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On the Classification of Inoue Surfaces

By Zahraa KHALED and Andrei TELEMAN

Abstract. We prove that any Inoue surface admits a unique holo-
morphic connection and we infer that two Inoue surfaces S = HxC/G,
S’ = H x C/G" are biholomorphic if and only if G, G’ are conjugate
in the group of affine transformations of H x C. This result allows us
to prove explicit classification theorems for Inoue surfaces: Let M be
the set of SL(3,Z)-matrices M with a real eigenvalue « > 1 and two
non-real eigenvalues, and let N'* the set of GL(2, Z)-matrices N with
a real eigenvalue @ > 1 and det(N) = £1.

We prove that:

(1) For any GL(3,Z)-similarity class 9 € M/ ~, there exists exactly
two biholomorphism classes of type I Inoue surfaces.

2) (+)

In both cases Z7,

For any GL(2,Z) similarity class M1 = [N] € Nt/ ~ and
positive integer r € N* we have a finite set of deformation
classes of type II Inoue surfaces. This set is parameterised
by the quotient of Z2/(Is — N)Z? + rZ? by an action of the
“positive centraliser” Z(; , 5 (N) of N in GL(2,Z). The
set of biholomorphism types corresponding to a deformation
class, endowed with its natural topology, can be identified
with either C* or C.

For any GL(2,Z)-similarity class 9t = [N] € N~/ ~ and
positive integer r € N*, we have a finite set of biholomor-
phism classes of type III Inoue surfaces. This set is parame-
terised by the quotient of Z?/(Iy + N)Z?* +rZ? by an action
of ZgL(Q,Z)(N)‘

CL(2,2) (N)-can be identified with the stabiliser of

N in PGL(2,Z) and is an infinite cyclic group (see section 5).

Taking into account the Latimer-MacDuffee theorem and a classical
finiteness theorem for ideal classes in orders, it follows that:

(1) For any polynomial x € x(M) we have only finitely many bi-
holomorphism classes of type I surfaces.

(2) For any pair (x,7) € x(NT) x N* we have only finitely many
deformation classes of type II Inoue surfaces.
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(3) For any pair (x,7) € x(N7) x N* we have only finitely many
biholomorphism classes of type III Inoue surfaces.
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1. Introduction

In his renowned article [Inl], Inoue introduced three types of non-
Kéhlerian surfaces obtained as quotients of U := H x C (where H := {w €
C| $(w) > 0}) by certain groups of affine transformations acting properly
discontinuously on U. Moreover Inoue proves that any surface S belonging
to one of his three families is a class VII surface with by = 0 ([Kol]-[Ko3],
[BHPV], [Na], [Te3]) and has the following remarkable geometric properties:
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(A) S admits a holomorphic foliation, or, equivalently, the tangent sheaf
admits an invertible subsheaf (see [Inl, Condition (C) p. 280] and
section 3.2 in this article).

(B) S contains no curve, or, equivalently, for any nontrivial invertible sheaf
N on S, one has H°(S,N) = 0 (see [Inl] and Theorem 3.1 in this
article).

The fondamental theorem [Inl, Theorem p. 280] states that, conversely,
any class VII surface with b, = 0 having these two properties is biholomor-
phic to a an Inoue surface, i.e. to a surface belonging to one of Inoue’s three
families. Note that in fact, by the main result of [Tel], any class VII surface
with by = 0 satisfying (B) is biholomorphic to an Inoue surface. Taking into
account Kodaira’s classification of class VII surfaces with by = 0 admitting
curves [Ko2, Theorem 34, p. 699], this result shows that the classification of
class VII surfaces with b = 0 reduces to a detailed classification (i.e. an ex-
plicit parametrisation of the set of biholomorphism classes) of Hopf surfaces
and Inoue surfaces. For primary Hopf surfaces such a detailed classification
can be found in [We].

Inoue surfaces have many interesting properties, for instance:

- Any Inoue surface admits a geometric structure compatible with its
complex structure [Wa]. More precisely a type I Inoue surface admits
a compatible geometric structure of type Solé, a type II Inoue surface
with parameter ¢ € R and a type III Inoue surface admits a compatible
geometric structure of type Sol{, whereas a type II Inoue surface with
parameter ¢t € C\ R admits a compatible geometric structure of type
Sol} (see [Wa, Proposition 9.1]).

- The Bott-Chern class ¢P¢(Kg) of the canonical line bundle kg of any
Inoue surface S is non-trivial and pseudo-effective (see [Te2, Remark
4.2]). This might look surprising taking into account that kod(S) =
—00.

- An Inoue surface S comes with a tautological affine structure, which,
by a result of Klingler, is its unique affine structure [Kl, Lemma 4.3].
In other words, S has a unique holomorphic connection Vg with van-
ishing torsion and curvature. A stronger result of Dumitrescu states
that Vg is the unique holomorphic connection with vanishing torsion
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[Du, Proposition 3.1] of S, whereas our Theorem 3.9 proved in this
article states that Vg is its unique holomorphic connection (without
any restriction). Compact complex surfaces admitting a holomorphic
connections have been classified in [IKO].

We also mention that the constructions which yield Inoue surfaces have
been recently generalised in higher dimensions by Oeljeklaus-Toma [OT] and
Miebach-Oeljeklaus [MO] using number theoretical methods. The resulting
higher dimensional generalisations of Inoue surfaces are called Oeljeklaus-
Toma manifolds and generate already significant interest in the literature.

The class of Inoue surfaces plays a fundamental role in the theory of
surfaces (see for instance [BHPV, Section V.19]) so, naturally, they are
abundantly studied in the literature. However, to our surprise, we did not
find in the literature an explicit classification theorem for Inoue surfaces, as
we have for primary Hopf surfaces [We].

Also to our surprise we realised that the problem is more difficult and
more interesting than we expected. The first difficulty we encountered comes
from the traditional notations used in the literature for these surfaces. For
instance, the “traditional” notation used for Inoue surfaces of the first type is
Swr, where M € SL(3,Z) is a matrix with Specc(M) 2 Specr(M) C|1, +oo[
(see [Inl, section 2]). This notation suggests that for any such matrix M
one has a well defined complex surface Sy;. This is not true. In fact, in
order to construct an Inoue surface of the first type, one also has to fix a
non-real eigenvalue 3 € Specc(M) \ R and a pair (a,b) € R3 x C3 consisting
of a real eigenvector for the real eigenvalue a = |3|72 € Specg(M) and an
eigenvector for 5. Having the triple (3, a,b) one can recover M, but not
vice-versa. Therefore the notation which is appropriate for classification
purposes is Sf,bv not Sys. For the first type of surfaces our final result
(see Theorem 4.7, Remark 4.8) shows that biholomorphism classes of first
type Inoue surfaces correspond bijectively to pairs (90, 3) consisting of a
GL(3,Z)-similarity class of SL(3,Z)-matrices of the considered type and a
non-real eigenvalue § € Spec(9M) \ R. Therefore to any similarity class
9N of such matrices correspond two biholomorphism types of type 1 Inoue
surfaces. The fact that the data of a matrix M as above is not sufficient
to determine a biholomorphism class has already been noticed by Inoue in
[In2], who introduced the notations SAJZ in order to emphasise that, replacing
the eigenvalue [ by its conjugate, will change the isomorphism type of
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the obtained surface. We are grateful to the referee for pointing us out
this reference. Unfortunately this important remark has not been taken
into account in the subsequent mathematical literature in English, so the
traditional notation for these surfaces remained Sy (see for instance [Wa,
p. 145-146)).

A concrete consequence of our classification result: for any type I Inoue
surface S we have S % S (see Corollary 4.9), in particular S does not admit
any Real structure. This should be compared to the classification results
for Real structures on other classes of non-Kéhlerian surfaces [Fr|, [Kh].

Note that, by a renowned Theorem of Latimer and MacDuffee (see
[LMD], [Ta]), for any degree n polynomial x € Z[X] which in irreducible
in Q[X], the set of GL(n,Z)-similarity classes of matrices with integer co-
efficients and characteristic polynomial y correspond bijectively to the set
of ideal classes of the order Z[a], where « is a root of x. Therefore, by a
fundamental theorem in Number Theory [BoSh, Theorem 3, p. 128], this
set is finite!.

Therefore, for any polynomial X3 — 6, X? + 61X — 1 € Z[X] with a root
a €]1, +o0o[ and two non-real roots, we have finitely many biholomorphism
classes of type I Inoue surfaces, namely two biholomorphism classes for any
equivalence class of ideals of the order Z[a]. We give an explicit example in
which the order Z[a] is not maximal (see Example 4.1).

For surfaces of the second type, the situation is even more complicated:

the “traditional” notation for a type II Inoue surface is S;{, A where

N € SL(2,Z) has Spec(N) C (0,+00) \ {1} and (p,q,r,t) € Z X Z x Z* x C.
This notation suggests that any 5-tuple (N, p, q,r,t) as above yields a well

1 +
defined surface denoted S N,p,q,rt

also needs a pair (a,b) € R?xR?, where a is an eigenvector for the eigenvalue

a € Spec(N)N|1, 400 and b is an eigenvector for a~ .

This again is not true; the construction

For this class of surfaces we will adopt the notation S} ., where:

e tcC,r € N* and a €]1, +oc[ is ST-admissible, i.e. a +a~! € N.

!This finiteness theorem is usually stated for a maximal order, i.e. for the ring of
integers Ok of an algebraic number field K.
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e (a,b) € R? x R? is a linearly independent pair which is a-compatible,

ai b a 0 ar b !
o 1 1 1 1
N(a,a,b) := <a2 b2> <0 a_1> <a2 b2> € My(Z).

e c € R?%is (a, b, 7)-compatible in the sense of the compatibility condition
(2).

The set of (a,b,r)-compatible vectors is identified with Z? via a bijection
which depends on (a, b, 7). Therefore we will replace Inoue’s pair (p, q) € Z>
by the pair of coefficients ¢ = (c1,c2) which intervenes effectively in the
construction of the surface as a quotient [Inl, p. 276].

For any St-admissible a €]1,+oc[, let N, C SL(2,Z) be the set of
SL(2,7Z) matrices with o € Spec(N). By the Latimer and MacDuffee The-
orem, the set of similarity classes N,/ ~ is finite.

The pair (a, ) is a biholomorphism invariant. We will identify the set of
biholomorphism classes of type II Inoue surfaces Sg'y ., with N(a, a,b) € N,
with a quotient set 2, of the set of parameters (a,b,c,t), where (a,b,c)
satisfies the above compatibility conditions (see Theorem 4.27). We have a
natural map

l.e.

oyt Lay — Naf ~, [Sep e = [N(a,a,b)].

Let M € N,/ ~, choose N = N(«,a,b) € N, and let ZérL(zZ)(N) be
“the positive centraliser of N” in GL(2,Z), which is an infinite cyclic group,
see the definition formula (74) and section 5. We will prove (see Theorem
4.35) that the fibre W1 (91) over M comes with a natural topology and that
the set of connected components of this fibre can be naturally identified
with the quotient of

Zyn, :=7%/(Iy — N)Z* 4 rZ?

by the group Z;}.FL(Q,Z)(N) acting on Zy, by K * [p] := [ex Kp].

Moreover, we will prove that any connected component of the fibre
Uon
condition (C') stated in Proposition 4.38 is satisfied. Using Inoue’s [Inl,
Proposition 4 p. 278] one can prove easily that two type II Inoue surfaces

(M) can be identified to either C* or C, the latter case occurring when
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St Sg‘,/”br,/’ o are deformation equivalent if and only if (a,r) = (a/,7")
and the images of the the 4-tuples (a,b,c,t), (a/,¥/,¢,t') in the quotient
space 2, belong to the same connected component.

Therefore, for any pair («,r) as above with a admissible, we have only
finitely many deformation classes of type II Inoue surfaces, namely a finite
number of similarity classes of SL(2,7Z)-matrices with eigenvalue «, and a
finite number of deformation classes for each such similarity class.

At the end of section 4.2 we treat in detail the cases § =3 (o = 34'2—‘/5)
and 0 = 4 (a = 2+ +/3) specifying the number of deformation classes corre-
sponding to any r € N* and the isomorphism type of the connected compo-
nents of the space of isomorphism classes. The main tools are: the algorith-
mic version of the Latimer-MacDuffee theorem of [BVdM] and our Theorem
5.4 which specifies a generator of the positive centraliser ZérL(z,Z)(N ) for a

large class of SL(2,Z) matrices.

We will use similar methods for the classification of type III surfaces,
i.e. of the surfaces denoted traditionally by S For this surfaces we
will adopt the notation S; ., where

N,p,q,r*

e r € N* and « €]1, +oo[ is S~ -admissible, i.e. « —a~ !t € N.

e (a,b) € R? x R? is a linearly independent pair which is a-compatible,

a; b a 0 ar b\ "
. 1 1 1 1
N(a,a,b) = (a2 b2> (0 _a_1> <a2 b2> € Ma(Z).

e c € R? is (a,b,r)-compatible in the sense of (11).

i.e.

We define N := {N € GL(2,Z)| det(N) = —1, a € Spec(N)} and we
let 2, denote the set of biholomorphism classes of type III Inoue surfaces
Sepe With N(a,a,b) € Ny. Our main result for this class of surfaces is
Theorem 4.42, which states that the fibre of the natural map 2,, — NJ
over a similarity class 0t = [N(«, a,b)] € N/ ~ can be identified with the
quotient of

Zyn,y :=7%/(I + N)Z* 4 rZ?
by the group Zé—L(Q,Z)(N) acting on Zy, by K * [p] := [exKp]. The set

N7/ ~ of similarity classes associated with « is again finite, so, for any
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S~ -admissible « and r € N* one obtains a finite number of biholomorphism
classes of type III Inoue surfaces.

Note that “positive centraliser” ZEL(Q,Z)(N ) associated with a matrix
N e N, (N € NJ), where a is ST- (respectively S™-)admissible, is always
infinite cyclic (see section 5, where it is shown that specifying a generator
of this group is an interesting number theoretical problem).

We will begin our article with a new presentation of Inoue’s construc-
tions; for each one of the three types of Inoue surfaces we will precise the
entire data system needed for the construction of such a surface and we will
use the notation Sy for the complex surface associated with the data system
(parameter) p varying in a set 8 which we will describe explicitly. Noting
that surfaces of different types cannot be biholomorphic (see Corollary 3.6),
it follows that the classification problem for Inoue surfaces reduces to giv-
ing — for every fixed type — an explicit description of the quotient set /R,
where R is the equivalence relation

R:={(p",p") € P x PB| Sy =~ Sy}

The main difficulty is to understand in detail the equivalence relation R.
Let Aff(C?), T(C?) be the groups of affine transformations, respectively
translations, of C2, U := H x C and let Aff(U), T(U) be the subgroups

Aff(U) == {f € AfE(C?)| f(U) = U}, T(U) == {f € T(C*)| f(U) =U}

consisting of those affine transformations (respectively translations) which
fix U.
An elementary computation shows that

REMARK 1.1. We have

ro={(2) = () ()
= (0 () (g)’ N

u € R, CE(C}.
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Any Inoue surface is the quotient S = U/T', where I' is a subgroup of
the group Aff(U) acting properly discontinuously on U. Our classification
results are based on the following theorem:

THEOREM 4.1.  Let 8" =U/T", S" = U/T" be Inoue surfaces, f:S" —
S” be a biholomorphism and f : U — U be a lift of f. Then f € Aff(U).

This theorem is a consequence of our uniqueness theorem: the tangent
bundle of any Inoue surface admits a unique holomorphic connection (see
Theorem 3.9 in this article), but can also be proved using Klingler’s or Du-
mitrescu’s uniqueness result [Kl, Lemma 4.3], [Du, Proposition 3.1], which
concerns holomorphic connections with vanishing curvature and torsion, re-
spectively holomorphic connections with vanishing torsion.

Theorem 4.1 gives a purely algebraic interpretation of the set of isomor-
phism classes of Inoue surfaces:

COROLLARY 4.2. Two Inoue surfaces 8" = U/T’, 8" = U/T" are bi-
holomorphic if and only if the subgroups T', T" of the group Aff(U) belong
to the same conjugacy class.

Using this result we will obtain, for each type of Inoue surfaces, a purely
algebraic interpretation of the equivalence relation R on the parameter set
B, which will allow us to describe the quotient set /R.

2. The Construction of Inoue Surfaces

2.1. Type I Inoue surfaces
We begin with the following definition:

DEFINITION 2.1. A complex number 8 will be called admissible if § €
C*\R, |3| < 1, and | 3|72, 3 and 3 are the roots of a polynomial P(X) € Z[X]
of the form

P(X)=X3—6,X?4+6,X — 1 with 61,6, € Z.

Equivalently, 8 € C\ R with |3] < 1 is admissible if

{w—? +2R() € Z
2|6|2R(5) + |6]* € Z.
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REMARK 2.2. The polynomial P(X) = X? — X2 + 61X — 1 € Z[X]
associated with an admissible complex number [ is irreducible in Q[X].

PrOOF. It suffices to prove that o := |3|72 is not rational. Suppose
that o € Q. P(X) is a monic polynomial with integer coefficients, so its root
« is integer over Z. Since Z is integrally closed in Q, it follows that o € Z,
so P(X) decomposes as P(X) = (X — ) (X% + (a—602) X + a(a—02) +61).
This implies a(a(a — ) +6;1) = 1, so a~! = |3]? € Z, which contradicts
the assumption || < 1. O

DEFINITION 2.3. Let 8 be an admissible complex number. A pair
(a,b) € R3 x C3 will be called S-compatible if a, b and b are linearly inde-
pendent over C and

al b1 51 ’,8|_2 0 0 al b1 61
M(ﬁ,a,b) = | as by ?2 0 I6] 9 as bo ?2 EMg(Z).
as bs b3 0 0 g az by b3
We put:
Ps = {(a,b) € R* x C?| (a,b) is B-compatible}.
Note that

REMARK 2.4. Let (a,b) be a S-compatible pair. Then
(1) M(B,a,b) € SL(3,Z).
(2) Spec(M(8,a,b)) = {872, 8, 5}
(3) The eigenspaces of M (83, a,b) in C3 are:
Epg-2=Ca, Eg=Cb, Ez = Cb.
For a pair (a,b) € R3 x C3 we define the affine transformations g;(a,b) €
Aff(U), 1 <1 <3, by

gi(a> b) : (w,z) - (w +ai, z +bl)
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DEFINITION 2.5. Let 3 be an admissible complex number and (a, b) €
Ps. We define go(03) € Aff(U) by

90(6) : (w7z) - (]ﬁ|_2w,ﬁz)

and we define G(f,a,b) to be the group generated by go(5) and
(gi(a, b))1<i<s.

Note that G(f,a,b) acts properly discontinuously on U [Inl]. The ar-
gument uses essentially the compatibility property of the pair (a,b).

DEFINITION 2.6. Let 3 be an admissible complex number and (a, b) €
Ps. We define the (first type) Inoue surface Sf,b by
s _U
Sa,b - /G(ﬂa a, b)

where G(3, a, b) is the subgroup of Aff(U) generated by the affine automor-
phisms go(3), (gi(a,b))1<i<s.

Therefore, for type I Inoue surfaces, the space of parameters P consid-
ered in the introduction is

P ={(8,a,b) € C xR x C3| B is admissible, (a,b) is f-compatible}.
Note that

REMARK 2.7. [Inl, p. 274] The generators go := go(5), ¢i := gi(a,b)
of G(f3,a,b) satisfy the commutation relations

99 = 9;9; 1, =1,2,3,

mi1 M2 1153 i=1 23
T e

909i95 " = 97" 95" g3
where m;; are the entries of the matrix M := M (g, a,b).

Using Remark 2.7 we obtain the following simple

REMARK 2.8. With the notations introduced above we have:

(1) Any element g € G(f3,a,b) can be written in a unique way as

g = gs(a, b)k?’gg(a, b)k2gl(a, b)klgo(ﬁ)ko with k; € Z.
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(2) We have

G(ﬁva’ b) ﬂT(U) = <gl(a7 b)?QQ(avb)ng(aa b)> = Zg'

PROOF. The first statement follows using the fact that the subgroup

<gl (CL, b)7 92((17 b)a 93(0” b)> - G(ﬁv a, b)

is abelian and normal in G(f, a,b). The second statement follows from the
first taking into account that || < 1. O

2.2. Type II Inoue surfaces
In this section we will need the following subgroups of the group Aff(U)
of affine transformations of U := H x C:

Aft; (U)

weERsy, uelR AeC, CE(C},

u€eR, \eC, CGC},

{(9) = (1) () c=c}

=

-

S
i

Note that
REMARK 2.9.
(1) TU), T(U), Aff1(U), Aff}(U) are normal subgroups of Aff(U).

2) T is central in 1 , S0 also in .
“U 1in Aff1(U 1 AfFH(U

We shall see that the subgroups which intervene in the construction of
type II Inoue surfaces are all contained in Aff;(U).

DEFINITION 2.10. A real number a will be called ST-admissible if o =
O+vi—1 V292_4, where 6 € N>3.
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Therefore o is S*-admissible if and only if a €]1, +o00] and a+a~! € N,
and if and only it is the larger root of a quadratic equation t> — At + 1 with
0 e Nzg.

DEFINITION 2.11. Let a € R be ST-admissible. A linearly indepen-
dent pair (a,b) € R? x R? will be called a-compatible if

N(a,a,b) = <Z; Z;) <(O)‘ Oﬁl) <Z; Z;) B € My (Z). (1)

REMARK 2.12. Let a be as above and (a,b) be an a-compatible pair.
Then

(1) N(a,a,b) € SL(2,Z).
(2) Spec(N(a,a,b)) = {a,a 1}
(3) The eigenspaces of N(a,a,b) in R? are E, = Ra, E,-1 = Rb.
We put:
Po = {(a,b) € R? x R?| (a,b) is a-compatible},
Ny :={N € SL(2,Z)| « € Spec(N)},
and we denote by 7, : Py — N, the map given by 1,(a,b) := N(a,a,b).

DEFINITION 2.13. Let (a,b) be an a-compatible pair and r € N*.

(1) A vector ¢ € R? will be called (a,b,r)-compatible if, putting N :=
N(a,a,b), we have

1 (a1b1 bAa (niinio bAa,
Ihb—-N - = - — —7°. 2
(2 )<C 2 <a2b2>> 2 (n21n22 < T 2)

If this is the case, we define p(a, b, c,r) € Z? by

(I — N) <c = % <“1b1> ) = bg“ <"””m> e, ()

azby n21M22 r
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The set of (a, b, 7)-compatible vectors will be denoted by Cqp. .
(2) If (a,b) is a-compatible and c is (a, b, r)-compatible we will also say

that the triple (a, b, ¢) is («, r)-compatible. Therefore, (a, b, ¢) is (a, 7)-
compatible if and only if

(a) N(a,a,b) = ar by fa 0 a b € My(Z)
T as by 0 a! as by ’
(b) Putting N = (n4;);; = N(o, a,b), we have

1 (fa1by bAa (niinis bAa 9
Ih— N - — — —7".
(£ )(C 2 <a262> > 2 191122 < r

REMARK 2.14. Our compatibility condition (2) is equivalent to Inoue’s
compatibility condition [Inl, formula (17) p. 276], which reads

bAa
T

(Is—N)c—ec 72,

where

<€1> _ 1 <n11(n11 —1)aiby + ni2(ni2 — 1)61252) + <n11n12> by,

) 2 \n21(n21 — 1)aiby + noz(no2 — 1)azbs n21M22
Using the identities Na = aa, Nb = o~ 'b, one obtains easily:
e1 L] (a1by a1bl> <n11n12> ]
== - N +BAa ,
(e2> 2 [ <a2b2> (a2b2 (bra) 21722
which proves the claim.

The Inoue surfaces of type II are quotients of U by a group of affine
transformations constructed using an («, r)-compatible triple and a complex
parameter t € C:

REMARK 2.15. Let (a,b) € P, and r € N*.

(1) The set Cop, is a 222(I; — N)~1(Z?)-torsor.

r
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(2) The map mapyr : Capr — Z2, Tapr(c) == pla,b,c,r) € Z? is bijective
and satisfies the identity

bAa 1 (s S
Tab,r <C+ (_[2 — N) 1 < 1) > = Wa,b,r(c) =+ ( 1) .
T 52 52

Note that the two components of p(a,b,c,r) correspond to the integers
p, q in Inoue’s notation.

Let (a,b,c) € R? x R? x R? and r € N*. We define the affine transfor-
mations g; = gi(a,b,c) (1 <1i<2), g3 =g3(a,b,r) € Aff(U), by

fw) _ w+ a; (1 0 w " a;
I )" Gabwre) b 1)\ ¢/’
w w
o()-(m)
DEFINITION 2.16. Let «, r be as above and (a, b, ¢) be an («, r)-com-
patible triple. We define G(a, b, ¢, ) to be the subgroup of Aff(U) generated

by the affine transformations g1 = ¢1(a, b, ¢), g2 = g2(a, b, ¢), g3 = g3(a, b, r).
For t € C we also define gy = go(a, t) € Aff(U) by

e (2)- ()

and the subgroup G(a,a,b,c,r,t) C Aff(U) by

G(Oé, a, b7 G, t) = <907 g1, 927g3>'

Recall [Inl, p. 276] that G(«,a,b,c,r,t) acts properly discontinuously
on U. The argument uses essentially the (a,r)-compatibility condition of
the triple (a, b, c). We define

DEFINITION 2.17. Let «, r be as above and (a, b, ¢) be an («, r)-com-
patible triple. The type II Inoue surface associated with the parameters

(a,a,b,c,r,t) is
,r

_U
Sa,b,c,t T /G(a, a,b,c,r, t) ’
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Therefore, for type II Inoue surfaces, the space of parameters 3 consid-
ered in the introduction is

B = {(a,a,b,c,mt) € ]1,+oo[xR? x R? x R? x N* x C|

« is ST-admissible, and(a, b, ¢) is (a, 1) — compatible}.

REMARK 2.18. [Inl, p. 276] Let (a, b, ¢) be an (o, r)-compatible triple.
Putting p := p(a, b, c,r) € Z?, we have the commutation relations

ni1 Ni2 Pi

97 95 9192 = g, 9ig3 = g3gi for 0 < i < 2, gogigg L = gl gh2 g,

where N = (n;5)i; = N(o, a,b).
REMARK 2.19. The subgroup Z(a,b,r) := (g3) C G(a,a,b,c,r,t) is
central in G(a,a,b,c,r,t) and G(a,b,c,r7) is a normal subgroup of

G(a,a,b,c,rt).

(1) We have

Z(a,b,r) = G(a,b,c,r)NT(U) = G(a,a,b,c,r, t) N T(U). (5)

The proof uses the fact that by, bo are linearly independent over Q
(which follows easily taking into account that b is an eigenvector of a
rational matrix associated with an irrational eigenvalue).

(2) We have

G(a,b,c,r) = G(a, a,b,c,r,t) N AFL(U). (6)
(3) We have inclusions G(ov, a, b, ¢, r, t) C Affy(U), G(a,b,c,r) C Affi(U),

and the induced morphism

G(a,a,b,c,r, t)/G(a,b, er) ™ AEI(U)/AH%(U) (7)
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between the corresponding quotient groups is a monomorphism. Iden-
tifying the quotient Aff;(U)/Aff(U) with R+ via the obvious isomor-
phism

Aff1(U)/AfF1(U) = R

induced by ((1;)) 4, <l)f (1)> <Z)> + (2)) — [, we obtain a group

isomorphism
G(r,a,a,b,¢,t)/G(a,b,c,r) = ([90]) = ().

onto the cyclic group () C R which maps the class [go]g(a,p.cr) tO
a.

Using Remark 2.18, we obtain:

REMARK 2.20. One has [G(a,b,c,7),G(a,b,c,r)] = (g5) C (g3), in par-
ticular one has an isomorphism

(93)/1G(a,b,c,7),G(a,b,c,r)| ~ Z,.

REMARK 2.21. Any element g € G(a, b, ¢, r) can be written in a unique
way in the form

ny n2

9 =g 9595 (8)

with ny, ng, k € Z; any element g € G(a,a,b,c,r,t) can be written in a
unique way in the form

ni _ng

9= 969795295 (9)
with ni, no, k, [ € Z.

2.3. Type III Inoue surfaces
We start with the analogue of Definition 2.10 for type III surfaces:

DEFINITION 2.22. A real number « €]1, +o00[ will be called S™-admis-
sible if o = 2£v07+44 V292+4, where 0 € N*.
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In other words « is S™-admissible if it coincides with the positive root
of a quadratic equation of the form t?> — §t — 1 = 0 with § € N*. Let o be
S~ -admissible.

DEFINITION 2.23. A linearly independent pair (a,b) € R? x R? will be

called a-compatible if, putting Py, = <Zl ZI;I>’ we have
2 b
(6] 0 -1
N(a,a,b) := Py 0 —a-1 P, € My(Z). (10)

The space of a-compatible pairs in the sense of Definition 2.23 will be
denoted by P. . For (a,b) € P, we have

N(aya,b) € GL_(2,Z) := {N € GL(2,Z)| det(N) = —1},
Tr(N(a,a,b)) =6,

and the eigenspaces of N(a,a,b) are E, = Ra, E_,-1 = Rb. For an S™-
admissible « €]1, +00[ we will use the notation:

N, :={N € GL_(2,Z)| a € Spec(N)}.

DEFINITION 2.24. Let (a,b) be an a-compatible pair and r € N*. An
element ¢ € R? is called (a, b, r)-compatible if, putting N := N(«, a,b), we

have
1 fa1by aNb (niinia alNb 9
I N — = — —7~. 11
(I + )<c 5 <a2b2>> > \ninas ) € (11)

If this is the case, we define p(a, b, c,r) € Z? by

1 fa1by alNb (niinia alNb (p
I+ N)(e—= _ STAL
(2t )<C 2 <a252>> 2 \nainge ro\p2)’
and we’ll also say that (a, b, ¢) is an («, r)-compatible triple. We will denote

by Cqpr the space of (a,b,r)-compatible vectors and by 7, the space of
(cv, r)-compatible triples.
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Note that, as mentioned for type II surfaces, our compatitibility condi-
tion is equivalent to Inoue’s formula [Inl, (20), p. 279].

DEFINITION 2.25. Let «, r be as above and (a, b, c) be an (a,r)-com-
patible triple. We define G(a, b, ¢, ) to be the subgroup of Aff(U) generated
by the affine transformations g1 = g1(a, b, ), g2 = g2(a, b, c), g3 = gs(a,b,r)
defined in (4). We also define go = go(ar) € Aff(U) by

w ow
wie) (1) = ()
and the subgroup G(a,a,b,c,r) C Aff(U) by

G(Oé, a, ba ¢, T) = <907 g1, 92, g3>

Recall [Inl, p. 279] that G(a, a, b, ¢, r) acts properly discontinuously on
U. We define

DEFINITION 2.26. Let «a, 7 be as above and (a, b, c) be an («,r)-com-
patible triple. The type III Inoue surface associated with the parameters
(o,a,b,c,r) is

ar U
Sa,b,c T /G(a,a,b,c,r)'

REMARK 2.27. [Inl, p. 279] Let (a, b, ¢) be an («, r)-compatible triple.
Putting p := p(a, b, c,r) € Z2, we have the commutation relations

97195 9190 = g, gigs = g3gi  for 1 <i <2,
ni1 ,ni2 Pi

909390 = 95, G0gigy = g 952 b

where N = (n;;);; = N(o, a,b).

The statements of Remark 2.19 extend to type III surfaces with one
notable exception: the cyclic subgroup (gs) is still central in the group
G(a,b,c,r), but not in G(a,a,b,c,r), because g3 does not commute with
go- The obvious analogues of Remarks 2.20, 2.21 hold for type III surfaces.



302 Zahraa KHALED and Andrei TELEMAN

3. Fundamental Properties of Inoue Surfaces

3.1. Line bundles on Inoue surfaces

Let X be a class VII surface, o € X and 71 (X, ) be the fundamen-
tal group of the pair (X, zp). Since b;(X) = 1, the torsion free quotient
H\(X,Z)/Tors(H1(X,Z)) is always isomorphic to Z. If bo(X) = 0, the

natural map
Hom(H,(X,Z),C*) = Hom(m (X, z9),C*) — Pic(X)
is an isomorphism, and the image of the natural monomorphism

Hom (Hl X, Z) /Tors (H{(X,7Z)) C*) — Hom(H,(X,Z),C") = Pic(X)

is precisely the identity component Pic®(X) of Pic(X) (see for instance
[Te3]). Fixing an isomorphism Hj(X,Z)/Tors(Hy(X,Z)) = 7Z gives an

isomorphism

¥\ vk H XZ *) _ P30
Hom(Z,C") = C* = Hom (Fi(5 2 7)).€7) = Pic’(X).

Any Inoue surface S is the quotient U/I" where T' is a group of affine
transformations acting properly discontinuously on U := H x C C C2.
We choose ug € U, we put zy = [ug] € S and we identify 71(S, xg) with
I' in the obvious way. The canonical isomorphism Hom(7(S,z¢),C*) =
Hom(I', C*) — Pic(9) is given explicitly by

Hom(I',C*) 3 p — [L,] € Pic(9),

where
L,:=Ux (C/pI‘

Here U x C/,T" stands for the quotient of the trivial line bundle U x C over
U by the group I' acting by

(9, (w, 2), Q) = (9(w, ), p(9)<)-

For an Inoue surface S we also have a natural choice of an isomorphism

H,(S,Z)
i /Tors (H{(S,7Z)) — —Z
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obtained using Inoue’s description of the group Hi(S,Z) (see [Inl, p. 274,
276, 279)):

Identifying H(S,Z) with the abelianization I'/[I",I'] of I", we see that,
for all three types of Inoue surfaces, the classes [g;], 1 < ¢ < 3, generate
Tors(H(S,Z)), whereas the map

H1(8,2) = Yip 1y 3 Lot} 1ok [95°) — ko € Z

is an epimorphism with kernel Tors(H;(S,Z)), so it induces induces an

isomorphism
. H(S,Z
o + )/Tors(Hl(S, 7))~ Z.

For an Inoue surface S we will always use the isomorphism k¢ defined above
to identify the torsion free quotient H;(S,Z)/Tors(H1(S,Z)) with Z. The
corresponding isomorphism

. o = Hi(5,2) :
C* = Hom(z,C") = Hom (FHS ) (6 7)),C7) = Pic’(s)

is given explicitly by
¢ [Lp<]7
where p¢ : I' — C* is defined by

pe(gi) =1 for 1 <i <3, pe(g0) =¢.

We will put L¢ := L. to save on notations.
One of the main results of [Inl] is the following fundamental:

THEOREM 3.1. (Inoue) Let S be an Inoue surface. Then S has no
complex curve.

In other words an Inoue surface has no positive effective divisor. This
implies:

COROLLARY 3.2. Let S be an Inoue surface and L be a non-trivial
invertible sheaf on S. Then H°(S, L) = 0.
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3.2. The tangent bundle of an Inoue surface

Denoting by (e, e;) the canonical basis of C2, note that in all cases the
line subbundle U x Ce, C Ty = U x C? is invariant under the tangent map
g« for any g € I'. Therefore we obtain a line subbundle M of T defined as
the quotient of U x Ce, by the induced I'-action on the tangent bundle 7T;.
Putting L := Tg/M, we obtain a short exact sequence

0—-M—Tg— L—0, (12)

which will be called the canonical exact sequence for the tangent bundle of

S.
Note that:

REMARK 3.3. For Inoue surfaces of type I, the line subbundle U x
Ceyw C 1Ty is also I'-invariant and its I'-quotient is a complement of M in
Tg, so it can be identified with L. Therefore, in this case, the canonical
exact sequence (12) splits giving a direct sum decomposition Tg = M @ L.

Identifying the line subbundles U x Ce, C Ty, U x Ce, C Ty with
the trivial line bundle U x C, and taking into account the explicit formulae
for the generators g; of I' in each case, we see that M, L can be identified
respectively with the quotients

(U xC)/pp I, (UxC)/p, T

where the group morphisms pyr, pr, € Hom(I',C*) are given by the table
below

type | p | p(g0) | p(g1) | p(g2) | P(g3)

[ LPM B 1 1 1
PL « 1 1 1

v | 1 1 1 1 (13)
PL « 1 1 1
ov | —1 | 1 1 1

i PL o 1 1 1

Using the notation introduced above, this shows that
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REMARK 3.4. For any Inoue surface S we have a natural identification
L = L,. For an Inoue surface of type I (respectively II, III), we have a
natural identification M = Lg (respectively M = L1 =S x C, M = L_;).

Note also that (12) gives natural identifications

Los if Sis of type I
Kg=det(Ts) =M ® L = L, if Sisof type Il . (14)
L_, if §is of type 111

REMARK 3.5. For an Inoue surface of type II, the canonical exact se-
quence (12) becomes

0—0s—Tg— Kg—0, (15)

and for an Inoue surface of type III, the canonical exact sequence (12)
becomes

0—>£_1—>TS—>IC§®£_1—>O. (16)

In both cases the extension class h € Ext!(£, M) = H'(S, Ks) is non-trivial.

PROOF. Suppose first that S is of type II. In this case, taking duals in
the short exact sequence (15) we obtain

0— Kg— Qg — O0g— 0, (17)

and the extension classes of (15), (17) coincide. But (17) does not split
because, S being a class VII surface, we have h := dim(H°(S,Qg)) = 0.

Suppose now that S is of type III. As noted in [Inl, p. 279], S admits a
double cover S which is an Inoue surface of type II. Moreover, the canonical
short exact sequence of S is the pull-back of the canonical short exact se-
quence of S. Since the latter is not split, the canonical short exact sequence
of S cannot be split. [J

COROLLARY 3.6. 1. A Inoue surface

(1) is of type I if and only of its tangent bundle has two (different) line
subbundles.
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(2) is of type II if and only it has its tangent bundle has a unique line
subbundle and this line subbundle is trivial.

(3) is of type III if and only it has its tangent bundle has a unique line
subbundle and this line subbundle is non-trivial.

2. If two Inoue surfaces are biholomorphic, then they have the same type.

PrROOF. The first statements follow by Remarks 3.3, 3.5. The second
statement follows from the first. [J

3.3. Vanishing theorems

For a vector bundle E (a locally free sheaf £) we will denote by Endg(F)
(respectively Endy(€)) the bundle (sheaf) of trace-free endomorphisms of £
(respectively &€). The goal of this section is the following vanishing theorem:

THEOREM 3.7. Let S be an Inoue surface. Then
(1) H(S,Ks ® End(Ts)) = 0.

(2) HY(S, Qg ® End(Ts)) = 0.

Proor. If S is of type I, we have
Ts 2 M@ L, Ks®End(Tg) =~ M2 @ L2 0 K2,

Qs ® End(Tg) = (L @ M) & (M*®? @ L) & M*P3 @ £*93,

We apply Corollary 3.2 to the invertible sheaves M*, £L* M*®2 [*®2 [*@2g
M, M**2@ L and Kg. These sheaves are non-trivial: this follows using (13)
taking into account that 1 € {a~ !, 871,072,372 o728, 3 %a,a 1571}

Suppose that S is of type II.
(1) Since

Ks®End(Tg) = Kg ® (OSidTS @ Endy(Tg)) ~ Ks @ (Ks @ Endy(7g)),

and Kg is non-trivial, it suffices to prove that H°(S,Ks ® Endy(7s)) = 0.
We will make use of Lemma 3.8 proved below applied to the exact sequence
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(15). Tensorizing by Kg the last two lines of the first diagram, we obtain
the commutative diagram

0 — Ks® Fo 2% Ks® Endo(Ts) 28 05 — 0

oo ] Ju )

O

0 Ks ] Ks®Ts —2— Og 0

with exact rows. We obtain the following commutative diagram with exact
rOwS

/

0 — HO(S,/CS ® Fo) — HO(S,ICS ® Endy(Ts)) — C 2, Hl(S,/CS ® Fo)
| | O
0 — HYS,Ks) ——— H°(S,Ks®Ts) —— C —“— H(S,Ks)

where &', &' are the connecting morphisms associated with the two exact
sequences in (18). Since the lower exact sequence in (18) is non-split (it is
obtained by tensorizing (15) with Kg), it follows that 9" is injective, so 0’
is also injective. Therefore the monomorphism

HO(S,Ks ® Fo) — H°(S,Ks ® Endy(Ts))
is an isomorphism, so it suffices to prove that
H(S,Ks ® Fo) = 0. (20)

Tensorizing by Kg the left hand column in the first diagram of Lemma
3.8, we obtain the short exact sequence

0— K — Ks® Fy— Kg — 0.

Since HY(S, ICE?Q) = H%(S,Ks) = 0, the associated cohomology exact se-
quence gives HY(S,Kg ® Fo) = 0, as claimed.

(2) Tensorizing the exact sequence (17) by End(7s), we obtain the exact
sequence

0— Ks®End(Zg) — Qs ® End(Tg) — End(Tg) — 0, (21)
which gives the long exact cohomology sequence

0— H(S,Ks @ End(Tg)) — H°(S, Qg @ End(Tg)) — H°(S, End(Ts)) 2>
A, HY(S,Kg ® End(T5)) — .. ., (22)
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where A is the connecting morphism associated with (21).
Since H°(S,Ks ® End(Ts)) = 0 by (1), the vanishing of H°(S,Qs ®
End(7s)) follows from the following claim which will be proved below:

CramM. ker(A : HY(S,End(Ts)) — HY(S,Ks ® End(7g))) = 0.

For this Claim we use the following commutative diagram with exact
rows

0 —— Ks®End(Ts) — Qs ® End(Ts) — End(Ts) —— 0

J{id){s ®Tr J{idgs ®TI’ J{’I‘r ? (23)

0 ]Cs QS OS 0

where the vertical morphisms on the left are give by:
(idog ® Tr)(w ® f) = ® TH(f) = Tr(f)w.

By the functoriality of the connecting morphism, we obtain the commutative
diagram

0 —— HO(S,End(Ts)) —2— HY(S,Ks @ End(Ts))

JHO(Tr) lHl(id,CS@Tr) )

0 — H%(S,04) =C —2—— HY(S,Kg)

where 0 is the connecting morphism associated with the lower short exact
sequence in (23). We know that this exact sequence is non-split, so 9(1) # 0,
which shows that 9 is injective.

Therefore the claim will be proved if we show that H°(Tr) is injective.
Using the cohomology long exact sequence associated with the short exact
sequence

0 — Endy(Tg) — End(Ts) == Og — 0

we see that
ker (HY(Tr) : H°(S, End(Ts)) — HO(S,0g)) = H(S, Endy(Ts)).

Therefore our claim will be proved if we show that H?(S, Endy(Zs)) = 0.
Using the central exact row in the first diagram in Lemma 3.8 and the
vanishing of H°(S, K%), it suffices to prove that H°(S, Fy) = 0. This follows



On the Classification of Inoue Surfaces 309
as in the proof of (1) using the vanishing of HY(S,Kg), the commutative
diagram

H(S,Ks) —%— HO(S,Ks)
HO(S, Qs) EE— HO(S, .FQ) (24)

C = H(S,05) —=» H(S,05) = C

01 02

H'Y(S,Ks) —%— H'(S,Ks)

associated with the second diagram in Lemma 3.8 and the injectivity of 0y
(which follows by Remark 3.5).

Finally suppose that S is of type III. In this case we can complete the
proof in two ways: First method: we use again the canonical exact sequence
and the associated commutative diagrams given by Lemma 3.8. Second
method: we use the double cover o : S — S (with S of type II) as in the
proof of Remark 3.4 and we note that

o (Ks ® End(Ts)) = Kg ® End(Tg),
0" (Qs ® End(Ts)) = Qg ® End(Tg).
Since o is surjective, the natural pull-back morphisms
HY(S,Ks ® End(Ts)) — H(S, 0" (Ks @ End(Ts))) = H°(S, Ks® End(Tg))

H°(S,Qs ® End(Tg)) — H°(S,0%(Qs ® End(Ts))) = H(S, Qg ® End(T3))

are injective, so the vanishing of ];{0(5, Ks®&End(7g)), I{O(S, Qs@End(Ts))
follow from the vanishing of H°(S,Kg® End(T3)), H*(S,Qg® End(T5)). O
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LEMMA 3.8. Let X be a complex manifold and let
0—-ML el 90 (25)
be an exact sequence of locally free sheaves, where M, Q are of rank 1. Let

qj : End(E) — Hom(M, Q) = M* ® Q,
(g7)o : Endo(E) — Hom(M, Q) = M* @ Q

be the morphisms defined ¢ — qo o j. Put
F :=ker(qj), Fo=F N&Endy(E) = ker(qj)o.

(1) The sheaf morphism jq : Hom(Q, M) — End(E) defined by ¢ — joypoq
takes values in Fy, so it defines a morphism (jq)o : Hom(Q, M) — Fy.

(2) F comes with natural morphisms u : F — End(M), v : F — End(Q)
defined as follows: for any x € X and ¢ € F,, we have p(M,) C M,,
so ¢ induces morphisms u(p) € End(My), v(p) € End(Ex/My) =
End(Qy).

(3) The restriction (u,v)o of the obtained morphism
(u,v) : F — End(M) ® End(Q) = Oxidy @ Oxidg
to Fo takes values in the trivial invertible sheaf Ox (idp, —idg).
(4) The composition of the morphism (jo) : Hom(E, M) — End(E) with
the trace-free morphism End(E) — Endy(E) takes values in Fy, so it

induces a morphism

(jo)o : Hom(E, M) — Fo.

(5) We have commutative diagrams with exact lines and columns
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0 0
0 —— Hom(Q,M) —9— Hom(Q,M) ——— 0
(Ga)o ir5°(i1)o
1Fo (g5)o
0 Fo Endy(E£) ——= Hom(M,Q) — 0 (26)
(u1u)0 oj id
0 — Ox(idm, —idg) ~ Oxidpm <, Hom(M,E) L5 Hom(M, Q) — 0

Hom(Q,M) ——9 5 Hom(Q, M)

(Ja)o

Hom(E, M) bk Fo
%oj (u,v)0

’Hom(/\/l,/\/l) = OxidM —= Ox(idM,—idQ)

PrROOF. The statement follows from the analogue statement for an
exact sequence of holomorphic bundles, which is a consequence of the ana-
logue statement for an an exact sequence 0 — M - E -5 Q — 0 of vector
spaces. The latter follows easily using a basis (u,v) of F with u € M. O

Using the second statement in Theorem 3.7, we obtain
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THEOREM 3.9. Let S = U/T be an Inoue surface. The tangent bundle
Ts admits a unique holomorphic connection. The pull-back of this connec-
tion to U coincides with the trivial connection on Ty = U x C?, in particular
this connection is flat and torsion free.

PRrROOF. For the existence: the trivial connection Vg on Ty = U x C?
is holomorphic, flat, torsion free and I'-invariant, so it descends to a flat,
torsion free holomorphic connection on the quotient S = U/T".

For the unicity: if non-empty, the space of holomorphic connections on
Ts is an affine space with model vector space H°(S, Qs ® End(7s)). But
this vector space vanishes by Theorem 3.7. [J

4. The Classification of Inoue Surfaces

Recall that any Inoue surface is the quotient S = U/T', where T is a
subgroup of the group Aff(U) acting properly discontinuously on U (see
section 1).

Let 8" = U/T’, §” = U/T” be Inoue surfaces and p' : U — 5’ p” :
U — S” be the corresponding covering projections. Let f : S’ — S” be
a biholomorphism. Since p” and f o p’ are both universal covers of S”, it
follows that there exists a biholomorphism f : U — U lifting f, i.e. such
that p” o f = f o p/. This gives the commutative diagram

v—L v
A
s =u/m —Ls umr =g
and shows that, for such a lift f , we have:
fol'oft=1". (29)

An important role in our following results will be played by the following
theorem, which reduces the classification of Inoue surfaces to an algebraic
problem:

THEOREM 4.1.  Let 8" =U/T", S" = U/T" be Inoue surfaces, f: S" —
S" be a biholomorphism and f : U — U be a lift of f. Then f € Aff(U).
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PrOOF. Let V', V" be the (unique) holomorphic connections on the
tangent bundles Tg/, Tg» respectively. By Theorem 3.9 we know that
p/*(v/) — p/l*(v//) — VO-

The pull-back f*(V”) is a holomorphic connection on S’, so, by our
unicity result, it coincides with V'. Therefore

Vo =p" (V) =p"(f* (V")) = (fop) (V") = (30)
= ("o )" (V") = B"(V") = (Vo).

Therefore f is Vp-affine. This implies that the tangent map f* preserves
the space <a%, % >(C of V-parallel holomorphic vector fields on U. Therefore
the Jacobian matrix of f is constant on U, so, since U is connected, f is the
restriction to U of an affine transformation (which fixes U). O

Taking into account Theorem 4.1 and formula (29), we obtain the fol-
lowing result, which reduces the classification of Inoue surfaces to a purely
algebraic problem:

COROLLARY 4.2. Two Inoue surfaces S' = U/T’, 8" = U/T" are bi-
holomorphic if and only if the subgroups I, T" of the group Aff(U) belong
to the same conjugacy class.

Our next goal: based on this corollary, we will obtain explicit descrip-
tions of isomorphism classes of Inoue surfaces of a fixed type.

4.1. The classification of type I Inoue surfaces

The goal of this section is Theorem 4.7 stated at the end of the section,
which reduces the classification of type I Inoue surfaces to a purely algebraic
problem.

Recall from section 2.1 that the space of parameters for type I Inoue
surfaces is

P ={(8,a,b) € C x R3 x C?| B is admissible, (a,b) is f-compatible}.
Taking into account Corollary 4.2, our problem becomes:

Problem. Let (8, §' be admissible complex numbers. Let (a,b) € Pg
be a (-compatible pair, and (a’,V’) € Py a ('-compatible pair (see section
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2.1). Describe explicitly the quotient of P by the equivalence relation

(B,a,b) ~ (3,d',b) if G(B,a,b), G(F,d’, V) are conj. in Aff(U).

REMARK 4.3. Let 8 be an admissible complex number. The formula
(K, (n,v)) - (a,0) := K - ((p, ) - (a, b)) := (K pa, Kvb)
defines an action of the product GL(3,Z) x (R% x C*) on the space Pg.

PROPOSITION 4.4. Let (8,a,b), (8',d',t') € PB. The following condi-
tions are equivalent:

(1) (B,a,b) ~ (&', a',0").
(2) B=p" and (a',0') € GL(3,Z) x (R} x C*)(a,b).

Therefore the quotient set m/w is identified with the orbit space

Plare.z) x @y x o = B]_IC oo, z) x (R x -
c

admissible
ProOOF. Put G :=G(B,a,b), G’ :=G(F,d V),
9i = gi(a,b), g; == gi(a’,V') for 1 <0 <3, go:=go(B), g0 := g0(3).
First, suppose G, G’ are conjugate in Aff(U), and let § € Aff(U),

9@) N (li 2) <15> + <Z> with p € R}, v € C*, ueR, (A,¢) € C?

be such that
G(B,d b)) =0G(B,a,b)07 " (31)
Formula (31) shows in particular that

g :=0ogyobted. (32)



On the Classification of Inoue Surfaces 315

We can write
tks thko k1 1k
9 =95%95291"90°

with k; € Z. Comparing the linear parts of ¢’ and 6 o gy 0 6~! we obtain
pTIABIE = B) =0, |87 = |87, g =", (33)

in particular A = 0 (i.e. the linear part of 6 is diagonal) and (since |G| < 1,
|8'| < 1) ko € N*. Changing the roles of G and G’ we obtain a formula of
the form ' = gl with Iy € N*. It follows § = 300, so kg = lp = 1 and
B=p.

Note first that (31) implies

O(GNTU))O™ = (GO N (OT(U)H™1)

= (

= (GO HNT(U) =G NnT(U). (34)

Taking into account Remark 2.8(2) it follows that ~/ := fg;0~! belongs to
G'NTU) = (91,95, 95)

for 1 < i <3, and (74,75, 74) is a system of generators of this free abelian
group. In other words there exists K € GL(3,Z) such that

N = g/kug/kzzg’kﬂ for 1 < < 3. (35)

On the other hand, since A = 0, we have

() = s (7) = (V10 @0)

Comparing (35) with (36) we obtain o' = K~'ua, b’ = K~1vb, with K~ €
GL(3,Z), which proves the claim.

2. Conversely, suppose that § = 3" and (a', V') € GL(3,Z) x (R%. x C*)(a, b).
Therefore there exists (K, (u,v)) € GL(3,Z) x (R* x C*) such that

(d,V) = K - (1,v) - (a,0)). (37)

The linear transformation ¢ defined by the diagonal matrix (’g 2)
belongs to Aff(U) and (37) shows that

¢g1,¢ 1 _ g’llzl /l12 /Z'B for 1 < 7/ < 3
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where L = (I;;) := K~ !. Noting that ¢gop~! = go = gj, it follows that
(6900, 691071, dg20p™ ", bg30™")

is a system of generators of G/, so pG¢~! = G'. O

PROPOSITION 4.5. Let 3 be an admissible complex number. Let (a,b),
(a',b") € Pg be 3-compatible pairs. The following conditions are equivalent:

(1) (@, V) € (GL(3,Z) x (R x C*))(a, )

(2) M(B,a,b) ~ M(B,d’,V'), where ~ denotes the similarity relation on
SL(3,Z), i.e. the equivalence relation defined by conjugation with ma-
trices in GL(3,Z).

PROOF. (1) = (2): Suppose that (a’,b') € GL(3,Z) x (R} x C*)(a,b).
Therefore there exists (K, (u,v)) € GL(3,Z) x (R x C*) such that

(a',b) =K ((u,v) - (a,b)) :== (Kpa, Kvb). (38)
Then,

ay b b1 a; b by w 0 0

a’2’2b2 :Kagbgég OVO,

ag g b3 as by b3 0 0 v
SO

which proves the claim.

(2) = (1): Suppose that M(8,a,b) ~ M'(8,d’,V’). Therefore there exists
K € GL(3,Z) such that M(B,a,b) = KM(3,d’,b')K~!, so comparing the
eigenspaces of the two matrices, it follows that Ka' € R*a, Kb' € C*b, so
there exists ([,m) € R* x C* such that

Kd = la, Kb = mb. (39)

If [ > 0, it follows that (a/,b') := K~ -(([,m)- (a,b), so the claim is verified.
If [ <0, then (—K)d = (=l)a, (— K)b/ = (—m)b. Therefore

(a/,b):=—-K ' ((=l,—m) - (a,b),
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with (=K1, (=1, —m)) € GL(3,Z) x (R x C*). O

Combining Propositions 4.4, 4.5 and taking into account Corollary 4.2,
we obtain:

COROLLARY 4.6. Let 3, 3’ be admissible complex numbers. Let (a,b) €
Py be a -compatible pair, and let (a',b') € Pz be a §'-compatible pair.
Then
B=p
Sg,b ~ S5/7b/ < and y
M(B,a,b) ~ M(F3',d,V)
where ~ denotes the similarity relation on SL(3,7Z), i.e. the equivalence
relation defined by conjugation with matrices in GL(3,Z).

Now put
M :={M € SL(3,Z)| Specc(M) 2 Specg(M) C]1,+o0[}.

For a similarity class 9 = [M] € M/N, put Specg(M) = Specgr(M),
Specc(IM) = Specg(M).

Note that knowing the similarity class of M (3, a,b), 3 is only determined
up to conjugation. With this remark, Corollary 4.6 becomes:

THEOREM 4.7. Biholomorphism classes of Inoue surfaces of type 1 cor-
respond bijectively to elements of the set

{en.p) me M/, §eSpecc(am) \ Specp(m) }

= JI (Specc(m)\ Specg(M)).
S)JIEM/N

The pair corresponding to the surface Sfib is ([M(B,a,b)], ).
Therefore,

REMARK 4.8. The set of biholomorphism classes of Inoue surfaces of
type 1 comes with a natural surjective map onto the set M/~ of similar-
ity class of matrices M € M. For any similarity class 91 we have two
biholomorphism classes of type I Inoue surfaces.
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COROLLARY 4.9. For any type I Inoue surface S, we have S % S. In
particular a type I Inoue surface does not admit any Real structure?.

ProoOF. Letc:U — U be the canonical Real structure on U defined by
c(w, z) = (—w, ). Note that ¢ induces an anti-holomorphic diffeomorphism

&:U/G(B,a,b) — U/cG(B,a,b)c ™,

which gives a biholomorphism 5’5 y = U/cG(B,a,b) ¢~ !. Elementary com-
putations give

cogo(B) o ¢l = g0(B), cogi(a,b)o c = gi(—a, 5) for 1 <1< 3,

b
M(f,a,b). Therefore, via the bijection given by Theorem 4.7, Sfb et S’fb
correspond to the same similarity class 91, but to different eigenvalues 5. [

so ¢cG(B,a,b)c™! = G(B,—a,b), so S’f,b ~ Séa:. We have M (3, —a,b) =

As explained in the introduction, for any polynomial P(X) = X3 —
02X% + 61X — 1 € Z[X] with a real root a €]1,+o0o[ and two non-real
roots, the set of GL(3,Z)-similarity classes of matrices M € SL(3,Z) with
xm(X) = P(X) correspond bijectively to equivalence classes of ideals in
the order Z[a]. This follows from the Latimer-MacDuffee Theorem taking
into account Remark 2.2. Since the set of equivalence classes of ideals in an
order is finite [BoSh, Theorem 3, p. 128], we obtain the following finiteness
theorem:

THEOREM 4.10. To any polynomial P(X) = X3 — 0. X2 + 01X — 1 €
Z[X] with a real root o €]1,+00[ and two non-real roots, correspond ex-
actly 2hgq) isomorphism classes of type I Inoue surfaces, where hyj is the
number of equivalence classes of ideals in the order Zla].

Note that in general the order Zja] C K := Q(«) is not maximal, i.e. it
does not necessarily coincide with the ring Ok of integers of the algebraic
number field K. We are grateful to Stéphane Louboutin for explaining us
the following example:

2See [Fr] and [Kh] for classification results for Real structures on other classes of
non-Kéhlerian surfaces.
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Example 4.1. The polynomial P;(X) = X3—2X2—2X —1 has a single
real root € ~ 2.83117 and its discriminant is A; = —83. Put K = Q(e).
Using [Mil, formula (8) p. 38] and the equality disc(1,¢,£?) = Ay (see [Mil,
p. 37]), we obtain

Ay =[O : Z[e]Adisc(O).
Since A is a prime number, it follows disc(Og) = A} = —83 and [Ok :
Z[e]] = 1, i.e. Z[g] = Ok. Now note that o := 2 ~ 8.01556 is the only real
root of the polynomial P»(X) = X3 — 8X?2 — 1 whose discriminant is Ag =
25A1. Noting that ae—8a—1 = 0, it follows Q(a) = Q(¢) = K, and formula
[Mil, formula (8) p. 38] applied to a gives Ay = [Of : Z[a]]2disc(Ok), so
Ok : Zla]] = 5.

4.2. The classification of type II Inoue surfaces
Recall from section 2.2 that the space of parameters for type II Inoue
surfaces is

"B = {(Oé, a, b7 C, T, t)
€ |1, +00[xR? x R? x R? x N* x C| a is ST-admissible, and
(a,b,c) is (a,r) — compatible}.

We begin with the simple

REMARK 4.11. Let p = (o, a,b,e,m,t), p' = (/,d', 0, 7', t') € P such
that Sp ~ Spy. Then a = o/, r =1’

ProoOF. By Corollary 4.2, there exists § € Aff(U) such that
0G(a,a,b,c,m, )07 = G(a',d' V', v 1).

In particular go(c,t)0~! = ¢’ for an element ¢’ € G(a/,d’, ¥, , 7", t).
Using Remark 2.21 and the explicit computation of the right hand term of
formula (9), we obtain a = o' with | € Z. Since a, o/ > 1, we have [ € N*,
Changing the roles, we obtain o/ = o/ with I’ € N*. It follows ' = 1, so
l=1I=1s0a=cd.

We have

G(a,b,c,r) = G(a,a,b, c,r,t) N Aff],
G(d, v, 7)) =G, d ¥, c,r )N AffL
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Since Aff} is normal in Aff(U) and 0G(c,a,b,c,r,t)07" = G(o/,d',V, ¢,
', t'), it follows

0G(a,b,c,r)071 = G(d ¥, r). (40)
This implies

0(G(a,b,c,r)NT(U))O~ = G(d,V, 7"y N (OT(U)6 )
=G(d,b,d,rYnTU),

S0
0(g3(a,b,r))0~1 = (g3(d’, V', 7")).
On the other hand formula (40) also implies

H[G(a’7 b? c’ T)? G(a” b’ C? T)]eil = [G(a’/7 b/7 C/7 Tl)? G(a/7 bl7 CI7 r/)]’

Therefore the isomorphism (gs(a,b,7)) — (g3(a’,b’,7’")) induced by the
interior automorphism ¢y maps the subgroup [G(a,b,c,r),G(a,b,c,r)] of
(g3(a,b,r)) onto the subgroup G(a’, V', ', r"),G(d', b/, ,1")] of (g3(a’, V', 7")).
It follows that tp induces an isomorphism

aslasbr)p -

a7 b’ C’ T)’G(a’ b7 C) T)] ZT

JN

; a/’ b/, ,r./ ~
(gs( )>/[G(a’,b’,c’,r'),G(a’,b’,c’,r’)] — L
On the right we have used the isomorphisms given by Remark 2.20. So
r=r".0

Remark 4.11 shows that, for any pair (a,7) €]1, +00[xN* with o S7-
admissible, the subset B, , obtained from ‘P by fixing a and r is saturated
with respect to the equivalence relation defined by the condition Sy ~ Sy .

Therefore we will fix such a pair («,r) and we will study the induced
equivalence relation on the subset B, ,, which is obviously identified with
the product

Aa,r = ,Zx,r x C,

where 7, , is the space of (o, r)-compatible triples in the sense of Definition
2.13.
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We will endow 7, with its natural topology, namely with the coarsest
topology which makes the maps

(a,b,c) — N(aya,b) € SL(2,7Z),
(a,b,¢) = Tapr(c) € Z?, (a,b,c) — (a,b) € R?

continuous. With respect to this topology,

{{(1, p) = (na, pb, ppc)| p, p €]l —e,1+¢€[}| € €)0,1[}

is a fundamental system of neighbourhoods of (a,b, c) € 7, ,, and we endow
Aq,r with the product topology. The quotient spaces we define will be
endowed with the quotient topologies.

REMARK 4.12. Taking into account Corollary 4.2, our problem be-
comes:

Problem. Let (a,r) €)1, 400o[xN* with o ST-admissible. Describe ex-
plicitly the quotient of A, , := 74, x C by the equivalence relation

(a,b,c,t) ~ (', b, ) if G(a,a,b,c,r,t), Gla,d b, rt)
are conj. in Aff(U).

4.2.1 Parameterizing the groups defining type II Inoue surfaces
We will first study the quotient of A, , by the finer equivalence relation

(a,b,c,t) ~ (a',b,c, 1) if G(a,a,b,c,r,t) = Gla,d' b, r,t).

The quotient set A, ,/ ~ is obviously identified with the set of all sub-
groups G C Aff(U) defining type II Inoue surfaces.

REMARK 4.13. Let (a,b) € Pq, ¢, ¢ € Capp, t, t' € C. We have the
equivalences

b
gi(a,b,d) = gi(a,b,c)gs(r,a,b)” (1<i<2)&d =c+ na <21> . (41)
T 2
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bA
gola,t') = gola, t)gs(r,a,b)% ot =t + - Lg. (42)
This shows that the action
S0
bA bA
si | (a,bet) | — <a, be+ 2 <51) o+ a80> (43)
So T 59 'S

of the group Z3 on the parameter space A, is compatible with the equiv-
alence relation =, i.e. we have

S0
Vs | €Z®V(a,b,ect) e Ao r,
52

bA bA
<a,b,c+ a (Sl> S+ a80> ~ (a,b,c,t).
r 592 T

We will also need the action of Z? on 7, , obtained by omitting the fourth
component in (43).

For a triple (a,b,c) € 7o, and t € C, put [c|g = ¢ + b/\TaZQ, [tlap ==
t+ b/\T“Z and define

bAa
Cga,b,r = Ca,b,r/ r Z27

ga,r = {(a7 b7 [c]ab)‘ (aa b) € Pom [C]ab € Cg(z,b,r} =~ 7:1,7“/227

r

~ Ay, )73

Using Remark 2.15, we see that the bijection 7y, : Copr — Z? induces
a bijection
Pabr : Cg(hbf - Z2/(IQ - N)ZQ = Z€1 S5 Z€27

where e, ey are the elementary divisors of the matrix Io — N.

REMARK 4.14. The quotient €4, = CCLJ,’T/{’/\T“Z2 is always finite. It
reduces to a singleton if and only if 8 = 3.
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PROOF. The second statement follows from det(Io — N) = (1 — «a)(1 —
a~!) =2 — 0 recalling that § > 3. O

We will regard 7, </, as spaces over the set P, of a-compatible
pairs. The fibre of 7, , over a pair (a,b) is identified with the finite set
Capr =~ Ley ® Le,, whereas the fibre of o, over pair (a,b) is Cqp, X
(C/%27) ~ (Ze, @ Ze,) x C*

The next step is to introduce a natural GL(2,Z)-action on the new
parameter space o, =~ Aqr/ Z3. We start with the following elementary
lemma:

LEMMA 4.15. Let (a,b,c) € 7o, and K € GL(2,Z). Put g; :
gi(aaba C) Jor1<i<2, g3= g3(a7 b,?") and

k11 k ko1 kK det(K
G1:=g1"9y", G2:=g1"gy", G3:= 936 ( )- (44)

Then G; = gi(A, B,C) and G3 = g3(A, B,r) (in the sense of formulae (4)),

where

A= Ka, B= Kb,
O 1 /(A B v Kfe— 1 (a1 n bAa (ki1kio . (45)
2 AQBQ 2 a2b2 2 k21k22

PROPOSITION 4.16. Let (a,b,c) € T, and K € GL(2,Z). Then

(1) The formulae (45) define an element (A,B,C) € T,, which will be
denoted K - (a,b,c).

(2) The tripe (A, B,[ClaB) € T o, depends only on the matrix K and the
triple (a,b, [clap) € Tar. Moreover, the formula

K - (a,b,[clap) :== (A, B,[C]aB)

defines an action of GL(2,Z) on the space T q .

The complicated formula for C' is justified by the equivalence explained
in Lemma 4.15 stated above. Note that formula (K, (a,b,c)) — K - (a,b,c)
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does not define a GL(2,Z)-action on 7, ,. Therefore factorising the space
of triples 7, by Z? is an important step in our constructions.

PrROOF. (1) It’s easy to see that (A, B) remains an a-compatible pair.
The corresponding matrix is

N(a, A,B) = KN(a,a,b)K L.
It remains to check that C' is (A, B,r) compatible, i.e. that, putting
N = (ﬂij) = N(a, A, B),
we have
A1 By BAA (nings BANA_,
L-—NC--= — —7~. 46
(L2 )< <A2B2> ) 2 n21No2 * (46)
Putting p := p(a, b, ¢, 7), the first term on the left in (46) is
1 (A1B
(=) <C 2 <A232> >
a1by b A a </€11k12>
=K(I;—N)|lc—= -N
(& < (a252>> ) ko1koo
1 n11n12> 1 ) <k11k12> }
=bAa|K| = + - Ih—M .
a|: (2 <n21n22 r ( 2 ) ko1koo

Put e := det(K) € {£1}. The element P (a priori in R?) associated with
(A, B,C,r) via formula (3) is

r n11m12 k11ki2 niingo
P = K —| K I —MN - 47
EK[ P+ 2< (71217122) + (L ) (k21k22) K <n21n22> >] ( )
It suffices to prove that
K (nnnm) + <k‘11k‘12) _m <k’11k‘12> - <ﬂ111‘112> c 272,
n21M22 ko1 koo ko1koa N21N22
Applying the elementary Lemma 4.17 stated below to the pairs (K, N),
(M, K), we obtain

n11M12 k11k12 (KN)11(KN)12> 2
K + - € 277~
<n21n22> <k‘21k22> <(KN)21(KN)22

k11k12 niing2 (‘ﬁK)n(‘ﬁK)u) 2
I + - € 27~.
<k21k22> oK <ﬂ21ﬂ22> <(‘ﬁK)21(‘ﬁK)2z
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It suffices to note that MK = KNK 'K = KN.
(2) For the first claim of (2) note that replacing (a,b,c) € T4, by (a,b, )

where ¢ = bAT“ (21) in the formula for K-(a, b, ¢), gives the triple (A, B, C"),
2

where

C'=C+ bAaK <31> =C+ BAAdet(K)*lK <81> ceC+ BAAZZ.
r S92 r S92 r

For the second claim of (2) we have to prove that for any (a,b,c) € 7, ,
and K, L € GL(2,Z), the triples L - (K - (a,b,[c]a)), (LK) - (a,b,[c]ap)
coincide in 7 ;.

Put

Gy = GllllG1212 — (gllfugglz)ln (giﬂzlggzz)lm’
Gy = Gll21 G1222 — (glfllggm)bl (glf219§22)l22,

G = Gget(L) _ gget(LK).

By Lemma 4.15 applied to (A4, B,C) € 7,, and L € GL(2,Z), we have
G; = gi(A,B, €), where

A,8,¢)=L-(A,B,C)=L- (K- (a,b,c)).
Put R = LK. Using the commutation formulae [g1, g2] = g5 we obtain

LK LK
G = g§11g72“1zg§1( )’ Go = 971“219;‘22935)2( )

where s;(L, K) € Z. Put (A',%',&') := R(a,b,c), G} := ¢;(A,B',&’). We
have
A = (LK)a=LA=2, B = (LK)b= LB = B.

By Lemma 4.15, we have

11 ,T12 / 721 122
) GQ

G3:91 9 =917 92,
in other words for 1 <7 < 2 we have

9i(A,B, €) = (A, B, ¢')g3(a,b,r)% LK)
= gi(2,B, ) g3 (A, B, r)detB)si (LK),
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Taking into account the equivalence (41), this proves that

¢=0¢"+

BALA (det(R)s1(L, K)
r (det(R)@(L,K)) ’

which proves the claim. [

LeEMMA 4.17. Let K, L € GL(2,Z). Then
k11/€12) (lnlm) <(LK)11(LK)12>
L + det(K — =
<k’21k‘22 et(£) la1l22 (LEK)21(LK)22

ha—13 lia—12
_ 9 Mok ki + 22522 ko1 ko ok ok Litlio
= lo1—12, loo—12, T akR2L | g )
52 k11kie + 522 ko1 koo 21022

(48)

which obviously belongs to 272 if K, L € GL(2,7).
Proor. Direct computation. [J
For a 4-tuple ((a,b,c),t) € Ay we put
K -(a,b,c,t) = (A, B,C,t)

We need: the class of K - (a,b,c,t) = (A, B,C,t) mod BTAAZ?’ depends
only on K and the class [a, b, ¢, t]. This follows from the formula:

K - (a,b,c+b/\a <81> ,t—i—b/\aso)

T S92 r

= (A,B,CJrB/\A

BANA
det(K)K (21> 4+ 202 det(K)so).
r
Note also that the formula
K - (a,b, [clab, [t]an) := (A, B, [Clag, [t]aB)
defines a GL(2, Z)-action on &, ,.

THEOREM 4.18. Let (a,b,c,t), (¢/,V,c,t') € Aa,r. The following con-
ditions are equivalent:

(1) (a,b,c,t) =~ (', U, t).
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(2) (a/7 bl? [C’]a/b/, [t,]a’b’) € GL(27 Z)(a7 b7 [C]ab7 [t]ab) .
Therefore the quotient set A,/ = is identified with the orbit space
Jy()é T

"laL2,7)-

ProoOF. (1) = (2): Suppose that (a,b,c,t) ~ (a’,0',c,t'), in other
words we have G(«, a,b,c,r,t) = G(a,d', b, ¢, r,t'), in particular

gO(avt/)a 93(a/7blar)) gi(a,a blac/) (1 < ( < 2)

is a system of generators of G(«,a,b,c,r,t).
Put G = G(a,a,b,¢c,r,t) = G(a,d’, b, ¢, r,t'). By Remark 2.19 we know
that

(91(a,b,¢), g2(a,b,c), g3(a,b,7)), (g1(a’,b', ), g2(a, V', ), g3(a’, ¥, 7))
are both system of generators of the group
GNAfL(U) = G(a,b,c,7) = G(d',V,c,7)
and g3(a,b,r), gs(a’,b',r) generate the same normal subgroup
Z = Z(a,b,r) = Z(d 1) = (g3(a,b,7)) = {gs(a, 7).
The two pairs

([(gl (av b, C)}Z7 [(92(a7 b, C)]Z)v ([(91 (a/7 b,7 Cl)]Zv [(gg(a,, bla C,)]Z)

of congruence classes with respect to Z are both systems of generators of
the quotient group (G N Aff}(U))/Z ~ Z?. Tt follows that there exists
K = (k;j) € GL(2,Z) such that

[gl(alvblvcl)]Z = [gl(avbv C)]Z [92(a7b7 C)}?Qa

[92(a/7 b/7 c/)]Z = [91 (av b, c)]]?l [QQ(Qv b, C)]ZM :

Therefore

k11
(49)



328 Zahraa KHALED and Andrei TELEMAN

with s1, s9 € Z. Put
G1 = gi(a,b,c)" go(a, b, c)¥2, Gy := g1(a,b, c)* ga(a, b, c)k22. (50)
By (49) it follows that
[G1,Go] = [g1(d, V), g2(a', V', )] = g3(a’, V', )"

On the other hand, taking into account that [gy(a,b,c),g2(a,b,c)] =
93(a,b,r)" and the definitions of G, Go, direct computations give [G1, Ga] =
g3(a, b, )3t Therefore

Gs3 :=g3(d’, V', r) = g3(a,b, r)det(K). (51)

For comparing go(«,t) with go(a,t’) recall that, by Remark 2.19, their
classes with respect to the subgroup G N Aff}(U) = G(a,b,c,r) =
G(d', V', r) coincide, so

90(047 t/) = gO(a7 t)gl(aa b7 C)klg2<a7 b7 C)k293(a7 b7 T)SO

with k1, k2, sg € Z. Putting k = (k‘l, kig), ka = kia1+koas, kb = k1b1+kobo,
direct computations give

gO(Oé;t)gl(aaba C)klgz(a’ b, C)kzgg(a, b”r)so (I»:> B

alw + ka)
z+ (kzb)w + (kl 1)a1b1 + k1kobras + ( )Clsz + ke+1t+ Sob Nal

Taking into account the explicit formula for go(a,t’), we obtain ka =
kb =0, so k = 0. Therefore we have

go(a,t') = gola, t)gs(a, b, r)™. (52)
By Lemma 4.15 we see that formulae (50), (51) give
Gi=gi(A,B,C) for 1 <i<2, Gs3=gs3(A,B,r)
where (A, B,C) = K - (a,b,c). On the other hand (49) can be written as

g1(a, V', ) =g1(A, B,C)g3(A, B, r)detts

53
g2(a/7 bl: C/) =g2 (Aa B: C)g?) (Aa B: T)det(K)827 ( )
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which, by Remark 4.13, gives ¢ = C + %det(K)s € [Clap. Finally,
formula (52) shows that ¢’ =t + 224 det(K)sg € [t] ap.

Therefore, a’ = A = Ka, bV = B = Kb and [d|ag = [Clas, [t'|ap =
[t] g which, taking into account that K - (a,b,c,t) = (A, B, C,t), proves the
claim.
(2) = (1):
It suffices to note that, if (a',b’, [C/]a/b/, [tl]a/b/) = K - (a,b, [C]ab, [t]ab) with
K € GL(2,Z), then G(a,d', V', ,r,t') C G(a,a,b,c,r,t). O

Therefore, by Theorem 4.18, the quotient set A,/ ~ (which parame-
terises the subgroups G C Aff(U) defining type II Inoue surfaces) is iden-
tified with the orbit space &, ,/GL(2,Z). This orbit space comes with a
natural surjective map

A o/ CL(2,Z) — Po/GL(2,Z) — N, /GL(2,7Z)

onto the set of GL(2,Z)-similarity classes of matrices N € N, (see section
2.2).
4.2.2 A classification theorem for type II Inoue surfaces
Let (a,7) €)1, +oo[xN* with a ST-admissible. We now come back to our
initial problem, which is: describe explicitly the quotient of A, , := 75, xC
by the equivalence relation

(a,b,c,t) ~ (', b, c,t) if G(a,a,b,c,r t), Gla,d V', rt)
are conj. in Aff(U).
Elementary computations give the following:

LEMMA 4.19. Let (a,b,c,t), (a/,b,c,t') € Ay, and put

{ g0 :.90(avt)7 gi :gi(a,bvc)a g3 :g3(a7b7T)7
g(l) = gO(a7 t/)a g; = gi(a/7 bla CI)a gé = g3(a/) b/7 T)'

S0
Let k = (ki,ko) € Z%, |s1| € Z% and 7 € Aff{(U) given by
89

w) - (1 0\ (w U . y . .
<z> — <)\ 1> <z> + <C) The following conditions are equivalent:
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(i) 9o = gooy' 995" TogioT ! = gigs' for 1< i <2, Togior! =

93-
(ii)) We have:

kb
(A a1
_ a(ka)
u = 11—«
ad = a
b b
o a(ka) kb bA (5t
d = c—=5b—Z7a+ *%s, where s = )
Y = t+ w + ke + kl(kl—l)a161;k2(k2—1)a2bz
+ k1kobras + STOb A a.

LEMMA 4.20.

(1) Putting

 afka) kb
k-c:=c— a—lb_a—la’
ka) (kb ke (k1 — 1)aiby + ka(ks — 1)azh
k-ct::t%—m—kkc—l— 1( ! )al Lt 2( 2 )a2 2 + k1kobras,
l-—«a 2
we have the identities
1 7](32
k-c=c+bAa(ly— N) (k; >, (54)
1
L an—1 (1 (nunie — ko 1 k1ks
k Ctter/\a(k(Ig N) (2 (nwm +k1) + rﬂa’b””(c)> + ) (55)
(2) Put §:=det(Iy — N)=2—0. If k € §Z2, then
—k
k(Lo — N)™L (M2 T2 Lk € 27 56
(T2 ) (n21n22+k1 ik ’ (56)

11 (nanig — ko 1,9 kike 1
k(I — N)7H = =/ —Zc -z
(L2 ) (2 <n21n22 + k1) + r * 2 - r (57)
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PrROOF. (1) For the first formula it suffices to apply Iy — N to k- ¢
taking into account that (I — N)a = (1 — a)a, (I — N)b = (1 — a~1)b.
For the second formula in (1), we have

ka)(kb ki(k1 — 1)aiby + ko(ke — 1)agb
M—i—ko—i— 1k = Dby + ka(kz = 1asba + k1kabrag =
1l -« 2
Ep(ky —1 ko (ko — 1
= %albl + k1kobias + %aﬂh + ke — %(ka)(kb) =

1
= 5(k%albl‘i‘k%aZbZ"’klkQ(a1b2+02b1)_k1k2(a1b2+a2b1)_klalbl_k2a2b2)+

«

1
—|—§2k1k2b1a2 + ke — (k:a)(kb) =

a—1

((ka)(kb) + kiksb A a) + ke — %(ka)(kb) — kaiby — kaasbs =

N =

a+1
2(a—1)

1 fa1by 1 a+1
k(c 5 <a2b2> ) + 2klk:gb/\ a o —1) (ka)(kb).

On the other hand, applying Lemma 4.21 to (I — N)~! and noting that

1
= kc+ i(k'lk?b ANa—kiar by — k‘gagbz) — (k‘a)(kzb) =

1 Q

(I = N)"(a) = T (2 N)7H(b) = b
we obtain:
a+1 1 (—k
——— (ka)(kb) = (b A a) <k(12 —N)! ( k12> )
Therefore
a(ka)(kb) /{71 (kl — 1)(1151 + kQ(kQ — 1)(12[)2

k
1 —a + kc + 5

1 fa1bq k1ko bAa _1 [ —ko
= S — —_ Ib—-N .
k’(C 5 (Gng) ) + 5 bAa—+ 5 (/{I( 2 ) oy

It suffices to recall that:

1 (a6 _1{bAa (niinie bAa
-3 =[2—N Y a,b,r
¢ 2 <a2b2) ( 2 ) 2 n21M22 + r Tab, (C)

+ kleblag =
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by the definition of p(a, b, ¢, ) = 74 p.r(c).

(2) Note first that (57) follows easily from (56) by noting that 6(Io — N)~*
is a matrix with integer entries. Therefore it’s enough to prove (56). Let
| € 7% such that k = 6l. The claim follows by elementary computations
using the formulae:

k(I - N)™' = 61(I, = N)™' = 1%cof(I, - N) =1 (1 —n2 N2 ) ’

nay I—nn
l1l2(n22 — N1t +5) = lllg(ngg —ni1 + 2— (nll +n22)) = 2[1l2(1 — n11) € QZ,
lz2 =1[; mod 2, 6 =60 = ni1 + noy mod 2,

ni2n22(1l + no1 — n11), nainii(—1+ niz — nge) € 27Z.

The latter formula follows using det(N) = 1. O

as b2
independent in C% such that Ma = aa, Mb = Bb and x = (x1,15) € C2.
Then

LeEMMA 4.21. Let M € My(C) and a = <a1>} b= <b1> be linearly

(8 — a)(za)(zb) = (a Ab)zM (—w) |

T

PrROOF. We apply the Cramer rule to the system

a1r1 + a2 = xa
bix1 +boxy = xb

in order to express x1, x2 in terms of xa and xb. [

PROPOSITION 4.22.  Let (a,b) € P,.

(1) The formula (k,c) — k- c defines an action of Z* on Cap, satisfying
the identity

Tapn(k - ¢) = Tapr(c) + 7 (;’f) . (58)
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(2) The formula (k, ([[j]]:i:)) — ([[Z :Ccljlz;) defines an action of Z* on

the product € o, X ((C/b/\T“Z). This action descends to an action of the
finite group 72 /d7? = (Z4)?, where d := | det(Iy — N)| = 6 — 2.

ProoOF. (1) This follows from formula (54).

(2) Note first that the pair ([k - |ap, [k -c t] ,) depends only on the classes
[€]ab, [t]ap and k, so the right hand term is well defined. To prove that the
given formula defines an action, put:

ci=k-c, ti=k-t, C:=1-¢, T:=1-ct, ¢ :=(k+1)-c, T :=(k+1) .t

By (1) we have ¢’ = €, and, using the definition of k -. ¢, elementary com-
putations give

A S N AL

Z, (59)

which proves the claim. For the second claim in (2), note that, by formulae
(54), (55), (57) stated in Lemma 4.20, we have

bAa bAa
72, k-ct—te
T T

k-c—ce(bAha)Z? C Z

for any k € dZ?, so dZ? acts trivially on Capr X (C/b/\T“Z). a
For a triple (a,b,c) € 7o, and t € C we will also use the notation
k- (a,b,c,t) = (a,b,c,t) where (¢, t) := k- (c,t).
Formula (59) shows that the formulae
(k,(c,t)) — k- (ce,t), (k,(a,b,c,t)) =k-(a,b,c,t)

do not define Z?-actions on the respective spaces. However, Proposition
4.22 shows that the formulae

(ks ([clas [t]a)) = k- ([Jabs [t]ab) := ([clab, [Hav),

(ka (a, b7 [C]ab7 [t]ab)) = k- (a’a b7 [C]aln [t]ab) = (CL, ba [c]aba [t]ab)
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define ZZ%-actions which descend to Zz—actions on the two spaces
Capyr X ((C/I’ATC‘Z), 4 o r TESpectively.

On the latter space <7, we have now defined a GL(2,Z)-action and a
Z*-action (which induces a Z2-action). These actions do not commute. We
have

REMARK 4.23. Let (a,b,¢) € Tor, t € C, k = (k1,ko) € Z%, K =
(ki;) € GL(2,Z). Then the 4-tuples K - (k- (a, b, c,t)), (kK1) (K- (a,b,c,t))
define the same elements in <, ,. More precisely

(1) We have the identity
K-(k-¢)=(kK™) (K-¢).
(2) Putting
(¢,t):=k-(c,t), (A, B,C)=K - (a,b,c), (A,B,€) =K - (a,b,c)
we have

([€)as, [ap) = (kE™") - ([Clas, [t]ap)-

ProoOF. (1) Follows by elementary computations.
(2) Put k' := kK~!. Note that, by (1), the first component of k' - (C,t)
is €. Define t' € C by k' - (C,t) = (€, t'). We have to prove that t, t' are
congruent mod BT/\A. Elementary computations give:

b
¢ —t= g a4 (k’ <Z;£Z) KK, det K — k1k2>

bAa
=5 (K = kP)kuakaz + (K — k5 karkas — 2K5k kazk) (60)
BAA BAA
S A r?, C A Z.
T T

Proposition 4.22 and Remark 4.23 show that:

PROPOSITION 4.24. Let ¢ : GL(2,Z) — Aut(Z?), ¢ : GL(2,Z) —
Aut(Z3) be the group morphisms defined by ¢(K)(k) = kK, (K)([k]) =
[K]JK~1. The formula

(K, k) - (a,b,[clap, [t]ap) := K - (k- (a,b, [c|ap, [t]ap)),
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defines an action of the semi-direct product’ GL(2,7Z) X Z? on the space
A o which descends to an action of GL(2,7Z) xy, Z?i'

Now note that the action

(1, p) - (a, b, ¢, t) = (pa, pb, ppc, pipt)

of the product R x R* on A, , induces an R* x R*-action on &/, which
commutes with the (GL(2,Z) x,, Z?)-action defined above. Therefore we
obtain an action of the product group

(R% x R*) x (GL(2,Z) x, Z?)
on o given explicitly by

((,uv p)v (Kv k)) ’ (a7 bv [C]aba [t]ab) = (Kv k) ’ ('ua> pb, [,upc]ab, [:upt]ab)a

which descends to an action of (R% x R*) x (GL(2,Z) xy Z2.
Our main theorem is

THEOREM 4.25. Let (a,b,c,t), (a',V,c,t') € Ay,. The groups
G(a,a,b,e,rt), Gla,d b, ,rt') are conjugate in AfF(U) if and only if

(a’, bl, [C/]a’b’a [t/]a’b’) E((Rj_ X R*) X (GL(Q,Z) D(,/, Zczl)) . (a, b, [C}aby [t]ab)-

61
=((R% x R") x (GL(2,Z) xy Z*)) - (a,b, [clab. [t]as)- AR

Proor. Put G :=G(a,a,b,c,rt), G':=G(a,d b, rt),
{ g0 = go(a,t), gi=gi(a,b,c), g3 =gs(a,b,r),
g(/) = go(Oé, t,)’ g; = gi(a,a blv Cl)v gé = g3(a,7 blv T)'
First, suppose G, G’ are conjugate in Aff(U), and let § € Aff(U),

()= () 0)

(with g € R%, v € C*, u € R, ), ¢ € C) be such that 6G’'0~! = G.
It follows that, putting, v; := 6g/0~! for 0 < i < 3, (v0,71,72,73) is a
system of generators of G. Note that this system has the properties:

3In general, for groups N, H and a group morphism ¢ : H — Aut(N), the semi-
direct product H x, N is H x N endowed with the composition law (h,n) * (h',n’) :=
(kK (B =) ().
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(C1) 3 is a generator of the cyclic group G N T(U), in other words 73 €
{93,951}

(C2) (71,72,73) is a system of generators of G(a, b, c,r) = GNAff}(U) with
the property [y1,72] = 5.
(C3) The first diagonal element of the linear part of g is a.

By Lemma 4.26 proved below, it follows that there exists K € GL(2,Z),

S0
k= (k1,ko) € Z? and | s1 | € Z3 such that

S2

2 50 11 k12 81 21 ka2 s2

ki1 Kk k k. det(K
7029091192 g3 s Y1 =91 7927935 72 =91 99 g3a'73:g3e( )-

(62)

Identifying the (2,1)-entries of the matrices associated with the linear
parts of the two sides in the equalities 6g/0~1 = gf“ggmggi for 1 <i <2,
we obtain vu 10, € R, so vu~t € R, ie. v € C*NR = R*.

Put

det(K
Go = go, G := glfugl;u’ Gy = 91162195227 G5 = gget( ).

By Lemma 4.26 (Go,G1,G2,G3) is a system of generators of G and, by
Lemma 4.15, we have

GO = gO(a7t)a G’L = gl(AaB7C)7 G3 = 93(Aanr)>

where (A, B,C) = K - (a,b,c).
On the other hand we can write 8§ = 7 o § where

7(2)= (o ()0 2(9)= ()
z DYTREE| z ¢)’ z vz
Note that 7 € Aff}(U). We have
i = Tgé/T_l for0<i<3 (63)
where g/ := §g;6!. Direct computations show that

g(/), = go(oz,t”), g;/ = gi(a//7 b”a CH) for 1 << 2a gg = 93(a//7 b”a T)?
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where a” = pa’, b = vV, " = v, t" = vt'. Since vu~! € R*, we can
write

(a",b”,c",t”) — (/.,L, VM—I) X (a',b/,c/,t/). (64)

Taking into account (62) we obtain

gl = Gogflgh?gy, rgim ! = GhGy A, (65)
ngT_ :G2G§2det(K), TgyT -1 = @G,

Since g1 and go commute modulo (g5) (see Remark 2.18) it follows that,
putting L := K1, [ = (I1,l3) := kL, we have

GluGlu Tm1’ gy = Gl21G1222 er, g]flg§2 _ G111Gl2295m
with mq, mo, m € Z,

and the formula 7g{j7~ Gog1 ga2 g5 can be written as

TgiT Tt = GoGL Gl g™,
Therefore (65) becomes
gy = GGl G122G1(>,50+Tm) et rg{T! = G1G5' ettt (66)
ng'r_l = G2G§2 det(K)’ 7_g// -1 — G,

By Lemma 4.19, it follows that
a"=A, 0" =B, (["lany, ["]amr) =1 ([Clap.tap)
so, by (64),
(vp™) - (@8, [y [Flarw) = U+ (A, B, [Clap, [tlas),

ie.
()ua Vﬂ_l) : (a/7 b/v [Cl]a’b’a [t/]a’b’) =1 ( (CL b [ ]aba [ ]ab)a
which completes the proof of the first implication.

For the converse, note first that, if

(@0, [, [law) € (R x RY) x (GL(2,Z) xy Z7)) - (a,b, [clab, [t]ab),
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then there exists (i, p) € R% x R*, and (K, k) € (GL(2,Z) x,, Z*) such that
(1, p) - (a0, oy, [Flaw) = (K, k) - (a, D, [clap, [Hlab)- (67)
We have to show that there exists § € Aff(U) such that
0G(a,d’ b, r, t')@fl = G(a,a,b,c,r,t).

Put g(/), = gO(aat”)7 g;/ = gi<a”>b”70//) for 1 < ? < 27 gg = gg(a”,b”,r),
where
(a”,b",c/',t”) = (M»P) . (a/,b/,c/,t/).

An easy computation shows that
gl = 6gl6™! for 0 < i < 3, (68)

where 6 € Aff(U) is given by 6(w, z) = (pw, upz).
On the other hand, by (67) we have

(a//,bu,[c//]a//b// [ ] //b//)
= kK" (K - (a,b, [clab, [tab) = (69)
= (K7k)'(a7b’[ ]ab,” ) l- (AﬂBv[C]ABﬂ[t]AB)v
where [ := kK1 = (I1,13). Formula (69) shows that there exists so € Z,
s = <81> € 72 such that
S9

a’ = A

b = B.

Jd = O = a(l )B_ZBA+AAB

t// — t"— (%A)(IB) + lC+ ll(ll rl)AlBlglg(lgfl)Ang

+ lllgBlAQ + STOB A A.

Let 7 € Aff}(U) be given by

()= G D)+ () 2= i
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Using the implication i) = i) of Lemma 4.19, it follows that:

Tg(/]/T_l :go(Oé, t)gl (A7 Ba C)lng(Av B7 C)l2g3(A7 B? T)SO
Tg;,’r_l :gl(A7 B7 0)93(A7 B7T)Si for 1 <1< 27 (70)
gyt =g3(A, B, ).

Combining (68) and (70) and putting § = 7 0 §, we obtain

0969_1 :go(a, t)gl (Av B, C)lng(Aa B, C)l2g3(Av B, T)SO
0gi0~" =g;(A, B,C)g3(A, B,r)%,1<i<2,
9939_1 =gs(A, B,r).

This shows that 0G(a,d’, V', c,r,t)0~' = G(a, A, B,C,r,t). On the other
hand, since (A, B, [C)aB, [t]ag) = K -(a, b, []ab, [t]as), it follows by Theorem
b,e,r

4.18 that G(«a, A, B,C,r,t) = G(a,a,b,c,r,t).
Therefore 0G(a,a’,b,c,r,t")07' = G(a,a,b,c,r,t), which completes
the proof. [

LEMMA 4.26. The set of system of generators (yo,v1,72,73) of G sat-
isfying the properties (C1), (C2), (C3) stated in the proof of Theorem 4.25
18

k. k k k k det(K
{(9091 ghag, giirghizgst gharghoe gsa gdet )Y i e QL(2,7), k € 72,

S0
s1 | € ZS}.

52

Proor. This follows using Remark 2.21 by elementary computa-
tions. [

Taking into account Remark 4.12, Theorem 4.25 gives the following ge-
ometric interpretation of the set of biholomorphism classes of type II Inoue
surfaces associated with a pair («a,r):

THEOREM 4.27. Let (a,r) €]1,+00[xN* with o ST-admissible. The
set of biholomorphism classes of type II Inoue surfaces associated with (e, )
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s naturally identified with the quotient space

Qa,r = %a,r/ * * 2\ -
(RL x R*) x (GL(2,Z) %y Z3)

4.2.3  The fibre over a similarity class of SL(2,7Z)-matrices
In section 2.2 we have put N, := {N € SL(2,Z)| a € Spec(N)}. Con-
sider the surjective maps

‘Q{a r —> Na Pa, r(a b, [ ]ab’ [ ]ab) = (a’b)
o b = N y ab ’
45% /' Zjofj ) = 7704(2[9750(11,7”?

and let the group
G = (R% x R*) x (GL(2,Z) x4 Z3)
act on the spaces Py, Ny by
(1, p), (K, [K])) - (a,b) == (uKa, pKDb), ((1,p), (K, [K])) - N := KNK ",

The maps ¢a,r, Na, Ya,r are obviously G-equivariant, so the they induce
maps

Vo ,r

Qa,r = %a,r/g Na/g B Na/GL(2»Z) = Noz/ ~

Dor .
Po/G ————— Po/(R% x R*) x GL(2,Z)

between the respective G-quotients. We are interested in the fibres of ¥, ,..
Using the same method as is the proof of the implication (2) = (1) of
Proposition 4.5, we obtain easily:

REMARK 4.28. The map H, : Po/(Ri x R*) x GL(2,Z) — Ny/ ~
induced by 7, is bijective, in particular for any (a,b) € P, we have

Vo ([N (a,a,0)]) = 51 ([(a, b)]).

a,r
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We will describe the fibres ®,1.([(a,b)]) of ®,, using the general

REMARK 4.29. Let G be a group, X, B be topological spaces endowed
with G-actions by homeomorphisms, ¢ : X — B a G-equivariant map, and
® : X/G — B/G the induced map between the quotients. Let b € B. The
map

¢ (0)/Gy — @7 ([ble), wlzle,) = [2]e

is a continuous bijection. If the map ¢~1(b) — ¢~1(Gb)/G induced by the
inclusion ¢~1(b) < ¢~ 1(Gb) is open, then ¢ is a homeomorphism.

It is easy to see that the openness condition in Remark 4.29 is satisfied,
s0:

PROPOSITION 4.30.  Let G, be the stabiliser of (a,b) in G. The ob-
VI0US map

bAa
r

<{<a, B} x Gy x (C/ Z)) JGaty — Ph([(.5)]) = VoL (N (o a.b)

is a homeomorphism.

Now note that {(a,b)} X €qpr x (C/ b/\T"Z) can be obviously identified
with the product €4, x ((C/b/\TaZ); we let G, ) act on the product € p, X
(C / Z’ATCLZ) via this identification and we endow its first factor €, , with the
G(a,p)-action which makes the first projection

bAa
r

4! :%a,b,r X (C/ Z) - (ga,b,r

G(a,p)-€quivariant. More precisely, for ((u,p),(K,[k])) € Gap and
([clabs [t]ab) € Capr ¥ ((C/b/\TaZ) we have

((Mv p)v (Kv [k])) : ([c]ab7 [t]ab) = ([Mpc:]am [,U/pt]ab)a (71)
(s p), (K, [K])) - ([clav) = [1p€]a, (72)

where the pair (€, t) is defined by the equality

(Ka,Kb, €, t) = K - (k- (a,b,c,t)).
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Applying Remark 4.29 this time to the G, )-equivariant map p1, and
taking into account Proposition 4.30, we obtain:

PROPOSITION 4.31. Let (a,b) be an a-compatible pair. The fibre
@1 ([(a,b)]) comes with a canonical surjective map

bAa
T

IL: 05 ([(a,0)]) = (%bw x (C/ Z))/ Gab) = Cabir/Giad)
induced by p1. Its fibre over an orbit Gqp) [clap ©s canonically identified with

the quotient
bAa
(C/=—2)/G(ab)lcus

of C/b/\TaZ by the stabiliser G p) d., Of [Clab in Gap)-

Therefore, since the quotient topology on the finite set € pr/G(ap) is
discrete and any quotient of C/ b/\TaZ ~ C* is obviously connected, it follows
that

COROLLARY 4.32. Let (a,b) be an a-compatible pair. The connected
components of the fibre ®.%([(a,b)]) are parameterised by the finite set
‘5@7b7r/g(a7b). The connected component corresponding to an orbit Gqp) [¢]ab
is canonically identified with ((C/Z’AT“Z) /g(a,b),[dab'

Our next goal is to describe explicitly the stabiliser G, ;) and the quo-
tient €op,r/ G(a,p) which parameterises the set of connected components of

the fibre @1 ([(a,b)]).
We obviously have:

Gy = {((1, ), (K, [k])) € G| Ka=p"'a, Kb=p~'b}.  (73)

Put N := N(a,a,b). The formulae Ka = p~ta, Kb = p~'bwith (u, p) €
R% x R* show that K belongs to the subgroup

ZérL(z,Z)

(N):={K € GL(2,Z)|[KN = NK, Ka € R a} (74)
of the centraliser
ZGL(Q,Z)(N) ={K € GL(2,Z)|KN = NK}

={K € GL(2,Z)| a, b are eigenvectors for K}
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of N in the group GL(2,Z). Note that ZEL@ 7) (N) is infinite cyclic, see
section 5.

ZérL(z,Z)(N) comes with an obvious group morphism J : ZZ;FL(z,Z)(N) —

R defined by the condition
Ka=9(K)a

(i.e. Y(K) is the eigenvalue of K corresponding to the eigenvector a).
Note that the eigenvalue of K corresponding to the eigenvector b will be
ex¥(K)™L, where ex := det(K) € {£1}. Therefore formula (73) becomes

Graty = (D) 0 (K)), (K. [K)| K € Z&y 55 (V). [K] € Z3).
Note that, by (71) we have

REMARK 4.33. The map

0y (N) %0 T3 = Glapys (5, [R]) = (0(F) ™, excd(KD). (K, [K])

is a group isomorphism, so G, ) is naturally isomorphic to the semidirect
product Zé'L@ Z)(N) X, Z3. Via this isomorphism, ZérL@ Z)(N) Xy Z3 acts
on the spaces €qp.r, Capr X ((C/MT“Z) by the formulae

(K, [K]) * ([clab) = [er€an, (75)
(Ka [k]) * ([C]aba [t]ab) = ([EKQ:]abv [EKt]ab)v (76)

where the pair (€, t) is defined by the equality

(Ka,Kb,&,t) = K - (k- (a,b,c,t)).

PROPOSITION 4.34.  Via the bijection € o pr — Z*/(I2— N)Z? induced
by T b, the subgroup ZéLL(2 Z)(N) of the semi-direct product ZEL@ 7) (N) %y
Z3 acts on Z*/(Iy — N)Z?* by

. ki1k
o= (= () +ente-m ((42))

+€KK[p].
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The first term on the right belongs to rZ>.

ProOOF. By Remark 4.33 we have K - [c]q = [eKCK] . Where
1 (Ka)l(Kb)l 1 a1b1 bAa kllklg
K
- Kle—=
¢ 2 <(Ka)2(Kb)2 AT azby L ka1 koo

ex [aiby 1 (fa1by bAa (ki1k12
== Klc—= .
2 (agbg) + <C 2 (agbg) ) + 2 k21k22

Put P := Tra,bm(sKC’K). Using Remark 2.15, we obtain:

(78)

bAa
r

(P—p)= (I — N) <5KCK - c) —
1 [fa1by 1 faiby
—(I - N)( = Kfe—-
B )<2 <a2b2> Tex <C 2 <a2bz>>
bAa kllklg) )
+e —c
K (k21/€22

:UT—N%@KK—LQG— <

N —
2
N =
S O
=
~_

45—NW«K—@Q%§<

1 b bA k1 k
=(exK — I)(I2— N) <c— = (a1 1)) +€K—a(fg —N) < 1 12)
L (ni1naz 1 EK k11k1a
= K-I){; p)+ B - N
" a<(€K 2)<2 <n21n22> + rp> + 2 (2 ) <].;;21k;22) >’

which proves the first claim.
For the second claim, we have to prove that

niinig k11k12
ex K — I +erg(lyg — N =
(ex 2) <n21n22> K (I ) (k21k22>

Y n11n12 ten k11k12
Mn21M22 k’21k22

k11k19 niini2 2
—ex| N +e € 27°.
K< <k’21k‘22) K <n21n22> >
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By Lemma 4.17 we know that
n11112 k11k12 (KN)M(KN)12> 2
K +¢ = od 277,
(n21n22> N <k’21/€22> <(KN)21(KN)22 o

k11k12> <n11n12> ((NK)H(NK)H) 2
N + e = mod 27.°.
(k21k722 K\ naingy (NK)21(NK)22

Since KN = NK, this proves the claim. [J

THEOREM 4.35. Let o be ST -admissible and (a,b) be an a-compatible
pair and r € N*. The quotient %mbw/g(a,b) which parameterises the con-
nected components of the fibre ®,1([(a,b)]) = Y 1L([N (o, a,b)]) can be nat-
urally identified with the quotient of

Zn, =172/(Is — N)Z* + rZ*
by the group ZérL(z,Z)(N) acting on Zn,» by K * [p] := [ex Kp].

ProoF. We have identified G with the semi-direct product

Z+

GLE Z)(N ) Xy Z3, which obviously fits in the short exact sequence

0— 72— 7%

iz (V) %y 7% — ZérL@Z)(N) — {1}.

It folows that the quotient €y ,/ G(ap) can be identified with the quotient
of Copr/Z3 by Zé}—L(z,Z)(N)' Taking into account Proposition 4.22 (2), we
see that, via the bijection €4 p, — 7%/(I; — N)Z? induced by Tab,r, the
quotient €, 1 /Z? is identified with Z?/(Io— N)Z*+rZ?. On the other hand,
since the first term in (77) belongs to rZ?, Proposition 4.34 shows that the
induced action of ZérL(z,Z)(N) on €ap,/Z% is given by K * [p] = [ex Kp], as
claimed. UJ

REMARK 4.36. The cyclic subgroup (N) C ZérL@ Z)<N) generated by

N acts trivially on Zy, via *.

For the description of the connected components of the fibre
®,7.([(a,b)]): By Proposition 4.31, the connected component correspond-
ing to the G, p)-orbit of [clap € €yp,r is naturally identified with the quo-
tient (C/ b/\T“Z) / G(ab),[da,- Although is difficult to compute the stabiliser
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G(ab),[c., €xPlicitly in the general case, we have a good control of its image
in the automorphism group of the complex manifold C/ b/\TaZ. The sub-
group T C Aut,(C/ b/\TaZ) generated by translations associated with torsion
elements and the inversion automorphism ¢ can be identified with the semi-
direct product po x Tors, where

bAaQ/bAa

r r

Tors = Z~QJZ ~{e*™| qc Q} c S!

is the torsion subgroup of C/”AT“Z, and po := {£1} acts on Tors by e-7 := 7.
Therefore T fits in the short exact sequence

0 — Tors — T % pg — {1},

where o(7) = 1 (—1) if and only if 7 preserves (respectively interchanges)
the two ends of C/bATaZ ~ C*.

REMARK 4.37. Let H C T be a finite subgroup.
(1) If o(H) = {1}, H is a finite (hence cyclic) subgroup of Tors.

(2) If o(H) = p2, H a semi-direct product pg x C, where C' C Tors is a
finite cyclic subgroup.

PROPOSITION 4.38. Let (a,b) be an a-compatible pair, [clap € Capr-
and H the image of the stabiliser G(qp) (], " Auth((C/b/\TaZ). Then,

ab

(1) H is a finite subgroup of T

(2) Put p := mapr(c). We have o(H) = po if and only if there exists
Le ZZ;FL(z Z)(N) with e, = —1 such that

dL € ZgL(z,Z)(N) such that e;, = —1 and (Iy — e, L)p € rZ* 4 (I, — N)Z2.

()

ProOF. (1) Formula (76) shows that any element of G4 ], acts on

ab

C/%27 by a formula of the form [t]qp — %[k] ¢ [t]ap, Where [k] belongs to
the finite set Z2.
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(2) Taking into account formula (76), we see that o(H) = g if and only
if there exists ([k], K) € ZérL(z,Z)(N ) Xy Z2 leaving [c|qp invariant such that
EK = —1.

An element ([k], K) € ZE;L(QZ)(N ) Xy Z2 leaves [c]qp invariant, if and
only if, putting L := K !, we have

[K] - [clab = L * [clap,

i.e, using the bijection induced by m,;,, Remark 2.15, and formulae
(54),(77),

—ks r n11n12) (111112) )
+r = —| (e L — I +ep(lo — N +erL
P ( k1 ) 2 <( L 2) <n21n22 ol ) la1l22 L&p

mod (I — N)Z?. Tt suffices to recall that the first term on the right belongs
to 7Z? by Proposition 4.34. O

Now note that the quotient of C* by the group of translations associated
with a cyclic subgroup C' C C* is biholomorphic with C*, whereas the
quotient of C* by (i) is biholomorphic with C.

Therefore

COROLLARY 4.39. Let (a,b) be an a-compatible pair and r € N*. The
connected components of the fibre ®;1.([(a,b)]) are biholomorphic to either
C* or C. The connected component associated with an orbit G, p) [€]ap, where
[clab € Capr, is biholomorphic with C if and only if, putting p := map,(c),
condition (C') stated in Proposition 4.38 is satisfied.

Ezxample 4.2. The case § = 3, ie. a = 3‘*'2—\/5

As explained in the proof of Theorem 5.4 (3), using [BVdM, Section 4] it
follows that any N € SL(2, Z) with Tr(N) = 3 is similar to the matrix Ny :=

11
< 1 2). Therefore the set N,/ ~ of similarity classes of such matrices
reduces to the singleton {9} = {[No]}.

In this case we have det(Io — N) = —1, so the quotient

Zn, =72/(Iy — N)Z? + rZ?
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is a singleton for any r € N*. By Theorem 4.35 it follows that, for any fixed
r € N* there exists a unique deformation class of type II Inoue surfaces
Sy ., with Tr(N(a,a,b)) = 3.

By Theorem 5.4 we know that ZgL(Q,Z)(NO) is generated by the matrix

1

N} = <(1) 1> which satisfies Nj? = Ny with det(Nj) = —1.

By Corollary 4.39, it follows that for any fixed r € N*  the unique
connected component of the space of isomorphism classes of type II Inoue
surfaces of the form S;l’br .¢ 18 naturally biholomporphic to C.

Example 4.3. The case § =4, i.e. a =2+ /3.
There exists exactly two matrices with determinant 1 and trace 4 which
are reduced in the sense of [BVAM, Definition 4.2], namely

, (12 , (11
v=(13) v =s)

On the other hand the reduction operator P defined on [BVdM, p. 10] maps
N’ to N”. Therefore there exists a unique cycle of reduced matrices with
determinant 1 and trace 4, so, by [BVdM, Theorem 4.3], a unique similarity
class of such matrices.

Therefore the set N,/ ~ of similarity classes of such matrices reduces
to the singleton {9V} = {[N’]}. The elementary divisors of the matrix

-2 r 0
2 0 r)GM“(Z)

(I — N'|r1p) = ( 01
are €1 = 1, g9 = ged(2,7), so the quotient Zy:, = Z*/(Iy — N')Z* + rZ?
intervening in Theorem 4.35 is isomorphic as a Z-module t0 Zgcq(2,)-

On the other hand by Theorem 5.4 the positive centraliser ZérL(Q’Z)(N’)
is generated by N’, so it acts trivially on Zy-, by Remark 4.36. Therefore,
by Theorem 4.35, for any r € N* there are exactly ged(2,r) deformation
classes of type II Inoue surfaces S(i’(: ot and, by Corollary 4.39, both con-
nected components of the space of isomorphism classes of such type II Inoue
surfaces is naturally biholomporphic to C*.

4.3. The classification of type III Inoue surfaces
The classification of type III Inoue surfaces can be obtained using the
same method as for type II surfaces: For a triple (a,b,c) € 7o, put [clgp ==
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c—+ I)/\T‘IZZ and we define

bAa
Cga,b,r = Ca,b,r/ r Z27

ya,r = {(a7 bv [C]ab)‘ (a,b) € Paa [C}ab € Cga,b,r} = 7:1,7“/22~

We let GL(2,Z) act on 7,, via the same formula (45) as for type II
surfaces, and with this definition the analogue of Theorem 4.18 for type I11
surfaces remains true. Therefore the set of subgroups G C Aff(U) defining
type III Inoue surfaces is identified with the quotient 7, ,/GL(2,Z).

On the other hand we have to use a different formula for defining a Z2-
action on 7, ,; this new formula is provided by the following analogue of
Lemma 4.19:

LEMMA 4.40. Let (a,b,c), (a,V,) € Ty, and put

{ 90 = go(@), gi = gi(a,b,c), g3 =gs(a,b,r),
96 = 90(04)7 g; = g’i(alvblvc/)a gé = 93(ala blvr)

50
Let k = (ki,k2) € Z2, |s1| € Z° and 7 € Aff{(U) given by
52
) L0y (w + ). The following conditions are equivalent:
z A1)\ z ¢)’ 9 1 '
(i) 79077 = gogt g5* gy, Togior !t = gigy for 1 <i <2, Toghor ! =
g3-
(ii)) We have:
_kb_
a—1"
— a(ka)

l—a

2¢ = Mu(l+a)-— Wlel — M&ng
—k1kobrag — kc — STOb N a.

a = a.

b = b

;o kb a(ka)y | bha N )
¢ = ¢t g0t o5 b+ 2"s, where s = )
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Note that, whereas for type II surfaces, both conditions in Lemma 4.19
were independent of the coefficient ¢ of 7, this is no longer true for type III
surfaces. In Lemma 4.40 both conditions do depend on (.

We obtain an action

0k A a(ly + ) <_k2> (79)

k k-c:=
(kye) =k -c c+1+a 11—« kq

on Cgp, and an induced action (k, [c]ap) — & - [clap == [k - clap 00 Cgpr-

Noting that for type III surfaces we have det(lo + N) = 0 € N*, we see
that the obtained Z? action on 7o, descends to a Zg—action. In the same
way as for type II surfaces we obtain actions of the semi-direct product
GL(2,Z) x4 Z3 and of the product

G = (R x R*) x (GL(2,Z) x4 Zj)
on 7, ., and the following classification theorem:

THEOREM 4.41. Let o be S~ -admissible and (a,b,c), (a',b', ) € Ty .
The groups G(a,a,b,c,r), G(a,d' b, r) are conjugate in Aff(U) if and
only if

(¥, []ar) €((RE x R*) x (GL(2,Z) xy Z3)) - (a, b, [clap)-
=((R% x R*) x (GL(2,Z) x, Z%)) - (a, b, [c]ap)-

Let now
Vot Day = Tar/G — NafG = No/GL(2,Z) = N/ ~,
Doy : Loy = Par/9 = Pa,p/(RY xRY) x GL(2,Z)
be the obvious maps. Using now the methods of section 4.2.3, we obtain

THEOREM 4.42. Let o be S™-admissible, (a,b) be an a-compatible pair
and r € N*. The quotient %a,b,r/g(&b) which parameterises the connected
components of the fibre

05 ([(a,0)]) = Voo ([N (@, a,0)])
can be naturally identified with the quotient of
Zny:=72)(I2 + N)Z* + rZ?

by the group ZérL(Q,Z)(N) acting on Zn, by K * [p] := [ex Kp].
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5. Appendix: The Positive Centraliser Zé;—L(z,Z)(N)

The “positive centraliser” ZérL(2,Z) (N) associated with a matrix N € N,

(N € N), where a is ST- (respectively S™-) admissible plays a crucial role
in our results. This group is always infinite cyclic. This follows from:

PROPOSITION 5.1.  Let N € GL(2,Z) with Specr(N)N|1,4+00[# 0. Fizx
a € Spec(N)N|1, +o0[ and an eigenvector a € R*\ {0} for the eigenvalue c.

(1) The group ZS+L
mnfinite cyclic.

0z)(N) = {K € SL(2,2)] KN = NK, Ka € Rfa} is

(2) Suppose o ¢ Q. Then
ZgL@Z)(N) :={K € GL(2,Z)] KN = NK,Ka € R’ a}
s also infinite cyclic.
ProOF. (1) Note first that the group morphism

I 5+ (N) * Z;L(Q,Z) (N) — RY

SL(2,2)

is injective, so it induces an isomorphism ZS+L(2 7(N) = 19(Z5FL(2 n)) C
R% . Recall that any closed proper subgroup of R is either trivial or infinite
cyclic. Since the Lie groups (R%,-), (R,+) are isomorphic, the same will
hold for the subgroups of (R, ).

Since the subgroup ﬂ(Z;L(QZ) (N)) is non-trivial (because it contains
a > 1) and is proper (because is countable), it suffices to prove that
ﬁ(Zg_L(Q,Z) (N)) is closed in R

Let b be an eigenvector for the second eigenvalue 3 = det(N)a~! of N.
For any u € R let

-1
in _[: b1 u 0 aq bl
Klap = <a2 bg) (O u_1> <a2 bg> € Mz(R)

be the (unique) real (2,2)-matrix which admits a, b as eigenvectors with
eigenvalues u, u~! respectively.
We obviously have

U202y (N)) = {u € RY| K, ) € Mo (Z)}
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which shows that ﬁ(Z;L(Z 7) (N)) is closed in RY, because the map u —
K, 1y is continuous and M>5(Z) is closed in Ma(R).
(2) We claim that, under our assumptions, the group morphism

9 Z8

creznV) =Ry

is still injective. Indeed, we have
ker(¥) C {I2, L},

where L € M3(R) is the matrix of the endomorphism of R? which admits
a, b as eigenvectors with eigenvalues 1, -1 respectively. We will show that
L ¢ M>(Q) so this matrix cannot be an element of ZérL(2,Z)(N)' Indeed,
if L belonged to M2(Q), its eigenspace Ra associated with the (rational)

eigenvalue 1 would admit a rational generator ¢ = <Zl> € Q?\{0}. Since Ra
2

is also the eigenspace of N associated with the eigenvalue «, it would follow
Ngq = aq so, since N € M3(Q), it would follow o € Q which contradicts our
assumption. This proves that ¥ is injective as claimed.

Since ¥ is injective, ZérL(z,Z)<N ) is isomorphic to a subgroup of (R7, ) ~
(R,+), so it is torsion free. On the other hand, this abelian group fits in
the short exact sequence

{1} - Z;L(Q’Z)(N) - ZéL(27Z) (N) Aot {il} — 1,

which, taking into account (1), shows that it is a finitely generated abelian
group of rank 1. Since it is torsion free, it is infinite cyclic. J

Note that

REMARK 5.2. The natural group morphisms

Z-I—

dLen(N) = PSL(2,Z), Z{,

den(N) = PGL(2,2)

are injective and their images coincide with the centralisers

ZpsL2,2)([N]), ZpraLe,z)([N])

of [N] in PSL(2,Z), respectively PGL(2,Z).



On the Classification of Inoue Surfaces 353

Therefore Lemma 5.1 gives:

COROLLARY 5.3. In the conditions of Lemma 5.1, the centraliser
Zpsi2,2z)(N) of [N] in PSL(2,Z) is infinite cyclic. If o & Q, the centraliser
ZPGL(QZ)([ ) of N in PGL(2,2Z) is also infinite cyclic.

This result answers a question discussed by experts on the Mathoverflow
forum, see the article “Centralizers of Elements in SL(2,Z)” [MathF].

A natural problem: given a matrix N satisfying the assumptions of
Proposition 5.1, specify a generator of the cyclic group ZEL(2,Z)(N ). The
following result answer this question in a particular case:

THEOREM 5.4. Let N € SL(2,Z) with 6 := Tr(N) > 3. Suppose that

ged(nig, no1, nog — 1) = 1L
Then:

(1) Z SL(2Z ( ) = {N*| k € Z}, so0 ZS+L(27Z)(N) is the cyclic subgroup of
SL(2,Z) generated by N.

(2) If 0 > 3, then Z3; o ,(N) = Zg]

SL(2,2) (N).

(2,2)

(3) If 0 = 3, then ZGL(2 Z)(

N2 = N, det(N') =

N) is generated by a matrix N' € GL(2,7Z) with

PROOF. (1) Since the characteristic polynomial of N has no multiple
roots in C, it follows that by a classical theorem in matrix theory [We,
Theorem 4, p. 27] that

Zry ) (N) = {P(N)| P(X) € C[X]} = (I2, N)c.
Therefore
Ity (@ (N) = Zpg, ) (N) N M2 2(Q) = (12, N)c N M22(Q) = (I2, N)q,

SO

Ity 2 (2)(N) =Zpg, @ (N) N Ma2(Z) =
={zN +yb| (z,y) € Q°, N +yly € My5(Z)}. (80)
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Let x = &y = g with ged(m,n) = ged(p,q) = 1 be such that L :=

n’
N + yls is an integer matrix. We have

m m m
iz = li2 € Z, N2 = o1 € Z, E(nﬂ —ny1) = log — 11,

so n|mnig, nfmnay, njm(n2e —nq1). But ged(n, m) = 1, so n|niz2, n|ny; and
n|(noa—ni1), so n|ged(nia, no1, (nog—ni11)). We assumed ged(nig, no1, (nog—
ni1)) =1,so0n ==x1,s0 v € Z, so yly = L —xN € M2(Z), so y € Z.
Therefore, by (80), we obtain

Zrty 5@)(N) = {aN +ybo| (2,y) € Z*} = (I2, N)z. (81)

Putting o := #£v0"—4 V2‘93_4, we obtain det(zN + yls) = (va + y)(ra™l +4y) =
z? + Oy + y?, so, by (81),

Zsroz)(N) = {aN + yly| (z,y) € Z*, 2* + fxy +y* = 1},

2 2 2 (82)
Zane,zy(N) ={xN +ybh| (z,y) € Z°, z° + fzy + y~ = £1}.

For k € Z let (ay, by) € Z* be defined by the condition N* = a;, N +b I,
and let (up)neN be the integer sequence defined by the order 2 recurrence

up =0, up =1, upyo = Oupyr — ug.

Using the formulae N? = ON — I, (N~1)2 = N ~! — I, it is easy to prove
that

. (uk’ _uk‘—l) fOI“ k 2 ]-
(ak, br) = { (—u_g,u_pr1) for k<O0.

By [AA, Theorem 5.6.1, p. 130] and [AA, section 6.3], it follows that, for
6 > 3, the set of solutions of the diophantine equation 22 + fzy + 3% = 1 is
precisely

{£(—un, unt1)| n € N} U{E£(unt1, —un)| n € N} = {*(ax, br)| k € Z}.
Therefore, the first formula in (82) combined with N* = aN + b, I gives
Zsi0,2)(N) = {£N*| k € Z},

which implies that Z;L@ 7) (N) = {N*| k € Z}. This proves (1).
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(2) follows by second formula in (82) taking into account that, by [AA,
Theorem 6.3.1, p. 150], for # > 3, the diophantine equation z2 4 fzy +y* =
—1 has no solution.

(3) Using [BVdAM, Theorem 4.3] it follows that any matrix N € SL(2,Z)

with Tr(N) = 3 is similar to Ny := (1 ;

integer matrix with trace 3 and determinant 1 which is reduced in the

1
sense of [BVAM, Definition 4.2]. Note that the matrix N := <(1) 1> is a

square root of Ny, belongs to ZgL(zZ)(NO) and has det(NV)) = —1. Let K
be a generator of the cyclic group ZgL(Q,Z)(NO)’ and let s € Z such that
N} = K. Since K? € ZérL(2,Z) (No) (which is generated by Np), there exists
t € Z such that K? = N{. Tt follow

>. Indeed, there exists a unique

NO — N(/]2 — (KS)Z — K?S — (K2)8 — Nés,

so ts = 1, so s = £1, which proves that N} = K* is also a generator of
_l’_
ZGL(2,Z)(N0)' O
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