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On the Coupled Stability Thresholds

of Graded Linear Series

By Kento Fuiita

Abstract. In this paper, we see several basic properties of graded
linear series. We firstly see that, if a graded linear series contains
an ample series, then so are the pullbacks of the system under bira-
tional morphisms. Using this proposition, we define the refinements
of graded linear series with respects to primitive flags. Moreover, we
give several formulas to compute the S-invariant of those refinements.
Secondly, we introduce the notion of coupled stability thresholds for
graded linear series, which is a generalization of the notion introduced
by Rubinstein—Tian—Zhang. We see that, over the interior of the sup-
port for finite numbers of graded linear series containing an ample se-
ries, the coupled stability threshold function can be uniquely extended
continuously, which generalizes the work by Kewei Zhang. Thirdly, we
get a product-type formula for coupled stability thresholds, which gen-
eralizes the work of Zhuang. Fourthly, we see Abban—Zhuang’s type
formulas for estimating local coupled stability thresholds.
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1. Introduction

For a Fano manifold X over the complex number field C, it has been
known that the existence of Kahler—Einstein metrics on X is equivalent to
the K-polystability of X. We can check K-polystability of X by estimating
its stability threshold 6(X) := 6(X; —Kx) (see [FO18, BJ20]).

Recently, based on the earlier work by Hultgren-Witt Nystrom
[HWN19], Rubinstein-Tian-Zhang [RTZ21] and Kewei Zhang [Zha24] es-
tablished its coupled version: Let X be a Fano manifold over C, let
Li,...,L; be ample Q-divisors on X satisfying —Kx = Zle L;. In
[RTZ21, §A], the authors introduced the coupled stability threshold
o (X; {Li}fﬂ) (see §10). By [Zha24, Remark 5.3] (see also [Has23, §A.3)),
the author showed the existence of coupled Kéhler—Einstein metrics pro-
vided that 6 <X; {Li}le) > 1. Moreover, by [Zha24, Corollary A.15], if
X is toric, then the existence of coupled Kahler—Einstein metrics is equiv-
alent to the condition § (X ; {Li}f:1> = 1. The coupled stability threshold

6 (X;{L;}¥_)) is a natural generalization of the stability threshold §(X; L)
(for big Q-divisors L) in [FO18, BJ20]. However, systematic studies for
coupled stability thresholds are not established so much yet.

On the other hand, as in [AZ22], it is natural and powerful for the
computation that generalizing the notion of stability thresholds not only for
big Q-divisors but also graded linear series Vz which has bounded support
and contains an ample series. In fact, in [ACC+23, Fuj23], the authors
got explicit formulas in order to estimate the values 6(Y; —Ky ) for smooth
Fano threefolds Y, by focusing on the stability thresholds 6 (X; V3) with X
subvarieties of Y and Vg certain graded linear series on X.

In this paper, we introduce the notion of the coupled stability threshold

0 (X , B; {Vg}f:l) for a series of (the Veronese equivalence class of) graded
linear series {V}}le (which have bounded supports and contain ample
series) over a projective kit pair (X, B). The notion is very natural, since
this notion is a common generalizations of the above notions 6 (X ; {L,-}le)

and 6 (X;V3). Moreover, we see various basic properties related with the
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stability thresholds. For example, one of the purpose of the paper is to
give several formulas to estimate or to compute the S-invariant of specific
graded linear series, which is crucial to estimate the stability thresholds.
The concept of the Veronese equivalence classes for graded linear series was
systematically treated in [Fuj23, §3.1]. The concept is very natural in order
to consider important invariants including the S-invariant.

We quickly state important results of the paper. Firstly, we showed that
the basic properties of graded linear series are stable under birational base
change:

PROPOSITION 1.1 (see Proposition 2.4). Let us consider a birational
morphism o: X' — X between (possibly non-normal) projective varieties,
and let V3 be the Veronese equivalence class of graded linear series on X
(see Definition 2.1). Then Vg contains an ample series (resp., has bounded
support) if and only if o*Vz is so.

Although the above proposition is technical, we can introduce the notion
of refinement V;YID"'DE) of graded linear series Vg for primitive flags Y1 >
--->Yj over X in a good way (see Definition 2.11). From this viewpoint,
the value

SVeYiv---pY;): =8 (V;(Ylbmbyj_l); Yg)
naturally appeared many times in [ACC+23, Fuj23| etc. in order to apply
Abban-Zhuang’s method [AZ22]. Thus, we are interested in computing
the value in various situations, especially when V; is the complete linear
system H(eL) of a big Q-Cartier Q-divisor L on X. In this case, the value

S (Va;Yip---pYj) is denoted by S (L; Y1 > --- > Yj).
THEOREM 1.2 (see Theorems 5.12 and 8.8 in detail). Assume either

e X is a projective Q-factorial toric variety and a primitive flag is torus
mvariant, or

e the primitive flag admits an adequate dominant with respects to L (see
Definition 8.5 for the definition).

Then there is an explicit formula to compute the value S (L;Y1>--->Y5).

We also define the coupled global log canonical thresholds
6 (X , B; {ci . V.l}f:l) and the coupled stability thresholds
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0 (X , B; {cz- . V;Z}f:l) of graded linear series on projective klt pairs (X, B)
with ¢1,...,ce € Ryg. We show that both the coupled global log canonical
thresholds and the coupled stability thresholds behaves well under changing

slopes, which are generalizations of the result of Dervan [Derl6] and Kewei
Zhang [Zha21].

THEOREM 1.3 (=Corollary 10.11. See Theorem 10.9 for more general
settings). For a projective kit pair (X, B), the functions

a: Big(X)(k@ — Ryp
(i, L) = o (X BH{LL ).
§: Big(X)h) — Rso
(Li,..., L) 6<X,B;{Li}f:1),

uniquely extend to continuous functions

a: Big(X)F = Rsg, §: Big(X)* — Rso.

We can also show the Zhuang’s product formula [Zhu20] for coupled
settings.

THEOREM 1.4 (=Theorem 11.1). Let (X1, B1) and (X2, B2) be pro-
jective klt. For any 1 < i < k, let U.i (resp., V.l) be the Veronese equiv-
alence class of a graded linear series on X; ( resp., on Xa) associated
to Li,..., L} € CaCl(X) @z Q (resp., Mj,...,M! € CaCl(X,) ®z Q)
which has bounded support and contains an ample series. Set (X,B) :=
(X1 X Xo, Bi & By) and Wi := UL ® V& (see Definition 2.9). Moreover,
take any c1,...,cp € Rsg. Then we have

5 (X,B; {ciwg}le)
— min {5 <X1, Bi; {cin;}le) ) (Xg, Bo: {c,-vg}f:l>} .

We also show the coupled version of Abban-Zhuang’s method [AZ22] in
Theorem 12.3 and see several examples of coupled stability thresholds.
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Throughout the paper, we work over an algebraically closed filed k.
From §6, we assume that the characteristic of k is equal to zero. For the
minimal model program, we refer the readers to [KM98, Xu25|.

Acknowledgments. The author thanks Yoshinori Hashimoto, who in-
troduced him the notion of coupled stability thresholds and providing him
many suggestions during the 28th symposium on complex geometry in
Kanazawa; Ivan Cheltsov, who asked him about the formula in Corol-
lary 9.4; and the referee for suggesting many important improvements of
the paper. This work was supported by JSPS KAKENHI Grant Number
22K03269, Royal Society International Collaboration Award ICA\1\23109
and Asian Young Scientist Fellowship.

2. Graded Linear Series

Let us recall basic definitions of graded linear series. See also [LMO09,
Boul2, AZ22, ACC+23, Fuj23]. In §2, we always assume that X is an n-
dimensional projective variety. Moreover, for any & = (z1,...,2,) € R" and
for Ly,..., L, R-Cartier R-divisors on X, let &- L be the R-Cartier R-divisor
on X defined by - L := Sy aiL.

DEFINITION 2.1 (see [Fuj23, §3.1]). Let us consider Li,...,L, €
CaCl(X) ®zQ and let us set m € Z~( such that each mL; € CaCl(X)®zQ
lifts to an element mL; € CaCl(X). We fix such lifts.

(1) We say that V,,,5 is an (mZs¢)"-graded linear series on X associated
to Ly,..., Ly if V,,5 is a collection {V,,,z} qezs, of vector subspaces

Ve C HO (X, a- mE)

such that, V 5 =k and V,,z-V,_» C Vm(6+17) holds for every @, be 7.

We note that the definition of (mZxg)"-graded linear series depends
on the choices of lifts mL; € CaCl(X).

(2) Let V,,s be asin (1) and take any € Z~o. We can naturally define the
Veronese subseries Vi,,s of V,,s by

Vima == Vm(k[i) (5 S Zgo) .
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Clearly, the series is a (kmZs>()"-graded linear series on X associated
to Ll,.. .,LT.

Let V! & be another (m'Zxq)"-graded linear series on X associated to
Ly, ..., L, defined by lifts m/L; € CaCl(X). The series V,,,¢ and V-
are defined to be Veronese equivalent if there is d € mm/Z~( such
that (d/m)-mL; ~ (d/m")m/L; for all 1 <4 < r, and

m/

Vityms = Vigyms

holds as (dZx>¢)"-graded linear series under the above linear equiva-
lences. The Veronese equivalence class of V3 is denoted by Vz. We
note that the definition of Vz does not depend on the choices of lifts
mL; € CaCl(X).

We define the Veronese equivalence class of the complete linear series
H° (5’ . E) on X associated to Ly, ..., L,. More precisely, for a suffi-
ciently divisible m € Z~g, let us consider the (mZx)" -graded linear
series H (mi’- E) on X defined by H° (m&’- l_:> = H° (X,c?-ml_:),

and let H° (5’ . E) be the Veronese equivalence class of H° (mi’ . E)

We also recall basic properties of graded linear series in [LM09, AZ22].

DEFINITION 2.2 ([LMO09, §4.3], [AZ22, §2], [Fuj23, Definition 3.2]). Let
V5 be the Veronese equivalence class of an (mZsq)"-graded linear series V5
on X associated to Ly, ..., L, € CaCl(X) @z Q.

(1)

We set
S (Vm;) = {m(i’ S Z;O ‘ Vina # 0} - Zgo,
Supp (Vins) = Cone (S (V) C R,

Recall that, for any nonempty subset S C R", the cone Cone(S) C R"
generated by S is defined to be the set

{$1§1+"‘$m§m€RT|m€Z>Oax17"'7$m€R>07§17"°7§m68}‘

Thus, the subset Supp (V,,,5) C RY is the closure of the cone gener-
ated by S (V,,s) C R". We set Supp (Vz) := Supp (V,,s) and is well-
defined by [Fuj23, Lemma 3.4]. Moreover, let Agupp 1= Agupp(v;) C
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Rg)l be the closed convex set defined by the following:
Supp (V) N <{1} X R’"261> = {1} X Agupp.

The series V¢ (or its class V) has bounded support if Agypp C R;Bl
is a compact set. For example, if r = 1, then any series has bounded
support.

(2) The series V,,s contains an ample series if:

(i) the sub-semigroup S (V,5) C (mZso)" generates (mZ)" as an
abelian group, and

(ii) there exists md € int (Supp (V,,5)) N (mZ>p)" and a decomposi-
tion ma-L = A+ E with A ample Cartier divisor and E effective
Cartier divisor such that

kE + HY (X, kA) C Vipa
holds for every k € Z~y.

We note that the above definition is equivalent to [Fuj23, Definition
3.2 (2)] by [Boul2, Lemme 1.13]. Moreover, by [Fuj23, Lemma 3.4],
if V,,¢ contains an ample series, then V},,s contains an ample series
for every k € Z~g. The class Vi contains an ample series if some
representative Vs of V3 contains an ample series. It is trivial that,
if there is ¥ € RY, with ¥ - L big, then the complete linear series

HY <i’ . L) contains an ample series.

DEFINITION 2.3. Let Vi be the Veronese equivalence class of an
(mZ>p)" -graded linear series V,,g on X associated to Lq,...,L, €
CaCl(X) ®7 Q, let X’ be a projective variety together with a morphism
o: X' — X. The pullback 0*V,,5 of V,,5 is an (mZ>()"-graded linear series
on X' associated to 0*Lq,...,0*L, defined by

o*V,s = Image <Vm5 2 HO <X’, ma - U*E>) .

Let 0*Vz be the Veronese equivalence class of ¢*V,,,5 and is well-defined.
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We see that several basic properties on graded linear series are stable
under birational pullbacks. When X is normal, the following proposition
was already known in [Fuj23, Example 3.5].

PROPOSITION 2.4.  Let V5 be a Z%y-graded linear series on X associ-
ated to Cartier divisors Li,..., L., let X' be a projective variety together
with a birational morphism o: X' — X. Then we have the following:

(1) Vi has bounded support if and only if 0*Vz has bounded support.

(2) Vi contains an ample series if and only if 0*Vz contains an ample
series.

ProoOF. (1) Trivial since S (V5) = S (c*V5).
(2) We may assume that r = 1. Set L := L.

Step 1. Let us assume that 0,O0xs = Ox. Consider the case V, con-
tains an ample series. There exists m € Z~g and a decomposition mL =
A+ FE with A ample Cartier and F effective Cartier such that

kE + H°(X,kA) C Vi,

holds for any k € Z~q. Since o*A is big, by replacing m if necessary, we
may assume that there is a decomposition 0*A = A’ + E' with A’ ample
Cartier and E’ effective Cartier on X’. Then we get

0*Viem D ko*E + H° (X',kA) Dk (c*E+ E') + H° (X', kA")

for any k € Z~g, since 0,0x = Ox.

Consider the case 0*V, contains an ample series. There exists m € Z~
and a decomposition oc*(mL) = A" + E’ with A’ ample Cartier and E’
effective Cartier such that

kE'+ H° (X'kA") C 0* Vi,

holds for any k € Z~. Take an ample Cartier divisor A on X. By replacing
m if necessary, we may assume that |A" — c*A| # (). Thus, there exists
an effective Cartier divisor F’ on X’ and s € k(X')* = k(X)* such that
A —0*A — F' = divx/(s) = o*divx(s), where divyx(s) is the principal
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Cartier divisor on X defined by s. By replacing A by A + divx(s), we may
assume that A’ = o*A + F’. Since

E'+F e H" (X', 0*(mL— A)) = o*H° (X,mL — A),

there exists an effective Cartier divisor £ on X such that o*E = E' + F”
holds. Thus, for any k € Z~(, we have

0*Vigm D kE' + kF' + H° (X', 0*(kA)) = o* (kE + H° (X, kA)) .
This implies that
Vim O kE 4+ H° (X, kA)
and thus V4 contains an ample series.

Step 2. By taking the Stein factorization, we may assume that o is
finite and birational. Let I C Ox be the conductor ideal of o, i.e.,

I:=Anmnp, (0.0x//0x).

Since o is birational, we have dim (Ox/I) < n.

Consider the case V, contains an ample series. Then there exists m €
Z~q and a decomposition mL = A+ E with A ample Cartier and F effective
Cartier such that

Vim D kE + HY(X, kA)

for any k € Z~¢. By replacing m if necessary, we can take B € |A| such
that Ox(—B) C I. Write B = A — divx(s) (s € k(X)*) and set Ay :=
A+ divx(s). Obviously, we have Ay, B ~ A and Ay + B = 2A. From the
definition of the conductor ideal, we have

0:0x' ® Ox(—B) C Ox

as subsheaves of 0,Ox/. Hence we get

0——=0.0x ® Ox(Ao) *B>0'*OX/ ® Ox (24)

0 O'*OX/®OX 2A)

Ox (24)
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Thus we get the inclusion
H° (X',0*Ao) + 0*B C 0*H" (X,24).
The decomposition
o (2mL) =0"Ao+ 0" (B +2E)
satisfies that o* A is ample, o* (B + 2F) is effective, and
*Vom D 0*(2kE) + 0*H? (X, 2kA) D ko* (B + 2E) + H® (X', ko* A)

holds for any k € Z~q. Thus the series 0"V, contains an ample series.

Consider the case 0*V, contains an ample series. There exists m € Z~
and a decomposition o*(mL) = A’ + E’ with A’ ample Cartier and E’
effective Cartier such that

0*Vigm D kE' + HY (X', kA)

holds for any k € Z~q. By replacing m if necessary, we may assume that
there exists an ample Cartier divisor A on X such that F’ := A’ —20*A is
effective and there exists B € |A| such that Ox(—B) C I holds. Let us set
E :=mL — 2A. Then 0*E = E' + F' is effective on X’. By the definition
of the conductor ideal, the Cartier divisor B + F is effective on X. The
decomposition

mL=(2A—-B)+ (B+E)

satisfies that 2A — B is ample, B + FE is effective, and

*Vigm D k(E'+ F') + H® (X', 0*(2kA))
D ko*(B+E) +o0*HY (X, k(24 — B)),

which implies that
Vim D k(B+ E) + H° (X, k(24 — B))
holds for any k € Z~q. Thus V, contains an ample series. [

REMARK 2.5. For a finite and birational morphism o: X’ — X be-
tween varieties and a Cartier divisor E on X with o¢*E effective on X',
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we cannot say that the F is effective. For example, let us consider X' :=
Speck[t] % X := Speck[t?, 3] and let E be the Cartier divisor on X defined
by E := (t3/t> = 0). Then E is not effective but o*E = (t = 0) is effective.

We define several graded linear series.

DEFINITION 2.6. Let Vi be the Veronese equivalence class of an
(mZZO)T-graded linear series V,,s on X associated to Li,...,L, €
CaCl(X) ®z Q which contains an ample series.

(1) ([Fuj23, Lemma 3.4]) For any k = (ki,.... k) € 7%, let Vg? be
the (mZx>p)"-graded linear series on X associated to k1Lq,..., kL, €
CaCl(X) ®z Q defined by

V(k) = Vm(klal,...,kr(lr)'

m(alv"va'f)
By [Fuj23, Lemma 3.4], the series also contains an ample series. The

Veronese equivalence class V:(E) of Vr@ does not depend on the choice
of representatives V;,g of V5. The series Vg has bounded support if
and only if the series V;(k) has bounded support.
Similarly, for any ¢ € Qxg, let ¢Vz be the Veronese equivalent class
of an (m'Zx>p)"-graded linear series (for a sufficiently divisible m')
associated to cLy, ..., cL, defined by cVyz := Vg for @ € Z5,.

(2) Let us consider the sub-linear series V> of V¢ defined by

o Ving if @ =0 or ma € int (Supp (Vz)),
Vm(i = .
0 otherwise.

We call the series V- the interior series of V,,5. Obviously, the series
Ve, satisfies that Supp (V°;) = Supp(Vs) and contains an ample
series. The Veronese equivalence class V of V° - does not depend on
the choice of representatives V3 of V3.

(3) More generally, for any convex subset C' C Agypp(v;) With int(C) # 0,
let us consider the sub-linear series V%) of V& defined by

-
me

|V if@=0or md e Cone ({1} x C),
a 0 otherwise.
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We call it the restriction of Vi,s with respects to C' C Agupp(v, -
Obviously, Vni? contains an ample series and Supp (V<C>

-
me

Cone ({1} x C). The Veronese equivalence class V:<C> of VT§LC> does

-
{ ]

not depend on the choice of representatives V5 of V3.

(4) Let us take at most countably infinite set A and a decomposition

A
ASupp = U Aéu>pp
AEA

with

e the set Aé:\fpp

any A € A,

) A
o int (Asupp) € Urea Aéu)pp’ and

e int <Aé>1\1>pp> Nint (Aé’:lgp) = () for any A\, N € A with X\ # \.

is a compact convex set with nonempty interior for

AN
For every A € A, we set V;O‘> = V;< swel A in (3), the series V;O‘>
(A

Supp
an ample series. We call the procedure the decomposition of Vz with

has bounded support with Supp (V;W) = R>0A and contains

respects to the decomposition Agupp = Uyea Aé)l‘li)p.

(5) Take any a@ € QL Nint (Supp (V5)). We define the Veronese equiva—
lence class V,z of the graded linear series on X associated to @ - L as
follows. Fix a sufficiently divisible m’ € mZ~( and let V,, 45 be the
(m'Z>p)-graded linear series on X associated to @ - L whose I-th part
is defined to be Vz for any | € m'Z>o. Then V,z is defined to be the
class of V1 and is well-defined. Moreover, by [LM09, Lemma 4.18],
the series V,z contains an ample series.

DEFINITION 2.7 (Refinements, [AZ22, Example 2.6], [Fuj23, Definition
3.15]). Let us assume that X is normal, let Y be a prime Q-Cartier divisor
on X, and let m, e € Z~¢ such that meY is a Cartier divisor. Let V3 be
the Veronese equivalence class of an (mZs)"-graded linear series V,,,¢ on X
associated to Ly, ..., L, € CaCl(X) ®7Q. The refinement VTS;’E) of Vine by
Y with exponent e is the (mZx>()"-graded linear series on Y associated to
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Lily,...,Lyly,—eY|y € CaCl(Y) ®z Q defined by:

V(Y’e)) := Image <Vma n (jmeY +H (X’ @l - jmeY))

m(d,j
— H° (Y, @-mLly — jmeY|y>)

for any @ € Z% and j € Z>(, where the above homomorphism is the natu-
ral restriction. By [Fuj23, Lemma 3.16], if V,,,¢ has bounded support (resp.,
contains an ample series), then so is VTS;’E). Let V;(Y) be the Veronese equiv-
alence class of Vé};’l) (for a divisible m € Zs¢) and is called the refinement
of V3 by Y, and is well-defined. Note that, if we set €:= (1,...,1,e), then

©) e
(Vi) = v bolds.
The following lemma, is trivial from the definitions.

LEMMA 2.8. Let us assume that X is normal, let Y be a prime Q-
Cartier divisor on X. Let Vi be the Veronese equivalence class of a graded
linear series on X associated to Ly, ..., L, € CaCl(X)®zQ which contains
an ample series. Let V;(Y) be the refinement of Vg by Y. Then the projection

R™~! xR — R"! gives the surjection
q: ASupp(V;(Y)) - ASUPP(VS)'

Take any closed convex subset C' C Agypp(v;) with int(C) # (. Consider
the restriction V;<C> of Vg with respects to C' C ASupp(Vi)l. The refinement
V:<C>’(Y) of Véc> by Y is equal to the restriction y e of V:(Y) with

.
respects to ¢~ H(C) C A as Veronese equivalences of graded linear

Supp( V;(Y) )
series on Y.

We define the notion of the tensor products for graded linear series.

DEFINITION 2.9. Assume that X is the product of two projective vari-
eties X1 and X,. Let VJ be the Veronese equivalence class of an (mZxq)"i-
graded linear series Vg on X; associated to Li, . ,Lﬁ,i € CaCl(X;) ®zQ for
i = 1,2. The tensor product V1. ® V2, is the (mZgJTQ_l)—graded linear
series W, on X associated to

LiR L} Ly R Ox,,..., L\ KOx,,Ox, KL3,...,0x, K L2,
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defined by

171 2

Wm(c,c_i,l_;) T Vm(Cﬁ) ® Vm(c,g)

for any ¢ € Zso, @ € Z5, b € 2271 Let V} © V2 be the Veronese
equivalence class of ann ® Vn%; and called it the tensor product of V;1 and
V:Q, and is well-defined. It is obvious from the definition that, if both V;1 and
V;2 have bounded supports (resp., contain ample series), then so is V;1 ® V:Q.
In fact, we have

=A

r1+ro—2
x A Rzo .

Asupp(vievz) = Ssump(v}) X Bsupp(v2)

We note that, if both V;1 and V;2 are complete linear series, then V;1 ® V;2 is
also a complete linear series. When we furthermore assume that ry =r5 =1
and L' := L , L2 =13 (ie., V) = HO (o- L') and V2 = H° (e - L?)), then
VieVi=H"(e- (L &LQ)).

We recall the notion of prime blowups [Ish04] and define the notion of
primitive flags.

DEFINITION 2.10.

(1) [Ish04], [Fuj19, Definition 1.1] Let Y be a prime divisor over X. If there
exists a projective birational morphism o: X — X with X normal
such that Y is a prime and Q-Cartier divisor on X and —Y on X
is ample over X, then the Y is said to be primitive over X and the
morphism ¢ is said to be the associated prime blowup. We note that
the morphism ¢ is uniquely determined by the divisorial valuation
ordy. We often regard primitive prime divisors Y as varieties from
the embeddings ¥ C X.

(2) Take any 1 < j < n. A sequence of varieties Y1, ...,Y] is said to be a
primitive flag over X and is denoted by

Yo: X =Yoo YiD>--- Y],

if Y} is a primitive prime divisor over Y;_1 for any 1 < k < j —1,
where we set Yp := X and we regard Y as a variety, as in (1). If
moreover j = n, then the primitive flag Y, is said to be a complete
primitive flag.
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[Fuj19, Definition 1.1] Let us assume that the characteristic of k is zero.
Fix an effective Q-Weil divisor B on X, i.e., B is a formal Q-linear sum
B = Z?Zl b; B; with b; > 0 such that each B; is an irreducible closed
subvariety of codimension 1 in X. Consider a primitive prime divisor
Y over X and let 0: X — X be the associated primitive blowup.
Assume that there exists a nonempty open subscheme U C X such
that the center of Y on X is contained in U, the pair (U, B|y) is
klt, and the morphism o is a plt blowup over (U, B|y), i.e., the pair

(X ,B+ Y) is plt on o~ (U), where B is the effective Q-Weil divisor
on X which is defined to be the closure of B lo—1(17) defined by

K,y + Bly-yy + (1 = Ax (Y)Y = 0 (Ky + Bly) .

We recall that the value Ax p(Y) is the log discrepancy of (X, B)
along Y (see [Xu25, Definition 1.34] for example). Then the Y is said
to be a plt-type prime divisor over (U, B|y). By adjunction, if we set

KU‘;I(U) + Ba|;1(U) = (Kg—l(U) + B|071(U) +(1—-Axp(Y)) Y) |Y
and let By be the closure of Ba|;1(U) on Y, then the pair (Y, By) is
klt over U (i.e., the pair (a|;1(U), Bc,';l(U)) is klt). We call the pair

(Y, By) the associated klt pair over U. If U = X, then we simply say
that (Y, By) is the associated kit structure.

Again, assume that the characteristic of k is zero and B is an effective
Q-WEeil divisor on X. Consider a primitive flag
Yo: X =Yy Y- >Y)

over X. Assume that there exists a nonempty open subscheme U C X
such that Y} is plt-type prime divisor over (Y;_1,Bi—1)|v for any
1 <k <j—1, where the pair (Y;_1, Bx_1) is the associated klt pair
over U. Then the primitive flag Y, is said to be a plt flag over (U, B|y).
It is convenient to set

Axp(Yio--->Yy) = Ay, B, (Yk)

for every 1 < k < j. Moreover, for any prime divisor £ over Y} with
the center on Y} intersects with the pullback of U, we set

AX,B (Yl D> Yy DE) = AYk,Bk(E)'
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Here is a generalization of Definition 2.7.

DEeFINITION 2.11. Let V;z be the Veronese equivalence class of a graded
linear series on X associated to Lq,..., L, € CaCl(X) ®z Q.

(1)

3.

Let Y be a primitive prime divisor over X and let o: X — X be the
associated prime blowup. The refinement V;(Y) of Vz by Y is defined
to be the refinement (in the sense of Definition 2.7) of the pullback
0*Vz of V3 by Y. Note that, by Proposition 2.4 and Definition 2.7, if

Vs has bounded support (resp., contains an ample series), then so is
v,
Let

Yo: X =Yy Y- >Y]

be a primitive flag over X. (We mainly consider incomplete primitive
flags.) The refinement of Vz by Ye, denoted by

(Vi) ( o 1/§Y->) ,

is defined to be inductively. More precisely, Y Y1>2Ye) s defined to

be the refinement of V;(YIDH'DY'“*I) by Y, for any 1 < k < j— 1.

Okounkov Bodies

In this section, we recall the notion of Okounkov bodies for graded linear
series. See also [LM09, Boul2, AZ22, ACC+23, Fuj23|. In §3, we always as-
sume that X is an n-dimensional projective variety and Y, be an admissible
flag on X in the sense of [LMO09, (1.2)], i.e., a sequence

X=Yp2¥1 2 2Y,

of irreducible subvarieties on X such that each Y; is nonsingular at the point
Y,, for each 0 < i < n.

DEFINITION 3.1 (see [LMO09, §4.3], [AZ22, Definition 2.9], [Fuj23, Defi-
nition 3.3]). Let Vz be the Veronese equivalence class of an (mZx)"-graded
linear series V,,3 on X associated to L1, ..., L, € CaCl(X) ®z Q.



Coupled Stability Thresholds 177

(1) Asin [LMO09, (1.2)], we can define the valuation-like function
vy, : Ving \ {0} — Z%,
for every a € Z%,. We set

Fy. (Vm;) = {(md’, vy, (S)) ‘ ac Zgo, S € de‘} C (mZZO)T X ZTZLO,
Yy, (Vie) := Cone (Ty, (V,,,5)) C ]R’;gr.

Moreover, let Ay, (V,,5) C RT{OH" be the closed convex set defined
by the equation

{1} x Ay, (Viws) = B, (Vins) 0 ({1} x REGH")

and we say that Ay, (V,,s) is the Okounkov body of V,,s associated to
Y,. If V,,,¢ has a bounded support, then Ay, (V,,s) is compact.

We assume that V contains an ample series. In this case, by [Fuj23,
Lemma 3.4], the definitions

Yy, (V&) =2y, (Vims), Ay, (Va) := Ay, (Vine)

are well-defined, and we say that Ay, (V3) is the Okounkov body of V
associated to Y. Let p: Ay, (Va) = Asupp C Rgﬁ be the composition
of

Ay, (V) = RLG' x RE, =5 RLG,

where pry is the first projection. The image of p is equal to Agypp.
In fact, for any d € Q;Bl N int (Agsupp), the series V4(; ) contains an
ample series as in Definition 2.6 (5). This implies that p=1(a) # 0.
Thus we get the inclusion Agypp C p (Ay, (V). The reverse inclusion
Asupp O P (Ay, (V5)) is trivial.

If there exists ¥ € RY, with ' L big, then we set
Sy, (L1y. .., L) == Sy, (HO (:. E)) ,
Ay, (L1, ..., L) == Ay, (HO (:-E)).



178 Kento Fujita

(2) For any | € mZsq, we set

h° (W,m?) = z dimVZ,ma,

— r—1
aEZZO

and

ho Vmi’ r—1
vol (V) := limsup (Vims) m

€ [0, 00].
i s e e — 1)1 € 0]

If Vs has bounded support, then the above values are finite. If V5
contains an ample series, then vol (V,,,5) € (0, oco] and the above limsup
is in fact the limit. Moreover, the definition vol (V) := vol (V,,3) is
well-defined, and

vol (V&) = (r = 1+ n)! - vol (Ay, (V&)

holds by [Fuj23, Lemma 3.4]. For any big L € CaCl(X) ®zQ, we have
vol (H? (eL)) = volx (L), where volx (L) € Rxq is the volume of L in
the sense of [Laz04, §2.2].

We also recall the notion in [Xu25, §4.5].

DEFINITION 3.2 ([Xu25, Definition 4.72]). Let Vi and W5 are the
Veronese equivalence classes of graded linear series on X associated to
Ly,...,L, € CaCl(X) ®z Q such that both have bounded supports and
contain ample series. If vol (W5) = vol (V) and there exist representatives
Ve and W5 for some m € Z~o with W, C V,,.s (i.e., W,z C Viz holds
for any @ € Z% ), then we say that W5 is asymptotically equivalent to Vg.

LEMMA 3.3. Let us consider (mZsq)" -graded linear series Vs and
Wiz on X associated to Ly,...,L, € CaCl(X) ®z Q which has bounded
supports and contain ample series with W,,s C V&, and let Vz and W be
their Veronese equivalence classes. Then the followings are equivalent:

(1) Wy is asymptotically equivalent to V.

(2) The equality Supp (Vz) = Supp (W3) and the equality vol (Vaz) =
vol (Weg) holds for any d € QL Nint (Supp (V5)).

(3) For any d € Q¥ Nint (Supp (V3)), the series Wez contains an ample
series and is asymptotically equivalent to Vyz.
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PRrROOF. Let us set AV = Ay, (Vi), AW = Ay, (W), Asupp =
Agupp(v;) and ASWupp = Aguppw,)- Both AV and AW are compact con-
vex sets with nonempty interiors with AW c AV ¢ ]R;BH”. Note that the

condition (1) is equivalent to the condition AV = AW. Moreover, recall

that p (AY) = Agupp and p (AV) = Agﬁpp, where p: R"~1" — R"! is the

projection. Let us set

V.
[ ASupp — Rxo

i@ — vol((plav) ™" (@).

fW ASupp - RZO
a Vol((p|Aw)_1 (@)) -

Both functions are continuous and fV | AV > fW holds. By [LM09, Theo-

rem 4.21], for any @ € Q"' Nint (ASupp) (resp., @ € Q7" Nint (Asupp))
we have

fV (@) = — vol (Vaz) <resp., fW (@) = %VO] (W.5)> .

and f" > 0 over int (AW From

Supp SUPP)
those observations, the condition (2) (and also (3)) is equivalent to the

condition

In particular, f¥ > 0 over int (A

(4) Ay = AL,

Vv _ W w
Supp Supp and V= f" over int <ASupp>

Clearly, the condition (4) is equivalent to the condition AY = AW. O

Ezample 3.4. Let Vz be the Veronese equivalence class of an (mZxq)"-
graded linear series V,,s on X associated to Ly,...,L, € CaCl(X) ®z Q
which contains an ample series.

1) Take k = ki,...,k.) € Z", and let us consider VfE) as in Definition
( ) ’ >0 .
2.6 (1). As in [Fuj23, Lemma 3.4], we have

f (AY.( B )) Ay, (V3)
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with
f: Rr—l—l—n N Rr—l—l—n

(X1, Xpe14n) +— ((ko/k1)z1, ..., (ke /K1) xr—1, (1) K1) 20, . . .,
(1/k1)$r71+n) .

In particular, we have

- r—1+4n
vol (V}(k)> = k]fl—k: vol (V).
.

Let C' C Agypp(v;) be any closed convex subset with int(C') # 0
as in Definition 2.6 (3). Set A := Ay, (V5) C R;‘OH", and let
Pt A = Agyppvy) C R’;Ol be the natural projection. Then, the convex

closed subset p~! (C) C A is the Okounkov body Ay, (V:<C>) of V§C>,
since we can check that Ay, <V3<C>> c p~HC) and int (p~(C)) C
Ay, (V;<C>>.

Let us consider the decomposition of V; with respects to the decom-

position Agupp = Uxea Aé/ypp as in Definition 2.6 (4). Set A :=
Ay, (Vz) € R, and let p: A — Agypp C RL' be the natu-
ral projection._Then, as in (2), the compact convex subset AN =
p! (Aéi?pp) C A is the Okounkov body Ay, (V;W) of V;O‘> for any
A € A. Obviously, we have

A= U AN
AeA

and each AW is a compact convex set with nonempty interior and
int (Am) Nint (A(’\/>) = () whenever X\ # . We have

vol (VV) = (r =1+ )t - vol (AW)

for any A € A. Since

vol (A) = Z vol <A<)‘>> ,

AEA
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we get

vol (V3) = Z vol (V:O\)) :

A€A

Assume that X is normal and Y := Y] is a prime divisor on X which
is Q-Cartier. From the flag Y, on X, we can naturally consider the
flag Y, on V" defined by Y/ := Yji1 for any 0 < j <n — 1. By [Fuj23,
Definition 3.15], we have

Ay, (Vi) = Ay, (vﬁ”) ,
where Vg(Y) is the refinement of V3 by Y. In particular, we have

vol (V) = vol (V;(Y)> .
Let us consider the situation in Definition 2.9. Assume moreover both
V;L: and Vn%; contain ample series. For any [ € mZ-g, we have

B Wis) = > dim (Va0 V2 )

— r1—1 ¢ To—1
acly, bELZ

10 (V) 1 (VEs)

Thus we get

V3) - vol (V2).

vol (V2 & V2) = <n+7°1+7‘2—2>v01( g

ni+nr;—1

Assume that Vg has bounded supports. Take the Veronese equiva-
lence class W5 of a graded linear series on X which contains an ample
series such that W3 is asymptotically equivalent to Vz. Consider any
primitive prime divisor Y over X. By Example 3.4 (4), the refinement
w)
o
Assume that V5 has bounded supports. The interior series V' of V5 is
trivially asymptotically equivalent to V3 by Lemma 3.3.

is also asymptotically equivalent to V;(Y).

Take any big L € CaCl(X) ®z Q and any projective birational mor-
phism o: X’ — X between varieties. Then o*H? (eL) is asymptoti-
cally equivalent to H° (ec*L) by [Laz04, Proposition 2.2.43].
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We will use the following technical proposition.

PRroPOSITION 3.5. Let us consider n > 2, let A C R™ be a compact
convex set with int (A) # 0, let p1: R™ — R be the first projection, and let
us set [to, t1] :==p1 (A) C R. Set V := volgn (A) and let (by,...,b,) € A be
the barycenter of A. For any x € [to, t1], we write A, := p; " ({x}) C R*1,
and set g(x) := volgn—1 (A). Take any e € (to,t1).

(1) Assume that there exists v € R such that either

o pigm @9l 9(@) —gle)

rz—e+0 Tr—e z—e—0 Tr—e

Let ho: [to,t1] — R>q be the function defined by

g(z) ifﬁL‘ S [to,e] ,

ho(x) := (e n—1
g@) (s + 1) ifwefen].

(i) For any z € [to,t1], we have g(x) < ho(x). In particular, we have

1 [

b1 > — xho(z)dzx,
v, €]
where
1
(n-1)g(e) [ (V=1 9@)da) +(n—D)g(e)® \ "
et ( EC=VroE !
50 =

if v#0,
e+ Tle) (V — ftz g(m)dm) if v=0.

(ii) Assume that there existst € (e, t1] such that W >V holds, where

t
W= [ ho(z)dz.

to

In other words,

Ji g(@)da + O (s s 1) 1) ifu A0,
S 9(@)da + (t — e)g(e) if v=0.

W:
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(For example, t = t; satisfies the above assumption.) Set hy:
[to, t] — R with

ho(z) if x € [to, s1],
n—1
hO(Sl) : (;t__—sxl> if x € [317t]7

where sy € [e,t] is defined by

hl (.%‘) =

1

g(e)(v(t—e)+(n—1)g(e))
§1 =

n(V—fteo g(a:)d:c) —g(e)(t—ne) ) -
D) ifv=

In other words,

n _1

v g(e)(v(t—e)+(n—1)g(e))

if v#0,
) e
b= oo Vv =0

Then we have

S1 =

1 t
by > = [ zhi(x)dx.
V Ji

(2) Assume that there exists u € [t1,00) such that

/t:g(x)dm+/eug(e). (Z:i)n_ldx <: /t:g(az)da:-FW) <V

(For example, u = t1 satisfies the above assumption.) Fix w € Rxq

satisfying the condition

(u—e) nfg(e)n—ilwn“ “n (v - /eg(:z)dac> > 0.

i=0 to

Set hy: [to, u] € RZO with

(

x) )
:§~g(e)"l+u‘w) if x € [e, ul.

u u—e

if x € [to, €],

ho(x) := g(



184 Kento Fujita

Then we have .

1
b < — xhe(x)dx.
V Ji

PROOF. Since A is a compact convex set, we have

e g(x) € Ryg for any = € (to, 1),
o V= ftl;l g(z)dz and by = & ttol zg(z)dz, and
e the inequality

_1 xro — X _1 r1 — X _1
glan)mT > 2 Lg(ag)aT + D g(xg) T
To — Xg T2 — o

holds for any tg < xp < 1 < o < t7.

(1)
Step 1. For any e < y < x <ty (resp., for any to <y < e <z < t1),
we have

1 r—e 1 r—y 1 T—y T—e
n—1 < n—1 — n—1 — — — .
glx)»T < = 9) - 29(e) (z—y)(z—e) -

By taking y — e + 0 (resp., y — e — 0), we get

g(2)™T < g(e)T (% " 1>

for any = € (e,t;]. Thus we have ho(x) > g(x) for any x € [to,t1]. Note
that, for any x € (e, t1], we have

n—1
0 < g(z) < ho(x) = g(e) (L)) ; 1) ,

and this implies that
v(x —e)

CE O

for any x € (e, t1).
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Step 2. Since V = fttol g(x)dx and 0 < g(x) < ho(z), there is a unique
value § € (e, t;] satisfying the equality

V= / ho()dz.

to

By the definition of s, the value § is equal to sg. Set h: [to, t1] — R>o with

iL(.%’) o ho(fl)) if x € [tQ,SO],
. 0 ifz e (So,tl].

Then,

/SO xho(x)dx — soV = ! (z — so)h(x)dx

to to
t1 t1
< / (x — s9)g(z)dx = / zg(x)dx — soV.
to to

Thus we get the assertion (1i).
Step 3. For any y € [e, ], let us set

W)= [ oz + [ hoty)- (t‘ﬂ”)nldx.

to Yy t— Yy
Then W(e) <V < W = W(t) holds. Moreover, if y € (e, t), then

A vt (Dl ((oly—e) |\
1" W= " (@ tt) 20

since ho(y) > 0 and the end of Step 1. Therefore, there is a unique value
s € e, t] satisfying the condition W (s) = V. From the definition of s;, we
have s = s1, i.e., W(s1) =V holds.

For any = € [s1,1], the function

1 1 1 1 t—x
g(l’)n—l _ h]_(.I’) n—1 — g(w)n—l _ ho(sl)n—l .

t—Sl

is a concave function. Note that

_1 1
g(s1)"=1 —hy(s1)"1 < 0,
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Let us set

5§ := min {x € [s1,1] ‘ g(x)ﬁ - hl(:r:)ﬁ > 0}.

By concavity, we have g(gz:)ﬁ - hl(a:)ﬁ > 0 for any x € [5,t]. Set
hi(x) := 0 for x € (t,t1]. Then we get hi(z) > g(x) for any = € [to, 5] and
hi(x) < g(z) for any = € [5,¢;]. Hence,

/ Y b (@)de — 5V = / = (@)

to to

< /t1 (x — 8)g(x)dr = /tl xg(x)dx — §V.

to to

Thus we get the assertion (1ii).
1
(2) We firstly note that, by the concavity of g(x)»—T1, we have

o) = 9(6)- (1= ””)

tl—e

for any x € [e,t1]. Thus u = t; satisfies that assumption of (2).
The polynomial

F(y) == (u—ce) Sg(e)"il y* = (V - / g(x)dx>

to

satisfies that, F'(0) < 0, limy—,o F(y) = +o00 and F’(y) > 0 for any y € R>o.
Thus, there is a unique value wy € R+ satisfying the condition F'(wg) = 0.
Note that w > wg. We may assume that w = wg in order to prove (2). In
this case, we have .,
V= / ha(z)dx,
to

since we can compute that

/tou ho(z)dx = /t: g(z)dz + - ; c (gg(e)nilwnli> .
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1 1
Note that the function hg(x)»=1 — g(x)»=T is convex over = € [e,t;] with
1 1
ha(e)7T — g(e)™T = 0.
1 1
We consider the case ho(t1)»—T — g(t1)»T < 0. In this case, by the

convexity, we have ha(z)»—1 — g(z)»-T <0 for any z € [e, t;]. Therefore we
get

/u xha(z)dr — 1V = /u(x — t1)ho(z)dx

to to

> /ttl(x ~ t)g(x)de = /tl g(x)dz — 1V,

0 to

Thus we get the assertion (2) in this case.
1

We consider the remaining case hQ(h)ﬁ —g(t1)"1 > 0. If hg(l’)ﬁ N
1
g(x)»=1 >0 for any x € [e, t;], then

t1 t1
V:/ g(x)dx </ ho(x)dx <V,

this leads to a contradiction. Thus, there is a unique value s3 € (e, t1)
satisfying the condition hQ(SQ)ﬁ—g(Sz)ﬁ = 0. Moreover, over x € (e, t1),
the condition hg(av)ﬁ - g(ﬂc)ﬁ > 0 (resp., < 0) holds if and only if
x € (s2,t1) (resp., x € (e, s2)). Therefore we get

/u xhe(x)dx — sV = /u(ﬂc — s9)ho(x)dx

to to

> /t1 (x — s2)g(x)dx = /tl xg(x)dx — saV.

to to
Thus we get the assertion (2). O

4. Filtrations on Graded Linear Series

In this section, we recall the theory of filtrations on graded linear series.
In §4, we fix an n-dimensional projective variety X.

DEFINITION 4.1 (see [BC11, BJ20, Zhu20, AZ22, Fuj23]). Let V be a
k-vector space of dimension N < oo.
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(1) A filtration F of V is given by a collection {F*V }\cRr of sub-vector
spaces of V satisfying the following conditions:

(i) we have FNV C FMV for any N > ),
ii) we have FAV =y, FVV for any A € R, and
AN <A
(iii) we have FOV =V and F )V = 0 for any sufficiently large .

For any A € R, we set F*V = [Jyo,FNV and Gr}V =
FAVIFAV.

A basis {s1,...,sn} C V of V is said to be compatible with F if there
is a decomposition

{s1,....sn} = |_| {31\7---73?\&}

AeR

such that Ny = dim Gr?‘_— V, {5{‘, ceey S?‘V)\} C FMV, and the image of
{s{‘, cee sj\VA} in Grﬁ‘rV forms a basis of Gr} V, for any A € R. For a

filtration F of V and s € V'\ {0}, we set

ordgz(s) := max{\ € Rsq | s € FAV}.

(2) A filtration F of V is said to be an N-filtration if FAV = FIMV holds
for any A € R.

(3) A filtration F of V is said to be a basis type filtration if F is an
N-filtration and dim Gr’z V' =1 holds for any j € {0,1,..., N —1}.

Ezample 4.2. Let L be a Cartier divisor on X and let V C HY (X, L)
be any sub-system with dimV = N.

(1) For any quasi-monomial valuation v on X, we set
FaVi={seV|v(s)=A}CV

for any A € R. Then F, is a filtration of V and ordz, = v. If v = ordg
for a prime divisor F over X, then we set Fg := Forq,. Note that Fg
is an N-filtration.
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(2) Assume that X is normal. We recall Zhuang’s construction [Zhu20,
Example 2.11] for basis type filtrations of V. Assume that we have
inductively constructed F/V for 0 < j < N — 2. Write ‘]—"jV| =
F; + |Mj|, where F; is the fixed part. For a smooth point ;11 € X
with ;11 & Bs (|M;]), note that the evaluation homomorphism

Mj — Mj @k (j+1)
is surjective, and the kernel M; @ m,, , satisfies that
dim M; ® m,,,, = dim F/V — 1.
We set F/H1V c FIV defined by
| FIHW | = Fj + |M; @ mg,,,| -

We call the filtration the basis type filtration associated to xy,...,xN.
We will use following two types of basis type filtrations:

(i) [Zhu20, Example 2.12] The basis type filtration F of V associated
to general points x1,...,zn € X is said to be of type (I).

(ii) [Zhu20, Example 2.13] Let 0: X — X be a birational morphism
such that X is a normal projective variety, and let E be a prime
divisor on X. Under the identification

V =o'V c H (X,U*L),

we can choose the basis type filtration F of V' associated to gen-
eral points x1,...,xy € E. The filtration is said to be of type
(II). As in [Zhu20, Example 2.13], the filtration F refines Fg, i.e.,
for any A € Zs, there exists u € Zso such that FpV = FAV
holds.

DEFINITION 4.3 (see [AZ22, §3] and [Fuj23, §11.2]). Let V be a k-
vector space of dimension N < oo, and let F and G be filtrations of V.

Note that F induces the filtration F of Grg V with

P (Grv) = ((PVngnv) + g7nv) /g
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Similarly, G naturally induces the filtration G of Gr} V. By [AZ22, Lemma
3.1], there is a canonical isomorphism

Gry Gri V ~ Grg GryV
for any A, p € R.

(1) A subset {si,...,sny} C V is said to be a basis of V' compatible with
both F and G if there is a decomposition

_ A A
{s1,...,sN} = |_| {31 ,...,SNML}
A ueR
such that Ny , = dim Gr;{. Grg v, {si"“, cee 3?‘\}’;“} C FAVNGHV, and
the image of {si"“, e sj\\}f’“} in Gr} Grg V gives a basis of Gr;‘;. GrgV
for any A, u € R. In fact, by [AZ22, Lemma 3.1], the above subset
{s1,...,sn} C V is a basis of V' compatible with F (and also with G).

(2) Fix a subset Z C Rx>o.

(i) A subset {si1,...,sp} C V issaid to be a (G, E)-subbasis of V' if
there is a decomposition

{s1,...,sm} = |_| {S’f,...,sﬁt\m}

pEE

such that N, = dim Grg V/, {s‘f, e s’](,u} C GV, and the image

of {s’f, cee s%ﬂ} in Gry V' gives a basis of Grg V for any p € Z.

(ii) A subset {s1,...,sp} C V is said to be a (G, Z)-subbasis of V
compatible with F if there is a decomposition

_ A Al
{s1,...,sm} = |_| {51 "”’SNAH}
AeR, pe=

such that N, = dimGrj\;_.Gr‘gL V, {si"“,...,s?\;i#} c FAV N
G*V, and the image of {sf’”, . ,s?‘\;f’u} in Gra\;. Grg V gives a

basis of Gr;‘;. Grg V for any A € R, p € Z. As in [Fuj23, Lemma
11.4], the subset {s1,...,sp} C V is a (G, Z)-subbasis of V.
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DEerINITION 4.4 ([BC11, §1.3], [BJ20, §2.5], [AZ22, §2.6], and [Fuj23,
§3.2]). Let V3 be the Veronese equivalence class of an (mZsg) -graded
linear series V5 on X associated to Ly, ..., L, € CaCl(X)®zQ. We assume
that Vz has bounded support and contains an ample series. A linearly
bounded filtration F of V5 is a filtration F of V,,,z for every a € Z% such
that -

FNoia - FNViar € FNNVavany

holds for every A\, A € R, @, a’ € Z., and there exists C' € R such that
F Ve = 0 whenever A > Cay. -

A linearly bounded filtration F of Vz is a linearly bounded filtration F
of some representative V,, 3, where we identify F and its natural restriction
to the Veronese subseries Vs of V,,s. For any t € R, let Vf = Vf’t be
the Veronese equivalence class of the (mZxg)"-graded linear series V,ntﬁ on
X associated to Ly, ..., L, € CaCl(X) ®z Q defined by V! _ := Fraly, o
for any d = (a1,...,a,) € Z%,,.

Ezample 4.5. For any quasi-monomial valuation v on X (resp., for
any prime divisor E over X), the filtration F, (resp., the filtration Fg) in
Example 4.2 (1) gives a linearly bounded filtration of Vj.

We define the T-invariant and the S-invariant for a filtration of graded
linear series.

DEFINITION 4.6 (see [BJ20, AZ22, Fuj23|). Let V,,s, F and Vi be as
in Definition 4.4.

(1) For | € mZsq, we set
T, (V,3; F) := max {)\ € R>¢ | There exists @ € Zg]l with J’-"\Vl,m,; #* 0} .

Moreover, the definition

Ty (Vinss
T (Vg; F):= sup 1 (Vs )
ZEmZ>0 l
is well-defined, since
T . T .
sup Z(Vmu]:) — lim Z(an]:)

lemZso l lemZeso l
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(see [BC11, Lemma 1.4]). Asin [BC11, Lemma 1.6] or [AZ22, Lemma
2.9], for any t € 0,7 (V5; F)), the series Vf’t has bounded support
and contains an ample series.

(2) Take any [ € mZ~q such that h° (Vl,mi) # 0. Let us set

T (VinasF)

1 = Fi
St Vmsi 7) 1= hO (Vims) Jo e (Vlvm‘) dt.

Moreover, the definition

S(V;*;]:) = lim Sl (Vm:; .7:>

lemZo
is well-defined,
(Vs F)
S (Vi F) = VO%(V) /0 vol (Vf vt) dt
holds, and we have
T (Vs F)
r+n
(see [Fuj23, Definition 3.8]).

<S(Ve; F) ST (Ve; F)

When F = Fg for some prime divisor E over X, then we set T'(Vz; E) :=
T (Vs Fg) and S (V3 E) := S (Vg; Fg). When Vi is the complete linear
series HY (L) on X associated to a big L € CaCl(X) ®z Q, then we set
T(L;F) =T (Vg; F) and S(L; F) := S (Vg F). More generally, when the
characteristic of k is equal to zero, if v is a valuation on X with A ¢ (v) < oo,
where X — X is a resolution of singularities, then the associated filtration
Fy is a linearly bounded filtration by [BJ20, Lemma 3.1]. Thus we can also
define T' (V;v) :=T (Vg; Fo), S (Vzyv) := S (Vz; Fy), ete.

DEFINITION 4.7. Let Vz be as in Definition 4.4, and let
Yo: X =Yy Y- >Y)
be a primitive flag over X. We set

S (Vo V- v S (Va; Y1) if j =1,
YD pY;) = Y ,
(Vi1 i) S(V(YW P 1);Yj> if j > 2.

-
[ )
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We also define T' (Vg; Y1 & - - - > Yj) similarly. Moreover, if E is a prime divisor
over Y, we set

S(Ve;Yip - pYjpE) = 5( ;<Y1>--->Yj);E>,

T (V;; Yid-p> }/j > E) — T (V(Y1l>...DYj); E) .

-
[

When Vj is the complete linear series H® (eL) on X associated to a big
L € CaCl(X) ®z Q, then we set S(L;Yi>---pY;) == S (Vg Yin .- Y)),
T(L;Yiv--->Y)) =T (Vg Yi>--->Y)), and for a prime divisor E over
Y, we set S(L;Yi>---pYjpE) = S(VaYis---pY;j>E) and
T(L;Yi>--->Y;>E):=T Vg Yiv---pYj> E).

REMARK 4.8 (see [Fuj23, §3.2]). Let V,,s, F and V5 be as in Defini-
tion 4.4 and let us set T := T (Vg F) and S := S (V3 F). Let Y, be any
admissible flag on X.

(1) Let usset A := Ay, (Vz) C R;}Hn and
At = ATt .= Ay, <V:}',t> cA
for any ¢ € [0,T). Moreover, we define

G:=Gr: A — [0,T]
£ — sup{te[0,T)|zeA}.

Then we have

1 .
Szvol(A)/AG(x)dx.

(2) For any k = (ki,..., k) € 7%, we have

r(ViF) =k-1, S(ViF) =k s
See [Fuj23, Lemma 3.10].
(3) Assume that X is normal, Y7 C X is a prime Q-Cartier divisor on X
and F = Fy,. Then the above function G'r is equal to the composition

ARV R

9

where p,: R™™17" — R is the r-th projection. In particular,
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e we can write p,(A) = [Tp, T for some 0 < Ty < T', and

e the value S is the r-th coordinate of the barycenter of the convex
set A.

From Example 3.4 (4) and Remark 4.8 (3), it is natural to extend the
notion of Okounkov bodies.

DEFINITION 4.9. Let V3 be as in Definition 4.4, and let
Yo: X =Yy Yi>--->Y,

be a complete primitive flag over X. The Okounkov body Ay, (Vz) C R;{)Hn
of Vz associated to Y, is defined to be

Ay, (Ve) = A yerine)

Yn—layn < ¢

where Y,,_ is the normalization of the projective curve ¥,_; and we regard
Y,,_1 2 Y, as an admissible flag on Y;,_;. We note that the cone Yy, (Vg) of
Ay, (V3) is equal to the closure of the cone of the support of V;(YID'"DY”); a
graded linear series on the 0-dimensional projective variety Y,,. If the com-
plete primitive flag Y, is an admissible flag of X, then the notion coincides
with Definition 3.1 by Example 3.4 (4) . Moreover, by Remark 4.8 (3), the
(r 47 — 1)-th coordinate of the barycenter of Ay, (V5) is equal to the value

SV Yiv---pY;) forany 1 < j <n.
Example 4.10. Assume that the characteristic of k is zero and n = 3.

(1) Assume that X is a Fano manifold and L € CaCl(X) is nef and big.
Then, the graded linear systems W}j, and V}:/. in [ACC+23, §1.7]
satisfy that, the pullback of W[, is asymptotically equivalent to V.Y.
by [ACC+23, Theorem 1.106].7 Therefore, by [Xu25, Lemma 4.753]
and Example 3.4 (6), the value S (WE/.Z., P) in [ACC+23, Theorem
1.112] is equal to the value S (L;Y > Z 1> P). Obviously, the values
S (W,}j,; Z) and S (VX,; Z) in [ACC+23, Corollary 1.110 and Theorem
1.112] is equal to the value S (L;Y > Z). Those values are the third

and second coordinates of the Okounkov body of L associated to the
admissible flag Y D Z 5 P by Remark 4.8 (3).
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(2) Similary, assume that X is a Mori dream space and L € CaCl(X) ®z
Q is big. Then the values S (V,?.;c) and S (W.Y, % ;p) in [Fuj23,
Corollary 4.18] are nothing but the values S (L;Y'>C) and S(L;
Y'>C b p), if C is primitive over Y, the morpshism v: Y/ — Y in
[Fuj23, §4.3] is the associated blowup and the C inside Y’ is smooth.

ProrosiTiON 4.11. Let Vi be the Veronese equivalence class of a
graded linear series on X associated to Ly,...,L, € CaCl(X) ®z Q which
has bounded support and contains an ample series. Let Yy be an admissi-
ble flag on X. Let us consider the decomposition of Vg with respects to the

decomposition Asupp = [Uxea Aéﬁ)p as in Definition 2.6 (4). Let F be any

linearly bounded filtration of V.

(1) We have
T (Vg F)=supT (V;w;}") )
AEA
(2) For any t € R, let us set AT! ;= Ay, <V3f’t> C A and Gg: A —
[0,T (V3 F)) be as in Remark 4.8 (1). Moreover, for any A\ € A,
let V3<)‘>’}—’t be the subsystem of V:<A> obtained by F, set ATt .=
Ay, (Vw’]:’t) c AN and let us set

—
[ ]

G iAo, (VP F)]

r sup{te[O,T(V;O‘);}"))

Fe ANl

as in Remark 4.8 (1).

—
[ ]

(i) Ifte [OaT <V<>‘>;.7:>) satisfies that int (AN Nint (AF?) £ 0,

then we have

ANFE = AN A AT = pt (AL

Fit
Sop) N AT

(ii) The function G§,§\> is equal to G over int (AN).
(iii) We have the equality

) S (Ve F) — WY . g (V. F)
vol (V) - S (Vi F) AeZAvol(v, )-s (Vs F)
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PrOOF. By [Xu25, Lemma 4.73], Remark 4.8 and [Fuj23, Lemma 3.10],
we may assume that Vg is ZL-graded with Lq,...,L, € CaCl(X) and
Ve= V5. i

(1) Since Vg = V2, for any m € Z~, we have

Ty (V; F) = rx{lg[{(Tm (V;m;]:) .

Thus we have

v F

T(V;;]—"):supsup—Tm( : ) :supT(V;O‘);}").
m A A

m

(2) The assertion (i) is trivial from the definition of Okounkov bod-
ies. Let us consider (ii). Take any Z € int (A<>‘>). For any t < Gr (%),
we have Z € int (A7) N int( )(;«'é 0). By (i), we get & € AWFt

Thus we get G§_i\> (Z) > GF (£). Conversely, for any t < G< ) (%), we have
Z € int (A<>‘>’f ’t) c APt Thus we immediately get the reverse inequality

Gé& (Z) < Gr (%) and we get (ii). The assertion (iii) follows from (ii), since
we know that

-1 !
(VN F) = fr=tdn), / ¢ dz
vol (V:< >) AN
for any A € A. [J

The following lemma, is essentially due to Kewei Zhang.

LEMMA 4.12 (cf. [Zha2l, Proposition 4.1]). Let Vg be the Veronese
equivalence class of a graded linear series on X associated to Ly, ..., L, €
CaCl(X) ®zQ which contains an ample series. Let F be a linearly bounded
filtration of Vg. Set C := int (Supp (V5)) C RL,. Take any d, beCNQ"

(1) Assume that b— @ € C. Then we have
vol (V') < vol (VZ)
for any t € [0, T (Voz; F)). In particular, we have

T (Vag; F) <T (Vs F)
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and
vol (Veg) - S (Vags F) < vol (V) - S (Vs F) -

-

(2) Take any e € Q with 0 < e < 1/(2n). If (1 +¢e)d —b € C and
b— (1 —¢)deC, then we have

1+¢e—¢?
~ ; > _— —
S(V'(Hﬁg)’f) = <1+€+52) (Lte—e) SVs 7).,
5 (Vagaei %)
PrOOF. (1) Set ¢:= b — @. Take a sufficiently divisible [ € Zq. Since

¢ € C, there exists an effective Q-divisor C' ~q ¢- L such that IC € |Vig|.
Thus we have a natural inclusion

)n(15+52) S (Vass F).

IA
7 N

—_

|
™

|
(W)

[\

flt‘/l[i SN f‘lt‘/lg

by multiplying IC. In particular,

T(VagiF)
vol (Vaz) - S (Vegs F) = / vol (V,{Qt) dt
0
T(Vy5:7F)
s/ T vl (VEat = vol (V) S (Vg F)
0 L]

holds.
(2) By (1), we have

vol (Va(1—c+<2)a)
S (V°(a—d7)5f> = vol( HZ ) S (Ver-eteai )
a 5

vol (Ve((1—ete2)a))
vol (Va(1—=-c2)a))

1— Z\"
- (12555) G-erd) stmr).

-5 (Vo(l—e—i—aQ)d‘; ]:)

We can get the other inequality similarly. [

We recall the notion of basis type Q-divisors.
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DEFINITION 4.13 (see [Fuj23, Definition 11.8]). Let Vz be the Veronese
equivalence class of an (mZx>¢)"-graded linear series V,,s on X associated
to L1,..., L, € CaCl(X) ®zQ which has bounded support and contains an
ample series. Let F be a linearly bounded filtration of V,,;.

(1) Consider | € mZsqo with h® (V,,,5) # 0. An effective Q-Cartier Q-
divisor D on X is said to be an l-basis type Q-divisor of Vs (resp.,
compatible with F) if there is a basis

a a
{31,...,81\;6} C Vima

of V} ;ma (resp., compatible with F) for any @ € Z;_Ol such that

holds.

(2) Let 0: X’ — X be a projective birational morphism with X’ normal,
let Y C X’ be a prime Q-Cartier divisor on X', and let e € Z~q with
eY Cartier. Let V(Y’e) be the refinement of *V,,,3 by Y with exponent

e. Consider | € mZsg with h° ( Ye)) # 0. An effective Q-Cartier

Q-divisor D" on X is said to be an I-(Y, e)-subbasis type Q-divisor of
Ve (resp., compatible with F) if there exists an (Fy, eZ>p)-subbasis

a a
{317"'731\/16} C Vima

of Vj ma for any @ € Z%l (resp., compatible with F) such that

b= lh0<lm.> 2 Z<§:>

aEZT Li=1

l,me

holds. Note that Zan;gl Mz = h? (V(Y’f)) .

REMARK 4.14 (see [AZ22, §3.1] and [Fuj23, Proposition 11.9]).
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(1) We have
ordr D < ) (Ve F)

for any [-basis type Q-divisor D of V,,,3. Moreover, the equality attains
if D is compatible with F.

(2) We have

Y;’e); ]?Y)

m

ordy D' = 8 (V(

for any [-(Y,e)-basis type Q-divisor D’ of V,,5, where Fy on VS;’E)
is the natural filtration induced by Fy on ¢*V,,s (in the sense of
Definition 4.3). Moreover, if we set

?e)SfY) Y,  Dy:=D"y,

m

D" :=¢*D' -5 <V(

then Dy is an [-basis type Q-divisor of Vﬂ(;’e).

We will use the following well-known lemma in §10.

LemMA 4.15 ([BJ20, Corollary 2.10], [AZ23, Lemma 2.9] and [Fuj23,
Lemma 11.6]). Let Vi be the Veronese equivalence class of an (mZso)"-
graded linear series V,,g on X associated to Ly,...,L, € CaCl(X) ®z Q
which has bounded support and contains an ample series.

(1) For any ¢ € Qsq, there exists lg € mZq such that, for any linearly
bounded filtration F on Vs and for any | € mZsg with | > lg, we
have

St (Ve F) < (1 +)S (Ve F).

(2) Let o: X' — X be a projective birational morphism with X' normal,
let Y € X' be a prime Q-Cartier divisor on X' and let e € Z~q with
eY Cartier. For any linearly bounded filtration F of Vg, we have

T(VaF)=T (V;(Y);J’E> , SV F) = S( ;(Y);JE) :
where V;(Y) is the refinement of o*Vg by Y and F is the filtration on
v induced by F in the sense of Definition 4.3.

—
[ ]
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5. Toric plt Flags

In this section, we observe the Okounkov bodies of big divisors on Q-
factorial projective toric varieties associated to torus invariant complete
primitive flags, which is a generalization of [LM09, Proposition 6.1 (1)]. In
this section, we fix N := Z", M? := Homyp, (NO, Z) and the n-dimensional
Q-factorial projective toric variety associated with a fan ¥ in Nﬂ% = No@zR.
In this section, we follow the notations in [CLS11].

DEFINITION 5.1. Fix 1 < j < n. For any 1 < k < j, let us fix a
primitive element v, € NF=1 and set N¥ := Nkfl/ka (f: Z”*k). Let
7, N¥=1 = N* be the quotient homomorphism. From those vy, ... ,Vj, We
inductively define

e a fan X on Nﬁ:: N* @7z R for any 0 < k < j, and

e afan 3 onNH%foranyogk‘gj—l

as follows:

e We set ¥ := .
e Y is the star subdivision of 3, at Vg+1 in the sense of [CLS11, §11.1].
e 3.1 is defined to be

Ek—H = {(Wk—i—l)R(T) C NIE—H ’ Vpt1 €T € ik},
as in [CLS11, §3.2].

Let Y}, be the toric variety associated with the fan 5, and let ffk be the toric
variety associated with the fan Y. Then both are Q-factorial projective
toric varieties, X = Yp, and there is a natural projective birational morphism
ok: Y, — Y}, such that the morphism oy, is the prime blowup of Yi+1 C Ys
by [CLS11, Proposition 11.1.6]. The sequence

Yo: X =Yy Y- Y]

is a plt flag over X. Conversely, any torus invariant primitive flag over X
can be obtained in the way of above. We call the flag the torus invariant
plt flag over X associated with vy, ..., v;.
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We are mainly interested in torus invariant complete plt flags over X.
DEFINITION 5.2. Let
Y,: X:Y01>Y11>-'->Yn

be the torus invariant complete plt flag over X associated with vy,... v,
as in Definition 5.1. We inductively define

e an (n — j)-dimensional cone 7; € ¥; and an (n — j)-dimensional cone
vj € Xj with vjy1 € 95 C7jforany 0 < j <n—1, and

e a primitive element v;; € N 71 with

Tj,1 = Cone (Uj,ja Uj7j+1, e 7Uj,n) s

vj—1 = Cone (v, j4+1,.--,Vjn)
for any 1 < j < k < n, satisfying (7;)p (R>ovj%) = R>ovjp1.. if 7 < K,
as follows:

(1) We set yp—1 1= R>ovy, Th—1 := Rxovy, and vy, 5 1= vp.

(2) Assume that we have defined 7; € 3; and vj41 j41,...,Vj41n € NI
primitive with 7; = Cone (vj41 j+1,- - -,Vj+1,,). There is a unique (n—
j+1)-dimensional cone v;_1 € 3;_1 with v; € v;_1 and (7;)g (vj-1) =
7j. We can uniquely determine primitive elements v;ji1,...,vj, €
NI=1 such that

® Vi1 = Cone (Uj’j-t,-l, <oy Vim, ’U]) and
o (mj)r (R>0vjk) = R>ovjy1k for any j +1 <k <n.

Since %1 is the subdivision of ¥;_; at v;, there is a unique (n—j+1)-
dimensional cone 7;_1 € X;_1 such that v;_1; C 7;_1. Both 7,1 and

7j—1 admit the (n — j)-dimensional face Cone (vjj41,Vjj+2;- - -+ Vjn);
we can uniquely take the primitive element v;; € NJI=1 such that
Tj,1 = Cone (Uj,ja UjJ'Jrl, e 7Uj,n)-

For any 2 < j < k <, since (7;_1)p (R>0vj—1,1) = R>ovj 1, there uniquely
exists a positive integer m; € Zsg such that (m;—1) (vj_1k) = M;kVjk
holds. We also set m; ; := 1 for any 1 < k < n.
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For any 1 < j < k < n, since v; € yj—1 C 7j—1, we can define a
nonnegative rational number c¢;; € Q>0 such that

n
vj = E :cj,kvj,k
k=j
holds. We also set
/ ijk
ik T T
[Tizi mik

forany 1 <j <k <n.

LEMMA 5.3.

(1) We have cppn = 1. In general, c;; € Qs¢ holds for any 1 < j < n.

(2) For any 1 < j <n, the multiplicity mult (7;_1) € Z~o in the sense of
[CLS11, §6.4] satisfies that

n
mult (Tj—l) . H Cpk = H m; k-
k=j J+H1<i<k<n

In particular, we have
n
mult (rp) ! = H c i
i=1

PRrROOF. (1) Since vy, = vy, we have ¢, = 1. Forany 1 <j <n—1,
since v; & Cone (vj 41,42, ---,Vjn), We have ¢;; > 0.
(2) Since mult (7,,—1) = 1, we may assume that j < n — 1. Note that

mult (y;—1) = [Njfl: Zvj + Zvjj41 + - + Zvj,n]

= [NV Zmj v + o+ Zmg et

n
= mult (1) - H Mg k-
k=j+1

. n
On the other hand, since v; = Zk:j Cj kVjk, We have

mult (’}/jfl) = |det (Uj, Vjj+15--- ,Uj’n)|
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= ¢jjldet (v, vj g1, - V)| = €5 mult (75-1) .
Thus we get the assertion (2). O
We consider the log discrepancies.

PROPOSITION 5.4. Let B be an effective torus invariant Q-divisor on
X such that any coefficient of B is less than 1. It is well-known that the
pair (X, B) is a kit pair. Let

Yo: X =Yy Yi>---0Y,

be the torus invariant complete plt flag over X associated with vy,...,v, as
in Definition 5.1, and let vj, and c}k be as in Definition 5.2. The complete
flag Y is a plt flag over (X, B). For any 1 <j <n, let (Yj_1,Bj_1) be the
associated klt structure in the sense of Definition 2.10 (4). Then we have
the equality

n

Ay, (V) =Y dipAx (V (v14)),
k=j

where V (v ) C X is the torus invariant prime divisor associates to the
1-dimensional cone R>ovy 1, € ¥ (see [CLS11, §3.2]).

PrOOF. Clearly, each (Yj_1, B;_1) is a toric klt pair. Moreover, since
n
vj = Zk:j cj kVjk, We have

A}/jflyijl (Y]) - Z Cj’kAijthfl (V (vj,k)) .
k=j

Therefore, it is enough to show the equality

Ax,p (V (vik))
AYJ'—LBj_l (V (Uj,k)> = ;
[Ticy mi
for any 1 < j < k < n. However, it is well-known that
Axp(V (v
Ay, B, (V (v2)) = — (V( lk))
mg’k

By doing the procedure (j — 1) times, we get the desired equality. [J
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Recall that, for any torus invariant Q-divisor D on X, we have the asso-
ciated rational polytope Pp C MR := M ®7R such that, for any sufficiently
divisible m € Z~g, the set mPp N M is equal to

{ue M| div(x*)+mD > 0},

a basis of isotypical sections of H? (X, mD). Here is a generalization of
[LMO09, Proposition 6.1].

THEOREM 5.5. Let
Yo: X =Yy Yi>---pY,

be the torus invariant complete plt flag over X associated with vy,...,v, as
in Definition 5.1, and let vjy and c}k be as in Definition 5.2. Take any big
L € CaCl(X) ®z Q. Then there exists a unique torus invariant Q-divisor
D on X with L ~@ D and D|UTO = 0. Moreover, we have

Ay, (L) =0 ¢(Pp),

where
¢: Mp = R"
uoo (<u>vl7k>)1§k§n
and
Pp: R = R
1 cfl,l A 1
Tn @) c'/n,n T

PROOF. The proof is similar to the proof of [LM09, Proposition 6.1
(1)]. We follow the notations in Definition 5.2. The existence and the
uniqueness of D is essentially same as the argument in [LMO09, §6.1]; we
have a natural exact sequence
div(x*®)
——

0 — Mg Q™M — CaCl(X) ®7Q — 0,
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where ¥(1) C X is the set of 1-dimensional cones of 3 (see [CLS11, Definition
3.1.2]). Let us consider the Okounkov body Ay, (L). Fix a sufficiently
divisible m € Z~g and set Ve := H° (X, emL) and

Ty, (L) = § (V")) € (o)™

(see Definition 2.2). Since Y,, is O-dimensional, for any (ag,...,a,) €

Y1>>Yyn) . . . .
(mZso)", the space sz(o,.l..@n ") is either zero or l-dimensional. As in

Definition 4.9, we have
{1} x Ay, (£) = Supp (V7)) 0 ({1} x RL) .
Take m', ag € mZ~q sufficiently divisible. Let us take any isotypical section
u® € agPp Nm'M € HY (X, a9D) = Vy,.

Since m and m’ are sufficiently divisible, for each 1 < 57 < n, we can

inductively take a; € mZx>( and a nonzero isotypical section ul e Va((f ?.'i};;yj)

such that the section u/~! maps to w/. By the construction of Dg := D, if

we set D 1= (a;lej,l) |v;, then we can inductively show that Djly, =0,

where Uy, C Y} is the affine toric open subset defined by the cone 7; € ¥;
(see [CLS11, §1.2]). Set ay := (u® vy ) for any 1 <k <n.

CLAaM 5.6. For any 1 < j <k < n, we have

- Qg

(W™t vy = -

[Tz mik

In particular, we have

for any 1 < j <n.

PROOF OF CLAIM 5.6. Since (u/™!,m;vjx) = (w72, vj_1y), we get

o = (w1 v ) TIE, mi k. In particular, since a; = (/= v;), we complete

the proof of Claim 5.6. [J

Claim 5.6 implies that

(1 x (¢ 0 9)) (Cone ({1} x Pp)) C Ty, (L).
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In particular, we have
Yo¢(Pp)C Ay, (L).

Both sets are compact convex sets in R%,. On the other hand, by Lemma
5.3, we have

1
vol (¢ o ¢ (Pp)) = vol (Pp) = p volx (L) = vol (Ay, (L)) .
Thus we must have ¢ o ¢ (Pp) = Ay, (L). O
We consider a special case of toric complete plt flags.

DEFINITION 5.7. We follow the notations in Definitions 5.1 and 5.2.

Assume moreover that, the morphism o;_1: Y;_1 — Yj_; is an isomorphism,
i.e., Yj is a prime divisor on Yj;_1, for any 1 < j < n. In this case, for any
1 <j < n, wehave R>ogv; € ¥;_1 and X;_1 = X;_1. Therefore, we have

® Ui = Y55
® Tj 1 ="7j-1= Cone (Uj,ja Ce 7Uj,n)a

e cjrp=0j forany j <k <n.

In this case, the sequence vy, ..., v, is uniquely determined by the sequence
Ull,---,V1n € NO. We call

Yo X=Yp2Yi2---2Y,

the complete toric plt flag on X associated to vi1,...,v1, € NO. For any
0 <j <mn,let us define l; := 1, (Ys) € Zo as follows:

lO = 17 lj = mult (RZOUI,I +---+ RZOUIJ) :

LEMMA 5.8.  Under the notations in Definitions 5.2 and 5.7, we have

S S
Hml’J_ljj.

forany 1 <j<n.
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PrROOF. We may assume that j > 2. Observe that

lj = [NOZZU1,1+"'+ZU1J']

J
= (H m2,k> [Nli Zvgg + - -+ + Luaj]
k=2

i
= 1 1Lms

1=2 k=i

Thus we get the assertion. [J

The following two corollaries are direct consequences of Proposition 5.4,
Theorem 5.5, and Lemmas 5.3 and 5.8.

COROLLARY 5.9. Under the notation in Definition 5.7, we have

i1
Ay, 8,0 (V) = Z=Axp (V (v))
J
forany 1 <j <n.

COROLLARY 5.10.  We follow the notation in Definition 5.7. Take any
big L € CaCl(X) ®7zQ, and let us take the torus invariant Q-divisor D on
X with L ~q D and D|y, =0, where o = Cone (v1,1,...,v1,n). Then we
have the equality

Ay, (L) = ¢/ (Pp),

where

li_
u e <j—1<ua ULj)) :
lj 1<j<n

Let us compute the value S (L; Y1 > --->Y)).

ProrosiTioN 5.11.  We follow the notation in Definition 5.7. Let B
be an effective torus invariant Q-divisor on X such that (X, B) is a kit pair.
For any big L € CaCl(X) ®7zQ and for any 1 < j <n, we have

Lj

J



208 Kento Fujita

PrROOF. We may assume that 7 > 2. Let
Y X =Y 2V 22V,
be the complete toric plt flag on X associated to

I A / —
'ULl = 'Ul’j, v172 =012, 7'[)17]’_1 = ’ULj_l,

I ! L . I 0
V1§ = V11, Ul i1 i= Uljtl, -5V 1= Uln € N™.

Then, by Corollary 5.10, we have Ay, (L) = f (Ay; (L)), where the linear
transform f: R™ — R" corresponds to the matrix

lo ln—1 I M
diag(l—,..., 7 )(1,j)diag(l—,1,...,l,” ),
1 n 0 n—1

where (1, ) is the square matrix corresponds to the transposition between
1-st and j-th columns, and

[} = mult (Revf ; + -+ + Rsov) ;)

for any 1 < ¢ < n. Recall that the 1-st coordinate of the barycenter of
Ay; (L) is nothing but the value S (L;V (v1,5)). Moreover, the j-th coordi-
nate of the barycenter of Ay, (L) is equal to the value S (L; Y1 > --->Yj).
Since (1j—1/1;) (1} /1) = lj—1/1;, we get the assertion. OJ

THEOREM 5.12. Let
Yo: X =Yy Yi>---pY,

be the torus invariant complete plt flag over X associated with vy,...,v, as
in Definition 5.1, and let vj and c}k be as in Definition 5.2. Take any big
L € CaCl(X) ®z Q. Then we have

S(LiYiv--pY;) = ¢y S(LiV (vi14))
k=j

forany 1 <j <mn.

PROOF. Let
Y X=Yy2Y{2- 2V,
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be the complete toric plt flag on X associated to v11,...,v1, € NO. By
Theorem 5.5 and Corollary 5.10, we have Ay, (L) = f (Ay; (L)), where the
linear transform f: R™ — R"™ corresponds to the matrix

/ I3

€11 Cin To
0] c o
n,n lnfl

Therefore we get

n
l
SLiviv-pY) = :c‘;-’k-m—kl-S(L;YfD---DYé)
k=j -

ch',k “S(L;V (v1k)),

k=j

where the last equality follows from Proposition 5.11. [

Ezample 5.13 (see [CFKP23, §3.2]). Set X := P! x Pm (O @ O(1)).
Then X corresponds to the fan ¥g in Nﬂ% = Z? ®7 R such that the set of
primitive generators of the rays in 3 is

{Ul,l - (07 170)7 Ul,2 - (17070)7 1)173 = (0707 _]-))
V14 = (O,Oa 1)a V1,5 = (07 _17 1)7 V1,6 = (_1,030)}a

and the set of 3-dimensional cones in Y is

{[1,2,3], [1,2,4], [2,3,5], [2,4,5],
[1,3,6], [1,4,6], [3,5,6], [4,5,6]}

where [7, 7, k] := Cone (v1 4, v1 5, V1 k).

Set v := (1,3, —1) =3v11+1vi2+1vy 3 € NO let Yo be the subdivision
of ¥g at vy, and let ¥; be the fan in N! := N°/Zuv; as in Definition 5.1.
The set of primitive generators of the rays of 3 is

va1 = (v11), wvap:i=m1(vi2), v23:=m (v13).

The lattice N1 is generated by v 1 and vy 2. Moreover, we have the equality
v 3 = —3v21 — v2.2. Thus the variety Y; in Y in the sense of Definition 5.1
is isomorphic to P(1,1, 3).
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Set v2 := v22. Then the subdivision Y, of ¥y at vg is equal to X.
Moreover, the fan ¥y in N? := N'!/Zuvy as in Definition 5.1 satisfies that,
the set of primitive generators of the rays in 39 is

1
vz =2 (V21), V33 :i= 3™ (v2,3) -

Of course, we have v3 1 = —v33.
We set v3 := v33. Then the sequence v, va, v3 determines a torus
invariant complete plt flag X = Yo Y1 > Yo Y3 over X. Moreover, we have

Mmoo = ma3 =1, m33 = 3,
0171 0172 0173 3 1 1 C/l,l 0,172 6/1’3 3 1 1
6272 23 = 1 0 s CI272 0/2’3 = 0
6373 1 Cg’3 %
Let us consider the ample divisor
L~D=V (v174) + 2V (’01’5) +V (U1,6) .
Then we have
120, 222>0, 23>0
P —_ c R?) ) ) )
¢(Fp) {(:ﬁ’m’xs) —x3> -1, —m—23>-2, —w3>-1f"

where ¢ is as in Theorem 5.5. Thus, by Theorem 5.5, we have

1 1
0,0,0), (6,0,0 4,0, = 1,0, -
(77)’ (77)7 (?73)7 <7’3)7

1 1
1,1,0), (7,1,0 5.1, - 2,1, =
(77)7 (77)7 (773)7 <773>

S(L;V (v11)) = g, S(L;V (v12)) = %, S(L;V (v13)) = g

Ay, (L) = Conv

We can check that

Therefore, we have

59
18’

w

S(L;yr) =

N | —

S(L;Yl DYQ) =

[a—

N — O
Il

o=
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1 . 4 4

3 9 27

The values coincide with the values Si(G), S (W.Cf,; C’) with C' = ayq, and
S (W.G,;?.’; ) with (C,Q) = (a1, Qi) in [CFKP23, §3.2], respectively.

S(L;YiDYQDY},)

6. Locally Divisorial Series

From this section until the end of the article, we assume that the char-
acteristic of k is zero. In this section, as a warm-up of §7 and §8, we
consider locally divisorial series. In this section, we assume that X is an
n-dimensional projective variety and L1, ..., L, € CaCl(X) ®z Q.

DEFINITION 6.1. Let V3 be the Veronese equivalence class of a graded
linear series on X associated to L1,..., L, which contains an ample series.

(1) We say that V5 is a divisorial series if there exist a representative
Ve of Vi, an effective Cartier divisor N on X, and a rational linear
function f: R" — R which satisfies f (Supp (Vz)) C R>g, such that

Vinz = f (m@) N + H° (X,ma.i—f(ma)N)

holds for any @ € Z%, Nint (Supp (V5)).

(2) Assume that V3 is a divisorial series as in (1). Take any birational
morphism o: X’ — X between projective varieties. Let o, Vs be the
Veronese equivalence class of the (mZx>q)"-graded linear series o}, V,° &
on X' associated to 0*L1,...,0*L, defined by

f (md)o*N + H® (X',md-o*L — f (md) "N )
if @ € ZL, Nint (Supp (Vz))
k ifa=0,

0 otherwise.

o
UleV

Obviously, the series o3, Vo, is an interior series with
Supp (agivvrg;) = Supp (Vz) which contains an ample series. We call
it the interior divisorial pullback of Vz. Note that, if X is normal,
then o}, V° o is nothing but the interior series of 0*V5. Moreover, by
Lemma 3.3 and [Laz04, Proposition 2.2.43] (see also Example 3.4 (8)),

the interior series of o*V5 is asymptotically equivalent to o;, V<.
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For divisorial series V5, it is easy to compute S (V3; E) for any prime
divisor E over X.

PROPOSITION 6.2 (see also [ACC+23, §1.7], [Fuj23, Theorem 4.8]).
Let Vi be a divisorial series as in Definition 6.1 (1), and assume more-
over that Vg has bounded support. Let us set Agupp = Agupp(v;) C R’;Ol.
Take any prime divisor E over X.

(1) We have
vol (V) = W /AS voly ((1.%) - L~ f(LEN) dz.
S(Ve E) = = 71; i VO&V:)
X /AS (fu,:f) ordg N - volx ((1,33') L f(1,:z)N)
+/OOO volx ((1,5) L f(1,7)N — tE) dt) dz.
(2) We have

vol (o3;,Vs) =vol (Vg), S (o4 Ve E) =5 (Vs E)
for any birational morphism o: X' — X between projective varieties.

PrROOF. The proof is essentially same as the proofs of [ACC+23, The-
orem 1.7.19] and [Fuj23, Theorem 4.8]. By [Xu25, Lemma 4.73|, we may
assume that V,,g = V°.. Then we have
vol (V)

hO (W,mi‘) mr—l
im
lemZyo "1 /(r — 1 4 n)!
r=1(r—1 !
~ lim $ (@) (r—1+n)!
lemZeso [ n!

G€Z5 ' Nint (5 Asupp )

RO (X0 (L1 + g asLs — £ (1 3a) N) )
" /n!

X
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—14n) B
- M/ volx ((1,5)-L—f(1,£’)N> dz,
n: A
Supp
and
S (Vg E)
= ze%ﬁo St (Vi E)

' (p — 14 n)! T(Vs;E) R (Vlb;nt;) mr—1
lim / ’ dt
lemZso hO (‘/l,mi‘) mr—1 0 lr—l+n/(T — 14+ ’I’L)'

1 _ m\""1 (r—1+mn)!
~ vol (V3) leln%lw Z (7) n!

aezgl Nint (L Asl,pp)

T(V§:E) 3: 1t .
" / dim Fg Vi ma gt
0

I"/n!

_(r—=1+n)! 1
N n! .VOI(V:)/A

T(VeiE) )
+/ voly ((1,5) L— f(1,¥)N — (t — f (1,2) ordg N) E) dt | dz.
f(1,&)ordg N

<f(1,:z) ordg N - volx ((1,55) L- f(l,a?’)N)

Supp

(2) is trivial from (1) and [Xu25, Lemma 4.73]. O

We will rephrase Proposition 6.2. To begin with, we prepare the follow-
ing elementary lemma:

LEMMA 6.3. Let X be a normal projective variety, let E C X be a
prime Q-Cartier divisor on X and let D be a big R-Cartier R-divisor on
X. Let og(D), Te(D) € R>o be the values in the sense of [Nak04, III,
Definitions 1.1, 1.2 and 1.6], i.e.,

op(D) = inf{ordg D' |D" = D effective}
(D) = max{t € R>q | D —tE is pseudo-effective} .

(Note that Tp(D) = T (D; E). Moreover, note that og(D) < 7g(D) holds.
See [Nak04, III, Lemma 1.4 (4)].)

(1) If E ¢ BL(D), then we have E ¢ B (D —tE) for any t € [0, 75(D)),
where B is the augmented base locus (see [ELMNPO6] and [Bir17]).
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(2) If og(D) =0, then we have E ¢ B4 (D —tE) for any t € (0,75(D)).

ProOOF. (1) Since E ¢ By (D), there exists an effective R-divisor D’
with D — D’ ample such that £ ¢ Supp D’ holds. On the other hand, for
any 7 € (t,7r(D)), there exists effective D" = D such that ordgy D" = .
The effective divisor o

D :=

DI + ED”
T

satisfies that D — D is ample and ordg D = t. Thus we have E ¢ B (D —
tE).

(2) Since D is big, we may assume that D = A 4+ B with A ample and
effective, B effective and ordg A = 0. Set mg := ordg D = ordg B. By (1),
it is enough to show that there exists a sequence {n;}cz., of nonnegative
real numbers with lim; ., n; = 0 such that E ¢ B4 (D —n;E) holds for any
1 € Z~p.

Since og(D) = 0, for any ¢ € Z~¢, there exists an effective R-divisor
D; = D with m; := ordg D; < 1/i. Set

_mo—i-imi <mo+1

i+1  — i+1
Then, since
DoniB— — A= (B mpE)+ —(D; — miE),
141 141 1

we have E ¢ B, (D — n;E) for any i € Z~q. O

PROPOSITION 6.4. Under the notation in Proposition 6.2 (2), assume
moreover X' is normal and E C X' is a prime Q-Cartier divisor on X'.
For any @ € int (Agypp), let us consider the big R-Cartier R-divisor

My = o* ((1,;3) L F(,7) N)
on X'.

(1) Set to (Z) := op (Mz) and t1 (¥) := 75 (Mz) in the sense of [Nak04,
III, Definitions 1.1, 1.2 and 1.6]. Then we have to (Z) < t1 (Z). More-
over, for any u € (to (Z),t1 (%)), the big R-divisor Mz — uE satisfies
that E ¢ By (Mz — uE). Thus we can set the restricted volume

VOlX/|E (Mf — UE) S R>0
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as in [LMO09, Corollary 4.27 (iii)], [BFJ09, Theorems A and BJ. In
particular, for any admissible flag Yo on X with Y1 = E, we have

V01X|E (Mj’ — uE) = (n — 1)' . VOan—l (Ay. (Mf) |V1:u) y

where Ay, (Mz) |v,=u C Ay, (Mz) is the subset whose 1-st coordinate
s equal to u.

(2) We have
tl(f)
volx: (Mz) =n- / voly/ g (Mz — uE) du
to(%)
and
vol x- (M-‘—to(_‘)E) the[ to ( )],
volxs (Mg — tE) = § n+ [ volp (M — uE) du  if t € [to (&), t1 ()],
0 ift €ty (T),00).
In particular, we have
(r—14n) (@)
vol (V) = VOIX/|E (Mz — uFE) dudZ,
n — 1 ASupp
(r—14n) (@
- F) = (1 N
S (Ve: B) (n—1)!vol V~ /A5upp /to (u+ f1L,2)ords )

X V01X1|E (Mz — uFE) dudZ.

PrROOF. (1) is an immediate consequence of Lemma 6.3 and [LMO09,
Corollary 4.27]. (2) follows from [LMO09, Corollary 4.27] and Fubini’s the-
orem. Note that the continuity of the function voly/ g (Mz — uFE) follows
from [BFJ09, Theorem A]. O

COROLLARY 6.5. Let X’ be an n-dimensional projective variety, let L'
be a big Q-Cartier Q-divisor on X', let ¢: X — X' be a birational morphism
with X normal, and let ' C X be a prime Q-Cartier divisor. Then, for any
x € (op (*L') , 77 (¢*L")) N Q, we have

dim Image (¢*HO(X/,mL/)m(me+H0(X’d)*mL/_me)))

. —HO(F,¢*mL'|p—mzF|F)
lim su
e mn1)(n —1)!
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= VOlX\F (¢*L/ — LEF) .

PrROOF. Set VI := HY(eL’). From the definition of the refinement
(F)
(gb*V;’)(F), the left hand side is equal to the volume of (625* V! (1 w)> , where

(1,x) € int (Supp (gb*V;’)(F)). We know that ¢*VZ is asymptotically equiv-

alent to Vz := HY (e¢*L’') by Example 3.4 (8). Thus, by Example 3.4 (6)

P
‘/;((1,):1:

admissible flag Y, on X with Y; = F, and consider the admissible flag Y/
on F with Y/ := Y;1;. By [LM09, Theorem 4.21], we have

Ay (V.(f{?@) = Ay, (V:(F)) -

and Proposition 6.4, the left hand side is equal to vol( )>. Take any

Therefore we get

vol (V1)) = (n=1)t-volges (Ayy (Vi) |, _, ) = volxyr (6L = oF) .

where the last equality follows from Example 3.4 (4) and Proposition 6.4
(1). 0O

The most typical examples of divisorial series are the complete linear
series HY (oL) with big L € CaCl(X) ®z Q. In this case, Proposition 6.4
can be rephrased as follows:

COROLLARY 6.6 (cf. [Fuj23, Proposition 3.12]). Assume that L €
CaCl(X) ®z R is big. Take any birational morphism o: X' — X with
X' normal projective, and let E be a prime Q-Cartier divisor on X'. Set
to := og (6*L) and t1 := T (c*L) in the sense of [Nak04, III, Definitions
1.1, 1.2 and 1.6].

(1) Take any u € (to,t1).
(i) We can define the restricted volume
VOlX/|E (O'*L — UE) S }R>07

and we have

t1
volx (L) = n/ volx/ g (0L — uFE) du.

to
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Moreover, we have

1

- v (6" L — tE) dt
volx (L) /O volx- (o )

t1
= ﬁ(L) /to u - volx g (0°L — uk) du.
We note that, if L € CaCl(X) ®z Q, then the above value is
nothing but the value S (L; E).

(ii) Assume that X is Q-factorial. Let o*L — uE = N, + P, be
the Nakayama—Zariski decomposition in the sense of [Nak04, III,
Definition 1.12]. Then, the restriction P,|p € CaCl(E) @7z R is
big.

(2) Let Yo be an admissible flag on X' with Y1 = E, and let us set
A = Ay, (6*L) C RY,. Then we have pi(A) = [to,t1] C R, where
p1: R™ — R be the first projection. Moreover, for any u € (to,t1), we
have

VOIX/|E (U*L - uE) = (n - 1)!V01Rn71 (Au) y

where A, 1= pl_1 ({u}) c R*" L. In particular, if L € CaCl(X) ®zQ,
then the value S(L; E) is the first coordinate of the barycenter of A.

PrROOF. (li) and (2) are immediate consequences of Proposition 6.4.
We consider (1ii). By [Nak04, III, Lemma 1.4 (4) and Corollary 1.9], E ¢
Supp N, holds for any u € (to,t1).

Let us fix v € (tp,u) NQ and u” € (u,t1) N Q. We know that the

R-divisor
v —u —

Nu/ —|— Nu” — Nu

w! — —

is effective and the support does not conitain F. Since

u/l u// —u U — u/

—u u—u
Pu|E:m<Pu’|E>+m(Pu”|E)+ mNu’+mNu"_Nu ‘E’
we may assume that u € Q.
Recall that both o and 7g are continuous over the big cone Big(X)
([Nak04, III, Lemma 1.7 (1)]). Thus, we can take big Li,...,L, €
CaCl(X) ®7 Q and ¢1,...,¢p € Ryg with > ;¢; = 1 such that L =
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P el and u € (op(0*L;), TE(0*L;)) holds for any 1 < i < p. By
the same argument as above, we get the bigness of P,|g provided that the
bigness of P,(0*L; — uF)|g for all 1 <i < p. Thus we may further assume
that L € CaCl(X) ®z Q.

Let us fix ro € Zso such that ro(¢*L — uFE) is Cartier. For any m €
102>, set

W, := Image (H® (X, m(¢*L — uE)) — H° (E,m(¢*L — uE)|g)) .

By Lemma 6.3, we have E ¢ B, (¢*L — uFE). Thus, by [ELMNPO09] (see
also [BCL14], [Lopl5]), for any r € r¢Z>o,

. dim W,
a := limsup

merZso m (: volx|g (¢"L — uE))

satisfies that a € Ry and is independent of r € rgZ~y.
For any i € Z, take an effective Q-divisor N on X with N* < N,
such that

| =

ordp (N, — N') <

~

holds for any prime divisor F on X. Fix r; € roZsg such that r;N? is
Cartier. Then, since N* < N,,, we have

mN'+ H° (X,m (¢*L —uE — N')) = H° (X, m (¢*L — uE))
for any m € r;Z~q. Thus we get
dim W, < h° (E,m (¢*L —uE — N') |)

for any m € r;Z~g. Therefore,

0 T o 1
o < limsup " (E,m (¢>71L uE — NY) |g)
merZso m"~1/(n —1)!

=vol ((¢*L —uE — N') |g)

for any ¢ € Z~q. Since

a < lim vol ((¢*L —uE — N') |g) = vol (Py|E)

1— 00

we get the assertion. [
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By applying Proposition 3.5, we can estimate S(L; E') in various situa-
tions. Here we give one specific example.

Ezxample 6.7. Let us assume that X is smooth with n > 2, and let L
be a very ample Cartier divisor on X and let Z C X be a line with respects
to L, ie., (L-Z) = 1. Consider the blowup o: X — X along Z and let
E C X be the exceptional divisor. Set 7 := 7 (¢*L), d := (—Kx - Z)
and Vp := (L™). We assume that d < n. (In fact, when X % P" and the
characteristic of k is zero, then d < n holds by [CMSB02, Keb02].) Let
A := Ay, (¢*L) C RZ, be the Okounkov body such that Y7 = E. Then the
values tg, t; in Proposition 3.5 is equal to 0, 7, respectively. Moreover, the
function g: [0,7] — R>g in Proposition 3.5 is equal to

1 *
m V01X|E (O' L — JZ’E)

and
T Vo
g(x)dz = — =V = volr» (A)
0 n:

holds by Corollary 6.6. Note that o*L — zE is nef for x € [0,1] since L is
very ample and Z is a line. Thus we have

for any z € [0,1]. Thus we always have Vy > n + 2 — d. We note that the
1st coordinate by of the barycenter of A is equal to S (L; E) by Corollary
6.6. Let us apply Proposition 3.5 (1) for e = 1 and

@) —g() _ n-d
a—1-0 x—1 (n—2)!

Note that v = 0 if and only if d = n. The function hg in Proposition 3.5
satisfies that

m@»="+1—d(M—dn+1y%1

m—1I \ nt1-d
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for z € [1,7]. Let us fix t € (1,7] satisfying the condition W > V in
Proposition 3.5 (1ii). The condition is equivalent to the condition

24n(t—-1)>W if d =mn,
14+ (Vo—(n+2-d)) (nff_dd)? S (t(ﬁf%l) it d # n.

Then the value s; in Proposition 3.5 (1ii) is equal to

Yo—=24n—t ifd=n
n—1 )

1 4 ntl=d d(,an 1—1) if d £,

where (n—d)(Vo— (n+2—d) + (n+1—dy

(n+1—d)(t(n—d)+1)

B
This implies that

(n—d)(Vo— (n+2—d)) + (n+1—d)?
(n—1)-(t(n—d)+ 1)

ho(s1) =

Therefore, by Proposition 3.5 (1ii), the value S(L; E) is bigger than or equal
to

(W( -Vo—24+n—-t)2+2t(Vh —2+n—1t)
—(n—l)(n—2)+2t2) if d = n,
1 24l n(nt+1-d)? o 2(nt1-d)? .
% (ﬁ BN s ) o Sl C AL e ey it d # n.
(d 1)(2d—1)+n(2—3d—d?*+n+2dn—n?)+t(n—d)+(n—d)((n—d)t—n) Vo )
(n+1—-d)(n—d)?(n+1)

Now, we define the notion of locally divisorial series.

DEeFINITION 6.8. Let V; be the Veronese equivalence class of an
(mZ>o)"-graded linear series Vg on X associated to Li,...,L,. The se-
ries V3 is said to be a locally divisorial series if there is a decomposition

Asupp = Uren Aé’ypp as in Definition 2.6 (4) such that the restriction V;</\>

(in the sense of Definition 2.6 (4)) is a divisorial series for any A € A.
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By Propositions 6.2 and 4.11 (2), for locally divisorial series Vz and a
prime divisor E over X, we can compute S (V3; E).

Finally, we prepare the notion of the Zariski decomposition in a strong
sense.

DEFINITION 6.9. Assume that X is normal and take a big L €
CaCl(X)®zQ. We say that L admits the Zariski decomposition L = N + P
in a strong sense if N is an effective Q-Cartier Q-divisor on X, P is a nef
and big Q-divisor on X such that

HY (X,mL) = mN + H° (X, mP)

holds for any sufficiently divisible m € Z~¢. (We only allow that N is a Q-
divisor.) The decomposition must be the Nakayama—Zariski decomposition
of L, and hence the decomposition is unique if exists.

Ezample 6.10.

(1) Assume that X is Q-factorial. If n < 2 or if X is a Mori dream space
[HKO00], then any big Q-divisor on X admits the Zariski decomposi-

tion in a strong sense. See, for example, [ELMNP09, Example 2.19],
[Okal6, §2.3].

(2) Assume that a big L € CaCl(X) ®z Q admits the Zariski decom-
position L = N + P in a strong sense. Take any projective bira-
tional morphism ¢: X — X with X normal. Then the decomposition
0*L = 0*N+0* P is the Zariski decomposition of ¢* L in a strong sense.
Moreover, if F is an effective and o-exceptional Q-Cartier Q-divisor
on X, then 0*L+ E = (6*N + E) +¢*P is the Zariski decomposition
of o*L 4+ F in a strong sense.

7. Dominants of Primitive Flags

In this section, we assume that the characteristic of k is zero. In this
section, we also assume that X is an n-dimensional projective variety, and
let

Yo: X =Yy Y- pY)
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be a primitive flag over X with the associated prime blowups o: Y — Y
for any 0 < k < j — 1, and let Vi be the Veronese equivalence class of a
graded linear series on X associated to Lq,..., L, € CaCl(X) ®z Q which
has bounded support and contains an ample series.

DEFINITION 7.1.

(1) A dominant of Y, is a collection of projective birational morphisms

1Y }7} tisfying:
{’Yk k— Yk 0<k<j1 satistying

(i) for any 0 < k < j — 1, the variety Yj is a normal projective
variety and Y41 := ('yk) 'V} 11 is a Q-Cartier prime divisor in
Y}, and

(ii) for any 1 < k < j — 1, there exists a morphism ¢y,: ¥}, — Y}, such
that the following diagram

/ \
\ /

makes commutative.

Obviously, the morphism ¢ is unique. We say that a dominant
{Vk}o<k<j1 is a smooth (resp., a Q-factorial) dominant of Y if Yy is
smooth (resp., Q-factorial) for any 0 < k < j — 1.

(2) Assume that both {’yk: Y. — ffk}0<k<‘ ) and {’y,g: Y, — ffk}
<k<j—

are dominants of Y,. When a collection {wk: Y] — Yk}o <h<j_1
fies v, = yx oy, for any 0 < k < j —1, then {¥r}o<k<j—1 is said to be
a morphism between dominants {71/9}0<k<j—1 and {wf}ogkgj_l of Y,.

0<k<j—1
satis-
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When {fyk: Y, — )N/k} i is a dominant of Y, from the definition
0<k<j—1
of dominants, we have the following commutative diagram:

”'f’{/\ _
\“7/\ .
\%'Y//

DEFINITION 7.2. Let {%: Y, — ffk} be a dominant of Y,. For
0<k<j—1

any 1 <1 <k < j, wedefine d; ;, € Q>0 and an effective Q-Cartier Q-divisor
>k on Y;_1 with Y}, ¢ Supp Yk inductively as follows:

[ dl,l = 0, El,l = f)/l*—lyi - Y, and
o if | < Kk, then we set d;; = ordYk Op_q (El’k_lli/k—l) and X5 =

D1 (Ez7k—1\§/k71) — dy 1Y

We also set
1 1 —1
g12 1 0 dia 1 0]
913 923 1 — | dig dos 1
1 dij daj o djory 1
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We sometimes denote d; i, ¥, and g by

dy ({7k}0§k§j—1> o XLk ({’)’k}ogkgj—1> and gy <{’Yk}ogk§j—1> :

The following lemma is trivial. We omit the proof.

LEMMA 7.3. Let {”yk: Y, — ffk} and {’y,g: Y, — ffk}
~Jo<kgg1 0<k<j—1
be dominants of Ye, and let {Q/Jki Y, — Yk}0<k<j—1 be a morphism between

dominants «{7/,’€}()§k§j_1 and {Vkto<p<j_1- We set

dig = di <{7k}ogk§j_1> , o dyy = dig ({%’g}ogkﬁ_l) ,
Zl,k = El,k <{7k}0§k§j71> ) Z;,k = Zl,k ({VIQ}OSij_l) :

Moreover, for any 1 <1 <k < j, let us inductively define e;, € Q>¢ and an
effective Q-Cartier Q-divisor O on Y, | with Y} ¢ Supp O, such that

[ ] 6[71 = 0, @U = T/Jl*_l?vl - }A/}/, and
o forany 1 <1 < k < j, we set e := ordy, (gb;* (917/{_1]9, )) and
k k—1
Ok = ¢, <@l,k71‘f/é_1) — e kY.

Then, for any 1 <1 <k < j, we have

k
ik =Y 1 S0k + Ok + Z d1 Ok
i=l+1

and
k—1
/
dl,k = dl,k; +er+ Z dl,iei,k-
i=l+1
In other words, we have

1
’172 1 0]
! !

dig dyg 1

U I I
dy; dy; dj_y
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1 1
61,2 1 0] dl,g 1 O
—leis ez 1 diz daz 1
erj ez - €1y 1/ \dij daj -0 djay 1
PROPOSITION 7.4. Let {yk: Y, — f’k} be a dominant of Y.
0<k<j—1

Vi>->Y
For any 1 < k < j, let us define the Veronese equivalence class V( 1> i)

on Yk: as follows:
* we set V:(Yl) = (y05Ve) "), and
Y1>->Y R, ()
o ifk>2, we set V;(Y1> >¥i) = <¢,’2_1V;(Y1> >Yk1)> _

Then, for any sufficiently divisible m € Zsqo and for any (a,by,...,b;) €

(mZso)"™", the space V(Y1>M>Yk)

b1 bi s equal to

0 if there exists 2 <1 < k such that b, < 0,
* (Yi>bY k
<’Yk—1‘?k> a(,b'lD Z;Ck) + 2 b (El,k|ifk>

JRRRE)

otherwise,
where we set by,... b € Z as follows:
b, = by,
-1
o= b= digb; (2<1<k).
i=1
In other words,
by 1 b}
d172 1 0]
= |diz doz 1

) )

by dig dop -+ dp—ip 1) \b

) )
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We note that V;(YWWDY'“) is defined in Definition 2.11.

PROOF. The proof is just applying [Fuj23, Remark 3.17] inductively.
By [Fuj23, Remark 3.17], we may assume that k& > 2. We may also assume
that b7,...,b,_, > 0. Since

E—1 k—1
ordy, <Z . (Elﬂkﬂn_l)) = "ty = by, — b}
=1 =1
and
k—1 k—1 k—1
> b (Zl,k—lh}kil) - (Z bfdz,k) Yi=> bk,
I=1 I=1 I=1
we get the assertion by applying [Fuj23, Remark 3.17]. O

COROLLARY 7.5. Under the assumption of Proposition 7.4, let us con-
sider any general admissible flag

Ze:Yj=202 722 Zn

of Yj, where “general” means, the support of any ¥y |y does not contain
J
the point Z,,_;. Let

AC R(;“O—1+j)+(n—j) (resp., A c R(T 145)+(n— J))
be the Okounkov body of

(V1Y) Vi>->Y5)

<fyj_1\f,j> # 77 (resp., V:(

associated to Ze. Let us set the linear transform

)

f: erlJerrnfj N erlJerrnfj

ST ]
ST

with Z € R™, ¢, i € RI, 7€ R defined by

d12 1 o
= d13 daz 1

dl,g daj - dj-1y 1) \y;
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Then we have the equality A = f (A). In particular, if <51, . ,lA)T_Hn) eA
be the barycenter of A, then we have

k—1
brotsk =8 (VasYiv -0 Ye)+ Y dipS (Vi Yio - oY)
=1

forany 1 <k < 7.

PROOF. The assertion A = f (A) is a direct consequence of Proposition
7.4. We already know in Remark 4.8 (3) that, the value S (V3 Y1 >--->Yy)
is the (r — 1 + k)-th coordinate of the barycenter of A. Since

A 1
b= — [ pdsdgiz
vol (A) (#,7,2)eA

k—1
1 / / / =7 7>
= Y + E dy Yy, | didy dz,
vol(A) Jz7,2)eA < g l)

=1

we get the assertion. [
8. Adequate Dominants

In this section, we assume that the characteristic of k is zero. As in §7,
in this section, we assume that X is an n-dimensional projective variety,

Yo: X =Yy YiD>---pY)

is a primitive flag over X with the associated prime blowups o : Y, — Y,
for any 0 < k < j — 1. We also fix a Q-factorial dominant

{’yk: Y, — Y ki of Y,, and we follow the notation in Definition 7.1.
<k<j—

Let us fix a big L € CaCl(X) ®z Q and set Vg := HY(sL).

DEFINITION 8.1. For any 1 < k < j, let us define

k
e a subset Dy C RY,

e a big R-divisor P,_1 (1,...,7;) on Y,_; such that the restriction
Py (z1,...,@k) |y, is big and Yy & By (P—1 (21, ..., 7)) holds for
any (x1,...,xg) € Dy,
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e an effective R-divisor Nj_q_1(21,...,2;) on Vio1 with Y; ¢
Supp Ni—1 k-1 (@1, ...,2;) for any 1 <1 < k and for any (z1,...,2;) €
Dy,

e real numbers ug (z1,...,25-1), tx(T1,...,25-1) € Rso for any
(x1y...,x—1) € Dy with ug (z1,...,25-1) <tk (T1,...,Tk_1),

e a real number uy (z1,...,2;) € R>p for any 1 < 1 < k and for any

(x1,...,2) € Dy, and
e a real number vy (21,...,25-1) € R>g for any (z1,...,25-1) € Dr—1
inductively as follows:
(1) We set v1 = 0, w1 = oy (ool), t1 = 73 (yosLl) and

Dy := (uj,t;). By Lemma 6.3, we have u; < t; and Vi 7
B, (VSUSL - $1Y1) for any x1 € (u1,t1). Let

Yoo L — x1Y1 =: Noo(x1) + Po(z1)

on Yy be the Nakayama-Zariski decomposition in the sense of [Nak04,
III, Definition 1.12]. More precisely, we set

N()p(]}l) = Na (’ySO'SL - x1Y1> ; P0($1) = Pa ("ySO'SL - x1Y1> .

Then we know that Py(z1)ly, is big, Yi ¢ By (Py(x1)) and Vi ¢
Supp (No,o(z1)) for any z; € D by Lemma 6.3 and Corollary 6.6.

(2) Assume that k > 2. Take any (z1,...,z5_1) € Dx_1. By an inductive
assumption, the R-divisor ¢;_, (Pk_z (T1,. .., Tk—1) |}>k71) on Y;_q is
a big R-divisor. Let us set

Uk (l‘lv"'vsﬂk—l) = O-f/k (qbZ—l (Pk—Q (I17"'axk—1)|f/k71)) )
tk (:rl,...,mk,l) = Ti/k (¢271 (Pk,Q ({El,...,wkfl)‘};-k_l)> .
By Lemma 6.3, we have uy (z1,...,25-1) < tx (z1,...,25_1). We set

((L’l, ... ;xk—l) € Di_1 and
xp € (ug (T1, ..., Tp—1)
tr (21, ., 1))

Dy := < (x1,...,25) € RY,
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ry € (u (21, .., 21-1) 5 (561,---,961—1))}

o k
_{(“517--'75516)6R>0 forall 1 <1<k

Moreover, for any xzp € (ug(z1,...,25-1),tk (z1,...,2k-1)), by
Lemma 6.3 and Corollary 6.6, the Nakayama—Zariski decomposition

¢;;—1 (Pk_g (:Cl, e ,J:k_l) }*,1%1) - likYk

= Nk—Lk—l (xla CIEa 7$k) + Pk—l (xla CIEa 7mk)

on Yk,1 satisfies Pk,1 ($1, e ,xk) Yk is big, YAVk ¢ B+(Pk,1($1,
e 7:Uk)) and yk ¢ Supp (Nk—l,k:—l (Ib s ,ka))

For any 1 <1 < k and for any (z1,...,z;) € D;, we have already de-
fined the effective R-divisor Nj_1 p—2 (21,...,2;) on Yo with Y1 ¢
Supp (Ni—1,k—2 (z1,...,2;)) by inductive assumption. We set

i)

U (21, ..., @) = ordy, (¢Z—1 (Nl—l,k—2 (w1,...,17)

Ni—ip—1 (21, .. @) == ¢y (Nl—l,k—2 (z1,...,21) ‘kal)

— Uk ($1, e 7:[;[)?]6'

Finally, we set

k-1
vk (@1, mp1) == Y g (2, @)
=1

for any 2 < k and for any (x1,...,25_1) € Dg_1.

?k_1> and

51 (Nl,l,k,Q (T1y...,x1) \Yk_l), we simply write Py_s (1,...,25_1) ]Yk_l
and Nj_1 2 (z1,...,7) |y, etc.

From now on, instead ¢ ; (Pk,g (T1,...,Tk—1)

DEFINITION &.2. Let us define

e a subset Dy, C R';O for any 1 < k < 7,

e a real number 4 (y1,...,y), for any 1 < [ < k < j and for any
(y1,.--,y) € Dy, and
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e real numbers O (Y1, -, Yk—1); @k (Y1, Y1), bk (Y15 Uk—1) €
R for any 2 < k < j and for any (y1,...,yk—1) € Dp_1
inductively as follows:

(1) We set Dy =D = (u1,t1) and ¥y = vy.
(2) For 1 <1<k <jand for any (y1,...,y;) € D;, we set

U (Y1,---, Y1)
=k (Y1, y2 — 02(Y1),y3 — 03(y1, y2), -y — U (Y1s - Y1) -
For any 2 < k < j and for any (y1,...,yk—1) € Dy_1, we set
k—1
f}k‘ (y17"'7y/€—1) = al,k (yla"'7yl)7
=1
Uk (Y155 Uk—1) = uk (Y1,92 — 02(y1),y3 — 03(y1,92) - - -
Yk—1 — Vk—1 (Y1, -, Yu—2)) ,
e (Y1, yk—1) =tk (1,92 — D2(y1), Y3 — O3(y1, 2)s - - -,

Yk—1— Vk—1 (Y1, -, Yr—2)) -
We define

(Y1, Yk—1) € Dp—1 and
Yk — Uk (Y1, Yr—1)

€ (w1, yk—1) tk (Y15, Yr—1))
y1 € (u1,t1) and, for any 2 <1 < k,
Y — 0 (Y155 Yi-1)

€ (wyt,--y—1) by, yi1))

Dy := 4 (y1,-..,ux) € RE,

= (ylw"vyk)eR];O

Moreover, we set
Peci (1, uk) = Pec1 (y1, 2 — 92(y1), - Yk — Ok (Y1, -+ -, Y1)
for any 1 < k < j and for any (yi,...,yx) € Dy, and
Nt Wis e ow) == Nictpe1 (1,92 — 02(01)s - 01— 0 (Y1, - -+ Y1)
for any 1 <1<k < j and for any (y1,...,y) € D;.

The following lemma, is trivial from the definition.



Coupled Stability Thresholds 231

LEMMA 8.3.

(1) For any 2 <k <j and for any (x1,...,xp_1) € Dk_1, we have

ug (T1,. .., x5—1) = Uk (1,22 +v2 (1), 23 +v3 (T1,22),...,
Tp—1 + vk—1 (T1, ..., Tk_2)),
th(21,...,2p_1) = tg(z1, 22 +v2(21), 23 +v3 (21, 22),...,
Tp—1+Vp—1(T1,...,Tp—2)),
vg (T1, .., Tk—1) = O (21,22 +v2 (21),23 +v3 (21, 22) ...,
Tp—1 + vk—1 (T1, ..., Tk_2)).

(2) For any 1 <k < j, the map

Dk — Dy
Wis--ye) — (yi,y2 — 02 (y1),y3 — 03 (Y1,42) 5 - - -,
Yk — Ok (Y15 Yk—1))

s a bijection, and the inverse is given by

(x1,...,28) — (1,22 + v2 (1), 3 + v3 (T1,22) ...,

zp + vk (T1, -, Tp—1)) -

(We will see later that the map is a homeomorphism.)

(3) For any 1 < k < j and for any (y1,...,yx) € Dy, we have

Ly,  —wnWily, |, = —y1Ye1ly,_, — UYk

K
~R P (U ue) + > Nk (v )
=1

on Yk:—l .

PrROOF. We only prove the assertion (3) by induction on k, since the
other assertions are trivial from the definition. For any y1 € (ug,t1), since

Lly, — Y1 ~r Po (y1) + Noo (y1) = Po (y1) + Noo (1),
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the assertion is true for £ = 1. Assume that the assertion is true in k
with k& < j. For any (Y1, -+, Ykt1) € Dy1, since Y41 — Okr1 (Y1, .-, Yk) €
(ﬂk-l-l (yla s 7yk) s U1 (yl, s ayk))7 we have
Pe1(yis- - 90) [y, — Wkt — 01 (Y15 -+, k) Ye
~R Pr (Y153 Uk1) + Neg (Y1, -5 Y1) -

On the other hand, for any 1 <1 < k, we have
Nl*l,k*l <y17 sy Z/l) |Yk = Nl*l,k (yh cee 7yl) + al,k+1 (y17 R 7yl) f/k+1-
Therefore,

Llg, —niYily, = — Y41 Y1

~R Poot (-0 Iy, — Wkt = Okt (15 0)) Vi

k
+ Y Nk e w) Iy = Bk (U5 k) Vi
=1
Kt

= Bo(u-uen) + D Nk (i m) -
=1

Thus the assertion is also true in k + 1. [J
The following proposition is technically important in this section.

ProprosITION 8.4. Take any 1 <k <j.

(1) The subset Dy C RI;O 1S an open convex set.

(2) If k > 2, then all of the functions ¥y, iy + U and —tj, from Dy_1 to
R are convex functions. In particular, they are continuous functions.

(3) For any 1 <1 < k, the divisors Nl—l,k—l behave convex in D;. More
precisely, for any (yi,...,y1), (Y1,--.,y)) € Dy and for any t € (0,1),
if we set

(yi/avyzl) :t(ylvvyl)+(1_t) (yiaayZ)a
then we have

tN; k1 (Y1, y) (=) Ny g V1, y)
> N1 (W15 ))
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(4) For any 1 <1 <k and for any § € Dy, there exists an open neighbor-
hood U C Dy of § such that the possibility of irreducible components of
the support of Ni_1 x_1 (') for ¥ € U is at most finite. In particular,
together with (3) and Lemma 8.3 (3), the R-divisor Py_1 (y1, ..., yk)
moves continuously in the space N* (Yk—l) over (y1,...,Yg) € Dy,.

PrROOF. We prove by induction on k. If k = 1, then the assertions are
trivial. Assume that k£ > 2. We firstly show that Dy is a convex set. Take

any ¥ = (y1,---,uk), ¥ = W, -, yp) € D and any t € (0,1). Set

—f/ __

7 =l y) =t g+ 1 —-1)-7

as in (3). Let us set

Lyt yh—1) :=Lly_, =1 Vily,_, = — e1Yi1

for simplicity. By Lemma 8.3 (3), we have

L (ylllv s ay;c/—l)

k-1
~R Poco (Yo yi_1) + Z Victi—2 (Y- y1)
=1

) .

—1
~Rt (Pk:—Q (Y1, Yp—1) + 1—1,k—2 (ylw--ayl)>
1

=

k—
+(1—t)<]5k_2(y'1,...,y,'€1 Z lleyl,...,y£)>.

Moreover, by induction, we may assume that

tNI1 g (Y1, ) + (1= ) Njg g2 (Y1)
— Nicip—2 (v, -, y) > 0.

Therefore, we have

(**)

g (YY) + O (915 wia)
= O'f,k (Pk_g (y”, e ,yk 1) |Yk71>

1
+ Ordffk (Z 1-1,k—2 (yh .. ,y;/) |Yk1)

=1
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S O—?k (tpk72 (yl, . 73/]6*1) |?k—1 + (1 - t)pkf2 (3/17 s 7y;€—1> |?k—1>

+onds, (t S N (o),
=1

k—1
+1 =) Nrg—2 (U, 0) |Yk1>

=1
S ta};k <Pk72 (yl: s 7yk*1) |?k—l>

+tordy (ZNZ Lk—2 (Y15, Y1) |Yk_1>
+(1—-t)o ( k— 2(2/7 -wyk—l) ‘Yk_l)
k—1
N7 / /
+(1-1) ordyk ( Ni_1x—2 (yla"-ayl) ‘Yk_1>

=1
=t (g (Y1, - Yr—1) + Ok (Y1, Yk-1))
+ (1 —¢) (ke (Y15 Ye1) + 0k (Y10 - Y1)
<ty + (1= t)yp, = vy,
where the inequality in the third line follows from (x) and (x). Indeed, for

a big R-divisor P and an effective R-divisor N on Y,_1, we have O'Yk(P) +
ordy, (N) > oy, (P 4+ N). The inequality in the third line can be obtained

if we set P := tpk-_Q (yl, ce 7yl~c—1) ‘kal + (1 — t)pk_g (yi, e ,y;_l) ’Yk—l
and N to be the sum of the restrictions of the left hand side of (xx) for
l=1,...,k—1. Similarly, we get

Ek (yilv s >y;€/71) + {]k (yllla s 7y;€/fl)

= TYk (Pk—Q (yi/’ s 7y]/g/—1) |Yk71>

k
+ord (Z 1—1,k— 2 yla"wyzl) |Yk_1>

2 TYk (th_Q (’yl, e ,yk_l) |Yk71 + (]- - t)Pk—Q (yia s 7y;<:—1) |l7k,1)

k—1
+ OrdYk (t Z Nicig—2 (i, u) v,
=1
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o

-1

+(1—1) Nl—l,k—2 (yiavyz) |57k1>
=1

Z t- Tf/k (pk-_g (yl, ce. 7yk—1> ‘kal)

—|—tOI‘d (ZNZ 1,k—2 yla"'ayl) |Yk1>

+(1-1) TY ( (y 1 --7yk—1) ‘Yk_l)
1

+(1—t)ordy (ZN k-2 (Y15 v1) \y,H)
T

=1
1) + Ok (Y1, Yk-1))

=t (tk (y1, -, Yoo
(vl yk O+ (YY)
!
Y =

+(1-1) (k
>ty + (1 —t)y

Hence we get

g (Y- k1) + 0 (W15 vk1)
< yg < fk (yic cee 7y;g/—1) + ﬁk (yila s 7y§c/—1) ’

which implies that the set Dy, is a convex set.
We check the assertion (3). By induction, we may assume that [ = k.
Note that

L (yi’, .. ,yg) ~R P, 1 (Y1, uk) + (1 — t)Pk_l (yi, ... ,yfg)

tz Nl_Lk—l (y17 v 7yl)

k
+ (1-1) Z gt (Y90

the R-divisor

tﬁk*l <y17'- . ;?Jk) + (1 —t)jjk,1 (y/17 7y;€)

is movable and big, and

k k
£> Nicipor (Y- om) + (1= 1) Z =11 (Y15 Y1)
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k1
> > Newvgor (vl 0)) N (15 k)
=1
+(1 = ) Ni—1-1 (YL, -+ U1)

by induction. Since the decomposition

k—1
L) = Nicage (s 0)
=1
~R Pt (Y1, ) + Nimie—r (07, 0))

is the Nakayama—Zariski decomposition, we get the inequality

tNk—1 o1 W1y yk) + (L= O Np—1 g1 (V- 0k) = Ni—rgmt (875, 90)

by the definition of the Nakayama—Zariski decomposition. Thus we get the
assertion (3).

We check (2). As in the proof for the convexity of Dy, we know that
the convexities of 7y + v and — (fk + z?k). Thus it is enough to check the
convexity for 9. By (3), we know the convexity of 0. Thus the assertion
(2) follows.

We see the openness of Dy. Take any (y1,...,yr) € Dp. By induction,
there exists an open neighborhood U C Dj_; of (y1,---,Yk—1). The func-
tions @y, tx, U are continuous over U by (2). Thus Dy, is also open, and we
get the assertion (1).

Finally, let us show the assertion (4). Let us take any

gV, e by
with
i € int <Conv (g'(l), e ,QUH))) .

For any ¢ € Conv (yj'(l),...,g'(l“)), there exists t1,...,t141 € Ryg with
Zig t; = 1 such that ¢’ = Zig ;7. As in (3), we have

I+1

Nl—l,k—l (7) < ZtiNl—l,k—l (17(1)) .
=1
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This implies that

+1

Supp Ni—14—1 (7') € | Supp Ni—1 51 (?J(’)) :
=1

thus we get the assertion (4). O
We are ready to define the notion of adequate dominants.
DEFINITION 8.5. A Q-factorial dominant {7x}o<j<;_; of Ye is said to
be an adequate dominant of Yo with respects to L if:
(1) for any z1 € (u1,t1) N Q, the Nakayama—Zariski decomposition
Yoo L — x1Y1 = Noo(a1) + Polar)

on Yy is the Zariski decomposition in a strong sense, and

(2) for any 2 < k < j and for any (z1,...,2;) € D NQF, the Nakayama-
Zariski decomposition

Py—s (21, mp1) |y, — 24V
= Np-1k-1 (%1, 7%) + Peo1 (21, .., 1)

on Y;_ is the Zariski decomposition in a strong sense.

REMARK 8.6. Assume that {yx}y<;<;_1 is an adequate dominant of
Y, with respects to L.

(1) For any 1 < k < j and for any (z1,...,7;) € Dp N QF, the divisor
Py_1(x1,...,7%) is a nef and big Q-divisor on Y;_;. Thus, for any
2 < k < j and for any (z1,...,25—1) € Dg_1, we have the equality
Uk (IL’l, e ,:Ek_l) =0.

(2) By Proposition 8.4 (4), for any 1 < k < j and for any (z1,...,zx) €
Dy, the divisor Py_1 (z1,...,2x) is a nef and big R-divisor on Y;_;
with V}, ¢ B, (Pg—1 (x1,...,2k)). In particular, we have

vol (Pkfl (w1,...,71) \ffk) = (szfl (21, @)™ Yk)

(see Proposition 6.4).
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LEMMA 8.7. Assume that {'yk: Y, — )7;9} s an adequate dom-
0<k<j—1

inant of Yo with respects to L. Let {'71/6: V! — f/k} be another Q-

- " Jo<k<ia1
factorial dominant of Ye, and let {¢k: Y, — Yk}ogkgj—l

between dominants {fy,;}o<k<j71 and {Vkto<p<j_1, s in Lemma 7.5.

be a morphism

(1) The dominant {’Yl{c}ogkgjq is also adequate with respects to L.
(2) Let

/ / / / / / / / / /
koo bk Vg Uk Pk71($17"'7$k)7 lel,k71($17"'7$l)

be the notions for {7,’6}0<k<j71 and L in Definition 8.1. Moreover, for
any 1 <1<k <jletey and Oy be as in Lemma 7.5. Then, for any
1<k <j, we have

(i) Dj = Dy,
(i) ¢}, =t over D) =Dy,
(iii) P (z1,...,2k) = Y5 Pe1 (21,...,2x) for any (x1,...,25) €
D, = Dy,
(iv)
Nl/—l,k—l (xl, ce ,xl) = wlt_lNl—l,k—l (xl, .. ,:El)

k
+ 2,01 + Z (21, .., 2) O
=11

for any 1 <1<k and for any (x1,...,2;) € D) =Dy,

(v)

up g, (21, m) = wp (@1, .., 1) + Teg
k-1

+ > w (@) e
i=l+1

for any 1 <1<k and for any (x1,...,2;) € D) =Dy, and
(vi) if k> 2, then

U;c (331, . ,xk_l) = Vg (331, . ,:L’k_l)
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B

—1
+ > (wr+v(z,...,z-1)) ek
=1

for any (z1,...,x5-1) € D) = Dy_;.

Proor. We give a proof by induction on k. If k£ = 1, since O is a
o-exceptional effective Q-divisor on Yy and

YoooL — Y] = Noo (z1) + Py (1)

for any z1 € (u1,t1) N Q is the Zariski decomposition in a strong sense, the
decomposition

(%) oL — 21Y{ = (Y§Noo (v1) + 21601.1) + Y3 Po (1)

is the Zariski decomposition in a strong sense. Thus the assertions are trivial
when k = 1.

Assume that k& > 2 the assertions are true up to kK — 1. For any
(21,...,25_1) € Dp_ NQF ! = DN QF1, since

Py (@1, sme) gy = Vi (Peoa (@nvmi) by )

1

is nef and big, we have ¢, = ¢ and v}, = 0 over )} _; = Dj_;, where u},
is the “uy function” for {/yllc}ogkgj—l and L in Definition 8.1. (We remark
that both are continuous functions.) Moreover, since Oy is an effective
and 1_1-exceptional Q-divisor on Y, ;, the decomposition

Py (@1, h-1) |y — kY = (Vi1 Ni—1 -1 (21, -« ., 23) + 25Op k)
+ ¢Z_1Pk—1 (:Ul, e ,ij)

is the Zariski decomposition in a strong sense for any xp € (0,
tk((lfl, e ,xk_l)) NQ.

Let us consider the assertion (2iv). We may assume that | < k since we
already know the case [ = k. We see by induction on k —[. We may assume
that, for any (z1,...,2;) € D) = Dy, the equality

Nl/—l,k—Q (9517 cee 7901) = wz—lefl,ku (951, s ,ﬂﬁl) + 30191,1471
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+ Z ugg (21, .., 27) O p—1
holds on }7,;_2. Note that

ug’k (.231, PN ,xl) = Ord);k, <¢ZI (Nl_Lk_Q (1’1, ce ,331) |Yk71>

k-1
+ <@l,k71|f/k/_l> + Z ugg (o1, .., 27) <@i,k1‘ylé_1)>

i=l+1
k-1
=u (T1,...,21) + 31608 + Z i (1, .., T7) €4 k-
i=l+1

Thus we get

Nl/—l,k—l (T15- - @)

= Yr1 (Nl—l,k—2 (z1,...,7) |1‘/,H) + (@l,k—1|)‘/k/71)

k—1
+ Z Uy 4 (Cll'l,...,fl?l) <@i’k_1‘}7};,1)
i=1+1
k—1
- (Ul,k: (T1,- @) +@ep, + Z Uy ($1,...,xl)ei,k) Y,
i=l+1

= Yrp_y (Nl—l,k—2 (1, m) g, — wk (o1, - 7$l)Yk>

1
+ wp (21, .., %) Op g + 2 <@z,k—1\f/kf_l — el,kYk>

k-1
+ > w () (Qi,k—l‘f/]éil - ei,kYk/)
=141
k
= Yp_1Ni—1p—1(z1,...,2) + 201 + Z ug; (21, .., 21) O
=141

Thus we get the assertion (2iv), and also the assertion (2v).
Since

V) (X1, Tp_1)



Coupled Stability Thresholds 241

k-1 k-1
= (Uz,k (w1, .., 20) + mpegp + Z U ($17---,90l)6i,k;>
=1 i=l+1
k-1 k=11
= o (@1, 1) T Y menk + > Y eikur (X1, 1)
=1 i=2 1=1
k-1
= v (1, m) + Y (@ o (. me)) e
=1

we get the assertion (2vi). O
We state the main theorem in this section.

THEOREM 8.8. Assume that {7;@: Y —>3~/k} is an adequate
0<k<j—1

dominant of Yo with respects to L. Then, for any 1 < k < j, we have

S(L;Y1[>'-'I>Yk)

1 n! / + o ( )
= . " Tk Ve \ L1y ey Th—1
vol x (L) (TL - ])' (z1,...,z5)€D);
k-1 .
+ gk (w + v (- ,9011))) : (Pj—l (@1, 2y)" Yj) dz,
=1

where g1k = gk <{7k}1§k§j—1) s as in Definition 7.2.
REMARK 8.9.

(1) If Y, is a complete primitive flag over X, i.e., if j = n, then

(ijl (1, .- 7:Uj).n7j ’ YJ)

in Theorem 8.8 is identically equal to 1 by the definition of intersection
numbers.

(2) In the proof of Theorem 8.8, we can also show that

voly (L) = (nT_‘—'j), /I . (Pj_1 (@)™ Yj) dz.
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PROOF OF THEOREM 8.8. The proof is divided into 7 numbers of steps.

Step 1. Let {72: Y, — Yk} be any Q-factorial dominant of Yy,
0<k<j—1

let {wk: Yk’ — Yk}o <h<i1 be any morphism between dominants
{’}/I/C}O<k<jfl and {’716_}0;k<j—1’ as in Lemma 8.7. We see that the right
hand side of the equation in Theorem 8.8 takes the same value after re-
placing {Vk}o<p<jo1 With {Vi}oepe; 1o Set gk := guk ({”Ykhgkgjq) and

9k = ik ({712}131@]‘—1)' We also use the terminologies in Lemma 8.7.
Note that

k—1
gk = gL+ ek + Z €Lidi k
i=l+1
holds for any 1 <1 < k, where ¢, is as in Lemma 7.3. For any (z1,...,2;) €
Dj;, we have
k—1
wp v (1, mee) + Y g (v (21, @)
1=1
k—1
- (xk + o (1, k1) + ) gk (T + v (21, ,561—1)))
=1
k—1 k—1
= Z (x1 + v (21,...,m-1)) i + ng,k (xp + v (21,...,21-1))
=1 1=1
k—11-1
+ Z Z gix (@i + v (21, wim1)) €
I=1 i=1
k—1
- Z (gfk +er) (T + v (@1, 1))
=1
k—1i—1
= YD (@t mie)) eighy
i=2 1=1
k—11—1

= Y g (@itoi(z,..., i) ey

=2 i=1
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B

1ot
- (214 v (21, 2-1)) ewid) g,
P

[\

~.

Thus, as in Lemma 8.7 (1), since the characteristic of k is equal to zero, we
may assume that {7k}0<k<j—1 is a smooth adequate dominant of Y, with
respects to L.

Step 2. We see that the right hand side of the equation in Theorem
8.8 is equal to the value

k—1
1 n! / D m=j vy 7
; Yr + gi,kYl (P‘—l (Y155 ¥5) ! 'Y‘) dy.
volx (L) (n — j)! W1,y ED; < Z > ! ’ ’

=1

This is trivial from Fubini’s theorem by changing the coordinates

r1 = Yi, $2:y2—1~)2(y1), ...... ,Jjj:yj—f}j(yl,...,yj_l)

step-by-step. Indeed, we have

Pj—l (yl,.. .,yj) = Pj—l (:Cl,. . .,wj),

k—1 k—1
e+ > gLkt = Tk + 0k (@1, zeo1) + Y gk (@ v (T, me1))
=1 =1
Vi>->Y;
Step 3. For Vz = H° (L), let us consider the series V:( 1)) as in

Proposition 7.4. Moreover, let us fix a general admissible flag
Ze:Y;i=2027212 2 Zn_j
of f/] in the sense of Corollary 7.5. Set

A = Az, < :(Y1>~~~>Yj)> C Rgo’

and let (81, ey I;n> € A be the barycenter of A. By Step 2 and Corollary
7.5, it is enough to show the equality

? 1 n! . o
- P (D™ V) dif
% volx (L) (n_j)!/zjéj yk< -1 (¥) j) dy
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for any 1 < k < j in order to prove Theorem 8.8.

v, N
Step 4. For any 1 < k < j, the series Vq( 1>V on Y} is associated

. ) div,¥1 > >V},
to L|Y =Y g - Yk|y Let us construct a similar series V;( ’ )

‘Yk’ ceey _Yk‘Yk' (Recall that, by Step 1, we
assume that {’7k}0<k<]_1 is a smooth and adequate with respects to L.) For

on Y} associated to L|Y .-V

any sufficiently divisible m € Zwq and for any (a,b,...,b;) € (mZs)"™,
let us define the subspace
div,f/1>-~~>§7k ~ ~ A
a(,bl,~~~7bk ) c H° (Yk’ aL‘Yk o blYl‘Yk T kak‘f@)
as follows:

o (4o )], o (oo (302) )
k k
€ Dy,

e (b
if <71, e 7’“)
0 otherwise.
div,Y1>-->V
This definition gives the Veronese equivalence class V;( vV >T) of graded

linear series by Lemma 8.3 (3) and Proposition 8.4 (1), (3). From the

) i div,¥1>-->V% . .
construction, the series V:( ’ ) contains an ample series and has

bounded support with

ASupp( Vg(div’Y1>m>Yk)> - <Dk> '

Moreover, for any i € Dy, N QF, we have

)

vol (V(divy1>...>yk)) e ho ( Yy, {pPk—1 (ﬁ)J
o(1,9) oo (= k)]
= (pk—l " f/k) :
Step 5. We show the following claim.

div,Y1>'">Yk,1) (l}k)

Cram 8.10. Take any 1 < k < j. Let V:( be the

refinement of A A
div,Y1>-->Y,
qb; lvf WYi>e>Yio1) g o
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by Yk - Yk—l-
(1) We have

Asupp(V;(divyl>..4>1?kil)(ffk)) = ASupp(V;(divy1>m>?k)> = (Dk)

(2) There exists the Veronese equivalence class Wf of graded linear series

on Y}, associated to L|Y/k7 —Y1|§,k, I v such that

div,Yi>->Ve 1) (V) . . .
e the series V:( Y>> Vi) (V) is asymptotically equivalent to
Wk, and

(div, V3> >T4)

e the series V; is asymptotically equivalent to W.l“

(3) For any 7 € D, N Q*, we have

VO] <V(diV’Y1>"'>Yk1)(Yk)> _ VO] <V(diV,Y1>-..>Yk)>

*(1,9) *(1,9)

= (P ()™ ")
( )

ProoOF OF Cramm 8.10. Take any § = (y1,...,yx) € QI;O and take
any sufficiently divisible a € Zsqg. If V(dw’yl>m>yk_l)<yk) # 0, then we

a,ay
~ . (div,Y1>>Yi_1)
must have (y1,...,yx—1) € Di_1 since the space Ava,a(yh--.,ykfl)

div,Y1>>YV,_1) (V3
nonzero. Recall that, the space Va(ag 1> Yie-1) (V)

must be

is defined by the image
of the homomorphism

<aykl>k + HO (kah aL’?k—l - aylffl‘ffk_l — e aykffk>)

k—1
N <|VZ aNl,kaz (y1, ce 7yl)—‘
=1

+¢5_HY <}>k17 [apk—z (W1,--s ykfl)J

»)
7))

Assume that the homomorphism is not the zero map. Then we have

Yi_1

.Yk;

H° (Yk7aL|{/k — a1 v, T ayYy
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e for any sufficiently divisible a € Z~¢, we have

k-1
ayk = ordy, <{Z alNi—1k—2 (Y1, - - ,yl)—‘
=1

and

Yk1> ’
e for any sufficiently divisible a € Z~¢, we have
k—1
ayy — ordy, ({Z aNi—1 k-2 (Y1, - .. Jﬂﬂ - >
=1 k—1

Yk1>

k(yly---aykfl)-

<7 (Lapk—2 (y1, - JJk—l)J

Thus we have

§

~

0<wyr— 0 (Y1, Yp—1) <

This implies that

ASupp( V(div,?1>-<->Yk_1)(Vk)> - (]ﬁ)k) '

Conversely, assume that § € D NQF. Then for any sufficiently divisible
a € Z~g, let M, be the image of the homomorphism

S H° (Yk—la aby o (Y1, Yr-1) \Yk_l)
N (a (W — O (Y15 - - k1)) Vi
0 (v s ]
+H <Yk—1, a (Pk—z Y1 Y-1) Iy,
— (Y — O, (:l/lw-,yk—ﬁ)?k)))
= ¢pH’ (Yk—la aPy s (y1,- -, yr-1) |3>,H)
N <a (ke — Bk (W1, - - Y1) Ve + aNg—16-1 (1, - -, Uk)

+HO (Yk_l, a]f’k_l (y1,.-- Jﬂc)))
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b7

5 Nyt (w0 by + H (Vs aPiot (90 I, )

just for simplicity. As we have seen above, M, is canonically isomorphic to

div,¥1>->V,_1) (V)
the space Va<a;_‘.]’ 1> ¥ ) (V)

. By Corollary 6.5, we have

. dim M,
1m S
WP R T — k)

= volg 1y, <15k—2 W ye—1) Iy, = (e — O, (g1, - - Yk—1)) Yk)

= volg 1y, <lf’k—1 (y1,- - >yk)> = (pk—l (Y1o- o)™ Yk) :

Thus we get the assertions (1) and (3) in Claim 8.10.
Let us consider the assertion (2). For any sufficiently divisible m € Zq

and for any (a, by, ..., by) € (mZso)"™, let
Wzﬁbh...,bk C HO (Yk,aL\y,k — blffl‘};k — s = bk‘Yk‘f/}c)

be the subspace defined by the sum

k L (div,f/1>~~>Yk,1)(Yk) (diV,Y1>“'>Y/k)
Wa,bl,...,bk T Va,b1,...,bk a,by,...,bg

of the subspaces. Obviously, Wf is the Veronese equivalence class of a
graded linear series which contains an ample series and has bounded support
with

Asupp(Wk) = @'

Moreover, for any i € Dy, NQ* and for any sufficiently divisible a € Z~¢, we

have . .
k _ (diV,Y1>~">Yk)
Wa,ag = Va,ag

by construction. This implies that

k . (diV,Y1 >Yk)
vol <W.(1’g)> = vol (VO(Lz,T) )
(div,?1>-"f/k,1)(yk)

= (Pk—1 (g*)"—k ) }A/k) = vol (VO(L@?) ) .
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Thus the assertion (2) follows by Lemma 3.3 and we complete the proof of
Claim 8.10. O

Step 6. Recall that, in Step 3, we fix a general admissible flag Z, of

CrAamM 8.11. We have Ag, <V:(div’yl>m>yj)> =A.
ProOF OF Cram 8.11. For every 1 < k < [ < j, let
Vﬂ(div’yl>m>yk)(Yk+1>m>Yl) be the refinement of

¢771V:( by ¥; C Yi_y. Forany 1 < k < j, by

Claim 8.10 and Example 3.4 (6), both

div,Vi> >V (Vi1 >+> Vi1 )

div, V1> >V 1) (Vi>>Y;) div, V1> >V, ) (Vig1>>Y;)

V;( and V;(

(}Afk+1>"'>}>j)

are asymptotically equivalent to Wf . By [Xu25, Lemma 4.73],

we have

A, (V(div,?1>-~~>ffk_1)(Yk>--~>3>j)) =Ay (V(div7}71>--->§?k)(?k+1>~~~>1?j))

for any 1 < k < j. Thus we complete the proof of Claim 8.11. [J

Step 7. Let p: A - (DJ) - Rj>0 be the composition of the natural
maps
AR, =RL, x RY — RL,.

By [LMO09, Theorem 4.21], Claims 8.10 and 8.11, for any ¢ € Dj NQ7, we
have

1L 1 div,Y1>-->Y;
volge—s (071 (@) = =y vl <V.((1,y~> 1 )>
1 - N
— . AN Y.
= o (B @)

By Proposition 8.4 (4), we can also get

volgos (07 (@) = 7= (B ()" ;)
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for any i € Iﬁ)j. This implies that

volx (L) = n!vol (A) = n , 5 (Pj_1 ()™ Y]> dy.
‘ i

Moreover, for any 1 < k < j, we have

b = vol 1(A> (n ij)! /gjeDj o <Pj_1 " Y]) dj

n! 1 ~ o
P 1 ("7 .Y ) dy.
volx (L) (n — j)! /zje]f))j Yk ( -1 () j> dy

As a consequence, we complete the proof of Theorem 8.8. [J

9. Special Cases of Theorem 8.8

We assume that the characteristic of k is equal to zero. Let us consider
special cases of Theorem 8.8 for convenience, since the formula in Theorem
8.8 is a bit complicated.

When X is a surface, the following formula is probably well-known for
specialists. See [AZ22, Lemma 4.8], [ACC+23, Theorem 1.106] and [Fuj23,
Theorem 4.8].

COROLLARY 9.1. Let X be a normal Q-factorial projective surface, let
L be a big Q-divisor on X, and let Yy be a complete primitive flag over X.
Let op: Y, — Yi be the associated prime blowups for k = 0, 1. Then we
have

2 h
S(Livh) = m/m z1 (Py(71) - Y1) dy,

S(L;Yi>Ys) = VO;(L) / ! ((Po(:m) Y1) (% (Po(w1) - Y1)

1

+ordy, 07 8na(ar)li) ) ) do.
where uy = oy, (65L), t1 = v, (64L) and

ool — x1Y1 = Noo(z1) + Po(w1)
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is the Zariski decomposition.

PrRoOOF. The trivial dominant {id{,k: Y, — Yk}k . is an adequate
=0,1
dominant of Y, with respects to L by Example 6.10. Since g12 = 0 and

ta(x1) = (Po(x1) - Y1), the assertion is trivial from Theorem 8.8. [J

We consider the case X is of dimension three. In this case, we get a
slight generalization of [ACC+23, Theorem 1.112], [Fuj23, Theorem 4.17],
since the papers assumed that Y is a Mori dream space.

COROLLARY 9.2. Under the assumptions in Definition 8.1 and Theo-
rem 8.8, assume moreover that n = j = 3. Then we have

t1 pta(zr)
S(L;Yi>Ys) = volX / / P1 (x1,22) - Y2>

X (x2 + u12(x1) — 21d12) drodzy

__3 /utl ((U1,2(331) —x1dy 2) <P0($1)'2 : 371)

V(ﬂ;((l;) 1

+/ voly. (Pg(:cl)\y - SUQYQ) dl‘z)dl‘l,
t1 pta(x1)
S(LYibYan Y3) = VOIX / / ( Pi(a1,a2) - Yg)

X <§ <P1(£E1,9C2) Y2> +u13(21) + ug3(w1, 72)

— (di,3 — di2d23)x1 — do3(w2 + u1,2($1))>>d$2d$1~

PRrROOF. Weknow that g12 = —di12, 91,3 = —d1 3+d12d23, g23 = —da3
and t3(z1, 2) = (P1 (x1,x2) - Yg) . Thus the assertion follows from Theorem
8.8 and Corollary 6.6. [

REMARK 9.3. Let us compare Corollary 9.2 and [Fuj23, Theorem 4.17].
The R-divisors N(z1), P(z1) and N'(z1) in [Fuj23] are equal to Noo(x1) —
1211, Po(x1) and Ny 1(z1) — 21212 in our sense, respectively. Moreover,
the value d(z1) in [Fuj23] is equal to uj2(z1) — z1d1 2 in our sense. Thus
the above formula is same as the formula in [Fuj23, Theorem 4.17].
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Here is an answer of the question by Cheltsov:

COROLLARY 9.4. Under the assumptions in Definitions 8.1, 8.2 and

Theorem 8.8, take any 1 <1 < k < j. Let C C Asllpp(\/;(ylp”"%*l)) be a

closed convez set with int (C) # 0 and let us consider the natural projection

qkzlx y}pmbng) - A

y1|>m|>yl71))

Supp( V;( Supp( V;(

T : —1 o
and its inverse image q_ (C) C ASupp(V;(YIDMDYk))‘ Set Wg =

Ve(Ylb”'DYl*l)’(@. Let us take the linear transform

fr: RF — RF

i 1 Y
. d1’2 1 .
H
Y, dig - dirk 1)\

Then we have

vol (Ws) = vol (W(Yl”“'by’”)

n! / ~ ok o
= ——— Py ()" - Yy ) dy,
(n = k) Jgeri (et (0) ( )

S(We Y>> Yy)

k-1
1 n! / > ‘n—j
— . Yk + E gixyi | (P ()™ -Y; ) dy.
vol (W5) (n — j)! yefj(q;1(0>)< = > ( ’ J)

PrOOF. For the equalities on vol (W5), we may assume that k = j. By
Lemma 2.8, we know that

wYeeYs) V§Y1>--'>1G)’<q;1(c)).
Take any general admissible flag Z, of Y] in the sense of Corollary 7.5, and
let A (resp., A) be the Okounkov body of Vi(YIDmDYj) (resp., V:(Y1>m>yj)) as-

sociated to Z,. By Corollary 7.5, we have A = f (A), where f := f;®idpn-;.



252 Kento Fujita

Note that the value S (Wg; Y>> Yy) is equal to the k-th coordinate of
the barycenter of A{®), where A{) C A is defined to be p~! (qj_l(C)) with

o= ASupp<Ve(Yll>m>Yj>> .

Obviously, under the natural projection

p: A ASupp(V;(f/1>m>Yj)) ,

if we set AC) .= p~1 (fj (qj_l(C))), then A(©) = f (A<C>) holds. Thus the
assertions follow from the proof (more precisely, Step 2) of Theorem 8.8. [J

In Corollary 9.4, if [ = 2, then C' is a segment. We state the case [ = 2,
n=j=3.

COROLLARY 9.5.  Under the assumption in Corollary 9.4, assume that

n=j=3101=2andC = [ul,tl]withu1§u9<t?§t1. For
Ws = V( )< >,we have

t7 pta(z1) .
vol (W:) = 6/ / Pl(.rl,l'g) -Yg) d(L’Qd(L‘l,

ta(z1)
S(We; Ya) = / / P1 (x1,22) - Yz)

Vol

X (.%2 + UQ 1‘1 —x1d; 2) dxodxy,

ta(x1)
S(Ws; Yo Ys) = ol W~/ / ( P1 (21, 22) - Y)

X (2 (Pl(a;l,xg) Yg) + ug 3(x1) + ug3(z1, 22)

—(d1,3 — di2d23)x1 — do3(z2 + u1,2($1))>>d3?2d$1.

PROOF. We just apply Corollary 9.4. We note that D; = D;. O
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10. Stability Thresholds

In this section, we assume that the characteristic of k is zero. Let X
be an n-dimensional projective variety and let B be an effective Q-Weil
divisor on X. For any 1 <4 < k, let V;Z be the Veronese equivalence class
of an (mZxo)"*-graded linear series V;'ﬁ on X associated to Li,... ,Lii €
CaCl(X) ®z Q which has bounded support and contains an ample series.
Take any ci,...,cr € Ryg.

DEFINITION 10.1 (cf. [BJ20, §4], [Fuj23, §11.2]).
(1) Assume that (X, B) is klt.

(i) For any [ € mZ-~( with Hle R (Vl"m;) # 0, we set
i k
o (X, B; {cl- . Vm?}z‘:l)

1 k
= ‘inf let | X, B; 7 E D'
DielV! il i=1
for all 1<i<k
and for some EiEZgo_l

Ax p(E)

= ‘inf ‘ inf ——F A
; i FE prime divisor = " c:ordm DY
Dze}vl,mﬁi} over X l Zl:l v E

inf Ax.p(E)
FE prime divisor Ef:l Cz%Tl (Vz . E) )

R
)
over X me

where Ict is the log canonical threshold. Similarly, we set
i k
o (X, B {ei- Viahi, )

k
= inf et [ X, B; Y ¢D’
D" l-basis type i1
Q-divisor of V - -
for all 1<i<k
: . Ax p(E
= inf inf B(F)

D' [-basis type E prime divisor Z?:l c; ordg Di
Q-divisor of Vi over X




254 Kento Fujita

= inf AX’B(E) .
E prci;;er céi(visor Zle ;S) (V;zi’; E)
(ii) We set
f (e viha) = i e (X8 Vi)
B : Ax,B(E)
= inf k: ; ,
E préilr:eer %évlsor Zi:l T (‘/}7 E')
and
o(X.B:{e ViYL,) = i 6 (XBi{e Via))
E prggl; %éVISOr Zi:l ¢S (V:” E)

By the next proposition, the above definitions are well-defined.
We call the value « (X,B; {ci . V}}f:1> the coupled global log
canonical threshold of (X, B) with respects to {c;- Vi}¥_,, and we
call the value 6 (X, B; {ci . V;Z}f:l) the coupled stability threshold
of (X, B) with respects to {c; - Vi}¥_,.
(2) Assume that n € X is a scheme-theoretic point such that (X, B) is klt
at n.

(i) For any I € mZsq with []F_, h° (\//m;) # 0, we set
i 1k
Qn,l (X’ B; {Ci ) Vmi}izl)

k
. 1 i
4 ‘mf ‘ lct,, (X,B; 7 g C¢D>
DIV =

for all 1<:<k
and for some EiEZ;i(; !

. . AX,B (E)
= ‘mf | inf % ,
i i E prime divisor 1 E Y o c;ordg D?
Dle}vlfma’il over X ! =1 E

with neCx (E)
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Ax g(E)

inf % 1 . 9
5 ivis .
2 prime divisor 350y ciq Ti (Vi B)
with neCx (E)

where Ict,, is the log canonical threshold at 7 and Cx (F) C X is
the center of F on X. Similarly, we set

Sl <X, B;{ci- tiﬁ}le)

k
~inf Ict,, | X, B; E ;D
D* I-basis type i—1
Q-divisor of V* & a

for all 1<i<k

. . Ax p(E
~inf inf k s(E) :

D' I-basis type E prime divisor Zi:l ¢;ordg D?

B i over X
Q-divisor of V* & with neCix (E)

inf Ax.p(E)
E prime c}i{visor Zle ¢S (VZL:; E) .
with neCx (E)
(ii) We set
o (X B e Vb)) = iy e (X8 (e Viehio)
A E
E préflneer C;?,lsor Zz‘:l T (V;7 E)
with neCx (E)
and
(VL) = d (Vi)
= inf Ax.p(E)
FE prime divisor Z?:l CiS (V}z7 E) .

over X
with neCx (E)

By the next proposition, the above definitions are well-defined.
We call the value o, (X, B; {ci . V;i}f:1> the local coupled global
log canonical threshold of n € (X, B) with respects to {c;- Vitk
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and we call the value ¢, (X,B; {cz- . V;Z}f:l) the local coupled
stability threshold of n € (X, B) with respects to {c; - Vi}¥ .

(3) Assume that Ly, ..., Ly are big Q-Cartier Q-divisors on X, r; = 1 and
Vi = HO(eL;) for every 1 <i < k. Then we set

a(X,B;{ci-Li}le) = a(X,B;{ci-V;i}f:l),

S (X,B; {c; Li}§:1> o) (X, B; {Ci . V;i}f:1> ;

and so on.
4 If g = -+ = ¢ = 1, then we write a(X,B;{V;i}f:l),

6(X,B;{1/§}f:1), etc.; if k = 1, then we write a(X,B;cl'V:l),
§(X,B;c1- VY, ete; if B = 0, then we write (X;{cz--Li}f:l),
) (X; {c; - Li}le), etc., just for simplicity.

The above definitions are well-defined thanks to the following well-known

proposition. See [BJ20, Theorem 4.4], [AZ22, Lemma 2.21], [Fuj23, Propo-
sition 11.13] and [Has23, §A].

ProposITION 10.2 (cf. [BJ20, Theorem 4.4], [Fuj23, Proposition
11.13]).

(1) Under the notion in Definition 10.1 (1), we have

- A E
li%} o <X,B; {ci . V;L;}le) = inf % x.5( )Z ,
lemo E prézlec; (égmsor Zi:l T (Vi; E)
and
- A E
lim & (X Bi{ei Vigh,) = inf x5 ) .
lemZso E prime U)lémsor S aS (Vi E)
(2) Under the notion in Definition 10.1 (2), we have
, A E
lim  ayy (X,B; {Ci . V;ﬁ}le) = inf % x.8( ) )
lemZso E prime divisor Zi:l ;T ({/:7/7 E)

over X
with neCx (E)
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and
i A E
lim 6, (X,B; {e - Vgﬁ}lf_l) = inf . x,B( ) ‘
lemZso 1= E prime divisor Zz’:l CiS (V';z” E)

over X
with neCx (E)

PrROOF. We only see (1). Since

A E ‘
Al % x5 )z > limsup o (X, B; {Ci . Vrlni}f:J
E prér\zleer %\nsor Zi:l T (V’i" E) lemZog
j A FE
> inf o (X,B; {e; - Vrk}i‘ﬁ:l) = Jinf . x,8( )1 ’
lemZso E pr[l)sg %1(V1sor Zi:l CiT (‘/;’7 E)
the first assertion follows. Similarly, we have
j A E
limsup 51 <)(7 B; {Ci . Vw?ni}le) < . 1nf . - X,B( ) )
lemZso E pr(l)r\flei c;wsor Zi:l CZ‘S ({/‘Z7 E)

On the other hand, by Lemma 4.15 (1), for any € € Q~0, we have

; 1 A E
lim inf & (X, B;{ci- Vr;:}il) > Db xp(B)
lemZso - 14+¢ E pr(l)ilrg (;VISOI‘ Zi:l CZ‘S (‘/}27 E)

Thus we also get the second assertion. [

REMARK 10.3. Assume that (X, B) is klt at a scheme-theoretic point
n. As in [BJ20], we have the following equalities:

ok . Ax B(v)
X,B;{e; Vi ._) — inf AL N—
o (B e Viedin) = W

k AX’B(U)

= 1 f - R
B D)

bn.1 (X,B; {e;-Vigh _1>
Qn (X,B; {e; - Vf}le) — inf AX,B(U)'
)

1=

k
i=

8, (X, B;{c;- Vi
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where v runs through all valuations on X with Ax g(v) < oo and n € Cx(v).
See [BJ20] for detail.

DEFINITION 10.4.

(1) Let U C X be an open subscheme and let
Yo: X =Yy Y- >Y]

be a plt flag over (U, B|y). For any scheme-theoretic point 7 € Y} over
U, we set

Qy) (X’BDY1[>"'[>Y}§{Q'Vg}le)
: . i,(Y1p>--->Y) k
- <Y}7BJ’ {Ci ‘ V: 1 ’ }i=1> )
ik
571 (X,Bl>Yll>...l>Y],;{Ci‘V:}i:1>
] k
= 0 Y,B7{ - V}’(Ylb"'byj)} ’
n < 7y D3y C 5 .

where (Y}, B;) is the associated klt pair over U. In other words,

oy (X, BoYie- oV {a Vi)
nf Axp(Yiv---pY;p> E)
= 1mn X )
E prime divisor 2?21 T (V:Z, Yip--> Y} > E)

over Y

with nECyj (E)

8, (X,B>Y1|>---|>Yj; {ci- V;i}f:J
¢ Axp(Yi>---pY;> E)
m X .
E prime divisor Zle ¢S (‘/;_?7 Yip---> }/] > E)

over Y
with nGCyj (E)

(2) If
Yo: X =Yy Yi>--->Y)

is a plt flag over (X, B), we set

o(X,BeYie- o Vii{a Vi)
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= «alY,,Bj; {c..Vf’(YW“'DYj)}k
VER=SE) 7 s i)’

6 (X, BoYioo o Vi{e Vi)

where (Y}, B;) is the associated klt pair. In other words,

o (X, BoYis o Yi{a- Vi)

-, Axp(Yi>---pY;p E)

m . )
E prime divisor Z?:l T (V:Z’ Yin--> Y} > E)

over Y;
6 (X, Bevie- o Vi{a- Vi)
_ g Axp(Yiv---pY;p> E)
E prime divisor 3% 0,5 (Vi Vi Y > E)

over Y

If , = 1 and L' := L} € CaCl(X) ®7Q are big for all 1 <i < r, then

we set
o (X, BeYio- Yy {a- L))
= a(X.Bevie-s Ve Vi),
6 (X, Bevie- oYy {a- L))
= o(X.Bevie- oY {a Vi),
and so on.

We see basic properties of coupled global log canonical thresholds and
coupled stability thresholds. The following proposition is true even if we
replace “(X, B) is klt”, “a” and “§”, with “n € X is a scheme-theoretic
point which is not the generic point of X such that (X, B) is klt at ", “a,,”
and “6,”, respectively.

PROPOSITION 10.5. Assume that (X, B) is klt.
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(1) We have
o (X,Bi{ei-Vi}L,) < 6 (X.Bi{ei-Vi}L,)
= <1I2?<Xk {ri} + n) @ (X’B; {Ci ' Vé}f:l) '

(2) If ¢}, ..., ¢, € Ryg satisfies that ¢ > ¢; for any 1 < i < k, then we
have

v

a(X,B;{cZ--V;i}f:J oz(X,B;{cg-V;i}f:l) ,
6(X.Bife-Vil,) = o(X.Bi{d Vi),
(3) We have « (X,B; {e - V;i}f:1> € Ryg and 6 (X,B; {e; - V;Z}f:l) €
R>().
(4) For any ¢}, ..., c, € Qsg, we have
o (X, B7 {CZ'C; . V;j}f:l> = « (X7 Ba {Ci : C;Vi'l}le) )
6 <XaB% {eic) - V:Z}f=1> =0 <X’B; tei- cﬂ/;i}f:l) ’

where ¢V} is as in Definition 2.6 (1).

(5) Take any p € Zso. For any 1 < i < k, take any p" = (pi,...,pl.) €
27, with p} = p. Then we have

o(xmfai) ) = fa(xma i),
o(wmda ™)) - polrataal).
(6) For any c € Rsg, we have
o (X, Bi{eci VL)) = % o (X, Bi{e ViYL,
6 (X, B {eei Vi}L,) = % 6 (X, Bi{e Vi)
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(7) Assume that there exists 0 < k' <k —1, ¢jy q,. .. ,‘c;c € Qsp and a
graded series Vg such that vy = -+ = r, and V.] = c;-V; for any
E' +1<j<k. Then we have

o (x.5:{a ViYL,)

k
= « X,B;{ci~1/;i}f:1U Z cjc;- - Ve ,
j=k'+1
6 (X.Bi{ei Vi}L,)
, k
= 0 X,B;{ci-Vé}leu > eidi | Vi
j=k'+1

(8) Let L,Ly,...,L; are big Q-Cartier Q-divisors on X. Assume that
there exists 0 < k' <k—1andcyy,,,...,c;, € Qso such that Lj = ch
for any k' +1 < j < k. Then we have

a <X, B:{e; - Li}f:1>

k
= « X,B;{Ci'Li}filu z CjC;‘ L )
j=k'+1
6 (X, Bif{ei L)
k
= §| X,B;{c;i- Li}*_, U > edi| L
j=k'+1

In particular, when moreover k' =0, we have

1
aX,Bi{ei-Li}|) = ——— - a(X,B;L),
1
6(X,B;{ci-Li}f:1) - . §(X,B;L).
> i1 CiCh

(9) Take any division
{1,...,k}=[1|_|'--|_|fl
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with I; # O for any 1 < j < 1. We have the inequalities
o (X, Bi {ei - Vi) >_ <Z (%.B:{ei-Vidie,) 3
A -1 . ~1
6 (X.Bi{ei- Vi) < ch (x.B: {ei- Vi}iy))

i=1

In particular, we have
ko1 k 1
o (X,B; {ei- Vﬁ}izl) <Y e-a(X,B:VH

=1
k
5 (X,B; {c;- V;’}f:lyl <Y e-s(X. BV

For any 1 <i <k, let A; be a finite set and let us consider a decom-
position

Supp U ASupp
AEA;

and consider V;’O‘) in the sense of Definition 2.6 (4). Then we have

i,(X)
ik vol (V= ) ()
6(X,B,{ci-V;}i=1) _é(X7B7{CZW‘/: .
1<i<k, eEN;

Both the functions

a:RE) — Ry
A Y
§:REG — Ry

(1, o ste) = 5<XaB§{ti'V:i}f=1)

are continuous.
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PROOF. The assertion (1) follows from Definition 4.6 (2). The as-
sertions (2) and (6) are trivial. The assertion (3) follows from (1) and
the argument in [Fuj23, Proposition 11.1]. The assertion (5) follows from
[Fuj23, Lemma 3.10]. The assertions (4), (7), (8) follow from the facts
T (Vg E)=c-T (Vs E) and S (Vg E) = ¢+ S(Vg E) for ¢ € Qsp. The
assertion (9) follows from

= sup
E/X Ax p(E)

) - L o ci-S(VLE
5(X,B;{ci~vf}f:1)l Zjes e % 2{157)

L ey et S (Vi E)

l
D R LIS

S E/X

-1

The assertion (10) follows from Proposition 4.11. Let us consider the asser-
tion (11). Take any ¢ = (t1,...,t;) € R¥; and ¢ € Rog. By (6), we have
0 (af) =a 16 (ﬂ for any a € R. Take any small €; € Ry with

§(t)—e< 164521 and 6 (%) +s>1‘5_L’21.

Fix a norm || - || on R¥. By Lemma 10.6, there exists §' € R+ such that for
any U = (t},...,t,) € R with || — ]| < &, we have

(1 + 81)ti > t; and t; > (1 — El)ti
hold for all 1 < ¢ < k. This implies that

ﬂ<6(?)§ 0 (1)

14+e — 1—¢
by (2). Thus we get the assertion. [J
LEMMA 10.6. Fiz a norm || - || on R". Take any open cone C C R".

For any compact subset K C R" with K C C and for any € € Rsq, there
exists 6 € Rsg such that, for any @, § € K with ||y — Z|| < 6, we have
(I+e)f—ye€Candy—(1—e) eC.

Proor. Fix ¢ € C such that K C ¢+ C and set

U:=(—ec+C)N(ec—-C)CR".
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Since U is open with 0 € U, there exists § € Rsq such that
{ZeR" | |z|| <6} CU

holds. For any Z, ¥ € K with |g—Z|| < ¢, we have Z, § € K with ||§—Z| < ¢,
we have

jgexZ+U = (—ec+Z+C)N(ec+2—C)
C (1—-9)Z+C)Nn((1+e)Xd—-0C),
since x —ceC.
REMARK 10.7.

(1) By Proposition 10.5 (4), there is no confusion if we write

o (X’B; {szel}le) , 6 (X,B; {ciV;i}f:J )

etc., in place of
o (X, B; {c:- v;’}f:l) 6 (X, B; {c:- Vg}f:1> .

(2) By Proposition 10.5 (4) and (11), we are mainly interested in the case
61:‘--:Ck:1.

From now on, we assume that (X, B) is klt and the Veronese equiv-
alence class V of an (mZso)"i-graded linear series V' - on X associated
to Li,..., L;, € CaCl(X) ®z Q containing an ample series which does not
need to have bounded support in general for any 1 < i < k. We consider a
generalization of Dervan and Kewei Zhang’s results [Der16, Theorem 1.4],
[Zha21, Theorem 1.7]. Let us set

C; = int (Supp (V) C R,
k

T
=1

For any @’ € C; N Q", we considered the series Voiai in Definition 2.6 (5).
Consider the function

CG;NQ" — Ry
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a — Vol(Vfal)’lL.

By [LMO09, Corollary 4.22], the function uniquely extends to a concave (in
particular, continuous) and homogeneous function

Vol" £ C; — Rag.
Let us consider the behaviors of the values

a@) = a (X, BV}, ). 8@ =6 (X, B {Vi}l,)
for every @ = (@l,...,a") € CNQr++r,

LEMMA 10.8. Takea, b e CNQT 1Tk withb—a € C. Fiza sufficiently

divistble m € Z~q such that Viai, ‘. are obtained by V! .., VZ for any
. obi med

1 < i <k, respectively. Then, for any sufficiently divisible | e mZ>0, we

have

o (X B;{ moaz}f=1> 2 <X’B;{ijﬂb’}f:1>’
o1 <X B;{ moaz}f:1> o <X’B;{Vl }f 1>.

minj <;<j dim Vllm

max<;<j dim Vl%ﬁ

In particular, we have

0 (XBVaL) = a(xm ().
6 (X, B {Viu}e ) 5<X’B;{Vf6i}f—1>

mlnlﬁiﬁk vol (‘/oa"i) maxi<;< vol (V151>
== .

PROOF. Set @:=b—d e C. By [LMO09, Lemma 4.18], we may assume
that there exist effective Q-divisors C* ~q & . [t with IC? € € |Vii| for all

1 <i<k. Foranyl <i<kand for any D’ € , since D' +1C" € )Vl%
we get

} lat

k k
1 % % %
lct< j;D+lC’)><lct<XB ;D).
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This implies that

. Ny
oy (X;BQ {Vnzud’i}le) Z <X’B; {V;%'gi}' > '

=1

Let us set
N = dim‘/fai, M" = dimVl%i.
Take any basis
{5y} € Vi

and set

D= (s =0) € |V,

Dt — L %Di
’ "IN 7
j=1

Of course, D' is an [-basis type Q-divisor of tinai' Let t;- € Vl%z be the

image of s% under the natural inclusion

) ) ) oy M? )
Take t?\/i+1= sty € V;%Z such that {t;} - is a basis of V;%i, and set
J:

Mi

. . . . 1 .

T . 1 (] 7 . 7

Byi= (t;=0) € V|, Bi= > B
=1

The Q-divisor E’ is an I-basis type Q-divisor of Vriz.l?i‘ Moreover, for any
1 <5< N*, we have E; = D; + 1C*. Thus we have M*E* > N‘D! 1In
particular,

k k
max {M*) ; E' > uin (N} Z} D'
holds. This immediately implies that
k k
lct (X, B; 112%}(k {Mz} Z_Zl Ez) <lct (X, B; 1ré1ii£k {NZ} Z_Zl Di)

and we get the assertion. [



Coupled Stability Thresholds 267

Now we state the following generalization of Dervan and Kewei Zhang’s
result [Derl6, Theorem 1.4], [Zha21, Theorem 1.7].

THEOREM 10.9. The functions
a:CNQMT T 5 Ry, 6:CNQIT T 5 Ry
introduced above can extend uniquely to continuous functions
a:C—Rsg, 6:C— Ry,
respectively.

PROOF. The proof is similar to the proof of [Zha21, Theorem 4.2]. Fix
anorm | - || on R™* ¥ and take any compact subset K C R™F "% with
K C C as in Lemma 10.6. Let us fix ¢€ CN Q"1 with K C ¢+ C. By
the compactness of K, there exists 61 € Q¢ such that

[FeRm++m | -2 <&} cC

holds for any & € K. Take any sufficiently small € € Qs with e < 1/(2n),

1+e—e2\" 1—e4e2\"
(%) (1+e—-e*)>1, (54—'—8) (1—e+e*) <.
S &

Step 1. By Lemma 10.8, for any @ € K N Q""" we have a(d@) <
a(€). Moreover, if we take 62 € R as in Lemma 10.6 from the e, then we

have
1

1+4+¢

a(@) <a(b) < ! (@)

for any @, b € K N Q"+ with ||b — @|| < 8. In particular, we have
}a(z?) - oz(c_i)‘ < 2a(d)e.

Thus we can extend the function o continuously over K, hence over C.

Step 2. By Step 1 and Proposition 10.5 (1), there exists a positive
constant M satisfying §(@) < M for any @ € K N Q"7 Let us fix such
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M. Note that, for any @, b € CNQ 17 with (1 —I—€)Ei—5, b— (1—e)d e,
we have

-, -,

6(ad+eb) < 6(@) < é6(a—eb)
holds. Indeed, by Lemma 4.12 (2), we have

5(6+€g) _ él/lg( Ax B(E) < ér/l)f( ZkA);,f(;‘(/E) 5
k i . = .Zd'i;
Zi:lS (‘/;(d'i+sgi)aE> =1
= §(a@) < inf Ax.p(E) = 6(d@ — eb).

T E/X

k i .
Zz‘:l S <V.(di€gi)’ E)

Step 3. Let us set 6g := 52%. Take any d, be K NQ" T+ such that
&:=b — @ satisfies that ||€] < . From the definition of &, we have

1 1-
i+ "fecc, a-1"Szcc
3
Note that
1 , 1
H Al < 6 (1+5)b:6+5<6+ +55),
g g
1 q 1-
H 6255 < 6, (1—5)b:6—5<6— 655)
Then,
1 1
(1+e)a—<a+ *%) _ s<a *255),
g g
1 1
(a+ “5)(15)5 - s(a+ ieg),
3 g
1—¢ 1—¢
Lo (o N o (- )
(1+e)d <a . e) 5(a+ = e),
1—¢ 1—¢
L N )
(a . 6) (1—-¢)a 5<a o €

are elements in C from the definition of ;. By Step 2, we get

5 ((1+2)p) :5(a+s(a+ 1;%)) < §(d) ga(aa(a 1;55))

0]




Coupled Stability Thresholds 269

:5“1-@@.
In other words, we have
(1_@am§5(®§(y+@am.

Moreover, we have §(d) < M. Therefore we get the following: for any
0 < £ < 1, there exists §y > 0 such that, for any @, b € K N Q""" with
IIb — @l < éo, we have

‘aa—aw)gnk.

Thus we get the assertion. [J

We remark that the local version of Theorem 10.9 also holds by the com-
pletely same proof. We only state the result just for readers’ convenience.

THEOREM 10.10. Let n € X be a scheme-theoretic point which is not
the generic point of X and assume that (X,B) is kit at m. Let Vi be
the Veronese equivalence class of a graded linear series on X associated
to L",...,Lfai € CaCl(X) ®z Q which contains an ample series for any
1 <i< k. Let us set C; := int (Supp (V;Z)) and C := Hle Ci. Then the
functions ay: CNQT "+ — Ry and §,: CNQH T — R with

oy (@) := ay (XvB5 {V-Zal}fzJ ;o Op(@) =6y (XvB3 {‘/:61}le>

uniquely extend to continuous functions oy,: C — Ry and 6,: C — Ry,
respectively.

As an immediate consequence of Theorem 10.9, we have the following
corollary. Note that the local version of Corollary 10.11 is also true. Let
Big(X) € NY(X) (resp., Big(X)g C N'(X)g) be the set of the numerical
classes of big R-Cartier R-divisors (resp., Q-Cartier Q-divisors) on X.

COROLLARY 10.11 (cf. [Derl6, Theorem 1.4], [Zha21, Theorem 1.7]).
Assume that (X, B) is klt. The functions

a: Big(X)§ — Rso
(Li,... L) a(X,B;{Li}le),
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§: Big(X)§ — Rso
(i L) = 6 (X BT,

uniquely extend to continuous functions

a: Big(X)¥ — Ry, §: Big(X)* — Ry.

PROOF. The values a (X,B; {Li}le) and 6 (X,B; {Li}fﬂ) depend
only on the numerical class of Ly, ..., Lg. See the proof of [BJ20, Lemma
3.7 (iii)]. Then the assertion is a direct consequence of Theorem 10.9. [J

REMARK 10.12. If Lq,..., L € CaCl(X) ®z Q, then the values
a (X, B: {c; - Li}f:1> S (X, B: {c; - Li}f:1> ,

etc., in Definition 10.1 (3) coincide with the values in Corollary 10.11 by
Proposition 10.5 (11) and Theorem 10.9.

11. Zhuang’s Product Formula

In this section, we assume that the characteristic of k is zero. We con-
sider the product formula [Zhu20] for collections of tensor products of graded
linear series. The proof is almost same as the proof in [Zhu20], but the ar-
gument is more complicated.

THEOREM 11.1 (cf. [Zhu20, Theorem 1.2]). Let (X1, By) and (X2, By)
be projective klt. For any 1 < i < k, let UL (resp., VZ) be the Veronese
equivalence class of a graded linear series on X1 (resp., on Xo) associated
to Li,..., L} € CaCl(X;) @z Q (resp., Mj,...,M! € CaCl(X,) ®z Q)
which has bounded support and contains an ample series. Set (X,B) :=
(X1 x X9,B1 X By) and W} := UL ® V} (see Definition 2.9). Moreover,
take any ci,...,c,y € Rog. Then we have

o (X B {awWill, ) = min {o (X0 Bu (a8}, ) 8 (Yo B {aVi} ) |-

As an immediate corollary of Theorem 11.1 and Corollary 10.11, we get
the following:
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COROLLARY 11.2. Let (X1, B1) and (X2, Ba) be projective kit. Take
any 01,...,0; € Big(X1) and &1, ..., & € Big(X2). Then we have

5 (X1 % X0, B1 R By {6 &)L )
= i {5 (30,8 01, ) 0 (e B (e )

PROOF OF THEOREM 11.1. We heavily follow the argument in [Zhu20,
§3]. We firstly remark that ¢ (Us ® Vz) = (cUs) ® (cVz) holds as Veronese
equivalence classes of graded linear series for any ¢ € Q. Thus, by Propo-
sition 10.5 (4) and (11), we may assume that ¢; = --- = ¢, = 1. By Proposi-
tion 10.5 (5), we may assume that UL (resp., VZ) are ZJ -graded (resp., Z -

graded) and L;'» (resp. MJZ) are Cartier divisors. Set 6 := 6 (X, B; {Wé}le),
5 =6 (Xl,Bl; {Uj;}f:1> and 8 = 6 (XQ,BQ; {I/g}f:1>.
We firstly show that ¢ < min{é;,d62}. For any e € Q~, there exists a
prime divisor F; over X such that
AXl,Bl (Fl)
holds. Take any resolution o7y : X 1 — X; of smgularltles with F: 1C X 1, and
set X 1= X1><X2 2 X and E; =m1F CX where Kk X—>X1 be the 1st

projection. For any 1 <1 <k, l € Zso, d € ZY Lbe ZS;O_I and A € R,
we have the equality

<b1+e

\ i \ o .
FeWias= (f ol Uia) OV

This immediately implies that

1

)= o (vis) no (Vi)
/ YooY dimFEUdimVide = S (Us F).

acZly beZS;O

St (Wes Bx

Thus, we get
Ax p(Eq) _ Ax, B, (F1)
Zf:1 S (W.£> El) Zf:l S (Uj;; Fl)

<01 +¢,
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which gives the inequality 6 < 6;. Thus we get the desired inequality
1) S min{él, 62}

We show the reverse inequality 6 > min{é1,62}. Let m;: X — X be
the jth projection. Take any prime divisor E over X and any ¢ € Q¢ with
¢ < min{d1, 62}. It is enough to show the inequality

k

AX7B(E) > CZS[ (W;Z», E)
=1

for any [ > 0. For simplicity, let us set Pfﬁ = dim U}

a La Qig = dim V%
P =10 (Uj5), Qfi= 10 (V/5), and

Ly’

{53,...,5@’@%} - {(Ek) ‘ be %" with Qi £0, lngng}.

Note that h" <Wlij) = P/Q! holds (see Example 3.4).

Let us consider the case ma (Cx(F)) = Xo. Forany 1 <i <k, d € Zgo_l
and b € Zsz"a 1, let us consider the basis type filtration G’ of Vlfl? associated
to general points x1,... ,leij € Xo of type (I) in the sense of Example
4.2 (2), and let G be the filtration of VVZZ ; defined by @', i.e., gAVVli&,B =
Uzi,a ®3g )‘Vlfg. Take a basis

—

a,

( )
{igiu b rsier,
1<K <Q!
/L' . . . 7/ .
of I/Vl@g compatible with Fz and G such that the image of {fa,g,j,k/}lﬁjﬁpf,a
on U} ; ®@k(xy) forms a basis for any @ € Zgo_l, be Zszio_l and 1 <k < Q;,E'

Take a general point x € X5 and let us set X, := 7T2_1($) ~ Xy, B, := Blx,.
Set

Pli(i
7 L A _
BE,E,k’ T Z (fa',z?,j,k' - O)
j=1
Then
R D DD SR
lPlZQf a,b,k’
L _ori—1 (7 i ;
acZl, (b,k/)e{é“h...,é"Q%}
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is an [-basis type Q-divisor of W.ﬁ with ordg D' = S (W.i, E) Since z € X
is general, for any 1 < h < Q;,

. 1 .
7 P 2
Deg = P > (Ba,a‘;b) X,

is an [-basis type Q-divisor of Uf; on X, ~ X;. Note that

S0l g X e X (phg wernty )
Lic ! "

R1<Q}  1<hy<QF

and the pair

k
(Xx,Bx+CZDICh)

=1
is klt for any [ > 0 and any hi,..., hg, since ¢ < §;. This implies that the

pair
k
<X:m B, + CZ D1|Xgp>

=1

is also klt. By inversion of adjunction, the pair (X , B+ CZle Di> is klt
around a neighborhood of X,. Therefore we get the desired inequality

k k
AX’B(E) > CZOrdE D' = CZSZ (W—l» E

Let us consider the remaining case m2 (Cx(E)) € Xa. Take a resolution
o9 Xo — Xo of singularities and a prime divisor Fy C X5 such that the
restriction ordg |k x,) to the function field k(X2) of X is proportional to
ordp,. Set X = X1 X X2, B, :— w5 (Fa) C X and 0: X — X. For any
1<i<k dez%" and be 25", let us consider the basis type filtration

)

in the sense of Example 4.2 (2), and let G be the filtration of W’ ; defined
by G'. Note that G refines Fp,. Take a basis

G’ of Vlig associated to general points z1,...,20: € I3 C X5 of type (I1)
LB

) )
{f6,57j7k’} 1sjsFz
1<K/ <Q!
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of VVZ(;E compatible with Fr and G such that, for any a@ € Z;"O_l, be Z‘;O_l
and 1 <k < Q; p there exists m € Z>¢ such that ordg, (fégj k’) = m for
any 1 < j < P/, and the image of {W;f_ma*fé,&;k/hSJSPf,a on Uia*@k(ﬂfk’)
forms a basis, where f € H° <X2,0X2 (Fg)) is the defining equation of
Fy C X5. Take a general point x € Fy C X5 and set

Kg+ B+ (1— Ax, p,(F2)) B2 = 0*(Kx + B),

X, :=m, '(x), and B, := Bly,. Set

P
i o i _
Ba,é‘,k' T Z (fﬁ,b,j,k’ - 0) :
j=1

Then

D= —— B .
o 2 2 DPuw
acZl, (b,k/)e{é’bl,.,.,é"Q%}
is an [-basis type Q-divisor of W.i with ordg D* = 5 (W}, E) and ordg, D' =
Sy (Wi Es) = S (Vi Fy). Write

Q;
o*D' = S, (V:Z§F2) By + lPl’Qf i hE 13'%&’
aeZii =

€zl

Ch a’,

for any 1§h§Q;’,

where O'*Bé = and B g may only differ along Es. Since x € Fj is general,

. 1 /i

- rl-—l
QGZEO

is an [-basis type Q-divisor of Uf; on X,. Since ¢ < 6y, for any [ > 0 and
for any hq,...,hg, the pair

k

=1
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is klt. Same as the previous argument, the pair

k

Q%
anBa:_FCZlP;Q? Z Z(Blé’aﬂ) ’XT

=1 d»ez’;i(;l h=1

is also klt. By inversion of adjunction, the pair

k Qi
o 1 ;
RS S S S I
i=1 1%l 6622'0’1 h=1
is plt around a neighborhood of X,. For I > 0, we know that

k

1— Ax, B,(F2) + CZ S (Vi F) <1
i=1

since ¢ < §2. This implies that the pair

k
<X,B + (1 — AX27BQ(F2)) Ey + CZO'*DZ)

i=1

is sub-klt around a neighborhood of X,. This gives the desired inequality
k ‘ k '
Ax p(E) > cZordE D' = CZSZ (Wi E)
=1 i=1

and then we get the assertion. [J
12. Toward Abban—Zhuang’s Methods

In this section, we assume that the characteristic of k is zero. Let X be
an n-dimensional projective variety, let B be an effective Q-Weil divisor on
X and let 7 € X be a scheme-theoretic point such that (X, B) is klt at 7.
We set Z ::WC X. Take any c1,...,cp € Ryg. Forany 1 <i <k, let V;i
be the Veronese equivalence class of an (mZsg)"i-graded linear series Vj;ﬁ
on X associated to Lj, ..., L; € CaCl(X)®zQ which has bounded support
and contains an ample series.
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We recall the notion introduced in [Fuj23, Definition 11.10].

DEFINITION 12.1. Let o: X’ — X be a projective birational morphism
with X’ normal, let Y € X’ be a prime Q-Cartier divisor on X’ and let

e € Z~o with eY Cartier. For any [ € mZ~y with Hle h0 (Vi’(y’e)> # 0,

l,me
we set

k

o (X Bi{ei Vishi,

k
) = inf let, | X, B; E D" .
D'* I-(Y, e)-subbasis type =1
Q-divisor of V7 .
me
for all 1<i<k

The proof of the following proposition is essentially same as the proof of
Proposition 10.2. More precisely, we apply Lemma 4.15 (2). We omit the
proof. See [Fuj23, Proposition 11.13 (1)] in detail.

PrROPOSITION 12.2 ([Fuj23, Proposition 11.13 (1)]). We have

. e i k ik
lel;%w 67(71? ) (X’ B {ci- Vm:}z‘:1> = by (X’ B;{ci- Vi}z‘:l) :

Here is an analogue of [AZ22, Theorem 3.2]. We omit the proof, since
the proof is essentially same as the proof of [Fuj23, Theorem 11.14] and
applying Propositions 10.5 (5) and 12.2.

THEOREM 12.3 (cf. [AZ22, Theorem 3.2] and [Fuj23, Theorem 11.14]).
Let Y be a primitive prime divisor over X and let o: X — X be the associ-
ated prime blowup. Assume that there exists an open subschemen € U C X
such that Y is a plt-type prime divisor over (U, B|y). Let (Y, By) be the
associated klt pair over U (see Definition 2.10 (3)). Let Zo C Z C X be
a closed subvariety with Zy C Cx(Y) and ZoNU # (. Let ny € X be the
generic point of Zy.

(1) If n ¢ Cx(Y), then we have

. VA, k 1 ’ ; i L) )
Oy <X’ B; {CZV:Z}i:1> = n/ef(;lﬂrgw)=no 677 <Y7 b {CIV: }i_1> .
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(2) If n € Cx(Y), then we have

by (X,B; {Civi‘i}le)

A Y . k
2 min % x5 ) : _inf bry <Y’ By; {CiV£7(Y)} ) .
dicg S (V§§ Y) n'€X;0o(n’)=mno i=1

If moreover the equality holds and there exists a prime divisor E over
X with Z C Cx(E), C4(E) CY and

Ax g(E)
Zf:l ¢S (V:Zv E) ’

by (X’B5 {cZV;l}f:l) =
then the equality

ik Y Axs(Y)
&y (X,B, {czV:}izl) TSE S (ViY)

holds.

Assume that there exists a finite set A; and a decomposition

ASupp , <Y) U ASUPD
AEA;

is given for any 1 < ¢ < k. We consider V;’(Y)’m in the sense of Definition

2.6 (4). By Proposition 10.5 (9) and (10), we have

N
vol (V*( " >) 0,(Y),(0)
vol (vﬂ (Y”) :

- VOI(-Z(Y)H)(S (v. By Vi) !

== 577/ Y,By; C;

1<i<k\EA;
-1

=1 )\GAI

Moreover, by Theorem 8.8 and Corollary 9.4, we can estimate the values
Oy (Y By VZ (), >>, hence also the value 6, (X,B; {CiV:i}f:1>, in many

situations.
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We end the article by seeing basic examples.

Ezample 12.4 (cf. [AZ22, Corollary 2.17]). Assume that n =1 and 7
is a closed point. Set b := ord, B € QN[0,1). Consider R-Cartier R-divisors
Lyi,...,L; on X with deg L; = d; € Rsg. For any Cartier divisor L on X
with deg L = 1, we know that

1-b

o (X, B; L) = —— =2(1-0).
77( ) ’ ) 1/2 ( )
Thus, by Proposition 10.5, we have
2(1—05
On (X>B; {CiLi}f:1> = %
D=1 Cidi

Ezample 12.5 (cf. [RTZ21, Corollary A.14]). Assume that X =
Pp (O & O(m)) with m € Z>op and B = 0. Let F, E € CaCl(X) be the
class of a fiber of X/P!, (—m)-curve, respectively. For any 1 <1i < k, let us
consider any big L; := a;E + b;F € CaCl(X) ®zQ, i.e., a; > 0 and b; > 0.
We compute the value § (X; {Li}f:1>. If m=0,ie.,if X =P! x P!, then

we have
5 (IP’l x Pl {a B+ b,-F}le)
— min {5 (]P’l; {a; - (9(1)}1.;1) 6 (1@1; {b; - 0(1)}5:1)}

. 2 2
= min ,
Ef:l a; Zf:l bi

by Corollary 11.1 and Proposition 10.5 (8). From now on, assume that
m > 1. For any 1 <17 < k, let us set

pi = {ai — ;—7;1 if ma; > bi, G = {%1 if ma; > bi,
© T ) ai(Bbi—ma;) . ) ] i 7\ 3b2—3mazb;+m2a? .
3(2b; —may) if ma; < b’La 3(2b;—may) if ma; < bl

Then we have

pi = S(Li;E):S(Li;FIDF/ﬂE),
¢ = S(Li;F')=5(Li;Ex>F NEy) =S (L;E>F' NE)
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for any F € |F| and for any irreducible Eo, € |E 4+ mF| by Theorem 5.5 or
Corollary 9.1. Thus we get the equality

1 1
6 (Xa {Ll}f::L) = min { k ) k }
Z¢:1 Dbi Zi:l q;
by Theorem 12.3.
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