plex) and define the differential operators

& 0
Z’L] ZvipW7 1,] = 1727 7k7
p=1 Jp
L Ek:v 0 p=1,2 n
p — Zp@vzp’ ) &y s 10y
0? 0?

Oipjq = -
P.J4q ) . . 0
0v;p0vjq  O0viqOVjp

i,j=1,2,....k, pg=1,2,...,n.

Then consider the following system of differential equations for an unknown
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182 Eiji HORIKAWA

function @(v):

(1) Z;i® = —6;;9,
(2) Lo = (O‘p - 1)o,
(3) Dip,jq(p =0,

where the o, are the constants satisfying

n
E ap =n—k,
p=1

which are supposed to be in general position, and 6§ denotes Kronecker’s
delta.
The equations (1) mean that if we take h € GL(k) then

(4) &(h-v) = det(h) " d(v),

while the equations (2) determine an action of (R*)" (or (C*)™) on @ by

(5) P((tjoq) = | [T677 | 20

This system is holonomic, and its solution sheaf at a general point is of

rank <Z: f) 3].

In this paper, we study transformation formulae and contiguity rela-
tions for these equations, which generalize the classical results for Gauss’
hypergeometric function, and Appell’s F}. We can, in particular, derive
very explicit formulae for Lauricella’s Fp. These symmetries are very clear
from the viewpoint of Gelfand’s equation and we can translate the result
to the case of the classical functions. In §§2 and 3 we state some general
aspects on these equations. §4 is devoted to the transformation formulae
for Fp. In §8§5, 6, we study contiguity relations, which is applied to Fp in
§7. In Appendix A, we prove the equivalence of some reduction, of which
we could not find an appropriate reference. In Appendix B, we show that
Lauricella’s F)4 and Fg are birationally equivalent to each other. Although
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this fact was known to Lauricella himself [6, pp.133—-134], we include it here
to show the naturality of the present point of view.

There are many works on contiguity of hypergeometric functions, start-
ing with Gauss. Miller [7, 8, 9] studied such operators for various hypergeo-
metric functions. More recently, Sasaki [11] studied the contiguity relations
from a viewpoint which is close to ours. In particular, our infinitesimal
operators 7(E;;) in §3 are noted in [11]. We hope the present paper is still
worth being published because of the following points: 1. We clarify more
direct connection with Lie algebras, and prove the invariance of the sys-
tem of differential equaitons; 2. We can explain transformation formulae in
terms of the Weyl group as well. We refer the reader to [13, 14] for related
results.

The author would like to thank Professor Israel M. Gelfand for intro-
ducing him to this rich area of study at the occasion of his visits to Japan
in 1989. He also thanks A. V. Zelevinsky, K. Okamoto and M. Yoshida for
valuable discussion.

§2. Reduction of the number of variables

By the homogeneity (4) and (5), we can reduce the number of variables
of the equation. We suppose that the first £ x k& minor det(vip)i’p:1727...,k
does not vanish. Then, by (4), we may assume v, = ;, for 1 < i, p < k.
To be precise, let w = (wip)1<i<k k+1<p<n, and define p(w) to be ¢((1,w)),
where 1 is the identity matrix of size k. By (1), @ and ¢ are related by
the formula

det(h)®(v) = p(w),

where h = (vip)1<ip<k and w = h~ v, and ¢(w) satisfies

0
(6) ZwipaTQO:(Oép—l)gD, p:k+17"-7n7
(7) > w; isoz(—ai)go i=1,....k
. Paw ) ) s Tvy

I ) e=o

8wip8qu 8wiq8wjp

iajzla"'aka pvq:k+1,,n
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PROPOSITION 1. The system of equations (1)—(3) for @ is equivalent
to (6)—(8) for .

For the sake of completeness we give a proof in Appendix A.

We set | = n —k. We also set By4p = 1 — agyy for p = 1,...,1. By
the homogeneity (6) and (7), we can normalize w k41, W1 k42,

ey WY et ]
W2kt 1, - -+, W k+1 to 1. In fact, in view of

P((sitpwiktp)) = (H s Hfz:ﬁk“’) p(w),

we set
Si:]-/wi,k-‘rb i=1,...,k,
(9) tp = wl,k+1/w1,k+p7 p= 17 7l7
Tiotp = W1 k+1Wi ktp/ Wi k1 W1 ks
1=2,...,k,p=2,...,L
Then

_/Bkﬂ?

P((Wikep) = PP (@insp))s o =%y [[wiis []wiestr

i>2 p>2

where 79 = —a1 + Zp>2 Bltp = D _i>g 0 — PBit1, and ¥ denotes the restric-
tion of ¢ to the subset defined by w; 41 = wip4p =1fori=1,... k, p=

1,...,l. By virtue of (6) and (7), we have

0 p 0
e = Z Tjktag —— +7% | ¥,
1,k+1 Li+1 \ /55 7. k+q
0 0
6 e p _le,k“!‘qai —CYZ W, /L>2,
Wi k41 Wi k41 >2 Li,k+q
0 p 0
= — Zﬂfj,kﬂa— = Brtp | ¥, p=>2,
0 0x;
W1,k+p W1,k+p ; Ljk+p
j>2
0 P 0
8wi,k—i—p

mi,k+p373pa i,p = 2.
Wi k+p Li,k+p
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Then the equations (8) imply

(10)
Oijerp | D Gira + 70 WZ(ZpMH+%> > Oiksp+ By | ¥
Jq q J
i,p =2,
(]‘1) 8i,k—|—pai’,k‘+p’w == ai’,k‘-‘rpai,k‘-i-p’wa i7 ilupv p/ Z 27
where
0 0
Oiktp = 77— Oiktp = Tiktpm—-
1, +p aa)‘l’k_}'—p 1, +p (2 +p8x17k+p
. : : ¢
More precisely, let D;, be the differntial operator such that =
awi,k-ﬁ-p

(p/wi k+p)Dip¥, then the equations (8) are expressed as

1 1
——————— DDy ¥ = Diy Dirp¥,
Wi k+-pWi! k+p’ Wi k+p' Wi k+p

fori, i’ =1,...,k,p=1,...,1.

The equations (10) and (11) are special case of these, and other equations
can be derived from (10) and (11) as integrability conditions. This is similar
to the case of 2 x 2 minors of a usual matrix. We note that, although the

0

OW; 4
easily follows that we have a formal power series solution

are commutative to each other, the D;, are not. From (10), it

Z Hi(%‘; Zq miq) Hp(ﬁker; Zj mjp) Hi,p mzlkij—p

(12)
(70 + 1; Zj,q mjp) Hi,p Mip!

)

mip>0

I'(oc+m)
I'(a)
converges for |z; ;4p| sufficiently small, and (11) automatically holds.

where (a;m) = a(la+1)...(a+m—1) = . This power series
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83. General structure of symmetry

Let g be an element of GL(n), which maps v to o = vg, i.e., ¥ =
> Vipgpp- We consider the function ¢9(v) = &(vg). Then

0PI oP
) =) S0 (V9) 905
p P

81}1-},

and D% P9 0P
(v) = Z

—————(v9)9ppYqq-
< aUz‘anjq( g)gppgqq

5viﬁ8vjq
It follows that, if @ satisfies (3), then @9 also satisfies (3). On the other
hand, Y satisfies the equations (1), because one has

&9(hv) = d(hvg) = det(h) 1d(vg) = det(h)"1d9(v).
Equations (2) are equivalent to

P(vt) = x(t)2(v),
x(t) = I_It]?f’”_1 for t = diag. [t1,...,tn).

Note that
@9(vt) = B(vtg) = B(vg - g~ 'tg).

Therefore, if g normalizes the diagonal group, then we have
PI(vt) = x(9™g)P (v).

This explains how the Weyl group, i.e., the symmetric group &,, acts on
the space of solutions. In paricular, for k = 2, this gives the transformation
formulae for Lauricella’s Fp in n — 3 variables (see §4).

To obtain contiguity relations, we consider 1-parameter family g(\) of
elememts of GL(n) with ¢g(0) = 1. For simplicity of notation, we introduce

the following symbol:
of
Dyf = = .
A =5 -
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We set
X = D)\g()\)v
and define the action 7(X) : @ — 7(X)® by

T(X)®(v) = D@V (v)),

which depends on k. It is easily checked that the right hand side depends
only on X, and that 7(X)®(v) satisfies equations (1) and (3). As to (2),
we have

(13) m(X)P(vt) = D@ (vtg(N))
= X(t)Dr®(vtg( M)t )
— x(t)m(ad(£) X)(v),
where ad(t)X = tXt™ L

In particular, let X = E;; be the matrix element i.e., its (¢, j)-component
is 1, while the others are 0. Then ad(t)E;; = titj_lEij, and hence

(i) P(vt) = X(t)titjlﬁ(Ei')Qs(v).
That is, 7(E;;)®(v) satisfies the same type of equations with «; and «;

being replaced by «; + 1 and «a; — 1, respectively. This generalizes the
so-called contiguity relations for Gauss’ hypergeometric function.

THEOREM 1. We have [7(X),n(Y)] = n([X,Y]) for any X,Y € gl(n).

Proor. This follows from a standard calculation of exponential maps
on Lie algebras. U

§4. Transformations of Fp

In this section, we write down the transformations of Fp from the view
point of generalized hypergeometric functions. We set k = 2, and let

Do, ... an; (vip)) = Pa(vip))
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be a solution of (1)—(3). Then (10) becomes

(1) [0(5, 00 +70) = (5,00 + 02)(6p + 5)| ¥ =0 p=2,....1
and the power series (12) is

Z (a3 22 mg) Hp(pr; myp) x5 .. "

15 .
(15) (o + 15> my) ma!...my!

mQZOa“'7leO

Therefore

101 1 1 ... 1
W(x4,x5,...,xn):¢a<<0 1 1 T4 s xn>>

satisfies the same differential equations as
Fp(ag;l—ay, ..., 1—ap; astas; g, ..., xy)
(see [5, 3.3.1]). Conversely, @ is reconstructed from ¥ as
Do (v) = pW(xy,...,2),
where

p = (1)) s (2g)e et [ ()™,

j>4
17)(23
Tj = (2]')#7 J Z 47
(27)(13)
(iﬁ = U13V25 — V15024-
It is clear that, for any permuation o,
¢(a0'(1)7 <o Qg(n); UG)’ v = (Uia(p))

satisfies the same type of equations. This proves the following theorem.
THEOREM 2. For any permutaion o of 1,2,...,n,

pJFD(ao(2); 1—@0.(4), sy 1_aa(n); 060(2)4—040.(3); $Z, s ,(Eg)
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satisfies the same differential equations as
Fp(ag;1—ay,...,1—ap; ao+az; o4, ..., 2p),
where

Po = (xa(l) _330(2))&0(1)+a‘7<2)_1 (ma(l) —xa(g))_%@)

(@)~ To(3) @O [ (@) —To@) 0,
>4

_ To) "o (1) / T "To) Loy

Lo(5)=%a(2) / To(3)"To(2)

g
Zj

with the following conventions:

1 =0, x9=00, x3=1,

SCQ—:L‘jzl <:det (ml ?)) .
J

In the case of n = 4, these transformations are the famous 24 trans-
formations of Kummer for Gauss hypergeometric functions (see [1, p.6],
[12,pp.284-285]). In the case of n = 5, Appell-Kampé de Fériet described
60(=5!/2) transformations for F; ([1, pp.62-64]). They ignore the transpo-
sition of the variables x,y i.e., x4, x5 in our notation.

We want to discuss the transformations of Lauricella’s F in a future

paper.
§5. Explicit formulae for the action of Lie algebra

In this section, we give explicit form of the contiguity relations described
in §3. Recall that ¢ is related to @ by

p(w) = o((1w)),

where w = (Wip)1<i<k k+1<p<n 18 @ k X (n—k)-matrix, and 1 denotes the
identity matrix of size k. For g € GL(n), we define

¢! (w) = 2((lw)) = &((1w)g).
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In other words, let us divide the matrix g as
(A C
9=\B D

where A consists of the first k& rows and & columns. Then, the above equa-
tion can be written as

©I(w) = det(A + wB) Yo((A + wB) " (C + wD)).

Next we suppose that g = g(A) depends on a parameter A with g(0) = 1,
and let X = D)g be the corresponding element of the Lie algebra gl(n). We
set

m(X)p(w) = m(X)P((1w)).

By direct calculations, we obtain the following formulae. We fix the
indexing as
i,7 € [Lk], p,q € [k+ 1,n].

The action of gl(n) on the space of functions ¢ is given as follows.

0
90:8%0,
wz-p

W(Eip)

0

T(Epi)p = — | wip + Z WipWiq g =
Wjq

Jq

m(Eij)p = —bijo — Y wjp
p

12

dp

8wl~p ’

Op
T(Epg)p = E wipﬁw- .
i Y
In particular,

m(Ei)p = (i = 1)p,  m(Ep)p = (ap —1)p.
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As an example, we shall carry out the calculation for E,;. We set g(\) =
1+ AEp;. Then

1 ... )\wlp SN 0 W1 k+1 e W1in
(lw)gAN) =10 ... 14+dwp ... 0 wWigyr ... Wi
0o ... AWy v 1 Wggpr -.. Wk,

which we write (wow). It follows

1 —)\wlp
wy! = 1— ‘)\wip mod A%,
—/\wkp 1
Hence
W 1 —AWpWi b1 -+ - Win—AWIpWin
Wy W1 = | Wikt 1= AWipW;i g1 -+ Win—AWipWip mod 2.
Wk k41— AWkpWi k1 -+ Whkp— AWkpWin

Since det(wp) = 1 + Aw;p,, we obtain

D((wowy)) = (1=Aw;p)@((1wy)) mod \?,

ﬂ)l = wglwl

Our formula follows from this.
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§6. Relation with classical hypergeometric functions

We introduce (k — 1)(n — 1) variables (zip)a<i<k kt+2<p<n- We set

1 1 o1
s 1 ZTogqia ... @2, 7
I Zpgyo -0 Tpn
and define
U(zx) = ¢(z).

Then, by the homogeneity (4) (5), we have

v —1
o((wip)) = pP((x5)),  p=w%y [[wizis T] wiz™,

i>2 p>k+2
where
n k+1
Yo = —oq + E (1—0@)25 a; — 1,
p=k+2 =2
W1, k+1Wip .
Lip = ) @:27---,k,p=k+2,...,n.
Wi k+1W1p
We define

(X)W (z) = n(X)p().

By direct caluculations, we obtain the following expressions, where the
summations are all extended over j, [ € [2,k] or ¢ € [k + 2,n], and i,j €
[1,k], p,q € [k + 1,n] as before:

ov
7I-(EI’LP)W - 8 ’ i 7é 1a p 7é k+17
l‘ip
7T(Ez7k+1)';p - - (Z wzqa ] + a@) ':p, 7 ?é ]_7
q "
7(Ep)¥ = ijpa +1l—a, |0, p#k+l,
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(1 1)V (Z%qa ) v,
0

W(Epi)!p = — |::L‘Z'p + Z (IL’jpﬂfiq + Jjjq(l — Tjp — $@q)) (37
Ja 4

_Z q)Tig — Za]m]p—i—'yo]lp i #1,p# k+1,
j

0
T(Epg1,)¥ = {14— E  Tig(L — @jq) Do
Tjq

_ Z(l — Q) Tig — Zaj —l—’yo] U, i#1,
q J

A(E)? == | 5 (il - 239) 5o

- T
7,9 74

_ Z(l —0y) — Zajxjp + v + 1]?, p # k+1,
q

J

T(Epp1,1)¥ = — [Z (1 —xjq) %ﬂq

J4q
_Z(l —aq) —Zaj+70+1:|!p,
q J
0 . .
7(Ei)¥ = Z(»’U@'q - Cqu)aT ta;— 65| ¥, i#]L j#L
L ¢ v
m(En)? = | ) (wig — 1) 0 +oi| W, i£1
; q aflfiq ) ’
n(By)¥ = | wig(wjo— 1 8901 +2_ (1= ag)zj— ’70] v,
q,l g q
j#1



194 Eiji HORIKAWA

0
T(Epg)¥ = Z(xjp - qu)@ —(1—ag)| ¥,
J

p#k+1, ¢ # k+1,

0
T(Err1g? = | (11— Tjg) g — — (1 —ag)| ¥, q¢#k+1,
j 79

0
T(Epr+1)¥ = Z Tjq(1 xyp Z ojzjp+ 0| ¥,
Lijq ~

p # k+1,
T(Eks1,p41)¥ = (41 — DY

§7. Contiguity for Lauricella’s Fp

In this section we give the formulae of the contiguity relations for Lauri-
cella’s Fp. This is a special case of the result of §6 where k = 2. The function
© with parameters ai,ag,...,a, corresponds to F' = Fp(«; By, ..., On;7;
Z4,...Ty) in the classical notation. Here

Tj = Taj (7 >4),

and the parameters are related as

a = (2,

(16) 7:a2+a3:2_a1+25j:70+17
J
Bi=l-a;  (G=4).

The action of gl(n) on F is given by the following formulae.

oF

m(Ey)F =-—  (p=4),

(E23 Z x] 81‘ F,
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0
w(Eyp)F = — Tpy — +06, | F (p>4),
p

0
7T(E13)F= (pr% +’Y—1> F,
P p

T(Ep2) F = [$p+z$q(1 _$q)8i$q

q

_Zﬁqxq—asvp—kv—l}F (p>4),
q

7I-(E132)-F = F,

0
qu(l—xq)a—xq —Zﬁqxq—a—i—’y
q q

F o (p>4),

0
m(Ep)F = — pr(l - xq)a? - Zﬂq —axp+7
¢

F,

ﬂE@Fz—»Z}Lﬂ@é%—EZ@—a+7
q

L g

F,

0
Z(xq - 1)8—% +a

q

i 0
m(Ew)F = Z»Tq(xq - 1)(97 + Zﬁq‘rq —7+1|F
L ¢ T q
0
T(Epg) F' = | (zp Iq)a? ﬂq} F (p,q>4),
a
0
w(Ea)F = (1) 50 | F
i 9
m(Eps) F = qu(l—xp)%—aa:p—i—fy—l F (p=>4),
L ¢ a

m(Es3)F = —B5F.

In the notation of Miller [7], our operators are in the following corre-
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spondence.
W(EQP) = aﬁp’}’? 7T(E23) - _Ea7 TF(E]_p) e _E,Bp7
7T(E13) — E_'Y’ 7T(E32) «— —E_a, W(Epl) — —E_ﬁp7etc.

Here, for example, E,g,~ is an operator which raises a, ,,v and E_, lowers
a. These unevenness reflects the change of parameters (16).

Appendix A. Proof of Proposition 1

We write v = (vv'), where v is a k x k-matrix and v is a k X (n — k)-
matrix. We further introduce the new variables u = (u;;),1 < 14,j < k by
u;j = vi;. Then we have

(o) =u- (1w),

i.e.,

Vij = Uij,
(17)

Uip = 2 UijWip-
J
By definition, @ and ¢ are related to each other by the formula
D(vv') = det(u) to(w).
LEMMA 1. Set h(u) = det(u)~t. Then

@h oh
QuijOu; — OuOuy;

(18)

PROOF. Let A;; be the cofactor of u;; in det(u). Then

oh
Buij

= —h(u)ZAij.

It follows that

M P20 A — det(w) A, )
auwaugj - 1] =g 15,5 )
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where A;;75 denotes the coeflicient for u;juz; in det(u). Since Az =
—A3 5, the equation (18) is equivalent to
det(u)Ay;z5 = AijAdz; — A Ayj-

This is known as Jacobi’s formula (see e.g. [10], p.78). O

We regard (17) as a coordinate change from (u,w) to (v,v"). We easily
obtain

9
auz-] 81}13 Zwﬂqa i

3w]p Z ”8?)

We also have

ﬁwﬂ,i '
E Uij g = Sike.

It follows that
oD
ZulJa Z Ua Zvi{pav{ )
p P
0D
/
h Z T aw =D Vi gy
. i

2

o 0 0
R Wi = Z“@'“’j”ﬁ =2 G0~ 0)?
p

- - 7, i
ip ip 7 J J

= 7= Z ”(9%

These prove the equivalence of (2) and (6)(7).
Next we have

0% 0*®
h— =N s
DWW Z i gur

)
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This implies that (3) for p,q > k+1 is equivalent to (8). It remains to show
that (6)—(8) imply (3) for the cases p < k or ¢ < k. For this, note that

5 (52 ) (o) #= 50 (52) (5 )
() (2

ow;q 0P
D+ Zu; 9
%;;) E J (%ép avgq

4,.J,9
0 0 , 0
B 0P
ol

ip

Then we obtain, for j <k, p > k+1,

0*® 0

0 0

ol dvy; Oy zl: (8%‘5) <3wlp) ?

o X ) () ()
_ _ W P

zl: (81@]- g 74 (%;q) Qui ) \ Owp
o Z 0 0 0 b
= 3u7 8u 7/ \ owy, Ouy Qwyy,
=) ( )
~ \Ouz; ) \Ouy ) \ dwyp
9 9 o2
+ ;’qu <3Uil> (aui) <8wlp8wlq>] @
La

By Lemma 1 the last expression is invariant under i < i.
Finally, from

0P 0 0 0
avij - [8% B ;qu <%> <8wlq>] @7
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we obtain

>’ 0? Z w- 0 0 0
OuijOvy; | QuiOuy; — I\ Quij ) \ Ouzp Oy
q

)

- %:qu (81;) <a'§ij> (‘931q>
o (52 (52) () (o)

o.qll

> (505) () ) |
q,l_ 74 8ul3 81@* 8w[q '

On the right hand side, the 1st, 3rd and 4th terms are invariant under i < ¢
by Lemma 1 and (8), while the 2nd and 5th terms are interchanged. Hence
the equation (3) for @ is established. Proposition 1 is proved.

Appendix B. Lauricella’s functions F4 and Fp

In this appendix, we study the restrictions of the generalized hyperge-
ometric functions to some strata and another normalization. We see how
F4 and Fp appear in our context. We also show that these two functions
are birationally transformed to each other.

Suppose that n = 2k, and z; 44, = 0 for i # p. We set x; = x; 4, and
use the notation 0; = i and 0; = x;— and write (; in place of Bj4;.

8.’)32‘ 8£C¢

Then the power series (12) is reduced to

my

Z H Q5 Ty H (@am%)xgn ]

ot (o +1;> 0, my) mQ!...ml!7

which satisfies the equations

(19) (63205 +10) — (0 + i) (0i + B)]¥ =0, i=2,...,L

These are nothing but Lauricella’s Fp and its differential equations.
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To obtain Fy, we assume n = 2k and consider another normalization:
wi7k+1:1, izl,...,k, wz-7k+i:1, 122,,143
This is done by choosing
8; = wi_,€1+1, 1=1,...,k, tp = Wp k1 /Wp ktp, P=2,...,k.
The new coordinates are
Yiktp = WiktpWpht1/Wikt1Wphtp, L # P, PF# L

By a calculation similar to the above, we obtain the following equations:

[81,k+p(_ Zq;ﬂ,p Op tq + Zj;ép ej,k:+p + 579)
(20) [ai,kﬂo(_ Zq;ﬂ,p 6)p,k+q + Zj;ép ej,ker + 617)

~(CpriOisra = Ly Orri = 80 (L O + )| = 0
P F D, 12> 2,

where

Y1 =—a1, V= Brsp (P> 2),
6 = a; + Brti (1 >2).
We obtain a power series solution
m;
(713 Zq;ﬂ mlq) szz(’Yp; Zj;ﬁp mjp) [1 y@kip
szz((sz? +1; Zj;ﬁp Mjp — Zq;ﬂ,p Mpq) [Tmp!

If we set y; p4p = 0 for 7 # 1, then we obtain

my

Z (v 22 mp) T (vps mp) 952 - -y

= [1(6p + 1;myp) mo!...my!’
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where we set y, = y1 p1p = w17k+pwp7k+1/kapr?ker. This is Lauricella’s
F4. The equations for F4 is obtained from (20) as follows:

[ap(ep + 6p) — > 0q + ’Yl)(ep + ’Yp)] ¥ =0,

21
(21) p=2,...,1,

0
where 9; = - ete.

K3
From these facts we readily infer that F4 and Fp are transformed to
each other. To be more precise, we let

lJ-DB(CYQV' '7al;ﬁ27' . '7ﬁl;f}/0;$25‘ .. ,.’El)
denote a solution of (19), and introduce new variables

yp = 1/xp, p=2,...,1l

Let
(2, ) = p¥B(1 /Y2, ..., 1/y1),
where
p=1Tw"
P
Then

0 _1 0
—Yp=p <_ypa—yp - Bp> ®-

Oz

It follows that (19) can be written as
[y (=0 = B) (= 2205 = X Bj +0) — (=i = B + i) (=) ¢ = 0,

where,

0
U Zyia—y-

Changing the order, and cancelling ;" 1 we obtain

0
yi

(Vi — i+ Bi) — (05 + B:) Q-9+ 2B — )| ¢ =0.
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This coincides with (21), provided that we take

6@' :61 — Oy,
7 =06 — 0, vi=0 (i>2).

This type of relation between Appell’s Fo(= F4 of 2 variables) and F3(=

Fp of 2 variables) is noted in [4, 5.2]. The general case was already known
to Lauricella.
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