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On the Coupled Stability Thresholds

of Graded Linear Series

By Kento Fujita

Abstract. In this paper, we see several basic properties of graded
linear series. We firstly see that, if a graded linear series contains
an ample series, then so are the pullbacks of the system under bira-
tional morphisms. Using this proposition, we define the refinements
of graded linear series with respects to primitive flags. Moreover, we
give several formulas to compute the S-invariant of those refinements.
Secondly, we introduce the notion of coupled stability thresholds for
graded linear series, which is a generalization of the notion introduced
by Rubinstein–Tian–Zhang. We see that, over the interior of the sup-
port for finite numbers of graded linear series containing an ample se-
ries, the coupled stability threshold function can be uniquely extended
continuously, which generalizes the work by Kewei Zhang. Thirdly, we
get a product-type formula for coupled stability thresholds, which gen-
eralizes the work of Zhuang. Fourthly, we see Abban–Zhuang’s type
formulas for estimating local coupled stability thresholds.
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1. Introduction

For a Fano manifold X over the complex number field C, it has been

known that the existence of Kähler–Einstein metrics on X is equivalent to

the K-polystability of X. We can check K-polystability of X by estimating

its stability threshold δ(X) := δ(X;−KX) (see [FO18, BJ20]).

Recently, based on the earlier work by Hultgren–Witt Nyström

[HWN19], Rubinstein–Tian–Zhang [RTZ21] and Kewei Zhang [Zha24] es-

tablished its coupled version: Let X be a Fano manifold over C, let

L1, . . . , Lk be ample Q-divisors on X satisfying −KX =
∑k

i=1 Li. In

[RTZ21, §A], the authors introduced the coupled stability threshold

δ
(
X; {Li}ki=1

)
(see §10). By [Zha24, Remark 5.3] (see also [Has23, §A.3]),

the author showed the existence of coupled Kähler–Einstein metrics pro-

vided that δ
(
X; {Li}ki=1

)
> 1. Moreover, by [Zha24, Corollary A.15], if

X is toric, then the existence of coupled Kähler–Einstein metrics is equiv-

alent to the condition δ
(
X; {Li}ki=1

)
= 1. The coupled stability threshold

δ
(
X; {Li}ki=1

)
is a natural generalization of the stability threshold δ(X;L)

(for big Q-divisors L) in [FO18, BJ20]. However, systematic studies for

coupled stability thresholds are not established so much yet.

On the other hand, as in [AZ22], it is natural and powerful for the

computation that generalizing the notion of stability thresholds not only for

big Q-divisors but also graded linear series V�• which has bounded support

and contains an ample series. In fact, in [ACC+23, Fuj23], the authors

got explicit formulas in order to estimate the values δ(Y ;−KY ) for smooth

Fano threefolds Y , by focusing on the stability thresholds δ (X;V�•) with X

subvarieties of Y and V�• certain graded linear series on X.

In this paper, we introduce the notion of the coupled stability threshold

δ
(
X,B;

{
V i
�•
}k

i=1

)
for a series of (the Veronese equivalence class of) graded

linear series
{
V i
�•
}k

i=1
(which have bounded supports and contain ample

series) over a projective klt pair (X,B). The notion is very natural, since

this notion is a common generalizations of the above notions δ
(
X; {Li}ki=1

)
and δ (X;V�•). Moreover, we see various basic properties related with the
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stability thresholds. For example, one of the purpose of the paper is to

give several formulas to estimate or to compute the S-invariant of specific

graded linear series, which is crucial to estimate the stability thresholds.

The concept of the Veronese equivalence classes for graded linear series was

systematically treated in [Fuj23, §3.1]. The concept is very natural in order

to consider important invariants including the S-invariant.

We quickly state important results of the paper. Firstly, we showed that

the basic properties of graded linear series are stable under birational base

change:

Proposition 1.1 (see Proposition 2.4). Let us consider a birational

morphism σ : X ′ → X between (possibly non-normal) projective varieties,

and let V�• be the Veronese equivalence class of graded linear series on X

(see Definition 2.1). Then V�• contains an ample series (resp., has bounded

support) if and only if σ∗V�• is so.

Although the above proposition is technical, we can introduce the notion

of refinement V
(Y1�···�Yj)
�• of graded linear series V�• for primitive flags Y1 


· · · 
 Yj over X in a good way (see Definition 2.11). From this viewpoint,

the value

S (V�•;Y1 
 · · · 
 Yj) := S
(
V

(Y1�···�Yj−1)
�• ;Yj

)
naturally appeared many times in [ACC+23, Fuj23] etc. in order to apply

Abban–Zhuang’s method [AZ22]. Thus, we are interested in computing

the value in various situations, especially when V�• is the complete linear

system H0(•L) of a big Q-Cartier Q-divisor L on X. In this case, the value

S (V�•;Y1 
 · · · 
 Yj) is denoted by S (L;Y1 
 · · · 
 Yj).

Theorem 1.2 (see Theorems 5.12 and 8.8 in detail). Assume either

• X is a projective Q-factorial toric variety and a primitive flag is torus

invariant, or

• the primitive flag admits an adequate dominant with respects to L (see

Definition 8.5 for the definition).

Then there is an explicit formula to compute the value S (L;Y1 
 · · · 
 Yj).

We also define the coupled global log canonical thresholds

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)
and the coupled stability thresholds
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δ
(
X,B;

{
ci · V i

�•
}k

i=1

)
of graded linear series on projective klt pairs (X,B)

with c1, . . . , ck ∈ R>0. We show that both the coupled global log canonical

thresholds and the coupled stability thresholds behaves well under changing

slopes, which are generalizations of the result of Dervan [Der16] and Kewei

Zhang [Zha21].

Theorem 1.3 (=Corollary 10.11. See Theorem 10.9 for more general

settings). For a projective klt pair (X,B), the functions

α : Big(X)kQ → R>0

(L1, . . . , Lk) 	→ α
(
X,B; {Li}ki=1

)
,

δ : Big(X)kQ → R>0

(L1, . . . , Lk) 	→ δ
(
X,B; {Li}ki=1

)
,

uniquely extend to continuous functions

α : Big(X)k → R>0, δ : Big(X)k → R>0.

We can also show the Zhuang’s product formula [Zhu20] for coupled

settings.

Theorem 1.4 (=Theorem 11.1). Let (X1, B1) and (X2, B2) be pro-

jective klt. For any 1 ≤ i ≤ k, let U i
�• (resp., V i

�• ) be the Veronese equiv-

alence class of a graded linear series on X1 ( resp., on X2) associated

to Li
1, . . . , L

i
ri ∈ CaCl(X1) ⊗Z Q (resp., M i

1, . . . ,M
i
si ∈ CaCl(X2) ⊗Z Q)

which has bounded support and contains an ample series. Set (X,B) :=

(X1 ×X2, B1 �B2) and W i
�• := U i

�• ⊗ V i
�• (see Definition 2.9). Moreover,

take any c1, . . . , ck ∈ R>0. Then we have

δ
(
X,B;

{
ciW

i
�•
}k

i=1

)
= min

{
δ
(
X1, B1;

{
ciU

i
�•
}k

i=1

)
, δ

(
X2, B2;

{
ciV

i
�•
}k

i=1

)}
.

We also show the coupled version of Abban–Zhuang’s method [AZ22] in

Theorem 12.3 and see several examples of coupled stability thresholds.
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Throughout the paper, we work over an algebraically closed filed k.

From §6, we assume that the characteristic of k is equal to zero. For the

minimal model program, we refer the readers to [KM98, Xu25].

Acknowledgments. The author thanks Yoshinori Hashimoto, who in-

troduced him the notion of coupled stability thresholds and providing him

many suggestions during the 28th symposium on complex geometry in

Kanazawa; Ivan Cheltsov, who asked him about the formula in Corol-

lary 9.4; and the referee for suggesting many important improvements of

the paper. This work was supported by JSPS KAKENHI Grant Number

22K03269, Royal Society International Collaboration Award ICA\1\23109

and Asian Young Scientist Fellowship.

2. Graded Linear Series

Let us recall basic definitions of graded linear series. See also [LM09,

Bou12, AZ22, ACC+23, Fuj23]. In §2, we always assume that X is an n-

dimensional projective variety. Moreover, for any �x = (x1, . . . , xr) ∈ Rr and

for L1, . . . , Lr R-Cartier R-divisors on X, let �x ·�L be the R-Cartier R-divisor

on X defined by �x · �L :=
∑r

i=1 xiLi.

Definition 2.1 (see [Fuj23, §3.1]). Let us consider L1, . . . , Lr ∈
CaCl(X)⊗ZQ and let us set m ∈ Z>0 such that each mLi ∈ CaCl(X)⊗ZQ

lifts to an element mLi ∈ CaCl(X). We fix such lifts.

(1) We say that Vm�• is an (mZ≥0)
r-graded linear series on X associated

to L1, . . . , Lr if Vm�• is a collection {Vm�a}�a∈Zr≥0
of vector subspaces

Vm�a ⊂ H0
(
X,�a ·m�L

)

such that, Vm�0 = k and Vm�a ·Vm�b
⊂ V

m(�a+�b) holds for every �a, �b ∈ Zr
≥0.

We note that the definition of (mZ≥0)
r-graded linear series depends

on the choices of lifts mLi ∈ CaCl(X).

(2) Let Vm�• be as in (1) and take any ∈ Z>0. We can naturally define the

Veronese subseries Vkm�• of Vm�• by

Vkm�a := Vm(k�a)

(
�a ∈ Zr

≥0

)
.
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Clearly, the series is a (kmZ≥0)
r-graded linear series on X associated

to L1, . . . , Lr.

(3) Let V ′
m′�• be another (m′Z≥0)

r-graded linear series on X associated to

L1, . . . , Lr defined by lifts m′Li ∈ CaCl(X). The series Vm�• and V ′
m′�•

are defined to be Veronese equivalent if there is d ∈ mm′Z>0 such

that (d/m) ·mLi ∼ (d/m′)m′Li for all 1 ≤ i ≤ r, and

V( d
m)m�• = V ′

( d
m′ )m′�•

holds as (dZ≥0)
r-graded linear series under the above linear equiva-

lences. The Veronese equivalence class of Vm�• is denoted by V�•. We

note that the definition of V�• does not depend on the choices of lifts

mLi ∈ CaCl(X).

(4) We define the Veronese equivalence class of the complete linear series

H0
(
�• · �L

)
on X associated to L1, . . . , Lr. More precisely, for a suffi-

ciently divisible m ∈ Z>0, let us consider the (mZ≥0)
r-graded linear

series H0
(
m�• · �L

)
on X defined by H0

(
m�a · �L

)
:= H0

(
X,�a ·m�L

)
,

and let H0
(
�• · �L

)
be the Veronese equivalence class of H0

(
m�• · �L

)
.

We also recall basic properties of graded linear series in [LM09, AZ22].

Definition 2.2 ([LM09, §4.3], [AZ22, §2], [Fuj23, Definition 3.2]). Let

V�• be the Veronese equivalence class of an (mZ≥0)
r-graded linear series Vm�•

on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q.

(1) We set

S (Vm�•) :=
{
m�a ∈ Zr

≥0 | Vm�a �= 0
}

⊂ Zr
≥0,

Supp (Vm�•) := Cone (S (Vm�•)) ⊂ Rr
≥0.

Recall that, for any nonempty subset S ⊂ Rr, the cone Cone(S) ⊂ Rr

generated by S is defined to be the set

{x1�s1 + · · ·xm�sm ∈ Rr | m ∈ Z>0, x1, . . . , xm ∈ R>0, �s1, . . . , �sm ∈ S} .

Thus, the subset Supp (Vm�•) ⊂ Rr
≥0 is the closure of the cone gener-

ated by S (Vm�•) ⊂ Rr. We set Supp (V�•) := Supp (Vm�•) and is well-

defined by [Fuj23, Lemma 3.4]. Moreover, let ∆Supp := ∆Supp(V�•) ⊂
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Rr−1
≥0 be the closed convex set defined by the following:

Supp (V�•) ∩
(
{1} × Rr−1

≥0

)
= {1} × ∆Supp.

The series Vm�• (or its class V�•) has bounded support if ∆Supp ⊂ Rr−1
≥0

is a compact set. For example, if r = 1, then any series has bounded

support.

(2) The series Vm�• contains an ample series if:

(i) the sub-semigroup S (Vm�•) ⊂ (mZ≥0)
r generates (mZ)r as an

abelian group, and

(ii) there exists m�a ∈ int (Supp (Vm�•)) ∩ (mZ≥0)
r and a decomposi-

tion m�a · �L = A+E with A ample Cartier divisor and E effective

Cartier divisor such that

kE +H0 (X, kA) ⊂ Vkm�a

holds for every k ∈ Z>0.

We note that the above definition is equivalent to [Fuj23, Definition

3.2 (2)] by [Bou12, Lemme 1.13]. Moreover, by [Fuj23, Lemma 3.4],

if Vm�• contains an ample series, then Vkm�• contains an ample series

for every k ∈ Z>0. The class V�• contains an ample series if some

representative Vm�• of V�• contains an ample series. It is trivial that,

if there is �x ∈ Rr
≥0 with �x · �L big, then the complete linear series

H0
(
�• · �L

)
contains an ample series.

Definition 2.3. Let V�• be the Veronese equivalence class of an

(mZ≥0)
r-graded linear series Vm�• on X associated to L1, . . . , Lr ∈

CaCl(X) ⊗Z Q, let X ′ be a projective variety together with a morphism

σ : X ′ → X. The pullback σ∗Vm�• of Vm�• is an (mZ≥0)
r-graded linear series

on X ′ associated to σ∗L1, . . . , σ
∗Lr defined by

σ∗Vm�a := Image
(
Vm�a

σ∗
−→ H0

(
X ′,m�a · σ∗�L

))
.

Let σ∗V�• be the Veronese equivalence class of σ∗Vm�• and is well-defined.
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We see that several basic properties on graded linear series are stable

under birational pullbacks. When X is normal, the following proposition

was already known in [Fuj23, Example 3.5].

Proposition 2.4. Let V�• be a Zr
≥0-graded linear series on X associ-

ated to Cartier divisors L1, . . . , Lr, let X ′ be a projective variety together

with a birational morphism σ : X ′ → X. Then we have the following:

(1) V�• has bounded support if and only if σ∗V�• has bounded support.

(2) V�• contains an ample series if and only if σ∗V�• contains an ample

series.

Proof. (1) Trivial since S (V�•) = S (σ∗V�•).
(2) We may assume that r = 1. Set L := L1.

Step 1. Let us assume that σ∗OX′ = OX . Consider the case V• con-

tains an ample series. There exists m ∈ Z>0 and a decomposition mL =

A+ E with A ample Cartier and E effective Cartier such that

kE +H0(X, kA) ⊂ Vkm

holds for any k ∈ Z>0. Since σ∗A is big, by replacing m if necessary, we

may assume that there is a decomposition σ∗A = A′ + E′ with A′ ample

Cartier and E′ effective Cartier on X ′. Then we get

σ∗Vkm ⊃ kσ∗E +H0
(
X ′, kA

)
⊃ k

(
σ∗E + E′) +H0

(
X ′, kA′)

for any k ∈ Z>0, since σ∗OX′ = OX .

Consider the case σ∗V• contains an ample series. There exists m ∈ Z>0

and a decomposition σ∗(mL) = A′ + E′ with A′ ample Cartier and E′

effective Cartier such that

kE′ +H0
(
X ′kA′) ⊂ σ∗Vkm

holds for any k ∈ Z>0. Take an ample Cartier divisor A on X. By replacing

m if necessary, we may assume that |A′ − σ∗A| �= ∅. Thus, there exists

an effective Cartier divisor F ′ on X ′ and s ∈ k(X ′)× = k(X)× such that

A′ − σ∗A − F ′ = divX′(s) = σ∗ divX(s), where divX(s) is the principal
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Cartier divisor on X defined by s. By replacing A by A+ divX(s), we may

assume that A′ = σ∗A+ F ′. Since

E′ + F ′ ∈ H0
(
X ′, σ∗(mL−A)

)
= σ∗H0 (X,mL−A) ,

there exists an effective Cartier divisor E on X such that σ∗E = E′ + F ′

holds. Thus, for any k ∈ Z>0, we have

σ∗Vkm ⊃ kE′ + kF ′ +H0
(
X ′, σ∗(kA)

)
= σ∗

(
kE +H0 (X, kA)

)
.

This implies that

Vkm ⊃ kE +H0 (X, kA)

and thus V• contains an ample series.

Step 2. By taking the Stein factorization, we may assume that σ is

finite and birational. Let I ⊂ OX be the conductor ideal of σ, i.e.,

I := AnnOX
(σ∗OX′/OX) .

Since σ is birational, we have dim (OX/I) < n.

Consider the case V• contains an ample series. Then there exists m ∈
Z>0 and a decomposition mL = A+E with A ample Cartier and E effective

Cartier such that

Vkm ⊃ kE +H0(X, kA)

for any k ∈ Z>0. By replacing m if necessary, we can take B ∈ |A| such

that OX(−B) ⊂ I. Write B = A − divX(s) (s ∈ k(X)×) and set A0 :=

A + divX(s). Obviously, we have A0, B ∼ A and A0 + B = 2A. From the

definition of the conductor ideal, we have

σ∗OX′ ⊗ OX(−B) ⊂ OX

as subsheaves of σ∗OX′ . Hence we get

0 �� σ∗OX′ ⊗ OX(A0)
·B ��

� �

��

σ∗OX′ ⊗ OX (2A)

0 �� OX (2A) �� σ∗OX′ ⊗ OX (2A) .
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Thus we get the inclusion

H0
(
X ′, σ∗A0

)
+ σ∗B ⊂ σ∗H0 (X, 2A) .

The decomposition

σ∗ (2mL) = σ∗A0 + σ∗ (B + 2E)

satisfies that σ∗A0 is ample, σ∗ (B + 2E) is effective, and

σ∗V2km ⊃ σ∗(2kE) + σ∗H0 (X, 2kA) ⊃ kσ∗ (B + 2E) +H0
(
X ′, kσ∗A0

)
holds for any k ∈ Z>0. Thus the series σ∗V• contains an ample series.

Consider the case σ∗V• contains an ample series. There exists m ∈ Z>0

and a decomposition σ∗(mL) = A′ + E′ with A′ ample Cartier and E′

effective Cartier such that

σ∗Vkm ⊃ kE′ +H0
(
X ′, kA′)

holds for any k ∈ Z>0. By replacing m if necessary, we may assume that

there exists an ample Cartier divisor A on X such that F ′ := A′ − 2σ∗A is

effective and there exists B ∈ |A| such that OX(−B) ⊂ I holds. Let us set

E := mL − 2A. Then σ∗E = E′ + F ′ is effective on X ′. By the definition

of the conductor ideal, the Cartier divisor B + E is effective on X. The

decomposition

mL = (2A−B) + (B + E)

satisfies that 2A−B is ample, B + E is effective, and

σ∗Vkm ⊃ k(E′ + F ′) +H0
(
X ′, σ∗(2kA)

)
⊃ kσ∗(B + E) + σ∗H0 (X, k(2A−B)) ,

which implies that

Vkm ⊃ k(B + E) +H0 (X, k(2A−B))

holds for any k ∈ Z>0. Thus V• contains an ample series. �

Remark 2.5. For a finite and birational morphism σ : X ′ → X be-

tween varieties and a Cartier divisor E on X with σ∗E effective on X ′,
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we cannot say that the E is effective. For example, let us consider X ′ :=

Spec k[t]
σ−→ X := Spec k[t2, t3] and let E be the Cartier divisor onX defined

by E := (t3/t2 = 0). Then E is not effective but σ∗E = (t = 0) is effective.

We define several graded linear series.

Definition 2.6. Let V�• be the Veronese equivalence class of an

(mZ≥0)
r-graded linear series Vm�• on X associated to L1, . . . , Lr ∈

CaCl(X) ⊗Z Q which contains an ample series.

(1) ([Fuj23, Lemma 3.4]) For any �k = (k1, . . . , kr) ∈ Zr
>0, let V

(�k)
m�• be

the (mZ≥0)
r-graded linear series on X associated to k1L1, . . . , krLr ∈

CaCl(X) ⊗Z Q defined by

V
(�k)
m(a1,...,ar)

:= Vm(k1a1,...,krar).

By [Fuj23, Lemma 3.4], the series also contains an ample series. The

Veronese equivalence class V
(�k)
�• of V

(�k)
m�• does not depend on the choice

of representatives Vm�• of V�•. The series V�• has bounded support if

and only if the series V
(�k)
�• has bounded support.

Similarly, for any c ∈ Q>0, let cV�• be the Veronese equivalent class

of an (m′Z≥0)
r-graded linear series (for a sufficiently divisible m′)

associated to cL1, . . . , cLr defined by cVm′�a := Vcm′�a for �a ∈ Zr
≥0.

(2) Let us consider the sub-linear series V ◦
m�• of Vm�• defined by

V ◦
m�a :=

{
Vm�a if �a = �0 or m�a ∈ int (Supp (V�•)) ,

0 otherwise.

We call the series V ◦
m�• the interior series of Vm�•. Obviously, the series

V ◦
m�• satisfies that Supp

(
V ◦
m�•

)
= Supp (V�•) and contains an ample

series. The Veronese equivalence class V ◦
�• of V ◦

m�• does not depend on

the choice of representatives Vm�• of V�•.

(3) More generally, for any convex subset C ⊂ ∆Supp(V�•) with int(C) �= ∅,
let us consider the sub-linear series V

〈C〉
m�• of Vm�• defined by

V
〈C〉
m�a :=

{
Vm�a if �a = �0 or m�a ∈ Cone ({1} × C) ,

0 otherwise.
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We call it the restriction of Vm�• with respects to C ⊂ ∆Supp(Vm�•).

Obviously, V
〈C〉
m�• contains an ample series and Supp

(
V

〈C〉
m�•

)
=

Cone ({1} × C). The Veronese equivalence class V
〈C〉
�• of V

〈C〉
m�• does

not depend on the choice of representatives Vm�• of V�•.

(4) Let us take at most countably infinite set Λ and a decomposition

∆Supp =
⋃
λ∈Λ

∆
〈λ〉
Supp

with

• the set ∆
〈λ〉
Supp is a compact convex set with nonempty interior for

any λ ∈ Λ,

• int (∆Supp) ⊂
⋃

λ∈Λ ∆
〈λ〉
Supp, and

• int
(
∆

〈λ〉
Supp

)
∩ int

(
∆

〈λ′〉
Supp

)
= ∅ for any λ, λ′ ∈ Λ with λ �= λ′.

For every λ ∈ Λ, we set V
〈λ〉
�• := V

〈∆〈λ〉
Supp〉

�• As in (3), the series V
〈λ〉
�•

has bounded support with Supp
(
V

〈λ〉
�•

)
= R≥0∆

〈λ〉
Supp and contains

an ample series. We call the procedure the decomposition of V�• with

respects to the decomposition ∆Supp =
⋃

λ∈Λ ∆
〈λ〉
Supp.

(5) Take any �a ∈ Qr
>0 ∩ int (Supp (V�•)). We define the Veronese equiva-

lence class V•�a of the graded linear series on X associated to �a · �L as

follows. Fix a sufficiently divisible m′ ∈ mZ>0 and let Vm′•�a be the

(m′Z≥0)-graded linear series on X associated to �a · �L whose l-th part

is defined to be Vl�a for any l ∈ m′Z≥0. Then V•�a is defined to be the

class of Vm′•�a and is well-defined. Moreover, by [LM09, Lemma 4.18],

the series V•�a contains an ample series.

Definition 2.7 (Refinements, [AZ22, Example 2.6], [Fuj23, Definition

3.15]). Let us assume that X is normal, let Y be a prime Q-Cartier divisor

on X, and let m, e ∈ Z>0 such that meY is a Cartier divisor. Let V�• be

the Veronese equivalence class of an (mZ≥0)
r-graded linear series Vm�• on X

associated to L1, . . . , Lr ∈ CaCl(X) ⊗ZQ. The refinement V
(Y,e)
m�• of Vm�• by

Y with exponent e is the (mZ≥0)
r-graded linear series on Y associated to
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L1|Y , . . . , Lr|Y ,−eY |Y ∈ CaCl(Y ) ⊗Z Q defined by:

V
(Y,e)
m(�a,j) := Image

(
Vm�a ∩

(
jmeY +H0

(
X,�a ·m�L− jmeY

))
→ H0

(
Y,�a ·m�L|Y − jmeY |Y

))
for any �a ∈ Zr

≥0 and j ∈ Z≥0, where the above homomorphism is the natu-

ral restriction. By [Fuj23, Lemma 3.16], if Vm�• has bounded support (resp.,

contains an ample series), then so is V
(Y,e)
m�• . Let V

(Y )
�• be the Veronese equiv-

alence class of V
(Y,1)
m�• (for a divisible m ∈ Z>0) and is called the refinement

of V�• by Y , and is well-defined. Note that, if we set �e := (1, . . . , 1, e), then(
V

(Y,1)
m�•

)(�e)
= V

(Y,e)
m�• holds.

The following lemma is trivial from the definitions.

Lemma 2.8. Let us assume that X is normal, let Y be a prime Q-

Cartier divisor on X. Let V�• be the Veronese equivalence class of a graded

linear series on X associated to L1, . . . , Lr ∈ CaCl(X)⊗ZQ which contains

an ample series. Let V
(Y )
�• be the refinement of V�• by Y . Then the projection

Rr−1 × R → Rr−1 gives the surjection

q : ∆
Supp

(
V

(Y )
�•

) � ∆Supp(V�•).

Take any closed convex subset C ⊂ ∆Supp(V�•) with int(C) �= ∅. Consider

the restriction V
〈C〉
�• of V�• with respects to C ⊂ ∆Supp(V�•). The refinement

V
〈C〉,(Y )
�• of V

〈C〉
�• by Y is equal to the restriction V

(Y ),〈q−1(C)〉
�• of V

(Y )
�• with

respects to q−1(C) ⊂ ∆
Supp

(
V

(Y )
�•

) as Veronese equivalences of graded linear

series on Y .

We define the notion of the tensor products for graded linear series.

Definition 2.9. Assume that X is the product of two projective vari-

eties X1 and X2. Let V i
�• be the Veronese equivalence class of an (mZ≥0)

ri-

graded linear series V i
�• on Xi associated to Li

1, . . . , L
i
ri ∈ CaCl(Xi)⊗ZQ for

i = 1, 2. The tensor product V 1
m�• ⊗ V 2

m�• is the (mZr1+r2−1
≥0 )-graded linear

series Wm�• on X associated to

L1
1 � L2

1, L
1
2 �OX2 , . . . , L

1
r1 �OX2 ,OX1 � L2

2, . . . ,OX1 � L2
r2
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defined by

W
m(c,�a,�b)

:= V 1
m(c,�a) ⊗ V 2

m(c,�b)

for any c ∈ Z≥0, �a ∈ Zr1−1
≥0 , �b ∈ Zr2−1

≥0 . Let V 1
�• ⊗ V 2

�• be the Veronese

equivalence class of V 1
m�• ⊗ V 2

m�• and called it the tensor product of V 1
�• and

V 2
�• , and is well-defined. It is obvious from the definition that, if both V 1

�• and

V 2
�• have bounded supports (resp., contain ample series), then so is V 1

�• ⊗V 2
�• .

In fact, we have

∆Supp(V 1
�• ⊗V 2

�• ) = ∆Supp(V 1
�• ) × ∆Supp(V 2

�• ) ⊂ Rr1+r2−2
≥0 .

We note that, if both V 1
�• and V 2

�• are complete linear series, then V 1
�• ⊗V 2

�• is

also a complete linear series. When we furthermore assume that r1 = r2 = 1

and L1 := L1
1, L

2 := L2
1 (i.e., V 1

• = H0
(
• · L1

)
and V 2

• = H0
(
• · L2

)
), then

V 1
• ⊗ V 2

• = H0
(
• ·

(
L1 � L2

))
.

We recall the notion of prime blowups [Ish04] and define the notion of

primitive flags.

Definition 2.10.

(1) [Ish04], [Fuj19, Definition 1.1] Let Y be a prime divisor overX. If there

exists a projective birational morphism σ : X̃ → X with X̃ normal

such that Y is a prime and Q-Cartier divisor on X̃ and −Y on X̃

is ample over X, then the Y is said to be primitive over X and the

morphism σ is said to be the associated prime blowup. We note that

the morphism σ is uniquely determined by the divisorial valuation

ordY . We often regard primitive prime divisors Y as varieties from

the embeddings Y ⊂ X̃.

(2) Take any 1 ≤ j ≤ n. A sequence of varieties Y1, . . . , Yj is said to be a

primitive flag over X and is denoted by

Y• : X = Y0 
 Y1 
 · · · 
 Yj ,

if Yk is a primitive prime divisor over Yk−1 for any 1 ≤ k ≤ j − 1,

where we set Y0 := X and we regard Yk as a variety, as in (1). If

moreover j = n, then the primitive flag Y• is said to be a complete

primitive flag.
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(3) [Fuj19, Definition 1.1] Let us assume that the characteristic of k is zero.

Fix an effective Q-Weil divisor B onX, i.e., B is a formal Q-linear sum

B =
∑h

i=1 biBi with bi ≥ 0 such that each Bi is an irreducible closed

subvariety of codimension 1 in X. Consider a primitive prime divisor

Y over X and let σ : X̃ → X be the associated primitive blowup.

Assume that there exists a nonempty open subscheme U ⊂ X such

that the center of Y on X is contained in U , the pair (U,B|U ) is

klt, and the morphism σ is a plt blowup over (U,B|U ), i.e., the pair(
X̃, B̃ + Y

)
is plt on σ−1(U), where B̃ is the effective Q-Weil divisor

on X̃ which is defined to be the closure of B̃|σ−1(U) defined by

Kσ−1(U) + B̃|σ−1(U) + (1 −AX,B(Y ))Y = σ∗ (KU +B|U ) .

We recall that the value AX,B(Y ) is the log discrepancy of (X,B)

along Y (see [Xu25, Definition 1.34] for example). Then the Y is said

to be a plt-type prime divisor over (U,B|U ). By adjunction, if we set

Kσ|−1
Y (U) +Bσ|−1

Y (U) :=
(
Kσ−1(U) + B̃|σ−1(U) + (1 −AX,B(Y ))Y

) ∣∣
Y

and let BY be the closure of Bσ|−1
Y (U) on Y , then the pair (Y,BY ) is

klt over U (i.e., the pair
(
σ|−1

Y (U), Bσ|−1
Y (U)

)
is klt). We call the pair

(Y,BY ) the associated klt pair over U . If U = X, then we simply say

that (Y,BY ) is the associated klt structure.

(4) Again, assume that the characteristic of k is zero and B is an effective

Q-Weil divisor on X. Consider a primitive flag

Y• : X = Y0 
 Y1 
 · · · 
 Yj
over X. Assume that there exists a nonempty open subscheme U ⊂ X

such that Yk is plt-type prime divisor over (Yk−1, Bk−1)|U for any

1 ≤ k ≤ j − 1, where the pair (Yk−1, Bk−1) is the associated klt pair

over U . Then the primitive flag Y• is said to be a plt flag over (U,B|U ).

It is convenient to set

AX,B (Y1 
 · · · 
 Yk) := AYk−1,Bk−1
(Yk)

for every 1 ≤ k ≤ j. Moreover, for any prime divisor E over Yk with

the center on Yk intersects with the pullback of U , we set

AX,B (Y1 
 · · · 
 Yk 
 E) := AYk,Bk(E).
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Here is a generalization of Definition 2.7.

Definition 2.11. Let V�• be the Veronese equivalence class of a graded

linear series on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q.

(1) Let Y be a primitive prime divisor over X and let σ : X̃ → X be the

associated prime blowup. The refinement V
(Y )
�• of V�• by Y is defined

to be the refinement (in the sense of Definition 2.7) of the pullback

σ∗V�• of V�• by Y . Note that, by Proposition 2.4 and Definition 2.7, if

V�• has bounded support (resp., contains an ample series), then so is

V
(Y )
�• .

(2) Let

Y• : X = Y0 
 Y1 
 · · · 
 Yj
be a primitive flag over X. (We mainly consider incomplete primitive

flags.) The refinement of V�• by Y•, denoted by

V
(Y1�···�Yj)
�•

(
or V

(Y•)
�•

)
,

is defined to be inductively. More precisely, V
(Y1�···�Yk)
�• is defined to

be the refinement of V
(Y1�···�Yk−1)
�• by Yk for any 1 ≤ k ≤ j − 1.

3. Okounkov Bodies

In this section, we recall the notion of Okounkov bodies for graded linear

series. See also [LM09, Bou12, AZ22, ACC+23, Fuj23]. In §3, we always as-

sume that X is an n-dimensional projective variety and Y• be an admissible

flag on X in the sense of [LM09, (1.2)], i.e., a sequence

X = Y0 � Y1 � · · · � Yn

of irreducible subvarieties on X such that each Yi is nonsingular at the point

Yn for each 0 ≤ i ≤ n.

Definition 3.1 (see [LM09, §4.3], [AZ22, Definition 2.9], [Fuj23, Defi-

nition 3.3]). Let V�• be the Veronese equivalence class of an (mZ≥0)
r-graded

linear series Vm�• on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q.
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(1) As in [LM09, (1.2)], we can define the valuation-like function

νY• : Vm�a \ {0} → Zn
≥0

for every �a ∈ Zn
≥0. We set

ΓY• (Vm�•) :=
{
(m�a, νY•(s)) | �a ∈ Zr

≥0, s ∈ Vm�a

}
⊂ (mZ≥0)

r × Zn
≥0,

ΣY• (Vm�•) := Cone (ΓY• (Vm�•)) ⊂ Rn+r
≥0 .

Moreover, let ∆Y• (Vm�•) ⊂ Rr−1+n
≥0 be the closed convex set defined

by the equation

{1} × ∆Y• (Vm�•) = ΣY• (Vm�•) ∩
(
{1} × Rr−1+n

≥0

)
,

and we say that ∆Y• (Vm�•) is the Okounkov body of Vm�• associated to

Y•. If Vm�• has a bounded support, then ∆Y• (Vm�•) is compact.

We assume that V�• contains an ample series. In this case, by [Fuj23,

Lemma 3.4], the definitions

ΣY• (V�•) := ΣY• (Vm�•) , ∆Y• (V�•) := ∆Y• (Vm�•)

are well-defined, and we say that ∆Y• (V�•) is the Okounkov body of V�•
associated to Y•. Let p : ∆Y• (V�•) � ∆Supp ⊂ Rr−1

≥0 be the composition

of

∆Y• (V�•) ↪→ Rr−1
≥0 × Rn

≥0
pr1−−→ Rr−1

≥0 ,

where pr1 is the first projection. The image of p is equal to ∆Supp.

In fact, for any �a ∈ Qr−1
>0 ∩ int (∆Supp), the series V•(1,�a) contains an

ample series as in Definition 2.6 (5). This implies that p−1(�a) �= ∅.
Thus we get the inclusion ∆Supp ⊂ p (∆Y•(V�•)). The reverse inclusion

∆Supp ⊃ p (∆Y•(V�•)) is trivial.

If there exists �x ∈ Rr
≥0 with �x · �L big, then we set

ΣY• (L1, . . . , Lr) := ΣY•

(
H0

(
�• · �L

))
,

∆Y• (L1, . . . , Lr) := ∆Y•

(
H0

(
�• · �L

))
.
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(2) For any l ∈ mZ>0, we set

h0
(
Vl,m�•

)
:=

∑
�a∈Zr−1

≥0

dimVl,m�a,

and

vol (Vm�•) := lim sup
l∈mZ>0

h0
(
Vl,m�•

)
mr−1

lr−1+n/(r − 1 + n)!
∈ [0,∞].

If Vm�• has bounded support, then the above values are finite. If Vm�•
contains an ample series, then vol (Vm�•) ∈ (0,∞] and the above limsup

is in fact the limit. Moreover, the definition vol (V�•) := vol (Vm�•) is

well-defined, and

vol (V�•) = (r − 1 + n)! · vol (∆Y• (V�•))

holds by [Fuj23, Lemma 3.4]. For any big L ∈ CaCl(X)⊗ZQ, we have

vol
(
H0 (•L)

)
= volX(L), where volX(L) ∈ R>0 is the volume of L in

the sense of [Laz04, §2.2].

We also recall the notion in [Xu25, §4.5].

Definition 3.2 ([Xu25, Definition 4.72]). Let V�• and W�• are the

Veronese equivalence classes of graded linear series on X associated to

L1, . . . , Lr ∈ CaCl(X) ⊗Z Q such that both have bounded supports and

contain ample series. If vol (W�•) = vol (V�•) and there exist representatives

Vm�• and Wm�• for some m ∈ Z>0 with Wm�• ⊂ Vm�• (i.e., Wm�a ⊂ Vm�a holds

for any �a ∈ Zr
≥0), then we say that W�• is asymptotically equivalent to V�•.

Lemma 3.3. Let us consider (mZ≥0)
r-graded linear series Vm�• and

W �m• on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q which has bounded

supports and contain ample series with Wm�• ⊂ Vm�•, and let V�• and W�• be

their Veronese equivalence classes. Then the followings are equivalent:

(1) W�• is asymptotically equivalent to V�•.

(2) The equality Supp (V�•) = Supp (W�•) and the equality vol (V•�a) =

vol (W•�a) holds for any �a ∈ Qr
>0 ∩ int (Supp (V�•)).

(3) For any �a ∈ Qr
>0 ∩ int (Supp (V�•)), the series W•�a contains an ample

series and is asymptotically equivalent to V•�a.
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Proof. Let us set ∆V := ∆Y• (V�•), ∆W := ∆Y• (W�•), ∆V
Supp :=

∆Supp(V�•) and ∆W
Supp := ∆Supp(W�•). Both ∆V and ∆W are compact con-

vex sets with nonempty interiors with ∆W ⊂ ∆V ⊂ Rr−1+n
≥0 . Note that the

condition (1) is equivalent to the condition ∆V = ∆W . Moreover, recall

that p
(
∆V

)
= ∆V

Supp and p
(
∆W

)
= ∆W

Supp, where p : Rr−1+n → Rr−1 is the

projection. Let us set

fV : ∆V
Supp → R≥0

�a 	→ vol
(
(p|∆V )−1 (�a)

)
,

fW : ∆W
Supp → R≥0

�a 	→ vol
(
(p|∆W )−1 (�a)

)
.

Both functions are continuous and fV |∆W
Supp

≥ fW holds. By [LM09, Theo-

rem 4.21], for any �a ∈ Qr−1
>0 ∩ int

(
∆V

Supp

)
(resp., �a ∈ Qr−1

>0 ∩ int
(
∆W

Supp

)
),

we have

fV (�a) =
1

n!
vol (V•�a)

(
resp., fW (�a) =

1

n!
vol (W•�a)

)
.

In particular, fV > 0 over int
(
∆V

Supp

)
and fW > 0 over int

(
∆W

Supp

)
. From

those observations, the condition (2) (and also (3)) is equivalent to the

condition

(4) ∆V
Supp = ∆W

Supp and fV = fW over int
(
∆W

Supp

)
.

Clearly, the condition (4) is equivalent to the condition ∆V = ∆W . �

Example 3.4. Let V�• be the Veronese equivalence class of an (mZ≥0)
r-

graded linear series Vm�• on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q

which contains an ample series.

(1) Take �k = (k1, . . . , kr) ∈ Zr
>0 and let us consider V

(�k)
�• as in Definition

2.6 (1). As in [Fuj23, Lemma 3.4], we have

f
(
∆Y•

(
V

(�k)
�•

))
= ∆Y• (V�•)
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with

f : Rr−1+n → Rr−1+n

(x1, . . . , xr−1+n) 	→ ((k2/k1)x1, . . . , (kr/k1)xr−1, (1/k1)xr, . . . ,

(1/k1)xr−1+n) .

In particular, we have

vol
(
V

(�k)
�•

)
=
kr−1+n

1

k2 · · · kr
vol (V�•) .

(2) Let C ⊂ ∆Supp(V�•) be any closed convex subset with int(C) �= ∅
as in Definition 2.6 (3). Set ∆ := ∆Y• (V�•) ⊂ Rr−1+n

≥0 , and let

p : ∆ � ∆Supp(V�•) ⊂ Rr−1
≥0 be the natural projection. Then, the convex

closed subset p−1 (C) ⊂ ∆ is the Okounkov body ∆Y•

(
V

〈C〉
�•

)
of V

〈C〉
�• ,

since we can check that ∆Y•

(
V

〈C〉
�•

)
⊂ p−1(C) and int

(
p−1(C)

)
⊂

∆Y•

(
V

〈C〉
�•

)
.

(3) Let us consider the decomposition of V�• with respects to the decom-

position ∆Supp =
⋃

λ∈Λ ∆
〈λ〉
Supp as in Definition 2.6 (4). Set ∆ :=

∆Y• (V�•) ⊂ Rr−1+n
≥0 , and let p : ∆ � ∆Supp ⊂ Rr−1

≥0 be the natu-

ral projection. Then, as in (2), the compact convex subset ∆〈λ〉 :=

p−1
(
∆

〈λ〉
Supp

)
⊂ ∆ is the Okounkov body ∆Y•

(
V

〈λ〉
�•

)
of V

〈λ〉
�• for any

λ ∈ Λ. Obviously, we have

∆ =
⋃
λ∈Λ

∆〈λ〉

and each ∆〈λ〉 is a compact convex set with nonempty interior and

int
(
∆〈λ〉) ∩ int

(
∆〈λ′〉

)
= ∅ whenever λ �= λ′. We have

vol
(
V

〈λ〉
�•

)
= (r − 1 + n)! · vol

(
∆〈λ〉

)
for any λ ∈ Λ. Since

vol (∆) =
∑
λ∈Λ

vol
(
∆〈λ〉

)
,
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we get

vol (V�•) =
∑
λ∈Λ

vol
(
V

〈λ〉
�•

)
.

(4) Assume that X is normal and Y := Y1 is a prime divisor on X which

is Q-Cartier. From the flag Y• on X, we can naturally consider the

flag Y ′
• on Y defined by Y ′

j := Yj+1 for any 0 ≤ j ≤ n− 1. By [Fuj23,

Definition 3.15], we have

∆Y• (V�•) = ∆Y ′•

(
V

(Y )
�•

)
,

where V
(Y )
�• is the refinement of V�• by Y . In particular, we have

vol (V�•) = vol
(
V

(Y )
�•

)
.

(5) Let us consider the situation in Definition 2.9. Assume moreover both

V 1
m�• and V 2

m�• contain ample series. For any l ∈ mZ>0, we have

h0
(
Wl,m�•

)
=

∑
�a∈Zr1−1

≥0 ,�b∈Zr2−1
≥0

dim
(
V 1
l,m�a ⊗ V 2

l,m�b

)

= h0
(
V 1
l,m�•

)
· h0

(
V 2
l,m�•

)
.

Thus we get

vol
(
V 1
�• ⊗ V 2

�•
)

=

(
n+ r1 + r2 − 2

n1 + r1 − 1

)
vol

(
V 1
�•
)
· vol

(
V 2
�•
)
.

(6) Assume that V�• has bounded supports. Take the Veronese equiva-

lence class W�• of a graded linear series on X which contains an ample

series such that W�• is asymptotically equivalent to V�•. Consider any

primitive prime divisor Y over X. By Example 3.4 (4), the refinement

W
(Y )
�• is also asymptotically equivalent to V

(Y )
�• .

(7) Assume that V�• has bounded supports. The interior series V ◦
�• of V�• is

trivially asymptotically equivalent to V�• by Lemma 3.3.

(8) Take any big L ∈ CaCl(X) ⊗Z Q and any projective birational mor-

phism σ : X ′ → X between varieties. Then σ∗H0 (•L) is asymptoti-

cally equivalent to H0 (•σ∗L) by [Laz04, Proposition 2.2.43].
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We will use the following technical proposition.

Proposition 3.5. Let us consider n ≥ 2, let ∆ ⊂ Rn be a compact

convex set with int (∆) �= ∅, let p1 : Rn → R be the first projection, and let

us set [t0, t1] := p1 (∆) ⊂ R. Set V := volRn (∆) and let (b1, . . . , bn) ∈ ∆ be

the barycenter of ∆. For any x ∈ [t0, t1], we write ∆x := p−1
1 ({x}) ⊂ Rn−1,

and set g(x) := volRn−1 (∆x). Take any e ∈ (t0, t1).

(1) Assume that there exists v ∈ R such that either

v = lim
x→e+0

g(x) − g(e)
x− e or v = lim

x→e−0

g(x) − g(e)
x− e .

Let h0 : [t0, t1] → R≥0 be the function defined by

h0(x) :=



g(x) if x ∈ [t0, e] ,

g(e) ·
(

v(x−e)
(n−1)g(e) + 1

)n−1
if x ∈ [e, t1] .

(i) For any x ∈ [t0, t1], we have g(x) ≤ h0(x). In particular, we have

b1 ≥ 1

V

∫ s0

t0

xh0(x)dx,

where

s0 :=




e+ (n−1)g(e)
v


(

nv
(
V−

∫ e
t0

g(x)dx
)
+(n−1)g(e)2

(n−1)g(e)2

) 1
n

− 1




if v �= 0,

e+ 1
g(e)

(
V −

∫ e
t0
g(x)dx

)
if v = 0.

(ii) Assume that there exists t ∈ (e, t1] such that W ≥ V holds, where

W :=

∫ t

t0

h0(x)dx.

In other words,

W =



∫ e
t0
g(x)dx+ (n−1)g(e)2

nv

((
v(t−e)

(n−1)g(e) + 1
)n

− 1
)

if v �= 0,∫ e
t0
g(x)dx+ (t− e)g(e) if v = 0.
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(For example, t = t1 satisfies the above assumption.) Set h1 :

[t0, t] → R with

h1(x) :=



h0(x) if x ∈ [t0, s1],

h0(s1) ·
(

t−x
t−s1

)n−1
if x ∈ [s1, t],

where s1 ∈ [e, t] is defined by

s1 :=




e+ (n−1)g(e)
v


(

nv
(
V−

∫ e
t0

g(x)dx
)
+(n−1)g(e)2

g(e)(v(t−e)+(n−1)g(e))

) 1
n−1

− 1




if v �= 0,

n
(
V−

∫ e
t0

g(x)dx
)
−g(e)(t−ne)

(n−1)g(e) if v = 0.

In other words,

s1 =



e+ (n−1)g(e)

v

((
(n−1)g(e)2( v(t−e)

(n−1)g(e)
+1)

n−nv(W−V )

g(e)(v(t−e)+(n−1)g(e))

) 1
n−1

− 1

)

if v �= 0,

t− n(W−V )
(n−1)g(e) if v = 0.

Then we have

b1 ≥ 1

V

∫ t

t0

xh1(x)dx.

(2) Assume that there exists u ∈ [t1,∞) such that∫ e

t0

g(x)dx+

∫ u

e

g(e) ·
(
u− x
u− e

)n−1

dx

(
=

∫ e

t0

g(x)dx+
(u− e)g(e)

n

)
≤ V.

(For example, u = t1 satisfies the above assumption.) Fix w ∈ R≥0

satisfying the condition

(u− e)
n−1∑
i=0

g(e)
i

n−1wn−1−i − n
(
V −

∫ e

t0

g(x)dx

)
≥ 0.

Set h2 : [t0, u] ∈ R≥0 with

h2(x) :=



g(x) if x ∈ [t0, e],(
u−x
u−e · g(e)

1
n−1 + x−e

u−e · w
)n−1

if x ∈ [e, u].



184 Kento Fujita

Then we have

b1 ≤ 1

V

∫ u

t0

xh2(x)dx.

Proof. Since ∆ is a compact convex set, we have

• g(x) ∈ R>0 for any x ∈ (t0, t1),

• V =
∫ t1
t0
g(x)dx and b1 = 1

V

∫ t1
t0
xg(x)dx, and

• the inequality

g(x1)
1

n−1 ≥ x2 − x1

x2 − x0
g(x0)

1
n−1 +

x1 − x0

x2 − x0
g(x2)

1
n−1

holds for any t0 ≤ x0 < x1 < x2 ≤ t1.

(1)

Step 1. For any e < y < x ≤ t1 (resp., for any t0 ≤ y < e < x ≤ t1),

we have

g(x)
1

n−1 ≤ x− e
y − eg(y)

1
n−1 − x− y

y − e g(e)
1

n−1 = (x−y)(x−e)·
g(y)

1
n−1

x−y − g(e)
1

n−1

x−e

y − e .

By taking y → e+ 0 (resp., y → e− 0), we get

g(x)
1

n−1 ≤ g(e)
1

n−1

(
v(x− e)

(n− 1)g(e)
+ 1

)

for any x ∈ (e, t1]. Thus we have h0(x) ≥ g(x) for any x ∈ [t0, t1]. Note

that, for any x ∈ (e, t1], we have

0 ≤ g(x) ≤ h0(x) = g(e)

(
v(x− e)

(n− 1)g(e)
+ 1

)n−1

,

and this implies that
v(x− e)

(n− 1)g(e)
+ 1 > 0

for any x ∈ (e, t1).
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Step 2. Since V =
∫ t1
t0
g(x)dx and 0 ≤ g(x) ≤ h0(x), there is a unique

value s̃ ∈ (e, t1] satisfying the equality

V =

∫ s̃

t0

h0(x)dx.

By the definition of s0, the value s̃ is equal to s0. Set h̃ : [t0, t1] → R≥0 with

h̃(x) :=

{
h0(x) if x ∈ [t0, s0],

0 if x ∈ (s0, t1].

Then,∫ s0

t0

xh0(x)dx− s0V =

∫ t1

t0

(x− s0)h̃(x)dx

≤
∫ t1

t0

(x− s0)g(x)dx =

∫ t1

t0

xg(x)dx− s0V.

Thus we get the assertion (1i).

Step 3. For any y ∈ [e, t], let us set

W (y) :=

∫ y

t0

h0(x)dx+

∫ t

y
h0(y) ·

(
t− x
t− y

)n−1

dx.

Then W (e) ≤ V ≤W = W (t) holds. Moreover, if y ∈ (e, t), then

d

dy
W (y) =

v(t− e) + (n− 1)g(e)

n
·
(

v(y − e)
(n− 1)g(e)

+ 1

)n−2

≥ 0,

since h0(y) > 0 and the end of Step 1. Therefore, there is a unique value

s ∈ [e, t] satisfying the condition W (s) = V . From the definition of s1, we

have s = s1, i.e., W (s1) = V holds.

For any x ∈ [s1, t], the function

g(x)
1

n−1 − h1(x)
1

n−1 = g(x)
1

n−1 − h0(s1)
1

n−1 · t− x
t− s1

is a concave function. Note that

g(s1)
1

n−1 − h1(s1)
1

n−1 ≤ 0,
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g(t)
1

n−1 − h1(t)
1

n−1 = g(t)
1

n−1 ≥ 0.

Let us set

s̄ := min
{
x ∈ [s1, t]

∣∣∣ g(x) 1
n−1 − h1(x)

1
n−1 ≥ 0

}
.

By concavity, we have g(x)
1

n−1 − h1(x)
1

n−1 ≥ 0 for any x ∈ [s̄, t]. Set

h1(x) := 0 for x ∈ (t, t1]. Then we get h1(x) ≥ g(x) for any x ∈ [t0, s̄] and

h1(x) ≤ g(x) for any x ∈ [s̄, t1]. Hence,

∫ t1

t0

xh1(x)dx− s̄V =

∫ t1

t0

(x− s̄)h1(x)dx

≤
∫ t1

t0

(x− s̄)g(x)dx =

∫ t1

t0

xg(x)dx− s̄V.

Thus we get the assertion (1ii).

(2) We firstly note that, by the concavity of g(x)
1

n−1 , we have

g(x) ≥ g(e) ·
(
t1 − x
t1 − e

)n−1

for any x ∈ [e, t1]. Thus u = t1 satisfies that assumption of (2).

The polynomial

F (y) := (u− e)
n−1∑
i=0

g(e)
i

n−1 yn−1−i − n
(
V −

∫ e

t0

g(x)dx

)

satisfies that, F (0) ≤ 0, limy→∞ F (y) = +∞ and F ′(y) > 0 for any y ∈ R≥0.

Thus, there is a unique value w0 ∈ R>0 satisfying the condition F (w0) = 0.

Note that w ≥ w0. We may assume that w = w0 in order to prove (2). In

this case, we have

V =

∫ u

t0

h2(x)dx,

since we can compute that

∫ u

t0

h2(x)dx =

∫ e

t0

g(x)dx+
u− e
n

(
n−1∑
i=0

g(e)
i

n−1wn−1−i

)
.
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Note that the function h2(x)
1

n−1 − g(x)
1

n−1 is convex over x ∈ [e, t1] with

h2(e)
1

n−1 − g(e)
1

n−1 = 0.

We consider the case h2(t1)
1

n−1 − g(t1)
1

n−1 ≤ 0. In this case, by the

convexity, we have h2(x)
1

n−1 − g(x)
1

n−1 ≤ 0 for any x ∈ [e, t1]. Therefore we

get ∫ u

t0

xh2(x)dx− t1V =

∫ u

t0

(x− t1)h2(x)dx

≥
∫ t1

t0

(x− t1)g(x)dx =

∫ t1

t0

xg(x)dx− t1V.

Thus we get the assertion (2) in this case.

We consider the remaining case h2(t1)
1

n−1 − g(t1)
1

n−1 > 0. If h2(x)
1

n−1 −
g(x)

1
n−1 ≥ 0 for any x ∈ [e, t1], then

V =

∫ t1

e
g(x)dx <

∫ t1

e
h2(x)dx ≤ V,

this leads to a contradiction. Thus, there is a unique value s2 ∈ (e, t1)

satisfying the condition h2(s2)
1

n−1 −g(s2)
1

n−1 = 0. Moreover, over x ∈ (e, t1),

the condition h2(x)
1

n−1 − g(x)
1

n−1 > 0 (resp., < 0) holds if and only if

x ∈ (s2, t1) (resp., x ∈ (e, s2)). Therefore we get∫ u

t0

xh2(x)dx− s2V =

∫ u

t0

(x− s2)h2(x)dx

≥
∫ t1

t0

(x− s2)g(x)dx =

∫ t1

t0

xg(x)dx− s2V.

Thus we get the assertion (2). �

4. Filtrations on Graded Linear Series

In this section, we recall the theory of filtrations on graded linear series.

In §4, we fix an n-dimensional projective variety X.

Definition 4.1 (see [BC11, BJ20, Zhu20, AZ22, Fuj23]). Let V be a

k-vector space of dimension N <∞.
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(1) A filtration F of V is given by a collection {FλV }λ∈R of sub-vector

spaces of V satisfying the following conditions:

(i) we have Fλ′
V ⊂ FλV for any λ′ ≥ λ,

(ii) we have FλV =
⋂

λ′<λ Fλ′
V for any λ ∈ R, and

(iii) we have F0V = V and FλV = 0 for any sufficiently large λ.

For any λ ∈ R, we set F>λV :=
⋃

λ′>λ Fλ′
V and GrλF V :=

FλV/F>λV .

A basis {s1, . . . , sN} ⊂ V of V is said to be compatible with F if there

is a decomposition

{s1, . . . , sN} =
⊔
λ∈R

{
sλ1 , . . . , s

λ
Nλ

}

such that Nλ = dim GrλF V ,
{
sλ1 , . . . , s

λ
Nλ

}
⊂ FλV , and the image of{

sλ1 , . . . , s
λ
Nλ

}
in GrλF V forms a basis of GrλF V , for any λ ∈ R. For a

filtration F of V and s ∈ V \ {0}, we set

ordF (s) := max{λ ∈ R≥0 | s ∈ FλV }.

(2) A filtration F of V is said to be an N-filtration if FλV = F�λ�V holds

for any λ ∈ R.

(3) A filtration F of V is said to be a basis type filtration if F is an

N-filtration and dim GrjF V = 1 holds for any j ∈ {0, 1, . . . , N − 1}.

Example 4.2. Let L be a Cartier divisor on X and let V ⊂ H0 (X,L)

be any sub-system with dimV = N .

(1) For any quasi-monomial valuation v on X, we set

Fλ
v V := {s ∈ V | v(s) ≥ λ} ⊂ V

for any λ ∈ R. Then Fv is a filtration of V and ordFv = v. If v = ordE

for a prime divisor E over X, then we set FE := FordE . Note that FE

is an N-filtration.
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(2) Assume that X is normal. We recall Zhuang’s construction [Zhu20,

Example 2.11] for basis type filtrations of V . Assume that we have

inductively constructed F jV for 0 ≤ j ≤ N − 2. Write
∣∣F jV

∣∣ =

Fj + |Mj |, where Fj is the fixed part. For a smooth point xj+1 ∈ X
with xj+1 �∈ Bs (|Mj |), note that the evaluation homomorphism

Mj →Mj ⊗ k (xj+1)

is surjective, and the kernel Mj ⊗ mxj+1 satisfies that

dimMj ⊗ mxj+1 = dimF jV − 1.

We set F j+1V ⊂ F jV defined by∣∣F j+1V
∣∣ := Fj +

∣∣Mj ⊗ mxj+1

∣∣ .
We call the filtration the basis type filtration associated to x1, . . . , xN .

We will use following two types of basis type filtrations:

(i) [Zhu20, Example 2.12] The basis type filtration F of V associated

to general points x1, . . . , xN ∈ X is said to be of type (I).

(ii) [Zhu20, Example 2.13] Let σ : X̃ → X be a birational morphism

such that X̃ is a normal projective variety, and let E be a prime

divisor on X̃. Under the identification

V
∼−→ σ∗V ⊂ H0

(
X̃, σ∗L

)
,

we can choose the basis type filtration F of V associated to gen-

eral points x1, . . . , xN ∈ E. The filtration is said to be of type

(II). As in [Zhu20, Example 2.13], the filtration F refines FE , i.e.,

for any λ ∈ Z≥0, there exists µ ∈ Z≥0 such that Fλ
EV = FµV

holds.

Definition 4.3 (see [AZ22, §3] and [Fuj23, §11.2]). Let V be a k-

vector space of dimension N < ∞, and let F and G be filtrations of V .

Note that F induces the filtration F̄ of GrµG V with

F̄λ
(
GrµG V

)
:=

((
FλV ∩ GµV

)
+ G>µV

)
/G>µV.
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Similarly, G naturally induces the filtration Ḡ of GrλF V . By [AZ22, Lemma

3.1], there is a canonical isomorphism

GrλF̄ GrµG V � GrµḠ GrλF V

for any λ, µ ∈ R.

(1) A subset {s1, . . . , sN} ⊂ V is said to be a basis of V compatible with

both F and G if there is a decomposition

{s1, . . . , sN} =
⊔

λ,µ∈R

{
sλ,µ1 , . . . , sλ,µNλ,µ

}

such thatNλ,µ = dim GrλF̄ GrµG V ,
{
sλ,µ1 , . . . , sλ,µNλ,µ

}
⊂ FλV ∩GµV , and

the image of
{
sλ,µ1 , . . . , sλ,µNλ,µ

}
in GrλF̄ GrµG V gives a basis of GrλF̄ GrµG V

for any λ, µ ∈ R. In fact, by [AZ22, Lemma 3.1], the above subset

{s1, . . . , sN} ⊂ V is a basis of V compatible with F (and also with G).

(2) Fix a subset Ξ ⊂ R≥0.

(i) A subset {s1, . . . , sM} ⊂ V is said to be a (G,Ξ)-subbasis of V if

there is a decomposition

{s1, . . . , sM} =
⊔
µ∈Ξ

{
sµ1 , . . . , s

µ
Nµ

}

such that Nµ = dim GrµG V ,
{
sµ1 , . . . , s

µ
Nµ

}
⊂ GµV , and the image

of
{
sµ1 , . . . , s

µ
Nµ

}
in GrµG V gives a basis of GrµG V for any µ ∈ Ξ.

(ii) A subset {s1, . . . , sM} ⊂ V is said to be a (G,Ξ)-subbasis of V

compatible with F if there is a decomposition

{s1, . . . , sM} =
⊔

λ∈R, µ∈Ξ

{
sλ,µ1 , . . . , sλ,µNλ,µ

}

such that Nλ,µ = dim GrλF̄ GrµG V ,
{
sλ,µ1 , . . . , sλ,µNλ,µ

}
⊂ FλV ∩

GµV , and the image of
{
sλ,µ1 , . . . , sλ,µNλ,µ

}
in GrλF̄ GrµG V gives a

basis of GrλF̄ GrµG V for any λ ∈ R, µ ∈ Ξ. As in [Fuj23, Lemma

11.4], the subset {s1, . . . , sM} ⊂ V is a (G,Ξ)-subbasis of V .
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Definition 4.4 ([BC11, §1.3], [BJ20, §2.5], [AZ22, §2.6], and [Fuj23,

§3.2]). Let V�• be the Veronese equivalence class of an (mZ≥0)
r-graded

linear series Vm�• on X associated to L1, . . . , Lr ∈ CaCl(X)⊗ZQ. We assume

that V�• has bounded support and contains an ample series. A linearly

bounded filtration F of Vm�• is a filtration F of Vm�a for every �a ∈ Zr
≥0 such

that

FλVm�a · Fλ′
Vm�a′ ⊂ Fλ+λ′

Vm(�a+�a′)

holds for every λ, λ ∈ R, �a, �a′ ∈ Zr
≥0, and there exists C ∈ R such that

FλVm�a = 0 whenever λ ≥ Ca1.

A linearly bounded filtration F of V�• is a linearly bounded filtration F
of some representative Vm�•, where we identify F and its natural restriction

to the Veronese subseries Vkm�• of Vm�•. For any t ∈ R, let V t
�• := V F ,t

�• be

the Veronese equivalence class of the (mZ≥0)
r-graded linear series V t

m�• on

X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q defined by V t
m�a := Fma1tVm�a

for any �a = (a1, . . . , ar) ∈ Zr
≥0.

Example 4.5. For any quasi-monomial valuation v on X (resp., for

any prime divisor E over X), the filtration Fv (resp., the filtration FE) in

Example 4.2 (1) gives a linearly bounded filtration of V�•.

We define the T -invariant and the S-invariant for a filtration of graded

linear series.

Definition 4.6 (see [BJ20, AZ22, Fuj23]). Let Vm�•, F and V�• be as

in Definition 4.4.

(1) For l ∈ mZ>0, we set

Tl (Vm�•;F) := max
{
λ ∈ R≥0 | There exists �a ∈ Zr−1

≥0 with FλVl,m�a �= 0
}
.

Moreover, the definition

T (V�•;F) := sup
l∈mZ>0

Tl (Vm�•;F)

l

is well-defined, since

sup
l∈mZ>0

Tl (Vm�•;F)

l
= lim

l∈mZ>0

Tl (Vm�•;F)

l
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(see [BC11, Lemma 1.4]). As in [BC11, Lemma 1.6] or [AZ22, Lemma

2.9], for any t ∈ [0, T (V�•;F)), the series V F ,t
�• has bounded support

and contains an ample series.

(2) Take any l ∈ mZ>0 such that h0
(
Vl,m�•

)
�= 0. Let us set

Sl (Vm�•;F) :=
1

h0
(
Vl,m�•

) ∫ Tl(Vm�•;F)
l

0
h0

(
V F ,t
l,m�•

)
dt.

Moreover, the definition

S (V�•;F) := lim
l∈mZ>0

Sl (Vm�•;F)

is well-defined,

S (V�•;F) =
1

vol (V�•)

∫ T (V�•;F)

0
vol

(
V F ,t
�•

)
dt

holds, and we have

T (V�•;F)

r + n
≤ S (V�•;F) ≤ T (V�•;F)

(see [Fuj23, Definition 3.8]).

When F = FE for some prime divisor E over X, then we set T (V�•;E) :=

T (V�•;FE) and S (V�•;E) := S (V�•;FE). When V�• is the complete linear

series H0 (•L) on X associated to a big L ∈ CaCl(X) ⊗Z Q, then we set

T (L;F) := T (V�•;F) and S(L;F) := S (V�•;F). More generally, when the

characteristic of k is equal to zero, if v is a valuation on X with AX̃(v) <∞,

where X̃ → X is a resolution of singularities, then the associated filtration

Fv is a linearly bounded filtration by [BJ20, Lemma 3.1]. Thus we can also

define T (V�•; v) := T (V�•;Fv), S (V�•; v) := S (V�•;Fv), etc.

Definition 4.7. Let V�• be as in Definition 4.4, and let

Y• : X = Y0 
 Y1 
 · · · 
 Yj

be a primitive flag over X. We set

S (V�•;Y1 
 · · · 
 Yj) :=


S (V�•;Y1) if j = 1,

S
(
V

(Y1�···�Yj−1)
�• ;Yj

)
if j ≥ 2.



Coupled Stability Thresholds 193

We also define T (V�•;Y1 
 · · · 
 Yj) similarly. Moreover, if E is a prime divisor

over Yj , we set

S (V�•;Y1 
 · · · 
 Yj 
 E) := S
(
V

(Y1�···�Yj)
�• ;E

)
,

T (V�•;Y1 
 · · · 
 Yj 
 E) := T
(
V

(Y1�···�Yj)
�• ;E

)
.

When V�• is the complete linear series H0 (•L) on X associated to a big

L ∈ CaCl(X) ⊗Z Q, then we set S (L;Y1 
 · · · 
 Yj) := S (V�•;Y1 
 · · · 
 Yj),
T (L;Y1 
 · · · 
 Yj) := T (V�•;Y1 
 · · · 
 Yj), and for a prime divisor E over

Yj , we set S (L;Y1 
 · · · 
 Yj 
 E) := S (V�•;Y1 
 · · · 
 Yj 
 E) and

T (L;Y1 
 · · · 
 Yj 
 E) := T (V�•;Y1 
 · · · 
 Yj 
 E).

Remark 4.8 (see [Fuj23, §3.2]). Let Vm�•, F and V�• be as in Defini-

tion 4.4 and let us set T := T (V�•;F) and S := S (V�•;F). Let Y• be any

admissible flag on X.

(1) Let us set ∆ := ∆Y• (V�•) ⊂ Rr−1+n
≥0 and

∆t := ∆F ,t := ∆Y•

(
V F ,t
�•

)
⊂ ∆

for any t ∈ [0, T ). Moreover, we define

G := GF : ∆ → [0, T ]

�x 	→ sup
{
t ∈ [0, T ) | �x ∈ ∆t

}
.

Then we have

S =
1

vol(∆)

∫
∆
G (�x) d�x.

(2) For any �k = (k1, . . . , kr) ∈ Zr
>0, we have

T
(
V

(�k)
�• ;F

)
= k1 · T, S

(
V

(�k)
�• ;F

)
= k1 · S.

See [Fuj23, Lemma 3.10].

(3) Assume that X is normal, Y1 ⊂ X is a prime Q-Cartier divisor on X

and F = FY1 . Then the above function GF is equal to the composition

∆ ↪→ Rr−1+n pr−→ R,

where pr : Rr−1+n → R is the r-th projection. In particular,
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• we can write pr(∆) = [T0, T ] for some 0 ≤ T0 < T , and

• the value S is the r-th coordinate of the barycenter of the convex

set ∆.

From Example 3.4 (4) and Remark 4.8 (3), it is natural to extend the

notion of Okounkov bodies.

Definition 4.9. Let V�• be as in Definition 4.4, and let

Y• : X = Y0 
 Y1 
 · · · 
 Yn

be a complete primitive flag over X. The Okounkov body ∆Y• (V�•) ⊂ Rr−1+n
≥0

of V�• associated to Y• is defined to be

∆Y• (V�•) := ∆Ỹn−1�Yn

(
V

(Y1�···�Yn−1)
�•

)
,

where Ỹn−1 is the normalization of the projective curve Yn−1 and we regard

Ỹn−1 � Yn as an admissible flag on Ỹn−1. We note that the cone ΣY• (V�•) of

∆Y• (V�•) is equal to the closure of the cone of the support of V
(Y1�···�Yn)
�• ; a

graded linear series on the 0-dimensional projective variety Yn. If the com-

plete primitive flag Y• is an admissible flag of X, then the notion coincides

with Definition 3.1 by Example 3.4 (4) . Moreover, by Remark 4.8 (3), the

(r+ j − 1)-th coordinate of the barycenter of ∆Y• (V�•) is equal to the value

S (V�•;Y1 
 · · · 
 Yj) for any 1 ≤ j ≤ n.

Example 4.10. Assume that the characteristic of k is zero and n = 3.

(1) Assume that X is a Fano manifold and L ∈ CaCl(X) is nef and big.

Then, the graded linear systems W Y
•,• and V Ỹ

•,• in [ACC+23, §1.7]

satisfy that, the pullback of W Y
•,• is asymptotically equivalent to V Ỹ

•,•
by [ACC+23, Theorem 1.106]. Therefore, by [Xu25, Lemma 4.73]

and Example 3.4 (6), the value S
(
W Y,Z

•,•,•;P
)

in [ACC+23, Theorem

1.112] is equal to the value S (L;Y 
 Z 
 P ). Obviously, the values

S
(
W Y

•,•;Z
)

and S
(
V Y
•,•;Z

)
in [ACC+23, Corollary 1.110 and Theorem

1.112] is equal to the value S (L;Y 
 Z). Those values are the third

and second coordinates of the Okounkov body of L associated to the

admissible flag Y ⊃ Z � P by Remark 4.8 (3).
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(2) Similary, assume that X is a Mori dream space and L ∈ CaCl(X) ⊗Z

Q is big. Then the values S
(
V Ỹ
•,•;C

)
and S

(
W Y ′,C

•,•,• ; p
)

in [Fuj23,

Corollary 4.18] are nothing but the values S (L;Y ′ 
 C) and S(L;

Y ′ 
 C 
 p), if C is primitive over Y , the morpshism ν : Y ′ → Y in

[Fuj23, §4.3] is the associated blowup and the C inside Y ′ is smooth.

Proposition 4.11. Let V�• be the Veronese equivalence class of a

graded linear series on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q which

has bounded support and contains an ample series. Let Y• be an admissi-

ble flag on X. Let us consider the decomposition of V�• with respects to the

decomposition ∆Supp =
⋃

λ∈Λ ∆
〈λ〉
Supp as in Definition 2.6 (4). Let F be any

linearly bounded filtration of V�•.

(1) We have

T (V�•;F) = sup
λ∈Λ

T
(
V

〈λ〉
�• ;F

)
.

(2) For any t ∈ R, let us set ∆F ,t := ∆Y•

(
V F ,t
�•

)
⊂ ∆ and GF : ∆ →

[0, T (V�•;F)) be as in Remark 4.8 (1). Moreover, for any λ ∈ Λ,

let V
〈λ〉,F ,t
�• be the subsystem of V

〈λ〉
�• obtained by F , set ∆〈λ〉,F ,t :=

∆Y•

(
V

〈λ〉,F ,t
�•

)
⊂ ∆〈λ〉, and let us set

G
〈λ〉
F : ∆〈λ〉 →

[
0, T

(
V

〈λ〉
�• ;F

)]
,

�x 	→ sup
{
t ∈

[
0, T

(
V

〈λ〉
�• ;F

)) ∣∣∣ �x ∈ ∆〈λ〉,F ,t
}
,

as in Remark 4.8 (1).

(i) If t ∈
[
0, T

(
V

〈λ〉
�• ;F

))
satisfies that int

(
∆〈λ〉) ∩ int

(
∆F ,t

)
�= ∅,

then we have

∆〈λ〉,F ,t = ∆〈λ〉 ∩ ∆F ,t = p−1
(
∆

〈λ〉
Supp

)
∩ ∆F ,t.

(ii) The function G
〈λ〉
F is equal to GF over int

(
∆〈λ〉).

(iii) We have the equality

vol (V�•) · S (V�•;F) =
∑
λ∈Λ

vol
(
V

〈λ〉
�•

)
· S

(
V

〈λ〉
�• ;F

)
.
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Proof. By [Xu25, Lemma 4.73], Remark 4.8 and [Fuj23, Lemma 3.10],

we may assume that V�• is Zr
≥0-graded with L1, . . . , Lr ∈ CaCl(X) and

V�• = V ◦
�• .

(1) Since V�• = V ◦
�• , for any m ∈ Z>0, we have

Tm (V�•;F) = max
λ∈Λ

Tm

(
V

〈λ〉
�• ;F

)
.

Thus we have

T (V�•;F) = sup
m

sup
λ

Tm

(
V

〈λ〉
�• ;F

)
m

= sup
λ
T
(
V

〈λ〉
�• ;F

)
.

(2) The assertion (i) is trivial from the definition of Okounkov bod-

ies. Let us consider (ii). Take any �x ∈ int
(
∆〈λ〉). For any t < GF (�x),

we have �x ∈ int
(
∆F ,t

)
∩ int

(
∆〈λ〉) (�= ∅). By (i), we get �x ∈ ∆〈λ〉,F ,t.

Thus we get G
〈λ〉
F (�x) ≥ GF (�x). Conversely, for any t < G

〈λ〉
F (�x), we have

�x ∈ int
(
∆〈λ〉,F ,t

)
⊂ ∆F ,t. Thus we immediately get the reverse inequality

G
〈λ〉
F (�x) ≤ GF (�x) and we get (ii). The assertion (iii) follows from (ii), since

we know that

S
(
V

〈λ〉
�• ;F

)
=

(r − 1 + n)!

vol
(
V

〈λ〉
�•

) ·
∫

∆〈λ〉
G

〈λ〉
F d�x

for any λ ∈ Λ. �

The following lemma is essentially due to Kewei Zhang.

Lemma 4.12 (cf. [Zha21, Proposition 4.1]). Let V�• be the Veronese

equivalence class of a graded linear series on X associated to L1, . . . , Lr ∈
CaCl(X)⊗ZQ which contains an ample series. Let F be a linearly bounded

filtration of V�•. Set C := int (Supp (V�•)) ⊂ Rr
>0. Take any �a, �b ∈ C ∩ Qr

(1) Assume that �b− �a ∈ C. Then we have

vol
(
V F ,t
•�a

)
≤ vol

(
V F ,t

•�b

)
for any t ∈ [0, T (V•�a;F)). In particular, we have

T (V•�a;F) ≤ T
(
V•�b;F

)
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and

vol (V•�a) · S (V•�a;F) ≤ vol
(
V•�b

)
· S

(
V•�b;F

)
.

(2) Take any ε ∈ Q with 0 < ε < 1/(2n). If (1 + ε)�a − �b ∈ C and
�b− (1 − ε)�a ∈ C, then we have

S
(
V•(�a+ε�b);F

)
≥

(
1 + ε− ε2
1 + ε+ ε2

)n (
1 + ε− ε2

)
· S (V•�a;F) ,

S
(
V•(�a−ε�b);F

)
≤

(
1 − ε+ ε2

1 − ε− ε2
)n (

1 − ε+ ε2
)
· S (V•�a;F) .

Proof. (1) Set �c := �b− �a. Take a sufficiently divisible l ∈ Z>0. Since

�c ∈ C, there exists an effective Q-divisor C ∼Q �c · �L such that lC ∈ |Vl�c|.
Thus we have a natural inclusion

F ltVl�a ↪→ F ltV
l�b

by multiplying lC. In particular,

vol (V•�a) · S (V•�a;F) =

∫ T (V•�a;F)

0
vol

(
V F ,t
•�a

)
dt

≤
∫ T(V•�b;F)

0
vol

(
V F ,t

•�b

)
dt = vol

(
V•�b

)
· S

(
V•�b;F

)
holds.

(2) By (1), we have

S
(
V•(�a−ε�b);F

)
≤

vol
(
V•((1−ε+ε2)�a)

)
vol

(
V•(�a−ε�b)

) · S
(
V•(1−ε+ε2)�a;F

)

≤
vol

(
V•((1−ε+ε2)�a)

)
vol

(
V•((1−ε−ε2)�a)

) · S
(
V•(1−ε+ε2)�a;F

)

=

(
1 − ε+ ε2

1 − ε− ε2
)n (

1 − ε+ ε2
)
· S (V•�a;F) .

We can get the other inequality similarly. �

We recall the notion of basis type Q-divisors.
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Definition 4.13 (see [Fuj23, Definition 11.8]). Let V�• be the Veronese

equivalence class of an (mZ≥0)
r-graded linear series Vm�• on X associated

to L1, . . . , Lr ∈ CaCl(X)⊗ZQ which has bounded support and contains an

ample series. Let F be a linearly bounded filtration of Vm�•.

(1) Consider l ∈ mZ>0 with h0
(
Vl,m�•

)
�= 0. An effective Q-Cartier Q-

divisor D on X is said to be an l-basis type Q-divisor of Vm�• (resp.,

compatible with F) if there is a basis{
s�a1, . . . , s

�a
N�a

}
⊂ Vl,m�a

of Vl,m�a (resp., compatible with F) for any �a ∈ Zr−1
≥0 such that

D =
1

l · h0
(
Vl,m�•

) ∑
�a∈Zr−1

≥0

N�a∑
i=1

(
s�ai = 0

)

holds.

(2) Let σ : X ′ → X be a projective birational morphism with X ′ normal,

let Y ⊂ X ′ be a prime Q-Cartier divisor on X ′, and let e ∈ Z>0 with

eY Cartier. Let V
(Y,e)
m�• be the refinement of σ∗Vm�• by Y with exponent

e. Consider l ∈ mZ>0 with h0
(
V

(Y,e)
l,m�•

)
�= 0. An effective Q-Cartier

Q-divisor D′ on X is said to be an l-(Y, e)-subbasis type Q-divisor of

Vm�• (resp., compatible with F) if there exists an (FY , eZ≥0)-subbasis{
s�a1, . . . , s

�a
M�a

}
⊂ Vl,m�a

of Vl,m�a for any �a ∈ Zr−1
≥0 (resp., compatible with F) such that

D =
1

l · h0
(
V

(Y,e)
l,m�•

) ∑
�a∈Zr−1

≥0

M�a∑
i=1

(
s�ai = 0

)

holds. Note that
∑

�a∈Zr−1
≥0
M�a = h0

(
V

(Y,e)
l,m�•

)
.

Remark 4.14 (see [AZ22, §3.1] and [Fuj23, Proposition 11.9]).
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(1) We have

ordF D ≤ Sl (Vm�•;F)

for any l-basis type Q-divisorD of Vm�•. Moreover, the equality attains

if D is compatible with F .

(2) We have

ordY D
′ = Sl

(
V

(Y,e)
m�• ; F̄Y

)
for any l-(Y, e)-basis type Q-divisor D′ of Vm�•, where F̄Y on V

(Y,e)
m�•

is the natural filtration induced by FY on σ∗Vm�• (in the sense of

Definition 4.3). Moreover, if we set

D′′ := σ∗D′ − Sl
(
V

(Y,e)
m�• ; F̄Y

)
Y, DY := D′′|Y ,

then DY is an l-basis type Q-divisor of V
(Y,e)
m�• .

We will use the following well-known lemma in §10.

Lemma 4.15 ([BJ20, Corollary 2.10], [AZ23, Lemma 2.9] and [Fuj23,

Lemma 11.6]). Let V�• be the Veronese equivalence class of an (mZ≥0)
r-

graded linear series Vm�• on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q

which has bounded support and contains an ample series.

(1) For any ε ∈ Q>0, there exists l0 ∈ mZ>0 such that, for any linearly

bounded filtration F on Vm�• and for any l ∈ mZ>0 with l ≥ l0, we

have

Sl (Vm�•;F) ≤ (1 + ε)S (V�•;F) .

(2) Let σ : X ′ → X be a projective birational morphism with X ′ normal,

let Y ⊂ X ′ be a prime Q-Cartier divisor on X ′ and let e ∈ Z>0 with

eY Cartier. For any linearly bounded filtration F of V�•, we have

T (V�•;F) = T
(
V

(Y )
�• ; F̄

)
, S (V�•;F) = S

(
V

(Y )
�• ; F̄

)
,

where V
(Y )
�• is the refinement of σ∗V�• by Y and F̄ is the filtration on

V
(Y )
�• induced by F in the sense of Definition 4.3.
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5. Toric plt Flags

In this section, we observe the Okounkov bodies of big divisors on Q-

factorial projective toric varieties associated to torus invariant complete

primitive flags, which is a generalization of [LM09, Proposition 6.1 (1)]. In

this section, we fix N0 := Zn, M0 := HomZ

(
N0,Z

)
and the n-dimensional

Q-factorial projective toric variety associated with a fan Σ inN0
R := N0⊗ZR.

In this section, we follow the notations in [CLS11].

Definition 5.1. Fix 1 ≤ j ≤ n. For any 1 ≤ k ≤ j, let us fix a

primitive element vk ∈ Nk−1, and set Nk := Nk−1/Zvk
(
� Zn−k

)
. Let

πk : Nk−1 � Nk be the quotient homomorphism. From those v1, . . . , vj , we

inductively define

• a fan Σk on Nk
R := Nk ⊗Z R for any 0 ≤ k ≤ j, and

• a fan Σ̃k on Nk
R for any 0 ≤ k ≤ j − 1

as follows:

• We set Σ0 := Σ.

• Σ̃k is the star subdivision of Σk at vk+1 in the sense of [CLS11, §11.1].

• Σk+1 is defined to be

Σk+1 :=
{

(πk+1)R (τ) ⊂ Nk+1
R | vk+1 ∈ τ ∈ Σ̃k

}
,

as in [CLS11, §3.2].

Let Yk be the toric variety associated with the fan Σk, and let Ỹk be the toric

variety associated with the fan Σ̃k. Then both are Q-factorial projective

toric varieties,X = Y0, and there is a natural projective birational morphism

σk : Ỹk → Yk such that the morphism σk is the prime blowup of Yk+1 ⊂ Ỹk
by [CLS11, Proposition 11.1.6]. The sequence

Y• : X = Y0 
 Y1 
 · · · 
 Yj

is a plt flag over X. Conversely, any torus invariant primitive flag over X

can be obtained in the way of above. We call the flag the torus invariant

plt flag over X associated with v1, . . . , vj .
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We are mainly interested in torus invariant complete plt flags over X.

Definition 5.2. Let

Y• : X = Y0 
 Y1 
 · · · 
 Yn

be the torus invariant complete plt flag over X associated with v1, . . . , vn
as in Definition 5.1. We inductively define

• an (n− j)-dimensional cone τj ∈ Σj and an (n− j)-dimensional cone

γj ∈ Σ̃j with vj+1 ∈ γj ⊂ τj for any 0 ≤ j ≤ n− 1, and

• a primitive element vj,k ∈ N j−1 with

τj−1 = Cone (vj,j , vj,j+1, . . . , vj,n) ,

γj−1 = Cone (vj , vj,j+1, . . . , vj,n)

for any 1 ≤ j ≤ k ≤ n, satisfying (πj)R (R≥0vj,k) = R≥0vj+1,k if j < k,

as follows:

(1) We set γn−1 := R≥0vn, τn−1 := R≥0vn and vn,n := vn.

(2) Assume that we have defined τj ∈ Σj and vj+1,j+1, . . . , vj+1,n ∈ N j

primitive with τj = Cone (vj+1,j+1, . . . , vj+1,n). There is a unique (n−
j+1)-dimensional cone γj−1 ∈ Σ̃j−1 with vj ∈ γj−1 and (πj)R (γj−1) =

τj . We can uniquely determine primitive elements vj,j+1, . . . , vj,n ∈
N j−1 such that

• γj−1 = Cone (vj,j+1, . . . , vj,n, vj) and

• (πj)R (R≥0vj,k) = R≥0vj+1,k for any j + 1 ≤ k ≤ n.

Since Σ̃j−1 is the subdivision of Σj−1 at vj , there is a unique (n−j+1)-

dimensional cone τj−1 ∈ Σj−1 such that γj−1 ⊂ τj−1. Both γj−1 and

τj−1 admit the (n− j)-dimensional face Cone (vj,j+1, vj,j+2, . . . , vj,n),

we can uniquely take the primitive element vj,j ∈ N j−1 such that

τj−1 = Cone (vj,j , vj,j+1, . . . , vj,n).

For any 2 ≤ j ≤ k ≤ n, since (πj−1)R (R≥0vj−1,k) = R≥0vj,k, there uniquely

exists a positive integer mj,k ∈ Z>0 such that (πj−1) (vj−1,k) = mj,kvj,k
holds. We also set m1,k := 1 for any 1 ≤ k ≤ n.
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For any 1 ≤ j ≤ k ≤ n, since vj ∈ γj−1 ⊂ τj−1, we can define a

nonnegative rational number cj,k ∈ Q≥0 such that

vj =

n∑
k=j

cj,kvj,k

holds. We also set

c′j,k :=
cj,k∏j

i=1mi,k

for any 1 ≤ j ≤ k ≤ n.

Lemma 5.3.

(1) We have cn,n = 1. In general, cj,j ∈ Q>0 holds for any 1 ≤ j ≤ n.

(2) For any 1 ≤ j ≤ n, the multiplicity mult (τj−1) ∈ Z>0 in the sense of

[CLS11, §6.4] satisfies that

mult (τj−1) ·
n∏

k=j

ck,k =
∏

j+1≤i≤k≤n

mi,k.

In particular, we have

mult (τ0)
−1 =

n∏
i=1

c′i,i.

Proof. (1) Since vn,n = vn, we have cn,n = 1. For any 1 ≤ j ≤ n− 1,

since vj �∈ Cone (vj,j+1, vj,j+2, . . . , vj,n), we have cj,j > 0.

(2) Since mult (τn−1) = 1, we may assume that j ≤ n− 1. Note that

mult (γj−1) =
[
N j−1 : Zvj + Zvj,j+1 + · · · + Zvj,n

]
=

[
N j : Zmj+1,j+1vj+1,j+1 + · · · + Zmj+1,nvj+1,n

]
= mult (τj) ·

n∏
k=j+1

mj+1,k.

On the other hand, since vj =
∑n

k=j cj,kvj,k, we have

mult (γj−1) = |det (vj , vj,j+1, . . . , vj,n)|
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= cj,j |det (vj,j , vj,j+1, . . . , vj,n)| = cj,j mult (τj−1) .

Thus we get the assertion (2). �

We consider the log discrepancies.

Proposition 5.4. Let B be an effective torus invariant Q-divisor on

X such that any coefficient of B is less than 1. It is well-known that the

pair (X,B) is a klt pair. Let

Y• : X = Y0 
 Y1 
 · · · 
 Yn

be the torus invariant complete plt flag over X associated with v1, . . . , vn as

in Definition 5.1, and let vj,k and c′j,k be as in Definition 5.2. The complete

flag Y• is a plt flag over (X,B). For any 1 ≤ j ≤ n, let (Yj−1, Bj−1) be the

associated klt structure in the sense of Definition 2.10 (4). Then we have

the equality

AYj−1,Bj−1 (Yj) =

n∑
k=j

c′j,kAX,B (V (v1,k)) ,

where V (v1,k) ⊂ X is the torus invariant prime divisor associates to the

1-dimensional cone R≥0v1,k ∈ Σ (see [CLS11, §3.2]).

Proof. Clearly, each (Yj−1, Bj−1) is a toric klt pair. Moreover, since

vj =
∑n

k=j cj,kvj,k, we have

AYj−1,Bj−1 (Yj) =
n∑

k=j

cj,kAYj−1,Bj−1 (V (vj,k)) .

Therefore, it is enough to show the equality

AYj−1,Bj−1 (V (vj,k)) =
AX,B (V (v1,k))∏j

i=1mi,k

for any 1 ≤ j ≤ k ≤ n. However, it is well-known that

AY1,B1 (V (v2,k)) =
AX,B (V (v1,k))

m2,k
.

By doing the procedure (j − 1) times, we get the desired equality. �
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Recall that, for any torus invariant Q-divisor D on X, we have the asso-

ciated rational polytope PD ⊂MR := M⊗ZR such that, for any sufficiently

divisible m ∈ Z>0, the set mPD ∩M is equal to

{u ∈M | div (χu) +mD ≥ 0} ,

a basis of isotypical sections of H0 (X,mD). Here is a generalization of

[LM09, Proposition 6.1].

Theorem 5.5. Let

Y• : X = Y0 
 Y1 
 · · · 
 Yn

be the torus invariant complete plt flag over X associated with v1, . . . , vn as

in Definition 5.1, and let vj,k and c′j,k be as in Definition 5.2. Take any big

L ∈ CaCl(X) ⊗Z Q. Then there exists a unique torus invariant Q-divisor

D on X with L ∼QD and D|Uτ0 = 0. Moreover, we have

∆Y• (L) = ψ ◦ φ (PD) ,

where

φ : MR
∼−→ Rn

u 	→ (〈u, v1,k〉)1≤k≤n

and

ψ : Rn ∼−→ Rn

x1
...

xn


 	→



c′1,1 · · · c′1,n

. . .
...

O c′n,n






x1
...

xn


 .

Proof. The proof is similar to the proof of [LM09, Proposition 6.1

(1)]. We follow the notations in Definition 5.2. The existence and the

uniqueness of D is essentially same as the argument in [LM09, §6.1]; we

have a natural exact sequence

0 →MQ
div(χ•)−−−−→ QΣ(1) → CaCl(X) ⊗Z Q → 0,
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where Σ(1) ⊂ Σ is the set of 1-dimensional cones of Σ (see [CLS11, Definition

3.1.2]). Let us consider the Okounkov body ∆Y• (L). Fix a sufficiently

divisible m ∈ Z>0 and set Vm• := H0 (X, •mL) and

ΓY• (L) := S
(
V

(Y1�···�Yn)
m�•

)
⊂ (mZ≥0)

n+1

(see Definition 2.2). Since Yn is 0-dimensional, for any (a0, . . . , an) ∈
(mZ≥0)

n+1, the space V
(Y1�···�Yn)
a0,...,an is either zero or 1-dimensional. As in

Definition 4.9, we have

{1} × ∆Y• (L) = Supp
(
V

(Y1�···�Yn)
m�•

)
∩
(
{1} × Rn

≥0

)
.

Take m′, a0 ∈ mZ>0 sufficiently divisible. Let us take any isotypical section

u0 ∈ a0PD ∩m′M ⊂ H0 (X, a0D) = Va0 .

Since m and m′ are sufficiently divisible, for each 1 ≤ j ≤ n, we can

inductively take aj ∈ mZ≥0 and a nonzero isotypical section uj ∈ V (Y1�···�Yj)
a0,...,aj

such that the section uj−1 maps to uj . By the construction of D0 := D, if

we set Dj :=
(
σ∗j−1Dj−1

)
|Yj , then we can inductively show that Dj |Uτj = 0,

where Uτj ⊂ Yj is the affine toric open subset defined by the cone τj ∈ Σj

(see [CLS11, §1.2]). Set αk := 〈u0, v1,k〉 for any 1 ≤ k ≤ n.

Claim 5.6. For any 1 ≤ j ≤ k ≤ n, we have

〈uj−1, vj,k〉 =
αk∏k

i=1mi,k

.

In particular, we have

aj =
n∑

k=j

c′j,kαk

for any 1 ≤ j ≤ n.

Proof of Claim 5.6. Since 〈uj−1,mj,kvj,k〉 = 〈uj−2, vj−1,k〉, we get

αk = 〈uj−1, vj,k〉
∏k

i=1mi,k. In particular, since aj = 〈uj−1, vj〉, we complete

the proof of Claim 5.6. �

Claim 5.6 implies that

(1 × (ψ ◦ φ)) (Cone ({1} × PD)) ⊂ ΓY• (L) .
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In particular, we have

ψ ◦ φ (PD) ⊂ ∆Y• (L) .

Both sets are compact convex sets in Rn
≥0. On the other hand, by Lemma

5.3, we have

vol (ψ ◦ φ (PD)) = vol (PD) =
1

n!
volX(L) = vol (∆Y• (L)) .

Thus we must have ψ ◦ φ (PD) = ∆Y• (L). �

We consider a special case of toric complete plt flags.

Definition 5.7. We follow the notations in Definitions 5.1 and 5.2.

Assume moreover that, the morphism σj−1 : Ỹj−1 → Yj−1 is an isomorphism,

i.e., Yj is a prime divisor on Yj−1, for any 1 ≤ j ≤ n. In this case, for any

1 ≤ j ≤ n, we have R≥0vj ∈ Σj−1 and Σ̃j−1 = Σj−1. Therefore, we have

• vj = vj,j ,

• τj−1 = γj−1 = Cone (vj,j , . . . , vj,n),

• cj,k = δj,k for any j ≤ k ≤ n.

In this case, the sequence v1, . . . , vn is uniquely determined by the sequence

v1,1, . . . , v1,n ∈ N0. We call

Y• : X = Y0 � Y1 � · · · � Yn

the complete toric plt flag on X associated to v1,1, . . . , v1,n ∈ N0. For any

0 ≤ j ≤ n, let us define lj := lj (Y•) ∈ Z>0 as follows:

l0 := 1, lj := mult (R≥0v1,1 + · · · + R≥0v1,j) .

Lemma 5.8. Under the notations in Definitions 5.2 and 5.7, we have

j∏
i=1

mi,j =
lj
lj−1

.

for any 1 ≤ j ≤ n.
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Proof. We may assume that j ≥ 2. Observe that

lj =
[
N0 : Zv1,1 + · · · + Zv1,j

]
=

(
j∏

k=2

m2,k

)[
N1 : Zv2,2 + · · · + Zv2,j

]
= · · ·

=

j∏
i=2

j∏
k=i

mi,k.

Thus we get the assertion. �

The following two corollaries are direct consequences of Proposition 5.4,

Theorem 5.5, and Lemmas 5.3 and 5.8.

Corollary 5.9. Under the notation in Definition 5.7, we have

AYj−1,Bj−1 (Yj) =
lj−1

lj
AX,B (V (v1,j))

for any 1 ≤ j ≤ n.

Corollary 5.10. We follow the notation in Definition 5.7. Take any

big L ∈ CaCl(X) ⊗Z Q, and let us take the torus invariant Q-divisor D on

X with L ∼Q D and D|Uτ0 = 0, where τ0 = Cone (v1,1, . . . , v1,n). Then we

have the equality

∆Y• (L) = φ′ (PD) ,

where

φ′ : MR
∼−→ Rn

u 	→
(
lj−1

lj
〈u, v1,j〉

)
1≤j≤n

.

Let us compute the value S (L;Y1 
 · · · 
 Yj).

Proposition 5.11. We follow the notation in Definition 5.7. Let B

be an effective torus invariant Q-divisor on X such that (X,B) is a klt pair.

For any big L ∈ CaCl(X) ⊗Z Q and for any 1 ≤ j ≤ n, we have

S (L;Y1 
 · · · 
 Yj) =
lj−1

lj
· S (L;V (v1,j)) .
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Proof. We may assume that j ≥ 2. Let

Y ′
• : X = Y ′

0 � Y ′
1 � · · · � Y ′

n

be the complete toric plt flag on X associated to

v′1,1 := v1,j , v
′
1,2 := v1,2, . . . , v

′
1,j−1 := v1,j−1,

v′1,j := v1,1, v
′
1,j+1 := v1,j+1, . . . , v

′
1,n := v1,n ∈ N0.

Then, by Corollary 5.10, we have ∆Y• (L) = f
(
∆Y ′• (L)

)
, where the linear

transform f : Rn → Rn corresponds to the matrix

diag

(
l0
l1
, . . . ,

ln−1

ln

)
(1, j) diag

(
l′1
l′0
, . . . ,

l′n
l′n−1

)
,

where (1, j) is the square matrix corresponds to the transposition between

1-st and j-th columns, and

l′i := mult
(
R≥0v

′
1,1 + · · · + R≥0v

′
1,i

)
for any 1 ≤ i ≤ n. Recall that the 1-st coordinate of the barycenter of

∆Y ′• (L) is nothing but the value S (L;V (v1,j)). Moreover, the j-th coordi-

nate of the barycenter of ∆Y• (L) is equal to the value S (L;Y1 
 · · · 
 Yj).
Since (lj−1/lj)(l

′
1/l

′
0) = lj−1/lj , we get the assertion. �

Theorem 5.12. Let

Y• : X = Y0 
 Y1 
 · · · 
 Yn

be the torus invariant complete plt flag over X associated with v1, . . . , vn as

in Definition 5.1, and let vj,k and c′j,k be as in Definition 5.2. Take any big

L ∈ CaCl(X) ⊗Z Q. Then we have

S (L;Y1 
 · · · 
 Yj) =
n∑

k=j

c′j,k · S (L;V (v1,k))

for any 1 ≤ j ≤ n.

Proof. Let

Y ′
• : X = Y ′

0 � Y ′
1 � · · · � Y ′

n
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be the complete toric plt flag on X associated to v1,1, . . . , v1,n ∈ N0. By

Theorem 5.5 and Corollary 5.10, we have ∆Y• (L) = f
(
∆Y ′• (L)

)
, where the

linear transform f : Rn → Rn corresponds to the matrix

c′1,1 · · · c′1,n

. . .
...

O c′n,n







l1
l0

. . .
ln

ln−1


 .

Therefore we get

S (L;Y1 
 · · · 
 Yj) =

n∑
k=j

c′j,k · lk
lk−1

· S
(
L;Y ′

1 
 · · · 
 Y ′
k

)

=
n∑

k=j

c′j,k · S (L;V (v1,k)) ,

where the last equality follows from Proposition 5.11. �

Example 5.13 (see [CFKP23, §3.2]). Set X := P1 × PP1 (O ⊕ O(1)).

Then X corresponds to the fan Σ0 in N0
R = Z3 ⊗Z R such that the set of

primitive generators of the rays in Σ0 is

{v1,1 = (0, 1, 0), v1,2 = (1, 0, 0), v1,3 = (0, 0,−1),

v1,4 = (0, 0, 1), v1,5 = (0,−1, 1), v1,6 = (−1, 0, 0)},

and the set of 3-dimensional cones in Σ0 is

{[1, 2, 3], [1, 2, 4], [2, 3, 5], [2, 4, 5],

[1, 3, 6], [1, 4, 6], [3, 5, 6], [4, 5, 6]}

where [i, j, k] := Cone (v1,i, v1,j , v1,k).

Set v1 := (1, 3,−1) = 3v1,1+1v1,2+1v1,3 ∈ N0, let Σ̃0 be the subdivision

of Σ0 at v1, and let Σ1 be the fan in N1 := N0/Zv1 as in Definition 5.1.

The set of primitive generators of the rays of Σ1 is

v2,1 := π1 (v1,1) , v2,2 := π1 (v1,2) , v2,3 := π1 (v1,3) .

The lattice N1 is generated by v2,1 and v2,2. Moreover, we have the equality

v2,3 = −3v2,1 − v2,2. Thus the variety Y1 in Ỹ0 in the sense of Definition 5.1

is isomorphic to P(1, 1, 3).
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Set v2 := v2,2. Then the subdivision Σ̃1 of Σ1 at v2 is equal to Σ1.

Moreover, the fan Σ2 in N2 := N1/Zv2 as in Definition 5.1 satisfies that,

the set of primitive generators of the rays in Σ2 is

v3,1 := π2 (v2,1) , v3,3 :=
1

3
π2 (v2,3) .

Of course, we have v3,1 = −v3,3.
We set v3 := v3,3. Then the sequence v1, v2, v3 determines a torus

invariant complete plt flag X = Y0 
 Y1 
 Y2 
 Y3 over X. Moreover, we have

m2,2 = m2,3 = 1, m3,3 = 3,
c1,1 c1,2 c1,3

c2,2 c2,3
c3,3


 =


3 1 1

1 0

1


 ,


c′1,1 c′1,2 c′1,3

c′2,2 c′2,3
c′3,3


 =


3 1 1

1 0
1
3


 .

Let us consider the ample divisor

L ∼ D = V (v1,4) + 2V (v1,5) + V (v1,6) .

Then we have

φ (PD) =

{
(x1, x2, x3) ∈ R3

∣∣∣∣ x1 ≥ 0, x2 ≥ 0, x3 ≥ 0,

−x3 ≥ −1, −x1 − x3 ≥ −2, −x2 ≥ −1

}
,

where φ is as in Theorem 5.5. Thus, by Theorem 5.5, we have

∆Y• (L) = Conv




(0, 0, 0) , (6, 0, 0) ,

(
4, 0,

1

3

)
,

(
1, 0,

1

3

)
,

(1, 1, 0) , (7, 1, 0) ,

(
5, 1,

1

3

)
,

(
2, 1,

1

3

)

 .

We can check that

S (L;V (v1,1)) =
7

9
, S (L;V (v1,2)) =

1

2
, S (L;V (v1,3)) =

4

9
.

Therefore, we have

S (L;Y1) = 3 · 7

9
+ 1 · 1

2
+ 1 · 4

9
=

59

18
,

S (L;Y1 
 Y2) = 1 · 1

2
=

1

2
,
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S (L;Y1 
 Y2 
 Y3) =
1

3
· 4

9
=

4

27
.

The values coincide with the values SL(G), S
(
WG

•,•;C
)

with C = ᾱ1, and

S
(
WG,C

•,•,•;Q
)

with (C,Q) = (ᾱ1, Q16) in [CFKP23, §3.2], respectively.

6. Locally Divisorial Series

From this section until the end of the article, we assume that the char-

acteristic of k is zero. In this section, as a warm-up of §7 and §8, we

consider locally divisorial series. In this section, we assume that X is an

n-dimensional projective variety and L1, . . . , Lr ∈ CaCl(X) ⊗Z Q.

Definition 6.1. Let V�• be the Veronese equivalence class of a graded

linear series on X associated to L1, . . . , Lr which contains an ample series.

(1) We say that V�• is a divisorial series if there exist a representative

Vm�• of V�•, an effective Cartier divisor N on X, and a rational linear

function f : Rr → R which satisfies f (Supp (V�•)) ⊂ R≥0, such that

Vm�a = f (m�a)N +H0
(
X,m�a · �L− f (m�a)N

)
holds for any �a ∈ Zr

≥0 ∩ int (Supp (V�•)).

(2) Assume that V�• is a divisorial series as in (1). Take any birational

morphism σ : X ′ → X between projective varieties. Let σ∗divV
◦
�• be the

Veronese equivalence class of the (mZ≥0)
r-graded linear series σ∗divV

◦
m�•

on X ′ associated to σ∗L1, . . . , σ
∗Lr defined by

σ∗divV
◦
m�a :=




f (m�a)σ∗N +H0
(
X ′,m�a · σ∗�L− f (m�a)σ∗N

)
if �a ∈ Zr

≥0 ∩ int (Supp (V�•)) ,

k if �a = �0,

0 otherwise.

Obviously, the series σ∗divV
◦
m�• is an interior series with

Supp
(
σ∗divV

◦
m�•

)
= Supp (V�•) which contains an ample series. We call

it the interior divisorial pullback of V�•. Note that, if X is normal,

then σ∗divV
◦
m�• is nothing but the interior series of σ∗V�•. Moreover, by

Lemma 3.3 and [Laz04, Proposition 2.2.43] (see also Example 3.4 (8)),

the interior series of σ∗V�• is asymptotically equivalent to σ∗divV
◦
m�•.
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For divisorial series V�•, it is easy to compute S (V�•;E) for any prime

divisor E over X.

Proposition 6.2 (see also [ACC+23, §1.7], [Fuj23, Theorem 4.8]).

Let V�• be a divisorial series as in Definition 6.1 (1), and assume more-

over that V�• has bounded support. Let us set ∆Supp := ∆Supp(V�•) ⊂ Rr−1
≥0 .

Take any prime divisor E over X.

(1) We have

vol (V�•) =
(r − 1 + n)!

n!

∫
∆Supp

volX

(
(1, �x) · �L− f(1, �x)N

)
d�x,

S (V�•;E) =
(r − 1 + n)!

n!
· 1

vol (V�•)

×
∫

∆Supp

(
f(1, �x) ordE N · volX

(
(1, �x) · �L− f(1, �x)N

)

+

∫ ∞

0
volX

(
(1, �x) · �L− f(1, �x)N − tE

)
dt

)
d�x.

(2) We have

vol (σ∗divV
◦
�• ) = vol (V�•) , S (σ∗divV

◦
�• ;E) = S (V�•;E)

for any birational morphism σ : X ′ → X between projective varieties.

Proof. The proof is essentially same as the proofs of [ACC+23, The-

orem 1.7.19] and [Fuj23, Theorem 4.8]. By [Xu25, Lemma 4.73], we may

assume that Vm�• = V ◦
m�•. Then we have

vol (V�•)

= lim
l∈mZ>0

h0
(
Vl,m�•

)
mr−1

lr−1+n/(r − 1 + n)!

= lim
l∈mZ>0

∑
�a∈Zr−1

≥0 ∩int( l
m

∆Supp)

(m
l

)r−1 (r − 1 + n)!

n!

×
h0

(
X, l

(
L1 +

∑r
j=2

m
l ajLj − f

(
1, ml �a

)
N
))

ln/n!
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=
(r − 1 + n)!

n!

∫
∆Supp

volX

(
(1, �x) · �L− f(1, �x)N

)
d�x,

and

S (V�•;E)

= lim
l∈mZ>0

Sl (Vm�•;E)

= lim
l∈mZ>0

lr−1+n/(r − 1 + n)!

h0
(
Vl,m�•

)
mr−1

∫ T (V�•;E)

0

h0
(
V E,t
l,m�•

)
mr−1

lr−1+n/(r − 1 + n)!
dt

=
1

vol (V�•)
lim

l∈mZ>0

∑
�a∈Z

r−1
≥0

∩int( l
m∆Supp)

(m
l

)r−1 (r − 1 + n)!

n!

×
∫ T (V�•;E)

0

dimF lt
EVl,m�a

ln/n!
dt

=
(r − 1 + n)!

n!
· 1

vol (V�•)

∫
∆Supp

(
f(1, �x) ordE N · volX

(
(1, �x) · �L− f(1, �x)N

)

+

∫ T (V�•;E)

f(1,�x) ordE N

volX

(
(1, �x) · �L− f(1, �x)N − (t− f (1, �x) ordE N)E

)
dt

)
d�x.

(2) is trivial from (1) and [Xu25, Lemma 4.73]. �

We will rephrase Proposition 6.2. To begin with, we prepare the follow-

ing elementary lemma:

Lemma 6.3. Let X be a normal projective variety, let E ⊂ X be a

prime Q-Cartier divisor on X and let D be a big R-Cartier R-divisor on

X. Let σE(D), τE(D) ∈ R≥0 be the values in the sense of [Nak04, III,

Definitions 1.1, 1.2 and 1.6], i.e.,

σE(D) = inf
{
ordE D

′ |D′ ≡ D effective
}
,

τE(D) = max {t ∈ R≥0 | D − tE is pseudo-effective} .

(Note that τE(D) = T (D;E). Moreover, note that σE(D) < τE(D) holds.

See [Nak04, III, Lemma 1.4 (4)].)

(1) If E �⊂ B+(D), then we have E �⊂ B+(D− tE) for any t ∈ [0, τE(D)),

where B+ is the augmented base locus (see [ELMNP06] and [Bir17]).
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(2) If σE(D) = 0, then we have E �⊂ B+(D − tE) for any t ∈ (0, τE(D)).

Proof. (1) Since E �⊂ B+(D), there exists an effective R-divisor D′

with D −D′ ample such that E �⊂ SuppD′ holds. On the other hand, for

any τ ∈ (t, τE(D)), there exists effective D′′ ≡ D such that ordE D
′′ = τ .

The effective divisor

D̃ :=
τ − t
τ
D′ +

t

τ
D′′

satisfies that D − D̃ is ample and ordE D̃ = t. Thus we have E �⊂ B+(D −
tE).

(2) Since D is big, we may assume that D = A + B with A ample and

effective, B effective and ordE A = 0. Set m0 := ordE D = ordE B. By (1),

it is enough to show that there exists a sequence {ni}i∈Z>0 of nonnegative

real numbers with limi→∞ ni = 0 such that E �⊂ B+(D−niE) holds for any

i ∈ Z>0.

Since σE(D) = 0, for any i ∈ Z>0, there exists an effective R-divisor

Di ≡ D with mi := ordE Di ≤ 1/i. Set

ni :=
m0 + imi

i+ 1
≤ m0 + 1

i+ 1
.

Then, since

D − niE − 1

i+ 1
A ≡ 1

i+ 1
(B −m0E) +

i

i+ 1
(Di −miE),

we have E �⊂ B+(D − niE) for any i ∈ Z>0. �

Proposition 6.4. Under the notation in Proposition 6.2 (2), assume

moreover X ′ is normal and E ⊂ X ′ is a prime Q-Cartier divisor on X ′.
For any �x ∈ int (∆Supp), let us consider the big R-Cartier R-divisor

M�x := σ∗
(
(1, �x) · �L− f (1, �x)N

)
on X ′.

(1) Set t0 (�x) := σE (M�x) and t1 (�x) := τE (M�x) in the sense of [Nak04,

III, Definitions 1.1, 1.2 and 1.6]. Then we have t0 (�x) < t1 (�x). More-

over, for any u ∈ (t0 (�x) , t1 (�x)), the big R-divisor M�x − uE satisfies

that E �⊂ B+ (M�x − uE). Thus we can set the restricted volume

volX′|E (M�x − uE) ∈ R>0
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as in [LM09, Corollary 4.27 (iii)], [BFJ09, Theorems A and B]. In

particular, for any admissible flag Y• on X with Y1 = E, we have

volX|E (M�x − uE) = (n− 1)! · volRn−1 (∆Y• (M�x) |ν1=u) ,

where ∆Y• (M�x) |ν1=u ⊂ ∆Y• (M�x) is the subset whose 1-st coordinate

is equal to u.

(2) We have

volX′ (M�x) = n ·
∫ t1(�x)

t0(�x)
volX′|E (M�x − uE) du

and

volX′ (M�x − tE) =




volX′ (M�x − t0 (�x)E) if t ∈ [0, t0 (�x)] ,

n ·
∫ t1(�x)

t
volX′|E (M�x − uE) du if t ∈ [t0 (�x) , t1 (�x)] ,

0 if t ∈ [t1 (�x) ,∞) .

In particular, we have

vol (V�•) =
(r − 1 + n)!

(n− 1)!

∫
∆Supp

∫ t1(�x)

t0(�x)
volX′|E (M�x − uE) dud�x,

S (V�•;E) =
(r − 1 + n)!

(n− 1)! vol (V�•)

∫
∆Supp

∫ t1(�x)

t0(�x)
(u+ f (1, �x) ordE N)

× volX′|E (M�x − uE) dud�x.

Proof. (1) is an immediate consequence of Lemma 6.3 and [LM09,

Corollary 4.27]. (2) follows from [LM09, Corollary 4.27] and Fubini’s the-

orem. Note that the continuity of the function volX′|E (M�x − uE) follows

from [BFJ09, Theorem A]. �

Corollary 6.5. Let X ′ be an n-dimensional projective variety, let L′

be a big Q-Cartier Q-divisor on X ′, let φ : X → X ′ be a birational morphism

with X normal, and let F ⊂ X be a prime Q-Cartier divisor. Then, for any

x ∈ (σF (φ∗L′) , τF (φ∗L′)) ∩ Q, we have

lim sup
m→∞

dim Image
(
φ∗H0(X′,mL′)∩(mxF+H0(X,φ∗mL′−mxF ))

→H0(F,φ∗mL′|F−mxF |F )

)
mn−1/(n− 1)!
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= volX|F
(
φ∗L′ − xF

)
.

Proof. Set V ′
�• := H0 (•L′). From the definition of the refinement(

φ∗V ′
�•
)(F )

, the left hand side is equal to the volume of
(
φ∗V ′

•(1,x)

)(F )
, where

(1, x) ∈ int
(
Supp

(
φ∗V ′

�•
)(F )

)
. We know that φ∗V ′

�• is asymptotically equiv-

alent to V�• := H0 (•φ∗L′) by Example 3.4 (8). Thus, by Example 3.4 (6)

and Proposition 6.4, the left hand side is equal to vol
(
V

(F )
•(1,x)

)
. Take any

admissible flag Y• on X with Y1 = F , and consider the admissible flag Y ′
•

on F with Y ′
i := Yi+1. By [LM09, Theorem 4.21], we have

∆Y ′•

(
V

(F )
•(1,x)

)
= ∆Y ′•

(
V

(F )
�•

) ∣∣
ν1=x

.

Therefore we get

vol
(
V

(F )
•(1,x)

)
= (n− 1)! ·volRn−1

(
∆Y ′•

(
V

(F )
�•

) ∣∣
ν1=x

)
= volX|F

(
φ∗L′ − xF

)
,

where the last equality follows from Example 3.4 (4) and Proposition 6.4

(1). �

The most typical examples of divisorial series are the complete linear

series H0 (•L) with big L ∈ CaCl(X) ⊗Z Q. In this case, Proposition 6.4

can be rephrased as follows:

Corollary 6.6 (cf. [Fuj23, Proposition 3.12]). Assume that L ∈
CaCl(X) ⊗Z R is big. Take any birational morphism σ : X ′ → X with

X ′ normal projective, and let E be a prime Q-Cartier divisor on X ′. Set

t0 := σE (σ∗L) and t1 := τE (σ∗L) in the sense of [Nak04, III, Definitions

1.1, 1.2 and 1.6].

(1) Take any u ∈ (t0, t1).

(i) We can define the restricted volume

volX′|E (σ∗L− uE) ∈ R>0,

and we have

volX(L) = n

∫ t1

t0

volX′|E (σ∗L− uE) du.
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Moreover, we have

1

volX(L)

∫ ∞

0
volX′ (σ∗L− tE) dt

=
n

volX(L)

∫ t1

t0

u · volX′|E (σ∗L− uE) du.

We note that, if L ∈ CaCl(X) ⊗Z Q, then the above value is

nothing but the value S (L;E).

(ii) Assume that X is Q-factorial. Let σ∗L − uE = Nu + Pu be

the Nakayama–Zariski decomposition in the sense of [Nak04, III,

Definition 1.12]. Then, the restriction Pu|E ∈ CaCl(E) ⊗Z R is

big.

(2) Let Y• be an admissible flag on X ′ with Y1 = E, and let us set

∆ := ∆Y• (σ∗L) ⊂ Rn
≥0. Then we have p1(∆) = [t0, t1] ⊂ R, where

p1 : Rn → R be the first projection. Moreover, for any u ∈ (t0, t1), we

have

volX′|E (σ∗L− uE) = (n− 1)! volRn−1 (∆u) ,

where ∆u := p−1
1 ({u}) ⊂ Rn−1. In particular, if L ∈ CaCl(X) ⊗Z Q,

then the value S(L;E) is the first coordinate of the barycenter of ∆.

Proof. (1i) and (2) are immediate consequences of Proposition 6.4.

We consider (1ii). By [Nak04, III, Lemma 1.4 (4) and Corollary 1.9], E �⊂
SuppNu holds for any u ∈ (t0, t1).

Let us fix u′ ∈ (t0, u) ∩ Q and u′′ ∈ (u, t1) ∩ Q. We know that the

R-divisor
u′′ − u
u′′ − u′Nu′ +

u− u′
u′′ − u′Nu′′ −Nu

is effective and the support does not conitain E. Since

Pu|E =
u′′ − u
u′′ − u′ (Pu′ |E)+

u− u′
u′′ − u′ (Pu′′ |E)+

(
u′′ − u
u′′ − u′Nu′ +

u− u′
u′′ − u′Nu′′ −Nu

) ∣∣∣
E
,

we may assume that u ∈ Q.

Recall that both σE and τE are continuous over the big cone Big(X)

([Nak04, III, Lemma 1.7 (1)]). Thus, we can take big L1, . . . , Lp ∈
CaCl(X) ⊗Z Q and c1, . . . , cp ∈ R>0 with

∑p
i=1 ci = 1 such that L =
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∑p
i=1 ciLi and u ∈ (σE(σ∗Li), τE(σ∗Li)) holds for any 1 ≤ i ≤ p. By

the same argument as above, we get the bigness of Pu|E provided that the

bigness of Pσ(σ∗Li − uE)|E for all 1 ≤ i ≤ p. Thus we may further assume

that L ∈ CaCl(X) ⊗Z Q.

Let us fix r0 ∈ Z>0 such that r0(φ
∗L − uE) is Cartier. For any m ∈

r0Z>0, set

Wm := Image
(
H0 (X,m(φ∗L− uE)) → H0 (E,m(φ∗L− uE)|E)

)
.

By Lemma 6.3, we have E �⊂ B+ (φ∗L− uE). Thus, by [ELMNP09] (see

also [BCL14], [Lop15]), for any r ∈ r0Z>0,

a := lim sup
m∈rZ>0

dimWm

mn−1/(n− 1)!

(
= volX|E (φ∗L− uE)

)

satisfies that a ∈ R>0 and is independent of r ∈ r0Z>0.

For any i ∈ Z>0, take an effective Q-divisor N i on X with N i ≤ Nu

such that

ordF

(
Nu −N i

)
≤ 1

i

holds for any prime divisor F on X. Fix ri ∈ r0Z>0 such that riN
i is

Cartier. Then, since N i ≤ Nu, we have

mN i +H0
(
X,m

(
φ∗L− uE −N i

)) ∼−→ H0 (X,m (φ∗L− uE))

for any m ∈ riZ>0. Thus we get

dimWm ≤ h0
(
E,m

(
φ∗L− uE −N i

)
|E
)

for any m ∈ riZ>0. Therefore,

a ≤ lim sup
m∈riZ>0

h0
(
E,m

(
φ∗L− uE −N i

)
|E
)

mn−1/(n− 1)!
= vol

((
φ∗L− uE −N i

)
|E
)

for any i ∈ Z>0. Since

a ≤ lim
i→∞

vol
((
φ∗L− uE −N i

)
|E
)

= vol (Pu|E) ,

we get the assertion. �
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By applying Proposition 3.5, we can estimate S(L;E) in various situa-

tions. Here we give one specific example.

Example 6.7. Let us assume that X is smooth with n ≥ 2, and let L

be a very ample Cartier divisor on X and let Z ⊂ X be a line with respects

to L, i.e., (L · Z) = 1. Consider the blowup σ : X̃ → X along Z and let

E ⊂ X̃ be the exceptional divisor. Set τ := τE (σ∗L), d := (−KX · Z)

and V0 := (L·n). We assume that d ≤ n. (In fact, when X �� Pn and the

characteristic of k is zero, then d ≤ n holds by [CMSB02, Keb02].) Let

∆ := ∆Y• (σ∗L) ⊂ Rn
≥0 be the Okounkov body such that Y1 = E. Then the

values t0, t1 in Proposition 3.5 is equal to 0, τ , respectively. Moreover, the

function g : [0, τ ] → R≥0 in Proposition 3.5 is equal to

1

(n− 1)!
volX̃|E (σ∗L− xE)

and ∫ τ

0
g(x)dx =

V0

n!
=: V = volRn (∆)

holds by Corollary 6.6. Note that σ∗L − xE is nef for x ∈ [0, 1] since L is

very ample and Z is a line. Thus we have

g(x) =
1

(n− 1)!

(
(2 − d)xn−1 + (n− 1)xn−2

)

for any x ∈ [0, 1]. Thus we always have V0 ≥ n + 2 − d. We note that the

1st coordinate b1 of the barycenter of ∆ is equal to S (L;E) by Corollary

6.6. Let us apply Proposition 3.5 (1) for e = 1 and

v = lim
x→1−0

g(x) − g(1)

x− 1
=

n− d
(n− 2)!

.

Note that v = 0 if and only if d = n. The function h0 in Proposition 3.5

satisfies that

h0(x) =
n+ 1 − d
(n− 1)!

(
(n− d)x+ 1

n+ 1 − d

)n−1
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for x ∈ [1, τ ]. Let us fix t ∈ (1, τ ] satisfying the condition W ≥ V in

Proposition 3.5 (1ii). The condition is equivalent to the condition


2 + n(t− 1) ≥ V0 if d = n,

1 + (V0 − (n+ 2 − d)) n−d
(n+1−d)2

≤
(
t(n−d)+1
n+1−d

)n
if d �= n.

Then the value s1 in Proposition 3.5 (1ii) is equal to


V0−2+n−t
n−1 if d = n,

1 + n+1−d
n−d

(
β

1
n−1 − 1

)
if d �= n,

where

β :=
(n− d) (V0 − (n+ 2 − d)) + (n+ 1 − d)2

(n+ 1 − d)(t(n− d) + 1)
.

This implies that

h0(s1) =
(n− d) (V0 − (n+ 2 − d)) + (n+ 1 − d)2

(n− 1)! · (t(n− d) + 1)
.

Therefore, by Proposition 3.5 (1ii), the value S(L;E) is bigger than or equal

to


1
2(n+1)V0

(
n

n−1(V0 − 2 + n− t)2 + 2t(V0 − 2 + n− t)
− (n− 1)(n− 2) + 2t2

)
if d = n,

1
V0

(
β
n+1
n−1

n(n+1−d)2

(n+1)(n−d) − β
n

n−1
2(n+1−d)2

(n+1)(n−d)2
if d �= n.

+ (d−1)(2d−1)+n(2−3d−d2+n+2dn−n2)+t(n−d)+(n−d)((n−d)t−n)V0

(n+1−d)(n−d)2(n+1)

)

Now, we define the notion of locally divisorial series.

Definition 6.8. Let V�• be the Veronese equivalence class of an

(mZ≥0)
r-graded linear series Vm�• on X associated to L1, . . . , Lr. The se-

ries V�• is said to be a locally divisorial series if there is a decomposition

∆Supp =
⋃

λ∈Λ ∆
〈λ〉
Supp as in Definition 2.6 (4) such that the restriction V

〈λ〉
�•

(in the sense of Definition 2.6 (4)) is a divisorial series for any λ ∈ Λ.
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By Propositions 6.2 and 4.11 (2), for locally divisorial series V�• and a

prime divisor E over X, we can compute S (V�•;E).

Finally, we prepare the notion of the Zariski decomposition in a strong

sense.

Definition 6.9. Assume that X is normal and take a big L ∈
CaCl(X)⊗ZQ. We say that L admits the Zariski decomposition L = N +P

in a strong sense if N is an effective Q-Cartier Q-divisor on X, P is a nef

and big Q-divisor on X such that

H0 (X,mL) = mN +H0 (X,mP )

holds for any sufficiently divisible m ∈ Z>0. (We only allow that N is a Q-

divisor.) The decomposition must be the Nakayama–Zariski decomposition

of L, and hence the decomposition is unique if exists.

Example 6.10.

(1) Assume that X is Q-factorial. If n ≤ 2 or if X is a Mori dream space

[HK00], then any big Q-divisor on X admits the Zariski decomposi-

tion in a strong sense. See, for example, [ELMNP09, Example 2.19],

[Oka16, §2.3].

(2) Assume that a big L ∈ CaCl(X) ⊗Z Q admits the Zariski decom-

position L = N + P in a strong sense. Take any projective bira-

tional morphism σ : X̃ → X with X̃ normal. Then the decomposition

σ∗L = σ∗N+σ∗P is the Zariski decomposition of σ∗L in a strong sense.

Moreover, if E is an effective and σ-exceptional Q-Cartier Q-divisor

on X̃, then σ∗L+E = (σ∗N + E)+σ∗P is the Zariski decomposition

of σ∗L+ E in a strong sense.

7. Dominants of Primitive Flags

In this section, we assume that the characteristic of k is zero. In this

section, we also assume that X is an n-dimensional projective variety, and

let

Y• : X = Y0 
 Y1 
 · · · 
 Yj
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be a primitive flag over X with the associated prime blowups σk : Ỹk → Yk
for any 0 ≤ k ≤ j − 1, and let V�• be the Veronese equivalence class of a

graded linear series on X associated to L1, . . . , Lr ∈ CaCl(X) ⊗Z Q which

has bounded support and contains an ample series.

Definition 7.1.

(1) A dominant of Y• is a collection of projective birational morphisms{
γk : Ȳk → Ỹk

}
0≤k≤j−1

satisfying:

(i) for any 0 ≤ k ≤ j − 1, the variety Ȳk is a normal projective

variety and Ŷk+1 := (γk)
−1
∗ Yk+1 is a Q-Cartier prime divisor in

Ȳk, and

(ii) for any 1 ≤ k ≤ j−1, there exists a morphism φk : Ȳk → Ŷk such

that the following diagram

Ȳk
γk

����
��

��
�

φk

���
��

��
��

Ỹk

σk ���
��

��
��

Ŷk

γk−1|Ŷk����
��

��
�

Yk

makes commutative.

Obviously, the morphism φk is unique. We say that a dominant

{γk}0≤k≤j−1 is a smooth (resp., a Q-factorial) dominant of Y• if Ȳk is

smooth (resp., Q-factorial) for any 0 ≤ k ≤ j − 1.

(2) Assume that both
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

and
{
γ′k : Ȳ ′

k → Ỹk

}
0≤k≤j−1

are dominants of Y•. When a collection
{
ψk : Ȳ ′

k → Ȳk
}

0≤k≤j−1
satis-

fies γ′k = γk ◦ψk for any 0 ≤ k ≤ j− 1, then {ψk}0≤k≤j−1 is said to be

a morphism between dominants {γ′k}0≤k≤j−1 and {γk}0≤k≤j−1 of Y•.
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When
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

is a dominant of Y•, from the definition

of dominants, we have the following commutative diagram:

Ŷ3
γ2|Ŷ3

����
��

��
��

⊂ Ȳ2

γ2

����
��

��
�

φ2

���
��

��
��

Y3 ⊂ Ỹ2

σ2
���

��
��

��
� Ŷ2

γ1|Ŷ2

����
��

��
��

⊂ Ȳ1

γ1

����
��

��
�

φ1

���
��

��
��

Y2 ⊂ Ỹ1

σ1
���

��
��

��
� Ŷ1

γ0|Ŷ1

����
��

��
��

⊂ Ȳ0

γ0

����
��

��
�

Y1 ⊂ Ỹ0

σ0 ���
��

��
��

Y0 = X.

Definition 7.2. Let
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

be a dominant of Y•. For

any 1 ≤ l ≤ k ≤ j, we define dl,k ∈ Q≥0 and an effective Q-Cartier Q-divisor

Σl,k on Ȳk−1 with Ŷk �⊂ Supp Σl,k inductively as follows:

• dl,l := 0, Σl,l := γ∗l−1Yl − Ŷl, and

• if l < k, then we set dl,k := ordŶk
φ∗k−1

(
Σl,k−1|Ŷk−1

)
and Σl,k :=

φ∗k−1

(
Σl,k−1|Ŷk−1

)
− dl,kŶk.

We also set




1

g1,2 1 O

g1,3 g2,3 1
...

. . .
. . .

g1,j g2,j · · · gj−1,j 1


 :=




1

d1,2 1 O

d1,3 d2,3 1
...

. . .
. . .

d1,j d2,j · · · dj−1,j 1




−1

.



224 Kento Fujita

We sometimes denote dl,k, Σl,k and gl,k by

dl,k

(
{γk}0≤k≤j−1

)
, Σl,k

(
{γk}0≤k≤j−1

)
and gl,k

(
{γk}0≤k≤j−1

)
.

The following lemma is trivial. We omit the proof.

Lemma 7.3. Let
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

and
{
γ′k : Ȳ ′

k → Ỹk

}
0≤k≤j−1

be dominants of Y•, and let
{
ψk : Ȳ ′

k → Ȳk
}

0≤k≤j−1
be a morphism between

dominants {γ′k}0≤k≤j−1 and {γk}0≤k≤j−1. We set

dl,k := dl,k

(
{γk}0≤k≤j−1

)
, d′l,k := dl,k

({
γ′k

}
0≤k≤j−1

)
,

Σl,k := Σl,k

(
{γk}0≤k≤j−1

)
, Σ′

l,k := Σl,k

({
γ′k

}
0≤k≤j−1

)
.

Moreover, for any 1 ≤ l ≤ k ≤ j, let us inductively define el,k ∈ Q≥0 and an

effective Q-Cartier Q-divisor Θl,k on Ȳ ′
k−1 with Ŷ ′

k �⊂ Supp Θl,k such that

• el,l := 0, Θl,l := ψ∗
l−1Ŷl − Ŷ ′

l , and

• for any 1 ≤ l < k ≤ j, we set el,k := ordŶ ′
k

(
φ′k

∗
(
Θl,k−1|Ŷ ′

k−1

))
and

Θl,k := φ′k
∗
(
Θl,k−1|Ŷ ′

k−1

)
− el,kŶ ′

k.

Then, for any 1 ≤ l ≤ k ≤ j, we have

Σ′
l,k = ψ∗

k−1Σl,k + Θl,k +

k∑
i=l+1

dl,iΘi,k

and

d′l,k = dl,k + el,k +

k−1∑
i=l+1

dl,iei,k.

In other words, we have


1

d′1,2 1 O

d′1,3 d′2,3 1
...

. . .
. . .

d′1,j d′2,j · · · d′j−1,j 1



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=




1

e1,2 1 O

e1,3 e2,3 1
...

. . .
. . .

e1,j e2,j · · · ej−1,j 1







1

d1,2 1 O

d1,3 d2,3 1
...

. . .
. . .

d1,j d2,j · · · dj−1,j 1


 .

Proposition 7.4. Let
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

be a dominant of Y•.

For any 1 ≤ k ≤ j, let us define the Veronese equivalence class V
(Ŷ1>···>Ŷk)
�•

on Ŷk as follows:

• we set V
(Ŷ1)
�• := (γ∗0σ

∗
0V�•)

(Ŷ1), and

• if k ≥ 2, we set V
(Ŷ1>···>Ŷk)
�• :=

(
φ∗k−1V

(Ŷ1>···>Ŷk−1)
�•

)(Ŷk)
.

Then, for any sufficiently divisible m ∈ Z>0 and for any (�a, b1, . . . , bk) ∈
(mZ≥0)

r+k, the space V
(Ŷ1>···>Ŷk)
�a,b1,...,bk

is equal to




0 if there exists 2 ≤ l ≤ k such that b′l < 0,(
γk−1|Ŷk

)∗
V

(Y1�···�Yk)
�a,b′1,...,b

′
k

+
∑k

l=1 b
′
l

(
Σl,k|Ŷk

)
otherwise,

where we set b′1, . . . , b
′
k ∈ Z as follows:

b′1 := b1,

b′l := bl −
l−1∑
i=1

di,lb
′
i (2 ≤ l ≤ k).

In other words,


b1

...

bk


 =




1

d1,2 1 O

d1,3 d2,3 1
...

. . .
. . .

d1,k d2,k · · · dk−1,k 1







b′1

...

b′k


 .
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We note that V
(Y1�···�Yk)
�• is defined in Definition 2.11.

Proof. The proof is just applying [Fuj23, Remark 3.17] inductively.

By [Fuj23, Remark 3.17], we may assume that k ≥ 2. We may also assume

that b′1, . . . , b
′
k−1 ≥ 0. Since

ordŶk

(
k−1∑
l=1

b′lφ
∗
k−1

(
Σl,k−1|Ŷk−1

))
=

k−1∑
l=1

b′ldl,k = bk − b′k

and
k−1∑
l=1

b′lφ
∗
k−1

(
Σl,k−1|Ŷk−1

)
−

(
k−1∑
l=1

b′ldl,k

)
Ŷk =

k−1∑
l=1

b′lΣl,k,

we get the assertion by applying [Fuj23, Remark 3.17]. �

Corollary 7.5. Under the assumption of Proposition 7.4, let us con-

sider any general admissible flag

Z• : Ŷj = Z0 � Z1 � · · · � Zn−j

of Ŷj, where “general” means, the support of any Σl,j |Ŷj does not contain

the point Zn−j. Let

∆ ⊂ R
(r−1+j)+(n−j)
≥0 (resp., ∆̂ ⊂ R

(r−1+j)+(n−j)
≥0 )

be the Okounkov body of(
γj−1|Ŷj

)∗
V

(Y1�···�Yj)
�• (resp., V

(Ŷ1>···>Ŷj)
�• )

associated to Z•. Let us set the linear transform

f : Rr−1+j+n−j → Rr−1+j+n−j
�x�y′
�z


 	→


�x�y
�z




with �x ∈ Rr−1, �y, �y′ ∈ Rj, �z ∈ Rn−j defined by


y1

...

yj


 =




1

d1,2 1 O

d1,3 d2,3 1
...

. . .
. . .

d1,j d2,j · · · dj−1,j 1







y′1

...

y′j


 .
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Then we have the equality ∆̂ = f (∆). In particular, if
(
b̂1, . . . , b̂r−1+n

)
∈ ∆̂

be the barycenter of ∆̂, then we have

b̂r−1+k = S (V�•;Y1 
 · · · 
 Yk) +
k−1∑
l=1

dl,kS (V�•;Y1 
 · · · 
 Yl)

for any 1 ≤ k ≤ j.

Proof. The assertion ∆̂ = f (∆) is a direct consequence of Proposition

7.4. We already know in Remark 4.8 (3) that, the value S (V�•;Y1 
 · · · 
 Yk)
is the (r − 1 + k)-th coordinate of the barycenter of ∆. Since

b̂r−1+k =
1

vol
(
∆̂
) ∫

(�x,�y,�z)∈∆̂
ykd�xd�yd�z

=
1

vol (∆)

∫
(�x,�y′,�z)∈∆̂

(
y′k +

k−1∑
l=1

dl,ky
′
l

)
d�xd�y′d�z,

we get the assertion. �

8. Adequate Dominants

In this section, we assume that the characteristic of k is zero. As in §7,

in this section, we assume that X is an n-dimensional projective variety,

Y• : X = Y0 
 Y1 
 · · · 
 Yj

is a primitive flag over X with the associated prime blowups σk : Ỹk → Yk
for any 0 ≤ k ≤ j − 1. We also fix a Q-factorial dominant{
γk : Ȳk → Ỹk

}
0≤k≤j−1

of Y•, and we follow the notation in Definition 7.1.

Let us fix a big L ∈ CaCl(X) ⊗Z Q and set V�• := H0(•L).

Definition 8.1. For any 1 ≤ k ≤ j, let us define

• a subset Dk ⊂ Rk
>0,

• a big R-divisor Pk−1 (x1, . . . , xk) on Ȳk−1 such that the restriction

Pk−1 (x1, . . . , xk) |Ŷk is big and Ŷk �⊂ B+ (Pk−1 (x1, . . . , xk)) holds for

any (x1, . . . , xk) ∈ Dk,
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• an effective R-divisor Nl−1,k−1 (x1, . . . , xl) on Ȳk−1 with Ŷk �⊂
SuppNl−1,k−1 (x1, . . . , xl) for any 1 ≤ l ≤ k and for any (x1, . . . , xl) ∈
Dl,

• real numbers uk (x1, . . . , xk−1), tk (x1, . . . , xk−1) ∈ R≥0 for any

(x1, . . . , xk−1) ∈ Dk−1 with uk (x1, . . . , xk−1) < tk (x1, . . . , xk−1),

• a real number ul,k (x1, . . . , xl) ∈ R≥0 for any 1 ≤ l < k and for any

(x1, . . . , xl) ∈ Dl, and

• a real number vk (x1, . . . , xk−1) ∈ R≥0 for any (x1, . . . , xk−1) ∈ Dk−1

inductively as follows:

(1) We set v1 := 0, u1 := σŶ1
(γ∗0σ

∗
0L), t1 := τŶ1

(γ∗0σ
∗
0L) and

D1 := (u1, t1). By Lemma 6.3, we have u1 < t1 and Ŷ1 �⊂
B+

(
γ∗0σ

∗
0L− x1Ŷ1

)
for any x1 ∈ (u1, t1). Let

γ∗0σ
∗
0L− x1Ŷ1 =: N0,0(x1) + P0(x1)

on Ȳ0 be the Nakayama–Zariski decomposition in the sense of [Nak04,

III, Definition 1.12]. More precisely, we set

N0,0(x1) := Nσ

(
γ∗0σ

∗
0L− x1Ŷ1

)
, P0(x1) := Pσ

(
γ∗0σ

∗
0L− x1Ŷ1

)
.

Then we know that P0(x1)|Ŷ1
is big, Ŷ1 �⊂ B+ (P0(x1)) and Ŷ1 �⊂

Supp (N0,0(x1)) for any x1 ∈ D1 by Lemma 6.3 and Corollary 6.6.

(2) Assume that k ≥ 2. Take any (x1, . . . , xk−1) ∈ Dk−1. By an inductive

assumption, the R-divisor φ∗k−1

(
Pk−2 (x1, . . . , xk−1) |Ŷk−1

)
on Ȳk−1 is

a big R-divisor. Let us set

uk (x1, . . . , xk−1) := σŶk

(
φ∗k−1

(
Pk−2 (x1, . . . , xk−1) |Ŷk−1

))
,

tk (x1, . . . , xk−1) := τŶk

(
φ∗k−1

(
Pk−2 (x1, . . . , xk−1) |Ŷk−1

))
.

By Lemma 6.3, we have uk (x1, . . . , xk−1) < tk (x1, . . . , xk−1). We set

Dk :=


(x1, . . . , xk) ∈ Rk

>0

∣∣∣∣∣
(x1, . . . , xk−1) ∈ Dk−1 and

xk ∈ (uk (x1, . . . , xk−1) ,

tk (x1, . . . , xk−1))



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=

{
(x1, . . . , xk) ∈ Rk

>0

∣∣∣∣ xl ∈ (ul (x1, . . . , xl−1) , tl (x1, . . . , xl−1))

for all 1 ≤ l ≤ k

}
.

Moreover, for any xk ∈ (uk (x1, . . . , xk−1) , tk (x1, . . . , xk−1)), by

Lemma 6.3 and Corollary 6.6, the Nakayama–Zariski decomposition

φ∗k−1

(
Pk−2 (x1, . . . , xk−1) |Ŷk−1

)
− xkŶk

=: Nk−1,k−1 (x1, . . . , xk) + Pk−1 (x1, . . . , xk)

on Ȳk−1 satisfies Pk−1 (x1, . . . , xk) |Ŷk is big, Ŷk �⊂ B+(Pk−1(x1,

. . . , xk)) and Ŷk �⊂ Supp (Nk−1,k−1 (x1, . . . , xk)).

For any 1 ≤ l < k and for any (x1, . . . , xl) ∈ Dl, we have already de-

fined the effective R-divisor Nl−1,k−2 (x1, . . . , xl) on Ȳk−2 with Ŷk−1 �⊂
Supp (Nl−1,k−2 (x1, . . . , xl)) by inductive assumption. We set

ul,k (x1, . . . , xl) := ordŶk

(
φ∗k−1

(
Nl−1,k−2 (x1, . . . , xl) |Ŷk−1

))
,

Nl−1,k−1 (x1, . . . , xl) := φ∗k−1

(
Nl−1,k−2 (x1, . . . , xl) |Ŷk−1

)
− ul,k (x1, . . . , xl) Ŷk.

Finally, we set

vk (x1, . . . , xk−1) :=
k−1∑
l=1

ul,k (x1, . . . , xl)

for any 2 ≤ k and for any (x1, . . . , xk−1) ∈ Dk−1.

From now on, instead φ∗k−1

(
Pk−2 (x1, . . . , xk−1) |Ŷk−1

)
and

φ∗k−1

(
Nl−1,k−2 (x1, . . . , xl) |Ŷk−1

)
, we simply write Pk−2 (x1, . . . , xk−1) |Ȳk−1

and Nl−1,k−2 (x1, . . . , xl) |Ȳk−1
, etc.

Definition 8.2. Let us define

• a subset D̃k ⊂ Rk
>0 for any 1 ≤ k ≤ j,

• a real number ũl,k (y1, . . . , yl), for any 1 ≤ l < k ≤ j and for any

(y1, . . . , yl) ∈ D̃l, and
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• real numbers ṽk (y1, . . . , yk−1), ũk (y1, . . . , yk−1), t̃k (y1, . . . , yk−1) ∈
R≥0 for any 2 ≤ k ≤ j and for any (y1, . . . , yk−1) ∈ D̃k−1

inductively as follows:

(1) We set D̃1 := D1 = (u1, t1) and ṽ2 := v2.

(2) For 1 ≤ l < k ≤ j and for any (y1, . . . , yl) ∈ D̃l, we set

ũl,k (y1, . . . , yl)

:= ul,k (y1, y2 − ṽ2(y1), y3 − ṽ3(y1, y2), . . . , yl − ṽl (y1, . . . , yl−1)) .

For any 2 ≤ k ≤ j and for any (y1, . . . , yk−1) ∈ D̃k−1, we set

ṽk (y1, . . . , yk−1) :=

k−1∑
l=1

ũl,k (y1, . . . , yl) ,

ũk (y1, . . . , yk−1) := uk (y1, y2 − ṽ2(y1), y3 − ṽ3(y1, y2), . . . ,
yk−1 − ṽk−1 (y1, . . . , yk−2)) ,

t̃k (y1, . . . , yk−1) := tk (y1, y2 − ṽ2(y1), y3 − ṽ3(y1, y2), . . . ,
yk−1 − ṽk−1 (y1, . . . , yk−2)) .

We define

D̃k :=


(y1, . . . , yk) ∈ Rk

>0

∣∣∣∣∣
(y1, . . . , yk−1) ∈ D̃k−1 and

yk − ṽk (y1, . . . , yk−1)

∈
(
ũk (y1, . . . , yk−1) , t̃k (y1, . . . , yk−1)

)



=


(y1, . . . , yk) ∈ Rk

>0

∣∣∣∣∣
y1 ∈ (u1, t1) and, for any 2 ≤ l ≤ k,

yl − ṽl (y1, . . . , yl−1)

∈
(
ũl (y1, . . . , yl−1) , t̃l (y1, . . . , yl−1)

)

 .

Moreover, we set

P̃k−1 (y1, . . . , yk) := Pk−1 (y1, y2 − ṽ2(y1), . . . , yk − ṽk (y1, . . . , yk−1))

for any 1 ≤ k ≤ j and for any (y1, . . . , yk) ∈ D̃k, and

Ñl−1,k−1 (y1, . . . , yl) := Nl−1,k−1 (y1, y2 − ṽ2(y1), . . . , yl − ṽl (y1, . . . , yl−1))

for any 1 ≤ l ≤ k ≤ j and for any (y1, . . . , yl) ∈ D̃l.

The following lemma is trivial from the definition.
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Lemma 8.3.

(1) For any 2 ≤ k ≤ j and for any (x1, . . . , xk−1) ∈ Dk−1, we have

uk (x1, . . . , xk−1) = ũk (x1, x2 + v2 (x1) , x3 + v3 (x1, x2) , . . . ,

xk−1 + vk−1 (x1, . . . , xk−2)) ,

tk (x1, . . . , xk−1) = t̃k (x1, x2 + v2 (x1) , x3 + v3 (x1, x2) , . . . ,

xk−1 + vk−1 (x1, . . . , xk−2)) ,

vk (x1, . . . , xk−1) = ṽk (x1, x2 + v2 (x1) , x3 + v3 (x1, x2) , . . . ,

xk−1 + vk−1 (x1, . . . , xk−2)) .

(2) For any 1 ≤ k ≤ j, the map

D̃k → Dk

(y1, . . . , yk) 	→ (y1, y2 − ṽ2 (y1) , y3 − ṽ3 (y1, y2) , . . . ,

yk − ṽk (y1, . . . , yk−1))

is a bijection, and the inverse is given by

(x1, . . . , xk) 	→ (x1, x2 + v2 (x1) , x3 + v3 (x1, x2) , . . . ,

xk + vk (x1, . . . , xk−1)) .

(We will see later that the map is a homeomorphism.)

(3) For any 1 ≤ k ≤ j and for any (y1, . . . , yk) ∈ D̃k, we have

L|Ȳk−1
− y1Ŷ1|Ȳk−1

− · · · − yk−1Ŷk−1|Ȳk−1
− ykŶk

∼R P̃k−1 (y1, . . . , yk) +

k∑
l=1

Ñl−1,k−1 (y1, . . . , yl)

on Ȳk−1.

Proof. We only prove the assertion (3) by induction on k, since the

other assertions are trivial from the definition. For any y1 ∈ (u1, t1), since

L|Ȳ0
− y1Ŷ1 ∼R P0 (y1) +N0,0 (y1) = P̃0 (y1) + Ñ0,0 (y1) ,
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the assertion is true for k = 1. Assume that the assertion is true in k

with k < j. For any (y1, . . . , yk+1) ∈ D̃k+1, since yk+1 − ṽk+1 (y1, . . . , yk) ∈(
ũk+1 (y1, . . . , yk) , t̃k+1 (y1, . . . , yk)

)
, we have

P̃k−1 (y1, . . . , yk) |Ȳk − (yk+1 − ṽk+1 (y1, . . . , yk)) Ŷk+1

∼R P̃k (y1, . . . , yk+1) + Ñk,k (y1, . . . , yk+1) .

On the other hand, for any 1 ≤ l ≤ k, we have

Ñl−1,k−1 (y1, . . . , yl) |Ȳk = Ñl−1,k (y1, . . . , yl) + ũl,k+1 (y1, . . . , yl) Ŷk+1.

Therefore,

L|Ȳk − y1Ŷ1|Ȳk − · · · − yk+1Ŷk+1

∼R P̃k−1 (y1, . . . , yk) |Ȳk − (yk+1 − ṽk+1 (y1, . . . , yk)) Ŷk+1

+

k∑
l=1

Ñl−1,k−1 (y1, . . . , yl) |Ȳk − ṽk+1 (y1, . . . , yk) Ŷk+1

= P̃k (y1, . . . , yk+1) +

k+1∑
l=1

Ñl−1,k (y1, . . . , yl) .

Thus the assertion is also true in k + 1. �

The following proposition is technically important in this section.

Proposition 8.4. Take any 1 ≤ k ≤ j.

(1) The subset D̃k ⊂ Rk
>0 is an open convex set.

(2) If k ≥ 2, then all of the functions ṽk, ũk + ṽk and −t̃k from D̃k−1 to

R are convex functions. In particular, they are continuous functions.

(3) For any 1 ≤ l ≤ k, the divisors Ñl−1,k−1 behave convex in D̃l. More

precisely, for any (y1, . . . , yl), (y′1, . . . , y
′
l) ∈ D̃l and for any t ∈ (0, 1),

if we set (
y′′1 , . . . , y

′′
l

)
:= t · (y1, . . . , yl) + (1 − t) ·

(
y′1, . . . , y

′
l

)
,

then we have

tÑl−1,k−1 (y1, . . . , yl) + (1 − t)Ñl−1,k−1

(
y′1, . . . , y

′
l

)
≥ Ñl−1,k−1

(
y′′1 , . . . , y

′′
l

)
.
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(4) For any 1 ≤ l ≤ k and for any �y ∈ D̃l, there exists an open neighbor-

hood U ⊂ D̃l of �y such that the possibility of irreducible components of

the support of Ñl−1,k−1 (�y′) for �y′ ∈ U is at most finite. In particular,

together with (3) and Lemma 8.3 (3), the R-divisor P̃k−1 (y1, . . . , yk)

moves continuously in the space N1
(
Ȳk−1

)
over (y1, . . . , yk) ∈ D̃k.

Proof. We prove by induction on k. If k = 1, then the assertions are

trivial. Assume that k ≥ 2. We firstly show that D̃k is a convex set. Take

any �y = (y1, . . . , yk), �y
′ = (y′1, . . . , y

′
k) ∈ D̃k and any t ∈ (0, 1). Set

�y′′ =
(
y′′1 , . . . , y

′′
k

)
:= t · �y + (1 − t) · �y′

as in (3). Let us set

L (y1, . . . , yk−1) := L|Ȳk−2
− y1Ŷ1|Ȳk−2

− · · · − yk−1Ŷk−1

for simplicity. By Lemma 8.3 (3), we have

L
(
y′′1 , . . . , y

′′
k−1

)
∼R P̃k−2

(
y′′1 , . . . , y

′′
k−1

)
+

k−1∑
l=1

Ñl−1,k−2

(
y′′1 , . . . , y

′′
l

)

∼R t

(
P̃k−2 (y1, . . . , yk−1) +

k−1∑
l=1

Ñl−1,k−2 (y1, . . . , yl)

)

+ (1 − t)
(
P̃k−2

(
y′1, . . . , y

′
k−1

)
+

k−1∑
l=1

Ñl−1,k−2

(
y′1, . . . , y

′
l

))
.

(*)

Moreover, by induction, we may assume that

tÑl−1,k−2 (y1, . . . , yl) + (1 − t)Ñl−1,k−2

(
y′1, . . . , y

′
l

)
− Ñl−1,k−2

(
y′′1 , . . . , y

′′
l

)
≥ 0.

(**)

Therefore, we have

ũk
(
y′′1 , . . . , y

′′
k−1

)
+ ṽk

(
y′′1 , . . . , y

′′
k−1

)
= σŶk

(
P̃k−2

(
y′′1 , . . . , y

′′
k−1

)
|Ȳk−1

)

+ ordŶk

(
k−1∑
l=1

Ñl−1,k−2

(
y′′1 , . . . , y

′′
l

)
|Ȳk−1

)
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≤ σŶk

(
tP̃k−2 (y1, . . . , yk−1) |Ȳk−1

+ (1 − t)P̃k−2

(
y′1, . . . , y

′
k−1

)
|Ȳk−1

)

+ ordŶk

(
t
k−1∑
l=1

Ñl−1,k−2 (y1, . . . , yl) |Ȳk−1

+(1 − t)
k−1∑
l=1

Ñl−1,k−2

(
y′1, . . . , y

′
l

)
|Ȳk−1

)

≤ tσŶk

(
P̃k−2 (y1, . . . , yk−1) |Ȳk−1

)

+ t ordŶk

(
k−1∑
l=1

Ñl−1,k−2 (y1, . . . , yl) |Ȳk−1

)

+ (1 − t)σŶk
(
P̃k−2

(
y′1, . . . , y

′
k−1

)
|Ȳk−1

)

+ (1 − t) ordŶk

(
k−1∑
l=1

Ñl−1,k−2

(
y′1, . . . , y

′
l

)
|Ȳk−1

)

= t (ũk (y1, . . . , yk−1) + ṽk (y1, . . . , yk−1))

+ (1 − t)
(
ũk

(
y′1, . . . , y

′
k−1

)
+ ṽk

(
y′1, . . . , y

′
k−1

))
< tyk + (1 − t)y′k = y′′k ,

where the inequality in the third line follows from (∗) and (∗∗). Indeed, for

a big R-divisor P and an effective R-divisor N on Ȳk−1, we have σŶk(P) +

ordŶk
(N) ≥ σŶk(P + N). The inequality in the third line can be obtained

if we set P := tP̃k−2 (y1, . . . , yk−1) |Ȳk−1
+ (1 − t)P̃k−2

(
y′1, . . . , y

′
k−1

)
|Ȳk−1

and N to be the sum of the restrictions of the left hand side of (∗∗) for

l = 1, . . . , k − 1. Similarly, we get

t̃k
(
y′′1 , . . . , y

′′
k−1

)
+ ṽk

(
y′′1 , . . . , y

′′
k−1

)
= τŶk

(
P̃k−2

(
y′′1 , . . . , y

′′
k−1

)
|Ȳk−1

)

+ ordŶk

(
k−1∑
l=1

Ñl−1,k−2

(
y′′1 , . . . , y

′′
l

)
|Ȳk−1

)

≥ τŶk

(
tP̃k−2 (y1, . . . , yk−1) |Ȳk−1

+ (1 − t)P̃k−2

(
y′1, . . . , y

′
k−1

)
|Ȳk−1

)

+ ordŶk

(
t
k−1∑
l=1

Ñl−1,k−2 (y1, . . . , yl) |Ȳk−1
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+(1 − t)
k−1∑
l=1

Ñl−1,k−2

(
y′1, . . . , y

′
l

)
|Ȳk−1

)

≥ t · τŶk
(
P̃k−2 (y1, . . . , yk−1) |Ȳk−1

)

+ t ordŶk

(
k−1∑
l=1

Ñl−1,k−2 (y1, . . . , yl) |Ȳk−1

)

+ (1 − t)τŶk
(
P̃k−2

(
y′1, . . . , y

′
k−1

)
|Ȳk−1

)

+ (1 − t) ordŶk

(
k−1∑
l=1

Ñl−1,k−2

(
y′1, . . . , y

′
l

)
|Ȳk−1

)

= t
(
t̃k (y1, . . . , yk−1) + ṽk (y1, . . . , yk−1)

)
+ (1 − t)

(
t̃k

(
y′1, . . . , y

′
k−1

)
+ ṽk

(
y′1, . . . , y

′
k−1

))
> tyk + (1 − t)y′k = y′′k .

Hence we get

ũk
(
y′′1 , . . . , y

′′
k−1

)
+ ṽk

(
y′′1 , . . . , y

′′
k−1

)
< y′′k < t̃k

(
y′′1 , . . . , y

′′
k−1

)
+ ṽk

(
y′′1 , . . . , y

′′
k−1

)
,

which implies that the set D̃k is a convex set.

We check the assertion (3). By induction, we may assume that l = k.

Note that

L
(
y′′1 , . . . , y

′′
k

)
∼R tP̃k−1 (y1, . . . , yk) + (1 − t)P̃k−1

(
y′1, . . . , y

′
k

)
+ t

k∑
l=1

Ñl−1,k−1 (y1, . . . , yl)

+ (1 − t)
k∑

l=1

Ñl−1,k−1

(
y′1, . . . , y

′
l

)
,

the R-divisor

tP̃k−1 (y1, . . . , yk) + (1 − t)P̃k−1

(
y′1, . . . , y

′
k

)
is movable and big, and

t

k∑
l=1

Ñl−1,k−1 (y1, . . . , yl) + (1 − t)
k∑

l=1

Ñl−1,k−1

(
y′1, . . . , y

′
l

)



236 Kento Fujita

≥
k−1∑
l=1

Ñl−1,k−1

(
y′′1 , . . . , y

′′
l

)
+ tÑk−1,k−1 (y1, . . . , yk)

+(1 − t)Ñk−1,k−1

(
y′1, . . . , y

′
k

)
by induction. Since the decomposition

L
(
y′′1 , . . . , y

′′
k

)
−

k−1∑
l=1

Ñl−1,k−1

(
y′′1 , . . . , y

′′
l

)
∼R P̃k−1

(
y′′1 , . . . , y

′′
k

)
+ Ñk−1,k−1

(
y′′1 , . . . , y

′′
k

)
is the Nakayama–Zariski decomposition, we get the inequality

tÑk−1,k−1 (y1, . . . , yk)+ (1− t)Ñk−1,k−1

(
y′1, . . . , y

′
k

)
≥ Ñk−1,k−1

(
y′′1 , . . . , y

′′
k

)
by the definition of the Nakayama–Zariski decomposition. Thus we get the

assertion (3).

We check (2). As in the proof for the convexity of D̃k, we know that

the convexities of ũk + ṽk and −
(
t̃k + ṽk

)
. Thus it is enough to check the

convexity for ṽk. By (3), we know the convexity of ṽk. Thus the assertion

(2) follows.

We see the openness of D̃k. Take any (y1, . . . , yk) ∈ D̃k. By induction,

there exists an open neighborhood U ⊂ D̃k−1 of (y1, . . . , yk−1). The func-

tions ũk, t̃k, ṽk are continuous over U by (2). Thus D̃k is also open, and we

get the assertion (1).

Finally, let us show the assertion (4). Let us take any

�y(1), . . . , �y(l+1) ∈ D̃l

with

�y ∈ int
(
Conv

(
�y(1), . . . , �y(l+1)

))
.

For any �y′ ∈ Conv
(
�y(1), . . . , �y(l+1)

)
, there exists t1, . . . , tl+1 ∈ R>0 with∑l+1

i=1 ti = 1 such that �y′ =
∑l+1

i=1 ti�y
(i). As in (3), we have

Ñl−1,k−1

(
�y′
)
≤

l+1∑
i=1

tiÑl−1,k−1

(
�y(i)

)
.
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This implies that

Supp Ñl−1,k−1

(
�y′
)
⊂

l+1⋃
i=1

Supp Ñl−1,k−1

(
�y(i)

)
,

thus we get the assertion (4). �

We are ready to define the notion of adequate dominants.

Definition 8.5. A Q-factorial dominant {γk}0≤k≤j−1 of Y• is said to

be an adequate dominant of Y• with respects to L if:

(1) for any x1 ∈ (u1, t1) ∩ Q, the Nakayama–Zariski decomposition

γ∗0σ
∗
0L− x1Ŷ1 = N0,0(x1) + P0(x1)

on Ȳ0 is the Zariski decomposition in a strong sense, and

(2) for any 2 ≤ k ≤ j and for any (x1, . . . , xk) ∈ Dk ∩ Qk, the Nakayama–

Zariski decomposition

Pk−2 (x1, . . . , xk−1) |Ȳk−1
− xkŶk

= Nk−1,k−1 (x1, . . . , xk) + Pk−1 (x1, . . . , xk)

on Ȳk−1 is the Zariski decomposition in a strong sense.

Remark 8.6. Assume that {γk}0≤k≤j−1 is an adequate dominant of

Y• with respects to L.

(1) For any 1 ≤ k ≤ j and for any (x1, . . . , xk) ∈ Dk ∩ Qk, the divisor

Pk−1 (x1, . . . , xk) is a nef and big Q-divisor on Ȳk−1. Thus, for any

2 ≤ k ≤ j and for any (x1, . . . , xk−1) ∈ Dk−1, we have the equality

uk (x1, . . . , xk−1) = 0.

(2) By Proposition 8.4 (4), for any 1 ≤ k ≤ j and for any (x1, . . . , xk) ∈
Dk, the divisor Pk−1 (x1, . . . , xk) is a nef and big R-divisor on Ȳk−1

with Ŷk �⊂ B+ (Pk−1 (x1, . . . , xk)). In particular, we have

vol
(
Pk−1 (x1, . . . , xk) |Ŷk

)
=

(
Pk−1 (x1, . . . , xk)

·n−k · Ŷk
)

= volȲk−1|Ŷk (Pk−1 (x1, . . . , xk))

(see Proposition 6.4).
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Lemma 8.7. Assume that
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

is an adequate dom-

inant of Y• with respects to L. Let
{
γ′k : Ȳ ′

k → Ỹk

}
0≤k≤j−1

be another Q-

factorial dominant of Y•, and let
{
ψk : Ȳ ′

k → Ȳk
}

0≤k≤j−1
be a morphism

between dominants {γ′k}0≤k≤j−1 and {γk}0≤k≤j−1, as in Lemma 7.3.

(1) The dominant {γ′k}0≤k≤j−1 is also adequate with respects to L.

(2) Let

D′
k, t′k, v′k, u′l,k, P ′

k−1

(
x′1, . . . , x

′
k

)
, N ′

l−1,k−1

(
x′1, . . . , x

′
l

)
be the notions for {γ′k}0≤k≤j−1 and L in Definition 8.1. Moreover, for

any 1 ≤ l ≤ k ≤ j let el,k and Θl,k be as in Lemma 7.3. Then, for any

1 ≤ k ≤ j, we have

(i) D′
k = Dk,

(ii) t′k = tk over D′
k = Dk,

(iii) P ′
k−1 (x1, . . . , xk) = ψ∗

k−1Pk−1 (x1, . . . , xk) for any (x1, . . . , xk) ∈
D′
k = Dk,

(iv)

N ′
l−1,k−1 (x1, . . . , xl) = ψ∗

k−1Nl−1,k−1 (x1, . . . , xl)

+ xlΘl,k +

k∑
i=l+1

ul,i (x1, . . . , xl) Θi,k

for any 1 ≤ l ≤ k and for any (x1, . . . , xl) ∈ D′
l = Dl,

(v)

u′l,k (x1, . . . , xl) = ul,k (x1, . . . , xl) + xlel,k

+

k−1∑
i=l+1

ul,i (x1, . . . , xl) ei,k

for any 1 ≤ l < k and for any (x1, . . . , xl) ∈ D′
l = Dl, and

(vi) if k ≥ 2, then

v′k (x1, . . . , xk−1) = vk (x1, . . . , xk−1)
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+
k−1∑
l=1

(xl + vl (x1, . . . , xl−1)) el,k

for any (x1, . . . , xk−1) ∈ D′
k−1 = Dk−1.

Proof. We give a proof by induction on k. If k = 1, since Θ1,1 is a

ψ0-exceptional effective Q-divisor on Ȳ0 and

γ∗0σ
∗
0L− x1Ŷ1 = N0,0 (x1) + P0 (x1)

for any x1 ∈ (u1, t1) ∩ Q is the Zariski decomposition in a strong sense, the

decomposition

(
γ′0

)∗
σ∗0L− x1Ŷ

′
1 = (ψ∗

0N0,0 (x1) + x1Θ1,1) + ψ∗
0P0 (x1)

is the Zariski decomposition in a strong sense. Thus the assertions are trivial

when k = 1.

Assume that k ≥ 2 the assertions are true up to k − 1. For any

(x1, . . . , xk−1) ∈ Dk−1 ∩ Qk−1 = D′
k−1 ∩ Qk−1, since

P ′
k−2 (x1, . . . , xk−1) |Ȳ ′

k−1
= ψ∗

k−1

(
Pk−2 (x1, . . . , xk−1) |Ȳk−1

)
is nef and big, we have tk = t′k and u′k ≡ 0 over D′

k−1 = Dk−1, where u′k
is the “uk function” for {γ′k}0≤k≤j−1 and L in Definition 8.1. (We remark

that both are continuous functions.) Moreover, since Θk,k is an effective

and ψk−1-exceptional Q-divisor on Ȳ ′
k−1, the decomposition

P ′
k−2 (x1, . . . , xk−1) |Ȳ ′

k−1
− xkŶk =

(
ψ∗
k−1Nk−1,k−1 (x1, . . . , xk) + xkΘk,k

)
+ ψ∗

k−1Pk−1 (x1, . . . , xk)

is the Zariski decomposition in a strong sense for any xk ∈ (0,

tk(x1, . . . , xk−1)) ∩ Q.

Let us consider the assertion (2iv). We may assume that l < k since we

already know the case l = k. We see by induction on k− l. We may assume

that, for any (x1, . . . , xl) ∈ D′
l = Dl, the equality

N ′
l−1,k−2 (x1, . . . , xl) = ψ∗

k−2Nl−1,k−2 (x1, . . . , xl) + xlΘl,k−1
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+
k−1∑
i=l+1

ul,i (x1, . . . , xl) Θi,k−1

holds on Ȳ ′
k−2. Note that

u′l,k (x1, . . . , xl) = ordŶ ′
k

(
ψ∗
k−1

(
Nl−1,k−2 (x1, . . . , xl) |Ȳk−1

)

+ xl

(
Θl,k−1|Ȳ ′

k−1

)
+

k−1∑
i=l+1

ul,i (x1, . . . , xl)
(
Θi,k−1|Ȳ ′

k−1

))

= ul,k (x1, . . . , xl) + xlel,k +
k−1∑
i=l+1

ul,i (x1, . . . , xl) ei,k.

Thus we get

N ′
l−1,k−1 (x1, . . . , xl)

= ψ∗
k−1

(
Nl−1,k−2 (x1, . . . , xl) |Ȳk−1

)
+ xl

(
Θl,k−1|Ȳ ′

k−1

)

+
k−1∑
i=l+1

ul,i (x1, . . . , xl)
(
Θi,k−1|Ȳ ′

k−1

)

−
(
ul,k (x1, . . . , xl) + xlel,k +

k−1∑
i=l+1

ul,i (x1, . . . , xl) ei,k

)
Ŷ ′
k

= ψ∗
k−1

(
Nl−1,k−2 (x1, . . . , xl) |Ȳk−1

− ul,k (x1, . . . , xl) Ŷk

)
+ ul,k (x1, . . . , xl) Θk,k + xl

(
Θl,k−1|Ȳ ′

k−1
− el,kŶ ′

k

)

+
k−1∑
i=l+1

ul,i (x1, . . . , xl)
(
Θi,k−1|Ȳ ′

k−1
− ei,kŶ ′

k

)

= ψ∗
k−1Nl−1,k−1 (x1, . . . , xl) + xlΘl,k +

k∑
i=l+1

ul,i (x1, . . . , xl) Θi,k.

Thus we get the assertion (2iv), and also the assertion (2v).

Since

v′k (x1, . . . , xk−1)
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=
k−1∑
l=1

(
ul,k (x1, . . . , xl) + xlel,k +

k−1∑
i=l+1

ul,i (x1, . . . , xl) ei,k

)

= vk (x1, . . . , xk−1) +

k−1∑
l=1

xlel,k +

k−1∑
i=2

i−1∑
l=1

ei,kul,i (x1, . . . , xl)

= vk (x1, . . . , xk−1) +
k−1∑
l=1

(xl + vl (x1, . . . , xl−1)) el,k,

we get the assertion (2vi). �

We state the main theorem in this section.

Theorem 8.8. Assume that
{
γk : Ȳk → Ỹk

}
0≤k≤j−1

is an adequate

dominant of Y• with respects to L. Then, for any 1 ≤ k ≤ j, we have

S (L;Y1 
 · · · 
 Yk)

=
1

volX (L)
· n!

(n− j)!

∫
(x1,...,xj)∈Dj

(
xk + vk (x1, . . . , xk−1)

+
k−1∑
l=1

gl,k (xl + vl (x1, . . . , xl−1))

)
·
(
Pj−1 (x1, . . . , xj)

·n−j · Ŷj
)
d�x,

where gl,k := gl,k

(
{γk}1≤k≤j−1

)
is as in Definition 7.2.

Remark 8.9.

(1) If Y• is a complete primitive flag over X, i.e., if j = n, then(
Pj−1 (x1, . . . , xj)

·n−j · Ŷj
)

in Theorem 8.8 is identically equal to 1 by the definition of intersection

numbers.

(2) In the proof of Theorem 8.8, we can also show that

volX (L) =
n!

(n− j)!

∫
�x∈Dj

(
Pj−1 (�x)·n−j · Ŷj

)
d�x.
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Proof of Theorem 8.8. The proof is divided into 7 numbers of steps.

Step 1. Let
{
γ′k : Ȳ ′

k → Ỹk

}
0≤k≤j−1

be any Q-factorial dominant of Y•,

let
{
ψk : Ȳ ′

k → Ȳk
}

0≤k≤j−1
be any morphism between dominants

{γ′k}0≤k≤j−1 and {γk}0≤k≤j−1, as in Lemma 8.7. We see that the right

hand side of the equation in Theorem 8.8 takes the same value after re-

placing {γk}0≤k≤j−1 with {γ′k}0≤k≤j−1. Set gl,k := gl,k

(
{γk}1≤k≤j−1

)
and

g′l,k := gl,k

(
{γ′k}1≤k≤j−1

)
. We also use the terminologies in Lemma 8.7.

Note that

gl,k = g′l,k + el,k +
k−1∑
i=l+1

el,ig
′
i,k

holds for any 1 ≤ l < k, where el,k is as in Lemma 7.3. For any (x1, . . . , xj) ∈
Dj , we have

xk + v′k (x1, . . . , xk−1) +
k−1∑
l=1

g′l,k
(
xl + v

′
l (x1, . . . , xl−1)

)

−
(
xk + vk (x1, . . . , xk−1) +

k−1∑
l=1

gl,k (xl + vl (x1, . . . , xl−1))

)

=

k−1∑
l=1

(xl + vl (x1, . . . , xl−1)) el,k +

k−1∑
l=1

g′l,k (xl + vl (x1, . . . , xl−1))

+
k−1∑
l=1

l−1∑
i=1

g′l,k (xi + vi (x1, . . . , xi−1)) ei,l

−
k−1∑
l=1

(
g′l,k + el,k

)
(xl + vl (x1, . . . , xl−1))

−
k−1∑
i=2

i−1∑
l=1

(xl + vl (x1, . . . , xl−1)) el,ig
′
i,k

=

k−1∑
l=2

l−1∑
i=1

g′l,k (xi + vi (x1, . . . , xi−1)) ei,l
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−
k−1∑
i=2

i−1∑
l=1

(xl + vl (x1, . . . , xl−1)) el,ig
′
i,k

= 0.

Thus, as in Lemma 8.7 (1), since the characteristic of k is equal to zero, we

may assume that {γk}0≤k≤j−1 is a smooth adequate dominant of Y• with

respects to L.

Step 2. We see that the right hand side of the equation in Theorem
8.8 is equal to the value

1

volX (L)

n!

(n− j)!

∫
(y1,...,yj)∈D̃j

(
yk +

k−1∑
l=1

gl,kyl

)(
P̃j−1 (y1, . . . , yj)

·n−j · Ŷj
)
d�y.

This is trivial from Fubini’s theorem by changing the coordinates

x1 = y1, x2 = y2 − ṽ2 (y1) , . . . . . . , xj = yj − ṽj (y1, . . . , yj−1)

step-by-step. Indeed, we have

P̃j−1 (y1, . . . , yj) = Pj−1 (x1, . . . , xj) ,

yk +

k−1∑
l=1

gl,kyl = xk + vk (x1, . . . , xk−1) +

k−1∑
l=1

gl,k (xl + vl (x1, . . . , xl−1)) .

Step 3. For V�• = H0 (•L), let us consider the series V
(Ŷ1>···>Ŷj)
�• as in

Proposition 7.4. Moreover, let us fix a general admissible flag

Z• : Ŷj = Z0 � Z1 � · · · � Zn−j

of Ŷj in the sense of Corollary 7.5. Set

∆̂ := ∆Z•

(
V

(Ŷ1>···>Ŷj)
�•

)
⊂ Rn

≥0,

and let
(
b̂1, . . . , b̂n

)
∈ ∆̂ be the barycenter of ∆̂. By Step 2 and Corollary

7.5, it is enough to show the equality

b̂k =
1

volX (L)

n!

(n− j)!

∫
�y∈D̃j

yk

(
P̃j−1 (�y)·n−j · Ŷj

)
d�y
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for any 1 ≤ k ≤ j in order to prove Theorem 8.8.

Step 4. For any 1 ≤ k ≤ j, the series V
(Ŷ1>···>Ŷk)
�• on Ŷk is associated

to L|Ŷk ,−Ŷ1|Ŷk , . . . ,−Ŷk|Ŷk . Let us construct a similar series V
(div,Ŷ1>···>Ŷk)
�•

on Ŷk associated to L|Ŷk ,−Ŷ1|Ŷk , . . . ,−Ŷk|Ŷk . (Recall that, by Step 1, we

assume that {γk}0≤k≤j−1 is a smooth and adequate with respects to L.) For

any sufficiently divisible m ∈ Z>0 and for any (a, b1, . . . , bk) ∈ (mZ≥0)
k+1,

let us define the subspace

V
(div,Ŷ1>···>Ŷk)
a,b1,...,bk

⊂ H0
(
Ŷk, aL|Ŷk − b1Ŷ1|Ŷk − · · · − bkŶk|Ŷk

)
as follows:


⌈∑k
l=1 aÑl−1,k−1

(
b1
a , . . . ,

bl
a

)⌉ ∣∣∣
Ŷk

+H0

(
Ŷk,

⌊
aP̃k−1

(
b1
a , . . . ,

bk
a

)⌋ ∣∣∣
Ŷk

)
if

(
b1
a , . . . ,

bk
a

)
∈ D̃k,

0 otherwise.

This definition gives the Veronese equivalence class V
(div,Ŷ1>···>Ŷk)
�• of graded

linear series by Lemma 8.3 (3) and Proposition 8.4 (1), (3). From the

construction, the series V
(div,Ŷ1>···>Ŷk)
�• contains an ample series and has

bounded support with

∆
Supp

(
V

(div,Ŷ1>···>Ŷk)
�•

) =
(
D̃k

)
.

Moreover, for any �y ∈ D̃k ∩ Qk, we have

vol

(
V

(div,Ŷ1>···>Ŷk)
•(1,�y)

)
= lim sup

p→∞

h0

(
Ŷk,

⌊
pP̃k−1 (�y)

⌋ ∣∣∣
Ŷk

)
pn−k/(n− k)!

=
(
P̃k−1 (�y)·n−k · Ŷk

)
.

Step 5. We show the following claim.

Claim 8.10. Take any 1 ≤ k ≤ j. Let V
(div,Ŷ1>···>Ŷk−1)(Ŷk)
�• be the

refinement of 
φ

∗
k−1V

(div,Ŷ1>···>Ŷk−1)
�• if k ≥ 2,

γ∗0σ
∗
0V�• if k = 1,
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by Ŷk ⊂ Ȳk−1.

(1) We have

∆
Supp

(
V

(div,Ŷ1>···>Ŷk−1)(Ŷk)
�•

) = ∆
Supp

(
V

(div,Ŷ1>···>Ŷk)
�•

) =
(
D̃k

)
.

(2) There exists the Veronese equivalence class W k
�• of graded linear series

on Ŷk associated to L|Ŷk ,−Ŷ1|Ŷk , . . . ,−Ŷk|Ŷk such that

• the series V
(div,Ŷ1>···>Ŷk−1)(Ŷk)
�• is asymptotically equivalent to

W k
�• , and

• the series V
(div,Ŷ1>···>Ŷk)
�• is asymptotically equivalent to W k

�• .

(3) For any �y ∈ D̃k ∩ Qk, we have

vol

(
V

(div,Ŷ1>···>Ŷk−1)(Ŷk)
•(1,�y)

)
= vol

(
V

(div,Ŷ1>···>Ŷk)
•(1,�y)

)

=
(
P̃k−1 (�y)·n−k · Ŷk

)
.

Proof of Claim 8.10. Take any �y = (y1, . . . , yk) ∈ Qk
>0 and take

any sufficiently divisible a ∈ Z>0. If V
(div,Ŷ1>···>Ŷk−1)(Ŷk)
a,a�y �= 0, then we

must have (y1, . . . , yk−1) ∈ D̃k−1 since the space V
(div,Ŷ1>···>Ŷk−1)
a,a(y1,...,yk−1) must be

nonzero. Recall that, the space V
(div,Ŷ1>···>Ŷk−1)(Ŷk)
a,a�y is defined by the image

of the homomorphism(
aykŶk +H0

(
Ȳk−1, aL|Ȳk−1

− ay1Ŷ1|Ȳk−1
− · · · − aykŶk

))

∩
(⌈

k−1∑
l=1

aÑl−1,k−2 (y1, . . . , yl)

⌉ ∣∣∣
Ȳk−1

+φ∗k−1H
0

(
Ŷk−1,

⌊
aP̃k−2 (y1, . . . , yk−1)

⌋ ∣∣∣
Ŷk−1

))
•|Ŷk−−→ H0

(
Ŷk, aL|Ŷk − ay1Ŷ1|Ŷk − · · · − aykŶk|Ŷk

)
.

Assume that the homomorphism is not the zero map. Then we have



246 Kento Fujita

• for any sufficiently divisible a ∈ Z>0, we have

ayk ≥ ordŶk

(⌈
k−1∑
l=1

aÑl−1,k−2 (y1, . . . , yl)

⌉ ∣∣∣
Ȳk−1

)
,

and

• for any sufficiently divisible a ∈ Z>0, we have

ayk − ordŶk

(⌈
k−1∑
l=1

aÑl−1,k−2 (y1, . . . , yl)

⌉ ∣∣∣
Ȳk−1

)

≤ τŶk

(⌊
aP̃k−2 (y1, . . . , yk−1)

⌋ ∣∣∣
Ŷk−1

)
.

Thus we have

0 ≤ yk − ṽk (y1, . . . , yk−1) ≤ t̃k (y1, . . . , yk−1) .

This implies that

∆
Supp

(
V

(div,Ŷ1>···>Ŷk−1)(Ŷk)
�•

) ⊂
(
D̃k

)
.

Conversely, assume that �y ∈ D̃k ∩Qk. Then for any sufficiently divisible

a ∈ Z>0, let Ma be the image of the homomorphism

φ∗k−1H
0
(
Ŷk−1, aP̃k−2 (y1, . . . , yk−1) |Ŷk−1

)
∩

(
a (yk − ṽk (y1, . . . , yk−1)) Ŷk

+H0
(
Ȳk−1, a

(
P̃k−2 (y1, . . . , yk−1) |Ȳk−1

− (yk − ṽk (y1, . . . , yk−1)) Ŷk

)))

= φ∗k−1H
0
(
Ŷk−1, aP̃k−2 (y1, . . . , yk−1) |Ŷk−1

)
∩

(
a (yk − ṽk (y1, . . . , yk−1)) Ŷk + aÑk−1,k−1 (y1, . . . , yk)

+H0
(
Ȳk−1, aP̃k−1 (y1, . . . , yk)

))
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•|Ŷk−−→ aÑk−1,k−1 (y1, . . . , yk) |Ŷk +H0
(
Ŷk, aP̃k−1 (y1, . . . , yk) |Ŷk

)
just for simplicity. As we have seen above, Ma is canonically isomorphic to

the space V
(div,Ŷ1>···>Ŷk−1)(Ŷk)
a,a�y . By Corollary 6.5, we have

lim sup
a→∞

dimMa

an−k/(n− k)!
= volȲk−1|Ŷk

(
P̃k−2 (y1, . . . , yk−1) |Ȳk−1

− (yk − ṽk (y1, . . . , yk−1)) Ŷk

)
= volȲk−1|Ŷk

(
P̃k−1 (y1, . . . , yk)

)
=

(
P̃k−1 (y1, . . . , yk)

·n−k · Ŷk
)
.

Thus we get the assertions (1) and (3) in Claim 8.10.

Let us consider the assertion (2). For any sufficiently divisible m ∈ Z>0

and for any (a, b1, . . . , bk) ∈ (mZ≥0)
k+1, let

W k
a,b1,...,bk

⊂ H0
(
Ŷk, aL|Ŷk − b1Ŷ1|Ŷk − · · · − bkŶk|Ŷk

)
be the subspace defined by the sum

W k
a,b1,...,bk

:= V
(div,Ŷ1>···>Ŷk−1)(Ŷk)
a,b1,...,bk

+ V
(div,Ŷ1>···>Ŷk)
a,b1,...,bk

of the subspaces. Obviously, W k
�• is the Veronese equivalence class of a

graded linear series which contains an ample series and has bounded support

with

∆Supp(Wk
�• ) =

(
D̃k

)
.

Moreover, for any �y ∈ D̃k ∩Qk and for any sufficiently divisible a ∈ Z>0, we

have

W k
a,a�y = V

(div,Ŷ1>···>Ŷk)
a,a�y

by construction. This implies that

vol
(
W k

•(1,�y)

)
= vol

(
V

(div,Ŷ1>···Ŷk)
•(1,�y)

)

=
(
P̃k−1 (�y)·n−k · Ŷk

)
= vol

(
V

(div,Ŷ1>···Ŷk−1)(Ŷk)
•(1,�y)

)
.
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Thus the assertion (2) follows by Lemma 3.3 and we complete the proof of

Claim 8.10. �

Step 6. Recall that, in Step 3, we fix a general admissible flag Z• of

Ŷj .

Claim 8.11. We have ∆Z•

(
V

(div,Ŷ1>···>Ŷj)
�•

)
= ∆̂.

Proof of Claim 8.11. For every 1 ≤ k < l ≤ j, let

V
(div,Ŷ1>···>Ŷk)(Ŷk+1>···>Ŷl)
�• be the refinement of

φ∗l−1V
(div,Ŷ1>···>Ŷk)(Ŷk+1>···>Ŷl−1)
�• by Ŷl ⊂ Ȳl−1. For any 1 ≤ k ≤ j, by

Claim 8.10 and Example 3.4 (6), both

V
(div,Ŷ1>···>Ŷk−1)(Ŷk>···>Ŷj)
�• and V

(div,Ŷ1>···>Ŷk)(Ŷk+1>···>Ŷj)
�•

are asymptotically equivalent to W
k,(Ŷk+1>···>Ŷj)
�• . By [Xu25, Lemma 4.73],

we have

∆Z•

(
V

(div,Ŷ1>···>Ŷk−1)(Ŷk>···>Ŷj)
�•

)
= ∆Z•

(
V

(div,Ŷ1>···>Ŷk)(Ŷk+1>···>Ŷj)
�•

)

for any 1 ≤ k ≤ j. Thus we complete the proof of Claim 8.11. �

Step 7. Let p : ∆̂ �
(
D̃j

)
⊂ R

j
≥0 be the composition of the natural

maps

∆̂ ↪→ Rn
≥0 = R

j
≥0 × R

n−j
≥0 → R

j
≥0.

By [LM09, Theorem 4.21], Claims 8.10 and 8.11, for any �y ∈ D̃j ∩ Qj , we

have

volRn−j
(
p−1 (�y)

)
=

1

(n− j)! vol

(
V

(div,Ŷ1>···>Ŷj)
•(1,�y)

)

=
1

(n− j)!
(
P̃j−1 (�y)·n−j · Ŷj

)
.

By Proposition 8.4 (4), we can also get

volRn−j
(
p−1 (�y)

)
=

1

(n− j)!
(
P̃j−1 (�y)·n−j · Ŷj

)
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for any �y ∈ D̃j . This implies that

volX (L) = n! vol
(
∆̂
)

=
n!

(n− j)!

∫
�y∈D̃j

(
P̃j−1 (�y)·n−j · Ŷj

)
d�y.

Moreover, for any 1 ≤ k ≤ j, we have

b̂k =
1

vol
(
∆̂
) 1

(n− j)!

∫
�y∈D̃j

yk

(
P̃j−1 (�y)·n−j · Ŷj

)
d�y

=
n!

volX (L)

1

(n− j)!

∫
�y∈D̃j

yk

(
P̃j−1 (�y)·n−j · Ŷj

)
d�y.

As a consequence, we complete the proof of Theorem 8.8. �

9. Special Cases of Theorem 8.8

We assume that the characteristic of k is equal to zero. Let us consider

special cases of Theorem 8.8 for convenience, since the formula in Theorem

8.8 is a bit complicated.

When X is a surface, the following formula is probably well-known for

specialists. See [AZ22, Lemma 4.8], [ACC+23, Theorem 1.106] and [Fuj23,

Theorem 4.8].

Corollary 9.1. Let X be a normal Q-factorial projective surface, let

L be a big Q-divisor on X, and let Y• be a complete primitive flag over X.

Let σk : Ỹk → Yk be the associated prime blowups for k = 0, 1. Then we

have

S (L;Y1) =
2

volX(L)

∫ t1

u1

x1 (P0(x1) · Y1) dx1,

S (L;Y1 
 Y2) =
2

volX(L)

∫ t1

u1

(
(P0(x1) · Y1)

(
1

2
(P0(x1) · Y1)

+ ordY2 (σ∗1N0,0(x1)|Y1)

))
dx1,

where u1 = σY1 (σ∗0L), t1 = τY1 (σ∗0L) and

σ∗0L− x1Y1 = N0,0(x1) + P0(x1)
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is the Zariski decomposition.

Proof. The trivial dominant
{

idỸk
: Ỹk → Ỹk

}
k=0,1

is an adequate

dominant of Y• with respects to L by Example 6.10. Since g1,2 = 0 and

t2(x1) = (P0(x1) · Y1), the assertion is trivial from Theorem 8.8. �

We consider the case X is of dimension three. In this case, we get a

slight generalization of [ACC+23, Theorem 1.112], [Fuj23, Theorem 4.17],

since the papers assumed that Ỹ0 is a Mori dream space.

Corollary 9.2. Under the assumptions in Definition 8.1 and Theo-

rem 8.8, assume moreover that n = j = 3. Then we have

S (L;Y1 
 Y2) =
6

volX(L)

∫ t1

u1

∫ t2(x1)

0

(
P1(x1, x2) · Ŷ2

)
× (x2 + u1,2(x1) − x1d1,2) dx2dx1

=
3

volX(L)

∫ t1

u1

(
(u1,2(x1) − x1d1,2)

(
P0(x1)

·2 · Ŷ1

)

+

∫ ∞

0
volŶ1

(
P0(x1)|Ŷ1

− x2Ŷ2

)
dx2

)
dx1,

S (L;Y1 
 Y2 
 Y3) =
6

volX(L)

∫ t1

u1

∫ t2(x1)

0

((
P1(x1, x2) · Ŷ2

)

×
(

1

2

(
P1(x1, x2) · Ŷ2

)
+ u1,3(x1) + u2,3(x1, x2)

− (d1,3 − d1,2d2,3)x1 − d2,3(x2 + u1,2(x1))

))
dx2dx1.

Proof. We know that g1,2 = −d1,2, g1,3 = −d1,3+d1,2d2,3, g2,3 = −d2,3

and t3(x1, x2) =
(
P1(x1, x2) · Ŷ2

)
. Thus the assertion follows from Theorem

8.8 and Corollary 6.6. �

Remark 9.3. Let us compare Corollary 9.2 and [Fuj23, Theorem 4.17].

The R-divisors N(x1), P (x1) and N ′(x1) in [Fuj23] are equal to N0,0(x1) −
x1Σ1,1, P0(x1) and N0,1(x1) − x1Σ1,2 in our sense, respectively. Moreover,

the value d(x1) in [Fuj23] is equal to u1,2(x1) − x1d1,2 in our sense. Thus

the above formula is same as the formula in [Fuj23, Theorem 4.17].
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Here is an answer of the question by Cheltsov:

Corollary 9.4. Under the assumptions in Definitions 8.1, 8.2 and

Theorem 8.8, take any 1 ≤ l ≤ k ≤ j. Let C ⊂ ∆
Supp

(
V

(Y1�···�Yl−1)
�•

) be a

closed convex set with int (C) �= ∅ and let us consider the natural projection

qk : ∆
Supp

(
V

(Y1�···�Yk)
�•

) � ∆
Supp

(
V

(Y1�···�Yl−1)
�•

)

and its inverse image q−1
k (C) ⊂ ∆

Supp

(
V

(Y1�···�Yk)
�•

) . Set W�• :=

V
(Y1�···�Yl−1),〈C〉
�• . Let us take the linear transform

fk : Rk → Rk

y′1
...
...

y′k


 	→




1

d1,2 1
...

. . .
. . .

d1,k · · · dk−1,k 1






y′1
...
...

y′k


 .

Then we have

vol (W�•) = vol
(
W

(Yl�···�Yk)
�•

)
=

n!

(n− k)!

∫
�y∈fk(q−1

k (C))

(
P̃k−1 (�y)·n−k · Ŷk

)
d�y,

S (W�•;Yl 
 · · · 
 Yk)

=
1

vol (W�•)

n!

(n− j)!

∫
�y∈fj(q−1

j (C))

(
yk +

k−1∑
i=1

gi,kyi

)(
P̃j−1 (�y)·n−j · Ŷj

)
d�y.

Proof. For the equalities on vol (W�•), we may assume that k = j. By

Lemma 2.8, we know that

W
(Yl�···�Yj)
�• = V

(Y1�···�Yj),〈q−1
j (C)〉

�• .

Take any general admissible flag Z• of Ŷj in the sense of Corollary 7.5, and

let ∆ (resp., ∆̂) be the Okounkov body of V
(Y1�···�Yj)
�• (resp., V

(Ŷ1>···>Ŷj)
�• ) as-

sociated to Z•. By Corollary 7.5, we have ∆̂ = f (∆), where f := fj⊕idRn−j .
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Note that the value S (W�•;Yl 
 · · · 
 Yk) is equal to the k-th coordinate of

the barycenter of ∆〈C〉, where ∆〈C〉 ⊂ ∆ is defined to be p−1
(
q−1
j (C)

)
with

p : ∆ � ∆
Supp

(
V
(Y1�···�Yj)
�•

) .

Obviously, under the natural projection

p : ∆̂ � ∆
Supp

(
V
(Ŷ1>···>Ŷj)
�•

) ,

if we set ∆̂〈C〉 := p−1
(
fj

(
q−1
j (C)

))
, then ∆̂〈C〉 = f

(
∆〈C〉) holds. Thus the

assertions follow from the proof (more precisely, Step 2) of Theorem 8.8. �

In Corollary 9.4, if l = 2, then C is a segment. We state the case l = 2,

n = j = 3.

Corollary 9.5. Under the assumption in Corollary 9.4, assume that

n = j = 3, l = 2 and C =
[
uC1 , t

C
1

]
with u1 ≤ uC1 < tC1 ≤ t1. For

W�• := V
(Y1),〈C〉
�• , we have

vol (W�•) = 6

∫ tC1

uC1

∫ t2(x1)

0

(
P1(x1, x2) · Ŷ2

)
dx2dx1,

S (W�•;Y2) =
6

vol (W�•)

∫ tC1

uC1

∫ t2(x1)

0

(
P1(x1, x2) · Ŷ2

)
× (x2 + u2(x1) − x1d1,2) dx2dx1,

S (W�•;Y2 
 Y3) =
6

vol (W�•)

∫ tC1

uC1

∫ t2(x1)

0

((
P1(x1, x2) · Ŷ2

)

×
(

1

2

(
P1(x1, x2) · Ŷ2

)
+ u1,3(x1) + u2,3(x1, x2)

−(d1,3 − d1,2d2,3)x1 − d2,3(x2 + u1,2(x1))

))
dx2dx1.

Proof. We just apply Corollary 9.4. We note that D1 = D̃1. �
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10. Stability Thresholds

In this section, we assume that the characteristic of k is zero. Let X

be an n-dimensional projective variety and let B be an effective Q-Weil

divisor on X. For any 1 ≤ i ≤ k, let V i
�• be the Veronese equivalence class

of an (mZ≥0)
ri-graded linear series V i

m�• on X associated to Li
1, . . . , L

i
ri ∈

CaCl(X) ⊗Z Q which has bounded support and contains an ample series.

Take any c1, . . . , ck ∈ R>0.

Definition 10.1 (cf. [BJ20, §4], [Fuj23, §11.2]).

(1) Assume that (X,B) is klt.

(i) For any l ∈ mZ>0 with
∏k

i=1 h
0
(
V i
l,m�•

)
�= 0, we set

αl

(
X,B;

{
ci · V i

m�•
}k

i=1

)

:= inf
Di∈

∣∣∣V i
l,m�ai

∣∣∣
for all 1≤i≤k

and for some �ai∈Zri−1

≥0

lct

(
X,B;

1

l

k∑
i=1

ciD
i

)

= inf
Di∈

∣∣∣V i
l,m�ai

∣∣∣
inf

E prime divisor
over X

AX,B(E)
1
l

∑k
i=1 ci ordE Di

= inf
E prime divisor

over X

AX,B(E)∑k
i=1 ci

1
l Tl

(
V i
m�•;E

) ,
where lct is the log canonical threshold. Similarly, we set

δl

(
X,B;

{
ci · V i

m�•
}k

i=1

)

:= inf
Di l-basis type
Q-divisor of V i

m�•
for all 1≤i≤k

lct

(
X,B;

k∑
i=1

ciD
i

)

= inf
Di l-basis type
Q-divisor of V i

m�•

inf
E prime divisor

over X

AX,B(E)∑k
i=1 ci ordE Di
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= inf
E prime divisor

over X

AX,B(E)∑k
i=1 ciSl

(
V i
m�•;E

) .
(ii) We set

α
(
X,B;

{
ci · V i

�•
}k

i=1

)
:= lim

l∈mZ>0

αl

(
X,B;

{
ci · V i

m�•
}k

i=1

)

= inf
E prime divisor

over X

AX,B(E)∑k
i=1 ciT

(
V i
�• ;E

) ,
and

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)
:= lim

l∈mZ>0

δl

(
X,B;

{
ci · V i

m�•
}k

i=1

)

= inf
E prime divisor

over X

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) .
By the next proposition, the above definitions are well-defined.

We call the value α
(
X,B;

{
ci · V i

�•
}k

i=1

)
the coupled global log

canonical threshold of (X,B) with respects to {ci ·V i
�•}ki=1, and we

call the value δ
(
X,B;

{
ci · V i

�•
}k

i=1

)
the coupled stability threshold

of (X,B) with respects to {ci · V i
�•}ki=1.

(2) Assume that η ∈ X is a scheme-theoretic point such that (X,B) is klt

at η.

(i) For any l ∈ mZ>0 with
∏k

i=1 h
0
(
V i
l,m�•

)
�= 0, we set

αη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)

:= inf
Di∈

∣∣∣V i
l,m�ai

∣∣∣
for all 1≤i≤k

and for some �ai∈Zri−1

≥0

lctη

(
X,B;

1

l

k∑
i=1

ciD
i

)

= inf
Di∈

∣∣∣V i
l,m�ai

∣∣∣
inf

E prime divisor
over X

with η∈CX(E)

AX,B(E)
1
l

∑k
i=1 ci ordE Di
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= inf
E prime divisor

over X
with η∈CX(E)

AX,B(E)∑k
i=1 ci

1
l Tl

(
V i
m�•;E

) ,

where lctη is the log canonical threshold at η and CX(E) ⊂ X is

the center of E on X. Similarly, we set

δη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)

:= inf
Di l-basis type
Q-divisor of V i

m�•
for all 1≤i≤k

lctη

(
X,B;

k∑
i=1

ciD
i

)

= inf
Di l-basis type
Q-divisor of V i

m�•

inf
E prime divisor

over X
with η∈CX(E)

AX,B(E)∑k
i=1 ci ordE Di

= inf
E prime divisor

over X
with η∈CX(E)

AX,B(E)∑k
i=1 ciSl

(
V i
m�•;E

) .

(ii) We set

αη

(
X,B;

{
ci · V i

�•
}k

i=1

)
:= lim

l∈mZ>0

αη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)

= inf
E prime divisor

over X
with η∈CX(E)

AX,B(E)∑k
i=1 ciT

(
V i
�• ;E

) ,

and

δη

(
X,B;

{
ci · V i

�•
}k

i=1

)
:= lim

l∈mZ>0

δη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)

= inf
E prime divisor

over X
with η∈CX(E)

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) .

By the next proposition, the above definitions are well-defined.

We call the value αη

(
X,B;

{
ci · V i

�•
}k

i=1

)
the local coupled global

log canonical threshold of η ∈ (X,B) with respects to {ci ·V i
�•}ki=1,
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and we call the value δη

(
X,B;

{
ci · V i

�•
}k

i=1

)
the local coupled

stability threshold of η ∈ (X,B) with respects to {ci · V i
�•}ki=1.

(3) Assume that L1, . . . , Lk are big Q-Cartier Q-divisors on X, ri = 1 and

V i
�• = H0 (•Li) for every 1 ≤ i ≤ k. Then we set

α
(
X,B; {ci · Li}ki=1

)
:= α

(
X,B;

{
ci · V i

�•
}k

i=1

)
,

δ
(
X,B; {ci · Li}ki=1

)
:= δ

(
X,B;

{
ci · V i

�•
}k

i=1

)
,

and so on.

(4) If c1 = · · · = ck = 1, then we write α
(
X,B;

{
V i
�•
}k

i=1

)
,

δ
(
X,B;

{
V i
�•
}k

i=1

)
, etc.; if k = 1, then we write α

(
X,B; c1 · V 1

�•
)
,

δ
(
X,B; c1 · V 1

�•
)
, etc.; if B = 0, then we write α

(
X; {ci · Li}ki=1

)
,

δ
(
X; {ci · Li}ki=1

)
, etc., just for simplicity.

The above definitions are well-defined thanks to the following well-known

proposition. See [BJ20, Theorem 4.4], [AZ22, Lemma 2.21], [Fuj23, Propo-

sition 11.13] and [Has23, §A].

Proposition 10.2 (cf. [BJ20, Theorem 4.4], [Fuj23, Proposition

11.13]).

(1) Under the notion in Definition 10.1 (1), we have

lim
l∈mZ>0

αl

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

E prime divisor
over X

AX,B(E)∑k
i=1 ciT

(
V i
�• ;E

) ,
and

lim
l∈mZ>0

δl

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

E prime divisor
over X

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) .
(2) Under the notion in Definition 10.1 (2), we have

lim
l∈mZ>0

αη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

E prime divisor
over X

with η∈CX(E)

AX,B(E)∑k
i=1 ciT

(
V i
�• ;E

) ,
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and

lim
l∈mZ>0

δη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

E prime divisor
over X

with η∈CX(E)

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) .

Proof. We only see (1). Since

inf
E prime divisor

over X

AX,B(E)∑k
i=1 ciT

(
V i
�• ;E

) ≥ lim sup
l∈mZ>0

αl

(
X,B;

{
ci · V i

m�•
}k

i=1

)

≥ inf
l∈mZ>0

αl

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

E prime divisor
over X

AX,B(E)∑k
i=1 ciT

(
V i
�• ;E

) ,
the first assertion follows. Similarly, we have

lim sup
l∈mZ>0

δl

(
X,B;

{
ci · V i

m�•
}k

i=1

)
≤ inf

E prime divisor
over X

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) .
On the other hand, by Lemma 4.15 (1), for any ε ∈ Q>0, we have

lim inf
l∈mZ>0

δl

(
X,B;

{
ci · V i

m�•
}k

i=1

)
≥ 1

1 + ε
· inf
E prime divisor

over X

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) .
Thus we also get the second assertion. �

Remark 10.3. Assume that (X,B) is klt at a scheme-theoretic point

η. As in [BJ20], we have the following equalities:

αη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

v

AX,B(v)∑k
i=1 ci

1
l Tl

(
V i
m�•; v

) ,
δη,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= inf

v

AX,B(v)∑k
i=1 ciSl

(
V i
m�•; v

) ,
αη

(
X,B;

{
ci · V i

�•
}k

i=1

)
= inf

v

AX,B(v)∑k
i=1 ciT

(
V i
�• ; v

) ,
δη

(
X,B;

{
ci · V i

�•
}k

i=1

)
= inf

v

AX,B(v)∑k
i=1 ciS

(
V i
�• ; v

) ,
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where v runs through all valuations onX with AX,B(v) <∞ and η ∈ CX(v).

See [BJ20] for detail.

Definition 10.4.

(1) Let U ⊂ X be an open subscheme and let

Y• : X = Y0 
 Y1 
 · · · 
 Yj

be a plt flag over (U,B|U ). For any scheme-theoretic point η ∈ Yj over

U , we set

αη

(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
:= αη

(
Yj , Bj ;

{
ci · V i,(Y1�···�Yj)

�•

}k

i=1

)
,

δη

(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
:= δη

(
Yj , Bj ;

{
ci · V i,(Y1�···�Yj)

�•

}k

i=1

)
,

where (Yj , Bj) is the associated klt pair over U . In other words,

αη

(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
= inf

E prime divisor
over Yj

with η∈CYj (E)

AX,B(Y1 
 · · · 
 Yj 
 E)∑k
i=1 ciT

(
V i
�• ;Y1 
 · · · 
 Yj 
 E

) ,

δη

(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
= inf

E prime divisor
over Yj

with η∈CYj (E)

AX,B(Y1 
 · · · 
 Yj 
 E)∑k
i=1 ciS

(
V i
�• ;Y1 
 · · · 
 Yj 
 E

) .

(2) If

Y• : X = Y0 
 Y1 
 · · · 
 Yj
is a plt flag over (X,B), we set

α
(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
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:= α

(
Yj , Bj ;

{
ci · V i,(Y1�···�Yj)

�•

}k

i=1

)
,

δ
(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
:= δ

(
Yj , Bj ;

{
ci · V i,(Y1�···�Yj)

�•

}k

i=1

)
,

where (Yj , Bj) is the associated klt pair. In other words,

α
(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
= inf

E prime divisor
over Yj

AX,B(Y1 
 · · · 
 Yj 
 E)∑k
i=1 ciT

(
V i
�• ;Y1 
 · · · 
 Yj 
 E

) ,
δ
(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
= inf

E prime divisor
over Yj

AX,B(Y1 
 · · · 
 Yj 
 E)∑k
i=1 ciS

(
V i
�• ;Y1 
 · · · 
 Yj 
 E

) .
If ri = 1 and Li := Li

1 ∈ CaCl(X) ⊗ZQ are big for all 1 ≤ i ≤ r, then

we set

α
(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · Li

}k

i=1

)
:= α

(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
,

δ
(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · Li

}k

i=1

)
:= δ

(
X,B 
 Y1 
 · · · 
 Yj ;

{
ci · V i

�•
}k

i=1

)
,

and so on.

We see basic properties of coupled global log canonical thresholds and

coupled stability thresholds. The following proposition is true even if we

replace “(X,B) is klt”, “α” and “δ”, with “η ∈ X is a scheme-theoretic

point which is not the generic point of X such that (X,B) is klt at η”, “αη”

and “δη”, respectively.

Proposition 10.5. Assume that (X,B) is klt.
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(1) We have

α
(
X,B;

{
ci · V i

�•
}k

i=1

)
≤ δ

(
X,B;

{
ci · V i

�•
}k

i=1

)
≤

(
max
1≤i≤k

{ri} + n

)
· α

(
X,B;

{
ci · V i

�•
}k

i=1

)
.

(2) If c′1, . . . , c
′
k ∈ R>0 satisfies that c′i ≥ ci for any 1 ≤ i ≤ k, then we

have

α
(
X,B;

{
ci · V i

�•
}k

i=1

)
≥ α

(
X,B;

{
c′i · V i

�•
}k

i=1

)
,

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)
≥ δ

(
X,B;

{
c′i · V i

�•
}k

i=1

)
.

(3) We have α
(
X,B;

{
ci · V i

�•
}k

i=1

)
∈ R>0 and δ

(
X,B;

{
ci · V i

�•
}k

i=1

)
∈

R>0.

(4) For any c′1, . . . , c
′
k ∈ Q>0, we have

α
(
X,B;

{
cic

′
i · V i

�•
}k

i=1

)
= α

(
X,B;

{
ci · c′iV i

�•
}k

i=1

)
,

δ
(
X,B;

{
cic

′
i · V i

�•
}k

i=1

)
= δ

(
X,B;

{
ci · c′iV i

�•
}k

i=1

)
,

where c′iV
i
�• is as in Definition 2.6 (1).

(5) Take any p ∈ Z>0. For any 1 ≤ i ≤ k, take any �pi = (pi1, . . . , p
i
ri) ∈

Zri
>0 with pi1 = p. Then we have

α

(
X,B;

{
ci · V i,(�pi)

�•

}k

i=1

)
=

1

p
· α

(
X,B;

{
ci · V i

�•
}k

i=1

)
,

δ

(
X,B;

{
ci · V i,(�pi)

�•

}k

i=1

)
=

1

p
· δ

(
X,B;

{
ci · V i

�•
}k

i=1

)
,

(6) For any c ∈ R>0, we have

α
(
X,B;

{
cci · V i

�•
}k

i=1

)
=

1

c
· α

(
X,B;

{
ci · V i

�•
}k

i=1

)
,

δ
(
X,B;

{
cci · V i

�•
}k

i=1

)
=

1

c
· δ

(
X,B;

{
ci · V i

�•
}k

i=1

)
.
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(7) Assume that there exists 0 ≤ k′ ≤ k − 1, c′k′+1, . . . , c
′
k ∈ Q>0 and a

graded series V�• such that rk′+1 = · · · = rk and V j
�• = c′jV�• for any

k′ + 1 ≤ j ≤ k. Then we have

α
(
X,B;

{
ci · V i

�•
}k

i=1

)

= α


X,B;

{
ci · V i

�•
}k′

i=1
∪




 k∑

j=k′+1

cjc
′
j


 · V�•




 ,

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)

= δ


X,B;

{
ci · V i

�•
}k′

i=1
∪




 k∑

j=k′+1

cjc
′
j


 · V�•




 .

(8) Let L,L1, . . . , Lk are big Q-Cartier Q-divisors on X. Assume that

there exists 0 ≤ k′ ≤ k−1 and c′k′+1, . . . , c
′
k ∈ Q>0 such that Lj ≡ c′jL

for any k′ + 1 ≤ j ≤ k. Then we have

α
(
X,B; {ci · Li}ki=1

)

= α


X,B; {ci · Li}k

′
i=1 ∪




 k∑

j=k′+1

cjc
′
j


 · L




 ,

δ
(
X,B; {ci · Li}ki=1

)

= δ


X,B; {ci · Li}k

′
i=1 ∪




 k∑

j=k′+1

cjc
′
j


 · L




 .

In particular, when moreover k′ = 0, we have

α
(
X,B; {ci · Li}ki=1

)
=

1∑k
i=1 cic

′
i

· α (X,B;L) ,

δ
(
X,B; {ci · Li}ki=1

)
=

1∑k
i=1 cic

′
i

· δ (X,B;L) .

(9) Take any division

{1, . . . , k} = I1 % · · · % Il
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with Ij �= ∅ for any 1 ≤ j ≤ l. We have the inequalities

α
(
X,B;

{
ci · V i

�•
}k

i=1

)−1
≤

l∑
j=1

α
(
X,B;

{
ci · V i

�•
}
i∈Ij

)−1
,

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)−1
≤

l∑
j=1

δ
(
X,B;

{
ci · V i

�•
}
i∈Ij

)−1
.

In particular, we have

α
(
X,B;

{
ci · V i

�•
}k

i=1

)−1
≤

k∑
i=1

ci · α
(
X,B;V i

�•
)−1

,

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)−1
≤

k∑
i=1

ci · δ
(
X,B;V i

�•
)−1

.

(10) For any 1 ≤ i ≤ k, let Λi be a finite set and let us consider a decom-

position

∆Supp(V i
�•)

=
⋃
λ∈Λi

∆
i,〈λ〉
Supp

and consider V
i,〈λ〉
�• in the sense of Definition 2.6 (4). Then we have

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)
= δ


X,B;


ci

vol
(
V

i,〈λ〉
�•

)
vol

(
V i
�•
) · V i,〈λ〉

�•




1≤i≤k,λ∈Λi


 .

(11) Both the functions

α : Rk
>0 → R>0

(t1, . . . , tk) 	→ α
(
X,B;

{
ti · V i

�•
}k

i=1

)
,

δ : Rk
>0 → R>0

(t1, . . . , tk) 	→ δ
(
X,B;

{
ti · V i

�•
}k

i=1

)
are continuous.
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Proof. The assertion (1) follows from Definition 4.6 (2). The as-

sertions (2) and (6) are trivial. The assertion (3) follows from (1) and

the argument in [Fuj23, Proposition 11.1]. The assertion (5) follows from

[Fuj23, Lemma 3.10]. The assertions (4), (7), (8) follow from the facts

T (cV�•;E) = c · T (V�•;E) and S (cV�•;E) = c · S (V�•;E) for c ∈ Q>0. The

assertion (9) follows from

δ
(
X,B;

{
ci · V i

�•
}k

i=1

)−1
= sup

E/X

∑l
j=1

∑
i∈Ij ci · S

(
V i
�• ;E

)
AX,B(E)

≤
l∑

j=1

sup
E/X

∑
i∈Ij ci · S

(
V i
�• ;E

)
AX,B(E)

=

l∑
j=1

δ
(
X,B;

{
ci · V i

�•
}
i∈Ij

)−1
.

The assertion (10) follows from Proposition 4.11. Let us consider the asser-

tion (11). Take any �t = (t1, . . . , tk) ∈ Rk
>0 and ε ∈ R>0. By (6), we have

δ
(
a�t
)

= a−1δ
(
�t
)

for any a ∈ R>0. Take any small ε1 ∈ R>0 with

δ
(
�t
)
− ε < δ

(
�t
)

1 + ε1
and δ

(
�t
)

+ ε >
δ
(
�t
)

1 − ε1
.

Fix a norm ‖ · ‖ on Rk. By Lemma 10.6, there exists δ′ ∈ R>0 such that for

any �t′ = (t′1, . . . , t
′
k) ∈ Rk

>0 with ‖�t′ − �t‖ < δ′, we have

(1 + ε1)ti ≥ t′i and t′i ≥ (1 − ε1)ti

hold for all 1 ≤ i ≤ k. This implies that

δ
(
�t
)

1 + ε1
≤ δ

(
�t′
)
≤ δ

(
�t
)

1 − ε1
by (2). Thus we get the assertion. �

Lemma 10.6. Fix a norm ‖ · ‖ on Rr. Take any open cone C ⊂ Rr.

For any compact subset K ⊂ Rr with K ⊂ C and for any ε ∈ R>0, there

exists δ ∈ R>0 such that, for any �x, �y ∈ K with ‖�y − �x‖ < δ, we have

(1 + ε)�x− �y ∈ C and �y − (1 − ε)�x ∈ C.

Proof. Fix �c ∈ C such that K ⊂ �c+ C and set

U := (−ε�c+ C) ∩ (ε�c− C) ⊂ Rr.
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Since U is open with �0 ∈ U , there exists δ ∈ R>0 such that

{�z ∈ Rr | ‖z‖ < δ} ⊂ U

holds. For any �x, �y ∈ K with ‖�y−�x‖ < δ, we have �x, �y ∈ K with ‖�y−�x‖ < δ,
we have

�y ∈ �x+ U = (−ε�c+ �x+ C) ∩ (ε�c+ �x− C)

⊂ ((1 − ε)�x+ C) ∩ ((1 + ε)�x− C) ,

since �x− �c ∈ C. �

Remark 10.7.

(1) By Proposition 10.5 (4), there is no confusion if we write

α
(
X,B;

{
ciV

i
�•
}k

i=1

)
, δ

(
X,B;

{
ciV

i
�•
}k

i=1

)
,

etc., in place of

α
(
X,B;

{
ci · V i

�•
}k

i=1

)
, δ

(
X,B;

{
ci · V i

�•
}k

i=1

)
.

(2) By Proposition 10.5 (4) and (11), we are mainly interested in the case

c1 = · · · = ck = 1.

From now on, we assume that (X,B) is klt and the Veronese equiv-

alence class V i
�• of an (mZ≥0)

ri-graded linear series V i
m�• on X associated

to Li
1, . . . , L

i
ri ∈ CaCl(X) ⊗Z Q containing an ample series which does not

need to have bounded support in general for any 1 ≤ i ≤ k. We consider a

generalization of Dervan and Kewei Zhang’s results [Der16, Theorem 1.4],

[Zha21, Theorem 1.7]. Let us set

Ci := int
(
Supp

(
V i
�•
))

⊂ Rri
>0,

C :=

k∏
i=1

Ci ⊂ R
r1+···+rk
>0 .

For any �ai ∈ Ci ∩ Qri , we considered the series V i
•�ai in Definition 2.6 (5).

Consider the function

Ci ∩ Qri → R>0
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�ai 	→ vol
(
V i
•�ai

) 1
n .

By [LM09, Corollary 4.22], the function uniquely extends to a concave (in

particular, continuous) and homogeneous function

vol
1
n

V i
�•
: Ci → R>0.

Let us consider the behaviors of the values

α(�a) := α
(
X,B;

{
V i
•�ai

}k

i=1

)
, δ(�a) := δ

(
X,B;

{
V i
•�ai

}k

i=1

)
for every �a =

(
�a1, . . . ,�ak

)
∈ C ∩ Qr1+···+rk .

Lemma 10.8. Take �a, �b ∈ C∩Qr1+···+rk with�b−�a ∈ C. Fix a sufficiently

divisible m ∈ Z>0 such that V i
•�ai, V

i
•�bi are obtained by V i

m•�ai, V
i
m•�bi for any

1 ≤ i ≤ k, respectively. Then, for any sufficiently divisible l ∈ mZ>0, we

have

αl

(
X,B;

{
V i
m•�ai

}k

i=1

)
≥ αl

(
X,B;

{
V i
m•�bi

}k

i=1

)
,

δl

(
X,B;

{
V i
m•�ai

}k

i=1

)
min1≤i≤k dimV i

l�ai
≥

δl

(
X,B;

{
V i
m•�bi

}k

i=1

)
max1≤i≤k dimV i

l�bi

.

In particular, we have

α
(
X,B;

{
V i
•�ai

}k

i=1

)
≥ α

(
X,B;

{
V i
•�bi

}k

i=1

)
,

δ
(
X,B;

{
V i
•�ai

}k

i=1

)
min1≤i≤k vol

(
V i
•�ai

) ≥
δ

(
X,B;

{
V i
•�bi

}k

i=1

)

max1≤i≤k vol
(
V i
•�bi

) .

Proof. Set �c := �b− �a ∈ C. By [LM09, Lemma 4.18], we may assume

that there exist effective Q-divisors Ci ∼Q �c
i · �Li with lCi ∈

∣∣V i
l�ci

∣∣ for all

1 ≤ i ≤ k. For any 1 ≤ i ≤ k and for any Di ∈
∣∣V i

l�ai

∣∣, since Di+ lCi ∈
∣∣∣V i

l�bi

∣∣∣,
we get

lct

(
X,B;

1

l

k∑
i=1

(
Di + lCi

))
≤ lct

(
X,B;

1

l

k∑
i=1

Di

)
.
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This implies that

αl

(
X,B;

{
V i
m•�ai

}k

i=1

)
≥ αl

(
X,B;

{
V i
m•�bi

}k

i=1

)
.

Let us set

N i := dimV i
l�ai , M i := dimV i

l�bi
.

Take any basis {
si1, . . . , s

i
N i

}
⊂ V i

l�ai

and set

Di
j :=

(
sij = 0

)
∈

∣∣V i
l�ai

∣∣ , Di :=
1

lN i

N i∑
j=1

Di
j .

Of course, Di is an l-basis type Q-divisor of V i
m•�ai . Let tij ∈ V i

l�bi
be the

image of sij under the natural inclusion

V i
l�ai

·lCi

−−→ V i
l�bi
.

Take ti
N i+1

, . . . , ti
M i ∈ V i

l�bi
such that

{
tij

}M i

j=1
is a basis of V i

l�bi
, and set

Ei
j :=

(
tij = 0

)
∈

∣∣∣V i
l�bi

∣∣∣ , Ei :=
1

lM i

M i∑
j=1

Ei
j .

The Q-divisor Ei is an l-basis type Q-divisor of V i
m•�bi . Moreover, for any

1 ≤ j ≤ N i, we have Ei
j = Di

j + lCi. Thus we have M iEi ≥ N iDi. In

particular,

max
1≤i≤k

{
M i

} k∑
i=1

Ei ≥ min
1≤i≤k

{
N i

} k∑
i=1

Di

holds. This immediately implies that

lct

(
X,B; max

1≤i≤k

{
M i

} k∑
i=1

Ei

)
≤ lct

(
X,B; min

1≤i≤k

{
N i

} k∑
i=1

Di

)

and we get the assertion. �
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Now we state the following generalization of Dervan and Kewei Zhang’s

result [Der16, Theorem 1.4], [Zha21, Theorem 1.7].

Theorem 10.9. The functions

α : C ∩ Qr1+···+rk → R>0, δ : C ∩ Qr1+···+rk → R>0

introduced above can extend uniquely to continuous functions

α : C → R>0, δ : C → R>0,

respectively.

Proof. The proof is similar to the proof of [Zha21, Theorem 4.2]. Fix

a norm ‖ · ‖ on Rr1+···+rk and take any compact subset K ⊂ Rr1+···+rk with

K ⊂ C as in Lemma 10.6. Let us fix �c ∈ C ∩ Qr1+···+rk with K ⊂ �c+ C. By

the compactness of K, there exists δ1 ∈ Q>0 such that

{
�y ∈ Rr1+···+rk | ‖�y − �x‖ < δ1

}
⊂ C

holds for any �x ∈ K. Take any sufficiently small ε ∈ Q>0 with ε < 1/(2n),

(
1 + ε− ε2
1 + ε+ ε2

)n

(1 + ε− ε2) ≥ 1,

(
1 − ε+ ε2

1 − ε− ε2
)n

(1 − ε+ ε2) ≤ 1.

Step 1. By Lemma 10.8, for any �a ∈ K ∩ Qr1+···+rk , we have α(�a) ≤
α(�c). Moreover, if we take δ2 ∈ R>0 as in Lemma 10.6 from the ε, then we

have
1

1 + ε
α(�a) ≤ α

(
�b
)

≤ 1

1 − εα(�a)

for any �a, �b ∈ K ∩ Qr1+···+rk with ‖�b− �a‖ < δ2. In particular, we have∣∣∣α(�b) − α(�a)
∣∣∣ < 2α(�c)ε.

Thus we can extend the function α continuously over K, hence over C.

Step 2. By Step 1 and Proposition 10.5 (1), there exists a positive

constant M satisfying δ(�a) ≤M for any �a ∈ K ∩ Qr1+···+rk . Let us fix such
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M . Note that, for any �a, �b ∈ C∩Qr1+···+rk with (1+ε)�a−�b, �b−(1−ε)�a ∈ C,

we have

δ(�a+ ε�b) ≤ δ(�a) ≤ δ(�a− ε�b)
holds. Indeed, by Lemma 4.12 (2), we have

δ(�a+ ε�b) = inf
E/X

AX,B(E)∑k
i=1 S

(
V i
•(�ai+ε�bi)

;E

) ≤ inf
E/X

AX,B(E)∑k
i=1 S

(
V i
•�ai ;E

)

= δ(�a) ≤ inf
E/X

AX,B(E)∑k
i=1 S

(
V i
•(�ai−ε�bi)

;E

) = δ(�a− ε�b).

Step 3. Let us set δ0 := ε2δ1
2 . Take any �a, �b ∈ K ∩ Qr1+···+rk such that

�e := �b− �a satisfies that ‖�e‖ < δ0. From the definition of δ1, we have

�a+
1 + ε

ε
�e ∈ C, �a− 1 − ε

ε
�e ∈ C.

Note that ∥∥∥∥1 + ε

ε2
�e

∥∥∥∥ < δ1, (1 + ε)�b = �a+ ε

(
�a+

1 + ε

ε
�e

)
,∥∥∥∥1 − ε

ε2
�e

∥∥∥∥ < δ1, (1 − ε)�b = �a− ε
(
�a− 1 − ε

ε
�e

)
.

Then,

(1 + ε)�a−
(
�a+

1 + ε

ε
�e

)
= ε

(
�a− 1 + ε

ε2
�e

)
,(

�a+
1 + ε

ε
�e

)
− (1 − ε)�a = ε

(
�a+

1 + ε

ε2
�e

)
,

(1 + ε)�a−
(
�a− 1 − ε

ε
�e

)
= ε

(
�a+

1 − ε
ε2

�e

)
,(

�a− 1 − ε
ε
�e

)
− (1 − ε)�a = ε

(
�a− 1 − ε

ε2
�e

)

are elements in C from the definition of δ1. By Step 2, we get

δ
(
(1 + ε)�b

)
= δ

(
�a+ ε

(
�a+

1 + ε

ε
�e

))
≤ δ (�a) ≤ δ

(
�a− ε

(
�a− 1 − ε

ε
�e

))
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= δ
(
(1 − ε)�b

)
.

In other words, we have

(1 − ε)δ(�a) ≤ δ
(
�b
)

≤ (1 + ε)δ(�a).

Moreover, we have δ(�a) ≤ M . Therefore we get the following: for any

0 < ε' 1, there exists δ0 > 0 such that, for any �a, �b ∈ K ∩ Qr1+···+rk with

‖�b− �a‖ < δ0, we have ∣∣∣δ(�b) − δ(�a)
∣∣∣ ≤Mε.

Thus we get the assertion. �

We remark that the local version of Theorem 10.9 also holds by the com-

pletely same proof. We only state the result just for readers’ convenience.

Theorem 10.10. Let η ∈ X be a scheme-theoretic point which is not

the generic point of X and assume that (X,B) is klt at η. Let V i
�• be

the Veronese equivalence class of a graded linear series on X associated

to Li
1, . . . , L

i
ri ∈ CaCl(X) ⊗Z Q which contains an ample series for any

1 ≤ i ≤ k. Let us set Ci := int
(
Supp

(
V i
�•
))

and C :=
∏k

i=1 Ci. Then the

functions αη : C ∩ Qr1+···+rk → R>0 and δη : C ∩ Qr1+···+rk → R>0 with

αη(�a) := αη

(
X,B;

{
V i
•�ai

}k

i=1

)
, δη(�a) := δη

(
X,B;

{
V i
•�ai

}k

i=1

)
uniquely extend to continuous functions αη : C → R>0 and δη : C → R>0,

respectively.

As an immediate consequence of Theorem 10.9, we have the following

corollary. Note that the local version of Corollary 10.11 is also true. Let

Big(X) ⊂ N1(X) (resp., Big(X)Q ⊂ N1(X)Q) be the set of the numerical

classes of big R-Cartier R-divisors (resp., Q-Cartier Q-divisors) on X.

Corollary 10.11 (cf. [Der16, Theorem 1.4], [Zha21, Theorem 1.7]).

Assume that (X,B) is klt. The functions

α : Big(X)kQ → R>0

(L1, . . . , Lk) 	→ α
(
X,B; {Li}ki=1

)
,
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δ : Big(X)kQ → R>0

(L1, . . . , Lk) 	→ δ
(
X,B; {Li}ki=1

)
,

uniquely extend to continuous functions

α : Big(X)k → R>0, δ : Big(X)k → R>0.

Proof. The values α
(
X,B; {Li}ki=1

)
and δ

(
X,B; {Li}ki=1

)
depend

only on the numerical class of L1, . . . , Lk. See the proof of [BJ20, Lemma

3.7 (iii)]. Then the assertion is a direct consequence of Theorem 10.9. �

Remark 10.12. If L1, . . . , Lk ∈ CaCl(X) ⊗Z Q, then the values

α
(
X,B; {ci · Li}ki=1

)
, δ

(
X,B; {ci · Li}ki=1

)
,

etc., in Definition 10.1 (3) coincide with the values in Corollary 10.11 by

Proposition 10.5 (11) and Theorem 10.9.

11. Zhuang’s Product Formula

In this section, we assume that the characteristic of k is zero. We con-

sider the product formula [Zhu20] for collections of tensor products of graded

linear series. The proof is almost same as the proof in [Zhu20], but the ar-

gument is more complicated.

Theorem 11.1 (cf. [Zhu20, Theorem 1.2]). Let (X1, B1) and (X2, B2)
be projective klt. For any 1 ≤ i ≤ k, let U i

�• (resp., V i
�• ) be the Veronese

equivalence class of a graded linear series on X1 (resp., on X2) associated
to Li

1, . . . , L
i
ri ∈ CaCl(X1) ⊗Z Q (resp., M i

1, . . . ,M
i
si ∈ CaCl(X2) ⊗Z Q)

which has bounded support and contains an ample series. Set (X,B) :=
(X1 ×X2, B1 �B2) and W i

�• := U i
�• ⊗ V i

�• (see Definition 2.9). Moreover,
take any c1, . . . , ck ∈ R>0. Then we have

δ
(
X,B;

{
ciW

i
�•
}k

i=1

)
= min

{
δ
(
X1, B1;

{
ciU

i
�•
}k

i=1

)
, δ

(
X2, B2;

{
ciV

i
�•
}k

i=1

)}
.

As an immediate corollary of Theorem 11.1 and Corollary 10.11, we get

the following:
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Corollary 11.2. Let (X1, B1) and (X2, B2) be projective klt. Take

any θ1, . . . , θk ∈ Big(X1) and ξ1, . . . , ξk ∈ Big(X2). Then we have

δ
(
X1 ×X2, B1 �B2; {θi � ξi}ki=1

)
= min

{
δ
(
X1, B1, {θi}ki=1

)
, δ

(
X2, B2, {ξi}ki=1

)}
.

Proof of Theorem 11.1. We heavily follow the argument in [Zhu20,

§3]. We firstly remark that c (U�• ⊗ V�•) = (cU�•) ⊗ (cV�•) holds as Veronese

equivalence classes of graded linear series for any c ∈ Q>0. Thus, by Propo-

sition 10.5 (4) and (11), we may assume that c1 = · · · = ck = 1. By Proposi-

tion 10.5 (5), we may assume that U i
�• (resp., V i

�• ) are Zri
≥0-graded (resp., Zsi

≥0-

graded) and Li
j (resp. M i

j) are Cartier divisors. Set δ := δ
(
X,B;

{
W i

�•
}k

i=1

)
,

δ1 := δ
(
X1, B1;

{
U i
�•
}k

i=1

)
and δ2 := δ

(
X2, B2;

{
V i
�•
}k

i=1

)
.

We firstly show that δ ≤ min{δ1, δ2}. For any ε ∈ Q>0, there exists a

prime divisor F1 over X1 such that

AX1,B1(F1)∑k
i=1 S

(
U i
�•;F1

) < δ1 + ε

holds. Take any resolution σ1 : X̃1 → X1 of singularities with F1 ⊂ X̃1, and

set X̃ := X̃1×X2
σ−→ X and E1 := π∗1F1 ⊂ X̃, where π1 : X̃ → X̃1 be the 1st

projection. For any 1 ≤ i ≤ k, l ∈ Z>0, �a ∈ Zri−1
≥0 , �b ∈ Zsi−1

≥0 and λ ∈ R≥0,

we have the equality

Fλ
E1
W i

l,�a,�b
=

(
Fλ
F1
U i
l,�a

)
⊗ V i

l,�b
.

This immediately implies that

Sl
(
W i

�•;E1

)
=

1

h0
(
U i
l,�•

)
h0

(
V i
l,�•

)
×

∫ ∞

0

∑
�a∈Zri−1

≥0

∑
�b∈Zsi−1

≥0

dimF lt
F1
U i
l,�a dimV i

l,�b
dt = Sl

(
U i
�•;F1

)
.

Thus, we get

AX,B(E1)∑k
i=1 S

(
W i

�•;E1

) =
AX1,B1(F1)∑k
i=1 S

(
U i
�•;F1

) < δ1 + ε,
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which gives the inequality δ ≤ δ1. Thus we get the desired inequality

δ ≤ min{δ1, δ2}.
We show the reverse inequality δ ≥ min{δ1, δ2}. Let πj : X → Xj be

the jth projection. Take any prime divisor E over X and any c ∈ Q>0 with

c < min{δ1, δ2}. It is enough to show the inequality

AX,B(E) > c
k∑

i=1

Sl
(
W i

�•;E
)

for any l ( 0. For simplicity, let us set P i
l,�a := dimU i

l,�a, Q
i
l,�b

:= dimV i
l,�b

,

P i
l := h0

(
U i
l,�•

)
, Qi

l := h0
(
V i
l,�•

)
, and

{
�ci1, . . . ,�c

i
Qi
l

}
:=

{(
�b, k

) ∣∣∣ �b ∈ Zsi−1
≥0 with Qi

l,�b
�= 0, 1 ≤ k ≤ Qi

l,�b

}
.

Note that h0
(
W i

l,�•

)
= P i

lQ
i
l holds (see Example 3.4).

Let us consider the case π2 (CX(E)) = X2. For any 1 ≤ i ≤ k, �a ∈ Zri−1
≥0

and �b ∈ Zsi−1
≥0 , let us consider the basis type filtration G′ of V i

l,�b
associated

to general points x1, . . . , xQi
l,�b

∈ X2 of type (I) in the sense of Example

4.2 (2), and let G be the filtration of W i
l,�a,�b

defined by G′, i.e., GλW i
l,�a,�b

:=

U i
l,�a ⊗ G′λV i

l,�b
. Take a basis

{
f i
�a,�b,j,k′

}
1≤j≤P i

l,�a

1≤k′≤Qi
l,�b

of W i
l,�a,�b

compatible with FE and G such that the image of {f i
�a,�b,j,k′

}1≤j≤P i
l,�a

on U i
l,�a ⊗k(xk′) forms a basis for any �a ∈ Zri−1

≥0 , �b ∈ Zsi−1
≥0 and 1 ≤ k ≤ Qi

l,�b
.

Take a general point x ∈ X2 and let us set Xx := π−1
2 (x) � X1, Bx := B|Xx .

Set

Bi
�a,�b,k′

:=

P i
l,�a∑

j=1

(
f i
�a,�b,j,k′

= 0
)
.

Then

Di :=
1

lP i
lQ

i
l

∑
�a∈Zri−1

≥0

∑
(�b,k′)∈{�ci1,...,�ciQi

l

}

Bi
�a,�b,k′
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is an l-basis type Q-divisor of W i
�• with ordE D

i = Sl
(
W i

�•;E
)
. Since x ∈ X2

is general, for any 1 ≤ h ≤ Qi
l,

Di
x,�cih

:=
1

lP i
l

∑
�a∈Zri−1

≥0

(
Bi
�a,�cih

)
|Xx

is an l-basis type Q-divisor of U i
�• on Xx � X1. Note that

k∑
i=1

Di|Xx =
1

Q1
l . . . Q

k
l

∑
1≤h1≤Q1

l

· · ·
∑

1≤hk≤Qk
l

(
D1

x,�c1h1

+ · · · +Dk
x,�ckhk

)

and the pair (
Xx, Bx + c

k∑
i=1

Di
x,�cihi

)

is klt for any l ( 0 and any h1, . . . , hk, since c < δ1. This implies that the

pair (
Xx, Bx + c

k∑
i=1

Di|Xx

)

is also klt. By inversion of adjunction, the pair
(
X,B + c

∑k
i=1D

i
)

is klt

around a neighborhood of Xx. Therefore we get the desired inequality

AX,B(E) > c

k∑
i=1

ordE D
i = c

k∑
i=1

Sl
(
W i

�•;E
)
.

Let us consider the remaining case π2 (CX(E)) � X2. Take a resolution

σ2 : X̃2 → X2 of singularities and a prime divisor F2 ⊂ X̃2 such that the

restriction ordE |k(X2) to the function field k(X2) of X2 is proportional to

ordF2 . Set X̃ := X1 × X̃2, E2 := π∗2(F2) ⊂ X̃ and σ : X̃ → X. For any

1 ≤ i ≤ k, �a ∈ Zri−1
≥0 and �b ∈ Zsi−1

≥0 , let us consider the basis type filtration

G′ of V i
l,�b

associated to general points x1, . . . , xQi
l,�b

∈ F2 ⊂ X̃2 of type (II)

in the sense of Example 4.2 (2), and let G be the filtration of W i
l,�a,�b

defined

by G′. Note that G refines FE2 . Take a basis{
f i
�a,�b,j,k′

}
1≤j≤P i

l,�a

1≤k′≤Qi
l,�b
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of W i
l,�a,�b

compatible with FE and G such that, for any �a ∈ Zri−1
≥0 , �b ∈ Zsi−1

≥0

and 1 ≤ k′ ≤ Qi
l,�b

, there exists m ∈ Z≥0 such that ordE2

(
f i
�a,�b,j,k′

)
= m for

any 1 ≤ j ≤ P i
l,�a and the image of {π∗2f−mσ∗f i

�a,�b,j,k′
}1≤j≤P i

l,�a
on U i

l,�a⊗k(xk′)

forms a basis, where f ∈ H0
(
X̃2,OX̃2

(F2)
)

is the defining equation of

F2 ⊂ X̃2. Take a general point x ∈ F2 ⊂ X̃2 and set

KX̃ + B̃ + (1 −AX2,B2(F2))E2 = σ∗(KX +B),

X̃x := π−1
2 (x), and Bx := B̃|Xx . Set

Bi
�a,�b,k′

:=

P i
l,�a∑

j=1

(
f i
�a,�b,j,k′

= 0
)
.

Then

Di :=
1

lP i
lQ

i
l

∑
�a∈Zri−1

≥0

∑
(�b,k′)∈{�ci1,...,�ciQi

l

}

Bi
�a,�b,k′

is an l-basis type Q-divisor ofW i
�• with ordE D

i = Sl
(
W i

�•;E
)

and ordE2 D
i =

Sl
(
W i

�•;E2

)
= Sl

(
V i
�• ;F2

)
. Write

σ∗Di = Sl
(
V i
�• ;F2

)
E2 +

1

lP i
lQ

i
l

∑
�

a∈Zri−1

≥0

Qi
l∑

h=1

B′i
�a,�cih
,

where σ∗Bi
�a,�cih

and B′i
�a,�cih

may only differ along E2. Since x ∈ F2 is general,

for any 1 ≤ h ≤ Qi
l,

Di
x,�cih

:=
1

lP i
l

∑
�a∈Zri−1

≥0

(
B′i

�a,�cih

)
|X̃x

is an l-basis type Q-divisor of U i
�• on X̃x. Since c < δ1, for any l ( 0 and

for any h1, . . . , hk, the pair(
X̃, B̃x + c

k∑
i=1

Di
x,�cihi

)
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is klt. Same as the previous argument, the pair
X̃x, B̃x + c

k∑
i=1

1

lP i
lQ

i
l

∑
�a∈Zri−1

≥0

Qi
l∑

h=1

(
B′i

�a,�cih

)
|X̃x




is also klt. By inversion of adjunction, the pair
X̃, B̃ + E2 + c

k∑
i=1

1

lP i
lQ

i
l

∑
�a∈Zri−1

≥0

Qi
l∑

h=1

B′i
�a,�cih




is plt around a neighborhood of X̃x. For l ( 0, we know that

1 −AX2,B2(F2) + c
k∑

i=1

Sl
(
V i
�• ;F2

)
< 1

since c < δ2. This implies that the pair(
X̃, B̃ + (1 −AX2,B2(F2))E2 + c

k∑
i=1

σ∗Di

)

is sub-klt around a neighborhood of X̃x. This gives the desired inequality

AX,B(E) > c

k∑
i=1

ordE D
i = c

k∑
i=1

Sl
(
W i

�•;E
)

and then we get the assertion. �

12. Toward Abban–Zhuang’s Methods

In this section, we assume that the characteristic of k is zero. Let X be

an n-dimensional projective variety, let B be an effective Q-Weil divisor on

X and let η ∈ X be a scheme-theoretic point such that (X,B) is klt at η.

We set Z := {η} ⊂ X. Take any c1, . . . , ck ∈ R>0. For any 1 ≤ i ≤ k, let V i
�•

be the Veronese equivalence class of an (mZ≥0)
ri-graded linear series V i

m�•
on X associated to Li

1, . . . , L
i
ri ∈ CaCl(X)⊗ZQ which has bounded support

and contains an ample series.
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We recall the notion introduced in [Fuj23, Definition 11.10].

Definition 12.1. Let σ : X ′ → X be a projective birational morphism

with X ′ normal, let Y ⊂ X ′ be a prime Q-Cartier divisor on X ′ and let

e ∈ Z>0 with eY Cartier. For any l ∈ mZ>0 with
∏k

i=1 h
0
(
V

i,(Y,e)
l,m�•

)
�= 0,

we set

δ
(Y,e)
η,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)
:= inf

D′i l-(Y, e)-subbasis type
Q-divisor of V i

m�•
for all 1≤i≤k

lctη

(
X,B;

k∑
i=1

ciD
′i
)
.

The proof of the following proposition is essentially same as the proof of

Proposition 10.2. More precisely, we apply Lemma 4.15 (2). We omit the

proof. See [Fuj23, Proposition 11.13 (1)] in detail.

Proposition 12.2 ([Fuj23, Proposition 11.13 (1)]). We have

lim
l∈mZ>0

δ
(Y,e)
η,l

(
X,B;

{
ci · V i

m�•
}k

i=1

)
= δη

(
X,B;

{
ci · V i

�•
}k

i=1

)
.

Here is an analogue of [AZ22, Theorem 3.2]. We omit the proof, since

the proof is essentially same as the proof of [Fuj23, Theorem 11.14] and

applying Propositions 10.5 (5) and 12.2.

Theorem 12.3 (cf. [AZ22, Theorem 3.2] and [Fuj23, Theorem 11.14]).

Let Y be a primitive prime divisor over X and let σ : X̃ → X be the associ-

ated prime blowup. Assume that there exists an open subscheme η ∈ U ⊂ X

such that Y is a plt-type prime divisor over (U,B|U ). Let (Y,BY ) be the

associated klt pair over U (see Definition 2.10 (3)). Let Z0 ⊂ Z ⊂ X be

a closed subvariety with Z0 ⊂ CX(Y ) and Z0 ∩ U �= ∅. Let η0 ∈ X be the

generic point of Z0.

(1) If η �∈ CX(Y ), then we have

δη

(
X,B;

{
ciV

i
�•
}k

i=1

)
≥ inf

η′∈X̃;σ(η′)=η0

δη′

(
Y,BY ;

{
ciV

i,(Y )
�•

}k

i=1

)
.
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(2) If η ∈ CX(Y ), then we have

δη

(
X,B;

{
ciV

i
�•
}k

i=1

)

≥ min

{
AX,B(Y )∑k

i=1 ciS
(
V i
�• ;Y

) , inf
η′∈X̃;σ(η′)=η0

δη′

(
Y,BY ;

{
ciV

i,(Y )
�•

}k

i=1

)}
.

If moreover the equality holds and there exists a prime divisor E over

X with Z ⊂ CX(E), CX̃(E) ⊂ Y and

δη

(
X,B;

{
ciV

i
�•
}k

i=1

)
=

AX,B(E)∑k
i=1 ciS

(
V i
�• ;E

) ,
then the equality

δη

(
X,B;

{
ciV

i
�•
}k

i=1

)
=

AX,B(Y )∑k
i=1 ciS

(
V i
�• ;Y

) ,
holds.

Assume that there exists a finite set Λi and a decomposition

∆
Supp

(
V
i,(Y )
�•

) =
⋃
λ∈Λi

∆
i,〈λ〉
Supp

is given for any 1 ≤ i ≤ k. We consider V
i,(Y ),〈λ〉
�• in the sense of Definition

2.6 (4). By Proposition 10.5 (9) and (10), we have

δη′

(
Y,BY ;

{
ciV

i,(Y )
�•

}k

i=1

)

= δη′


Y,BY ;


ci

vol
(
V

i,(Y ),〈λ〉
�•

)
vol

(
V

i,(Y )〉
�•

) V
i,(Y ),〈λ〉
�•




1≤i≤k,λ∈Λi




≥


 k∑

i=1

∑
λ∈Λi

ci
vol

(
V

i,(Y ),〈λ〉
�•

)
vol

(
V

i,(Y )
�•

) δη′
(
Y,BY ;V

i,(Y ),〈λ〉
�•

)−1




−1

.

Moreover, by Theorem 8.8 and Corollary 9.4, we can estimate the values

δη′
(
Y,BY ;V

i,(Y ),〈λ〉
�•

)
, hence also the value δη

(
X,B;

{
ciV

i
�•
}k

i=1

)
, in many

situations.
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We end the article by seeing basic examples.

Example 12.4 (cf. [AZ22, Corollary 2.17]). Assume that n = 1 and η

is a closed point. Set b := ordη B ∈ Q∩ [0, 1). Consider R-Cartier R-divisors

L1, . . . , Lk on X with degLi = di ∈ R>0. For any Cartier divisor L on X

with degL = 1, we know that

δη (X,B;L) =
1 − b
1/2

= 2(1 − b).

Thus, by Proposition 10.5, we have

δη

(
X,B; {ciLi}ki=1

)
=

2(1 − b)∑k
i=1 cidi

.

Example 12.5 (cf. [RTZ21, Corollary A.14]). Assume that X =

PP1 (O ⊕ O(m)) with m ∈ Z≥0 and B = 0. Let F , E ∈ CaCl(X) be the

class of a fiber of X/P1, (−m)-curve, respectively. For any 1 ≤ i ≤ k, let us

consider any big Li := aiE + biF ∈ CaCl(X) ⊗Z Q, i.e., ai > 0 and bi > 0.

We compute the value δ
(
X; {Li}ki=1

)
. If m = 0, i.e., if X = P1 × P1, then

we have

δ
(
P1 × P1; {aiE + biF}ki=1

)
= min

{
δ
(
P1; {ai · O(1)}ki=1

)
, δ

(
P1; {bi · O(1)}ki=1

)}

= min

{
2∑k

i=1 ai
,

2∑k
i=1 bi

}

by Corollary 11.1 and Proposition 10.5 (8). From now on, assume that

m ≥ 1. For any 1 ≤ i ≤ k, let us set

pi :=

{
ai − bi

3m if mai ≥ bi,
ai(3bi−mai)
3(2bi−mai)

if mai < bi,
qi :=

{
bi
3 if mai ≥ bi,
3b2i−3maibi+m2a2

i
3(2bi−mai)

if mai < bi.

Then we have

pi = S (Li;E) = S
(
Li;F

′ 
 F ′ ∩ E
)
,

qi = S
(
Li;F

′) = S
(
Li;E∞ 
 F ′ ∩ E∞

)
= S

(
Li;E 
 F

′ ∩ E
)
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for any F ′ ∈ |F | and for any irreducible E∞ ∈ |E+mF | by Theorem 5.5 or

Corollary 9.1. Thus we get the equality

δ
(
X; {Li}ki=1

)
= min

{
1∑k
i=1 pi

,
1∑k
i=1 qi

}

by Theorem 12.3.
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[LM09] Lazarsfeld, R. and M. Mustaţă, Convex bodies associated to linear



Coupled Stability Thresholds 281

series, Ann. Sci. Éc. Norm. Supér. 42 (2009), no. 5, 783–835.
[Lop15] Lopez, A., Augmented base loci and restricted volumes on normal

varieties, II: The case of real divisors, Math. Proc. Cambridge Philos.
Soc. 159 (2015), no. 3, 517–527

[Nak04] Nakayama, N., Zariski-decomposition and abundance, MSJ Memoirs,
14. Mathematical Society of Japan, Tokyo, 2004.

[Oka16] Okawa, S., On images of Mori dream spaces, Math. Ann. 364 (2016),
no. 3-4, 1315–1342.

[RTZ21] Rubinstein, Y., Tian, G. and K. Zhang, Basis divisors and balanced
metrics, J. Reine Angew. Math. 778 (2021), 171–218.

[Xu25] Xu, C., K-stability of Fano varieties, New Math. Monogr., 50 Cam-
bridge University Press, Cambridge, 2025. xi+411 pp.

[Zha21] Zhang, K., Continuity of delta invariants and twisted Kähler-
Einstein metrics, Adv. Math. 388 (2021), Paper No. 107888, 25 pp.

[Zha24] Zhang, K., A quantization proof of the uniform Yau–Tian–
Donaldson conjecture, J. Eur. Math. Soc. 26 (2024), no. 12, 4763–
4778.

[Zhu20] Zhuang, Z., Product theorem for K-stability, Adv. Math. 371 (2020),
107250, 18 pp.

(Received December 23, 2024)
(Revised January 13, 2026)

Department of Mathematics
Graduate School of Science
Osaka University
Toyonaka, Osaka 560-0043, Japan
E-mail: fujita@math.sci.osaka-u.ac.jp


