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On the Classification of Inoue Surfaces

By Zahraa Khaled and Andrei Teleman

Abstract. We prove that any Inoue surface admits a unique holo-
morphic connection and we infer that two Inoue surfaces S = H×C/G,
S′ = H × C/G′ are biholomorphic if and only if G, G′ are conjugate
in the group of affine transformations of H ×C. This result allows us
to prove explicit classification theorems for Inoue surfaces: Let M be
the set of SL(3,Z)-matrices M with a real eigenvalue α > 1 and two
non-real eigenvalues, and let N± the set of GL(2,Z)-matrices N with
a real eigenvalue α > 1 and det(N) = ±1.

We prove that:

(1) For any GL(3,Z)-similarity class M ∈ M/ ∼, there exists exactly
two biholomorphism classes of type I Inoue surfaces.

(2) (+) For any GL(2,Z) similarity class N = [N ] ∈ N+/ ∼ and
positive integer r ∈ N∗, we have a finite set of deformation
classes of type II Inoue surfaces. This set is parameterised
by the quotient of Z2/(I2 −N)Z2 + rZ2 by an action of the
“positive centraliser” Z+

GL(2,Z)(N) of N in GL(2,Z). The

set of biholomorphism types corresponding to a deformation
class, endowed with its natural topology, can be identified
with either C∗ or C.

(−) For any GL(2,Z)-similarity class N = [N ] ∈ N−/ ∼ and
positive integer r ∈ N∗, we have a finite set of biholomor-
phism classes of type III Inoue surfaces. This set is parame-
terised by the quotient of Z2/(I2 +N)Z2 + rZ2 by an action
of Z+

GL(2,Z)(N).

In both cases Z+
GL(2,Z)(N)-can be identified with the stabiliser of

N in PGL(2,Z) and is an infinite cyclic group (see section 5).

Taking into account the Latimer-MacDuffee theorem and a classical
finiteness theorem for ideal classes in orders, it follows that:

(1) For any polynomial χ ∈ χ(M) we have only finitely many bi-
holomorphism classes of type I surfaces.

(2) For any pair (χ, r) ∈ χ(N+) × N∗ we have only finitely many
deformation classes of type II Inoue surfaces.
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(3) For any pair (χ, r) ∈ χ(N−) × N∗ we have only finitely many
biholomorphism classes of type III Inoue surfaces.
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1. Introduction

In his renowned article [In1], Inoue introduced three types of non-

Kählerian surfaces obtained as quotients of U := H × C (where H := {w ∈
C| 
(w) > 0}) by certain groups of affine transformations acting properly

discontinuously on U . Moreover Inoue proves that any surface S belonging

to one of his three families is a class VII surface with b2 = 0 ([Ko1]-[Ko3],

[BHPV], [Na], [Te3]) and has the following remarkable geometric properties:
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(A) S admits a holomorphic foliation, or, equivalently, the tangent sheaf

admits an invertible subsheaf (see [In1, Condition (C) p. 280] and

section 3.2 in this article).

(B) S contains no curve, or, equivalently, for any nontrivial invertible sheaf

N on S, one has H0(S,N ) = 0 (see [In1] and Theorem 3.1 in this

article).

The fondamental theorem [In1, Theorem p. 280] states that, conversely,

any class VII surface with b2 = 0 having these two properties is biholomor-

phic to a an Inoue surface, i.e. to a surface belonging to one of Inoue’s three

families. Note that in fact, by the main result of [Te1], any class VII surface

with b2 = 0 satisfying (B) is biholomorphic to an Inoue surface. Taking into

account Kodaira’s classification of class VII surfaces with b2 = 0 admitting

curves [Ko2, Theorem 34, p. 699], this result shows that the classification of

class VII surfaces with b2 = 0 reduces to a detailed classification (i.e. an ex-

plicit parametrisation of the set of biholomorphism classes) of Hopf surfaces

and Inoue surfaces. For primary Hopf surfaces such a detailed classification

can be found in [We].

Inoue surfaces have many interesting properties, for instance:

- Any Inoue surface admits a geometric structure compatible with its

complex structure [Wa]. More precisely a type I Inoue surface admits

a compatible geometric structure of type Sol40, a type II Inoue surface

with parameter t ∈ R and a type III Inoue surface admits a compatible

geometric structure of type Sol41, whereas a type II Inoue surface with

parameter t ∈ C \ R admits a compatible geometric structure of type

Sol′41 (see [Wa, Proposition 9.1]).

- The Bott-Chern class cBC
1 (KS) of the canonical line bundle KS of any

Inoue surface S is non-trivial and pseudo-effective (see [Te2, Remark

4.2]). This might look surprising taking into account that kod(S) =

−∞.

- An Inoue surface S comes with a tautological affine structure, which,

by a result of Klingler, is its unique affine structure [Kl, Lemma 4.3].

In other words, S has a unique holomorphic connection ∇S with van-

ishing torsion and curvature. A stronger result of Dumitrescu states

that ∇S is the unique holomorphic connection with vanishing torsion
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[Du, Proposition 3.1] of S, whereas our Theorem 3.9 proved in this

article states that ∇S is its unique holomorphic connection (without

any restriction). Compact complex surfaces admitting a holomorphic

connections have been classified in [IKO].

We also mention that the constructions which yield Inoue surfaces have

been recently generalised in higher dimensions by Oeljeklaus-Toma [OT] and

Miebach-Oeljeklaus [MO] using number theoretical methods. The resulting

higher dimensional generalisations of Inoue surfaces are called Oeljeklaus-

Toma manifolds and generate already significant interest in the literature.

The class of Inoue surfaces plays a fundamental role in the theory of

surfaces (see for instance [BHPV, Section V.19]) so, naturally, they are

abundantly studied in the literature. However, to our surprise, we did not

find in the literature an explicit classification theorem for Inoue surfaces, as

we have for primary Hopf surfaces [We].

Also to our surprise we realised that the problem is more difficult and

more interesting than we expected. The first difficulty we encountered comes

from the traditional notations used in the literature for these surfaces. For

instance, the “traditional” notation used for Inoue surfaces of the first type is

SM , where M ∈ SL(3,Z) is a matrix with SpecC(M) � SpecR(M) ⊂]1,+∞[

(see [In1, section 2]). This notation suggests that for any such matrix M

one has a well defined complex surface SM . This is not true. In fact, in

order to construct an Inoue surface of the first type, one also has to fix a

non-real eigenvalue β ∈ SpecC(M)\R and a pair (a, b) ∈ R3×C3 consisting

of a real eigenvector for the real eigenvalue α = |β|−2 ∈ SpecR(M) and an

eigenvector for β. Having the triple (β, a, b) one can recover M , but not

vice-versa. Therefore the notation which is appropriate for classification

purposes is Sβ
a,b, not SM . For the first type of surfaces our final result

(see Theorem 4.7, Remark 4.8) shows that biholomorphism classes of first

type Inoue surfaces correspond bijectively to pairs (M, β) consisting of a

GL(3,Z)-similarity class of SL(3,Z)-matrices of the considered type and a

non-real eigenvalue β ∈ Spec(M) \ R. Therefore to any similarity class

M of such matrices correspond two biholomorphism types of type 1 Inoue

surfaces. The fact that the data of a matrix M as above is not sufficient

to determine a biholomorphism class has already been noticed by Inoue in

[In2], who introduced the notations S±
M in order to emphasise that, replacing

the eigenvalue β by its conjugate, will change the isomorphism type of
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the obtained surface. We are grateful to the referee for pointing us out

this reference. Unfortunately this important remark has not been taken

into account in the subsequent mathematical literature in English, so the

traditional notation for these surfaces remained SM (see for instance [Wa,

p. 145-146]).

A concrete consequence of our classification result: for any type I Inoue

surface S we have S �� S̄ (see Corollary 4.9), in particular S does not admit

any Real structure. This should be compared to the classification results

for Real structures on other classes of non-Kählerian surfaces [Fr], [Kh].

Note that, by a renowned Theorem of Latimer and MacDuffee (see

[LMD], [Ta]), for any degree n polynomial χ ∈ Z[X] which in irreducible

in Q[X], the set of GL(n,Z)-similarity classes of matrices with integer co-

efficients and characteristic polynomial χ correspond bijectively to the set

of ideal classes of the order Z[α], where α is a root of χ. Therefore, by a

fundamental theorem in Number Theory [BoSh, Theorem 3, p. 128], this

set is finite1.

Therefore, for any polynomial X3 − θ2X
2 + θ1X − 1 ∈ Z[X] with a root

α ∈]1,+∞[ and two non-real roots, we have finitely many biholomorphism

classes of type I Inoue surfaces, namely two biholomorphism classes for any

equivalence class of ideals of the order Z[α]. We give an explicit example in

which the order Z[α] is not maximal (see Example 4.1).

For surfaces of the second type, the situation is even more complicated:

the “traditional” notation for a type II Inoue surface is S+
N,p,q,r,t, where

N ∈ SL(2,Z) has Spec(N) ⊂ (0,+∞) \ {1} and (p, q, r, t) ∈ Z×Z×Z∗×C.

This notation suggests that any 5-tuple (N, p, q, r, t) as above yields a well

defined surface denoted S+
N,p,q,r,t. This again is not true; the construction

also needs a pair (a, b) ∈ R2×R2, where a is an eigenvector for the eigenvalue

α ∈ Spec(N)∩]1,+∞[ and b is an eigenvector for α−1.

For this class of surfaces we will adopt the notation Sα,r
a,b,c,t, where:

• t ∈ C, r ∈ N∗ and α ∈]1,+∞[ is S+-admissible, i.e. α + α−1 ∈ N.

1This finiteness theorem is usually stated for a maximal order, i.e. for the ring of
integers OK of an algebraic number field K.
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• (a, b) ∈ R2 × R2 is a linearly independent pair which is α-compatible,

i.e.

N(α, a, b) :=

(
a1 b1
a2 b2

)(
α 0

0 α−1

)(
a1 b1
a2 b2

)−1

∈ M2(Z).

• c ∈ R2 is (a, b, r)-compatible in the sense of the compatibility condition

(2).

The set of (a, b, r)-compatible vectors is identified with Z2 via a bijection

which depends on (a, b, r). Therefore we will replace Inoue’s pair (p, q) ∈ Z2

by the pair of coefficients c = (c1, c2) which intervenes effectively in the

construction of the surface as a quotient [In1, p. 276].

For any S+-admissible α ∈]1,+∞[, let Nα ⊂ SL(2,Z) be the set of

SL(2,Z) matrices with α ∈ Spec(N). By the Latimer and MacDuffee The-

orem, the set of similarity classes Nα/ ∼ is finite.

The pair (α, r) is a biholomorphism invariant. We will identify the set of

biholomorphism classes of type II Inoue surfaces Sα,r
a,b,c,t with N(α, a, b) ∈ Nα

with a quotient set α,r of the set of parameters (a, b, c, t), where (a, b, c)

satisfies the above compatibility conditions (see Theorem 4.27). We have a

natural map

Ψα,r : α,r → Nα/ ∼, [Sα,r
a,b,c,t] �→ [N(α, a, b)].

Let N ∈ Nα/ ∼, choose N = N(α, a, b) ∈ Nα, and let Z+
GL(2,Z)(N) be

“the positive centraliser of N” in GL(2,Z), which is an infinite cyclic group,

see the definition formula (74) and section 5. We will prove (see Theorem

4.35) that the fibre Ψ−1
α,r(N) over N comes with a natural topology and that

the set of connected components of this fibre can be naturally identified

with the quotient of

ZN,r := Z2/(I2 −N)Z2 + rZ2

by the group Z+
GL(2,Z)(N) acting on ZN,r by K ∗ [p] := [εKKp].

Moreover, we will prove that any connected component of the fibre

Ψ−1
α,r(N) can be identified to either C∗ or C, the latter case occurring when

condition (C) stated in Proposition 4.38 is satisfied. Using Inoue’s [In1,

Proposition 4 p. 278] one can prove easily that two type II Inoue surfaces
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Sα,r
a,b,c,t, Sα′,r′

a′,b′,c′,t′ are deformation equivalent if and only if (α, r) = (α′, r′)
and the images of the the 4-tuples (a, b, c, t), (a′, b′, c′, t′) in the quotient

space α,r belong to the same connected component.

Therefore, for any pair (α, r) as above with α admissible, we have only

finitely many deformation classes of type II Inoue surfaces, namely a finite

number of similarity classes of SL(2,Z)-matrices with eigenvalue α, and a

finite number of deformation classes for each such similarity class.

At the end of section 4.2 we treat in detail the cases θ = 3 (α = 3+
√

5
2 )

and θ = 4 (α = 2+
√

3) specifying the number of deformation classes corre-

sponding to any r ∈ N∗ and the isomorphism type of the connected compo-

nents of the space of isomorphism classes. The main tools are: the algorith-

mic version of the Latimer-MacDuffee theorem of [BVdM] and our Theorem

5.4 which specifies a generator of the positive centraliser Z+
GL(2,Z)(N) for a

large class of SL(2,Z) matrices.

We will use similar methods for the classification of type III surfaces,

i.e. of the surfaces denoted traditionally by S−
N,p,q,r. For this surfaces we

will adopt the notation Sα,r
a,b,c, where

• r ∈ N∗ and α ∈]1,+∞[ is S−-admissible, i.e. α− α−1 ∈ N.

• (a, b) ∈ R2 × R2 is a linearly independent pair which is α-compatible,

i.e.

N(α, a, b) :=

(
a1 b1
a2 b2

)(
α 0

0 −α−1

)(
a1 b1
a2 b2

)−1

∈ M2(Z).

• c ∈ R2 is (a, b, r)-compatible in the sense of (11).

We define N−
α := {N ∈ GL(2,Z)| det(N) = −1, α ∈ Spec(N)} and we

let α,r denote the set of biholomorphism classes of type III Inoue surfaces

Sα,r
a,b,c with N(α, a, b) ∈ N−

α . Our main result for this class of surfaces is

Theorem 4.42, which states that the fibre of the natural map α,r → N−
α

over a similarity class N = [N(α, a, b)] ∈ N−
α / ∼ can be identified with the

quotient of

ZN,r := Z2/(I2 + N)Z2 + rZ2

by the group Z+
GL(2,Z)(N) acting on ZN,r by K ∗ [p] := [εKKp]. The set

N−
α / ∼ of similarity classes associated with α is again finite, so, for any
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S−-admissible α and r ∈ N∗ one obtains a finite number of biholomorphism

classes of type III Inoue surfaces.

Note that “positive centraliser” Z+
GL(2,Z)(N) associated with a matrix

N ∈ Nα (N ∈ N−
α ), where α is S+- (respectively S−-)admissible, is always

infinite cyclic (see section 5, where it is shown that specifying a generator

of this group is an interesting number theoretical problem).

We will begin our article with a new presentation of Inoue’s construc-

tions; for each one of the three types of Inoue surfaces we will precise the

entire data system needed for the construction of such a surface and we will

use the notation Sp for the complex surface associated with the data system

(parameter) p varying in a set P which we will describe explicitly. Noting

that surfaces of different types cannot be biholomorphic (see Corollary 3.6),

it follows that the classification problem for Inoue surfaces reduces to giv-

ing – for every fixed type – an explicit description of the quotient set P/R,

where R is the equivalence relation

R := {(p′, p′′) ∈ P × P| Sp′ � Sp′′}.

The main difficulty is to understand in detail the equivalence relation R.

Let Aff(C2), T(C2) be the groups of affine transformations, respectively

translations, of C2, U := H × C and let Aff(U), T(U) be the subgroups

Aff(U) := {f ∈ Aff(C2)| f(U) = U}, T(U) := {f ∈ T(C2)| f(U) = U}

consisting of those affine transformations (respectively translations) which

fix U .

An elementary computation shows that

Remark 1.1. We have

T(U) =

{(
w

z

)
f−→
(
w

z

)
+

(
u

ζ

)
u ∈ R, ζ ∈ C

}
.

Aff(U)

=

{(
w

z

)
f−→
(
µ 0

λ ν

)(
w

z

)
+

(
u

ζ

)
µ ∈ R>0, ν ∈ C∗, u ∈ R, (λ, ζ) ∈ C2

}
.
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Any Inoue surface is the quotient S = U/Γ, where Γ is a subgroup of

the group Aff(U) acting properly discontinuously on U . Our classification

results are based on the following theorem:

Theorem 4.1. Let S′ = U/Γ′, S′′ = U/Γ′′ be Inoue surfaces, f : S′ →
S′′ be a biholomorphism and f̃ : U → U be a lift of f . Then f̃ ∈ Aff(U).

This theorem is a consequence of our uniqueness theorem: the tangent

bundle of any Inoue surface admits a unique holomorphic connection (see

Theorem 3.9 in this article), but can also be proved using Klingler’s or Du-

mitrescu’s uniqueness result [Kl, Lemma 4.3], [Du, Proposition 3.1], which

concerns holomorphic connections with vanishing curvature and torsion, re-

spectively holomorphic connections with vanishing torsion.

Theorem 4.1 gives a purely algebraic interpretation of the set of isomor-

phism classes of Inoue surfaces:

Corollary 4.2. Two Inoue surfaces S′ = U/Γ′, S′′ = U/Γ′′ are bi-

holomorphic if and only if the subgroups Γ′, Γ′′ of the group Aff(U) belong

to the same conjugacy class.

Using this result we will obtain, for each type of Inoue surfaces, a purely

algebraic interpretation of the equivalence relation R on the parameter set

P, which will allow us to describe the quotient set P/R.

2. The Construction of Inoue Surfaces

2.1. Type I Inoue surfaces

We begin with the following definition:

Definition 2.1. A complex number β will be called admissible if β ∈
C∗\R, |β| < 1, and |β|−2, β and β are the roots of a polynomial P (X) ∈ Z[X]

of the form

P (X) = X3 − θ2X
2 + θ1X − 1 with θ1, θ2 ∈ Z.

Equivalently, β ∈ C \ R with |β| < 1 is admissible if{
|β|−2 + 2�(β) ∈ Z

2|β|−2�(β) + |β|2 ∈ Z.
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Remark 2.2. The polynomial P (X) = X3 − θ2X
2 + θ1X − 1 ∈ Z[X]

associated with an admissible complex number β is irreducible in Q[X].

Proof. It suffices to prove that α := |β|−2 is not rational. Suppose

that α ∈ Q. P (X) is a monic polynomial with integer coefficients, so its root

α is integer over Z. Since Z is integrally closed in Q, it follows that α ∈ Z,

so P (X) decomposes as P (X) = (X−α)
(
X2 +(α− θ2)X +α(α− θ2)+ θ1

)
.

This implies α(α(α − θ2) + θ1) = 1, so α−1 = |β|2 ∈ Z, which contradicts

the assumption |β| < 1. �

Definition 2.3. Let β be an admissible complex number. A pair

(a, b) ∈ R3 × C3 will be called β-compatible if a, b and b are linearly inde-

pendent over C and

M(β, a, b) :=


a1 b1 b1
a2 b2 b2
a3 b3 b3




|β|−2 0 0

0 β 0

0 0 β




a1 b1 b1
a2 b2 b2
a3 b3 b3




−1

∈ M3(Z).

We put:

Pβ =
{
(a, b) ∈ R3 × C3| (a, b) is β-compatible

}
.

Note that

Remark 2.4. Let (a, b) be a β-compatible pair. Then

(1) M(β, a, b) ∈ SL(3,Z).

(2) Spec(M(β, a, b)) = {|β|−2, β, β̄}.

(3) The eigenspaces of M(β, a, b) in C3 are:

E|β|−2 = Ca , Eβ = Cb , Eβ̄ = Cb̄.

For a pair (a, b) ∈ R3×C3 we define the affine transformations gi(a, b) ∈
Aff(U), 1 ≤ i ≤ 3, by

gi(a, b) : (w, z) → (w + ai, z + bi).
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Definition 2.5. Let β be an admissible complex number and (a, b) ∈
Pβ. We define g0(β) ∈ Aff(U) by

g0(β) : (w, z) → (|β|−2w, βz)

and we define G(β, a, b) to be the group generated by g0(β) and

(gi(a, b))1≤i≤3.

Note that G(β, a, b) acts properly discontinuously on U [In1]. The ar-

gument uses essentially the compatibility property of the pair (a, b).

Definition 2.6. Let β be an admissible complex number and (a, b) ∈
Pβ. We define the (first type) Inoue surface Sβ

a,b by

Sβ
a,b = U/

G(β, a, b)

where G(β, a, b) is the subgroup of Aff(U) generated by the affine automor-

phisms g0(β), (gi(a, b))1≤i≤3.

Therefore, for type I Inoue surfaces, the space of parameters P consid-

ered in the introduction is

P = {(β, a, b) ∈ C × R3 × C3| β is admissible, (a, b) is β-compatible}.

Note that

Remark 2.7. [In1, p. 274] The generators g0 := g0(β), gi := gi(a, b)

of G(β, a, b) satisfy the commutation relations

gigj = gjgi i, j = 1, 2, 3,

g0gig
−1
0 = gmi1

1 gmi2
2 gmi3

3 i = 1, 2, 3,

where mij are the entries of the matrix M := M(β, a, b).

Using Remark 2.7 we obtain the following simple

Remark 2.8. With the notations introduced above we have:

(1) Any element g ∈ G(β, a, b) can be written in a unique way as

g = g3(a, b)
k3g2(a, b)

k2g1(a, b)
k1g0(β)k0 with ki ∈ Z.
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(2) We have

G(β, a, b) ∩ T(U) = 〈g1(a, b), g2(a, b), g3(a, b)〉 � Z3.

Proof. The first statement follows using the fact that the subgroup

〈g1(a, b), g2(a, b), g3(a, b)〉 ⊂ G(β, a, b)

is abelian and normal in G(β, a, b). The second statement follows from the

first taking into account that |β| < 1. �

2.2. Type II Inoue surfaces

In this section we will need the following subgroups of the group Aff(U)

of affine transformations of U := H × C:

Aff1(U)

:=

{(
w

z

)
g−→
(
µ 0

λ 1

)(
w

z

)
+

(
u

ζ

)
µ ∈ R>0, u ∈ R, λ ∈ C, ζ ∈ C

}
,

Aff1
1(U) :=

{(
w

z

)
g−→
(

1 0

λ 1

)(
w

z

)
+

(
u

ζ

)
u ∈ R, λ ∈ C, ζ ∈ C

}
,

T0(U) :=

{(
w

z

)
−→

(
w

z

)
+

(
0

ζ

)
ζ ∈ C

}
.

Note that

Remark 2.9.

(1) T0(U), T(U), Aff1(U), Aff1
1(U) are normal subgroups of Aff(U).

(2) T0(U) is central in Aff1(U), so also in Aff1
1(U).

We shall see that the subgroups which intervene in the construction of

type II Inoue surfaces are all contained in Aff1(U).

Definition 2.10. A real number α will be called S+-admissible if α =
θ+

√
θ2−4
2 , where θ ∈ N≥3.
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Therefore α is S+-admissible if and only if α ∈]1,+∞[ and α+α−1 ∈ N,

and if and only it is the larger root of a quadratic equation t2 − θt+ 1 with

θ ∈ N≥3.

Definition 2.11. Let α ∈ R be S+-admissible. A linearly indepen-

dent pair (a, b) ∈ R2 × R2 will be called α-compatible if

N(α, a, b) :=

(
a1 b1
a2 b2

)(
α 0

0 α−1

)(
a1 b1
a2 b2

)−1

∈ M2(Z). (1)

Remark 2.12. Let α be as above and (a, b) be an α-compatible pair.

Then

(1) N(α, a, b) ∈ SL(2,Z).

(2) Spec(N(α, a, b)) = {α, α−1}.

(3) The eigenspaces of N(α, a, b) in R2 are Eα = Ra, Eα−1 = Rb.

We put:

Pα =
{
(a, b) ∈ R2 × R2| (a, b) is α-compatible

}
,

Nα := {N ∈ SL(2,Z)| α ∈ Spec(N)},
and we denote by ηα : Pα → Nα the map given by ηα(a, b) := N(α, a, b).

Definition 2.13. Let (a, b) be an α-compatible pair and r ∈ N∗.

(1) A vector c ∈ R2 will be called (a, b, r)-compatible if, putting N :=

N(α, a, b), we have

(I2 −N)

(
c− 1

2

(
a1b1
a2b2

))
− b ∧ a

2

(
n11n12

n21n22

)
∈ b ∧ a

r
Z2. (2)

If this is the case, we define p(a, b, c, r) ∈ Z2 by

(I2 −N)

(
c− 1

2

(
a1b1
a2b2

))
− b ∧ a

2

(
n11n12

n21n22

)
=

b ∧ a

r
p(a, b, c, r). (3)
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The set of (a, b, r)-compatible vectors will be denoted by Ca,b,r.

(2) If (a, b) is α-compatible and c is (a, b, r)-compatible we will also say

that the triple (a, b, c) is (α, r)-compatible. Therefore, (a, b, c) is (α, r)-

compatible if and only if

(a) N(α, a, b) :=

(
a1 b1
a2 b2

)(
α 0

0 α−1

)(
a1 b1
a2 b2

)−1

∈ M2(Z),

(b) Putting N = (nij)i,j = N(α, a, b), we have

(I2 −N)

(
c− 1

2

(
a1b1
a2b2

))
− b ∧ a

2

(
n11n12

n21n22

)
∈ b ∧ a

r
Z2.

Remark 2.14. Our compatibility condition (2) is equivalent to Inoue’s

compatibility condition [In1, formula (17) p. 276], which reads

(I2 −N)c− e ∈ b ∧ a

r
Z2,

where(
e1

e2

)
=

1

2

(
n11(n11 − 1)a1b1 + n12(n12 − 1)a2b2
n21(n21 − 1)a1b1 + n22(n22 − 1)a2b2

)
+

(
n11n12

n21n22

)
b1a2.

Using the identities Na = αa, Nb = α−1b, one obtains easily:

(
e1

e2

)
=

1

2

[(
a1b1
a2b2

)
−N

(
a1b1
a2b2

)
+ (b ∧ a)

(
n11n12

n21n22

)]
,

which proves the claim.

The Inoue surfaces of type II are quotients of U by a group of affine

transformations constructed using an (α, r)-compatible triple and a complex

parameter t ∈ C:

Remark 2.15. Let (a, b) ∈ Pα and r ∈ N∗.

(1) The set Ca,b,r is a b∧a
r (I2 −N)−1(Z2)-torsor.
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(2) The map πa,b,r : Ca,b,r → Z2, πa,b,r(c) := p(a, b, c, r) ∈ Z2 is bijective

and satisfies the identity

πa,b,r

(
c +

b ∧ a

r
(I2 −N)−1

(
s1

s2

))
= πa,b,r(c) +

(
s1

s2

)
.

Note that the two components of p(a, b, c, r) correspond to the integers

p, q in Inoue’s notation.

Let (a, b, c) ∈ R2 × R2 × R2 and r ∈ N∗. We define the affine transfor-

mations gi = gi(a, b, c) (1 ≤ i ≤ 2), g3 = g3(a, b, r) ∈ Aff(U), by

gi

(
w

z

)
=

(
w + ai

z + biw + ci

)
=

(
1 0

bi 1

)(
w

z

)
+

(
ai
ci

)
,

g3

(
w

z

)
=

(
w

z + b∧a
r

)
. (4)

Definition 2.16. Let α, r be as above and (a, b, c) be an (α, r)-com-

patible triple. We define G(a, b, c, r) to be the subgroup of Aff(U) generated

by the affine transformations g1 = g1(a, b, c), g2 = g2(a, b, c), g3 = g3(a, b, r).

For t ∈ C we also define g0 = g0(α, t) ∈ Aff(U) by

g0(α, t)

(
w

z

)
=

(
αw

z + t

)

and the subgroup G(α, a, b, c, r, t) ⊂ Aff(U) by

G(α, a, b, c, r, t) := 〈g0, g1, g2, g3〉.

Recall [In1, p. 276] that G(α, a, b, c, r, t) acts properly discontinuously

on U . The argument uses essentially the (α, r)-compatibility condition of

the triple (a, b, c). We define

Definition 2.17. Let α, r be as above and (a, b, c) be an (α, r)-com-

patible triple. The type II Inoue surface associated with the parameters

(α, a, b, c, r, t) is

Sα,r
a,b,c,t := U/

G(α, a, b, c, r, t).
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Therefore, for type II Inoue surfaces, the space of parameters P consid-

ered in the introduction is

P = {(α, a, b, c, r, t) ∈ ]1,+∞[×R2 × R2 × R2 × N∗ × C|
α is S+-admissible, and(a, b, c) is (α, r) − compatible}.

Remark 2.18. [In1, p. 276] Let (a, b, c) be an (α, r)-compatible triple.

Putting p := p(a, b, c, r) ∈ Z2, we have the commutation relations

g−1
1 g−1

2 g1g2 = gr3, gig3 = g3gi for 0 ≤ i ≤ 2, g0gig
−1
0 = gni1

1 gni2
2 gpi3 ,

where N = (nij)i,j = N(α, a, b).

Remark 2.19. The subgroup Z(a, b, r) := 〈g3〉 ⊂ G(α, a, b, c, r, t) is

central in G(α, a, b, c, r, t) and G(a, b, c, r) is a normal subgroup of

G(α, a, b, c, r, t).

(1) We have

Z(a, b, r) = G(a, b, c, r) ∩ T(U) = G(α, a, b, c, r, t) ∩ T(U). (5)

The proof uses the fact that b1, b2 are linearly independent over Q

(which follows easily taking into account that b is an eigenvector of a

rational matrix associated with an irrational eigenvalue).

(2) We have

G(a, b, c, r) = G(α, a, b, c, r, t) ∩ Aff1
1(U). (6)

(3) We have inclusions G(α, a, b, c, r, t) ⊂ Aff1(U), G(a, b, c, r) ⊂ Aff1
1(U),

and the induced morphism

G(α, a, b, c, r, t)/
G(a, b, c, r) →

Aff1(U)/
Aff1

1(U)
(7)



On the Classification of Inoue Surfaces 299

between the corresponding quotient groups is a monomorphism. Iden-

tifying the quotient Aff1(U)/Aff1
1(U) with R>0 via the obvious isomor-

phism

Aff1(U)/Aff1
1(U) 
−→ R>0

induced by

((
w

z

)
g−→
(
µ 0

λ 1

)(
w

z

)
+

(
u

ζ

))
�→ µ, we obtain a group

isomorphism

G(r, α, a, b, c, t)/G(a, b, c, r) = 〈[g0]〉 
−→ 〈α〉.

onto the cyclic group 〈α〉 ⊂ R>0 which maps the class [g0]G(a,b,c,r) to

α.

Using Remark 2.18, we obtain:

Remark 2.20. One has [G(a, b, c, r), G(a, b, c, r)] = 〈gr3〉 ⊂ 〈g3〉, in par-

ticular one has an isomorphism

〈g3〉/[G(a, b, c, r), G(a, b, c, r)] � Zr.

Remark 2.21. Any element g ∈ G(a, b, c, r) can be written in a unique

way in the form

g = gn1
1 gn2

2 gk3 (8)

with n1, n2, k ∈ Z; any element g ∈ G(α, a, b, c, r, t) can be written in a

unique way in the form

g = gl0g
n1
1 gn2

2 gk3 (9)

with n1, n2, k, l ∈ Z.

2.3. Type III Inoue surfaces

We start with the analogue of Definition 2.10 for type III surfaces:

Definition 2.22. A real number α ∈]1,+∞[ will be called S−-admis-

sible if α = θ+
√
θ2+4
2 , where θ ∈ N∗.
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In other words α is S−-admissible if it coincides with the positive root

of a quadratic equation of the form t2 − θt − 1 = 0 with θ ∈ N∗. Let α be

S−-admissible.

Definition 2.23. A linearly independent pair (a, b) ∈ R2 ×R2 will be

called α-compatible if, putting Pab =

(
a1 b1
a2 b2

)
, we have

N(α, a, b) := Pab

(
α 0

0 −α−1

)
P−1
ab ∈ M2(Z). (10)

The space of α-compatible pairs in the sense of Definition 2.23 will be

denoted by P−
α . For (a, b) ∈ P−

α we have

N(α, a, b) ∈ GL−(2,Z) := {N ∈ GL(2,Z)| det(N) = −1},
Tr(N(α, a, b)) = θ,

and the eigenspaces of N(α, a, b) are Eα = Ra, E−α−1 = Rb. For an S−-

admissible α ∈]1,+∞[ we will use the notation:

N−
α := {N ∈ GL−(2,Z)| α ∈ Spec(N)}.

Definition 2.24. Let (a, b) be an α-compatible pair and r ∈ N∗. An

element c ∈ R2 is called (a, b, r)-compatible if, putting N := N(α, a, b), we

have

(I2 + N)

(
c− 1

2

(
a1b1
a2b2

))
− a ∧ b

2

(
n11n12

n21n22

)
∈ a ∧ b

r
Z2. (11)

If this is the case, we define p(a, b, c, r) ∈ Z2 by

(I2 + N)

(
c− 1

2

(
a1b1
a2b2

))
− a ∧ b

2

(
n11n12

n21n22

)
=

a ∧ b

r

(
p1

p2

)
,

and we’ll also say that (a, b, c) is an (α, r)-compatible triple. We will denote

by Ca,b,r the space of (a, b, r)-compatible vectors and by Tα,r the space of

(α, r)-compatible triples.
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Note that, as mentioned for type II surfaces, our compatitibility condi-

tion is equivalent to Inoue’s formula [In1, (20), p. 279].

Definition 2.25. Let α, r be as above and (a, b, c) be an (α, r)-com-

patible triple. We define G(a, b, c, r) to be the subgroup of Aff(U) generated

by the affine transformations g1 = g1(a, b, c), g2 = g2(a, b, c), g3 = g3(a, b, r)

defined in (4). We also define g0 = g0(α) ∈ Aff(U) by

g0(α)

(
w

z

)
=

(
αw

−z

)

and the subgroup G(α, a, b, c, r) ⊂ Aff(U) by

G(α, a, b, c, r) := 〈g0, g1, g2, g3〉.

Recall [In1, p. 279] that G(α, a, b, c, r) acts properly discontinuously on

U . We define

Definition 2.26. Let α, r be as above and (a, b, c) be an (α, r)-com-

patible triple. The type III Inoue surface associated with the parameters

(α, a, b, c, r) is

Sα,r
a,b,c := U/

G(α, a, b, c, r).

Remark 2.27. [In1, p. 279] Let (a, b, c) be an (α, r)-compatible triple.

Putting p := p(a, b, c, r) ∈ Z2, we have the commutation relations

g−1
1 g−1

2 g1g2 = gr3, gig3 = g3gi for 1 ≤ i ≤ 2,

g0g3g
−1
0 = g−1

3 , g0gig
−1
0 = gni1

1 gni2
2 gpi3

where N = (nij)i,j = N(α, a, b).

The statements of Remark 2.19 extend to type III surfaces with one

notable exception: the cyclic subgroup 〈g3〉 is still central in the group

G(a, b, c, r), but not in G(α, a, b, c, r), because g3 does not commute with

g0. The obvious analogues of Remarks 2.20, 2.21 hold for type III surfaces.
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3. Fundamental Properties of Inoue Surfaces

3.1. Line bundles on Inoue surfaces

Let X be a class VII surface, x0 ∈ X and π1(X,x0) be the fundamen-

tal group of the pair (X,x0). Since b1(X) = 1, the torsion free quotient

H1(X,Z)/Tors(H1(X,Z)) is always isomorphic to Z. If b2(X) = 0, the

natural map

Hom(H1(X,Z),C∗) = Hom(π1(X,x0),C
∗) → Pic(X)

is an isomorphism, and the image of the natural monomorphism

Hom
(
H1(X,Z)/

Tors(H1(X,Z)),C
∗
)
→ Hom(H1(X,Z),C∗) = Pic(X)

is precisely the identity component Pic0(X) of Pic(X) (see for instance

[Te3]). Fixing an isomorphism H1(X,Z)/Tors(H1(X,Z)) 
−→ Z gives an

isomorphism

Hom(Z,C∗) = C∗ 
−→ Hom
(
H1(X,Z)/

Tors(H1(X,Z)),C
∗
)

= Pic0(X).

Any Inoue surface S is the quotient U/Γ where Γ is a group of affine

transformations acting properly discontinuously on U := H × C ⊂ C2.

We choose u0 ∈ U , we put x0 = [u0] ∈ S and we identify π1(S, x0) with

Γ in the obvious way. The canonical isomorphism Hom(π1(S, x0),C
∗) =

Hom(Γ,C∗) → Pic(S) is given explicitly by

Hom(Γ,C∗) ! ρ �→ [Lρ] ∈ Pic(S),

where

Lρ := U × C/ρ Γ.

Here U ×C/ρ Γ stands for the quotient of the trivial line bundle U ×C over

U by the group Γ acting by

(g, ((w, z), ζ)) �→ (g(w, z), ρ(g)ζ).

For an Inoue surface S we also have a natural choice of an isomorphism

H1(S,Z)/
Tors(H1(S,Z)) → Z
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obtained using Inoue’s description of the group H1(S,Z) (see [In1, p. 274,

276, 279]):

Identifying H1(S,Z) with the abelianization Γ/[Γ,Γ] of Γ, we see that,

for all three types of Inoue surfaces, the classes [gi], 1 ≤ i ≤ 3, generate

Tors(H1(S,Z)), whereas the map

H1(S,Z) = Γ/
[Γ,Γ] ! [gk0

0 ][gk1
1 ][gk2

2 ][gk3
3 ] �−→ k0 ∈ Z

is an epimorphism with kernel Tors(H1(S,Z)), so it induces induces an

isomorphism

κ0 : H1(S,Z)/
Tors(H1(S,Z)) → Z.

For an Inoue surface S we will always use the isomorphism κ0 defined above

to identify the torsion free quotient H1(S,Z)/Tors(H1(S,Z)) with Z. The

corresponding isomorphism

C∗ = Hom(Z,C∗) 
−→ Hom
(
H1(S,Z)/

Tors(H1(S,Z)),C
∗
)

= Pic0(S)

is given explicitly by

ζ �→ [Lρζ ],

where ρζ : Γ → C∗ is defined by

ρζ(gi) = 1 for 1 ≤ i ≤ 3, ρζ(g0) = ζ.

We will put Lζ := Lρζ to save on notations.

One of the main results of [In1] is the following fundamental:

Theorem 3.1. (Inoue) Let S be an Inoue surface. Then S has no

complex curve.

In other words an Inoue surface has no positive effective divisor. This

implies:

Corollary 3.2. Let S be an Inoue surface and L be a non-trivial

invertible sheaf on S. Then H0(S,L) = 0.
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3.2. The tangent bundle of an Inoue surface

Denoting by (ew, ez) the canonical basis of C2, note that in all cases the

line subbundle U ×Cez ⊂ TU = U ×C2 is invariant under the tangent map

g∗ for any g ∈ Γ. Therefore we obtain a line subbundle M of TS defined as

the quotient of U ×Cez by the induced Γ-action on the tangent bundle TU .

Putting L := TS/M , we obtain a short exact sequence

0 → M ↪→ TS → L → 0, (12)

which will be called the canonical exact sequence for the tangent bundle of

S.

Note that:

Remark 3.3. For Inoue surfaces of type I, the line subbundle U ×
Cew ⊂ TU is also Γ-invariant and its Γ-quotient is a complement of M in

TS , so it can be identified with L. Therefore, in this case, the canonical

exact sequence (12) splits giving a direct sum decomposition TS = M ⊕L.

Identifying the line subbundles U × Cez ⊂ TU , U × Cew ⊂ TU with

the trivial line bundle U ×C, and taking into account the explicit formulae

for the generators gi of Γ in each case, we see that M , L can be identified

respectively with the quotients

(U × C)/ρMΓ , (U × C)/ρLΓ

where the group morphisms ρM , ρL ∈ Hom(Γ,C∗) are given by the table

below

type ρ ρ(g0) ρ(g1) ρ(g2) ρ(g3)

I
ρM β 1 1 1

ρL α 1 1 1

II
ρM 1 1 1 1

ρL α 1 1 1

III
ρM −1 1 1 1

ρL α 1 1 1

. (13)

Using the notation introduced above, this shows that
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Remark 3.4. For any Inoue surface S we have a natural identification

L = Lα. For an Inoue surface of type I (respectively II, III), we have a

natural identification M = Lβ (respectively M = L1 = S × C, M = L−1).

Note also that (12) gives natural identifications

K∗
S = det(TS) = M ⊗ L =




Lαβ if S is of type I

Lα if S is of type II

L−α if S is of type III

. (14)

Remark 3.5. For an Inoue surface of type II, the canonical exact se-

quence (12) becomes

0 → OS → TS → K∗
S → 0, (15)

and for an Inoue surface of type III, the canonical exact sequence (12)

becomes

0 → L−1 → TS → K∗
S ⊗ L−1 → 0. (16)

In both cases the extension class h ∈ Ext1(L,M) = H1(S,KS) is non-trivial.

Proof. Suppose first that S is of type II. In this case, taking duals in

the short exact sequence (15) we obtain

0 → KS → ΩS → OS → 0, (17)

and the extension classes of (15), (17) coincide. But (17) does not split

because, S being a class VII surface, we have h10
S := dim(H0(S,ΩS)) = 0.

Suppose now that S is of type III. As noted in [In1, p. 279], S admits a

double cover S̃ which is an Inoue surface of type II. Moreover, the canonical

short exact sequence of S̃ is the pull-back of the canonical short exact se-

quence of S. Since the latter is not split, the canonical short exact sequence

of S cannot be split. �

Corollary 3.6. 1. A Inoue surface

(1) is of type I if and only of its tangent bundle has two (different) line

subbundles.
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(2) is of type II if and only it has its tangent bundle has a unique line

subbundle and this line subbundle is trivial.

(3) is of type III if and only it has its tangent bundle has a unique line

subbundle and this line subbundle is non-trivial.

2. If two Inoue surfaces are biholomorphic, then they have the same type.

Proof. The first statements follow by Remarks 3.3, 3.5. The second

statement follows from the first. �

3.3. Vanishing theorems

For a vector bundle E (a locally free sheaf E) we will denote by End0(E)

(respectively End0(E)) the bundle (sheaf) of trace-free endomorphisms of E

(respectively E). The goal of this section is the following vanishing theorem:

Theorem 3.7. Let S be an Inoue surface. Then

(1) H0(S,KS ⊗ End(TS)) = 0.

(2) H0(S,ΩS ⊗ End(TS)) = 0.

Proof. If S is of type I, we have

TS � M⊕L, KS ⊗ End(TS) � M∗⊗2 ⊕ L∗⊗2 ⊕K⊕2
S ,

ΩS ⊗ End(TS) = (L∗⊗2 ⊗M) ⊕ (M∗⊗2 ⊗ L) ⊕M∗⊕3 ⊕ L∗⊕3.

We apply Corollary 3.2 to the invertible sheaves M∗, L∗ M∗⊗2, L∗⊗2, L∗⊗2⊗
M, M∗⊗2⊗L and KS . These sheaves are non-trivial: this follows using (13)

taking into account that 1 �∈ {α−1, β−1, α−2, β−2, α−2β, β−2α, α−1β−1}.

Suppose that S is of type II.

(1) Since

KS ⊗ End(TS) = KS ⊗ (OS idTS ⊕ End0(TS)) � KS ⊕ (KS ⊗ End0(TS)),

and KS is non-trivial, it suffices to prove that H0(S,KS ⊗ End0(TS)) = 0.

We will make use of Lemma 3.8 proved below applied to the exact sequence
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(15). Tensorizing by KS the last two lines of the first diagram, we obtain

the commutative diagram

(18)

with exact rows. We obtain the following commutative diagram with exact

rows

(19)

where ∂′, ∂′′ are the connecting morphisms associated with the two exact

sequences in (18). Since the lower exact sequence in (18) is non-split (it is

obtained by tensorizing (15) with KS), it follows that ∂′′ is injective, so ∂′

is also injective. Therefore the monomorphism

H0(S,KS ⊗F0) → H0(S,KS ⊗ End0(TS))

is an isomorphism, so it suffices to prove that

H0(S,KS ⊗F0) = 0. (20)

Tensorizing by KS the left hand column in the first diagram of Lemma

3.8, we obtain the short exact sequence

0 → K⊗2
S → KS ⊗F0 → KS → 0.

Since H0(S,K⊗2
S ) = H0(S,KS) = 0, the associated cohomology exact se-

quence gives H0(S,KS ⊗F0) = 0, as claimed.

(2) Tensorizing the exact sequence (17) by End(TS), we obtain the exact

sequence

0 → KS ⊗ End(TS) → ΩS ⊗ End(TS) → End(TS) → 0, (21)

which gives the long exact cohomology sequence

0 → H0(S,KS ⊗ End(TS)) → H0(S,ΩS ⊗ End(TS)) → H0(S, End(TS)) ∆−→
∆−→ H1(S,KS ⊗ End(TS)) → . . . , (22)
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where ∆ is the connecting morphism associated with (21).

Since H0(S,KS ⊗ End(TS)) = 0 by (1), the vanishing of H0(S,ΩS ⊗
End(TS)) follows from the following claim which will be proved below:

Claim. ker(∆ : H0(S, End(TS)) → H1(S,KS ⊗ End(TS))) = 0.

For this Claim we use the following commutative diagram with exact

rows

(23)

where the vertical morphisms on the left are give by:

(idΩS
⊗ Tr)(ω ⊗ f) = ω ⊗ Tr(f) = Tr(f)ω.

By the functoriality of the connecting morphism, we obtain the commutative

diagram

where ∂ is the connecting morphism associated with the lower short exact

sequence in (23). We know that this exact sequence is non-split, so ∂(1) �= 0,

which shows that ∂ is injective.

Therefore the claim will be proved if we show that H0(Tr) is injective.

Using the cohomology long exact sequence associated with the short exact

sequence

0 → End0(TS) ↪→ End(TS) Tr−−→ OS → 0

we see that

ker
(
H0(Tr) : H0(S, End(TS)) → H0(S,OS)

)
= H0(S, End0(TS)).

Therefore our claim will be proved if we show that H0(S, End0(TS)) = 0.

Using the central exact row in the first diagram in Lemma 3.8 and the

vanishing of H0(S,K∗
S), it suffices to prove that H0(S,F0) = 0. This follows
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as in the proof of (1) using the vanishing of H0(S,KS), the commutative

diagram

(24)

associated with the second diagram in Lemma 3.8 and the injectivity of ∂1

(which follows by Remark 3.5).

Finally suppose that S is of type III. In this case we can complete the

proof in two ways: First method: we use again the canonical exact sequence

and the associated commutative diagrams given by Lemma 3.8. Second

method: we use the double cover σ : S̃ → S (with S̃ of type II) as in the

proof of Remark 3.4 and we note that

σ∗(KS ⊗ End(TS)) = KS̃ ⊗ End(TS̃),

σ∗(ΩS ⊗ End(TS)) = ΩS̃ ⊗ End(TS̃).

Since σ is surjective, the natural pull-back morphisms

H0(S,KS ⊗ End(TS)) → H0(S̃, σ∗(KS ⊗ End(TS))) = H0(S̃,KS̃ ⊗ End(TS̃))

H0(S,ΩS ⊗ End(TS)) → H0(S̃, σ∗(ΩS ⊗ End(TS))) = H0(S̃,ΩS̃ ⊗ End(TS̃))

are injective, so the vanishing of H0(S,KS⊗End(TS)), H0(S,ΩS⊗End(TS))

follow from the vanishing of H0(S̃,KS̃ ⊗End(TS̃)), H0(S̃,ΩS̃⊗End(TS̃)). �
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Lemma 3.8. Let X be a complex manifold and let

0 → M j−→ E q−→ Q → 0 (25)

be an exact sequence of locally free sheaves, where M, Q are of rank 1. Let

qj : End(E) → Hom(M,Q) = M∗ ⊗Q,

(qj)0 : End0(E) → Hom(M,Q) = M∗ ⊗Q

be the morphisms defined ϕ �→ q ◦ ϕ ◦ j. Put

F := ker(qj), F0 = F ∩ End0(E) = ker(qj)0.

(1) The sheaf morphism jq : Hom(Q,M) → End(E) defined by ϕ �→ j◦ϕ◦q
takes values in F0, so it defines a morphism (jq)0 : Hom(Q,M) → F0.

(2) F comes with natural morphisms u : F → End(M), v : F → End(Q)

defined as follows: for any x ∈ X and ϕ ∈ Fx, we have ϕ(Mx) ⊂ Mx,

so ϕ induces morphisms u(ϕ) ∈ End(Mx), v(ϕ) ∈ End(Ex/Mx) =

End(Qx).

(3) The restriction (u, v)0 of the obtained morphism

(u, v) : F → End(M) ⊕ End(Q) = OX idM ⊕OX idQ

to F0 takes values in the trivial invertible sheaf OX(idM,−idQ).

(4) The composition of the morphism (j◦) : Hom(E ,M) → End(E) with

the trace-free morphism End(E) → End0(E) takes values in F0, so it

induces a morphism

(j◦)0 : Hom(E ,M) → F0.

(5) We have commutative diagrams with exact lines and columns
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(26)

(27)

Proof. The statement follows from the analogue statement for an

exact sequence of holomorphic bundles, which is a consequence of the ana-

logue statement for an an exact sequence 0 → M
j−→ E

q−→ Q → 0 of vector

spaces. The latter follows easily using a basis (u, v) of E with u ∈ M . �

Using the second statement in Theorem 3.7, we obtain
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Theorem 3.9. Let S = U/Γ be an Inoue surface. The tangent bundle

TS admits a unique holomorphic connection. The pull-back of this connec-

tion to U coincides with the trivial connection on TU = U×C2, in particular

this connection is flat and torsion free.

Proof. For the existence: the trivial connection ∇0 on TU = U × C2

is holomorphic, flat, torsion free and Γ-invariant, so it descends to a flat,

torsion free holomorphic connection on the quotient S = U/Γ.

For the unicity: if non-empty, the space of holomorphic connections on

TS is an affine space with model vector space H0(S,ΩS ⊗ End(TS)). But

this vector space vanishes by Theorem 3.7. �

4. The Classification of Inoue Surfaces

Recall that any Inoue surface is the quotient S = U/Γ, where Γ is a

subgroup of the group Aff(U) acting properly discontinuously on U (see

section 1).

Let S′ = U/Γ′, S′′ = U/Γ′′ be Inoue surfaces and p′ : U → S′, p′′ :

U → S′′ be the corresponding covering projections. Let f : S′ → S′′ be

a biholomorphism. Since p′′ and f ◦ p′ are both universal covers of S′′, it

follows that there exists a biholomorphism f̃ : U → U lifting f , i.e. such

that p′′ ◦ f̃ = f ◦ p′. This gives the commutative diagram

(28)

and shows that, for such a lift f̃ , we have:

f̃ ◦ Γ′ ◦ f̃−1 = Γ′′. (29)

An important role in our following results will be played by the following

theorem, which reduces the classification of Inoue surfaces to an algebraic

problem:

Theorem 4.1. Let S′ = U/Γ′, S′′ = U/Γ′′ be Inoue surfaces, f : S′ →
S′′ be a biholomorphism and f̃ : U → U be a lift of f . Then f̃ ∈ Aff(U).
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Proof. Let ∇′, ∇′′ be the (unique) holomorphic connections on the

tangent bundles TS′ , TS′′ respectively. By Theorem 3.9 we know that

p′∗(∇′) = p′′∗(∇′′) = ∇0.

The pull-back f∗(∇′′) is a holomorphic connection on S′, so, by our

unicity result, it coincides with ∇′. Therefore

∇0 = p′∗(∇′) = p′∗(f∗(∇′′)) = (f ◦ p′)∗(∇′′) =

= (p′′ ◦ f̃)∗(∇′′) = f̃∗(p′′∗(∇′′)) = f̃∗(∇0).
(30)

Therefore f̃ is ∇0-affine. This implies that the tangent map f̃∗ preserves

the space
〈
∂
∂w ,

∂
∂z

〉
C

of ∇0-parallel holomorphic vector fields on U . Therefore

the Jacobian matrix of f̃ is constant on U , so, since U is connected, f̃ is the

restriction to U of an affine transformation (which fixes U). �

Taking into account Theorem 4.1 and formula (29), we obtain the fol-

lowing result, which reduces the classification of Inoue surfaces to a purely

algebraic problem:

Corollary 4.2. Two Inoue surfaces S′ = U/Γ′, S′′ = U/Γ′′ are bi-

holomorphic if and only if the subgroups Γ′, Γ′′ of the group Aff(U) belong

to the same conjugacy class.

Our next goal: based on this corollary, we will obtain explicit descrip-

tions of isomorphism classes of Inoue surfaces of a fixed type.

4.1. The classification of type I Inoue surfaces

The goal of this section is Theorem 4.7 stated at the end of the section,

which reduces the classification of type I Inoue surfaces to a purely algebraic

problem.

Recall from section 2.1 that the space of parameters for type I Inoue

surfaces is

P = {(β, a, b) ∈ C × R3 × C3| β is admissible, (a, b) is β-compatible}.

Taking into account Corollary 4.2, our problem becomes:

Problem. Let β, β′ be admissible complex numbers. Let (a, b) ∈ Pβ

be a β-compatible pair, and (a′, b′) ∈ Pβ′ a β′-compatible pair (see section
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2.1). Describe explicitly the quotient of P by the equivalence relation

(β, a, b) ∼ (β′, a′, b′) if G(β, a, b), G(β′, a′, b′) are conj. in Aff(U).

Remark 4.3. Let β be an admissible complex number. The formula

(K, (µ, ν)) · (a, b) := K · ((µ, ν) · (a, b)) := (Kµa,Kνb)

defines an action of the product GL(3,Z) × (R∗
+ × C∗) on the space Pβ.

Proposition 4.4. Let (β, a, b), (β′, a′, b′) ∈ P. The following condi-

tions are equivalent:

(1) (β, a, b) ∼ (β′, a′, b′).

(2) β = β′ and (a′, b′) ∈ GL(3,Z) × (R∗
+ × C∗)(a, b).

Therefore the quotient set P
/
∼ is identified with the orbit space

P
/
GL(3,Z) × (R∗

+ × C∗) =
∐
β∈C

admissible

Pβ
/
GL(3,Z) × (R∗

+ × C∗).

Proof. Put G := G(β, a, b), G′ := G(β′, a′, b′),

gi := gi(a, b), g′i := gi(a
′, b′) for 1 ≤ i ≤ 3, g0 := g0(β), g′0 := g0(β

′).

First, suppose G, G′ are conjugate in Aff(U), and let θ ∈ Aff(U),

θ

(
w

z

)
=

(
µ 0

λ ν

)(
w

z

)
+

(
u

ζ

)
with µ ∈ R∗

+, ν ∈ C∗, u ∈ R, (λ, ζ) ∈ C2

be such that

G(β′, a′, b′) = θG(β, a, b)θ−1. (31)

Formula (31) shows in particular that

g′ := θ ◦ g0 ◦ θ−1 ∈ G′. (32)
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We can write

g′ = g′k3
3 g′k2

2 g′k1
1 g′k0

0

with ki ∈ Z. Comparing the linear parts of g′ and θ ◦ g0 ◦ θ−1 we obtain

µ−1λ(|β|−2 − β) = 0, |β|−2 = |β′|−2k0 , β = β′k0 , (33)

in particular λ = 0 (i.e. the linear part of θ is diagonal) and (since |β| < 1,

|β′| < 1) k0 ∈ N∗. Changing the roles of G and G′ we obtain a formula of

the form β′ = βl0 with l0 ∈ N∗. It follows β = βk0l0 , so k0 = l0 = 1 and

β = β′.
Note first that (31) implies

θ(G ∩ T(U))θ−1 = (θGθ−1) ∩ (θT(U)θ−1)

= (θGθ−1) ∩ T(U) = G′ ∩ T(U). (34)

Taking into account Remark 2.8(2) it follows that γ′
i := θgiθ

−1 belongs to

G′ ∩ T(U) = 〈g′1, g′2, g′3〉

for 1 ≤ i ≤ 3, and (γ′
1, γ

′
2, γ

′
3) is a system of generators of this free abelian

group. In other words there exists K ∈ GL(3,Z) such that

γ′
i = g′ki11 g′ki22 g′ki33 for 1 ≤ i ≤ 3. (35)

On the other hand, since λ = 0, we have

γ′
i

(
w

z

)
= (θgiθ

−1)

(
w

z

)
=

(
w + µai
z + νbi

)
. (36)

Comparing (35) with (36) we obtain a′ = K−1µa, b′ = K−1νb, with K−1 ∈
GL(3,Z), which proves the claim.

2. Conversely, suppose that β = β′ and (a′, b′) ∈ GL(3,Z)×(R∗
+×C∗)(a, b).

Therefore there exists (K, (µ, ν)) ∈ GL(3,Z) × (R∗
+ × C∗) such that

(a′, b′) := K · ((µ, ν) · (a, b)). (37)

The linear transformation φ defined by the diagonal matrix

(
µ 0

0 ν

)
belongs to Aff(U) and (37) shows that

φgiφ
−1 = g′li11 g′li22 g′li33 for 1 ≤ i ≤ 3,
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where L = (lij) := K−1. Noting that φg0φ
−1 = g0 = g′0, it follows that

(φg0φ
−1, φg1φ

−1, φg2φ
−1, φg3φ

−1)

is a system of generators of G′, so φGφ−1 = G′. �

Proposition 4.5. Let β be an admissible complex number. Let (a, b),

(a′, b′) ∈ Pβ be β-compatible pairs. The following conditions are equivalent:

(1) (a′, b′) ∈
(
GL(3,Z) × (R∗

+ × C∗)
)
(a, b)

(2) M(β, a, b) ∼ M(β, a′, b′), where ∼ denotes the similarity relation on

SL(3,Z), i.e. the equivalence relation defined by conjugation with ma-

trices in GL(3,Z).

Proof. (1) ⇒ (2): Suppose that (a′, b′) ∈ GL(3,Z)× (R∗
+ ×C∗)(a, b).

Therefore there exists (K, (µ, ν)) ∈ GL(3,Z) × (R∗
+ × C∗) such that

(a′, b′) := K · ((µ, ν) · (a, b)) := (Kµa,Kνb). (38)

Then, 
a′1 b′1 b

′
1

a′2 b′2 b
′
2

a′3 b′3 b
′
3


 = K


a1 b1 b1
a2 b2 b2
a3 b3 b3




µ 0 0

0 ν 0

0 0 ν̄


 ,

so

M(β, a′, b′) = KM(β, a, b)K−1,

which proves the claim.

(2) ⇒ (1): Suppose that M(β, a, b) ∼ M ′(β, a′, b′). Therefore there exists

K ∈ GL(3,Z) such that M(β, a, b) = KM(β, a′, b′)K−1, so comparing the

eigenspaces of the two matrices, it follows that Ka′ ∈ R∗a, Kb′ ∈ C∗b, so

there exists (l,m) ∈ R∗ × C∗ such that

Ka′ = la, Kb′ = mb. (39)

If l > 0, it follows that (a′, b′) := K−1 · ((l,m) · (a, b), so the claim is verified.

If l < 0, then (−K)a′ = (−l)a, (−K)b′ = (−m)b. Therefore

(a′, b′) := −K−1 · ((−l,−m) · (a, b),
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with (−K−1, ((−l,−m)) ∈ GL(3,Z) × (R∗
+ × C∗). �

Combining Propositions 4.4, 4.5 and taking into account Corollary 4.2,

we obtain:

Corollary 4.6. Let β, β′ be admissible complex numbers. Let (a, b) ∈
Pβ be a β-compatible pair, and let (a′, b′) ∈ Pβ′ be a β′-compatible pair.

Then

Sβ
a,b � Sβ′

a′,b′ ⇐⇒



β = β′

and

M(β, a, b) ∼ M(β′, a′, b′)

,

where ∼ denotes the similarity relation on SL(3,Z), i.e. the equivalence

relation defined by conjugation with matrices in GL(3,Z).

Now put

M :=
{
M ∈ SL(3,Z)| SpecC(M) � SpecR(M) ⊂]1,+∞[

}
.

For a similarity class M = [M ] ∈ M/∼ , put SpecR(M) = SpecR(M),

SpecC(M) = SpecC(M).

Note that knowing the similarity class of M(β, a, b), β is only determined

up to conjugation. With this remark, Corollary 4.6 becomes:

Theorem 4.7. Biholomorphism classes of Inoue surfaces of type 1 cor-

respond bijectively to elements of the set{
(M, β)| M ∈ M/∼, β ∈ SpecC(M) \ SpecR(M)

}
=

∐
M∈M

/
∼

(
SpecC(M) \ SpecR(M)

)
.

The pair corresponding to the surface Sβ
a,b is ([M(β, a, b)], β).

Therefore,

Remark 4.8. The set of biholomorphism classes of Inoue surfaces of

type 1 comes with a natural surjective map onto the set M/∼ of similar-

ity class of matrices M ∈ M. For any similarity class M we have two

biholomorphism classes of type I Inoue surfaces.
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Corollary 4.9. For any type I Inoue surface S, we have S �� S̄. In

particular a type I Inoue surface does not admit any Real structure2.

Proof. Let c : U → U be the canonical Real structure on U defined by

c(w, z) = (−w̄, z̄). Note that c induces an anti-holomorphic diffeomorphism

c̃ : U/G(β, a, b) → U/cG(β, a, b) c−1,

which gives a biholomorphism S̄β
a,b � U/cG(β, a, b) c−1. Elementary com-

putations give

c ◦ g0(β) ◦ c−1 = g0(β̄), c ◦ gi(a, b) ◦ c−1 = gi(−a, b̄) for 1 ≤ i ≤ 3,

so cG(β, a, b) c−1 = G(β̄,−a, b̄), so S̄β
a,b � Sβ̄

−a,b̄. We have M(β̄,−a, b̄) =

M(β, a, b). Therefore, via the bijection given by Theorem 4.7, Sβ
a,b et S̄β

a,b

correspond to the same similarity class M, but to different eigenvalues β. �

As explained in the introduction, for any polynomial P (X) = X3 −
θ2X

2 + θ1X − 1 ∈ Z[X] with a real root α ∈]1,+∞[ and two non-real

roots, the set of GL(3,Z)-similarity classes of matrices M ∈ SL(3,Z) with

χM (X) = P (X) correspond bijectively to equivalence classes of ideals in

the order Z[α]. This follows from the Latimer-MacDuffee Theorem taking

into account Remark 2.2. Since the set of equivalence classes of ideals in an

order is finite [BoSh, Theorem 3, p. 128], we obtain the following finiteness

theorem:

Theorem 4.10. To any polynomial P (X) = X3 − θ2X
2 + θ1X − 1 ∈

Z[X] with a real root α ∈]1,+∞[ and two non-real roots, correspond ex-

actly 2hZ[α] isomorphism classes of type I Inoue surfaces, where hZ[α] is the

number of equivalence classes of ideals in the order Z[α].

Note that in general the order Z[α] ⊂ K := Q(α) is not maximal, i.e. it

does not necessarily coincide with the ring OK of integers of the algebraic

number field K. We are grateful to Stéphane Louboutin for explaining us

the following example:

2See [Fr] and [Kh] for classification results for Real structures on other classes of
non-Kählerian surfaces.
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Example 4.1. The polynomial P1(X) = X3−2X2−2X−1 has a single

real root ε ≈ 2.83117 and its discriminant is ∆1 = −83. Put K = Q(ε).

Using [Mil, formula (8) p. 38] and the equality disc(1, ε, ε2) = ∆1 (see [Mil,

p. 37]), we obtain

∆1 = [OK : Z[ε]]2disc(OK).

Since ∆1 is a prime number, it follows disc(OK) = ∆1 = −83 and [OK :

Z[ε]] = 1, i.e. Z[ε] = OK . Now note that α := ε2 ≈ 8.01556 is the only real

root of the polynomial P2(X) = X3 − 8X2 − 1 whose discriminant is ∆2 =

25∆1. Noting that αε−8α−1 = 0, it follows Q(α) = Q(ε) = K, and formula

[Mil, formula (8) p. 38] applied to α gives ∆2 = [OK : Z[α]]2disc(OK), so

[OK : Z[α]] = 5.

4.2. The classification of type II Inoue surfaces

Recall from section 2.2 that the space of parameters for type II Inoue

surfaces is

P = {(α, a, b, c, r, t)
∈ ]1,+∞[×R2 × R2 × R2 × N∗ × C| α is S+-admissible, and

(a, b, c) is (α, r) − compatible}.

We begin with the simple

Remark 4.11. Let p = (α, a, b, c, r, t), p′ = (α′, a′, b′, c′, r′, t′) ∈ P such

that Sp � Sp′ . Then α = α′, r = r′.

Proof. By Corollary 4.2, there exists θ ∈ Aff(U) such that

θG(α, a, b, c, r, t)θ−1 = G(α′, a′, b′, c′, r′, t′).

In particular θg0(α, t)θ
−1 = g′ for an element g′ ∈ G(α′, a′, b′, c′, r′, t′).

Using Remark 2.21 and the explicit computation of the right hand term of

formula (9), we obtain α = α′l with l ∈ Z. Since α, α′ > 1, we have l ∈ N∗.
Changing the roles, we obtain α′ = αl

′
with l′ ∈ N∗. It follows ll′ = 1, so

l = l′ = 1, so α = α′.
We have

G(a, b, c, r) = G(α, a, b, c, r, t) ∩ Aff1
1,

G(a′, b′, c′, r′) = G(α′, a′, b′, c′, r′, t′) ∩ Aff1
1.
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Since Aff1
1 is normal in Aff(U) and θG(α, a, b, c, r, t)θ−1 = G(α′, a′, b′, c′,

r′, t′), it follows

θG(a, b, c, r)θ−1 = G(a′, b′, c′, r′). (40)

This implies

θ(G(a, b, c, r) ∩ T(U))θ−1 = G(a′, b′, c′, r′) ∩ (θT(U)θ−1)

= G(a′, b′, c′, r′) ∩ T(U),

so

θ〈g3(a, b, r)〉θ−1 = 〈g3(a
′, b′, r′)〉.

On the other hand formula (40) also implies

θ[G(a, b, c, r), G(a, b, c, r)]θ−1 = [G(a′, b′, c′, r′), G(a′, b′, c′, r′)].

Therefore the isomorphism 〈g3(a, b, r)〉 → 〈g3(a
′, b′, r′)〉 induced by the

interior automorphism ιθ maps the subgroup [G(a, b, c, r), G(a, b, c, r)] of

〈g3(a, b, r)〉 onto the subgroup G(a′, b′, c′, r′), G(a′, b′, c′, r′)] of 〈g3(a
′, b′, r′)〉.

It follows that ιθ induces an isomorphism

On the right we have used the isomorphisms given by Remark 2.20. So

r = r′. �

Remark 4.11 shows that, for any pair (α, r) ∈]1,+∞[×N∗ with α S+-

admissible, the subset Pα,r obtained from P by fixing α and r is saturated

with respect to the equivalence relation defined by the condition Sp � Sp′ .

Therefore we will fix such a pair (α, r) and we will study the induced

equivalence relation on the subset Pα,r, which is obviously identified with

the product

Aα,r := Tα,r × C,

where Tα,r is the space of (α, r)-compatible triples in the sense of Definition

2.13.
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We will endow Tα,r with its natural topology, namely with the coarsest

topology which makes the maps

(a, b, c) �→ N(α, a, b) ∈ SL(2,Z),

(a, b, c) �→ πa,b,r(c) ∈ Z2, (a, b, c) �→ (a, b) ∈ R2

continuous. With respect to this topology,

{
{(µ, ρ) �→ (µa, ρb, µρc)| µ, ρ ∈]1 − ε, 1 + ε[}| ε ∈]0, 1[

}
is a fundamental system of neighbourhoods of (a, b, c) ∈ Tα,r, and we endow

Aα,r with the product topology. The quotient spaces we define will be

endowed with the quotient topologies.

Remark 4.12. Taking into account Corollary 4.2, our problem be-

comes:

Problem. Let (α, r) ∈]1,+∞[×N∗ with α S+-admissible. Describe ex-

plicitly the quotient of Aα,r := Tα,r × C by the equivalence relation

(a, b, c, t) ∼ (a′, b′, c′, t′) if G(α, a, b, c, r, t), G(α, a′, b′, c′, r, t′)

are conj. in Aff(U).

4.2.1 Parameterizing the groups defining type II Inoue surfaces

We will first study the quotient of Aα,r by the finer equivalence relation

(a, b, c, t) ≈ (a′, b′, c′, t′) if G(α, a, b, c, r, t) = G(α, a′, b′, c′, r, t′).

The quotient set Aα,r/ ≈ is obviously identified with the set of all sub-

groups G ⊂ Aff(U) defining type II Inoue surfaces.

Remark 4.13. Let (a, b) ∈ Pα, c, c′ ∈ Ca,b,r, t, t′ ∈ C. We have the

equivalences

gi(a, b, c
′) = gi(a, b, c)g3(r, a, b)

si (1 ≤ i ≤ 2) ⇔ c′ = c +
b ∧ a

r

(
s1

s2

)
. (41)
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g0(α, t
′) = g0(α, t)g3(r, a, b)

s0 ⇔ t′ = t +
b ∧ a

r
s0. (42)

This shows that the action


s0

s1

s2


 , (a, b, c, t)


 �→

(
a, b, c +

b ∧ a

r

(
s1

s2

)
, t +

b ∧ a

r
s0

)
(43)

of the group Z3 on the parameter space Aα,r is compatible with the equiv-

alence relation ≈, i.e. we have

∀


s0

s1

s2


 ∈ Z3 ∀(a, b, c, t) ∈ Aα,r,

(
a, b, c +

b ∧ a

r

(
s1

s2

)
, t +

b ∧ a

r
s0

)
≈ (a, b, c, t).

We will also need the action of Z2 on Tα,r obtained by omitting the fourth

component in (43).

For a triple (a, b, c) ∈ Tα,r and t ∈ C, put [c]ab := c + b∧a
r Z2, [t]ab :=

t + b∧a
r Z and define

a,b,r := Ca,b,r
/

b ∧ a

r
Z2,

α,r :=
{
(a, b, [c]ab)

∣∣ (a, b) ∈ Pα, [c]ab ∈ a,b,r

}
� Tα,r/Z2,

α,r :=

{
(a, b, [c]ab, [t]ab)

∣∣ (a, b) ∈ Pα, [c] ∈ a,b,r, [t] ∈ C

/
b ∧ a

r
Z

}
� Aα,r/Z3.

Using Remark 2.15, we see that the bijection πa,b,r : Ca,b,r → Z2 induces

a bijection

pa,b,r : a,b,r → Z2/(I2 −N)Z2 � Ze1 ⊕ Ze2 ,

where e1, e2 are the elementary divisors of the matrix I2 −N .

Remark 4.14. The quotient a,b,r = Ca,b,r
/
b∧a
r Z2 is always finite. It

reduces to a singleton if and only if θ = 3.
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Proof. The second statement follows from det(I2 −N) = (1−α)(1−
α−1) = 2 − θ recalling that θ ≥ 3. �

We will regard α,r, α,r as spaces over the set Pα of α-compatible

pairs. The fibre of α,r over a pair (a, b) is identified with the finite set

a,b,r � Ze1 ⊕ Ze2 , whereas the fibre of α,r over pair (a, b) is a,b,r ×
(C
/
b∧a
r Z) � (Ze1 ⊕ Ze2) × C∗

The next step is to introduce a natural GL(2,Z)-action on the new

parameter space α,r � Aα,r/Z3. We start with the following elementary

lemma:

Lemma 4.15. Let (a, b, c) ∈ Tα,r and K ∈ GL(2,Z). Put gi :=

gi(a, b, c) for 1 ≤ i ≤ 2, g3 = g3(a, b, r) and

G1 := gk11
1 gk12

2 , G2 := gk21
1 gk22

2 , G3 := g
det(K)
3 . (44)

Then Gi = gi(A,B,C) and G3 = g3(A,B, r) (in the sense of formulae (4)),

where

A = Ka, B = Kb,

C =
1

2

(
A1B1

A2B2

)
+ K

(
c− 1

2

(
a1b1
a2b2

))
+

b ∧ a

2

(
k11k12

k21k22

)
.

(45)

Proposition 4.16. Let (a, b, c) ∈ Tα,r and K ∈ GL(2,Z). Then

(1) The formulae (45) define an element (A,B,C) ∈ Tα,r which will be

denoted K · (a, b, c).

(2) The tripe (A,B, [C]AB) ∈ α,r depends only on the matrix K and the

triple (a, b, [c]ab) ∈ α,r. Moreover, the formula

K · (a, b, [c]ab) := (A,B, [C]AB)

defines an action of GL(2,Z) on the space α,r.

The complicated formula for C is justified by the equivalence explained

in Lemma 4.15 stated above. Note that formula (K, (a, b, c)) �→ K · (a, b, c)
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does not define a GL(2,Z)-action on Tα,r. Therefore factorising the space

of triples Tα,r by Z2 is an important step in our constructions.

Proof. (1) It’s easy to see that (A,B) remains an α-compatible pair.

The corresponding matrix is

N(α,A,B) = KN(α, a, b)K−1.

It remains to check that C is (A,B, r) compatible, i.e. that, putting

N = (nij) := N(α,A,B),

we have

(I2 − N)

(
C − 1

2

(
A1B1

A2B2

))
− B ∧A

2

(
n11n12

n21n22

)
∈ B ∧A

r
Z2. (46)

Putting p := p(a, b, c, r), the first term on the left in (46) is

(I2 − N)

(
C − 1

2

(
A1B1

A2B2

))

= K(I2 −N)

(
c− 1

2

(
a1b1
a2b2

))
+

b ∧ a

2
(I2 − N)

(
k11k12

k21k22

)

= b ∧ a

[
K

(
1

2

(
n11n12

n21n22

)
+

1

r
p

)
+

1

2
(I2 − N)

(
k11k12

k21k22

)]
.

Put εK := det(K) ∈ {±1}. The element P (a priori in R2) associated with
(A,B,C, r) via formula (3) is

P = εK

[
Kp +

r

2

(
K

(
n11n12

n21n22

)
+ (I2 − N)

(
k11k12

k21k22

)
− εK

(
n11n12

n21n22

))]
(47)

It suffices to prove that

K

(
n11n12

n21n22

)
+

(
k11k12

k21k22

)
− N

(
k11k12

k21k22

)
− εK

(
n11n12

n21n22

)
∈ 2Z2.

Applying the elementary Lemma 4.17 stated below to the pairs (K,N),

(N,K), we obtain

K

(
n11n12

n21n22

)
+

(
k11k12

k21k22

)
−
(

(KN)11(KN)12

(KN)21(KN)22

)
∈ 2Z2,

N

(
k11k12

k21k22

)
+ εK

(
n11n12

n21n22

)
−
(

(NK)11(NK)12

(NK)21(NK)22

)
∈ 2Z2.
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It suffices to note that NK = KNK−1K = KN .

(2) For the first claim of (2) note that replacing (a, b, c) ∈ Tα,r by (a, b, c′)

where c′ = b∧a
r

(
s1

s2

)
in the formula for K ·(a, b, c), gives the triple (A,B,C ′),

where

C ′ = C +
b ∧ a

r
K

(
s1

s2

)
= C +

B ∧A

r
det(K)−1K

(
s1

s2

)
∈ C +

B ∧A

r
Z2.

For the second claim of (2) we have to prove that for any (a, b, c) ∈ Tα,r
and K, L ∈ GL(2,Z), the triples L · (K · (a, b, [c]ab)), (LK) · (a, b, [c]ab)

coincide in α,r.

Put

G1 := Gl11
1 Gl12

2 = (gk11
1 gk12

2 )l11(gk21
1 gk22

2 )l12 ,

G2 := Gl21
1 Gl22

2 = (gk11
1 gk12

2 )l21(gk21
1 gk22

2 )l22 ,

G3 := G
det(L)
3 = g

det(LK)
3 .

By Lemma 4.15 applied to (A,B,C) ∈ Tα,r and L ∈ GL(2,Z), we have

Gi = gi(A,B,C), where

(A,B,C) = L · (A,B,C) = L · (K · (a, b, c)).

Put R = LK. Using the commutation formulae [g1, g2] = gr3 we obtain

G1 = gr111 gr122 g
s1(L,K)
3 , G2 = gr211 gr222 g

s2(L,K)
3

where si(L,K) ∈ Z. Put (A′,B′,C′) := R(a, b, c), G′
i := gi(A

′,B′,C′). We

have

A
′ = (LK)a = LA = A, B

′ = (LK)b = LB = B.

By Lemma 4.15, we have

G′
1 = gr111 gr122 , G′

2 = gr211 gr222 ,

in other words for 1 ≤ i ≤ 2 we have

gi(A,B,C) = gi(A,B,C′)g3(a, b, r)
si(L,K)

= gi(A,B,C′)g3(A,B, r)det(R)si(L,K).
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Taking into account the equivalence (41), this proves that

C = C
′ +

B ∧ A

r

(
det(R)s1(L,K)

det(R)s2(L,K)

)
,

which proves the claim. �

Lemma 4.17. Let K, L ∈ GL(2,Z). Then

L

(
k11k12

k21k22

)
+ det(K)

(
l11l12

l21l22

)
−
(

(LK)11(LK)12

(LK)21(LK)22

)
=

= 2

(
l11−l211

2 k11k12 +
l12−l212

2 k21k22
l21−l221

2 k11k12 +
l22−l222

2 k21k22

)
− 2k12k21

(
l11l12

l21l22

)
,

(48)

which obviously belongs to 2Z2 if K, L ∈ GL(2,Z).

Proof. Direct computation. �

For a 4-tuple ((a, b, c), t) ∈ Aα,r we put

K · (a, b, c, t) = (A,B,C, t)

We need: the class of K · (a, b, c, t) = (A,B,C, t) mod B∧A
r Z3 depends

only on K and the class [a, b, c, t]. This follows from the formula:

K ·
(
a, b, c+

b ∧ a

r

(
s1

s2

)
, t +

b ∧ a

r
s0

)
=
(
A,B,C +

B ∧A

r
det(K)K

(
s1

s2

)
, t +

B ∧A

r
det(K)s0

)
.

Note also that the formula

K · (a, b, [c]ab, [t]ab) := (A,B, [C]AB, [t]AB)

defines a GL(2,Z)-action on α,r.

Theorem 4.18. Let (a, b, c, t), (a′, b′, c′, t′) ∈ Aα,r. The following con-

ditions are equivalent:

(1) (a, b, c, t) ≈ (a′, b′, c′, t′).
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(2) (a′, b′, [c′]a′b′ , [t′]a′b′) ∈ GL(2,Z)(a, b, [c]ab, [t]ab).

Therefore the quotient set Aα,r/ ≈ is identified with the orbit space

α,r
/
GL(2,Z).

Proof. (1) ⇒ (2): Suppose that (a, b, c, t) ≈ (a′, b′, c′, t′), in other

words we have G(α, a, b, c, r, t) = G(α, a′, b′, c′, r, t′), in particular

g0(α, t
′), g3(a

′, b′, r), gi(a
′, b′, c′) (1 ≤ i ≤ 2)

is a system of generators of G(α, a, b, c, r, t).

Put G = G(α, a, b, c, r, t) = G(α, a′, b′, c′, r, t′). By Remark 2.19 we know

that

(g1(a, b, c), g2(a, b, c), g3(a, b, r)), (g1(a
′, b′, c′), g2(a

′, b′, c′), g3(a
′, b′, r))

are both system of generators of the group

G ∩ Aff1
1(U) = G(a, b, c, r) = G(a′, b′, c′, r)

and g3(a, b, r), g3(a
′, b′, r) generate the same normal subgroup

Z := Z(a, b, r) = Z(a′, b′, r) = 〈g3(a, b, r)〉 = 〈g3(a
′, b′, r)〉.

The two pairs

([(g1(a, b, c)]Z , [(g2(a, b, c)]Z), ([(g1(a
′, b′, c′)]Z , [(g2(a

′, b′, c′)]Z)

of congruence classes with respect to Z are both systems of generators of

the quotient group (G ∩ Aff1
1(U))/Z � Z2. It follows that there exists

K = (kij) ∈ GL(2,Z) such that

[g1(a
′, b′, c′)]Z = [g1(a, b, c)]

k11
Z [g2(a, b, c)]

k12
Z ,

[g2(a
′, b′, c′)]Z = [g1(a, b, c)]

k21
Z [g2(a, b, c)]

k22
Z .

Therefore

g1(a
′, b′, c′) =g1(a, b, c)

k11g2(a, b, c)
k12g3(a, b, r)

s1 ,

g2(a
′, b′, c′) =g1(a, b, c)

k21g2(a, b, c)
k22g3(a, b, r)

s2
(49)
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with s1, s2 ∈ Z. Put

G1 := g1(a, b, c)
k11g2(a, b, c)

k12 , G2 := g1(a, b, c)
k21g2(a, b, c)

k22 . (50)

By (49) it follows that

[G1, G2] = [g1(a
′, b′, c′), g2(a

′, b′, c′)] = g3(a
′, b′, r)r.

On the other hand, taking into account that [g1(a, b, c), g2(a, b, c)] =

g3(a, b, r)
r and the definitions of G1, G2, direct computations give [G1, G2] =

g3(a, b, r)
det(K)r. Therefore

G3 := g3(a
′, b′, r) = g3(a, b, r)

det(K). (51)

For comparing g0(α, t) with g0(α, t
′) recall that, by Remark 2.19, their

classes with respect to the subgroup G ∩ Aff1
1(U) = G(a, b, c, r) =

G(a′, b′, c′, r) coincide, so

g0(α, t
′) = g0(α, t)g1(a, b, c)

k1g2(a, b, c)
k2g3(a, b, r)

s0

with k1, k2, s0 ∈ Z. Putting k = (k1, k2), ka = k1a1+k2a2, kb = k1b1+k2b2,

direct computations give

g0(α, t)g1(a, b, c)
k1g2(a, b, c)

k2g3(a, b, r)
s0

(
w

z

)
=(

α(w + ka)

z + (kb)w + k1(k1−1)
2 a1b1 + k1k2b1a2 + k2(k2−1)

2 a2b2 + kc + t + s0
r b ∧ a

)
.

Taking into account the explicit formula for g0(α, t
′), we obtain ka =

kb = 0, so k = 0. Therefore we have

g0(α, t
′) = g0(α, t)g3(a, b, r)

s0 . (52)

By Lemma 4.15 we see that formulae (50), (51) give

Gi = gi(A,B,C) for 1 ≤ i ≤ 2, G3 = g3(A,B, r)

where (A,B,C) = K · (a, b, c). On the other hand (49) can be written as

g1(a
′, b′, c′) =g1(A,B,C)g3(A,B, r)det(K)s1 ,

g2(a
′, b′, c′) =g2(A,B,C)g3(A,B, r)det(K)s2 ,

(53)
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which, by Remark 4.13, gives c′ = C + B∧A
r det(K)s ∈ [C]AB. Finally,

formula (52) shows that t′ = t + B∧A
r det(K)s0 ∈ [t]AB.

Therefore, a′ = A = Ka, b′ = B = Kb and [c′]AB = [C]AB, [t′]AB =

[t]AB which, taking into account that K · (a, b, c, t) = (A,B,C, t), proves the

claim.

(2) ⇒ (1):

It suffices to note that, if (a′, b′, [c′]a′b′ , [t′]a′b′) = K · (a, b, [c]ab, [t]ab) with

K ∈ GL(2,Z), then G(α, a′, b′, c′, r, t′) ⊂ G(α, a, b, c, r, t). �

Therefore, by Theorem 4.18, the quotient set Aα,r/ ≈ (which parame-

terises the subgroups G ⊂ Aff(U) defining type II Inoue surfaces) is iden-

tified with the orbit space α,r/GL(2,Z). This orbit space comes with a

natural surjective map

α,r/GL(2,Z) → Pα/GL(2,Z) → Nα/GL(2,Z)

onto the set of GL(2,Z)-similarity classes of matrices N ∈ Nα (see section

2.2).

4.2.2 A classification theorem for type II Inoue surfaces

Let (α, r) ∈]1,+∞[×N∗ with α S+-admissible. We now come back to our

initial problem, which is: describe explicitly the quotient of Aα,r := Tα,r×C

by the equivalence relation

(a, b, c, t) ∼ (a′, b′, c′, t′) if G(α, a, b, c, r, t), G(α, a′, b′, c′, r, t′)

are conj. in Aff(U).

Elementary computations give the following:

Lemma 4.19. Let (a, b, c, t), (a′, b′, c′, t′) ∈ Aα,r and put{
g0 = g0(α, t), gi = gi(a, b, c), g3 = g3(a, b, r),

g′0 = g0(α, t
′), g′i = gi(a

′, b′, c′), g′3 = g3(a
′, b′, r).

Let k = (k1, k2) ∈ Z2,


s0

s1

s2


 ∈ Z3 and τ ∈ Aff1

1(U) given by

(
w

z

)
τ−→
(

1 0

λ 1

)(
w

z

)
+

(
u

ζ

)
. The following conditions are equivalent:
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(i) τg′0τ
−1 = g0g

k1
1 gk2

2 gs03 , τ ◦ g′i ◦ τ−1 = gig
si
3 for 1 ≤ i ≤ 2, τ ◦ g′3 ◦ τ−1 =

g3.

(ii) We have:




λ = kb
α−1 .

u = α(ka)
1−α .

a′ = a.

b′ = b.

c′ = c− α(ka)
α−1 b− kb

α−1a + b∧a
r s, where s :=

(
s1

s2

)
.

t′ = t + α(ka)(kb)
1−α + kc + k1(k1−1)a1b1+k2(k2−1)a2b2

2

+ k1k2b1a2 + s0
r b ∧ a.

Lemma 4.20.

(1) Putting

k · c :=c− α(ka)

α− 1
b− kb

α− 1
a,

k ·c t :=t +
α(ka)(kb)

1 − α
+ kc +

k1(k1 − 1)a1b1 + k2(k2 − 1)a2b2
2

+ k1k2b1a2,

we have the identities

k · c =c + b ∧ a(I2 −N)−1

(
−k2

k1

)
, (54)

k ·c t =t + b ∧ a

(
k(I2 −N)−1

(
1

2

(
n11n12 − k2

n21n22 + k1

)
+

1

r
πa,b,r(c)

)
+

k1k2

2

)
. (55)

(2) Put δ := det(I2 −N) = 2 − θ. If k ∈ δZ2, then

k (I2 −N)−1

(
n11n12 − k2

n21n22 + k1

)
+ k1k2 ∈ 2Z, (56)

k(I2 −N)−1

(
1

2

(
n11n12 − k2

n21n22 + k1

)
+

1

r
Z2

)
+

k1k2

2
⊂ 1

r
Z. (57)
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Proof. (1) For the first formula it suffices to apply I2 − N to k · c
taking into account that (I2 −N)a = (1 − α)a, (I2 −N)b = (1 − α−1)b.

For the second formula in (1), we have

α(ka)(kb)

1 − α
+ kc +

k1(k1 − 1)a1b1 + k2(k2 − 1)a2b2
2

+ k1k2b1a2 =

=
k1(k1 − 1)

2
a1b1 + k1k2b1a2 +

k2(k2 − 1)

2
a2b2 + kc− α

α− 1
(ka)(kb) =

=
1

2
(k2

1a1b1+k2
2a2b2+k1k2(a1b2+a2b1)−k1k2(a1b2+a2b1)−k1a1b1−k2a2b2)+

+
1

2
2k1k2b1a2 + kc− α

α− 1
(ka)(kb) =

=
1

2

(
(ka)(kb) + k1k2b ∧ a

)
+ kc− α

α− 1
(ka)(kb) − k1a1b1 − k2a2b2 =

= kc +
1

2
(k1k2b ∧ a− k1a1b1 − k2a2b2) −

α + 1

2(α− 1)
(ka)(kb) =

k

(
c− 1

2

(
a1b1
a2b2

))
+

1

2
k1k2b ∧ a− α + 1

2(α− 1)
(ka)(kb).

On the other hand, applying Lemma 4.21 to (I2−N)−1 and noting that

(I2 −N)−1(a) =
1

1 − α
a, (I2 −N)−1(b) =

α

α− 1
b,

we obtain:

−α + 1

α− 1
(ka)(kb) = (b ∧ a)

(
k(I2 −N)−1

(
−k2

k1

))
.

Therefore

α(ka)(kb)

1 − α
+ kc +

k1(k1 − 1)a1b1 + k2(k2 − 1)a2b2
2

+ k1k2b1a2 =

= k

(
c− 1

2

(
a1b1
a2b2

))
+

k1k2

2
b ∧ a +

b ∧ a

2

(
k(I2 −N)−1

(
−k2

k1

))
.

It suffices to recall that:

c− 1

2

(
a1b1
a2b2

)
= (I2 −N)−1

(
b ∧ a

2

(
n11n12

n21n22

)
+

b ∧ a

r
πa,b,r(c)

)
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by the definition of p(a, b, c, r) = πa,b,r(c).

(2) Note first that (57) follows easily from (56) by noting that δ(I2 −N)−1

is a matrix with integer entries. Therefore it’s enough to prove (56). Let

l ∈ Z2 such that k = δl. The claim follows by elementary computations

using the formulae:

k(I2 −N)−1 = δl(I2 −N)−1 = l tcof(I2 −N) = l

(
1 − n22 n12

n21 1 − n11

)
,

l1l2(n22 −n11 + δ) = l1l2(n22 −n11 + 2− (n11 +n22)) = 2l1l2(1−n11) ∈ 2Z,

l2i ≡ li mod 2, δ ≡ θ ≡ n11 + n22 mod 2,

n12n22(1 + n21 − n11), n21n11(−1 + n12 − n22) ∈ 2Z.

The latter formula follows using det(N) = 1. �

Lemma 4.21. Let M ∈ M2(C) and a =

(
a1

a2

)
, b =

(
b1
b2

)
be linearly

independent in C2 such that Ma = αa, Mb = βb and x = (x1, x2) ∈ C2.

Then

(β − α)(xa)(xb) = (a ∧ b)xM

(
−x2

x1

)
.

Proof. We apply the Cramer rule to the system{
a1x1 + a2x2 = xa

b1x1 + b2x2 = xb
.

in order to express x1, x2 in terms of xa and xb. �

Proposition 4.22. Let (a, b) ∈ Pα.

(1) The formula (k, c) �→ k · c defines an action of Z2 on Ca,b,r satisfying

the identity

πa,b,r(k · c) = πa,b,r(c) + r

(
−k2

k1

)
. (58)
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(2) The formula

(
k,

(
[c]ab
[t]ab

))
�→
(

[k · c]ab,[
k ·c t

]
ab

)
defines an action of Z2 on

the product a,b,r×
(
C/ b∧ar Z

)
. This action descends to an action of the

finite group Z2/dZ2 = (Zd)
2, where d := |det(I2 −N)| = θ − 2.

Proof. (1) This follows from formula (54).

(2) Note first that the pair ([k · c]ab,
[
k ·c t

]
ab

) depends only on the classes

[c]ab, [t]ab and k, so the right hand term is well defined. To prove that the

given formula defines an action, put:

c := k · c, t := k ·c t, C := l · c, T := l ·c t, C
′ := (k + l) · c, T

′ := (k + l) ·c t.

By (1) we have C′ = C, and, using the definition of k ·c t, elementary com-

putations give

T
′ = T + k2l1b ∧ a ∈ T +

b ∧ a

r
Z, (59)

which proves the claim. For the second claim in (2), note that, by formulae

(54), (55), (57) stated in Lemma 4.20, we have

k · c− c ∈ (b ∧ a)Z2 ⊂ b ∧ a

r
Z2, k ·c t− t ∈ b ∧ a

r
Z

for any k ∈ dZ2, so dZ2 acts trivially on a,b,r ×
(
C/ b∧ar Z

)
. �

For a triple (a, b, c) ∈ Tα,r and t ∈ C we will also use the notation

k · (a, b, c, t) = (a, b, c, t) where (c, t) := k · (c, t).

Formula (59) shows that the formulae

(k, (c, t)) �→ k · (c, t), (k, (a, b, c, t)) = k · (a, b, c, t)

do not define Z2-actions on the respective spaces. However, Proposition

4.22 shows that the formulae

(k, ([c]ab, [t]ab)) �→ k · ([c]ab, [t]ab) := ([c]ab, [t]ab),

(k, (a, b, [c]ab, [t]ab)) �→ k · (a, b, [c]ab, [t]ab) := (a, b, [c]ab, [t]ab)



334 Zahraa Khaled and Andrei Teleman

define Z2-actions which descend to Z2
d-actions on the two spaces

a,b,r ×
(
C/ b∧ar Z

)
, α,r respectively.

On the latter space α,r we have now defined a GL(2,Z)-action and a

Z2-action (which induces a Z2
d-action). These actions do not commute. We

have

Remark 4.23. Let (a, b, c) ∈ Tα,r, t ∈ C, k = (k1, k2) ∈ Z2, K =

(kij) ∈ GL(2,Z). Then the 4-tuples K ·(k ·(a, b, c, t)), (kK−1)·(K ·(a, b, c, t))
define the same elements in α,r. More precisely

(1) We have the identity

K · (k · c) = (kK−1) · (K · c).

(2) Putting

(c, t) := k · (c, t), (A,B,C) = K · (a, b, c), (A,B,C) = K · (a, b, c)

we have

([C]AB, [t]AB) = (kK−1) · ([C]AB, [t]AB).

Proof. (1) Follows by elementary computations.

(2) Put k′ := kK−1. Note that, by (1), the first component of k′ · (C, t)

is C. Define t′ ∈ C by k′ · (C, t) = (C, t′). We have to prove that t, t′ are

congruent mod B∧A
r . Elementary computations give:

t
′ − t =

b ∧ a

2

(
k′
(
k11k12

k21k22

)
+ k′1k

′
2 detK − k1k2

)

=
b ∧ a

2

(
(k′1 − k′21 )k11k12 + (k′2 − k′22 )k21k22 − 2k′2k

′
1k12k21

)
∈B ∧A

r
rZ ⊂ B ∧A

r
Z. �

(60)

Proposition 4.22 and Remark 4.23 show that:

Proposition 4.24. Let ϕ : GL(2,Z) → Aut(Z2), ψ : GL(2,Z) →
Aut(Z2

d) be the group morphisms defined by ϕ(K)(k) = kK−1, ψ(K)([k]) =

[k]K−1. The formula

(K, k) · (a, b, [c]ab, [t]ab) := K · (k · (a, b, [c]ab, [t]ab)),
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defines an action of the semi-direct product3 GL(2,Z) 	ϕ Z2 on the space

α,r which descends to an action of GL(2,Z) 	ψ Z2
d.

Now note that the action

(µ, ρ) · (a, b, c, t) := (µa, ρb, µρc, µρt)

of the product R∗
+ × R∗ on Aα,r induces an R∗

+ × R∗-action on α,r which

commutes with the (GL(2,Z) 	ϕ Z2)-action defined above. Therefore we

obtain an action of the product group

(R∗
+ × R∗) × (GL(2,Z) 	ϕ Z2)

on α,r given explicitly by

((µ, ρ), (K, k)) · (a, b, [c]ab, [t]ab) := (K, k) · (µa, ρb, [µρc]ab, [µρt]ab),

which descends to an action of (R∗
+ × R∗) × (GL(2,Z) 	ψ Z2

d.

Our main theorem is

Theorem 4.25. Let (a, b, c, t), (a′, b′, c′, t′) ∈ Aα,r. The groups
G(α, a, b, c, r, t), G(α, a′, b′, c′, r, t′) are conjugate in Aff(U) if and only if

(a′, b′, [c′]a′b′ , [t
′]a′b′) ∈

(
(R∗

+ × R∗) × (GL(2,Z) 	ψ Z2
d)
)
· (a, b, [c]ab, [t]ab).

=
(
(R∗

+ × R∗) × (GL(2,Z) 	ϕ Z2)
)
· (a, b, [c]ab, [t]ab).

(61)

Proof. Put G := G(α, a, b, c, r, t), G′ := G(α, a′, b′, c′, r, t′),{
g0 = g0(α, t), gi = gi(a, b, c), g3 = g3(a, b, r),

g′0 = g0(α, t
′), g′i = gi(a

′, b′, c′), g′3 = g3(a
′, b′, r).

First, suppose G, G′ are conjugate in Aff(U), and let θ ∈ Aff(U),

θ

(
w

z

)
=

(
µ 0

λ ν

)(
w

z

)
+

(
u

ζ

)

(with µ ∈ R∗
+, ν ∈ C∗, u ∈ R, λ, ζ ∈ C) be such that θG′θ−1 = G.

It follows that, putting, γi := θg′iθ
−1 for 0 ≤ i ≤ 3, (γ0, γ1, γ2, γ3) is a

system of generators of G. Note that this system has the properties:

3In general, for groups N , H and a group morphism ϕ : H → Aut(N), the semi-
direct product H 	ϕ N is H × N endowed with the composition law (h, n) ∗ (h′, n′) :=
(hh′, ϕ(h′−1)(n)n′).
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(C1) γ3 is a generator of the cyclic group G ∩ T(U), in other words γ3 ∈
{g3, g

−1
3 }.

(C2) (γ1, γ2, γ3) is a system of generators of G(a, b, c, r) = G∩Aff1
1(U) with

the property [γ1, γ2] = γr3 .

(C3) The first diagonal element of the linear part of γ0 is α.

By Lemma 4.26 proved below, it follows that there exists K ∈ GL(2,Z),

k = (k1, k2) ∈ Z2 and


s0

s1

s2


 ∈ Z3 such that

γ0 = g0g
k1
1 gk2

2 gs03 , γ1 = gk11
1 gk12

2 gs13 , γ2 = gk21
1 gk22

2 gs23 , γ3 = g
det(K)
3 . (62)

Identifying the (2,1)-entries of the matrices associated with the linear

parts of the two sides in the equalities θg′iθ
−1 = gki11 gki22 gsi3 for 1 ≤ i ≤ 2,

we obtain νµ−1b′i ∈ R, so νµ−1 ∈ R, i.e. ν ∈ C∗ ∩ R = R∗.
Put

G0 := g0, G1 := gk11
1 gk12

2 , G2 := gk21
1 gk22

2 , G3 := g
det(K)
3 .

By Lemma 4.26 (G0, G1, G2, G3) is a system of generators of G and, by

Lemma 4.15, we have

G0 = g0(α, t), Gi = gi(A,B,C), G3 = g3(A,B, r),

where (A,B,C) = K · (a, b, c).
On the other hand we can write θ = τ ◦ δ where

τ

(
w

z

)
=

(
1 0

λµ−1 1

)(
w

z

)
+

(
u

ζ

)
, δ

(
w

z

)
=

(
µw

νz

)
.

Note that τ ∈ Aff1
1(U). We have

γi = τg′′i τ
−1 for 0 ≤ i ≤ 3 (63)

where g′′i := δg′iδ
−1. Direct computations show that

g′′0 = g0(α, t
′′), g′′i = gi(a

′′, b′′, c′′) for 1 ≤ i ≤ 2, g′′3 = g3(a
′′, b′′, r),
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where a′′ = µa′, b′′ = νµ−1b′, c′′ = νc′, t′′ = νt′. Since νµ−1 ∈ R∗, we can

write

(a′′, b′′, c′′, t′′) = (µ, νµ−1) · (a′, b′, c′, t′). (64)

Taking into account (62) we obtain

τg′′0τ
−1 = G0g

k1
1 gk2

2 gs03 , τg′′1τ
−1 = G1G

s1 det(K)
3 ,

τg′′2τ
−1 = G2G

s2 det(K)
3 , τg′′3τ

−1 = G3.
(65)

Since g1 and g2 commute modulo 〈gr3〉 (see Remark 2.18) it follows that,

putting L := K−1, l = (l1, l2) := kL, we have

g1 = Gl11
1 Gl12

2 grm1
3 , g2 = Gl21

1 Gl22
2 grm2

3 , gk1
1 gk2

2 = Gl1
1 Gl2

2 grm3

with m1, m2, m ∈ Z,

and the formula τg′′0τ
−1 = G0g

k1
1 gk2

2 gs03 can be written as

τg′′0τ
−1 = G0G

l1
1 Gl2

2 gs0+rm
3 .

Therefore (65) becomes

τg′′0τ
−1 = G0G

l1
1 Gl2

2 G
(s0+rm) det(K)
3 , τg′′1τ

−1 = G1G
s1 det(K)
3 ,

τg′′2τ
−1 = G2G

s2 det(K)
3 , τg′′3τ

−1 = G3.
(66)

By Lemma 4.19, it follows that

a′′ = A, b′′ = B, ([c′′]a′′b′′ , [t′′]a′′b′′) = l · ([C]AB, tAB)

so, by (64),

(µ, νµ−1) · (a′, b′, [c′]a′b′ , [t′]a′b′) = l · (A,B, [C]AB, [t]AB),

i.e.

(µ, νµ−1) · (a′, b′, [c′]a′b′ , [t′]a′b′) = l · (K · (a, b, [c]ab, [t]ab),
which completes the proof of the first implication.

For the converse, note first that, if

(a′, b′, [c′]a′b′ , [t
′]a′b′) ∈

(
(R∗

+ × R∗) × (GL(2,Z) 	ϕ Z2)
)
· (a, b, [c]ab, [t]ab),
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then there exists (µ, ρ) ∈ R∗
+ ×R∗, and (K, k) ∈ (GL(2,Z) 	ϕ Z2) such that

(µ, ρ) · (a′, b′, [c′]a′b′ , [t′]a′b′) = (K, k) · (a, b, [c]ab, [t]ab). (67)

We have to show that there exists θ ∈ Aff(U) such that

θG(α, a′, b′, c′, r, t′)θ−1 = G(α, a, b, c, r, t).

Put g′′0 := g0(α, t
′′), g′′i := gi(a

′′, b′′, c′′) for 1 ≤ i ≤ 2, g′′3 := g3(a
′′, b′′, r),

where

(a′′, b′′, c′′, t′′) := (µ, ρ) · (a′, b′, c′, t′).

An easy computation shows that

g′′i = δg′iδ
−1 for 0 ≤ i ≤ 3, (68)

where δ ∈ Aff(U) is given by δ(w, z) = (µw, µρz).

On the other hand, by (67) we have

(a′′, b′′, [c′′]a′′b′′ , [t
′′]a′′b′′) =

= kK−1 · (K · (a, b, [c]ab, [t]ab) =

= (K, k) · (a, b, [c]ab, [t]ab) = l · (A,B, [C]AB, [t]AB),

(69)

where l := kK−1 = (l1, l2). Formula (69) shows that there exists s0 ∈ Z,

s =

(
s1

s2

)
∈ Z2 such that




a′′ = A.

b′′ = B.

c′′ = C − α(lA)
α−1 B − lB

α−1A + A∧B
r s.

t′′ = t + α(lA)(lB)
1−α + lC + l1(l1−1)A1B1+l2(l2−1)A2B2

2

+ l1l2B1A2 + s0
r B ∧A.

Let τ ∈ Aff1
1(U) be given by

(
w

z

)
τ−→
(

1 0

λ 1

)(
w

z

)
+

(
u

0

)
, λ :=

lB

α− 1
, u :=

α(lA)

1 − α
.
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Using the implication ii) ⇒ i) of Lemma 4.19, it follows that:

τg′′0τ
−1 =g0(α, t)g1(A,B,C)l1g2(A,B,C)l2g3(A,B, r)s0 ,

τg′′i τ
−1 =gi(A,B,C)g3(A,B, r)si for 1 ≤ i ≤ 2,

τg′′3τ
−1 =g3(A,B, r).

(70)

Combining (68) and (70) and putting θ = τ ◦ δ, we obtain

θg′0θ
−1 =g0(α, t)g1(A,B,C)l1g2(A,B,C)l2g3(A,B, r)s0 ,

θg′iθ
−1 =gi(A,B,C)g3(A,B, r)si , 1 ≤ i ≤ 2,

θg′3θ
−1 =g3(A,B, r).

This shows that θG(α, a′, b′, c′, r, t′)θ−1 = G(α,A,B,C, r, t). On the other

hand, since (A,B, [C]AB, [t]AB) = K ·(a, b, [c]ab, [t]ab), it follows by Theorem

4.18 that G(α,A,B,C, r, t) = G(α, a, b, c, r, t).

Therefore θG(α, a′, b′, c′, r, t′)θ−1 = G(α, a, b, c, r, t), which completes

the proof. �

Lemma 4.26. The set of system of generators (γ0, γ1, γ2, γ3) of G sat-

isfying the properties (C1), (C2), (C3) stated in the proof of Theorem 4.25

is{(
g0g

k1
1 gk2

2 gs03 , gk11
1 gk12

2 gs13 , gk21
1 gk22

2 gs23 , g
det(K)
3

)
|K ∈ GL(2,Z), k ∈ Z2,

s0

s1

s2


 ∈ Z3

}
.

Proof. This follows using Remark 2.21 by elementary computa-

tions. �

Taking into account Remark 4.12, Theorem 4.25 gives the following ge-

ometric interpretation of the set of biholomorphism classes of type II Inoue

surfaces associated with a pair (α, r):

Theorem 4.27. Let (α, r) ∈]1,+∞[×N∗ with α S+-admissible. The

set of biholomorphism classes of type II Inoue surfaces associated with (α, r)
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is naturally identified with the quotient space

α,r := α,r
/
(R∗

+ × R∗) × (GL(2,Z) 	ψ Z2
d)
.

4.2.3 The fibre over a similarity class of SL(2,Z)-matrices

In section 2.2 we have put Nα := {N ∈ SL(2,Z)| α ∈ Spec(N)}. Con-

sider the surjective maps

and let the group

G := (R∗
+ × R∗) × (GL(2,Z) 	ψ Z2

d)

act on the spaces Pα, Nα by

((µ, ρ), (K, [k])) · (a, b) := (µKa, ρKb), ((µ, ρ), (K, [k])) ·N := KNK−1.

The maps φα,r, ηα, ψα,r are obviously G-equivariant, so the they induce

maps

between the respective G-quotients. We are interested in the fibres of Ψα,r.

Using the same method as is the proof of the implication (2) ⇒ (1) of

Proposition 4.5, we obtain easily:

Remark 4.28. The map Hα : Pα/(R
∗
+ × R∗) × GL(2,Z) → Nα/ ∼

induced by ηα is bijective, in particular for any (a, b) ∈ Pα we have

Ψ−1
α,r([N(α, a, b)]) = Φ−1

α,r([(a, b)]).
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We will describe the fibres Φ−1
α,r([(a, b)]) of Φα,r using the general

Remark 4.29. Let G be a group, X, B be topological spaces endowed

with G-actions by homeomorphisms, φ : X → B a G-equivariant map, and

Φ : X/G → B/G the induced map between the quotients. Let b ∈ B. The

map

ιb : φ−1(b)/Gb → Φ−1([b]G), ιb([x]Gb
) := [x]G

is a continuous bijection. If the map φ−1(b) → φ−1(Gb)/G induced by the

inclusion φ−1(b) ↪→ φ−1(Gb) is open, then ιb is a homeomorphism.

It is easy to see that the openness condition in Remark 4.29 is satisfied,

so:

Proposition 4.30. Let G(a,b) be the stabiliser of (a, b) in G. The ob-

vious map(
{(a, b)}× a,b,r×

(
C/

b ∧ a

r
Z
))/

G(a,b) → Φ−1
α,r([(a, b)]) = Ψ−1

α,r([N(α, a, b)])

is a homeomorphism.

Now note that {(a, b)} × a,b,r ×
(
C/ b∧ar Z

)
can be obviously identified

with the product a,b,r×
(
C/ b∧ar Z

)
; we let G(a,b) act on the product a,b,r×(

C/ b∧ar Z
)

via this identification and we endow its first factor a,b,r with the

G(a,b)-action which makes the first projection

p1 : a,b,r ×
(
C/

b ∧ a

r
Z
)
→ a,b,r

G(a,b)-equivariant. More precisely, for ((µ, ρ), (K, [k])) ∈ Ga,b and

([c]ab, [t]ab) ∈ a,b,r ×
(
C/ b∧ar Z

)
we have

((µ, ρ), (K, [k])) · ([c]ab, [t]ab) = ([µρC]ab, [µρt]ab), (71)

((µ, ρ), (K, [k])) · ([c]ab) = [µρC]ab, (72)

where the pair (C, t) is defined by the equality

(Ka,Kb,C, t) = K · (k · (a, b, c, t)).
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Applying Remark 4.29 this time to the G(a,b)-equivariant map p1, and

taking into account Proposition 4.30, we obtain:

Proposition 4.31. Let (a, b) be an α-compatible pair. The fibre

Φ−1
α,r([(a, b)]) comes with a canonical surjective map

Π : Φ−1
α,r([(a, b)]) =

(
a,b,r ×

(
C/

b ∧ a

r
Z
))/

G(a,b) → a,b,r/G(a,b)

induced by p1. Its fibre over an orbit G(a,b)[c]ab is canonically identified with

the quotient (
C/

b ∧ a

r
Z
)/
G(a,b),[c]ab

of C/ b∧ar Z by the stabiliser G(a,b),[c]ab of [c]ab in G(a,b).

Therefore, since the quotient topology on the finite set a,b,r/G(a,b) is

discrete and any quotient of C/ b∧ar Z � C∗ is obviously connected, it follows

that

Corollary 4.32. Let (a, b) be an α-compatible pair. The connected

components of the fibre Φ−1
α,r([(a, b)]) are parameterised by the finite set

a,b,r/G(a,b). The connected component corresponding to an orbit G(a,b)[c]ab
is canonically identified with

(
C/ b∧ar Z

)/
G(a,b),[c]ab.

Our next goal is to describe explicitly the stabiliser G(a,b) and the quo-

tient a,b,r/G(a,b) which parameterises the set of connected components of

the fibre Φ−1
α,r([(a, b)]).

We obviously have:

G(a,b) = {((µ, ρ), (K, [k])) ∈ G| Ka = µ−1a, Kb = ρ−1b}. (73)

Put N := N(α, a, b). The formulae Ka = µ−1a, Kb = ρ−1b with (µ, ρ) ∈
R∗

+ × R∗ show that K belongs to the subgroup

Z+
GL(2,Z)(N) := {K ∈ GL(2,Z)|KN = NK, Ka ∈ R∗

+a} (74)

of the centraliser

ZGL(2,Z)(N) :={K ∈ GL(2,Z)|KN = NK}
={K ∈ GL(2,Z)| a, b are eigenvectors for K}
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of N in the group GL(2,Z). Note that Z+
GL(2,Z)(N) is infinite cyclic, see

section 5.

Z+
GL(2,Z)(N) comes with an obvious group morphism ϑ : Z+

GL(2,Z)(N) →
R∗

+ defined by the condition

Ka = ϑ(K)a

(i.e. ϑ(K) is the eigenvalue of K corresponding to the eigenvector a).

Note that the eigenvalue of K corresponding to the eigenvector b will be

εKϑ(K)−1, where εK := det(K) ∈ {±1}. Therefore formula (73) becomes

G(a,b) = {(ϑ(K)−1, εKϑ(K)), (K, [k]))| K ∈ Z+
GL(2,Z)(N), [k] ∈ Z2

d}.

Note that, by (71) we have

Remark 4.33. The map

Z+
GL(2,Z)(N) 	ψ Z2

d → G(a,b), (K, [k]) �→ ((ϑ(K)−1, εKϑ(K)), (K, [k]))

is a group isomorphism, so G(a,b) is naturally isomorphic to the semidirect

product Z+
GL(2,Z)(N) 	ψ Z2

d. Via this isomorphism, Z+
GL(2,Z)(N) 	ψ Z2

d acts

on the spaces a,b,r, a,b,r ×
(
C/ b∧ar Z

)
by the formulae

(K, [k]) ∗ ([c]ab) = [εKC]ab, (75)

(K, [k]) ∗ ([c]ab, [t]ab) = ([εKC]ab, [εKt]ab), (76)

where the pair (C, t) is defined by the equality

(Ka,Kb,C, t) = K · (k · (a, b, c, t)).

Proposition 4.34. Via the bijection a,b,r

−→ Z2/(I2−N)Z2 induced

by πa,b,r the subgroup Z+
GL(2,Z)(N) of the semi-direct product Z+

GL(2,Z)(N)	ψ

Z2
d acts on Z2/(I2 −N)Z2 by

K ∗ [p] =
r

2

(
(εKK − I2)

(
n11n12

n21n22

)
+ εK(I2 −N)

(
k11k12

k21k22

))
+ εKK[p].

(77)
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The first term on the right belongs to rZ2.

Proof. By Remark 4.33 we have K · [c]ab =
[
εKCK

]
ab

, where

CK =
1

2

(
(Ka)1(Kb)1
(Ka)2(Kb)2

)
+ K

(
c− 1

2

(
a1b1
a2b2

))
+

b ∧ a

2

(
k11k12

k21k22

)

=
εK
2

(
a1b1
a2b2

)
+ K

(
c− 1

2

(
a1b1
a2b2

))
+

b ∧ a

2

(
k11k12

k21k22

)
.

(78)

Put P := πa,b,r(εKCK). Using Remark 2.15, we obtain:

b ∧ a

r
(P − p) = (I2 −N)

(
εKCK − c

)
=

=(I2 −N)

(
1

2

(
a1b1
a2b2

)
+ εKK

(
c− 1

2

(
a1b1
a2b2

))

+ εK
b ∧ a

2

(
k11k12

k21k22

)
− c

)

=(I2 −N)

(
(εKK − I2)

(
c− 1

2

(
a1b1
a2b2

))
+ εK

b ∧ a

2

(
k11k12

k21k22

))

=(I2 −N)(εKK − I2)

(
c− 1

2

(
a1b1
a2b2

))
+ εK

b ∧ a

2
(I2 −N)

(
k11k12

k21k22

)

=(εKK − I2)(I2 −N)

(
c− 1

2

(
a1b1
a2b2

))
+ εK

b ∧ a

2
(I2 −N)

(
k11k12

k21k22

)

=b ∧ a

(
(εKK − I2)

(
1

2

(
n11n12

n21n22

)
+

1

r
p

)
+

εK
2

(I2 −N)

(
k11k12

k21k22

))
,

which proves the first claim.

For the second claim, we have to prove that

(εKK − I2)

(
n11n12

n21n22

)
+ εK(I2 −N)

(
k11k12

k21k22

)
=

= εK

(
K

(
n11n12

n21n22

)
+ εN

(
k11k12

k21k22

))

− εK

(
N

(
k11k12

k21k22

)
+ εK

(
n11n12

n21n22

))
∈ 2Z2.
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By Lemma 4.17 we know that

K

(
n11n12

n21n22

)
+ εN

(
k11k12

k21k22

)
≡
(

(KN)11(KN)12

(KN)21(KN)22

)
mod 2Z2,

N

(
k11k12

k21k22

)
+ εK

(
n11n12

n21n22

)
≡
(

(NK)11(NK)12

(NK)21(NK)22

)
mod 2Z2.

Since KN = NK, this proves the claim. �

Theorem 4.35. Let α be S+-admissible and (a, b) be an α-compatible

pair and r ∈ N∗. The quotient a,b,r/G(a,b) which parameterises the con-

nected components of the fibre Φ−1
α,r([(a, b)]) = Ψ−1

α,r([N(α, a, b)]) can be nat-

urally identified with the quotient of

ZN,r := Z2/(I2 −N)Z2 + rZ2

by the group Z+
GL(2,Z)(N) acting on ZN,r by K ∗ [p] := [εKKp].

Proof. We have identified G(a,b) with the semi-direct product

Z+
GL(2,Z)(N) 	ψ Z2

d, which obviously fits in the short exact sequence

0 → Z2
d → Z+

GL(2,Z)(N) 	ψ Z2
d → Z+

GL(2,Z)(N) → {1}.

It folows that the quotient a,b,r/G(a,b) can be identified with the quotient

of a,b,r/Z2
d by Z+

GL(2,Z)(N). Taking into account Proposition 4.22 (2), we

see that, via the bijection a,b,r

−→ Z2/(I2 − N)Z2 induced by πa,b,r, the

quotient a,b,r/Z2
d is identified with Z2/(I2−N)Z2+rZ2. On the other hand,

since the first term in (77) belongs to rZ2, Proposition 4.34 shows that the

induced action of Z+
GL(2,Z)(N) on a,b,r/Z2

d is given by K ∗ [p] = [εKKp], as

claimed. �

Remark 4.36. The cyclic subgroup 〈N〉 ⊂ Z+
GL(2,Z)(N) generated by

N acts trivially on ZN,r via ∗.

For the description of the connected components of the fibre

Φ−1
α,r([(a, b)]): By Proposition 4.31, the connected component correspond-

ing to the G(a,b)-orbit of [c]ab ∈ a,b,r is naturally identified with the quo-

tient
(
C/ b∧ar Z

)/
G(a,b),[c]ab . Although is difficult to compute the stabiliser
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G(a,b),[c]ab explicitly in the general case, we have a good control of its image

in the automorphism group of the complex manifold C/ b∧ar Z. The sub-

group T ⊂ Auth(C/ b∧ar Z) generated by translations associated with torsion

elements and the inversion automorphism ι can be identified with the semi-

direct product µ2 	 Tors, where

Tors =
b ∧ a

r
Q
/ b ∧ a

r
Z � Q/Z � {e2πiq| q ∈ Q} ⊂ S1

is the torsion subgroup of C/ b∧ar Z, and µ2 := {±1} acts on Tors by ε·τ := ετ .

Therefore T fits in the short exact sequence

0 → Tors → T σ−→ µ2 → {1},

where σ(τ) = 1 (−1) if and only if τ preserves (respectively interchanges)

the two ends of C/ b∧ar Z � C∗.

Remark 4.37. Let H ⊂ T be a finite subgroup.

(1) If σ(H) = {1}, H is a finite (hence cyclic) subgroup of Tors.

(2) If σ(H) = µ2, H a semi-direct product µ2 × C, where C ⊂ Tors is a

finite cyclic subgroup.

Proposition 4.38. Let (a, b) be an α-compatible pair, [c]ab ∈ a,b,r.

and H the image of the stabiliser G(a,b),[c]ab in Auth(C/ b∧ar Z). Then

(1) H is a finite subgroup of T .

(2) Put p := πa,b,r(c). We have σ(H) = µ2 if and only if there exists

L ∈ Z+
GL(2,Z)(N) with εL = −1 such that

∃L ∈ Z+
GL(2,Z)(N) such that εL = −1 and (I2 − εLL)p ∈ rZ2 + (I2 −N)Z2.

(C)

Proof. (1) Formula (76) shows that any element of G(a,b),[c]ab acts on

C/ b∧ar Z by a formula of the form [t]ab �→ ±[k] ·c [t]ab, where [k] belongs to

the finite set Z2
d.
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(2) Taking into account formula (76), we see that σ(H) = µ2 if and only

if there exists ([k],K) ∈ Z+
GL(2,Z)(N) 	ψ Z2

d leaving [c]ab invariant such that

εK = −1.

An element ([k],K) ∈ Z+
GL(2,Z)(N) 	ψ Z2

d leaves [c]ab invariant, if and

only if, putting L := K−1, we have

[k] · [c]ab = L ∗ [c]ab,

i.e, using the bijection induced by πa,b,r, Remark 2.15, and formulae

(54),(77),

p + r

(
−k2

k1

)
≡ r

2

(
(εLL− I2)

(
n11n12

n21n22

)
+ εL(I2 −N)

(
l11l12

l21l22

))
+ εLLp

mod (I2−N)Z2. It suffices to recall that the first term on the right belongs

to rZ2 by Proposition 4.34. �

Now note that the quotient of C∗ by the group of translations associated

with a cyclic subgroup C ⊂ C∗ is biholomorphic with C∗, whereas the

quotient of C∗ by 〈ι〉 is biholomorphic with C.

Therefore

Corollary 4.39. Let (a, b) be an α-compatible pair and r ∈ N∗. The

connected components of the fibre Φ−1
α,r([(a, b)]) are biholomorphic to either

C∗ or C. The connected component associated with an orbit G(a,b)[c]ab, where

[c]ab ∈ a,b,r, is biholomorphic with C if and only if, putting p := πa,b,r(c),

condition (C) stated in Proposition 4.38 is satisfied.

Example 4.2. The case θ = 3, i.e. α = 3+
√

5
2 .

As explained in the proof of Theorem 5.4 (3), using [BVdM, Section 4] it

follows that any N ∈ SL(2,Z) with Tr(N) = 3 is similar to the matrix N0 :=(
1 1

1 2

)
. Therefore the set Nα/ ∼ of similarity classes of such matrices

reduces to the singleton {N0} = {[N0]}.
In this case we have det(I2 −N) = −1, so the quotient

ZN,r = Z2/(I2 −N)Z2 + rZ2



348 Zahraa Khaled and Andrei Teleman

is a singleton for any r ∈ N∗. By Theorem 4.35 it follows that, for any fixed

r ∈ N∗, there exists a unique deformation class of type II Inoue surfaces

Sα,r
a,b,c,t with Tr(N(α, a, b)) = 3.

By Theorem 5.4 we know that Z+
GL(2,Z)(N0) is generated by the matrix

N ′
0 :=

(
0 1

1 1

)
which satisfies N ′2

0 = N0 with det(N ′
0) = −1.

By Corollary 4.39, it follows that for any fixed r ∈ N∗, the unique

connected component of the space of isomorphism classes of type II Inoue

surfaces of the form Sα,r
a,b,c,t is naturally biholomporphic to C.

Example 4.3. The case θ = 4, i.e. α = 2 +
√

3.

There exists exactly two matrices with determinant 1 and trace 4 which

are reduced in the sense of [BVdM, Definition 4.2], namely

N ′ =

(
1 2

1 3

)
, N ′′ =

(
1 1

2 3

)
.

On the other hand the reduction operator P defined on [BVdM, p. 10] maps

N ′ to N ′′. Therefore there exists a unique cycle of reduced matrices with

determinant 1 and trace 4, so, by [BVdM, Theorem 4.3], a unique similarity

class of such matrices.

Therefore the set Nα/ ∼ of similarity classes of such matrices reduces

to the singleton {N′} = {[N ′]}. The elementary divisors of the matrix

(I2 −N ′ | rI2) =

(
0 −2 r 0

−1 −2 0 r

)
∈ M2,4(Z)

are ε1 = 1, ε2 = gcd(2, r), so the quotient ZN ′,r = Z2/(I2 − N ′)Z2 + rZ2

intervening in Theorem 4.35 is isomorphic as a Z-module to Zgcd(2,r).

On the other hand by Theorem 5.4 the positive centraliser Z+
GL(2,Z)(N

′)

is generated by N ′, so it acts trivially on ZN ′,r by Remark 4.36. Therefore,

by Theorem 4.35, for any r ∈ N∗ there are exactly gcd(2, r) deformation

classes of type II Inoue surfaces Sα,r
a,b,c,t, and, by Corollary 4.39, both con-

nected components of the space of isomorphism classes of such type II Inoue

surfaces is naturally biholomporphic to C∗.

4.3. The classification of type III Inoue surfaces

The classification of type III Inoue surfaces can be obtained using the

same method as for type II surfaces: For a triple (a, b, c) ∈ Tα,r put [c]ab :=
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c + b∧a
r Z2 and we define

a,b,r := Ca,b,r
/

b ∧ a

r
Z2,

α,r :=
{
(a, b, [c]ab)

∣∣ (a, b) ∈ Pα, [c]ab ∈ a,b,r

}
� Tα,r/Z2.

We let GL(2,Z) act on Tα,r via the same formula (45) as for type II

surfaces, and with this definition the analogue of Theorem 4.18 for type III

surfaces remains true. Therefore the set of subgroups G ⊂ Aff(U) defining

type III Inoue surfaces is identified with the quotient Tα,r/GL(2,Z).

On the other hand we have to use a different formula for defining a Z2-

action on Tα,r; this new formula is provided by the following analogue of

Lemma 4.19:

Lemma 4.40. Let (a, b, c), (a′, b′, c′) ∈ Tα,r and put{
g0 = g0(α), gi = gi(a, b, c), g3 = g3(a, b, r),

g′0 = g0(α), g′i = gi(a
′, b′, c′), g′3 = g3(a

′, b′, r)
.

Let k = (k1, k2) ∈ Z2,


s0

s1

s2


 ∈ Z3 and τ ∈ Aff1

1(U) given by

(
w

z

)
τ−→
(

1 0

λ 1

)(
w

z

)
+

(
u

ζ

)
. The following conditions are equivalent:

(i) τg′0τ
−1 = g0g

k1
1 gk2

2 gs03 , τ ◦ g′i ◦ τ−1 = gig
si
3 for 1 ≤ i ≤ 2, τ ◦ g′3 ◦ τ−1 =

g3.

(ii) We have:


λ = kb
α−1 .

u = α(ka)
1−α .

2ζ = λu(1 + α) − k1(k1−1)
2 a1b1 − k2(k2−1)

2 a2b2
−k1k2b1a2 − kc− s0

r b ∧ a.

a′ = a.

b′ = b.

c′ = c + kb
1+αa + α(ka)

1−α b + b∧a
r s, where s :=

(
s1

s2

)
.
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Note that, whereas for type II surfaces, both conditions in Lemma 4.19

were independent of the coefficient ζ of τ , this is no longer true for type III

surfaces. In Lemma 4.40 both conditions do depend on ζ.

We obtain an action

(k, c) �→ k · c := c +
kb

1 + α
a +

α(ka)

1 − α
b = c + b ∧ a(I2 + N)−1

(
−k2

k1

)
(79)

on Ca,b,r and an induced action (k, [c]ab) �→ k · [c]ab := [k · c]ab on a,b,r.

Noting that for type III surfaces we have det(I2 + N) = θ ∈ N∗, we see

that the obtained Z2 action on Tα,r descends to a Z2
θ-action. In the same

way as for type II surfaces we obtain actions of the semi-direct product

GL(2,Z) 	ψ Z2
θ and of the product

G := (R∗
+ × R∗) × (GL(2,Z) 	ψ Z2

θ)

on Tα,r, and the following classification theorem:

Theorem 4.41. Let α be S−-admissible and (a, b, c), (a′, b′, c′) ∈ Tα,r.
The groups G(α, a, b, c, r), G(α, a′, b′, c′, r) are conjugate in Aff(U) if and

only if

(a′, b′, [c′]a′b′) ∈
(
(R∗

+ × R∗) × (GL(2,Z) 	ψ Z2
θ)
)
· (a, b, [c]ab).

=
(
(R∗

+ × R∗) × (GL(2,Z) 	ϕ Z2)
)
· (a, b, [c]ab).

Let now

Ψα,r : −
α,r := Tα,r/G → Nα/G = Nα/GL(2,Z) = Nα/ ∼,

Φα,r : −
α,r → P−

α,r/G = P−
α,r/(R

∗
+ × R∗) × GL(2,Z)

be the obvious maps. Using now the methods of section 4.2.3, we obtain

Theorem 4.42. Let α be S−-admissible, (a, b) be an α-compatible pair

and r ∈ N∗. The quotient a,b,r/G(a,b) which parameterises the connected

components of the fibre

Φ−1
α,r([(a, b)]) = Ψ−1

α,r([N(α, a, b)])

can be naturally identified with the quotient of

ZN,r := Z2/(I2 + N)Z2 + rZ2

by the group Z+
GL(2,Z)(N) acting on ZN,r by K ∗ [p] := [εKKp].
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5. Appendix: The Positive Centraliser Z+
GL(2,Z)(N)

The “positive centraliser” Z+
GL(2,Z)(N) associated with a matrix N ∈ Nα

(N ∈ N−
α ), where α is S+- (respectively S−-) admissible plays a crucial role

in our results. This group is always infinite cyclic. This follows from:

Proposition 5.1. Let N ∈ GL(2,Z) with SpecR(N)∩]1,+∞[�= ∅. Fix

α ∈ Spec(N)∩]1,+∞[ and an eigenvector a ∈ R2 \{0} for the eigenvalue α.

(1) The group Z+
SL(2,Z)(N) := {K ∈ SL(2,Z)| KN = NK, Ka ∈ R∗

+a} is

infinite cyclic.

(2) Suppose α �∈ Q. Then

Z+
GL(2,Z)(N) := {K ∈ GL(2,Z)| KN = NK,Ka ∈ R∗

+a}

is also infinite cyclic.

Proof. (1) Note first that the group morphism

ϑ|Z+
SL(2,Z)

(N) : Z+
SL(2,Z)(N) → R∗

+

is injective, so it induces an isomorphism Z+
SL(2,Z)(N) 
−→ ϑ(Z+

SL(2,Z)(N)) ⊂
R∗

+. Recall that any closed proper subgroup of R is either trivial or infinite

cyclic. Since the Lie groups (R∗
+, ·), (R,+) are isomorphic, the same will

hold for the subgroups of (R∗
+, ·).

Since the subgroup ϑ(Z+
SL(2,Z)(N)) is non-trivial (because it contains

α > 1) and is proper (because is countable), it suffices to prove that

ϑ(Z+
SL(2,Z)(N)) is closed in R∗

+.

Let b be an eigenvector for the second eigenvalue β = det(N)α−1 of N .

For any u ∈ R∗
+ let

Ku
(a,b) :=

(
a1 b1
a2 b2

)(
u 0

0 u−1

)(
a1 b1
a2 b2

)−1

∈ M2(R)

be the (unique) real (2,2)-matrix which admits a, b as eigenvectors with

eigenvalues u, u−1 respectively.

We obviously have

ϑ(Z+
SL(2,Z)(N)) = {u ∈ R∗

+| Ku
(a,b) ∈ M2(Z)}
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which shows that ϑ(Z+
SL(2,Z)(N)) is closed in R∗

+, because the map u �→
Ku

(a,b) is continuous and M2(Z) is closed in M2(R).

(2) We claim that, under our assumptions, the group morphism

ϑ : Z+
GL(2,Z)(N) → R∗

+

is still injective. Indeed, we have

ker(ϑ) ⊂ {I2, L},

where L ∈ M2(R) is the matrix of the endomorphism of R2 which admits

a, b as eigenvectors with eigenvalues 1, -1 respectively. We will show that

L �∈ M2(Q) so this matrix cannot be an element of Z+
GL(2,Z)(N). Indeed,

if L belonged to M2(Q), its eigenspace Ra associated with the (rational)

eigenvalue 1 would admit a rational generator q =

(
q1

q2

)
∈ Q2\{0}. Since Ra

is also the eigenspace of N associated with the eigenvalue α, it would follow

Nq = αq so, since N ∈ M2(Q), it would follow α ∈ Q which contradicts our

assumption. This proves that ϑ is injective as claimed.

Since ϑ is injective, Z+
GL(2,Z)(N) is isomorphic to a subgroup of (R∗

+, ·) �
(R,+), so it is torsion free. On the other hand, this abelian group fits in

the short exact sequence

{1} → Z+
SL(2,Z)(N) → Z+

GL(2,Z)(N) det−−→ {±1} → 1,

which, taking into account (1), shows that it is a finitely generated abelian

group of rank 1. Since it is torsion free, it is infinite cyclic. �

Note that

Remark 5.2. The natural group morphisms

Z+
SL(2,Z)(N) → PSL(2,Z), Z+

GL(2,Z)(N) → PGL(2,Z)

are injective and their images cöıncide with the centralisers

ZPSL(2,Z)([N ]), ZPGL(2,Z)([N ])

of [N ] in PSL(2,Z), respectively PGL(2,Z).
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Therefore Lemma 5.1 gives:

Corollary 5.3. In the conditions of Lemma 5.1, the centraliser

ZPSL(2,Z)(N) of [N ] in PSL(2,Z) is infinite cyclic. If α �∈ Q, the centraliser

ZPGL(2,Z)([N ]) of N in PGL(2,Z) is also infinite cyclic.

This result answers a question discussed by experts on the Mathoverflow

forum, see the article “Centralizers of Elements in SL(2,Z)” [MathF].

A natural problem: given a matrix N satisfying the assumptions of

Proposition 5.1, specify a generator of the cyclic group Z+
GL(2,Z)(N). The

following result answer this question in a particular case:

Theorem 5.4. Let N ∈ SL(2,Z) with θ := Tr(N) ≥ 3. Suppose that

gcd(n12, n21, n22 − n11) = 1.

Then:

(1) Z+
SL(2,Z)(N) = {Nk| k ∈ Z}, so Z+

SL(2,Z)(N) is the cyclic subgroup of

SL(2,Z) generated by N .

(2) If θ > 3, then Z+
GL(2,Z)(N) = Z+

SL(2,Z)(N).

(3) If θ = 3, then Z+
GL(2,Z)(N) is generated by a matrix N ′ ∈ GL(2,Z) with

N ′2 = N , det(N ′) = −1.

Proof. (1) Since the characteristic polynomial of N has no multiple

roots in C, it follows that by a classical theorem in matrix theory [We,

Theorem 4, p. 27] that

ZM2,2(C)(N) = {P (N)| P (X) ∈ C[X]} = 〈I2, N〉C.

Therefore

ZM2,2(Q)(N) = ZM2,2(C)(N) ∩M2,2(Q) = 〈I2, N〉C∩M2,2(Q) = 〈I2, N〉Q,

so

ZM2,2(Z)(N) =ZM2,2(Q)(N) ∩M2,2(Z) =

={xN + yI2| (x, y) ∈ Q2, xN + yI2 ∈ M2,2(Z)}. (80)
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Let x = m
n , y = p

q with gcd(m,n) = gcd(p, q) = 1 be such that L :=

xN + yI2 is an integer matrix. We have

m

n
n12 = l12 ∈ Z,

m

n
n21 = l21 ∈ Z,

m

n
(n22 − n11) = l22 − l11,

so n|mn12, n|mn21, n|m(n22−n11). But gcd(n,m) = 1, so n|n12, n|n21 and

n|(n22−n11), so n|gcd(n12, n21, (n22−n11)). We assumed gcd(n12, n21, (n22−
n11)) = 1, so n = ±1, so x ∈ Z, so yI2 = L − xN ∈ M2,2(Z), so y ∈ Z.

Therefore, by (80), we obtain

ZM2,2(Z)(N) = {xN + yI2| (x, y) ∈ Z2} = 〈I2, N〉Z. (81)

Putting α := θ+
√
θ3−4
2 , we obtain det(xN + yI2) = (xα + y)(xα−1 + y) =

x2 + θxy + y2, so, by (81),

ZSL(2,Z)(N) = {xN + yI2| (x, y) ∈ Z2, x2 + θxy + y2 = 1},
ZGL(2,Z)(N) = {xN + yI2| (x, y) ∈ Z2, x2 + θxy + y2 = ±1}.

(82)

For k ∈ Z let (ak, bk) ∈ Z2 be defined by the condition Nk = akN +bkI2,

and let (un)n∈N be the integer sequence defined by the order 2 recurrence

u0 = 0, u1 = 1, uk+2 = θuk+1 − uk.

Using the formulae N2 = θN − I2, (N−1)2 = θN−1 − I2, it is easy to prove

that

(ak, bk) =

{
(uk,−uk−1) for k ≥ 1

(−u−k, u−k+1) for k ≤ 0.

By [AA, Theorem 5.6.1, p. 130] and [AA, section 6.3], it follows that, for

θ ≥ 3, the set of solutions of the diophantine equation x2 + θxy + y2 = 1 is

precisely

{±(−un, un+1)| n ∈ N} ∪ {±(un+1,−un)| n ∈ N} = {±(ak, bk)| k ∈ Z}.

Therefore, the first formula in (82) combined with Nk = akN + bkI2 gives

ZSL(2,Z)(N) = {±Nk| k ∈ Z},

which implies that Z+
SL(2,Z)(N) = {Nk| k ∈ Z}. This proves (1).
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(2) follows by second formula in (82) taking into account that, by [AA,

Theorem 6.3.1, p. 150], for θ > 3, the diophantine equation x2 + θxy+y2 =

−1 has no solution.

(3) Using [BVdM, Theorem 4.3] it follows that any matrix N ∈ SL(2,Z)

with Tr(N) = 3 is similar to N0 :=

(
1 1

1 2

)
. Indeed, there exists a unique

integer matrix with trace 3 and determinant 1 which is reduced in the

sense of [BVdM, Definition 4.2]. Note that the matrix N ′
0 :=

(
0 1

1 1

)
is a

square root of N0, belongs to Z+
GL(2,Z)(N0) and has det(N ′

0) = −1. Let K

be a generator of the cyclic group Z+
GL(2,Z)(N0), and let s ∈ Z such that

N ′
0 = Ks. Since K2 ∈ Z+

SL(2,Z)(N0) (which is generated by N0), there exists

t ∈ Z such that K2 = N t
0. It follow

N0 = N ′2
0 = (Ks)2 = K2s = (K2)s = N ts

0 ,

so ts = 1, so s = ±1, which proves that N ′
0 = Ks is also a generator of

Z+
GL(2,Z)(N0). �
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