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Direct Image of Structure Sheaf and
Parabolic Stability

By Indranil BiswaAs, Manish KUMAR and A. J. PARAMESWARAN

Abstract. Let f : X — Y be a dominant generically smooth
morphism between irreducible smooth projective curves over an alge-
braically closed field k such that Char(k) > degree(f) if the charac-
teristic of k is nonzero. We prove that (f.Ox)/Oy equipped with a
natural parabolic structure is parabolic polystable. Several conditions
are given that ensure that the parabolic vector bundle (f.Ox)/Oy is
actually parabolic stable.

1. Introduction

This work is inspired by [CLV]. We briefly recall the set-up and the
results of [CLV]. Let
f: X —Y
be a dominant generically smooth morphism between irreducible smooth
projective curves over an algebraically closed field k. We assume that

Char(k) > degree(f) if Char(k) > 0. Then the natural short exact se-
quence of vector bundles on Y’

0 — Oy — fOx — (fiOx)/Oy — 0

splits.  In this set-up, [CLV] gives numerous conditions under which
(f+Ox)/Oy is semistable or stable. Here are the main results of [CLV]:

(1) If f factors nontrivially as f = ¢ o h, where h is étale and the ho-
momorphism of étale fundamental groups induced by g is surjective
(such a map is called primitive), then (f.Ox)/Oy is not semistable.

(2) If f is étale, then (f.Ox)/Oy is semistable, and (f.Ox)/Oy is stable
if the representation of the Galois group Gal(X/Y) on the fiber of f
over an unbranched point of Y is irreducible.
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(3) Let f be a general primitive covering of degree r, where genus(Y') = h.
Then (f.Ox)/Oy is semistable if h = 1, and (f.Ox)/Oy is stable if
h > 2.

The vector bundle f.Ox captures the geometry of the covering map f
in an essential way (cf. [BP]).

The above vector bundle (f.Ox)/Oy has a natural parabolic structure.
This parabolic structure can be roughly explained as follows. Assume that
¥ : Z — Y is a ramified Galois cover such that the natural map

fi1Zxy X — Z

is étale, where Z xy ~X is the normalizer of the fiber product Z xy X. Then
the vector bundle ( f+0 X) /Oz is an equivariant vector bundle over Z
Y

for the action of the Galois group Gal(¢)) on Z. Using the correspondence
between parabolic vector bundles and equivariant vector bundles, this equiv-
ariant vector bundle on Z produces a parabolic vector bundle on Y. This
parabolic vector bundle on Y coincides with (f.Ox)/Oy equipped with the
parabolic structure.

We prove that (f.Ox)/Oy equipped with the parabolic structure is
always parabolic polystable (see Theorem 3.3). This generalizes the results
of [CLV] to a wider context.

We then give several conditions under which (f,Ox)/Oy equipped with
the parabolic structure is actually parabolic stable.

If the action of the Galois group I' of the Galois closure of f on the space
of functions on a fiber of f over an unbranched point of f modulo scalars
is irreducible, then (f.Ox)/Oy equipped with the parabolic structure is
parabolic stable (see Proposition 4.2).

If the Galois group I is the symmetric group S, or the alternating group
Ay, where r is the degree of f, then (f,Ox)/Oy equipped with the parabolic
structure is parabolic stable (see Theorem 4.3).

If f is genuinely ramified (same as primitive) and Morse (see [BKP]),
then (f.Ox)/Oy equipped with the parabolic structure is parabolic stable
(see Corollary 4.4). Note that a general genuinely ramified map is Morse.
Hence the parabolic analogue of the main result (3) of [CLV] holds. Also
note that for a given genuinely ramified map f, it is possible to check

whether it is Morse or not. So parabolic stability can be decided for f
while stability is existential.
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2. Direct Image and Parabolic Structure

2.1. Direct image of structure sheaf
The base field k is algebraically closed. Let X and Y be irreducible
smooth projective curves defined over k£ and

(2.1) f: X —Y
a dominant generically smooth morphism such that
Char(k) > r := degree(f)

if Char(k) # 0. Consider the vector bundle f,Ox — Y of rank r. There
is a natural homomorphism « : Oy — f.Ox given by the identity map
f*Oy = Ox — Ox [Hat, p. 110]. On the other hand, there is the
trace morphism G : f,Ox —— Oy which is constructed using addition of
functions. The composition 3o« coincides with 7 -Ide, , and hence we have
the decomposition

(2.2) f:Ox = Oy @ kernel(3)

(recall that Char(k) > r if it is nonzero). For convenience, denote E :=
kernel(5) C f.Ox, so (2.2) gives

(2.3) f.0x = Oy & E.

The vector bundle E has a natural parabolic structure which will be
briefly recalled.

2.2. Parabolic bundles
As before, X is an irreducible smooth projective curve over k. Let

D = {ﬁl,"',l‘g} c X

be a finite subset. Take a vector bundle V' on X. A quasi-parabolic structure
on V is a strictly decreasing filtration of subspaces

(2.4) Ve, = V;l 2 ‘/;2 DD Vzm » Vini—&—l -0
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for every 1 < i < /; here V,, denotes the fiber of the vector bundle V' over
the point x; € D. A parabolic structure on V is a quasi-parabolic structure
as above together with ¢ increasing sequences of rational numbers

(2.5) 0< aip < g < - <ajy, <1, 1<i<{

the rational number «; ; is called the parabolic weight of the subspace Vij in
the quasi-parabolic filtration in (2.4). The multiplicity of a parabolic weight
a;j at x; is defined to be the dimension of the k-vector space Vij / Vij +
A parabolic vector bundle is a vector bundle equipped with a parabolic
structure. The subset D is called the parabolic divisor. (See [MS], [MY].)

Let Vi denote the parabolic vector bundle defined by (2.4) and (2.5).
The parabolic degree of V, is defined to be

L ny
par-deg(Vs) = degree(V)+ Y > a;;-dim VI vt
i=1 j=1

and the parabolic weight of V; is defined to be Zle >y i j-dim Vij / Vij +

The rational number
_ par-deg(V%)

Vi) =
u(v) rank(V)
is called the parabolic slope of V.

Any subbundle W C V has a parabolic structure induced by the
parabolic structure of Vj; the resulting parabolic bundle will be denoted by
W,. The parabolic vector bundle V; is called stable (respectively, semistable)
if

p(We) < (Vi)  (respectively, (W) < pu(Vi))
for all subbundle 0 # W C V. The parabolic vector bundle V, is called

polystable if it is a direct sum of stable parabolic bundles of same parabolic
slope. (See [MS], [MY].)

2.3. Parabolic structure on a direct image

Take f as in (2.1). We will show that the vector bundle E in (2.3)
has a natural parabolic structure. This will be done by first constructing a
natural parabolic structure on the direct image f,Ox.

Let

(2.6) RcC X
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be the ramification locus of f. The given condition that Char(k) > r, if
it is nonzero, implies that f is tamely ramified. For any point x € X, let
mg, > 1 be the multiplicity of f at x, so we have m, > 2 if and only if
x € R. Let

(2.7) A= f(R CVY

be the branch locus for f, which will be the parabolic divisor for the
parabolic structure on f,Ox.

For any point y € Y, the fiber (f.Ox), of the vector bundle f,Ox over
y has a decomposition

(2.8) (fO0x)y = P F
)

z€ f~Hy

such that dim F, = m,, where m, is defined above (see [AB, p. 19562,
(4.4)]); here f~1(y) denotes the set-theoretic inverse image. To describe the
subspace F; C (f.Ox)y in (2.8), consider the homomorphism

(2.9) flox = Y me2 — f.O0x
zef~L(y)\x

given by the natural inclusion of Ox (— Zzef—l(y)\x mzz) in Ox. The

subspace F, C (f«Ox), in (2.8) is the image of the homomorphism of
fibers

| Ox | — Z mzz - (f*OX)y

zef~Hy)\x y

corresponding to the homomorphism of coherent sheaves in (2.9).

The parabolic structure on (f,Ox), will be described by giving a
parabolic structure on each direct summand F, in (2.8) and then taking
their direct sum. To give a parabolic structure on F}, first note that for any
j > 0, there is a natural injective homomorphism of coherent sheaves

(2.10) folox | —jz— > mez — f.0x
zef~L(y)\x
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(see (2.9)). The image of the fiber f, (OX (—jx - Zzef—l(y)\x mzz)>y in

(f+Ox)y by the homomorphism in (2.10) will be denoted by F(z,j). We
have a filtration of subspaces of F}:

(2.11) F, :=F(z,0) D F(z,1) D F(z,2) D ---
D F(x,mz —1) D F(z,myz) = 0.
Note that
folox = Y. mez| ] = (£:0x) @ Oy(-y)
z€f~H(y)
by the projection formula, and hence we have F(z,m,) = 0. The quasi-

parabolic filtration of F;, is the one obtained in (2.11). The parabolic weight
of the subspace F(z,j) C F, in (2.11) is mix (See [AB].) The parabolic
structure on (f+Ox)y is given by the parabolic structure on the subspaces
F, using the decomposition in (2.8). More precisely, for any 0 < A\ < 1,
the subspace of (f.Ox), of parabolic weight at least X is the direct sum of
subspaces of F,, z € f~(y), of parabolic weight at least ).

Let (f+«Ox )« denote the parabolic vector bundle of rank r defined by the
above parabolic structure on f,Ox. From the construction of the parabolic
structure of (f.Ox). it follows immediately that the induced parabolic
structure on the direct summand Oy in (2.3) is the trivial one (it has no
nonzero parabolic weight). Consider the parabolic structure on the direct
summand E in (2.3) induced by the parabolic structure of (f«Ox).. The
resulting parabolic bundle will be denoted by E,.. Note that we have

(2.12) (f:Ox)x = Oy @ Ey;
In Section 3.2 we will show that E, is parabolic polystable.

3. Parabolic Pullback and Polystability of Direct Image

3.1. Pullback of parabolic bundles
Let M and N be irreducible smooth projective curves defined over k,
and let

(3.1) p: M — N
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be a generically smooth tamely ramified covering map. Take any parabolic
vector bundle W, on N. Then we have the pulled back parabolic vector
bundle ¢*W, on M; see [AB, Section 3] for its construction. If D is the
parabolic divisor for W, then the parabolic divisor of ¢*W, is the reduced
divisor ¢ !(D);eq. To give an idea of the pullback ¢*W,, let z € D be a
parabolic point of W,. Assume that the quasiparabolic filtration at z is
(3‘2) Wz:W12W22"'DWnDWn+1:0

= =

(see (2.4)), and the parabolic weights are
0<a <ay < -~ < ay <1

(see (2.5)). Then “roughly” the underlying vector bundle for the parabolic
bundle @*W, is p*W, where W is the vector bundle underlying W,, and
the quasiparabolic filtration of ¢*W, at any y € ¢ !(2)weq is “roughly”
the same as in (3.2) (since (¢*W), = W, the filtration in (3.2) gives a
filtration of subspaces of (¢*W),). The parabolic weights are “roughly”

0<m-a <m-ag < -+ < m-ay,

where m is the multiplicity of ¢ at y. But now the problem is that some
m - a; might exceed 1. Those weights are decreased by 1 and it is com-
pensated by performing a forward elementary transformation (also called
Hecke transformation) on the corresponding subspace of the filtration. This
process is repeated enough number of times until all the parabolic weights
are brought under 1.

To explain this more concretely, we consider the example of parabolic
line bundles. Take a line bundle L on N. Set the parabolic points to be
{z1, -+, z¢} € N, and equip L with the parabolic weight 0 < a; <
1 at x;; the resulting parabolic line bundle will be denoted by L. Let
Wit, vy} = 0 Yxi)rea € M be the reduced inverse image. The
multiplicity of ¢ at y;; is m; ;. Then the underlying line bundle for the
pullback @*L, is

b

(¢"L) ® On ZZ Imij -l - yij | s

=1 j=1
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where |A| denotes the integral part of A, and the parabolic weight at y; ;
is mi; - oy — [myj - a;]. (See [AB, p. 19554].) Note that tensoring with
On(|mij- i) - yij) is same as tensoring with Ops(y; ;) iteratively [m; ;- ;)
times.

We have

(3.3) par-deg(o*W,) = degree(p) - par-deg(W,)

(see [AB, p. 19560, Lemma 3.5(1)]).

Now assume that that ¢ in (3.1) is a ramified Galois covering such that
the order of the Galois group Gal(yp) is coprime to Char(k) if Char(k) is
nonzero. Consider the parabolic vector bundle (p.Oxs)s constructed in
Section 2.3. Then

(3-4) " (0sOm)s = On @y k[Gal(p)]

(see [AB, p. 19566, Proposition 4.2(2)]). In particular, the parabolic
structure on ¢*(p.Onr)s is the trivial one (there are no nonzero parabolic
weights).

3.2. Polystability of direct image
Take f as in (2.1) and consider the parabolic vector bundle (f,Ox)
constructed in Section 2.3.

LEMMA 3.1. The parabolic degree of the parabolic vector bundle
(f«Ox )« is zero.

PrOOF. Take a ramification point z € X of f. The contribution of x
to the parabolic weight of (f.Ox ). is
1 my — 1

(3.5) (1424 + (m, - 1) = T

On the other hand,

x(f+O0x) = x(Ox) = 1 —gx,

where gx is the genus of X. So by Riemann—Roch for f,Ox,

degree(fuOx) = 1 —gx —r(1 —gy) = r(gy — 1) —gx + 1,
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where gy is the genus of Y and r» = degree(f). Now, by Riemann—Hurwitz
formula,

(3.6) degree(fuOx) = r(gy —1) —gx +1 = —% ;{(mw —1).

Combining (3.5) and (3.6) it follows that par-deg((f«Ox)«) = 0. O

PROPOSITION 3.2.  The parabolic vector bundle (f«Ox)« is polystable.

PRrROOF. Let
(3.7) o+ M — Y
be the Galois closure of f and I' = Gal(¢) the Galois group. Let
(3.8) 6 : M — X

be the natural morphism, so ¢ = fod. Note that ¢ is also a Galois covering
with Gal(§) a subgroup of I'. Also since degree(f) = r, it follows that T" is
a subgroup of the symmetric group S,. The degree of ¢ divides r!, so the
given condition that Char(k) > r (if it is nonzero) implies that degree(¢) is
coprime to Char(k) (if it is nonzero). Since ¢ in (3.7) is Galois, this implies
that ¢ is tamely ramified.

We have a natural inclusion map f,Ox — ¢.Oyr. In fact, f,Ox is a
direct summand of ¢,Ojs. To see this, consider the trace morphism

(3.9) h : 9.0 — fiOx.
The composition of maps

coincides with multiplication by degree(é) (see (3.8)). Since degree(¢) is
coprime to Char(k) (if it is nonzero), we know that degree(d) is also co-
prime to Char(k) (if it is nonzero). So multiplication by degree(¢) is an
automorphism. Hence we have

(3.10) ?:On = f.Ox @ kernel(h),
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where h is the homomorphism in (3.9).

In view of (3.10), from the construction of parabolic structures on f,Ox
and ¢,.O)r it follows immediately that (f.Ox)s« is a parabolic subbun-
dle of (¢+«Opr)«. From this it can be deduced that the parabolic pull-
back ¢*(f«Ox)« is a parabolic subbundle of ¢*(¢+Ox).. Indeed, this is a
straight-forward consequence of the construction of the pullback of parabolic
bundles. From (3.4) we know that ¢*(¢.Onr)« does not have any nonzero
parabolic weight. Consequently, its parabolic subbundle ¢*(f.Ox). does
not have any nonzero parabolic weight.

We note that Lemma 3.1 and (3.3) combine together to imply that

(3.11) degree(¢"(fOx)s) = par-deg(¢*(f«Ox)«) = 0

(recall that ¢*(f+Ox ). does not have any nonzero parabolic weight). From
(3.4) it follows that ¢*(¢+Onr)« is a polystable vector bundle of degree
zero. Since degree(¢*(f«Ox)«) = 0 = degree(¢*(¢Onr)«) (see (3.11)),
and ¢*(f+Ox). is a subsheaf of the polystable vector bundle ¢*(¢.Opr)s,
we conclude that ¢*(f.Ox). is a polystable vector bundle of degree zero.
In particular, ¢*(f«Ox)« is semistable.

We will first show that the parabolic vector bundle (f.Ox)s is semi-
stable. Assume that (f.Ox). is not parabolic semistable. Let

be a parabolic subbundle that violates the inequality for the semistability,
meaning

par-deg(W,) > par-deg((f.Ox).) = 0

(see Lemma 3.1 for the above equality). Therefore, from (3.3) it follows
immediately that

par-deg(¢"Wi) > par-deg(¢*(fOx))-

Since this contradicts the above observation that ¢*(f,Ox ). is semistable,
we conclude that (f.Ox). is parabolic semistable.

Since (f+Ox )« is parabolic semistable, it has a maximal parabolic poly-
stable subbundle of same parabolic slope which is known as the socle (see
[HL, p. 23, Lemma 1.5.5]). Let

(3.12) S C (f+Ox)«
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be the socle of (f+Ox)«. Consider the parabolic subbundle

(3.13) ¢*S, C ¢ (£.0x)..

Note that ¢*S, does not have any nonzero parabolic weights because
¢*(f+Ox)« does not have any nonzero parabolic weights. Let

(3.14) q : ¢ (f:O0x)« — (7 (f:Ox)«) /975

be the quotient map. Since par-deg(S,) = 0, from (3.3) it follows that
degree(¢*S,) = par-deg(¢*S.) = 0;

note that (¢*(f.Ox)«)/¢*Sx is locally free because (¢*(f.Ox)s) is semi-
stable of degree zero. The action of the Galois group I' on ¢*(f.Ox)x
evidently preserves the subbundle ¢*S,. So the action of I on ¢*(f.Ox)s
produces an action of I" on (¢*(f+Ox)«)/P*Sx.

As ¢*(f«Ox). is a polystable vector bundle of degree zero, and
degree(¢p*S,) = 0, the subbundle ¢*S, C ¢*(f+Ox). admits a comple-
ment. In other words, there is a homomorphism

(3.15) n (0" (f+Ox)x) /0" Sk — ¢"(fOx)«
such that
(3.16) qon = Id(f,0x).)/6*S.>

where q is the projection in (3.14). The action of I' = Gal(¢) (see (3.7))
on ¢*(f«Ox)« preserves the subsheaf ¢*S, in (3.13). Hence the action of
I' on ¢*(f+Ox). produces an action of I' on the above quotient
(¢*(f+Ox)«)/¢*Ss. Now using the actions of the Galois group I' on
¢*(f«Ox )« and (¢*(fOx)«)/d*S«, construct the following homomorphism
from 7 in (3.15):

1
n

= gp 2 (7 onon ¢ (LOX)/°S. — ¢ (1.0x).

vyer

where (y71) (respectively, 7”) denotes the automorphism of ¢*(f.Ox)x
(respectively, ¢*(fOx)«/¢*Ss) given by the action of vy~ (respectively, )
on ¢*(f«Ox)« (respectively, ¢*(f«Ox)«/P*Ss); recall that the order of T is
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coprime to Char(k) if Char(k) is nonzero, and hence we can divide by the
order #I" of I". From (3.16) it follows immediately that

qo?n = Idg(r.0x).)/6"5.-

Note that Z := image(7) C ¢*(f«Ox)« is preserved by the action of I" on
¢*(f«Ox)x«. Since ¢ is tamely ramified, this implies that there is a unique
parabolic subbundle

such that ¢*F, = Z. Moreover, we have
(3.17) (f«Ox)s = Fr® Sy,

because ¢*(f,Ox). = ¢*Fy @ ¢*S,.

If F, is nonzero, then (3.17) contradicts the fact that S, is the unique
maximal parabolic polystable subsheaf (in other words, the socle) of
(f«Ox)« of parabolic degree zero. Indeed, if W, C Fy is a parabolic
polystable subbundle of parabolic degree zero, then W, & S, is also a
parabolic polystable subbundle of (f.Ox). of parabolic degree zero. There-
fore, we have F, = 0, which implies that (f,Ox). = Sk, or in other words,
(f+Ox )« is polystable. O

THEOREM 3.3. The parabolic vector bundle E, in (2.12) is parabolic
polystable of parabolic degree zero.

ProoF. We know from Proposition 3.2 and Lemma 3.1 that the
parabolic vector bundle (f,Ox). is parabolic polystable of parabolic de-
gree zero. It was observed in the last paragraph of Section 2.3 that the
parabolic subbundle Oy C f.Ox in (2.12) does not have any nonzero
parabolic weight, and we have degree(Oy) = 0. From these it follows that
the parabolic subbundle E, C (f.Ox). is parabolic polystable of parabolic
degree zero. [J

4. Parabolic Stability

LEMMA 4.1. Take any f as in (2.1) such that there is an irreducible
smooth projective curve Z and morphisms

w:X —Z and ¢p:Z —Y
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for which f = pow and degree(yp) < degree(f). Then the parabolic vector
bundle E, in (2.12) is not stable.

PrROOF. The given condition that f = ow implies that the parabolic
vector bundle (¢.Oyz), is a parabolic subbundle of (f,Ox),. Lemma 3.1 and
Proposition 3.2 together say that both (¢.Oz). and (f+Ox). are parabolic
polystable of parabolic degree zero. Consequently, the image of the compo-
sition of maps

(0x02)s = (fxOx)sx — Ei,

where (fiOx)« — FE, is the projection for the decomposition in (2.12),
violates the stability condition for E. [

Take any f asin (2.1). Asin (3.7)
¢ : M — Y

is the Galois closure of f. As before, let I' denote the Galois group Gal(¢)
and 6 : M — X be as in (3.8). As noted before, § is a Galois covering.
Let H denote the Galois group Gal(é). Then

(4.1) H CcT.
Let
(4.2) V C k[I'/H]

be the subspace consisting of all > /¢y -y € k[I'/H], where ¢, € k,
such that
Z cy = 0.
~el'/H

The left-translation action of I' on I'/H produces an action of I on V.

ProrosiTiON 4.2. If the above action of I' on V is irreducible, then
the parabolic vector bundle E, in (2.12) is parabolic stable.

PROOF. In the proof of Proposition 3.2 it was shown that ¢*(f.Ox )
is a subbundle of ¢*(¢.Onr)« = Onr @y kL] of degree zero (see (3.11) and
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(3.4)); recall that ¢*(¢+Onr). does not have any nonzero parabolic weight.
This immediately implies that there is a unique subspace

W C k[T

such that the subbundle ¢*(f.Ox )« C On ®y k[I'] coincides with Opr @,
W C Oum ® k[I']. Now it is straight-forward to see that W = Ek[['/H],
where H is the subgroup in (4.1). Consequently, the parabolic vector bundle
E, in (2.12) has the following property:

(4.3) OBy = Oy @,V C Oy @4 kL] = ¢ (0:Onr)+,

where V is the subspace in (4.2).
Assume that the parabolic vector bundle E, is not parabolic stable. Let

04 F, C E,

=

be a parabolic subbundle that violates the stability condition for F,. Since
E, is parabolic polystable (see Theorem 3.3), this implies that

par-deg(Fy) = 0.

Hence from (3.3) it follows that par-deg(¢*F.) = 0. Since ¢*Fx is a
parabolic subbundle, of parabolic degree zero, of ¢*(¢.Onr)x = O @ k[,
there is a unique subspace Wy C k[I'] such that the subbundle ¢*F, C
O @y, k[I'] coincides with Oy @ Wy C Op @y k[T
We have
0# Wog C V

because F, C FE, (see (4.3)). Also Wy is preserved by the action of I' on
k'] because ¢*F} is pulled back from Y. Hence the I'-module V is not
irreducible. In view of this contradiction we conclude that E, is parabolic
stable. [J

THEOREM 4.3. If the Galois group U is the symmetric group S, or the
alternating group A, then E, in (2.12) is parabolic stable.

ProOF. IfI'is S, then H = {0 € S, | o(r) = r} = S,_1. More-
over, the representation V is the standard representation of S, which is
irreducible. Even if T' is A,, the action of T' on k(I'/H) is same as the
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restriction of S,-action on k(S,/S,—1) to the subgroup A,. Hence in this
case as well V is the restriction of the standard representation to A,, which
again is irreducible.

Now the result follows from Proposition 4.2. [

COROLLARY 4.4. Let f of (2.1) be genuinely ramified and Morse, then
E, in (2.12) is parabolic stable.

PROOF. The main theorem of [BKP] implies that the monodromy I' of
f is Sy. Hence the result follows from Theorem 4.3. [J
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