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Rigidity of Discontinuous Actions

on Diamond Homogeneous Spaces

By Imed KEDIM

Abstract. Let G = R"™ X Ha,y1 be the diamond group, H a
closed Lie subgroup of G and I" a discontinuous subgroup for the ho-
mogeneous space G/H. We study in this paper some rigidity proper-
ties of the discontinuous action of T' on G/H. Namely, we show that
the strong local rigidity fails to hold on the corresponding parameter
space. In addition, when particularly H is dilation-invariant, the local
rigidity also fails to hold.

1. Introduction

Let G be a Lie group, H a closed subgroup and I" a finitely generated
discontinuous subgroup for G/H. The parameter space of the action of '
on G/H

(1.1) R(I,G,H)
¢ is injective, ¢(I') is discrete and
:= < ¢ € Hom(I', G) | acts properly and fixed point freely
on G/H

is introduced by T. Kobayashi in [11] for the general setting including the
non-Riemannian case. The group G acts on the representation space by
inner automorphisms, (g - ¢)(v) = gp(y)g~! for all ¢ € G, v € T and
¢ € Hom(I', G). The parameter space is invariant under this action and the
deformation space of the discontinuous action of I' on G/H was introduced
in [11] as the quotient space

JIr,G,H) =R(I'G,H)/G Cc Hom(I",G) /G.
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The problem of describing explicitly I (I", G, H) is posed in [14, Problem
C]. The study of geometric and topological features of this space was initi-
ated for general settings as well, and studied by T. Kobayashi and S. Nasrin
in the case where G is a certain two step connected simply connected nilpo-
tent Lie group of dimension 2k + 1, ' = Z*F and G/H = R**!, (see [15]).
The methods used therein was based on an observation of T. Kobayashi,
which allows to use the syndetic hull of I (a connected Lie subgroup of G
containing I' co-compactly) instead of I'. This idea has been generalized in
[6] to encompass completely solvable Lie groups and more generally, expo-
nential Lie groups when I" is abelian. Under this assumption, the subgroup
I" has a unique syndetic hull. Furthermore, the parameter and the deforma-
tion spaces are topologically identified respectively to subsets of Hom(l, g)
and Hom(l, g)/G, where [ is the Lie subalgebra of g associated to the syn-
detic hull of I". As an application of this reformulation, by analyzing the
equations defining Hom(l, g) and the proper action condition, some results
on local and strongly local rigidity have been obtained in [1, 2, 3, 4, 5, 8, 7.
In this paper, we study some of these questions, when G is the diamond
group, which is a non-exponential connected simply connected solvable Lie
group, obtained as a semi-direct product G = R"™ x Hoy, 11, where Hopyq is
the 2n 4 1-dimensional Heisenberg group. In this context, one can not make
use of the arguments developed in the aforementioned references as I' fails
in general to admit a syndetic hull.

Using the fact that the Lie algebra of GG is a graded Lie algebra, we prove
that the strongly local rigidity property fails to hold. If we restrict to the
case H = Ux Hy, with U a subgroup of R™ and Hy a subgroup of Hay,+1, then
the local rigidity property also fails to hold for any non-trivial discontinuous
subgroup for G/H, in the three following cases: H is connected, H meets
the center of Hy,41 or H is a dilation-invariant subgroup of G (see section
3.3.2).

The outline of the paper is as follows. The next section is devoted to
record some known facts on discontinuous groups, syndetic hulls, the rep-
resentation space Hom(I', G) and the topological features of deformations.
In the third section, we introduce the notions of compatible subalgebras,
compatible subgroups and invariant subgroups. We also prove some ele-
mentary properties of the diamond group. The rigidity results are proved
in the fourth section (Theorems 4.1, 4.2 and Corollary 4.3).
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2. Backgrounds

This section is devoted to record some basic facts about deformations.
The readers could consult the references [9, 10, 11, 12, 13, 14] and some
references therein for more details about the subject. Concerning the entire
subject, we strongly recommend the papers [10] and [14].

2.1. Proper action
Let X be a locally compact space and L a locally compact topological
group. The action of the group L on X is said to be:

(1) Proper if, for each compact subset S C X the set Lg = {l € L :
[-SNS # 0} is compact.

(2) Fixed point free (or merely free) if, for each € X, the isotropy
group L, ={l € L: lx =z} is trivial.

(3) Discontinuous, if L is discrete and it acts on X properly and fixed
point freely. In this case, L is said to be discontinuous group for X.

In the case where X = G/H is a homogeneous space and L a subgroup
of G, acting on G/H by a left multiplication [ - gH = lgH, it is well known
that the action of L on X is proper if and only if SHS™! N L is compact
for any compact set S in G. Obviously when H is a compact subgroup, the
action of L is proper; and when L is a torsion free and discrete, any proper
action is also free. The following Lemma has been obtained in [9].

LEMMA 2.1. Let G be a locally compact group and H, K some sub-
groups of G. Then the action of K on G/H is proper if and only if the
action of H on G/K is proper.

The following fact is a direct consequence of the definitions of proper
and free action,

LEMMA 2.2. Let G be a locally compact group and let H and I' be
subgroups of G. Then the following assertions are equivalent:

1) I' is a discontinuous group for G/H.

n) T is a discontinuous group for G/gHg™ !, for any g € G.
In particular, R(T',G, H) « R(T,G,gHg™ '), for all g € G.
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2.2. Syndetic hulls

Let G be a Lie group and I a closed subgroup of G. By a syndetic hull of
I', we mean any connected Lie subgroup of G which contains I" co-compactly.
As remarked by T. Kobayashi, there is an equivalence between the proper
action of a discrete subgroup I' and the proper action of its syndetic hull on
any locally compact Hausdorff space. The idea of using a syndetic hull was
introduced in [9] in the general reductive case and in [15, 16] for the non
reductive case. More precisely, one has the following;:

LEMMA 2.3 ([9, Lemma 2.3]). Suppose a locally compact group L acts
on a Hausdorff, locally compact space X. Let I' be a co-compact discrete
subgroup of L. Then the L-action on X is proper if and only if the I'-action
on X 1is proper.

As a direct consequence we can state that,

LEMMA 2.4. Let T be a discontinuous subgroup for G/H, assume that
H is contained co-compactly in K and T is torsion free. Then R(I',G,H) =
RIT,G,K).

PrOOF. AsT is a torsion free, the discontinuous action of I' on G/ H is
equivalent to its proper action. Then by definition of the parameter space
(1.1), the result comes from lemmas 2.3 and 2.1. O

In general, an arbitrary discrete subgroup of a Lie group does not have
a syndetic hull. Nevertheless Saito proved in [19], the following:

LEMMA 2.5 ([19]). Let G be a completely solvable Lie group. Then any
closed subgroup of G admits a unique syndetic hull.

We recall that a completely solvable Lie group is a connected simply
connected solvable Lie group such that any endomorphism ady, X € g has
real eigenvalues. In particular, a connected simply connected nilpotent Lie
group is completely solvable.

2.3. The homomorphisms set Hom(I', G)
We recall first that any discrete subgroup of a connected simply con-
nected solvable Lie group is finitely generated, see [18] for details. Assume
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then for the rest of this paper that I' is generated by {v1,...,7}. Let
F(k) be the non-abelian free group with a k generators xi,...,z; and ¢
a group homomorphism from F'(k) to G, then ¢ is completely determined
by the image of the generators. As F'(k) is a group without any non-trivial
relation, the map

Hom(F(k),G) — G*, ¢ (p(x1),... ,p(xx)),

is a bijection and when Hom(F'(k),G) is endowed with the point wise con-
vergence topology and G* with the product topology, this map becomes a
homeomorphism. Now the natural map

mp s F(k) =T, altealm syt
is a group homomorphism. This allows to conclude that I" & F(k)/ ker my,

and
Hom(T', G) = {¢ € Hom(F'(k),G), ker ¢ D ker 1 }.

If we consider the identification of Hom(F(k),G) with G*, then we can
write:

Hom(T,G) = {(g1, .. ,gr) € G*, gi, - - gi, = e for all z;, ---z;, € kermy},

which is clearly closed subset. As G is a real analytic manifold and the mul-
tiplication map is also analytic, it comes out that Hom(I", G) is an analytic
subset of G¥ whenever T is finitely presented, i.e. the kernel of 7, is finitely
generated, see [14, Section 5.2].

2.4. The concept of rigidity

We keep the same notation and assumptions. Generalizing Weil’s notion
of local rigidity of discontinuous groups for Riemannian symmetric spaces,
T. Kobayashi introduced the notion of local rigidity and rigidity of dis-
continuous for non-Riemannian homogeneous spaces (see page 135 of [11]).
Notably, he proved in [13] that for the reductive case, the local rigidity may
fail even for irreducible symmetric space of high dimensions. We briefly
recall here some details. For a comprehensible information, we refer the
readers to the references [6, 9, 10, 11, 14]. For ¢ € R(I', G, H), the discon-
tinuous group ¢(I') for the homogeneous space G/H is said to be locally
rigid (resp. strongly locally rigid) ([11]) as a discontinuous group for G/H
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if the orbit of ¢ under the inner conjugation is open in R(I', G, H) (resp.
in Hom(T', G)). This means equivalently that any point sufficiently close
to ¢ should be conjugate to ¢ under an inner automorphism of G. So,
the homomorphisms which are locally rigid are those which correspond to
isolated points in the deformation space J(I', G, H). When every point in
R(T,G, H) is locally rigid, the deformation space turns out to be discrete
and the manifold I'\G/H does not admit continuous deformations. Other-
wise, it said to be continuously deformable.

3. The Diamond Group and First Preliminary Results

3.1. Co-exponential bases
Let G be a real connected simply connected solvable Lie group, g its Lie
algebra and
exp:g — G

the exponential map. When G is an exponential Lie group, that is the
exponential map is a diffeomorphism, the structure of the Lie algebra allows
to construct the group G, the multiplication law is given by the formula,

(3.1) exp(X)exp(Y) = exp(C(X,Y))

where C(X,Y) is the Campbell-Backer—Hausdorff product of X and Y.
This consideration leads us to the identification of G with the topological
space R™, n = dim g, where the exponential map is nothing but

n
exp : g — R", Z%’Xz‘ = (ar, ..., 0m),
i=1

and the multiplication law is given by (3.1). Here {Xi,...,X,} is any
basis of g. Now if G is not exponential, the exponential map is not a
diffeomorphism. Nevertheless, using the concept of the co-exponential basis
we can also construct a diffeomorphism between G and R™.

DEFINITION 3.1 ([17]). Let G be a Lie group, H a connected Lie sub-
group of G and b its Lie subalgebra. A free family {by,... by} in g,
d = dim(g/h) is said to be a co-exponential basis to b in g if the map

RéEx H— G, (x1,...,24,h) — exp(x1by) - - - exp(xqbg)h,
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is a diffeomorphism. In particular if b is trivial, a co-exponential basis to
{0} in g gives a diffeomorphism between R? and G.

It is well known that any Lie subalgebra of a solvable Lie algebra admits
a co-exponential basis. A constructive proof of the existence of such a basis
is given in [17] and based on the three following assertions :

(2) If b is one co-dimensional ideal of g, then any vector in g \ b is a
co-exponential basis.

() If g D H D b and {by,...,bs} respectively {c1,...,¢.} is a co-
exponential basis for b’ in g respectively for h in b, then {b,... by,
1,-..,Cr} is a co-exponential basis for h in g.

(222) If b is a maximal subalgebra of g, which is not an ideal of g, then
any co-exponential basis for h N [g, g] in [g, g] is also a co-exponential basis
for b in g.

As a direct consequence, we get the following lemmas, (see [17]).

LEMMA 3.2. Let b be a subspace of g containing [g,g] and V a linear
subspace of g such that g =h @& V. Then any basis of V is a co-exponential
basis to b in g.

LEMMA 3.3. Let b be a subalgebra of g such that b + [g,g] = g. Then
there exists a co-exponential basis {ui,... ,u,} to b in g such that [g,g] =
W @ bnNlg,g], where W is the linear span of uy, ... ,u,.

3.2. The diamond Algebra and its compatible subalgebras

Recall that the Heisenberg Lie algebra ho,41 is a two step real nilpotent
Lie algebra of dimension 2n+ 1 admitting a basis Z, X1,Y1,... , X, Y, such
that the non-vanishing brackets are

(3.2) (X, Yi]=2, forall=1,...,n.
The diamond algebra g is defined as the direct sum of hs,41 and an n
dimensional abelian Lie algebra a = @' ;RA; with the additional non-trivial

brackets

(3.3) [A, Xi] =Y, and [A, Y] =-X;, forl=1,... n.
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Recall that a Lie algebra [ is called a graded Lie algebra if there is a decom-

(=P,

deZ

position

where [4,d € Z are a subspaces of [ such that:
[[i7 [j] - [i—i-jv 1,7 € Z.

From the brackets relations (3.3) and (3.2), the diamond algebra g is a
graded Lie algebra with the decomposition

g=290>Dg1 D go,

where

n

go=0a, g1 = @(RXi ®RY;), g2 =RZ is the center.
i=1

As a consequence, for all t € R% := {t € R, ¢ > 0}, the dilation y; : g — g
defined for v € g4 by p¢(v) = t%v is an automorphism of g.

DEFINITION 3.4. A subalgebra §h of a graded Lie algebra [ is called
subgraded subalgebra if
h=EPHNi).

deZ

The subgraded subalgebras of g are the subalgebras of g which are stable

by the one parameter family of dilations s, t € R
3.2.1 Compatible subalgebras

A subalgebra b of g is said to be compatible with a given Levi-decom-
position if it is a direct sum u @ b, where u = aNbh and hy = hopyr1 N h.
Any subgraded subalgebra is compatible with a given Levi-decomposition,
and conversely a subalgebra which is compatible with a given Levi decom-
position and contains the center of g is subgraded subalgebra. In general,
a subalgebra which is compatible with a given Levi decomposition is not
subgraded. The subalgebra generated by X1 + Z is compatible with a given
Levi-decomposition but not subgraded subalgebra of g. Nevertheless, we
have the following statement :
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PROPOSITION 3.5. Let hh be a subalgebra of g which is compatible with
a given Levi-decomposition. Then there exists g € G such that Adgy(h) is a
subgraded subalgebra.

Assume for the rest of this paragraph that h = u @ bhg, with u and by
as before. To prove Proposition 3.5 we need some preliminary remarks.
Let A be an element of u, we define the support of A as the unique subset
In C{1,... ,n} such that :

(3.4) A=) oAy with a; #£0, Vi€ s
i€l

We define also the support of h as the set I := Ugenla. Obviously there
exists A € u such that I = I4, such a vector is called generic element of
u. Denote by U; the linear subspace of g generated by X;, Y;, ¢ € I and let
hr = RZ @ Y. Note that hopi1 = U; @ hye and [hr, bye] = [u, bhe] = {0}.

LEMMA 3.6. Let I be the support of h. Then

h=ud (hoNs) ® (hoNhjeo),

as a direct sum of linear subspaces.

PrOOF. Let v € hg such that v = vy + v;c, where vy € Uy and vye €
hrc. To conclude, we have to prove that vy € h. Let A be a generic element
of u. Then we have ad(A)"™v = ad(A)™v; and ad(A)™v; € b for all m > 0,
where ad(A4)™v; = [A4,ad(A)™ v;]. Let A be written as in (3.4) and

vy = Z’UZ', with v; € ﬂ{l}
i€l
Consider the set of strictly positive integers {51, < -+, < Bq} = {|a|, 7 €
I}, then from the expressions

q q
"
A= g 0; E —|aj,|Aj and vy = E E vj,
=1 |aj=@ ' 7 i=1 |oj|=B;
we deduce that

q .
ad(A)or =38 3 ()™ ad(4))" vy

=1 o= ]
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Now observe that ad(A;)%v; = v;, then

ad(A)* vI—ZﬂA‘m Z v;.

i=1 laj|=B;

For u; = Zlajlz,@i vj, the sequence wy,, = > 1, ﬂfmui = ad(A4)*™vy is con-
tained in the subspace L generated by the free family {u1, ... ,u4}. The ma-
trix associated to the coordinates of wq,... ,w, via the basis {u1,... ,uq},
is the Vandermonde matrix

4 4q
g |

Bho 4
which is non-singular, because 3} # 6;1 for all ¢ # j. This means that the

vectors wi, . .. ,wy form a basis of L. As w,, € b for all m > 0, the subspace
L C b, in particular the vector vy = Y 7_;u; € h. O

The following Lemma has been obtained in [7, Proposition 3.1.].

LEMMA 3.7. Let b be a Lie subalgebra of hap+1 such that 3(han+1) Z b.
Then dimb < n and there exists a basis By = {Z, X7 ..., X, Y/,... Y}
of Bant1 with the Lie commutation relations

(3.5) (X!, ]] =06i;7,1,j=1,.

such that b is generated by X7, ... ’Xz/ﬂ where p = dimb. The symbol 6; ;
designates here the Kronecker index.

PROOF OF THE PROPOSITION 3.5. If b contains the center, then ob-
viously b is subgraded. Assume that h does not contain the center. Us-
ing Lemma 3.7, where we replace hapy1 by hre and § by h N hre, we de-
duce the existence of a basis {Z, X{...,X],,Y/,... Y} of h;c satisfying
the relation (3.5) and such that X7..., X} is a basis of h N h;c, where
p=dim(hNh;c) and 2m+1 = dimbhse. For X! = X!+ o; Z, with X! € g1,
let X =37 | o;Y/. Then a direct calculation shows that Adex,(x)(hNbjc)
is the linear span of X{,..., X/, in particular Adecpx)(hNbrc) C g1. Ob-
serve that for all X € h;o, we have [X,u] = 0 and [X,4;] = 0. Thus
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Adexp(X)(u) = u and Adexp(X)(u[ Nh) = Uy Nh. Using Lemma 3.6, we
conclude that

Adexp(X)(b) =ud (ﬂ[ N h) @ Adexp(X)(h N b]C),
which is graded since U7 Nh & Adegp(x)(h N bye) € g1. O

3.3. The diamond group

The Heisenberg group Ha,qp is the connected simply connected Lie
group of dimension 2n + 1 associated to hopy1. As honp1 is nilpotent,
Ho,,t1 is an exponential Lie group. We identify Hs,41 with the affine space
R27+1 = (R?)" x R. Any element = of Ha,.1 can be written as

x = (x1,...,2Tpn,2), where x; = ( a%- > € R?.
(]
Thanks to the Campbell-Backer—Hausdorff formula for two step nilpotent
Lie groups:

CX,Y)=X+Y + %[X,Y],

the multiplication is obtained by the formula
1 n
v = (v + o), T, 2+ 2+ 3 lz;b(xl,xf)),

where b is the standard non-degenerate skew-symmetric bilinear form on
R?, given by b(z;, }) = det(x;, x}).

As [g,9] = banyt1, the family {A;,..., A,} is co-exponential basis to
hon+1 in g, the diamond group is identified to the product space R x Hap 41
and the map

ax b?n-i—l - Ga (A7 X) = eXp(A) eXp(X)

is a diffeomorphism.
The abelian group exp(a) = R™ acts on hay,4+1 via the adjoint represen-
tation

1Adexp(t,LA,L)(OZ])(‘7 —+ /6]}/]) — { 7<x7 5 Y ;é j

o X+ BY; i Q=g
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o, ;
where < J > =r(t;) < % ) and r(t;) is the rotation transformation
J

cos(t;) —sin(¢;)

r(ti) = ( sints)  cos(t;) > |

through the basis {X;,Y;}. Thus the diamond group is the semi-direct
product G = R" x Hg, 41, where R™ acts on Ha,11 as follows:

(t1y... o tn) -z = (r(t1)x1, ... ,7(tn)Tn, 2).
More precisely, let us consider the projections:
§:G—R?) 7:G—R and (:G—R
defined by & (g) = 2y, 1(g) =t; for I =1,... ;n and ((g) = z, where
g=(t1,... ,tn,x1,...,Tpn,2).

The product of two elements g, ¢’ € G is determined by the formulas

(3-6)  &lgg") =n(g)&(g) + &g, nlgg) = 7(g) +nlg),

and

n

B o) =Clo) + <o) + 5 D b(n(e)al9). &(9).

=1

1

where r;(g9) = r(m(g))~". As a consequence, the action of G on itself by

conjugation is given by

si(gg'g™h) =g,

(3.8) &(99'97") =n(9) " ((nlg) — Délg) +&(9).
Clod's™) = (o) + 3 D b(n()els). &(s")
(3.9)
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3.8.1 Compatible subgroups
Let Hy be a subgroup of Ha, 1 and U a subgroup of exp(a) such that
U normalizes Hy. Then the semi-direct product U x Hj is a well defined
subgroup of G.

DEFINITION 3.8. A closed subgroup H of G is said to be compatible

with a given Levi decomposition if it is a semi-direct product U x Hy, where
U=exp(a) NH and Hy = H N Hop41.

PROPOSITION 3.9. Let H = U X Hy be a subgroup of G compatible
with a given Levi decomposition and L(Hy) the syndetic hull of Hy. Then U
normalizes L(Hy) and the subgroup U x L(Hy) contains Ux Hy co-compactly.
In particular if U is connected and U x L(Hp) is a syndetic hull of H.

Note that since a compatible subgroup with a given Levi-decomposition
is closed, Hj is closed subgroup of Ho,11. Thus the syndetic hull of Hy
exists and it is unique. Similarly, any closed subgroup of the abelian group
exp(a), has a unique syndetic hull. More precisely we can state that:

LEMMA 3.10. Let K be a closed subgroup of a completely solvable
Lie group. Then the syndetic hull of K 1is the connected Lie subgroup
K' generated by the one parameter subgroups {exp(tX)|t € R}, for all
exp(X) € K.

PrOOF. The existence of the syndetic hull is given by Lemma 2.5. If
G is a completely solvable by Lemma 2.5, K admits a unique syndetic hull,
denote it by L(K). Clearly K’ is connected subgroup containing K and
K' ¢ L(K). The homogeneous space L(K)/K’ is homeomorphic to R?,
where d = dim L(K) — dim K’ and the map

L(K)/K — L(K)/K', 2K — 2K’

is a surjective and continuous. As L(K)/K is compact, d =0 and L(K) =
K'.O

PROOF OF PROPOSITION 3.9. Using Lemma 3.10, it is sufficient to
show that U x H{, is a subgroup of G. Or equivalently, U normalizes H|.
Let exp(tX) be a generator of H{, and exp(A) an element of U then,

exp(A) exp(tX) exp(—A) = exp(t Adexp(4)(X)) and Adey,(a)(X) € Ho.
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Thus, the one parameter subgroup exp (t Adexp(a) (X )) is also a generator
of Hj.

For the second statement, let S be a compact set in L(Hp) such that
L(Hp) = HoS. Then U x L(Hy) =U x HyL = (U x Hp)(0,S) and (0,5) is
a compact set in U x L(Hy). O

LEMMA 3.11. Let H be a subgroup of G, which is compatible with a
given Levi-decomposi- tion. Assume that Hoan11 is the syndetic hull of Hy.
If L(U) is the syndetic hull of U then the connected subgroup L(U) x Hap41
is a syndetic hull of H.

Proor. If L(U) = SU for a compact set S in exp(a) and Hop1 = HpS’
for S” a compact set of Hy,11. Then

L(U) X Hypyr = (8,0)(U x Hy)(0,5)
= (5,0)(0,8" YU x Hy) O
= (8,8 HH.

3.8.2  Subgraded and dilation-invariant subgroups
Recall that, if L is a connected simply connected Lie groups, then any
automorphism p of the Lie algebra [ of L lifts to an automorphism f of G,
by the formula

fi(exp(X)) = exp(u(X)), forall X €l

In particular, if [ is graded Lie algebra, for any ¢ € R* the dilation auto-
morphism p; induces an automorphism of L. This lead to define an action
of R on L.

DEFINITION 3.12. Assume that L is a connected simply connected Lie
group with a graded Lie algebra [. A closed subgroup H of L is said to be :

1) dilation-invariant, if H is stable under the action of R on L.

2) subgraded, if H is connected and its Lie subalgebra is a subgraded
subalgebra of [.

If H is subgraded, then obviously H is a dilation-invariant subgroup.
Conversely, a dilation-invariant subgroup is not necessarily connected; and



Rigidity of Deformations for Diamond Homogeneous Spaces 395

a closed subgroup with a subgraded Lie subalgebra may or not be dilation-
invariant. As an example, in our situation, for ¢ € G the dilation action is
given by

(3.10) 7(fie(9)) = 1(9), &fie(g)) = t&(g) and ((fie(g)) = t°¢(g).
The center of G

Z(G)={g€ G, &(g)=0and 7y(g9) € 2nZ for all I =1,... ,n}

and the subgroup H = exp(ZX)exp(RZ) for X € g; are both non-con-
nected and have a same Lie subalgebra the center go, which is subgraded.
The center Z(G) is dilation-invariant but H is not. The following Lemma
is a characterization of dilation-invariant subgroups in G.

LEMMA 3.13. A closed subgroup H of G is a dilation-invariant sub-
group if and only if H is compatible with a given Levi decomposition such
that H N Hop11 s a subgraded subgroup.

PROOF. Suppose that H is dilation-invariant and let U and Hy be
as in definition 3.8. As Hs,41 is a dilation-invariant subgroup, then so is
Hy. Clearly, U normalizes Hy and U x Hy is a closed subgroup of H. Let
h =exp(A)exp(X) € H. As H is closed

lim /iy (exp(A) exp(X)) = lim exp(A) exp (X)) = exp(4) € U,

thus exp(X) € Ho and H = U x Hy. As limy_gexp(pu(X)) = e for all
exp(X) in Hy, the dilation invariance of Hy leads to conclude that Hy is
connected and the Lie subalgebra of Hy is hg = {X, exp(X) € Hp}. Let
X € b, write X = X' + X" with X’ € g; and X" € gy. For t # 0, we have
X — 1 (X) =tX" € ho. Then X', X" € bho and hy = ho N g1 @ ho N ga.

Conversely, if Hy is subgraded then Hj is dilation-invariant and we have
fit(U x Hy) = U x fiy(Ho) = U x Hp. O

4. The Rigidity Problem

Our main results in this section are the following :

THEOREM 4.1. Let G be the diamond group and I' a non-trivial finitely
generated subgroup of G (not necessarily discrete). Then there is no open
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G-orbit in Hom(T', G). In particular if T' is a discontinuous group for a
homogeneous space G/H, then strong local rigidity property fails to hold for
every element in R(I',G, H).

THEOREM 4.2. Assume that H is a dilation-invariant subgroup of G
and T' is a non-trivial discontinuous group for G/H. Then for every ¢ €
R(T', G, H), local rigidity property fails to hold.

COROLLARY 4.3. Let H =U x Hy be a subgroup of G compatible with
a given Levi-decomposition. Assume that one of the following statements is
satisfied:

1) The subgroup Ho N Z(Hapy1) is non-trivial.

1) The subgroup U is connected, which is the case when H is connected.
Then for any non-trivial discontinuous group for G/H, local rigidity prop-
erty fails to hold everywhere.

To prove these results, we need some preliminary results. The following
observation is an important tool. The action of R* on G defined by (3.10),
induces a natural action of R% on Hom(I", G) by the formula ¢ - = fi; 0 .

LEMMA 4.4. The map R% xHom(I',G)/G — Hom(I',G)/G, (t,[¢]) —
[t - ] gives a well defined continuous action of R* on Hom(I',G)/G. In
particular for all ¢ € Hom(I', G), the map R} — Hom(I',G)/G, t —t - [¢]
18 continuous.

PROOF. The fact that the map is a well-defined action is derived from
the equality

t-(g-p)=(@-g) - (t-¢).

Since the quotient map Hom(I', G) — Hom(I', G)/G is open and the action
of R* on Hom(I', G) is continuous, the action of R} on Hom(I', G)/G is also
continuous. U

4.1. Strong local rigidity

The aim of this subsection is to prove Theorem 4.1. Let ~1,... 7% be
the generators of I' and identify Hom(T',G) to a subspace of G* via the
injection ¢ — (©(71),...,¢(7%)). To simplify the notation we write ;
instead of ¢(7;). Let Fix(T', G) be the set of fixed points in Hom(I',G)/G
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under the action of R*. Then as a direct consequence of Lemma 4.4, we
obtain,

LEMMA 4.5. Let ¢ € Hom(I',G). If the G-orbit of ¢ is open in
Hom(T', G), then [¢] € Fix(T', G).

PrOOF. The action of R* is continuous. If [¢] is an open point in
Hom(T',G)/G, then the stabilizer of [¢] is an open subgroup of R*. O

We consider the subset,
(4.1) F'(T,G) :={(¢1,--- ,x) € Hom(T, G), &(p;) = 0 for all i and [}

and F’(T', G) its image by the quotient map: Hom(T', G) — Hom(T', G)/G.
LemmA 4.6. Fix(T',G) c F'(T,G).

PROOF. Let [¢] € Fix(I',G), then for all t € R* there exists an element
g € Gsuchthatt- o =g¢g,-¢. Thusforalll =1,... ,nandi=1,... Kk,
we have

t& (i) = &(gepigr V),
which is equivalent by (3.8) to
(4.2)  t&(pi) = rilge) " () &lge) + rilge) " &(ei) — rilge) " &lge)-

If 71(p;) € 27Z, then t&(;) = r(g:) " 1&(;) for all t, which implies that
& (i) = 0. For 7(p;) & 27Z, let

(4.3) To1i = (I —71i(ei) " Gli)-
Then from (4.2) we get
&(g9e) = (I —tri(ge))xp,14-

In particular for all 4, j such that 7(y;), 7(p;) & 2nZ, we have the relation
Ty1i = Ty - Let g € G be an element of G satisfying

if there exist ¢ such that 7(y;) & 277Z
otherwise.

&lg) = { g%l’i
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By a direct calculation, using (3.8), we show that &(gp;g~!) = 0 for all
and 7. Therefore g - € F'(I',G) and [g - ¢] = [¢]. O

LEMMA 4.7. The restriction of the quotient map m : Hom(T',G) —
Hom(T',G)/G to F'(I',G) is a continuous bijection from F'(I',G) to
F'(T, Q).

PROOF. The restriction is continuous and by definition of F”(T", G) is
surjective. To see that the restriction is injective, suppose that there exits
p € F'(T',G) and ¢ € G such that g - ¢ € F'(T',G), we have to prove that
© = g - . By definition of F'(T', G),

(4.4) &(i) = &(gig™") = 0 for all  and i.

If there exists ¢ such that 7;(¢;) € 277Z, the last equality implies that £(g) =
0. Then from equality (3.9), we conclude that ((gp;g~!) = ((¢;), therefore

p=g-¢p. U

Observe that for all ¢ € F'(T', G), the image ¢(T") is an abelian subgroup
of the abelian subgroup

R" x Z(Hop1) ={g € G, &(9) =0,1=1,... ,n} =2 R""L.

Then ¢ factors through the quotient map 7 :; I' — I'" = I'/[I",T'|, where
[[',T'] is the derivative group. We consider the map

¢: F'(I,G) — Hom(I',R"*1),

Y
where G(v[I',T]) = ¢(7).
LEMMA 4.8. The map £ is a homeomorphism.

PrROOF. The inverse of £ is the map ¢ — ¢ o m, the bi-continuity is
clear. O

The abelian group I" is finitely generated. Let T'(T') be the subgroup
of the torsion elements in I'. Then the quotient group IV = I'"/T(I") is
an abelian torsion free finitely generated group. Thus I' is a free abelian
group isomorphic to Z!, where I = rk(I'").
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LEMMA 4.9. The topological spaces Hom (T, R"*1) and Hom(I'"’, R"+1)
are homeomorphic to each other.

PRrOOF. Note that T(I'") C ker(z)) for all ¢» € Hom(I", R"*1). Then as
before, the map

¢ Hom(I',R"*!) — Hom(I”,R"*1),
Y o—

defined by 1 (yT(I")) = ¥(7), is a continuous bijection, its inverse is 9 —
1 ox’, where 7’ is the quotient map IV — I'”. O

PROOF OF THE THEOREM 4.1. Suppose that [p] is open in
Hom(T', G)/G, then by the lemmas 4.5 and 4.6, [¢] is open point in F”'(T', G).
Using Lemma 4.7, we see that the inverse image of [¢] in F'(I',G) is
an isolated point. As a consequence of lemmas 4.8 and 4.9, the space
Hom (I, R™*1) contains an isolated point. If the rank [ of I is non zero,
then Hom(I'", R*™!) is homeomorphic to M, ;(R). Thus | = 0 and the
set Hom(I'”, R"*1) is reduced to the trivial homomorphism. Using again
Lemmas 4.9 and 4.8 we see that F'(I';G) = {0}. In particular ¢ is the
trivial homomorphism. In this case ¢ is a fixed point by the action of G on
Hom(I', G) and thus ¢ is an isolated point in Hom(I', G). But Hom(I', G) is
closed, then for all ¢ € Hom(T', G), limy_ot-¢ € F'(T',G) = {®}. It comes
out that ¢ is an isolated point if only if Hom(T", G) is reduced to the trivial
homomorphism, which is impossible because the natural injection of I in G
is not trivial.

4.2. Local rigidity
The aim of this section is to prove Theorem 4.2 and corollary 4.3.

LEMMA 4.10. If H is a dilation-invariant subgroup, then R(I',G, H)
is an R -stable subspace of Hom(I', G). In particular R acts continuously
on I(I,G,H).

Proor. AsR% acts by a continuous automorphism, ¢ is injective and
©(I") is discrete if and only if (¢- ) is also injective and (¢- ) (I") is discrete.
Recall that G is simply connected, then the subgroup I' is torsion free.
Thus the action of I' on G/H is proper only if it is free. By definition of the
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parameter space (1.1), we have to prove that the action of I" on G/H via ¢
is proper if and only if the action of I" on G/H via t - ¢ is proper. Let S be
a compact set in GG. Then

(t-9)T)s = (7€t ¢)(T), vSHNSH 40}
= t{veed), (t-v)SHNSH # 0}
= t{yep@), t7((t-v)SHNSH) # 0}
=ty e o(T), A(t- S)H N (1 S)H £ 0}
= tp(D)e.s.

Therefore the sets (¢ - ¢)(I')s and ¢(I");.s are homeomorphic. O

LEmMMA 4.11. Let p € R(I',G, H). If ¢ is a locally rigid, then G - ¢ N
F'(T,G) # 0. In particular T is an abelian subgroup.

PROOF. Assume that ¢ is locally rigid, then [p] is an open point
in 9(I',G, H). By continuity of the action of R, we deduce that [¢] €
Fix(T', G) and we conclude by Lemma 4.6 that G- o N F'(T',G) # 0. Let ¢’
be an element of the intersection, then ¢'(T’) is a subgroup of the abelian
subgroup R™ x Z(Hap41). As ¢’ is injective, T' is abelian. OJ

LEMMA 4.12. Lety € F'(I',G)NR(T, G, H). Then for any real number
t £ 0, the element ¢, € F'(T',G) defined by

C((cpt)i) = t((pi) and Tl((cpt)i) =t7(p;) foralll=1,... n,

is also an element of R(T',G, H).

PROOF. The subgroup ¢(I') is a discrete subgroup of the connected
simply connected Lie subgroup R" x Z(Hg,+1). Thus ¢(I") has a syndetic
hull L., which is the linear span of the generators 1, ..., ¢;. Similarly if
t # 0 the subgroup ¢.(I') is a discrete subgroup of R™ x Z(Ha,+1) and its
syndetic hull is equal to L,. By Lemma 2.3 the action of ¢(I") is proper if
and only if the action of ¢;(I") is proper. O

Let R* := R\ {0}. From Lemma 4.12, for ¢ € F'(I',G) "R, G, H),
the map
co, :R* — RI',G,H)
t — ¢
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is a well defined and continuous injection. As a consequence we can state
the following :

LEMMA 4.13. The map ¢, : R* — J(I',G, H), t — [p4], is a continu-
ous injection.

Proor. The map ¢, is the composition of two continuous injective
maps, ¢, and the restriction of the quotient map to F'(I', G)NR(I", G, H). O

PrROOF OF THE THEOREM 4.2. Suppose that ¢ is locally rigid. By
Lemma 4.11, we can assume that ¢ € F'(I',G). Then the map ¢, is well
defined and using Lemma 4.13, we conclude that @*1 ([go]) is an open point
in R*, which is impossible. [J

PrROOF OF COROLLARY 4.3. Assume that U is connected. By Propo-
sition 3.9, the subgroup K = U x L(Hj) is a syndetic hull of H, where
L(Hp) is the syndetic hull of Hy. As ¢(I') is a torsion free, R(I',G,H) =
R(T',G, L(H)) by Lemma 2.4. Proposition 3.5 induces the existence of g € G
such that Ady(¢) is a subgraded subalgebra, where € is the Lie subalgebra
of K. Then gKg~! is a dilation-invariant subgroup and by Lemma 2.2 we
conclude that R(I',G, H) = R(T,G,gKg™1).

Assume now H N Z(Hap4+1) is non-trivial.  As before, we have
RI,G,H) = R(I',G,K). By hypothesis L(Hy) N Z(Hap+1) is a non-
trivial connected subgroup of Z(Hs,41) which is one dimensional, thus
Z(Hap4+1) C L(Hp). Then the Lie subalgebra of L(Hj) is graded and from
Lemma 3.13 we conclude that K is dilation-invariant. [J
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