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Convexity of the Phase Boundary in the BCS Model
with Imaginary Magnetic Field

By Yohei KASHIMA

Abstract. We study geometric properties of the domain of the
two parameters (inverse temperature, imaginary magnetic field) where
the gap equation of the BCS model with imaginary magnetic field has
a positive solution. If the interaction is weak and the free dispersion
relation is non-vanishing, the domain is a disjoint union of periodic
copies of one representative set in the plane of (inverse temperature,
imaginary magnetic field). In this paper we provide a necessary and
sufficient condition for the representative set to be convex as the main
result. More precisely we prove the following. The representative set
is convex for any weak coupling and non-vanishing free dispersion rela-
tion if and only if the minimum of the magnitude of the free dispersion
relation over the maximum is larger than the critical value /9 — 44/5.
In the context of dynamical quantum phase transition (DQPT) the
imaginary magnetic field is considered as the real time variable. So
this is an analysis of the phase boundary of a DQPT in the plane of
(inverse temperature, real time). In particular convexity of the rep-
resentative phase boundary is characterized by the critical constant
V9 — 44/5. The gap equation rigorously derived in the preceding pa-
per [Y. Kashima, J. Math. Sci. Univ. Tokyo 28 (2021), 399-556] is at
the core of our analysis.

1. Introduction and Main Results

1.1. Introduction

It is an interesting subject to study the Bardeen-Cooper-Schrieffer (BCS)
model, which has been a paradigm of describing phase transitions, in non-
equilibrium setting. In recent years a non-equilibrium phenomenon called
dynamical quantum phase transition (DQPT) has been actively investi-
gated. DQPTs are defined by non-analyticity of a dynamical analogue of
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the free energy density with the real time variable (][9], [7]). It emerged that
the BCS model with imaginary magnetic field introduced in [11], [12], [13]
can naturally fit in the formalism of DQPT at positive temperature. This
connection motivates us to reveal universal properties of this non-Hermitian
system.

Let us explain more about the link between the BCS model with imag-
inary magnetic field and the concept of DQPT. Let H, S, denote the BCS
model with the reduced BCS interaction, the z-component of the spin op-
erator respectively. These operators will be defined explicitly in Subsection
1.2. We want to know where the following function loses analyticity in
R>0 x R.

(1.1) (8,t) — lim <—ﬂiNlog(Tr e_fBH“tSZ)) .

N—oo

Here ( is the inverse temperature and N denotes the system size. We
are calling the complex number it ({ € R) imaginary magnetic field for
convenience. The real variable ¢ can be considered as real time in the
context of DQPT as explained below. Since the right-hand side of (1.1) can
formally be seen as the free energy density of the BCS model interacting
with the imaginary magnetic field, we call the loss of analyticity of the
function (1.1) phase transition by analogy with the conventional definition
of phase transition. In this paper as in our previous work [11], [12], [13],
[14] the BCS interaction is assumed to be weak, and thus there is no phase
transition defined by non-analyticity of the free energy density without the
imaginary magnetic field

1
B — A}Enoo <_B—N log(Tr e_’gH)> .

Therefore the regularity of the function (1.1) is the same as that of

' 1 Ty e—BH+itS-
(B,2) = Jim_ (—@—N log (W)) :

Since H commutes with S,

o~ BHFiItS: _ —BH itS. _ —BH —itH Jit(H+S.)
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We conclude that the regularity of (1.1) is the same as that of

(12)  (3,t) — lim (-ilog <w>)

N—o0 BN Tre—GH
) 1 Tr(e—ﬁHe—itHeit(H—i-Sz))

in R x R. The function (1.2) can be considered as the finite-temperature
version of the rate function of the Loschmidt amplitude (19, €51)q), where
g is the ground state of H. The appearance of non-analyticity of the func-
tion (1.2) with the time ¢ defines DQPT. This definition is in line with e.g.
[3], [8], [16]. On the other hand, according to [23], [21], the characteristic
function of the work done in the many-electron system by suddenly changing
the initial Hamiltonian H to H+ S, is given by

Tr(e~PHe—itH eit(H—I—Sz))

1.4
(1.4) Tr e—AH

Based on this observation, DQPT is defined by non-analyticity of the func-
tion (1.3) with ¢. This alternative definition appears in e.g. [1], [17], [20]. As
explained in [21], (1.4) is also considered as the finite-temperature version
of the Loschmidt amplitude (1, e *He(H+S2)y0). So the variable t can
be interpreted as real time in this definition as well. We can now see that
studying properties of (1.1) is relevant to the recent physical research of
DQPT, though the papers [3], [8], [16], [1], [17], [20] treat 1D quantum spin
systems and 2D non-interacting Fermion systems as benchmark models. In
this paper we aim at characterizing the phase boundary where the function
(1.1) loses analyticity geometrically. In other words our purpose is to char-
acterize the phase boundary of DQPT in the plane of (inverse temperature,
real time).

For clarity we remark that it is not common at present to draw a phase
boundary with the real time axis as we do in this paper. In the physics
literature on DQPT what is called dynamical phase diagrams are drawn
with other control parameters for which a dynamical analogue of the free
energy density shows non-analytic behavior with time. See e.g. [25], [6],
[16].

In order to explain the main result of this paper in more detail, let us
recall what have been proved in the BCS model with imaginary magnetic
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field so far. It was proved in the preceding papers [11], [12], [13] that tran-
sitions between the normal phase and the superconducting phase occur at
positive temperature. In the plane of ((,¢) the superconducting phase is a
domain where the gap equation has a positive solution A(/3,t), which we
call gap function or order parameter. In [11], [12] where the free Fermi sur-
face is non-empty the possible magnitude of the BCS interaction depends
on the temperature and the imaginary magnetic field. In [13] where the free
Fermi surface is empty or in other words the free dispersion relation is non-
vanishing the interaction must still be small. However, the magnitude can
be independent of the temperature and the imaginary magnetic field. This
enables us to fully draw the phase boundary on the plane of (inverse temper-
ature, imaginary magnetic field) or equivalently (inverse temperature, real
time) for any sufficiently small BCS coupling and study its geometric prop-
erties while justifying the derivation of the gap equation. In [13, Section 2]
we saw that the phase boundary is a disjoint union of periodic copies of one
representative simple curve and the upper half of the representative curve
is the reflection of its lower half across a horizontal line. To understand the
situation with non-vanishing free dispersion relation better, we remark the
following relations. Here p(€ Rs() denotes a period.

(1.5)
(Phase boundary)
={(B,t) € Ry x R | the function (1.1) is not analytic at (3,t)}
= Boundary of
{(B,t) € Rxg x R | the gap equation has a positive solution A(S,t)}
NRsg xR
= I_I {(B,t+pm) | (B,t) € (the representative simple curve)},
meZ
(the representative simple curve) = (the lower half) U (the upper half),
(the upper half) = (reflection of the lower half across a horizontal line),
(1.6)
{(B,t) € Rug x R | the gap equation has a positive solution A(S,¢)}
= |_| {(B,t+pm) | (B,t) € (the representative set)},
meZ
Boundary of (the representative set) "R x R
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= (the representative simple curve).

Therefore it is sufficient to focus on the lower half of the representative curve
to analyze the whole phase boundary.

To simplify subsequent explanations, let emin, €mazr (0 < €min < €maz)
denote the minimum, the maximum of the magnitude of a non-vanishing
free dispersion relation respectively. These will be rigorously defined in
Subsection 1.2.

In this paper we continue working on the BCS model whose free dis-
persion relation is non-vanishing under the influence of imaginary mag-
netic field at positive temperature. As explained above, the set {(53,t) €
R-o xR | A(B,t) > 0} is a disjoint union of periodic copies of one represen-
tative set of (3,t), whose boundary is the representative simple curve. We
prove the following statement as the main result. The representative set is
convex for any non-vanishing free dispersion relation having ein, €maz and
any weak coupling constant if and only if % is larger than the critical

value V9 — 4/5.

Since the upper half of the representative simple curve is the reflection
of the lower half, the convexity of the representative set is equivalent to the
convexity of the lower half of the representative curve. The main results of
[13, Section 2], [14] and this paper can be summarized in terms of geometric
properties of the lower half of the representative curve of the phase boundary
as follows.

e In [13, Theorem 2.19] the unique existence of a local minimum point
is characterized by the relation between £~ and the critical constant

V17— 12V/2.

e In [14, Theorem 1.7, Theorem 1.8] the (non-)existence of a stationary
point of inflection is characterized by the relation between ::;’; and

the critical constant /17 — 12+/2.

e In Theorem 1.11 of this paper the convexity is characterized by the
relation between :Zﬁ and the critical constant v/9 — 41/5.

A more rigorous version of the summary is given in Remark 1.15. Since the
convexity implies the uniqueness of a local minimum point and /9 — 4v/5(~

0.236068) > /17 — 12y/2(~ 0.171573), the stronger property of the phase
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boundary is characterized by the stronger inequality % > V9 — 45 in
Theorem 1.11 than in [13, Theorem 2.19]. We are interested in the fact that
various fundamental properties of the phase boundary can be systematically
characterized by the relation between ;’;ﬁ and the critical constants. This
is the mathematical motivation behind this series. We add that existence
of a stationary point of inflection is equivalent to existence of a higher order
phase transition with temperature, and thus [14, Theorem 1.7, Theorem
1.8] characterize the (non-)existence of a higher order phase transition with
temperature as well.

We focus on a class of non-vanishing free dispersion relations mainly
because the derivation of the gap equation from the many-Fermion system
is justified for any temperature and imaginary magnetic field. DQPTs in
insulating Hamiltonians with ground state topology are a central topic in
the research area. Some of the benchmark models can be written with
one-particle Hamiltonian matrices belonging to our class. These are e.g.
the Haldane model ([5], [8]), the Su-Schrieffer-Heeger model ([22], [10]).
Concrete construction of these models with our notations was given in [14,
Remark 1.2]. Tt is encouraging that our class of non-vanishing free dispersion
relations is relevant to the recent research of DQPT.

There are technically close relations between [13, Section 2| and [14].
The previous work [14] applies some key lemmas established in [13, Section
2]. In this paper we admit the gap equation derived in [13]. We also have
a few simple lemmas in common with [13, Section 2|, [14]. However, the
technical construction is essentially different from these preceding papers.
Key lemmas necessary to prove the main results are newly established here.
In this sense this paper is more self-contained than [14].

We do not find a research article on DQPT in the BCS model at positive
temperature, apart from [11], [12], [13], [14] at present. Concerning DQPTs
in the BCS model at zero temperature, we cite the recent paper [19]. Though
only a few articles report on DQPT in the BCS model so far, there are many
papers on non-equilibrium phases characterized by long time behavior of the
dynamical order parameter of the model. See e.g. the references of [19] or
[18], [24]. The paper [19] investigates whether the DQPT can indicate these
non-equilibrium phases defined differently.

This paper is outlined as follows. In the next subsection we set up
notations and state the main results. In Section 2 we prove that if % >
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V9 — 41/5, the representative set of the domain where the gap function is
positive is convex for any sufficiently small coupling constant. In Section
3 we prove that if ::ﬁ < V9 —44/5, the convexity of the representative
set does not necessarily hold. Finally in Section 4 we show that if ::ﬁ =

V9 — 41/5, the convexity does not necessarily hold, either. This completes
the characterization of the convexity in terms of the relation between g;’jﬁ

and the critical constant /9 — 4/5.

1.2. Notations and the main results

Here we introduce necessary notations and state the main results. We
are going to analyze the phase boundary, which is governed by the gap
equation. The gap equation was originally derived from a many-electron
system in [13]. Though we do not explain the derivation in detail, it must
be informative to present the corresponding many-electron system explicitly.
Let the number d(€ N) denote the spatial dimension. Let vq,---,v4 be a
basis of R? and ¥1,--- , ¥4 be its dual basis. Let b, L € N. We consider a
general spatial lattice which has b sites in its unit cell. Such a lattice can
be identified as B x I, where B := {1,--- ,b},

d
D=0 myv; | mye{0,1, -+ L1} (j=1,-- ,d)
=1

The momentum lattice dual to B x I is B x I'*, where

d
x o . 2T 2w .
r«:= Z;mjvj m; € {O’T"” ’T(L_l)} (j=1,---,d)
]:
The free Hamiltonian Hg is defined by

L7 Hos= Y > > e RXEK) (0, n) ¢ Uy

,x),(n, kel
(pel);inry) oce{1,l} ke

where (-,-) denotes the standard inner product of R¢ and Vixor Vpxo
((pyx,0) € B xT x{1,]}) denote the creation, the annihilation opera-
tor on the Fermionic Fock space Fy(L?(B x T' x {1,]})) respectively. The
matrix-valued function E : R? — Mat(b,C) plays an important role in
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this paper. We call it one-particle free Hamiltonian matrix and its eigen-
values parameterized by the momentum variable k free dispersion rela-
tions. With constants €,,in, €mar € Rsq satisfying €m,in < €mar we define

the set E(emin, €maz) of one-particle free Hamiltonian matrices as follows.
E € &(emin, €magz) if and only if

(1.8) E € C®(R?, Mat(b, C)),
E(k) = E(k)*, Yk € R?,
E(k 4 27v;) = E(k), Yk e R?, j e {1,---,d},

(1.9) E(k) = E(-k), Yk € R?,
(1.10) klél]lgd ulélcfb |E(k)ullcs = emin,
with [[ull =1
(1'11) sup HE(k)HbXb = €maz-
keR?
Here || - || is the standard norm of C® induced by the Hermitian inner
product and || - ||pxp is the operator norm on Mat(b,C). Here we consider

Mat(b, C) as a Banach space with the norm ||-||px; and C*°(R?, Mat (b, C)) as
the set of the Banach space valued smooth functions. In fact the smoothness
(1.8) can be relaxed and the symmetry (1.9) is not needed at all to prove
the main results of this paper. We assume them only to identify the gap
equation analyzed here as that rigorously derived from the many-electron
system based on these conditions in [13]. Crystalline lattices well studied
in condensed matter physics can be expressed as B x I'. For example d = 2,
b =2 vi = (1,0)T, vy = (%,@)T for the honeycomb lattice, d = 2,
b=3,vi = (1,07, vo = (0,1)T for the Copper Oxide lattice. By tuning
the onsite energy free Hamiltonians of hopping electron on these lattices
can be formulated in the form (1.7) with some E € &(emin, €maz). The
Su-Schrieffer-Heeger (SSH) model ([22], [10]) and the Haldane model ([5],
[8]) are benchmark models showing DQPTSs at positive temperature. These
models are originally spinless. Our free Hamiltonian covers their trivial
extensions with spin. See [14, Remark 1.2] for formulating the SSH model
and the Haldane model into the form (1.7).

In the infinite-volume limit L — oo the momentum lattice I'* becomes
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the following set.

Zk;vj €l0,2n] (j=1,--,d) p (CR%.

For E € E(emin, €maz) We define the function gg : Rsg x R x R — R by
(1.12)

gp(z,t,z) = —m

. sinh(z+/E(k)? + 22)
* Dd/;o et <(cos(t/2) + cosh(z+\/E(k)? + 22))\/E(k)2 + z2> ’

where Dy := |det(Vy,---,v4)|71(27)"% and U € Rg. Originally the pa-
rameter U controls the strength of attractive interaction between Cooper
pairs. For any function f : R\{0} — C and non-singular Hermitian matrix
E € Mat(b,C) we define f(E) € Mat(b,C) by the spectral decomposition.
For (8,t) € Ryg x R we call the equation gg(0,t,A) = 0 with unknown
A € R gap equation.

The free energy density derived in [13, Theorem 1.3 (ii)] explicitly de-
pends on the gap function A. Let us recall the statement. For any proposi-
tion P 1p :=1if P is true, 1p := 0 otherwise. Let E € E(emin, €maz). For
(B,t) € Ryg x R let A € R>( be a solution to the gap equation if exists.
As we will see in Lemma 1.1, such A is unique. Set A := 0 if there is no
solution to the gap equation. If

2d d+1
(1.13) U e —5 min{emin, e+, 0

with ¢ € (0, 1] depending only on d, b, (¥ ) ', and the quantity

Q"

sup  sup ——FEk 1¢a ,

keRd m;eNU{o} 1:[1 oK' (k) 2 G mysd+2
G=t,.a) 7 bxb

1 ,
lim <— AL log(Tr e~ PHF5: )>
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A% Dy <t)
= — - — dkTrlog | 2cos | = e PEK)
Ul B Jrs, < 2

)

4 SVBPFAT-B) | 5 E<k>2+A2+E<k>>>

where
(1.15) H:=Ho+V,
U .
V.= Td Z ¢pr¢pxlwnyl¢nyT’
(p,x),(n,y)
eBxr
1 % *
SZ = § Z (¢pr7/}pr - wpxld)pxl)'
(p,x)eBxT

The operator V is the reduced BCS interaction and S, is the z-component of
the spin operator. The operator H is called the BCS model or the reduced
BCS model because of the form of interaction. For clarity we remark that
in [13, Theorem 1.3 (ii)] the infinite-volume limit

1 .
. —B(H+146S .
lim (—W log(Tre ( )))

with 6 € R was derived. Since the real parameter 6 can be chosen arbitrarily,
the above statement follows. The Fermionic operators appear only in this
subsection.

As summarized in Lemma 1.3 later, the free energy density loses ana-
lyticity on the boundary of the domain of (3, t) where the gap equation has
a positive solution. To describe this precisely, we need to know properties
of the gap equation. The following lemma is essentially the same as [13,
Lemma 1.2]. However, as it is important for the present paper, let us give
the proof here. The claim (iv) provides the rigorous version of (1.6). Let
tanh™! : (—1,1) — R be the inverse function of tanh : R — (—1,1).

LEMMA 1.1. Assume that U € (—QeT’TLi", 0). Then there uniquely exists

2 tanh™! <M>]
Emin 2emin

such that the following statements hold.

e o
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(i) If B> Be. gu(B,1,2) # 0 for any (1,2) € R x Rxg.

(ii) gr(Be,t,A) =0 with (t,A) € R x R>q if and only if t = 2w (mod 47)
and A = 0.

(iii) If 0 < B < B, there exists (t,A) € R x Rsg such that gp(5,t,A) = 0.
Such A is unique. Moreover there uniquely exists T((3) € (m,2m) such
that ge(B,67(8) + 4mm,0) =0 for any 6 € {—1,1}, m € Z.

(iv) Let the function B — 7(8) : (0,0.) — (mw,27) be defined by the claim
(ii).
(1.16)

{(B,t) € Rsg x R|there uniquely exists A € Rsg such that g(8,t,A) =0}
= {(1871:) € IR>0 xR ‘ gE(/Byt?O) > 0}
= | J{(B,t) e R x R

meZ

| B€(0,6.), t e (r(8)+4mm, —7(8) + 4(m + 1)7)}.

ProOOF. Observe that

9 1
ge(B,2m,0) = ] +Da /Foo ety (tanh(%E(k))E(k)> .

It follows that 5 +— gg(0,2m,0) is strictly monotone decreasing and

2 b
lim ,2m,0) = 400, lim ,2m,0) < —— 4+ —— < 0.

Thus there uniquely exists 3. € Rsg such that gg (S, 2m,0) = 0. Moreover

2 b
U] tanh (5 €min) €min

2
B, < ——tanh™! <M> )
Emin 2emin

or
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The following property is useful.
(1.17)
For any (8,t) € Ry xR, 2z — gg(8,t,2) : R>g — R is strictly monotone

decreasing. Moreover, lim ggp(f8,t,2) = ——— < 0.
zZ— 00

U]
The claimed decreasing property can be confirmed by showing that

d 1 sinh(X) 1 d (sinh(X)
— : - — <0,
dX \a+ cosh(X) X a + cosh(X) dX X

Va € [-1,1], X € Ryg.

By (1.17)

gE(ﬂﬂf? Z) S gE(ﬁ>t’ 0) S gE(ﬁa 271',0) < gE(BCv 27T,0) = 0)
V(ﬁ,t,z) € (ﬁc, OO) x R x RZO'

Thus the claim (i) holds.
If t # 27 (mod 47), A € R>g and gg(f.,t,A) =0,

0= gE(ﬁCa t, A) < gE(ﬂCa 2m, A) < gE(ﬁc’ 2m, 0) =0,

which is a contradiction. If t € R, A > 0 and gg(8.,t,A) =0,
0= QE(/@w t: A) < gE(ﬁCv tv 0) S gE(/ch 27T7 0) = 07

which is again a contradiction. Thus, if gg(8.,t,A) = 0 with (¢t,A) €
R x R>g, t = 27 (mod 47) and A = 0. The converse is clear. The claim (ii)
holds.

If 5 € (0, Be),

2
9e(6,27,0) > gp(fB, 2m,0) =0, lim gg(8,2m,z2) = —m < 0.
zZ— 00
These imply that there exists (¢, A) € R x Rs¢ such that gg(5,t,A) = 0.
By (1.17) such A is unique. By assumption gg(3,7,0) < —% + #
0. Since gg(f,2m,0) > 0, there uniquely exists 7(5) € (m,2m) such that
ge(B,67(8) + 4mm,0) = 0 for any 6 € {—1,1}, m € Z. This ensures the

claim (iii).



Convexity of the Phase Boundary 13

One can deduce the first equality of (1.16) from the property (1.17). For
any 8 € (0,06.), m € Z, t € (1(B) + 4mm,—7(8) + 4(m + 1)7) gr(5,t,0) >
9e(B,7(8),0) = 0. Conversely let us assume that (3,t) € Rso x R and
ge(08,t,0) > 0. By (1.17) there exists A € Rsq such that gg(5,t,A) = 0.
By (i), (ii) 8 < Be. If t ¢ (7(8) + 4mm, —7(8) + 4(m + 1)x) for any m € Z,
9e(6,t,0) < gp(B,7(8),0) = 0. Contradiction. Thus there exists m € Z
such that t € (7(8) + 4mm, —7(8) + 4(m + 1)7). The second equality of
(1.16) is also proved. (J

In order to ensure the existence of the critical inverse temperature (.,
we always deal with U € R satisfying |U| < 28%"” in this paper. The
negative parameter U controls the strength of attractive interaction. See
(1.15). The sign of U matters in the derivation of the gap equation from the
many-electron system. In this paper, however, the sign plays no essential
role.

Concerning the function 7 : (0,3.) — (m,27), more detailed properties
are known.

LEMMA 1.2 ([13, Lemma 2.2]).

(i) 7 is real analytic in (0, 5;).

(i)
7 = ) =2
(iii)
.odr .o dr
o33, qp\P) = oo Jioy gplF) = oo

To state the rigorous version of the relation (1.5), we define the function
A : Ryg xR — Rxq as follows. For (8,t) € Ry x R, if gg(8,¢,0) >
0, A(B,t)(€ Rsp) is the unique solution to the gap equation. Otherwise
A(S,t) :== 0. By (1.16) the function A is well-defined. Then we define the
function (8,t) — Fgr(8,t) : Ryg x R — R by the right-hand side of (1.14)
with A = A(8,t). In fact we do not use the following lemma to prove the
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main results of this paper. We state it only to understand the meaning of
the sets analyzed as the main objects in this paper.

LEMMA 1.3. Assume that U € (—26%"",0). Then the following equali-
ties hold.

{(B,t) € Rug X R | the function Fg is not analytic at (3,t)}

={(B,to) € Rsg x R | the function t — Fg(5,t) is not analytic at t = o}
U{(Be, 2m +4mm) | m € Z}

= | {8, 7(8) + 4mm), (8,—7(8) +4(m+1)7) | B € (0,5.)}

me
U{(Be, 2m + 47m)}

= 8{(ﬂ,t) € R>0 X R ’ A(ﬁ,t) > 0} OR>0 X R
For any subset S of R? 0S denotes its boundary in R?.

PROOF. The 1st and the 2nd equality follows from [13, (2.3), Proposi-
tion 2.5]. The 3rd equality follows from (1.16) and Lemma 1.2. O]

REMARK 1.4. Since A(B.,t) = 0 for any t € R, t — Fg(0,t) is ana-
lytic in R. This together with Lemma 1.3 implies that

{(B,t0) € Rso x R | the function ¢t — Fg(f,t) is not analytic at t = ¢y}
= [ J{(8,7(8) + 4mm), (8,=7(8) +4(m + D)) | B € (0, 5c)}-

meZ

Since DQPT is defined by non-analyticity of Fg((3,t) with the real time
variable t, the above equality characterizes the phase boundary of DQPT
in the BCS model.

The above lemma suggests that the phase boundary is the disjoint union
of periodic copies of the representative simple curve

Co = {(8,7(8)), (B,=7(B) +4m) | 5 € (0,5)} U{(Be; 2m)}-

To analyze the whole phase boundary, it suffices to focus on the function
7:(0,8.) — (m,2m). Moreover, Lemma 1.1 (iv) suggests that the domain
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of (3,t) where the gap equation has a positive solution consists of periodic
copies of the representative set Sy defined by

So:={(B,t) eRso xR | B€(0,8), t € (1(8),—7(B) +4m)}.

Observe that Cy = 95y NRso x R. The set Sy is pictured in Figure 1.

4+

Fig. 1. The representative set Sy and its boundary.

REMARK 1.5. In [13, Proposition 2.4] we proved that Cp U {(0,27)} is
a 1-dimensional real analytic submanifold of R2.

The main results of this paper concern convexity of the function 7(-)
and the set Sy. Specifically Proposition 1.6, Proposition 1.7, Proposition
1.8 and Theorem 1.11 are the main results.

PROPOSITION 1.6. Assume that % > /9 — 4/5. Then there exists
Uy € (0, #&L)b] such that for any U € [—Uy,0), E € E(emin, €maz) and

B € (0,5.) %(ﬁ) > 0. Moreover
d*r d*r

B, g = e )= v
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The convexity of 7(-) does not always hold when £min < /9 — 44/5.

ProprosiTION 1.7. Assume that :Zﬁ < V9 —4\/5. Then there exist
Up € (0, 26%"”), E € E(emin, maz) Such that the following statement holds.
For any U € [-Uy,0) there exists 3 € (0,.) such that g%@(ﬁ) < 0.

When % = V9 —4/5, a slightly weaker conclusion holds. More
precisely, the choice of E depends on U.

PRrROPOSITION 1.8. Assume that :;:ﬁ = /9 —4+v5. Then there ex-
ists Uy € (0, 26%) such that the following statement holds. For any U €
[—Uo,0) there exist E € E(emin, €maz), B € (0, B:) such that g%(ﬁ) < 0.

REMARK 1.9. We should remark at this stage that the proof of Propo-
sition 1.8 relies on exact calculations of low order terms of power series
expansion of an analytic function, which is the most complicated part in
this paper. On the other hand, Proposition 1.6, Proposition 1.7 can be
proven more systematically.

We combine these propositions to characterize the convexity of the set
So as the main theorem. Let us confirm basic relations between the 2nd
order derivative of 7(-) and the convexity of Sy. Remind us that for any
set S C R™ S is called convex if sx; + (1 — s)xg € S for any x1,x3 € S,
s € [0,1].

LEmMA 1.10.
(i) If %(ﬁ) > 0 for any B € (0,08.), So is conves.

ii) If there exists B € (0, 8.) such that i; B) <0, Sy is not convex.
ap

Proor. (i): Take any (B1,t1), (f2,t2) € So and s € [0,1]. By the
assumption
T(sB1 + (1 — 5)B2) < s7(01) + (1 — s)7(B2) < st1 + (1 — s)ta,

dr —7(sp1 + (1 = 8)B2) > s(dm — 7(B1)) + (1 — s)(4m — 7(52))
> st; + (1 — s)ta.
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Thus s(B1,t1) + (1 — s)(B2,t2) € Sp. Therefore Sy is convex.

(ii): By the assumption there exist 1, 52 € (0,05.), s € (0,1) such that
T(sf1 + (1 — s)B2) > s7(B1) + (1 — s)7(B2). We can choose small € > 0 so
that

r(B) +e<2m (j=1,2).
7(s61+ (1 = 8)B2) > s(7(B1) + &) + (1 = 8)(7(B2) + €).
Thus (85, 7(8;) +¢) € So (j =1,2) and

s(B, 7(B1) +€) + (1 = 5)(B2,7(B2) + €) ¢ So.

Therefore Sy is not convex. [

By combining Proposition 1.6, Proposition 1.7, Proposition 1.8 and
Lemma 1.10 we can deduce the following theorem.

THEOREM 1.11. Foranyd,b € N, basis (\7]-)?:1 of R¢ and emin, €maz €
Rso satisfying emin < €maz the following statements are equivalent to each

other.

(i) There exists Uy € (0, 26*,;”'”) such that for any U € [-Uyp,0), E €
5(€min7€mam) and ﬁ € (Oaﬁc) %(ﬁ) > 0.

(i) There exists Uy € (0, 2in) such that for any U € [~Up,0) and E €
E(emin, €maz) So 1S convex.

(ifi) £mm > /9 —4v/5,

PROOF. The equivalence between (i) and (iii) follows from Proposition
1.6, Proposition 1.7 and Proposition 1.8. By Lemma 1.10 (i) the claim (i)
implies the claim (ii). If (iii) does not hold, by Proposition 1.7 and Proposi-
tion 1.8 for any Uy € (0, 26%) there exist U € [—Uy,0), E € E(emin, €maz)
and (€ (0,.) such that giﬁg(ﬁ) < 0. Thus by Lemma 1.10 (ii) Sy is not
convex, which means that (ii) does not hold. Therefore (ii) implies (iii).
The claims (i), (ii), (iii) are equivalent to each other. (J

REMARK 1.12. The behavior of %() claimed in Proposition 1.6,
Proposition 1.7 and Proposition 1.8 implies a physical property of the phase
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transition, which is so-called reentrant phenomenon along a line drawn in
the phase diagram. Mathematically we define the reentry into the exterior
from the interior as follows. Take x1,x3 € Rsg X R satisfying x; # xa.

(EIE)(x1,x2) There exists € € Ry such that
A(sx1 4 (1 —8)x2) >0, Vs € (0,1),
A(sx) + (1 —s)x9) =0, Vs € [—¢,0]U[1,1+¢].

Similarly we define the reentry into the interior from the exterior as below.

(IEI)(x1, x2) There exists € € R such that
A(sx1 + (1 —8)x2) =0, Vs €[0,1],
A(sx) + (1 —s)x2) >0, Vs € [-,0) U (1,1 +¢].

Recalling the definition of the simple curve Cy, we can confirm the following.

o If g%(ﬁ) > 0 for any 8 € (0,0.), then for any xi,x2 € Cp with
x1 # x2 (EIE)(x1,x2) holds.
o If giﬁg(ﬂ) < 0 for some § € (0,0.), then for any 6 € R-( there exist
x1,X2 € Cp such that 0 < ||x; — x2||ge < 6 and (IEI)(x1,x2) holds.
Accordingly we can replace the conclusion “for any 8 € (0, 3.) %(ﬂ) >
0” by “for any x;,x2 € Cp with x; # x2 (EIE)(x1,x2) holds.” in the
statement of Proposition 1.6. Also we can replace the conclusion “there
exists § € (0,[.) such that %(5) < 0”7 by “for any 6 € R there exists
x1,X2 € Cp such that 0 < [|x; — x2||gz < § and (IEI)(x1,x2) holds.” in the
statements of Proposition 1.7, Proposition 1.8.

REMARK 1.13. We are analyzing the phase boundary where the func-
tion Fg loses analyticity. However, it is not obvious if we can prove the
derivation of Fg from the many-electron system as stated in (1.14) together
with the main results of this paper. By considering the fact that ¢ € (0, 1]
depends on the derivatives of F¥ we can deduce the following from Proposi-
tion 1.6 and Proposition 1.7.

o If :;”ﬁ > /9 — 45, for any E € E(emin; €maz) there exists Uy €

(0, 55455) such that for any U € [~Up,0), 8 € (0, 3.) 95 (8) > 0 and
the equality (1.14) is justified.
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o If ::n”ﬁ < V9 — 4+/5, there exist Uy € (0, 267#"”), E € &(emin, €maz)
such that for any U € [—U),0) %(ﬂ) < 0 for some 3 € (0,5.) and
the equality (1.14) is justified.

As we will see in Section 4, we have to choose E € &(emin, €maz) after
fixing U € [—Up,0) in the proof of Proposition 1.8. It is not clear if the
condition (1.13) is satisfied in this situation. Therefore we cannot prove

non-convexity of the phase boundary in case that min 9 — 445 as

€mazx

claimed in Proposition 1.8 while justifying the equality (1.14).

REMARK 1.14. In the preceding papers [13], [14] we had numerical
examples showing non-convexity of the function 7 : (0, 3.) — R. The picture
[13, Figure 2, (b)] shows the graph of 7(-) having 2 local mininum points

when £min — 1(< /9 —44/5). The pictures in [14, Figure 4] show that
g—g(-) can be decreasing when fm = i s (< V9 — 4V5).

REMARK 1.15. Here we can summarize the main results of [13, Section

2], [14] and this paper concerning the behavior of 7(-) more rigorously than
in Subsection 1.1. Let P be a proposition and ¢, be a positive constant. We
have been proving the following statement.
For any d, b € N, basis (‘A/j);'lzl of R? and emin, €maz € Rso satisfying
emin < €maz (1), (i) are equivalent to each other.
(i) There exists Uy € (0, 26%) such that for any U € [-Uy,0), E €
E(emin, €maz) P holds.

(ii) Zﬂ”ﬁ > ¢
The proposition P and the constant ¢, are given as below.

e In [13, Theorem 2.19]

P : 7(-) has only one local minimum point in (0, 3).

e =\ 17 — 12V/2.

e In [14, Theorem 1.8]

P : 7(-) has no stationary point of inflection in (0, 3.).

o =\ 17 — 12V/2.
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e In Theorem 1.11 of this paper

2
P 3—572-(,8)>0f0rany66(0,ﬂc). e =19 —45.

REMARK 1.16. In [13, Proposition 2.8] we proved that if <= > ¢q for

. 2
some eg € (0,1), giﬁg(ﬂ) > 0 for any U € [—Sifl’ﬁ(ig)b,O), E € &(emins €maz)
and (€ (0,8.). Since the proof was based on non-optimal estimations, we
were unable to find the optimal value of such ey there. Theorem 1.11 here
presents an optimal value 9 — 44/5.

REMARK 1.17. Some may be more accustomed to a graph with tem-
perature than inverse temperature. Here let us remark what we know on
1

the behavior of the function 7' +— 7(7) : (i,oo) — (m,27m). Based on

the equality & (7(%)) = —%g—g(%) and [13, Theorem 2.19], [14, Theorem
1.8], we can characterize uniqueness of a local minimum point and non-
existence of a stationary point of inflection by the constant /17 — 12v/2 in

the same way as in Remark 1.15. Regardless of the value of %, the func-
tion 7"+ 7(7) is not convex, i.e. %(T(%)) < 0 for some T € (i, 00). This
can be deduced from the properties that T(%) < 2m for any T € (i,oo)

and lim7_ o T(%) = 2.

REMARK 1.18. One basic assumption in this paper is the weak cou-
pling condition |U] < 26%1'". There are two reasons why we always assume
this. Firstly, the condition (1.13) under which the free energy density to-
gether with the gap equation is rigorously derived in [13, Theorem 1.3]
implies this inequality, and thus we can interpret the main results Proposi-
tion 1.6, Proposition 1.7 as rigorous properties of the infinite-volume limit
of the microscopic model by assuming (1.13) from the beginning. This is
explained in Remark 1.13 in more detail. Secondly, under this condition
the phase boundary has universal properties as described in Lemma 1.1,
Lemma 1.2 and Lemma 1.3. We have decided to focus on the analysis
of these properties. It is possible to define the gap equation alone under
the strong coupling condition |U| > 26%, though the derivation from the
microscopic model cannot be proved by the multi-scale analysis we have
developed in this series. Under the condition |U| > 26%"" the phase bound-
ary can radically change its geometric properties, depending on the choice
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of E € &(emin,€maz). Here let us summarize some of the basic provable
properties by putting the issue of derivation aside.
For E € E(emin, €maz), Set

2 1
©.=_ 4D dkTr [ —— ).
Ie =g T d/rgo r<|E<k>|>

Observe that g7 = limg ~o gr(5,t,0) for any ¢ € R. While ¢3¢ < 0 for any
E € E(emins €maz) if U] < 26%1", g% can change its sign, depending on the
choice of E € E(emins €maz), if U] > 26%1'". There are three cases.

(Case 1) 9z < 0.
(Case 2) gz = 0.
(Case 3) gz > 0.

For example if |U| = 26%, 0<V <b,0< emin < €maz and

Eminly 0 >
E = ,
< 0 €mazx Ib—b’

(Case 1) holds. If |U| = 26’;;”’", Emin = €maz and E = epinlp, (Case 2) holds.
If |U| > Mbi”, emin = €maz and E = eninly, (Case 3) holds. Here let us
characterize the set

D~ ={(B,t) € Rsg x R | there uniquely exists A € Rg
such that gg(5,t,A) = 0}
in a manner similar to Lemma 1.1 (iv).
e In (Case 1) there exists 8. € Rso and 7 : (0, 5;) — (m,27) such that
limg\ o 7(3) = 2, limg g, 7(8) = 2,

D = |_| {(B,1) e Rsp xR
meZ

| B€(0,8e), t € (T(B) + 4mm, —7(B) + 4(m + 1)m)}.
e In (Case 2) there exists 7 : Ryg — (7, 27) such that limg\ o 7(3) = 2,

Dy = | [{(B,t) € Rog X R | t € (7(8) + dmm, —7(8) + 4(m + 1)7)}.
meZ
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e In (Case 3) there exists . € Ry and 7 : (0, 5.) — (0,27) such that
limﬁ\o T(ﬁ) =27, limﬁ/gc 7’(,3) =0,

D = I_I {(8,t) e Rso x R
meZ
| B€(0,8), t €(r(B) +4mm, —7(B) + 4(m + 1)m)}
U{B:} x R\47Z U (5., o0) x R.

In (Case 1) the situation is close to that under the condition |U| < 26%1'".
However in (Case 2) the phase boundary exists for all § € Rsg. Also in
(Case 3) the gap function A is positive for any (3,t) € (8, 00) x R. So the
phase diagram is globally different in these cases. Detailed analysis of them
is open at present.

REMARK 1.19. As we have already mentioned in Subsection 1.1, the
characteristic function of the work done in our many-body system by chang-
ing the Hamiltonian H to H+S, is equal to (1.4). See [23] for the derivation.
The work distribution function is its Fourier transform. We note that

Tr(e_ﬁHe—itHeit(H+Sz)) § an Iy e PH
= ez M. _AH
Tr e—,@H bLa Ir e_ﬁH
n=-—

where Tr,, e ”H denotes the trace of e " over the subspace

{ve FrIABxTx {1,1)) | S:0 = 50}

This implies that the possible values of the work are § (n = —bL%, —bL4 +

1,---,bL%) and the work distribution function Pz (-) is given by
1 (2"  Ty(e—BH e—itH pit(H+S2)
iy = L [ T e )
A | _on Tre—5

we {g |n=—bL% —bL 41, ,de}.
Observe that

Tr, e
(1.18) P (g) - % >0, Vn e {—bLd, —bLe 4+ 1, bL7},
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bL4

AGEN

n=—bLd

Properties of work statistics after quantum quench have been studied in
physics literature (e.g. [21], [9], [1]). For example the letter [21] demon-
strates via analysis of Loschmidt echo that the work distribution function
can diverge to infinity in case of a local quench in a quantum Ising chain.
Here let us derive one property of our work distribution function from our
previous results. Set

bL4
n n
’P(ﬂ) L) = Z (1n is evenPL <§> - 1n is OddPL (5))
n=-—bLd
so that
Tr e—ﬂH+i27rSZ
PB,L) = ————5—

Tre—FH

It follows from [13, Theorem 1.3, Proposition 2.5 (ii)] that if U satisfies the
condition (1.13), P(83, L) > 0 for sufficiently large L € N, lim_,oc r.eN ﬁ log
P(B, L) exists, f+— im0 1eN ﬁ log P(3, L) is C'-class in Rsg,

G | .|
611}%6 R LILIEHO;O 7a log P(8, L), ﬁh\f%c 95 ng% 7alogP(B. L)

Le
exist and
li i li 1 logP(B, L) # li A li 1 logP(3, L)
im — lim — im — lim — )
87Be 852 LLEONO Ld og 5 A\ Be 852 LLZONO Ld og y

Though the physical interpretation might not be straightforward, this
is a phenomenon caused by the interaction. In fact if U = 0, § —
lim7 o0, 1eN ﬁ log P(B, L) is real analytic in R~o. More generally we can
deduce a jump discontinuity of
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with 3 for any ¢ € R close to 27 from our previous results.

In [1], [9] the Gértner-Ellis theorem on large deviation principle was
applied to study the rate functions of work distribution functions. So we
should report what we can obtain by directly applying the Gartner-Ellis
theorem to our model under the weak coupling condition (1.13). Let B(R)
denote the Borel algebra of R. For L € N we define a function ur, : B(R) —
R by

bL4

n
Z 1ﬁeBPL (5) .

n=—bLd

We see that pp, is a probability measure on R. Moreover by (1.18) for any
teR

. bL4
/ebL t:pduL(x): Z 6t2PL( )
R n=—bLd
oL Tr, e~ BH+5: Tr e~ AH+15z
N Z TrefH TreFH
n=—bL4

One can follow the early derivation of the free energy density of the BCS
model [2, Chapter 3] to derive that

(1.19)

lim L— logTre —ARHS.

L—oo

LeN

= Dy / dk (Trlog <cosh ( 2> + cosh(BE(k ))> +Trlog(2e5E<k>)> .

We should remark that since we assume (1.13), the corresponding gap equa-
tion

(1.20)

2 sinh(8y/E(K)? + A2) )

ol " Dd/;o i ((cosh(%) + cosh(8y/E(k)? + A2))/E(k)% + A2
=0
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does not have a positive solution. Indeed

2 1
the R.H.S of (1.20)) < —— + D / 1% 1) [
(the of (L20)) < =g +Da | r( E(k)2+A2>

< 2 + b <0
o ’U| Emin

for any A € R>g. This is why the free energy density (1.19) is the same as
that of the non-interacting model. Therefore

1
(121) gglolo bl,—d 10g (/ 6detCEduL(x)>
LeN R

Dy cosh(3) + cosh(BE(k))
=5 /éo dk Trlog < 1 —12- cosh(BE(k)) > 7

which is real analytic with ¢ in R. Let us define the function Ag : R — R
by the right-hand side of (1.21). It follows from the Gértner-Ellis theorem

(see, e.g., [4]) that for any u, v € [-1, 1] with u < v
1 o n 1
(1.22) lim -3 log > Loncuw Pr (5) = lim o773 log uz([u, v])
LeN n=—bld LeN

where the function r : R x Ryg — R U {+0c0} is the Legendre transform of
Ag, ie.

r(z, 8) = sup(zt — Ag(t)).
teR

In fact we can characterize the function r(-) as follows. For any § € R+

r(z,B) =r(—=z,0), Vx € R,
r(z, ) = 400, Vx € (%,oo) ,

< 75> Dbd /;o dk Trlog(2(1 + cosh(BE(k)))), (0,8) =0,
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Moreover, (x,3) — r(x, ) is real analytic in (—%, %) X Rsq, which means

that the rate function r(-,-) does not exhibit any singular behavior with
the temperature. Despite that DQPTs are triggered by the weak BCS
interaction, the interaction plays no role in the rate function. Thus the
simple application of the Gartner-Ellis theorem is unlikely to provide an
interpretation of DQPT in terms of the work distribution function.

2. Convexity of the Phase Boundary

In this section we prove Proposition 1.6. Let us begin by transforming
giﬁg(ﬂ) into a form without derivatives of 7(-). Take any E € E(emin, €maz)-
Define the function F': Ry x (—1,0) — R by

sinh(zE(k)) )
(y 4+ cosh(zE(k)))E(k) )

(2.1) F(z,y) = Dd/ dkTr(

T

*
oo

Our proof is based on the following equality.

LEMMA 2.1. Let U € [—2min ().

(2.2)
Pro wB) (FBuB))
P =T e (Fm,yw»)
2

Ty BIE, BB
(Fou(B,y(B) Fy(B,y(8))? — 2F (8, y(8)) Ey (B, y(3)) Fuy (B, y(3))
+ Fyy(ﬂ7 y(ﬂ))Fx(ﬂa y(ﬂ))Z)

for any B € (0, B.), where y(f3) := COS(@), Fyp(z,y) = a—F(ac,y) and other

xr
partial derivatives of F' are abbreviated similarly.
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PROOF. We can derive from the equality —ﬁ + F(8,y(8)) = 0 that
by, E(5u0)

s Fy(B,y(8))

Because y — F(z,y) : (—1,0) — R is monotonic, Fy(3,y(8)) # 0 for any
B € (0,3.). By substituting (2.3)

dr o238 2 F(B,y(8))
a7 —ye)r (—y(B)E BByE)

(2.3) (8) = -

By differentiating both sides with § and substituting (2.3) again we can
obtain the claimed equality. [

without

T(Zﬂ))

any remark. The next lemma means that for any emin, €masz satisfying
2

0 < emin < €maz, B € (0, 5.) sufficiently close to (. gTZ(ﬁ) > 0.

In the rest of this paper we often let y((3) denote cos(

LEMMA 2.2. There exists M(emin,€maz) € Rso depending only on
€min, €maz Such that for any U € [—Smh( )b,O), E € &(emins €maz), B €

(07 ﬂc) Satisfying 6 > M(emi'm ema:p) 1+ y(ﬁ)

d>r 62 €maxCmin 2
702 Tyt (o)

Since limg ~5, y(8) = —1 by Lemma 1.2, we can deduce the following
statement from the above lemma.

COROLLARY 2.3. For any U € [— Sif;ﬁ(ig)b,O), E € E(emins €maz)

d>r
lim —= = +o00.
3,/8. d3? )

From time to time we will need explicit forms of the partial derivatives
of F. Let us list them here.

(2.4)

B 1+ ycosh(zE(k))
Fx(xay) - Dd/;<> dk Tr <(y + COSh(ZL'E(k)))2> 7




28 Yohei KASHIMA

(2.5)

B sinh(zF(k))
Fy(@,y) = =Dq /F Bt ((y T cosh<xE<k>>>2E<k>) ’
(2.6) ,

- E(k) sinh(zE(k))(y? — y cosh(zB(k)) — 2)
For(z,y) = Dq /F’ﬁ.o dk Tr ( (y + cosh(zE(k)))3 ) ’
(2.7)

B cosh?(zE(k)) — y cosh(zE(k)) — 2
ny(ir,y) =Dy /F’So dk Tr ( (y + cosh(zE(k)))? ) ’
(2.8)
P (2g) = 2D / KT ( sinh(zE(k)) >

WIS  cosh(eB(K)PE(K) )

We will use the following properties in the proof of Lemma 2.2. In fact
these were derived in the proof of [13, Proposition 2.8]. We show them again
for readers’ convenience.

LEMMA 2.4. Let U € [—%,O). Then the following inequalities
hold.
2 bsinh(2)|U
. y(ﬂ) +1< #H

Emin 2emin

~y(8) 2 5, VB € (0.5,

fe <

, VB € (0,5e).

ProOF. By Lemma 1.1

2 b 2 1
8, < -2 tanh~! ( Yl ) <2 tann! <7>
Cmin 2€min Cmin 2sinh(2)

tanh ™! (tanh(1)) = 2

Emin Emin

<

It follows from the above inequality, the equality —ﬁ +F(B,y(8)) =0 and
the property (1.17) that

2 < bsinh(SBenmin) < bsinh(2)
o (y(ﬁ) + COSh(ﬂemin))emm - (y(ﬁ) + COSh(ﬂemin))emm’
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or by the assumption

y(B) +1 < y(B) + cosh(Bems) < SBBAIUL L

26m7,n

l\D

This implies the second and the third inequality. [J

PrROOF OF LEMMA 2.2. Let us establish necessary inequalities by as-
suming that § > M+/1+ y(8) with M € Rsy. We will tune M afterwards.
It follows that

2
(2.9) e %
By (2.4) and (2.9)
— F.(8,y(83))
(1 — 32/M?)cosh(BE(k)) — 1
> Dd/* dk Tr < (y(B) + cosh(BE(k)))? )

(522 2. — ]@_22 cosh(ﬁemaz)> Dy /OO dk Tr <(y(5) + coslll(ﬁE(k)))2>

1
> 32 -
5 (50 ~ 32 o)

1
| Dd/ e <(y(ﬁ) T cosh(ﬁE(k)))2> '
By (2.5)

0 < —Fy(5,9(5))

sinh(Bemaz) 1
<o [ o (@)

oo

Thus by assuming that

(2.10) %efm-n - ]\;2 cosh(fBcemaz) > 0

(2.11)
FSC(/Bhy(ﬁ)) 2 2 ﬁemax 1 2 1 2
F, (3, y(ﬁ))) - (Sinh(ﬂemam) <§emm e COSh(ﬂcemW))
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Beemar (1, 1 ’
> 3 (——lmar__(Ze2— — cosh(Beemar) | | -
N /8 (Sinh(ﬂcemax) zemln M? o (IB ‘ )
To bound |Fy.(8,y(5))|, observe that since y(5) € (—1,0),

y(8)* — y(B) cosh(fa) — 2|
= (w(B) =2)W(B) + 1) + y(B)(1 — cosh(Ba))|
< 3(y(B) +1) + cosh(far) — 1 < 3(y(B) + cosh(fa))

for any a € R. Therefore

E(K) sinh(BE(K))
| Faz(B,y(8))] < 3Dqg /F’ﬁ.o dietr <(y(ﬁ) + cosh(ﬂE(k)))2>

S 3e$nax|Fy(ﬁa y(ﬁ))’a

or

F:c:c(ﬂyy(ﬁ)) 2
(2.12) 7,03.4(3)) ‘ 3en 0z
Moreover, since
(2.13) 11+ y(B) cosh(Ba)| = [1 +y(B) + y(B)(cosh(Ba) — 1)

<1+ y(B) + cosh(Ba) — 1 = y(B) + cosh(Ba)
for any a € R,
(2.14)  [Fo(B,y(B))]

1
< (y(B) + cosh(Bemaz))Da /F dk Tr ((y(@) + cosh(ﬁE(k))P) '

oo

Also,

(2.15) [Fy(8,y(8))| = BDq /F* dic'Ir ((y(ﬁ) + coslh(ﬁE(k)))Q> '

[ee]

To bound |Fyy (3, y(5))|, we remark that for any o € R

| cosh®(Ba) — y(3) cosh(Ba) — 2|
= |(cosh(Ba) — 1) + 2(cosh(Ba) — 1) — 1 — y(B) cosh(Ba))|
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|(cosh(Ba) — 1)% 4 2(cosh(Ba) — 1)| + y(B) + cosh(Ba)
(cosh(Ba) + y(B))(cosh(Ba) + 2).

In the 1st inequality we used (2.13). Thus

(2.16)  [Fuy(B,9(0))]

1
< (cosh(Beemaz) + 2) Da /F dicTr <(y(ﬂ) n cosh(/BE(k)))2> '

oo

<
<

By combining (2.14), (2.15), (2.16) with (2.9)

(2.17)
Fo(B,y(8))Fay(B,y(8))
Fy(8,y(3))?

< 5_2 <]ﬁ\4—22 + CoSh(ﬂemaw) o 1> (COSh(ﬂCem‘w) + 2)

< % N cosh(ﬂcegmm) —
M Bz

\ < B72(y(8) + cosh(Ferman)) (cosh(Buema) + 2)

1) (cosh(Beemaz) + 2)-

One can deduce that

2
(B8) + cosh(Bemin)

It follows from (2.14), (2.15), (2.18) and (2.9) that

Fyy (B,y(8) Fa (8. y(8)?| _ 2 (Fx(ﬂ,y(ﬁ)))Q
Fy(8.y(5))* = y(B) + cosh(Benin) \ F,(3,4(B))

2

< 2(y(B) + cosh(Bemaz))? < 2(% + cosh(Bemaz) — 1)?
~ B%(y(B) + cosh(Bemin)) 3% (cosh(Bemin) — 1)

4 ( 1 cosh(Bcemaz) — 1)2
1 .
M? B2

(2.18) [ Fyy (8, 9(8))] < ” [Fy(8,y(8))]-

(2.19)

IA

egm'n
By substituting (2.11), (2.12), (2.17), (2.19) into the right-hand side of
(2.2) we have that

d2r

B2

(1+(8)? 55 (6)
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20(8) o Betmar [un 1 )
R (e (i — pp cosh(Buenan) ) )

. L(
1 —y(B)M?
1 cosh(Bc.emaz)

-1
3e2  +2 <M2 + 32 > (cosh(Beemaz) + 2)

2
. 24 (A; +cosh(ﬁc;%mm)—1) )

mzn

Here we also used that
2 4y8) 2
V1=y(B) — 1-y(B)M?

Then by assuming

2
e . 1 2e
2.20 min _ _—_ cosh | — 0
(2.20) 5 272 €% ( p— >
and substituting the inequalities claimed in Lemma 2.4
(2.21)
d2
1
(14980 559
ﬂQ < 2€maz (e?mn B L cosh (23max>>)2
2\/_ Emin Sinh(Qemam/emm) 2 M? Emin
23?
M2

1 ez 2e 2e
3e? 2 min h{ 22 -1 h maz 2
Cmaz T ( e + 4 (cos ( o cos . +
2
mm M 4 Emin

Note that (2.20) holds for sufficiently large M and implies (2.10). Moreover,
é(R.H.S of (2.21)) is independent of # and

2
e €mi
I RS of (2.21 e e '
Minoo 62 ( 0 ( )) 2\/_ (Sinh(zemam/emin))
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Thus we can choose M (€min, €maz) € R depending only on ein, €maz SO
that the claim of the lemma holds. [J

The inequality 5 > M (emin, €maz)y/1 + y(5) does not hold for small 3.

LEMMA 2.5. For any E € E(emin, €maz), U € (_26?:2‘1170)

lim L =
ANO /1 +y(B)
ProoOF. By (1.17)
3 sinh(BE(k))
Y(B) + cosh(Beman) ~ 14 /F;O et ((y(ﬁ) T cosh<5E<k>>>E<k>>
_ 26
|l
Thus
lim i =0,

BN\ y(B) + cosh(Bemaz)

which implies the claim. O]

REMARK 2.6. In the proof of [13, Lemma 2.2] we proved more precisely
that

Loy +1 Ul
1im =
B\0 16} 2

by a longer argument.

Therefore Lemma 2.2 does not prove the positivity of %(ﬁ) for small

B. We must prove the positivity in case that 8 < M (emin, €maz)\/ 1 + y(5).
In the rest of this section we achieve this as follows. We show by scaling

that the right-hand side of (2.2) is close to a function independent of y(3),

s > /045

which proves to be positive if
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Let us construct the proof step by step. For xz € Rsg, y € (—1,0),
E € E(emin, €maz) We set

(2.22)

2
W X, = 3 3
sl (1—y)i((y+1)§Fy(\/mx7y)/x)3<

— y((y + D) F(\y + 1x,y))2@Fy( y+ 1w,y

+(1-y) (2 (WFM(\W + 1w,y)> (@Fy(\/y + 1x,y)>

~—

—2((y + DF(\y + 1z,y)) <w}<},(\/y + 1x7y)>
: ((y + 1)2ny( VY + 1x,y))
+ <@Fyy(v Y+ 1x,y)> (y+ D F(Vy + 1x,y))2)>-

We can see from (2.2) that

ﬁ2 d27_ _ ﬂ
(2.23) Wd—ﬁz(ﬁ) =Wkg <—1 = y(ﬂ)“y(ﬁ)) , VB € (0, Be).

Since lim,~ o Fy(v/y + 1z, y)/x converges to a non-zero value and

lim,\ o Fyy(vy + 1z, y)/z converges in particular, lim,\oWg(z,y) con-
verges for any y € (—1,0). Thus in the following we consider Wg(-,-) as a
continuous function on Ry x (—1,0). For y € (—1,0) close to —1 Wg(z,y)
can be approximated by W (z) defined by

(2.24)

Wg(z) :=

Dy fr,&) dk Tr (m) <
\/§<Dd frgo dk Tr (W))g

2
(1+2E

2
1
! (Dd [ an ( — %E(km?))
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+Dd/ kT [ — 1L Dd/ dk Tr 1
rx 1+ & E(k)? I (1+ 5 E(k)?)?
1 1
—4Dd/ dkTy | — Dd/ dk Tr , .
re. 1+ ZE(k)? rs (1+ ZE(k)?)3

We can consider Wg(+) as a continuous function on R>y.

LEMMA 2.7. For anyr € Ryg

lim sup (We(z,y) — We(2)| = 0.
y\—l z€[0,r]

E€&(emin emax)

~ Proor. For E € E(emin, €maz) we define the functions F@  p@,
FEo) pew), Fov)(e C(Rxo)) by

dkTr< ~ 5 Bk )

AW () . 1
FO) () Dd/* K T ((1+ﬁE(k)2)2)’

]

F@)(z) = Dy /

(22) () = T
F@o) () Dd/;cdkT < 1+ ZEQ)

F@)(z) := Dy / dk Tr

FW)(z) := Dy /Fgo dk Tr <(1 n %E(k)Z)g

By using (1.10), (1.11) we can prove that for any r € Ry

m  sup [+ DEG/ T Iny) - FO@) =0,
YN\ — z€([0,r]

Ec&(emin emaz)

Mpy(\/m% y) — FW (z)

X

N

lim sup =0
y\—1 z€[0,r] ’

E€&(emin- emax)
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[

Mpm( [y + 1z, y) — (@) (z)

2 =0,

lim sup
y\—1 z€[0,r]

Ec&(emin emax)

m s [+ )2 Fey (Vi Ley) - PO (@) =0
Y N— z€[0,7]

Ec&(emin emax)

5
. y+1)2 -
Am s %Fyym/y +1z,y) — FW)(z)| = 0.
EES(:mn;;remaz)
Since

. b

[FW (@) > ————
(1 =+ %6gnam)2

for any x € R>p and E € E(emin, €maz), We can justify that for any r € Ry

lim  sup  [Wg(z,y) — We(z)| =0,
y\*l z€[0,r]

Ec&(emin-emaz)

where

1
VAED @)
+2 (2F<‘”$) () (FW(2))2 — 2F@ (1) F) () @) ()

+ FOD(2)(FO)(2))?)).

(2.25)  Wg(z) = ((F@) (2))2FW) (z)

By setting

we have that

F(x)(x) = 2F2 — Fl, F(y)(ﬂj) = —FQ, F(m)(a@) = Fl — 5F2 +4F3,
F@)(z) = 3F, — 4F3, FW) (2) = 2F3.

By substitl}ting these into the right-hand side of (2.25) we can derive that
Wg(z) = Wg(z) for € R>g, which completes the proof. [J
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Based on (2.23) and Lemma 2.7, we can partially achieve the goal.

LEMMA 2.8.  Let M(emin, €maz) be the (€min, €max)-dependent constant
ntroduced in Lemma 2.2. Assume that
(2.26) inf Wg(zx) > 0.

EAS [O,A{(emin semax)]
Ec&(emin-emaz)

Then there exists Uy € (0, g ] such that for any U € [~Up,0), E €

’ sinh(2)
g(emim emam); B e (O>ﬁc> Satisfying B < M(emm, emaz) 1+ y(ﬁ)
&’r 1+y(8) = B
ap V=" ( i +y(ﬂ)> |

PrROOF. By Lemma 2.7 and the assumption there exists yo € (—1,0)
such that for any x € [0, M (emin, €maz)], ¥ € (—1,%0], E € E(emin, €maz)

(2.27) Wg(x,y) > %WE({E)

By the 2nd inequality of Lemma 2.4 there exists Uy € (0, m?ﬁﬁ] such

that fOI' any U S [_U070)7 E € g(eminaemaa:)7 /8 € (0766) y(ﬁ) € (_1790]
Combination of this property with (2.23), (2.27) ensures the claim. [J

It remains to prove (2.26). Observe that for E € E(emin, €maz), » € N

2 —n
Dd/ dk Tr (1 + %E(k)2>

2 n
2 d
_(27r)—d/ dkTr |1+ 2B Y kv,
[0,27]d 2 ;
) ]:1

N—-1 :1:2 o d N

= li —d 1+ =FE| =

[ 140 ) KR ERE = 5 oht
; -

Moreover for any N € N there exist M € N, (Sj)j]vi1 € RYM) satisfying

ijvil Sj = 1, (ej)j]\il € R% satisfying emin < e1 < -+ < ey < emae such
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that
N-—1 .1}'2 o d Hn"
—d N

N H Tr 1+7E WZTLJV]

j=1 \n;=0 j=1

M I2 —n

2

= bZSj (1 + 7%)

v
Il
E
w
=
|
;“'?
Hm
%
||M§

=
s
i
E
m
%

6 §A1< <AM<6

min max}

for n € N, (sj)é\/l1 € S(M), (A;)M, € A(M). We do not indicate the

j=1
dependency of Cy, on X, M, (s;)M,, (A;) jj‘il for simplicity. By the definition

Jj=b
(2.24)
(2.28)
~ . C1
Wg(z) > inf inf inf inf (4C3% + C1Cy — 4C1C3)

MeN (s,)M | eS(M) (4;)), eA(M)XeRm \/_(13

for any z € R>g, E € E(emin, €maz). Thus it suffices to prove that the
right-hand side of (2.28) is positive. In fact we can prove the following.

LEMMA 2.9. Assume that Z:Z;’; > /9 — 4\/5. Then there exists a POS-
itive constant ¢ independent of any parameter such that

inf inf inf inf %(4022 + C1Cy — 4C1Chs)
MEN (5,)M | €S(M) (A;)M, eA(M) X Rz C3

2
Zc((jmm> —9—1—4\/5) :
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We need to construct tools to prove Lemma 2.9. To shorten subsequent
formulas, let us set

1
2.29 Bji= ———,
( ) 1+ A, X
1
(2.30) D;j = 5(8B§B]2- + BB} + B} B; — AB;B} — 4B} B))

for A;, A; € Ryp and X € R>o. The following transformation of D; ; will
be useful. For any v € R

(2.31) D;; = %BZBJ-(% —(y=Bi) = (v = Bj) —4(y — Bi)? —4(y — B;)?

+8(y — Bi)(vy — Bj)).

LEMMA 2.10. For any M € N, (Sj)jj\il € S(M), (Aj)j]\/il € A(M),
X e RZO

(232)  ACF+ C1Cy — 40103 = ((5))521, (Dig)i<i<m (85) 720 o
where (-, -Ypar is the canonical inner product of RM.
PrOOF. Observe that

402 4 C1Cy — 4C1Cs
M M

=) sis;(4B}B} + B;B} — 4B;BY)
i=1 j=1

M M M
= Z SZQBl3 + Z Z(1i<j + 1i>j)8i8j(4BiQsz + BzB? — 4BZBJS)

=1 =1 j=1
M M M M M M

= S; Bi + 1i<j5i3j2Di,j = S; Di,i + 11'7,5]‘81'8]'1)2'7]’
=1 =1 5=1 =1 =1 j=1

= <(5j)jj\i1> (Di,j)lgi,ng(Sj)jj\/il>RM' 0
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Let us prepare lemmas to find a lower bound on the right-hand side of
(2.32). We set for Ay, As € Ry

1 1

A3+ A3

(2.33) oAy, Ag) = %
A A3

We begin with the next lemma from which the critical constant 9 — 4v/5
originates.

LEMMA 2.11. Assume that 0 < A1 < As.

1 1
(i) The function X — Bf — Bg : R>g — R attains its mazimum only at
X = a(A1, A2). Moreover,

= 1— (A1/Ap)5 .
V14 (A1/42)} + (41/45)3

1 1
(ii) The mazimum value maxxcRr.,(Bf — By ) is strictly decreasing with
" >
4
1

1 1
(iii) maxxcr.,(Bf — B3) =3 if and only if - =9 — 4/5.

PROOF. (i): One can derive that

I §;] a
—~
Sy
o=
|
oy
N o
N—

—~
N

N ol
|

S

=Wl

~—

1 1 2
)+ ABAS(1+ A1 X)2(1+ A3X)2 + A3 (1 4 Ay X)
1 1
2(1+ A1 X)2(1+ AX)3(AZ(1+ A1 X)2 + AP (1 + Ay X)2)
1 1 2 2
(AP + A5 — ADA5X).

N:Bw\m
—
+
=
>
_|_

The claim follows from the above equality. The maximum value can be
derived directly.
(ii): One can deduce the claim from (i).
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(iii): We can check that
1— (A1/A)5
V1 (A1/42)F + (41 49)}

1
2

if and only if ﬁ—; =9 —4v/5. Thus by (i) the claim holds true. O
We need to prove properties of B;, D; ;j more.
LEMMA 2.12.

(i) For any Ay, Az € Ry satisfying Ay < Az, X € R>g

1
D171 — D172 = 531(31 — BQ)(2B1 + By + 432(31 — Bg))
(ii) For any Ay, As € Ry satisfying Ay < Az, X € R>g

1 11 1 11
Dy1Ds5 — D}y =4BiB3(By — By)? <Bf + B2 + 5) (Bf — B3 + —)

1 1 1 1 1 1
(L-sbend) (sl o5 -1).

(iii) For any A1, Ag, A3, Ay € Ry satisfying A1 < Ay < A3 < Ay, X €
R~

By Bs(By — By)(By — Bs)
B2(By — By)?

D11Ds3 — D12Dq3 > (D11Dygg — D%A)-

(iv) Assume that 0 < A; < Ay and X € Rxo.

. . 3By
Dys>D donlyif Bl — Bo < ———.
12 = Doy if and only if By — By < 528 +1)
(v) Assume that 0 < A1 < Az and X € Rsy.
3B

Do <D ) donly if By — By > —————.
1,2 < Do if and only if By 2_2(231+1)
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(Vi) Let Al,A2,~-- ,AM S R>0 satisfy A1 < AQ < .- < AM and X €
R>o. If Diyv > Dy, then Dy > Dy > Darar for any m €
(1,2,--, M).

(vii) Let Ay, A2 € Rsg satisfy Ay < Aa, f‘—; >9—4v5 and X € R>o. If
Dyo > D 3, there exists c € Ry independent of any parameter such
that

A 2
Dy 1Dop — D3y > cBIB3(By — Bs)? (A—l —9+ 4\/5>
2

PROOF. (i), (ii): These can be derived from the definitions. The equal-
ity (2.31) with v = By helps the derivations.

(iii): Observe that by using (2.31) with v = B; and the inequalities
By > By > By > By

D11D23 — D12D13
1
= ZB%BQB;;(BI — By)(B; — Bs)
. (—1 + 1681 — 4(31 — Bg) — 4<B1 — B3) — 16(31 — BQ)(Bl — Bg))

AV

1
Z19%15’233(31 — By)(B; — Bs)

(=14 16B; — 8(B; — By) — 16(B; — B4)?)
ByBs(B; — By)(B1 — Bs) 2
= D11Dy 4 — D7 y).
B2(By — By)? (D1,1D44 14)
(iv): When A; = Ay or X = 0, the claim is obvious. Assume that
Ay < Az and X > 0. Using (2.31) with v = By, we can see that D12 > Do o
if and only if (Bl +2Bg)(Bl — Bg) —4B, (Bl — 32)2 > 0. Since B1 — By > 0,

this is equivalent to By + 2By — 4B1(By — Ba) > 0, or By — By < g5y

(v): The proof is parallel to the proof of (iv).
(vi): By the assumption and (iv) By — By < m
that By — B,, < m for any m € {1,2,--- ,M}. Again by (iv) Dy m >
Dy > Dpag for any m € {1,2,--- , M}.
(vii): The claim is trivial when A; = Ay or X = 0. Let us assume that
Ay < Ay and X > 0. By Lemma 2.11 (i)
1

which implies

1 i1 3
(2.34) 5~ (Bf = B3) = 5 = (B = Bf)|x=a(a1,42)
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3
2\/1 + (A1/A2)5 + (A1/As)5
((3+5)/2 — (A1/A42)5)((A1/A2)5 — (3= /5)/2)
V1+ (A1/A2)} 4+ (A1/42)F +2(1 — (41/49))
A\3 3-5
(5 =)
Ai/A; — ((3—+5)/2)?
(A1/A2)3 + ((3 = V5)/2)(A1/A2)5 + ((3 — V/5)/2)?
Ay
c (A—2 -9+ 4\/5> .
On the other hand, by (v) 2(2B; + 1)(B1 — B2) > 3Bj, which implies that
4B} > 4B} — 4B1By — 2By > Bj. Thus By > 1. Since the function

r+— 5207 R>0 — R is increasing,
3B 3 1
By~ By > 5t > = -
22B1+1) ~ 22z +1)|,_1 4

By combining this inequality with Lemma 2.11 (i)

1
1 1 1 1 1 1—(A:/A5)3 1 1
<8l -BHB] +B)) < W/ 5+ )
V1+ (A1/A2)% + (41 /45)3
Therefore
(2.35)
1 1
B? + B — =

VL A/ /At 1

4(1 — (Al/Az) ) 2
3((3+ f 5)/2 — (A1/A2)5)((A1/A2)5 — (3~ V/5)/2)

401 = (A1 /A2)3) (V1 + (A1/A2)F + (A1 /A3)F +2(1 — (41/A45)}))
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A5 3—5 A

1 - 1

21y >c(2—944v5).

_C<<A2> 2 >_C<A2 ot \/3>

By combining (2.34), (2.35) with the equality derived in (ii) we obtain the
claimed inequality. O

We also need the following basic lemma.

LEMMA 2.13. Let M € Nxg, a = (a;)}L,, b = (b;))L, € RM, a; #0,

b1 =0,0;>0(j=2,---,M). Then for any x = (:t:])]:1 € R>0 satisfying
u >
21ty =1
(@303 + (b, > -
a, X y X > min .
R B = jese oy (aj — a1)? + b2
PrOOF. Let us define the function f : R]‘fo_l — R by
2 o 2

f(an”'w,I:M = al+z —CLl + ijxj
7j=2

The function f attains its global minimum. Indeed f(0) = a?, f(x) > a?
for any x = (a:]) 1, € RMST satisfying Z]]\iQ bjz; > |ai|. Thus a global
minimum point of f(-) ex1sts in the compact set

(x])j QGRM ! Zb zj < |ai]

Observe that for any x = (Ij)jj\il € RY satisfying Z]]\il zj=1

<a7 x>]%§M =+ <b7X>[2RM = f(fl?g, e ’:L'M)-
Thus it suffices to prove that for any M € Nx>»
a262

o i
(meq) i 092 Bl —w) T B
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Va = (a;)iL;, b= (b;)}L, € RY
satisfying a1 # 0, b1 =0, b; >0 (j =2,--- ,M).
Let us prove (Ineq(M)) by induction with M. If M = 2,

ai(ag — ay) >2 a3bs
(a2 —a1)? + b3 (a2 —a1)? + b3

Fle2) = ((az — ar)® + B2) (902 n
S a2b3
~ (az —a1)? + b%

for any x9 € R>0. Thus (Ineq(2)) holds. Assume that M > 3 and (Ineq(M —
1)) holds. Let us consider the case that
a; —ay apnr

= M T e h9 3 M 1),
b; bar

It follows that
2 2

M M
ap —ag
F(@)fs) = [ ar + o > by |+ | Dby
=2 =

ab?
> min ((a1 + (ap; — a1)z)? + (by)?) > 17M .
_IGRzo((l (ar —ar)e) <M)>_(GM—(11)2+I7?\J

In the last inequality we used (Ineq(2)). Thus the claimed inequality holds

in this case. Next we consider the case that there exists [ € {2,3,--- , M —
1} such that #-= “M—EL  Suppose that f(-) attains its minimum at
1 M

()5, € RY7. Then for m € {I, M}

1 0 . A, — Q . .
——f((ﬂfj)j]\iz) =2 g +) (aj—a))i; | +2> bid; =
by 0T, bm, , :
7j=2 7j=2
Since % glal C”‘g—;”, j]\i2 bji; = 0, which is impossible. Thus f(-) attains

its global minimum in R%_I\R%_l. Using the induction hypothesis,

min Fl(@)ils) = min Fl(z)My)
(z));L€REG " ()} €RSGTREG 7
= min min flxo, -+ 2i-1,0,Z541, - ,T0)

jE{Q,'“ 7M} (xz,--- yLj—1,Tj41,""" ,IM)ERQ/I(;Q
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ab? a%bz
> min min 1 k2 5 = min %
jEf2, MY ke{2,3, MNGY (ak —a1)? + by je{2q M} (aj — a1)? + b7

Thus the claimed inequality holds in this case, too. Thus (Ineq(M)) holds.
By induction (Ineq(M)) holds for any M € Nso, which completes the
proof. [J

With these tools we can find a lower bound on the right-hand side of
(2.32).

LEMMA 2.14. Assume that % > /9 — 4v/5. Then there exists ¢ €
R<o independent of any parameter such that

A 2
()31, (Digi<ijen (s;) 11 gy > By (ﬁ -9+ 4\/5>

for any M € N, (Sj)j]\i1 eS(M), (Aj)j]\il € A(M) and X € R>y.
ProoOF. For M € N, ¢ € Ry we set the proposition
(Prop(M, c))
()11, (Dighi<ijem(s))ily)pm = By (j—; -9+ 4\/5>

V(s € S(M), (4;)M, € A(M), X € Ryxo.

2
)

When M =1,

A 2
(5771, (Dighi<ig<m(si) i) my = D1y = B} > By <ﬁ -9+ 4\/5> -

Thus (Prop(1,c¢)) holds for any ¢ € (0,1]. Assume that M > 2, ¢y € (0,1]
and (Prop(M — 1,¢p)) holds. We temporarily assume that ;14—]\14 >9— 45
and X > 0. First let us consider the case that Dy ay > Dy p. Lemma 2.12
(vi) ensures that Di,, > Dy for any m € {1,--- ,M}. By using this
inequality and the induction hypothesis

M M
((85)5=15 (Dij)1<ij<m(85)j=1)rm
DM,M . DM,M

M . M
> <(Sj)j:17 : (Di7j)2§i,j§M (Sj)j:1>RM
Dy v
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= Dy | 51+ 228183 ((55) 72, (Dij)2<ij<nr () Lo a1

2

Zs]

M
1 1
+ (Do s | (=) (Dij)asijenr =57 (55) o) mar
=2 > =25 j=25j
M 2 A2 9 M 2
2 (1 (L] | et (32 -0+ avs) (s
j=2 An j=2
A 2
> cyBY, (—1 9+ 4\/3>
Anr

Next let us consider the case that D1y < Dz . In the following ¢; denotes
a generic positive constant independent of any parameter. By using Lemma
2.12 (iii), (vii), Lemma 2.13 and Lemma 2.12 (i) in this order

()51, (Ds j<ijena (s5) 551 Y pm

M

= D115t +2)  Dujsisi+ ((s;)1La, (Dij)asij<ar(s;) o) par
j=2
M M M M

= D1715% + 2 Z D1 jsjs1+ Z DjJS? + 2 Z Z LicmDimSi5m
j=2 j=2 1=2 m=2

M
D ( Z D1 js; + Z D11Dj; — )83
1,1 s

M M
+2) > Liem(DiaDign — Dl,le,m)stm)
=2 m=2

2
M M 2
1 B (Bl B)
> D Di11D D
Dy ( ;1 178 +j§_2 B, (B — By )? 5 (D11 Dy — 1M)
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M M
B, B,, (Bl — By)(B1 — Bp) 2
+ 2; Z Licm B2.(B1 - Bar)? (D1,1Dnive — D pp)si8m

M M
Aq
+2> > LiemBiBiBm(B1 — By)(B1 — B) <E —9+4V5 ) slsm>

=2 m=

M
A
> Diys; +ZBlBQBl B)(A1 9—1—4\/_)
=1 j=2

.

[\V]

= Dc—l <<(D1,j)j]\/£17 (Sj)j]\ilﬁw

+ <BlBj(Bl — Bj) <;44—1 -~ 9+4\/_>>j . (Sj)j]\i2>]%§1\4l>

.o - D} | BiB?(B1 — B;)*(A1/Ay — 9+ 4V5)?
Dy je{2,-.M} (D11 — D1 j)? + BiB2(B1 — B;j)?(A1/Am — 9+ 4V/5)?
D, 13232(31 Bj)?(A1/Ay — 9+ 44/5)?

ye{z M}B (B1 — Bj)? + BIB2(B1 — Bj)?(A1/Aym — 9+ 4V/5)?

Ay 2

>

Here we remark that we used the assumptions AA_1\14 >9—4y5and X >0
to apply Lemma 2.12 (iii), Lemma 2.13. Thus

A
(o (Drghisagen(s) e 2 minfes,cn} By (L —0+.4v5)

for any (Sj)j]\/il € S(M), (Aj)j]\/i1 € A(M) satistying A% > 9 — 44/5 and
X € R.. Since the both sides of the above inequality are continuous with
A1, Ay, X, (Prop(M, min{co, c1})) holds by taking the limit. It follows
that if (Prop(M — 1, min{1,¢;})) holds, then (Prop(M, min{1,¢;})) holds.
By induction with M (Prop(M,min{1,¢;})) holds for any M € N. The

proof is complete. [J

We are ready to prove Lemma 2.9.
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Proor orF LEMMA 2.9. By Lemma 2.10 and Lemma 2.14

Ch
03

2
B4 Emin
>4 — 4
CB6 <<emam> 9+ \/5)
1+A1X 6 Cmi 2 ?
> c inf ) —944
e, (L) (22 o)
2
A 6 min 2
S ((e ) f)
AM Cmazx
2 2
>c(9—4\/5)6<(2”“"> —9+4\/5) .0

Here we can prove the positivity of gﬁg (B) for small (3 as follows.

Ay

2
(4C% 4+ C1Cy — 4C1C3) > 4 By (S —9+4V5
“c3 A

LEMMA 2.15. Assume that EZZ—;’; > V9 —4V5. Let M(emin, €maz) €
R<q be that introduced in Lemma 2.2. Then there exist ¢ € Ry independent

of any parameter and Uy € (0, #&l)b] such that for any U € [-Uy,0),
E e 5(€mina emax); /6 € (Oa Bc) satisfying ﬂ < M(emirn emax) 1+ y(ﬂ)

d2T 1+y(ﬁ) €min 2 :
g0z e ((em) —9+4\/5>

PrOOF. Combination of Lemma 2.8, (2.28) and Lemma 2.9 yields the

result. Here we remark that the condition % > /9 — 41/5 is necessary
to ensure that (2.26) holds. O

Lemma 2.5 and Lemma 2.15 imply the following.

COROLLARY 2.16. Assume that e"”” > /9 — 4/5. Then there exists
Up € (0, %] such that for any U 6 [ Uo, 0) and E € S(emm,emm)

d2r

dmy g (P) = oo
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Finally we achieve the goal of this section.

PROOF OF PROPOSITION 1.6. The claim follows from Lemma 2.2,
Corollary 2.3, Lemma 2.15 and Corollary 2.16. [

3. Non-Convexity of the Phase Boundary: Non-Critical Case

In this section we prove Proposition 1.7. Our proof is based on the
relation (2.23) and Lemma 2.7. It is essential to find E € E(emin, €maz) Such
that the function WE() takes a negative value. We begin by constructing
basic properties which we need to analyze the function Wg(+). Let us recall
the notations (2.29), (2.30), (2.33). Here we add more properties of Dj ;.

LEMMA 3.1. Let A1, As € Ryq satisfy Ay < As.
(i) Assume that f‘—; <9 —4+/5. Then D1 2| x—a(a,,4) < 0.
(ii) Assume that ‘2‘—; <9 —4/5. Then

(D1,1D25 — D3 5)| x—a(ar,45) <0

(iii) Assume that ‘3—; <9—4/5. Set

|D1 o , Dy
, S9!

S1 = = =T .
X:(X(Al,AQ) DLl + |D172| X:a(Al,Ag)

" Di1+|Dio

Then s1, s2 € (0,1), s1+s2 =1 and

((87)5=1 (Ds j)1<ij<2l x—a(ar,49) (85)5=1 g2 < O.

PROOF. (i): By the assumption Lemma 2.11 implies that

1 1
(Bf — B3 )|x=a(4,,42) = Xnelﬁzo(Bf - B

N o=

1
> —.
)_2

We can deduce from (2.31) for D; 9, v = By that Dy < 0 if and only if
1 1
Bi> By + $(1+V1+32B,). If B — B > 1,

1 1 1
BlzB2+B22+Z>BQ—|—§(1—|— 1—|—3232),
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and thus the claim holds. ) )
(ii): By the assumption and Lemma 2.11 § — (Bf — B3 )| x—q(4,,4,) < 0,
1
and thus Bf [ x—_q(a,,4,) > % By combining these inequalities with Lemma

2.12 (ii) we can derive the claimed inequality.
(iii): By (i) s1, s2 € (0,1) and s; 4+ s2 = 1. Observe that
(3.1)
((s5)5=1, (Dig)1<i<elx=a(as,40) (87)j=1) R
1 s3
= D—(D1,181 + D1252)? + D—2(D1,1D2,2 — Diz) .
1,1 X=a(A1,A2) L1 X=a(A1,A2)

By (i) and the definition of s1, s the 1st term of the right-hand side of (3.1)
vanishes. By (ii) the 2nd term of the right-hand side of (3.1) is negative,
which concludes the proof. [

We will use the next lemma in the proof of Proposition 1.7.

LEMMA 3.2. Set

2 2

(3:2) To 1= QM-

3 3
€min€maz

For any E € E(emin, €maz) there exists Uy € (0, 26%) such that the follow-
ing statement holds. For any U € [-Uy,0) there exists Y € (—1,0) such

that /14 Yxo € (0,0:) and y(v/1+ Yxo) =Y, where y(B) := COS(@) for
B e (0,08).

PROOF. According to Lemma 1.1,

Be < 2 anh~! <M> , YU € (—26””'",0> .

Emin 2emin b

Thus there exists Uy € (0, 28%) such that 8. < xg for any U € [—Uj,0).

Fix U € [-Up,0). Since limg ~5, /1 + y(3)/6 = 0 by Lemma 1.2 (ii), there
exists n € Ry such that /1 +y(8) < % for any 8 € [B. —n, (). Since
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B, < mg, there exists Y € (—1,0) such that /1 +Ya € [Be —m,0c). Tt
follows that

\/1—|—y(\/1+17a:0) g—”liyxoszrff,
0

or

(3.3) y(V1+ }7330) <Y.

On the other hand, by Lemma 2.5 limg~ o 3%/(1 + y(3)) = 0. Thus
limy\ —1(14+Y)/(1+y(v1+ Yxg)) = 0. Therefore there exists Y € (—1,Y)

such that 14+ Y < 14 y(v/1+ Yao) or

(3.4) YV <y(\/1+ Ya).

By (3.3), (3.4) and the continuity of y(-) there exists Y € (Y, Y] such that
V1+Yzy € (0,6.) and Y = y(v/1+ Yxg). O

We need to construct E € E(emin, €maz) for which 7(+) is non-convex. As
mentioned at the beginning of the section, we must show that Wg(-) takes
a negative value. We achieve this as follows. First we find a matrix-valued
discontinuous function Es : I, — Mat(b,C) such that Wg_(-) takes a
negative value. Then we approximate Fo, by some E € E(emin, €maz) SO
that Wg(-) has the desired property.

REMARK 3.3. One question we expect here is why we do not try to es-
tablish the same theorem without assuming the smoothness of one-particle
Hamiltonian matrix F if such an example is found in a non-smooth class.
This is because we cannot justify the derivation of our gap equation if we
allow one-particle Hamiltonian matrix to be discontinuous. Polynomial de-
cay property of the free propagator with the spatial variables, which is
guaranteed by smoothness of one-particle Hamiltonian matrix with the mo-
mentum variables, is essential in the derivation of the infinite-volume limit
[13, Theorem 1.3] via multi-scale analysis. However, it is possible to reduce
the smoothness condition to some continuous differentiability condition to
derive the infinite-volume limit as claimed in [13, Theorem 1.3]. We assume
the smoothness condition throughout for simplicity.
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In the following until the proof of Proposition 1.7 we assume that % <
V9 — 4v/5. Similarly to the definition in Lemma 3.1 (iii), we set

D
(3.5) 51 = D12

= = ,82::1—51.
D11+ |D1 o]

Aq :egninvAQZQmax »
X=a(A1,42)

By Lemma 3.1 (i) s1,s2 € (0,1). Let us define the function ® : RY - R
by

1

Doo (21, ,2q) 1= { ©maz if |x; — 7| < ws§ for all j € {1,---,d},

oo s s =
emin  Otherwise.

Then we define E, : 'Y, — Mat(b, C) by Eno(k) := ®oo((V1,- -+ ,Va) 'K L.
Observe that for any continuous function f : R\{0} — C

(36) Dy / Ak Tr f(Eno(K)) = b(s1 f(€mim) + 52 (€mas))-
'

In the following we construct {Ep}peR.o C €(Emin; Emae) such that E, ap-

proximates E as p — oo. Define the function ¢, € C*(R) (p € Rso)

by

1
1 . B 1
QZ)p("If) — eXp <(71’S;/d)2p((50—7r)2)p_1 _'_ 1) lf |x 7'('| < 7'('82 ,
0 otherwise.

Then we define ®, € C*(R?) (p € Rsg) by

d
Qp(z1, ) = (Emaz — Emin) H Op(25) + emin.
j=1

Then we define E, : T%, — Mat(b,C) by E,(k) := ®,((V1,---,V4) k)]
Finally we define E, : R? — Mat(b,C) (p € Rsg) by E,(k) := E,(k), where
k € {(v1,-,va)k | k € [0,2m)%} and k = k + 30_ 27m;¥; for some
(my)]_y € Z°.

LEMMA 3.4. The following statements hold true.

(1) {Ep}p€R>o C g(emina emax)-
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(ii) For any continuous function f:R\{0} — C
lim Dd/
p—00 r

REMARK 3.5. We have already proved similar lemmas [13, Lemma
A.1], [14, Lemma 2.9]. Though the previously constructed families of
E(emin, €maz) are different from { £, },ecr. ,, these lemmas are essentially ap-
plicable to prove Proposition 1.7 and Proposition 1.8. We present Lemma
3.4 in the belief that the construction of {E,}yeRr., is simpler and more
suited for our present purposes. Also, containing all the necessary lemmas

AT F(B,00) = Dt [ dkTe f(Bc(10).

* *
o] [e5S]

must be convenient for the readers.

PrROOF OF LEMMA 3.4. (i): We only check the property (1.9), as the
other properties apparently hold. Take any k € R%. There exist (k:j)?:l €
[0,27)%, (m;)%_, € Z* such that k = Z?:l kiv; + Z;lzl 2mm;v;. Observe
that

d
Ey(—k) = B, [ > _2r —kj)¥; | = ®p(2m — ky, -+, 27 — ko),
j=1

= ®y(k1,- - ka) Iy = Ep(k).

Here we used that ¢,(2m — k) = ¢p,(k) for any £ € R. Therefore (1.9) is
satisfied.

(ii): Let f : R\{0} — C be a continuous function. For any k € T'},
there exists~ (k:j);-l:} € o, 2~7T]d su<~3h that k = Z;l:l k;jv;i.  Since
hmpﬂoo (I)p(kla t 7kd) = (I>oo(k17 Tt )kd)a

(37)  lm Tr f(E(K) = b lim f(@p(kn,+ ko)) = bf (Bl . Fa)
= Trf(Eoo(k))'
Also

(3.8) | Tr f(Ep(k))[ <b  sup  [f(a)]

xe [emz‘n yemaz]

for any p € R-g. By (3.7), (3.8) one can apply the dominated convergence
theorem in L!(T'%) to ensure the claimed convergence. [J
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Here we can prove Proposition 1.7.

PROOF OF PROPOSITION 1.7. Assume that e”“z < V9 —4V5. We
define {Ep}peR.y C E(emins €maz), Foo : T, — Mat(b,C) as we did in
front of Lemma 3.4. Though we originally defined the function Wg(-) for
E € E(emin, €maz), We can define VT/EOQ() by replacing F by Eo in (2.24).

Recalling the notational rule given in front of Lemma 2.9 and (3.6), we see

that with Al = emm, A2 = emax, M=2
~ C1
%% x) = 402 + C1Cy — 4C,C!
Foo (T) \/505,( 5+ C1Cy 1C3).

Moreover by Lemma 2.10

W, () = \fCCS ((57)7=15 (Dig)i<ij<a(si)i=1)pe-

We define 29 by (3.2). Since X = 73 = a(Aj, Az) and 1’3—; < 9 — 45,
Lemma 3.1 (iii) guarantees that

(3.9) Wi, (z0) < 0.

We can apply Lemma 3.4 (ii) to deduce from (3.9) that there exists p € R~q
such that Wg,(z0) < 0. Moreover, by Lemma 2.7 there exists yo € (—1,0)
such that

(310) WEp(:Ean) < Oa Vy € (_LyO]

By the 2nd inequality of Lemma 2.4 for E, there exists Uy € (0, 2%z ) such
that y(8) € (—1,yo] for all U € [-Uy,0), 5 € (0,5.). Lemma 3.2 ensures
that by taking Uy smaller if necessary for any U € [—Up,0) there exists
Y € (—1,0) such that v/1+ Yo € (0,5.) and y(v/1+ Yxzo) =Y € (—1,y0].
Set 3" := 1+ Y. It follows that y(3') € (—1, yo] and

_ g _ g /
WEp(anY) - WEp (mvy> - WEp ( 1 +y(ﬂ’)’y(ﬁ )) :

Thus by (3.10)
g /
Wi, | ——=
E'p< 1+y(5/)7y(ﬂ)><07

which combined with (2.23) implies that ¢ dBQ 7(8') < 0. This concludes the
proof. [
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4. Non-Convexity of the Phase Boundary: Critical Case

In this section we prove Proposition 1.8. We assume that :’“J =

V9 — 4v/5 throughout this section. We want to show non-convexity of 7(-),
which is the same goal as in Section 3. However, there is an essential dif-
ference from the previous construction. In the present case by (2.28) and
Lemma 2.9 Wg (x) is non-negative for any € R>o, £ € E(emin, €maz). This
means that the same argument as in Section 3 does not lead to the claimed
result. Interestingly it will turn out that Wg__(zo,y) < 0 for y € (—1,0)
sufficiently close to —1. Based on this property and (2.23), we can choose
E € &(emin, €maz) S0 that 7(+) is non-convex. The proof of the negativity
of Wg__(zo,y) is the most technical part in this paper. It requires exact
computation of the limit

Wi

im — (g,
yN\—1 Oyl (70,9)
for j = 0,1,2. We will perform the computation separately in Subsec-

tion 4.2.

4.1. Proof of the proposition

Let the family {E)}peR.y C E(€min, €maz) and Eu : I — Mat(b, C) be
those constructed in front of Lemma 3.4. We have to prove in advance that
various objects depending on F), converge as p — oo. Let the functions F?,
F> :Rsgx (—1,0) — R be defined by (2.1) with E = E,, E respectively.
The equality (3.6) ensures the well-definedness of F'*°. We define Wg__ :
Rso x (=1,0) — R by (2.22) with F = E,. It is well-defined despite that
Ew ¢ E(emin, €maz)- First we prove that Wg, converges to Wg,_.

LEMMA 4.1. For any closed bounded intervals J C Rso, K C (—1,0)

lim sup [Wg,(z,y) — We, (z,y)| = 0.
P—00 zeg
yeK

PROOF. Let FY, F>® (a = z,y, zx, y,yy) denote partial derivatives of
the functions FP, F*°. Recalling the explicit forms (2.4), (2.5), (2.6), (2.7),
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(2.8), we can apply the dominated convergence theorem in L!(T'%,) to prove
that

plinolo sup [FP(v/y + lz,y) — F.°(y + 1z,y)[ =0
- zeJ
yeK

for a = x, y, xx, xy, yy, which implies the claimed convergence property. [
We can define the function gg_ : Ryo Xx R x R — R by (1.12) with
E = E. For E, € E(emin, emaz) (P € Rxo) we write B.(p), 7(3,p) in place

of Bc, 7(8) in order to indicate the dependency on the parameter p. The
following lemma shows convergent properties of B.(p), 7(3,p) as p — 0.

LEMMA 4.2. Assume that U € (—%,0). Then the following state-
ments hold.

(i) There uniquely exists

2 b
Emin 2€min

such that gi. (Be,00, 2m,0) = 0. Moreover limy, oo Be(p) = Be,00-

(ii) For any B € (0, Be00) there uniquely exists Too(3) € (m,2m) such that

9B, (B,700(8),0) = 0. Moreover the function 3 — Too(8) : (0, fe,00) —
R s real analytic and

(@.1) Tim 7(3,p) = oe(3), V5 € (0, o).
(4.2) lim b _

ANO /1 4 cos(Too () /2) ’
(4.3) ﬂ}igcl,oo Too () = 27.

REMARK 4.3. By (i) for any § € (0, 8¢,) there exists pg € R such
that 8 € (0,8c(p)) for any p > pg. In (ii) we consider lim, .., 7(8,p) as

limy— 0 p>po T(B,P)-

PrROOF OF LEMMA 4.2. (i): The unique existence of (. « satisfying the
claimed properties except for the convergent property is proved by the same
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argument as the proof of Lemma 1.1. To prove the convergent property,
suppose that limsup,,_,. Bc(p) > Beoo- There exists ¢ € R such that for
any p1 € Ry sup,s,, Be(p) > Beo +¢. Take any p1 € Rso. There exists
q € [p1,00) such that 5.(q) > Beoo + 5. It follows that

9 1
0= c 72 70 = T D dkTx
95, (B(q), 27, 0) i d/pgo <tanh(ﬁc2(q)Eq(k))Eq(k)>

2 1
< ——+ Dd/ dk Tr
vl i <tanh<ﬁ“°°T“/2Eq<k>>Eq<k>>

9 1
< ——+ sup Dd/ dk Tr :
CiRSSTa tanh (P2 B (k) B, (k)

By Lemma 3.4 (ii)

2 1
0 < —— + limsup Dd/ dk Tr
[of -~ rs. tanh(Z=t2 B (k) B, (k)

9 1
=_ - 4 Dd/ dk Tr
U] N <tanh<ﬂc’%+€/2Eoo<k>>Eoo<k>)

<—3+Dd/ dk Tr 5 !
U] T, tanh (s Fo (K)) Eso (k)

2
= 9JE (ﬁc,ooa 27T7 0) = 07

which is a contradiction. Thus limsup, ., B:(p) < Beoo- Suppose that
liminf, s Be(p) < Be,00- There exists € € Ry such that for any ps € Rsg
infy>p, Be(p) < Beoo —€'. Take any pa € Rs. There exists ¢’ € [p2, 00) such
that 8:(¢') < Beoo — % Observe that

E,
0= gEq/ (ﬁC(q/)a 27T7 O) Z gEq/ (ﬁcpo - 57 27T) O)
E,
> i f c,00 T 4§ 2 ) .
> nf 95, (ﬁ : 52T 0)

Lemma 3.4 (ii) ensures that

! !
0 > liminf g ( Bese — = 27,0 ) = gp. ( Bevo — = 27,0
p—oo TP ’ 2 - ’ 2
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> gE.. (Be,00, 2, 0) = 0,

which is again a contradiction. Therefore liminf, .o Bc(p) > Beoo. Sum-
ming up, we obtain that limsup,_, Bc(p) < Be,00 < liminf, .o B:(p), which
implies the claimed convergence.

(ii): The same argument as the proof of Lemma 1.1 (iii) shows the unique
existence of 7o (8) € (m,2m). Since (8,t) — gp._(5,t,0) : Ryg x R —
R is real analytic and 896?0 (8,750(8),0) # 0 for all B € (0,000), the
real analytic implicit function theorem (e.g. [15, Theorem 2.3.5]) ensures
that 7o(-) is real analytic in (0,8¢00). Take any B € (0,8¢00). Since
limy, o0 Be(p) = Pe,00, there exists p3 € R such that 5 € (0, B:(p)) for any
p > p3. Let us set

5.9) 5= cos (T2 (32 ), () = os (22

for simplicity. Suppose that limsup,_,., ¥(5,p) > yeo(B). There exists é €
R0 such that sup,s,, ¥(8,P) > Yoo(B) + € for any py € [p3, o). Take any
pa € [p3,00). There exists ¢ € [ps, 00) such that y(8,4) > yeo(3) + 5. It
follows that

2

0= 5, (57(5.0).0) < — oo+ P (B(9) + 5

2 €
< —— + sup F? <5, Yoo () + —> :
|U| DP>pa 2

By arbitrariness of ps and Lemma 3.4 (ii)

N

2 . € 2 . é
0< T + h;rf;pr <ﬂ,yoo(ﬂ) + 5) T + F (ﬂ,yoo(ﬂ) + 5)

< JE (/877-00(6)7 0) = 07

which is a contradiction. Thus limsup, .. y(8,p) < yeo(B). Suppose
that liminf, oo ¥(3,p) < Yoo(B). There exists £ € Ry such that inf,>,,

Y(B,p) < Yoo(B) — € for any ps € [p3,00). Take any ps € [p3,00). There
exists ¢ € [ps,00) such that y(8,q) < yoo(B) — 5. Observe that

0= gEq(ﬂ,T(ﬁ, q),0) > % + Fa (5’ Yoo (B) — g)
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> —% + inf FP <6, Yoo (B) — é) :

| p>ps 2
Since ps is arbitrary, Lemma 3.4 (ii) ensures that
2
U]
> 9B, (B, 7 (83),0) = 0,

which is again a contradiction. Thus liminf, .. y(3,p) > Yso(3). We ob-
tained that

. a2 ¢
0> +%@£pr <ﬁayoo(/8)_§>—_m+F (ﬁayoo(ﬁ)_§>

limsup y(6,p) < yoo(B) < limin y(B, ),

p—00
which implies that lim, o (5, p) = Yoo (). Thus (4.1) holds.

The property (4.2) can be proved by exactly the same argument as
the proof of Lemma 2.5. The property (4.3) can be shown in the same
way as [13, Lemma 2.2 (ii)]. However, we provide the proof of (4.3) for
completeness. Suppose that liminfg -5, . 7oo(8) < 27. Then there exists
9 € R-g such that for any 8 € (0, Be,00) infﬁe[ﬁ,ﬁc,oo) Too(B) < 2m—¢gq. Take
any (3 € (0, Be.00). There exists B’ € [B, fe.00) such that 7. () < 27 — o
which implies that

0= e (8, 750(8),0) < gm. (8,27 = 7,0)

< s g (52r-20)
BE[B,Be,00)
Since f3 is arbitrary,
0 < limsup g, <ﬁ72w - 5—0,0> = 9Ex <5c,oo,27r - E—O,O)
8,/ Be.ox 2 2
< JE. (60,007 2m, O) =0,

which is a contradiction. Therefore liminfg 5. . Too(3) > 2. Since
limsupg g, _ Too(3) < 2, (4.3) holds. [J

In the following let zp be that defined in (3.2), (.o be that introduced
in Lemma 4.2 (i) and yo(8) := COS(BOT@) (B € (0, Bc,00)) With Too(+) intro-
duced in Lemma 4.2 (ii). We need to prepare an analogue of Lemma 3.2
with F.
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LEMMA 4.4. There exists Uy € (0, 26%) such that the following state-
ment holds. For any U € [=Uy,0) there exists Y € (—1,0) such that

V1+Yzg € (Oaﬂc,oo) and Yoo (V1 +Yz) =Y.

PrROOF. By using (4.2), (4.3) in place of Lemma 2.5, Lemma 1.2 (ii)
respectively we can repeat an argument parallel to the proof of Lemma 3.2
to prove the statement. [

Proving the next lemma is the most complicated in this paper.

LEMMA 4.5. Assume that e"”” = /9 —4+5. Then there exists yy €
(—1,0) such that Wg__(xo,y) < 0 for any y € (— 1 yo]

Let us postpone the proof of the above lemma and show Proposition 1.8
here.

PROOF OF PROPOSITION 1.8. Let yo € (—1,0) be that introduced in
Lemma 4.5. For any U € [— mffﬁzg)b, 0), 8 € (0,000) the same inequality
as the 2nd inequality of Lemma 2.4 holds with y.(3) in place of y(53). It
follows that there exists Uy € (0, 222n) such that yo(3) € (—1,yo] for any
U € [-Up,0), B € (0,c00). By choosing Uy smaller if necessary we can
apply Lemma 4.4 to ensure that for any U € [-Up,0) there exists Y €
(—1,0) such that 1+ Yzg € (0, Be,00) and yoo (V1 +Yo) =Y € (=1, 0]
Let us fix U € [—Uy,0). Set §' := /14 Yxg. Recalling the conclusion of
Lemma 4.5,

(4.4)
. g _ B :
0> Wg,(x0,Y) =Wg, <m,Y>—WEOO< 1+yoo(5/)’yoo(ﬁ)>‘

By Lemma 4.2 (i) 5 € (0, 8.(p)) for any sufficiently large p € R-o. Moreover
by Lemma 4.2 (ii)

(4.5) lim y(3',p) = Yoo (3'),

p—0oo

where y(3,p) := cos(@) for 5 € (0,8.(p)). We can deduce from Lemma
4.1 and (4.5) that

lim Wg, (#,y(ﬂﬂp)) =Wg, <L7yoo(ﬁ/>) .

peo L+y(f,p
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This coupled with (4.4) implies that there exists p € R~ such that ' €
(0, 8:(p)) and
6/
1+y(3,p)

Finally the above inequality and (2.23) ensure that giﬁg(ﬂ’ ) <0 for E = E,.
This concludes the proof. [J

0> Wg, ( 7y(6’,p)> :

4.2. Negativity of the core function

It remains to prove Lemma 4.5. More strongly we will prove the next
lemma, which implies Lemma 4.5.

LEMMA 4.6. Assume that :’n’jﬁ = 9 —44/5. The function
Wg (zo,-) : (—1,0) — R can be continued into a neighborhood of y = —1
in R as a real analytic function. If we let Wg__(xo,-) denote the continued
function as well,

OWg_
dy

0*Wg,, V253

1
Wes (0, =) =0, 2 o VT T

(xo9,—1) =0,

REMARK 4.7. At present deducing from Lemma 4.6 is the only way
to prove Lemma 4.5. We show Lemma 4.6 by long calculations, though we
organize the process as much as possible. Since these derivatives eventually
take simple values, there may be a nice mathematical structure leading to
a substantially simpler proof. However, we are unable to reveal it. In the
following we should keep in mind that any single miscalculation ruins the
proof of Lemma 4.6. We add that based on (3.6), (4.6), it is straightforward
to write a code to compute the low order terms of Wg__ (zo,-) numerically
in PC.

Recall that the partial derivatives of the function F*° : Ryg x (—1,0) —
R can be characterized as in (2.4), (2.5), (2.6), (2.7), (2.8). Moreover,
WEg, can be written with the partial derivatives of F'*° as in (2.22). To
shorten subsequent formulas, we define the functions G., Gy, Gz, Guy,
Gyy : (—1,0) = R by

Caly) = (5 + DEX(Vy T Tro,), Gyly) = LT oo /Ty ),

To
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- 5 100
Gaaly) == 5 (y + D2 EX(Vy + Lo, y),
ny(y) = (y + 1)2F§§( V ) + ].«T(), y)7

Gyy(y) = MF;;(V y + 1z, y).

0
We can see from (2.22) that
(4.6)

Wg. (zo,y) =

[\)

Njw

TR TP (— yGa(y)?Gy(y)

+ (1 = 9)(2G2a(y)Gy(y)* — 2G2(Y) Gy () Gay(y) + Gyy (¥) G2 (y)?)).

Moreover we set for m,n € NU {0}

Conn = Dd/ dkTr< (%OJZO"(k)z)m )
5 (14 R E(k)?)™

By (3.6)

1(2) 62 m 33_862 m
Cm,n — b (S ( 2 xmz;z) + 9 ( 2 maa:) ) )
(1 + 5 mzn)n (1 + max)n

We are going to compute W, (zg,y) up to the 2nd order term of y + 1. Let
us proceed step by step.

LEMMA 4.8. The functions Gy, Gy, Guz, Guy, Gyy can be expanded

into convergent power series of y+1 in a neighborhood of y = —1. Moreover,
asy \, —1
Co o
G:(y) = —Co,1 +2Ch 2 + ﬁ — —023 +Co1 — Cop2 (y+1)
+0((y+1)%),
C C
Gy(y) = —Coz + (—% + ;3) (y+1)

T 47 — ’ 1 1
+< 5 3.5 3508 22.3)(y+ )7+ 0((y +1)°),
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G:I:J:(y) = 01,2 - 2201,3

C C 22
+ <% - % - 302,3 +2C034 —Cr2 + 201,3) (y+1)

C 2 C C 22 2 C
+ (i 5,4 3,3 505’5 . 2,2

Z 2 0. 33t 0= —22
5.3.5 3.5 T gty Tyl 3

2
#3000 Caa ) 4 1 + O((y + 17,
Gay(y) = 3C02 — 22Co3 + (—Ca3 +2Cs4 + Co1 — 3C02 +2Co3)(y + 1)
C33 Cyu 2 Cap 9
- : —Cy5 — == Co 3 — C 1
( 3.5 92 3C45 — 5 T 023 2,4>(y+ )
+O0((y+1)%),

2
Gyy(y) =2Co3 + <§C'1,3 — Cz,4> (y+1)

O34 —

L2
3-5

Chs 2 C
+ (ﬁ — 2034+ ﬁ) (y+ 1)+ O((y +1)%).

REMARK 4.9. We will find that the 2nd order term of G, (y) is unnec-
essary to prove Lemma 4.6. So we do not characterize it here for conciseness.

PROOF OF LEMMA 4.8. For j € NU {0} let us set

cos x 1\
B; = D, /F h(/y F Lo B (k) 1) |

. y+1

inh (v F TzoFa (K

Sj::Dd/ dkTr(sm( Y+ 10 Boo (k)
'y

dk Tr (1 +

Vy + 1zgEs (k)
. <1 . cosh(Vy T Tao B (k) - 1>‘J’ )

y+1

~ 2 1
S = Dd/ dicTr (20 7, (102 SB VY T 170 Boo ()
x 2 VY + 1zoEx (k)

i . <1 . cosh(y/y F Lo B (K)) ~ 1>—j >

y+1
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We can derive from (2.4), (2.5), (2.6), (2.7), (2.8) with E = E that

(4.7) Go(y) = —R1 + 2Ry + (R — R2)(y + 1),

(4.8) Gy(y) = =52,

(4.9) Gua(y) = 82 — 455 + (=52 +253) (y + 1),

(4.10) Gry(y) = 3R2 — 4R3 + (R1 — 3R2 + 2R3)(y + 1),
(4.11) Gyy(y) = 253

We can see that R;, S, S'j (j € NU{0}) can be expanded into convergent
power series of y + 1 in a neighborhood of y = —1 and so can G, Gy, G4,
Gy, Gyy.

We want to characterize low order terms of R;, Sj, S’j. Let us prepare
formulas for this purpose. Let z € R, a € R\{0}, n € N. Set X := %,
A := a?. Observe that

<1+ cosh(v/y + 1za) — 1>_n
y+1

2 42 X343

5.3 (y+1)+

X2A2

(L xw L X (41 "
2.32 51+ XA)  22.32(1+xA12 )Y
+0((y+1)%),
sinh(y/y + 1ra) XA X2A?

— 14+ 2241
Jy T lza R R v v

By using the above equalities we obtain that

<1 N cosh(v/y + 1za) — 1>_1
y+1
1 X2A?
T 1+ XA 231+ XA)2
X343 X4A1
+ (2 32 51+ XA?2 22 32(1+4 XAP

(y+1)>+0((y +1)%).

(y+1)

) (4 + 12+ O((y + 1)),
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<1 . cosh(vy + Tza) - 1)‘2

y+1
_ 1 oxa (vt 1)
T+ xA? 31+x4)3Y

X3A3 X4A4

+ (32 5(1+ XA)? + 22.3(1 +XA)4> (y + 1)2 + O((y + 1)3)a

(1 N cosh(vy + 1za) — 1)3

y+1
1 X2 A2
T (I+XApP 2(1+XA)4(2/+1)
X3A3 X4A4 ) 5
i <_2-3-5(1+XA)4 * 2-3(1+XA)5> (y+1)"+0((y +1)°),
(4.12)
sinh(y/y + 1za) (1 N cosh(\/y + 1za) — 1)—2
VY + 1lza y+1
_ 1 N XA X (v +1)
T+ xA2 T\30+x4)2 301+x4)3)"Y
X?2A? 2X343 X444 )
2 3 + 2 4 (y+ 1)
2-3-5(1+XA)2 3-5(1+XA)3 " 22.3(1+XA)
+0((y+1)%),
(4.13)
sinh(y/y + 1za) ( cosh(v/y + 1za) — 1>_3
1+
VY + lza y+1
1 XA X?2A?
- + o 4 (y+ 1)
(1+XA)3 " \31+XA)P3 201+ XA4A)
X2A2 X343 X444 )
T o 4 + 5 (y =+ 1)
2-3-5(1+XA)3 5(1+XA)*  2.3(1+XA)

+0((y +1)°).

It follows that

Cop

C.
Ri=Co1— —=(y+1)+ ( 3,2

2.32.5

Cas
22 32

+

2.3 ) (y+1)° + 0y + 1)%),
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C33  Cug
32.5 + 22.3

R = Coa = 22 1)+ (- ) 17+ Olly + 1),

C C C
Rs Oog—ﬂ(y+1)+< 24 +ﬁ><y+1>2+0((y+1)3),

2 2.3.5 2.3
C C
Sy =Coa+ | 22— 222 ) (y+1)
3 3
Cap 2 Ca4 9 3
J 1 1
+(2.3.5 3. 5033+22 3)(@/+ )”+O0((y +1)°),
Ciz3  Caa Ca3 C34 Cus 9
1 ) _ ) ) 1
S3 003+(3 2)(@/+)+(2.3_5 5 +2.3>(y+)
+O((y +1)°),
Cop  C33
Sy =C — 1
o = 12+< 3 3 >( +1)
O30 2 Cs.4 3
’ - — 1 1
+<2.3.5 3. 50434_22-3)(94' >+ 0((y+1)%),
= Ca3 (O34 C33 Cia  Css 2
— b _ bl 1 9 _ 9 9 1
S3 0173+<—3 - >(y+ )+<2_3,5 E +2_3>(y+ )
+O((y +1)°)

We can characterize Ss, S3 as above by multiplying both sides of (4.12),
(4.13) by X A. By substituting the above equalities into (4.7), (4.8), (4.9),
(4.10), (4.11) we can derive the claimed equalities. [J

Next we compute each low order term of G, Gy, Gz, Ggy, Gyy. To this
end, let us compute Cy, ,, for all the necessary indices m, n as efficiently as
possible. The following relations help us do so.

LEMMA 4.10.
(i) For any m,n € N>y Cpp = Cr—in—1 — Ci—1.n-

(ii) For any m,n € N with m > 2, n > 3
5

Cm,n = %

Cm—?,n—?)-

PROOF. (i): Use the equality 2 = 2™ (2 + 1) — 2™~ ! in the numer-
ator of the integrand.
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(ii): Since (35858)3 = 9 — 4V/5,

(4.14) (emin>%:3—\/57 <6max>%:3+\/g.

Emazx 2 €min 2

Recalling the definition (3.2) and substituting (4.14), we can derive that
2 -1 . % . % ! 3+ \/5
4.15 1 Lo 2 — (1 €min €min _
@19) (14 Pek ) ( w () (o v
-1
x2 -1 3 e 3 3—5
1 Lo 2 1 mazx maz _ .
( * 2 emax) " (emm * €min 8

Moreover, these imply that

2 —2
7+ 3V5
4.16 1 = —

2
Lo o2
1+ 2 maac

32

)‘LM

1+$—%e2A _3:79+4\/5 1+$‘%2 _3:79_4‘/5
2 64 2 Cmaz 64
Therefore
2
(%612711'71)2
2
(1 + 3;706727“'”)3
x? -1 x? —2 a3 -3
<1 + 20 $nm> —2 <1 + 20 fnm> + (1 + 20 e?mn>
5
= E’
Similarly
<— R
2 max

6
(1+%e2,,)8 2

These equalities ensure the claimed result. [J

We can achieve our purpose by using the values of C,,, given in the
next lemma.
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LEMMA 4.11. Some of Cy, /b (m,n € NU{0}) are computed as fol-
lows.

n=0|n=1|n=2| n=3 n=4 n=>5
1 1
m=01 11 55 | %5 | %
7 3 1
_ 2
m=103" 1 3 | % | 3
.y 5-13 | 52 5
m= 23 25 26 29
_ 5-47| 325 5-7
m=3 2 26 29
B 52.17 | 52-13 53
m =4 26 29 ﬁ
3-52.41 | 52-47
m =5 29 o1l

REMARK 4.12. Though it is technically possible to compute C,, ,, for
all m,n € {0,1,--- ,5}, we present only those necessary for our purpose.

PrOOF OF LEMMA 4.11.  We can see that once Cp , (n =0,1,2,3), Ci
are obtained, the rest can be derived by recursively applying the formulas
proved in Lemma 4.10. Let us explain how to compute Cp,, (n =0,1,2,3),
C10. Recalling (2.33), we set Ay := €2, Ag := €2,.., X = a(A1, Ag).
It follows that ? = a(A1,A2). First we need to compute si, so defined
in (3.5). The terms B, BY* (m = 1,2,3) have already been obtained in

(4.15), (4.16). By using them we have that

9+ 45
64

1
Dio = 5BlBg(gBlBQ + By + By — 4B} —4B3) = —

Di1 =B} =
1
6_47
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which yield that
_5-2V5 _5+2V5
10 10

We can combine these with the equalities %Com = 1B} +s2BY (n=0,1,2,
3) to obtain the claimed values. Moreover, by (4.15)

S1 52

x5 o x5 o
?6mm =5- 2\/57 ?emam =5+ 2\/57

and thus
1 x2 x?
501’0 = 81?06727“'71 + 52?0672,1(” = 32. O

By substituting the values presented in Lemma 4.11 into the formulas
listed in Lemma 4.8 we have the following.

LEMMA 4.13. Asy ™\, —1,

1Galy) = —55 + 53y + 1) +O((y + 1),

LGy W) = 55— g W+ D b sy + 1P+ Oy + 1)),
$Gaaly) = 55 = 350+ 1) = Sy + 1P+ O+ 1)),
LGayly) = o5 + ag+ D)+ sy + 17 +0((y + 1)),
L) = 5 + o=y + 1) — sy + 12+ O((y + 1)

Finally we can prove Lemma 4.6.

PROOF OF LEMMA 4.6. The claim concerning the analytic continua-
tion into a neighborhood of y = —1 is implied by the equality (4.6), the
initial statement of Lemma 4.8 and the fact G,(—1) # 0. Let us compute
Oth, 1st and 2nd order term in the expansion of Wg__(xg,y) with respect to
y+ 1. Set for y € Rq close to —1

J(y) == —yGu(y)?Gy(y)
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+ (1= 9)(2Gea(¥)Gy(y)? = 2G2(y)Gy(y) Gy (y) + Gyy(¥) G ()?),
so that

(4.17) W (0, y) =

(1-y)

We will see that it suffices to compute J(—1), %(—1), %&;(—1) to
achieve our goal. Set

G(Y) = 2Gea(y)Gy(y)* — 2G4 (y)Gy(y)Gay(y) + Gyy (1) Ga(y)?
for simplicity. Observe that
(4.18)  J(y) = Ga(y)?Gy(y) +2G(y) + (y + 1) ( — Ga(y)*Gyly) — G(y)).

In the following for any smooth function f of y and j € NU{0} f (¥) denotes
L4/ (—1). By Lemma 4.13

Jtdy7

L~ 0 1 1 2 0 1 0)\2 (0 1
(4.19) ﬁa( ) = ST ﬁ(Gwa)( ) — b_3(Gg)) Gl — o
Thus

1 1 .
b—SJ(D) =5 ((G2Gy)© + 260 = 0.

Moreover, by using the Oth order terms and then the 1st order terms given
in Lemma 4.13

(4.20)
1 - 1
L0 — Leatcpy + 2e0eve - 0060 as)
0 1 0 0 0 1 1 0)\2
—2G0¢PGY —260aVal) + G (GD)
+260c0cM)
) (2_90509‘? B 2_9G§”) B ﬁG;y) + ﬁGl(/y) R
(4.21)

1 2 1 1 1 0 0 0)\2 1 1 1 1 1 1
ﬁ(GmGy)( ) = b—3(2G;>G;>Gg )+ (626 0M) = . 2—8G;>+ ﬁagp
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1
- 29.3°

Substitution of (4.19), (4.20), (4.21) yields that

ﬁﬂl) 5 ((G;iGy)“) +2G0 — (G2G,) 0 - G©) = 0.

Let us compute J). By (4.18)
(422) J® =(G3G,)) + 2(2ACuaCG))® = 2CaCyGry)?) + (G G1)®)
—(G2G,)M — GO,

Let us decompose each term with the superscript “(2)” in the right-hand
side of (4.22) by using the Oth order terms given in Lemma 4.13.

(4.23) (GQG )@

1
b3

1 2 1 1)\2 1 1 1
:b<28(;<>+ G()) b_2<_2_5((;§c>) ~ Lewe),

(124) 5 (GaaG)

b3
26PGOGP +(GO)2GD + (GG + 266V aM)
1

= %(G&?(G(O))Q +2GQGA GO +26HGMNG0 + ¢O(GV)?)

— 1 (5002 - 562 ) + 5 (- elel + 6?).
(4.25) 73 (G GyGay)?

= blg(Gf)Gé GO +c0cPc0) + cVePVe?) + GGl

+GPEVGY + cVaPGl))
1 2 1 2 1 2
(_QTOGy - G 2_9G;y>>
LY eam L amam LA v
+ 55 (FEVGY - Za0al; G G,

253?7 Y

1
(426) (GG
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=5 (G<2>(G§£>)2 +2G06P GO +26HGMGO + ¢ (GM)?)

1 2 1 1 1 1 1)\2
-1 (28G< ) _G( )) e <_2_3G§y>gg> F (@02,

By substituting (4.20), the 2nd equality of (4.21), (4.23), (4.24), (4.25),
(4.26) into (4.22)

(4. 27)
1 , )
b3J<> g( 4 loo - G”+27G§y>>
+ %(%(GQ)P - Q—QG;(EUG?(}) 52 G( )G(l) = (G(1)>2

+ %GS)GQ@) + %Gz(})G( ) G( W)

1/ 1 1 g 5-7
+g(——28G§c)——sG§)>+—215.3
L1 e 2
—g<28G )+ G<>—27G<>+27G§y>>
1 1 y 1.y, 1 g 1.4 1
+5G <g< G\ 2—2G§/)+§G;Z)—?G§y) ~ 5
T 5C ( (‘_G)+ G”*?Ggﬁ‘z—s%m'

We remark that Gg; ) is canceled here. By applying Lemma 4.13 again we
have that

271
(1st term of R.H.S of (4.27)) = Tol7 .3
11-19
(2nd term of R.H.S of (4.27)) = 173"
1
(3rd term of R.H.S of (4.27)) = CIERETR
Therefore
1o 211 1119 1 5.7 5°
B’ T w3t omg Tomog Ty T ol g

By combining the above results with (4.17) and the equality
2 1
3 = -+ 0(y+1)
(1-9):Gy)?* V@)
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we see that as y \, —1

1
Va(Gyy
Va5

= g Wt 12 +0((y +1)°).

Wr.. (0,y) = JDy+1)2+0(y+1)%

This implies the results. [J
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