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Convergence of SCF Sequences

for the Hartree-Fock Equation

By Sohei ASHIDA

Abstract. The Hartree-Fock equation is a fundamental equation
in many-electron problems. It is of practical importance in quan-
tum chemistry to find solutions to the Hartree-Fock equation. The
self-consistent field (SCF) method is a standard numerical calculation
method to solve the Hartree-Fock equation. In this paper we prove
that the sequence of the functions obtained in the SCF procedure is
composed of a sequence of pairs of functions that converges after mul-
tiplication by appropriate unitary matrices, which strongly ensures the
validity of the SCF method. A sufficient condition for the limit to be
a solution to the Hartree-Fock equation after multiplication by a uni-
tary matrix is given, and the convergence of the corresponding density
operators is also proved. The method is based mainly on the proof of
approach of the sequence to a critical set of a functional, compactness
of the critical set, and the proof of Lojasiewicz inequality for another
functional near critical points.

1. Introduction and Statement of the Result

Let us consider a molecule with n nuclei and N electrons, where n, N €
N. A fundamental problem in quantum chemistry is the eigenvalue problem
of the Hamiltonian

H:i Zzwx—fm >

=1 [=1 1<i<j<N

acting on L2(R3Y), where x; € R3 is the position of the ith electron, and R;
and Z; are the position and the atomic number of the [th nucleus respec-
tively. By the min-max principle (see e.g. [18]) the eigenvalue problem is
equivalent to the problem to find the critical values and the critical points of
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242 Sohei ASHIDA

the quadratic form (U, H¥), where ¥ € H2(R3V), ||¥|| = 1. The Hartree-
Fock functional is obtained by restriction of the quadratic form to the set
of all Slater determinants

U= (N2 3" (sgn o)1 (o) - o (To(w))s

ogESN

where ¢; € H%(R?), 1 < i < N and (p;, ;) = 6;;. In other words, the
Hartree-Fock functional is a functional defined by £(®) := (¥, HV) for
® € W, where

N
W= {@ ="(¢1,-...on) € D H(R?) : {pi,05) = %’} )
=1

and W is the Slater determinant constructed from ® = t(1,...,¢y). Here
@f\il H?(R3) is the Hilbert space equipped with the inner product Zfil (i,
(1 —A)2p) for ® =(py,...,on) and ® = *(@y,...,¢n). The functional
£(®) can be written explicitly as

N

£(P) = 3 > i hei) + //
-5 | [ et Pasas

where h = —A+V, V(z):=—->", =Ry le

(y)dxdy

N
= leil@),
i=1
is the density, and

N
)= pi(x)e; (y)
=1

is the density matrix. Here and henceforth, u* denotes the complex con-
jugate for a function u. In this paper we will consider for simplicity of
notation the spinless functions ¢;, although the results in this paper is triv-
ially adapted to spin-dependent functions with only notational changes.
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The critical values of the Hartree-Fock functional give approximations
to the eigenvalues of H, and the corresponding critical points are used for
further approximations. Let us recall the definition of critical values and
critical points of a functional £(®) : W — R (see e.g. [22, Definition 43.20]).
Let Cg be the set of all curvesc: (—1,1) — EBZ]\LI H?(R?) such that c(t) € W
for any t € (—1,1), ¢(0) = ® and ¢/(0) exists. The point ® € W is called a
critical point of £(®), if d€(c(t))/dt|e—o = 0 for any ¢ € Cp. A real number
A € R is called a critical value of £(®) if there exists a critical point @ of
£(®) such that A = £(®'). By the method of Lagrange multipliers (see e.g.
[22, Proposition 43.21] and also [1, Section 2]) we can see that ® is a critical
point of £(®) if and only if there exists an Hermitian matrix (¢;;) such that
® satisfies the equation

N

F(®)pi = Y eijpj, L<i<N.
=1

Here F(®) is an operator called Fock operator and defined by F(®) :=
h+ R® — S®, where R® is the multiplication operator by

N N
RY@)i= 3 [ o= ol leuto)Pdy = 30 Q%a),

with
Ba) = [ 1o = ol e eitu)d,
and
N
S .= Z Sk
i—1
with

sto)a) = ( [ 1o s i) pio),

for w € L?(R?). We also define an operator G(®) by G(®) := R®* —S®. Then
F(®) can be written as F(®) = h + G(P). The matrix (e;;) is diagonalized
by an N x N unitary matrix A as A(e;;)A~1 = diag[e1, ..., en], and if we
define new functions ®NeV = t(pNew . oNew) by pNew — Z;V:1 Aijcpg-)ld

i
PoOMd .t (90(1)1(1 Old

from the old one oo PN, dNew gatisfies the equation
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where (e1,...,ex) € RY and diag[ey,...,en] is the diagonal matrix with
the diagonal elements €1,...,exy. The equation (1.1) is called Hartree-Fock
equation. Hence a solution ® to the Hartree-Fock equation is a critical
point of £(®), and A € R is a critical value of £(®) if and only if there
exists a solution ® to the Hartree-Fock equation such that A = £(&').
The Hartree-Fock equation was introduced by Fock [5] and Slater [20] in-
dependently, after Hartree [9] introduced the Hartree equation that ignored
the antisymmetry with respect to exchange of variables. Hereafter, let us
call the tuple e := (e1,...,€en) an orbital energy, if there exists a tuple of
eigenfunctions ® = (1, ...,pn) € W of F(®) associated with e for some

® € W, i.e. we have

F(®)pi = €ips, i =1<i < N.

(Since we will consider sequences of the tuple in this paper, it would be more
convenient to call the tuple an orbital energy than each ¢;.) In particular,
the tuple (1, ...,€en) of the numbers in the right-hand side of the Hartree-
Fock equation (1.1) is an orbital energy.

The Hartree-Fock equation can not be solved exactly even for small n
and N. A standard numerical calculation method to solve the equation
is the self-consistent field (SCF) method. In the SCF method we set an
initial function ®° = (¢Y,...,¢%) and repeat the following iterative pro-
cedure until the sequence {®*} obtained in the procedure converges. Let

gplf"'l, - LplfVH be an orthonormal set of eigenfunctions of F(®*) associated

k+1 k+1 -
€ ..., €N, Le.

with the N smallest eigenvalues (including multiplicity)
they satisfy

F(OF)phtt = Tl 1 <4 < N,

(Assume here that we can choose such eigenfunctions, which is justified un-
der the uniform well-posedness condition introduced later.) We set the next
function as ®F+1 .= t(<p]f+1, . ,cplfvﬂ). Note that the choice of the eigen-
functions is not unique, because the multiplication by a complex number
with the absolute value 1 makes another eigenfunction, and if an eigenvalue
is degenerated, multiplication by a unitary matrix to an orthonormal ba-
sis of the corresponding eigenspace generates another orthonormal basis.
However, we suppose that particular eigenfunctions have been chosen in the
SCF procedure. Note that e¥ := (¢}, ... ,e’f\,) is the orbital energy associated

with ®*. Let us call the sequence {®*} SCF sequence.
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For the analysis of the SCF sequence it is helpful to introduce operators
called density operators. For ® = (p1,...,pn) € W we define the density
operator Dg € L(L?(R?)) by

(Do) Z ([ ctmutmy) o),

for w € L2(R3). We denote by P the set of operators
P:={DcT:RanD C H*(R®), D* =D = D*, Tr(D) = N},

where D* is the adjoint operator of D and 75 is the set of all Hilbert-Schmidt
operators in L?(R?) equipped with the norm ||D|z := (Tr (D*D))Y/? (see
e.g. [17]). We can easily confirm that Dg € P for ® € W. For D € P let
us define an operator G(D) by

(G(D)w)(x) = Tr (Jz — y| ' D)w(z) — D(jz - y| " w(y)),

where |z —y|~! is a multiplication operator with respect to y with a param-
eter x, and the trace is taken with respect to y. Then we can see that

G(®) = G(Ds).
Moreover, we have
E(®) = E(Do),

with
B(D) :=Tr (hD) + JTr (G(D)D).

If & =%p1,...,on) € Wand & = 4(@y,...,¢n) € W satisfy Dy = Dg,

then ® and ® are orthonormal bases of the same space Ran Dg. Hence
there exists an N x N unitary matrix A such that A® = ®. Since the Slater
determinant ¥ of ® is written as a determinant

e1(r1) -+ wi(zn)
en(r1) - on(TN)

we have ¥ = |A|¥, where ¥ is the Slater determinant of ®. Therefore, the
possible difference between ¥ and W is only a multiplication by a complex
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number with the absolute value 1. Since in the approximation of eigen-
functions of H we use ¥ rather than ®, we can conclude that the multipli-
cation by the unitary matrix A is not important. In addition, since G(P)
is determined by Dg through G(®) = G(Dg), ®**! in the SCF sequence
is determined only by Dgr. Consequently, the convergence of the density
operators Dgr is more fundamental than that of ®* in a certain sense.

Convergence of the SCF sequences is rarely studied from a mathemati-
cally rigorous standpoint. An important mathematically rigorous progress
has been made by Cances and Le Bris [3]. They introduced a functional
E(D,D):P x P — R in [3] defined by

E(D, D) := Tr (hD) + Tr (hD) + Tr (G(D)D),

which is symmetric with respect to D and D. Let us also define a functional
E(P,P): W xW — R by

N

(@i, hi) + > (26, G(2)@1)

1 =1

E(P,®) = ) (pi,hpi) +

'MZ
'MZ

I
le:l
Mzﬁ

(i, hepi) + (@i, F(P)i)

@
I

R
Il

—_

7

N
<9017 ‘F(ci))@» + Z<9527 h¢1>7
i=1

I
Mz

@
Il
a

which is symmetric with respect to ® = Y(¢1,...,on) and & =
Hp1, ..., on). Then we have

£(®,®) = E(Dg, Dy).

Note also that ®F+1 = t(ph 1 &) is the minimizer of £(®*, @) with
respect to ® € W. The result in [3] is that there exists a convergent sub-
sequence {(Dgk;, Dgr;+1)} of the sequence {(Dgk, Dgrr1)} of pairs of the
density operators constructed from the SCF sequence. In their analysis
the fact that E(Dgk, Dgr+1) is decreasing with respect to k plays an im-
portant role. Their analysis is also based on the condition called uniform
well-posedness. We say that a SCF sequence {®*} is uniformly well posed,
if the following condition (UWP) is fulfilled.



Convergence of SCF Sequences 247

(UWP) F(®*) has at least N isolated eigenvalues (including multiplicity)
below inf oess(F(®F)) for any k, and there exists a constant y > 0
such that the distance between the set of the N smallest eigenval-
ues (including multiplicity) of F(®*) and the rest of the spectrum
of F(®F) is larger than or equal to 7 for any k, where oes(B) is
the essential spectrum of B.

Note that oess(F(P*)) = [0,00) (cf. the proof of Lemma 8).

Although the result in [3] was the first mathematically rigorous impor-
tant step in the study of the convergence of the SCF method, existence of
a convergent subsequence is essentially rather different from convergence
of the sequence itself. Another important mathematically rigorous progress
has been achieved by Levitt [11] under the Galerkin discretization, i.e. finite-
dimensional approximation. It is proved in [11] that {(Dgk, Dgr+1)} itself
converges under the finite-dimensional approximation. In [11], in addition
to the uniform well-posedness an inequality called Lojasiewicz inequality
plays a crucial role. The Lojasiewicz inequality is the result as follows. Let
m € N and f(x) : R™ — R be an analytic function. Then for each xg € R™
there exists a neighborhood U of xy and two constants x > 0 and 6 € (0,1/2]
such that when z € U,

[f(@) = fzo)l'™* < K[V f(@)]].

In this paper we consider convergence without the discretization. The fol-
lowings are the main results.

THEOREM 1. Let {®*} be a uniformly well posed SCF sequence such
that the initial function ®° =(¢9,... ©0) satisfies

[(z)e? ()]l < Co, 1 <i <N,
for some Cy > 0. Then there exist 2%, E° € W such that
lim HDq,Qk - DEoo ||2 = 0,
k—o0
lim ||Dg2r+1 — Dzoo||2 = 0.
k—o0 =
Moreover, there exists a sequence { A} of N x N unitary matrices such that
. 2% =
dim [ A2k ®™ = =¥l v, g2y = 0

. 2k+1 =
i [ Az 1 85— E%lg v g2y = 0
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REMARK 2. In practical calculations for usual molecules, a function
fulfilling the decay condition is always chosen as the initial function ®°.
Thus only the uniform well-posedness is a substantial assumption.

Since the goal of the SCF method is to find a solution to the Hartree-Fock
equation, and ®*t1 is a tuple of eigenfunctions of F (<I>k), we are interested
in whether a tuple @ = £($5°,...,¢%) of eigenfunctions of F(Z) cor-
responding to the N smallest eigenvalues is a solution to the Hartree-Fock
equation. (Although the choice of % is not unique, assume that a partic-
ular one has been chosen.) The following theorem is concerned with this
problem.

THEOREM 3. Suppose the same assumption as in Theorem 1, and let
E® and 2 be as in Theorem 1. Let v > 0 be the gap in the uniform
well-posedness. Then:

(1) The distance between the set of the N smallest eigenvalues of F (=)
(resp., F(2®)) and the rest of the spectrum of F(E®) (resp., F(E®)) is
larger than or equal to ~v. Thus > as above is well defined.

(2) There exists an N x N unitary matriz A such that 2°° = A ®.
Moreover, if we denote by (€5°,...,€x) the eigenvalues of F(E>) associated
with > =1(5°,...,¢%), we have &° = limj_oo 7T, 1<i < N.

(8) If there exists an N x N wunitary matriz © such that Z° = O=>,
then > is a solution to the Hartree-Fock equation associated with the orbital
energy (€7°,...,€%).

(4) If oo forms an orthonormal basis of the direct sum of the eigenspaces
of the N smallest eigenvalues of}"((i)oo), then there exists an N X N unitary
matriz © such that Z° = =2,

(5) If Dgoo = Dz, then there exists an N x N unitary matriz © such

that =°° = ©=Z°.

REMARK 4.

(a) The Congition Dg = Dy is equivalent to that there exists a unitary
matrix A such that ® = AP (cf. proof of Theorem 3 (5)). In partic-
ular, if Dze = Dz, then by Theorem 3 (3) we can see that d>® is a
solution to the Hartree-Fock equation.

(b) There exists a case in which the SCF sequence actually fails to con-
verge and it oscillates between two states. In [3, Example 9] such
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a case is given within the Restricted Hartree-Fock (RHF) method in
which the functions are spin-dependent and we impose the restriction
on the tuple of functions that it consists of the same spatial functions
with spin up and spin down.

In the proof of Theorem 1 the uniform well-posedness is used in order to
obtain a bound of the difference between Dgr and Dgr+2 by the difference
between £(®F ®*+1) and £(®FH! ®*+2) (cf. Lemma 6). It also yields an
upper bound of the orbital energies (cf. Lemma 8) which is needed for a
uniform decay estimate of ¢¥ (cf. Lemma 12). The uniform decay is in turn
used to prove that the SCF sequence approaches a critical set of £ (P, i))

In [11] due to the discretization, the known result of the Lojasiewicz in-
equality for finite-dimensional cases was applicable. However, in the present
result detailed infinite-dimensional analysis of functionals is needed for the
proof of the Lojasiewicz inequality. For example, we need to prove that the
sequence {(®*F, ®**+1)} approaches to a critical set of £(®, i)), that the crit-
ical set is a compact set, and that the Fréchet second derivatives of another
auxiliary functional are Fredholm operators at points corresponding to the
critical points of £(®, ®). For such analysis the viewpoint of the function
® is more suitable than that of density operators, particularly because the
Fréchet second derivative of the functional of density operators is a mapping
from an operator to another and difficult to analyze. Therefore, we have
to relate the analysis with respect to the function ® to that with respect
to density operators. Since for any density operator there exists a corre-
sponding class of the function ® in which any two functions are related by
a unitary matrix, we need to choose appropriate elements from the classes
to obtain a relation between estimates of density operators and those of the
functions. This is achieved by Lemma 7.

The Lojasiewicz inequality was proved by Lojasiewicz [15] for analytic
functions in finite-dimensional cases. In [8, Proposition 1.1] the Lojasiewicz
inequality was proved for a functional whose Fréchet second derivative is
an isomorphism. However, the functional in the present result does not
satisfy that condition. Instead its Fréchet second derivative at a critical
point is decomposed into a sum of an isomorphism and a compact operator
(Actually, the first differentiation is performed using a bilinear form as in
[6, 1, 2] to reduce the complexity due to the complex conjugate). This form
of condition was first introduced in Fuéik-Necas-Soucek-Soucek [6] for some
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functionals to prove that the corresponding critical values are isolated points
in the set of all critical values. This condition for an auxiliary functional
related to the Hartree-Fock functional was proved by Ashida [1] and used
to show that the number of critical values less than a constant smaller than
the first energy threshold is finite. It was also a main ingredient of the proof
of the fact that the set of all critical points of the Hartree-Fock functional
corresponding to a critical value less than the threshold is a union of a finite
number of compact connected real-analytic spaces by Ashida [2]. The way
to use the Lojasiewicz inequality in this paper is following that in [11] which
was introduced by Salomon [19] for the study of convergence of a scheme
for time-discretized quantum control.

Finally let us mention the existence of solutions to the Hartree-Fock
equation and the distribution of the critical values. Existence of a solution
to the Hartree-Fock equation that minimizes the Hartree-Fock functional
was proved by Lieb and Simon [13] under the assumption N < > ', Z; + 1.
It was shown by Lions [14] that if N < )7}" | Z;, there exists a sequence of
solutions to the Hartree-Fock equation such that the corresponding critical
values converge to 0. Lewin [12] proved that under the same assumption
there exists a sequence of solutions to the Hartree-Fock equation associated
with critical values converging to the first energy threshold J(IN — 1) which
is the infimum of the Hartree-Fock functional of N — 1 electrons. For any
N, Ashida [1] showed that the set of all critical values of the Hartree-Fock
functional less than J(N — 1) — € is finite for any € > 0.

This paper is organized as follows. In Section 2 we prove that the SCF
sequences approach subsets of all critical points of £(®, é) The compact-
ness of the critical sets is shown in Section 3. In Section 4 an auxiliary
functional is introduced and we prove that the Fréchet second derivative of
the functional is decomposed into a sum of an isomorphism and a compact
operator, if the orbital energies are tuples of negative numbers. In Section
5 we show the Lojasiewicz inequality for functionals near points at which
such a decomposition is given. Finally the main theorems are proved in
Section 6.
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2. Closeness of SCF Sequences to Critical Sets

Let {®*} be a uniformly well posed SCF sequence. Since ®*+! minimizes
the functional ® — £(®*, @) and £(®P, ) is symmetric, we have

g((bk?q)k-i-l) S 5((1)]6’(1)]6—1) — g(@k—l’q)k)’

so that £(®F ®**+1) is decreasing (cf. [3]). Here we note that G(®) =
R® — 5% is a positive operator for any ® = (¢1,...,0N) € @fil H?(R3),
which follows from

(w, (QF — ST)w) = / @ — gL, Pdady > 0,

where W; := 2712 (w(x)pi(y) — @i(z)w(y)). Hence, we have £(DF, dF+1) >
2inf o(h). Therefore, the limit y := limg_, o, E(®F, @¥+1) > 2inf o (h) exists.
Let Iy, be the set of all solutions (®,®) € W x W of

F(®)p;i = €ipi

N . 1<i<N,
F(P)pi = €

fulfilling £(®, ®) = p and associated with orbital energies e = (e1, ..., ey) €
RN and & = (é1,...,én) € RY satisfying ¢;,& < —v, 1 < i < N, where
~ is the gap in the uniform well-posedness, and ® = (¢1,...,pn) and
® =*(p1,...,pn). The set T, is a subset of the set of all critical points
of £(®,®) : W x W — R. Let us call such a set critical set. Let

d((@*, "), T, )

N ko Kl &
'_@;ggMOW Bllg v, oy + 194 = Bllg x proae )

be the distance between (¥, ®¥+1) and T, in (DY | H2(R?)) D(DY., H?
(R?)). In this section our goal is to prove the following lemma.

PROPOSITION 5. Let {®*} be a uniformly well posed SCF sequence
such that the initial function ®° =1(p?,... ") satisfies

(@)@ ()| < Co, 1 <i <N,

for some Cy > 0. Then we have limg_, d((@kﬁﬁk“),F%”) = 0, where
= limy_o E(PF, ®FF1) and v is the gap in the uniform well-posedness.
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For the proof of Proposition 5 we prepare several lemmas. First, under
the uniform well-posedness we have the following estimate (cf. [3]).

LEMMA 6. Assume that {®%} is a uniformly well posed SCF sequence
with the gap v > 0. Then we have

E(@F, BF 1) — £(@, F2) > 271 Dyss — Dai 3
for any k > 0.

PrOOF. First by the uniform well-posedness we have
£(DF, D) — (@M ph+2)
N
= ((f, F(®*)pf) — (2, F(@M )l t?))
(2.1) =1

>

{(X? NN = Era (52 +7/2)) ot |

‘Mz

=1
+ (O, F(OMT) Ep i1 (e + 7/2)pF) — i 21,

where Ejy1()) is the resolution of identity of F(®**1), and we used that
gof is an eigenfunction of F(®**1) associated with ith eigenvalue ek+2

ascending order. Noting that the orthogonal projection of w € L? (]R3) onto
the eigenspace corresponding to the jth eigenvalue of F (<I>k+1) is given by

(%“*2’ >gpf+2 and ||| = 1, we can calculate as
(1 = By (el +7/2)ef1I° = Z\ (it oD,
and
N

(F, F(®F) By (5 +7/2)F) Zef” (h T2, o2,
Thus the right—hand side of (2.1) is bounded from below by

N
’“+2+72{1—Z| AP} - Y 2| P2 M)}
=1

N

> (N = {2 o)),
ij—1
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where we used eﬁ,ﬁ > efﬂ, 1 <4 < N. Therefore, we have

N
E(RF, @FFY) — £(@F T %) > (N = Y [(ph T2 oh) ).
ij=1

Hence by a direct calculation we obtain

IDgr+> — Dorll3
=Tr (D$k+2D<I)k+2) —Tr (D:I)k+2 D@k) —Tr (D:;)k D¢k+2) + Tr (-D(*Dk-D(I)k)

= 2N - 2Z| (T2, k)2
i,j=1

< 297 (E(@F, M) — g (@M ot
which completes the proof. [J

A bound for the function ® is obtained when Lemma 6 is combined
with the following lemma. Let EBZ 1 L?(R?) be the Hilbert space equ1pped
with the inner product Zl i, @i) for @ = Hg1,...,on) and & = (1,

C PN

LEMMA 7. For any ® ='(¢1,...,on) €W and ® = Y(@y,...,pN) €
W there exist N x N unitary matrices A and A such that

Do — DéHZ > [|A® — Ai’”@ N L2(R8)-

PROOF. Let B be the matrix whose components are given by

~

Bij = (i, §j)-

By the singular value decomposition (see e.g. [4, Theorem 1.6.3]) there exist
N x N unitary matrices A and A such that AB(*A) = diag[\1,--- An],
where A is the complex conjugate of A and Ai,..., Ay are nonnegative
real numbers that are singular values of B. Besides, since it is easily seen
that supeecn jej=1 \Ec] < 1, we have Aq,...; Ay < 1. Thus setting = =
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t(él, NN ,§N) = Ad and i = t(gl, c. ,éN) = A(i) we obtain <§Z,£]> = 613)\1
Moreover, we can easily see that D¢ = Dg. Hence we have

N
IDe — Dgll3 = I1Daw — D515 = 2(N = > (&, &)

ij=1
N N
=2AN =D A =2(N - \)
=1 =1
N ~ ~
=2(N - Z<517§z>) =[E- EHSB N L2(R3)
=1 N

= HA(I) - Aé”éf\le L2(R3)

which completes the proof. [J

For the proof of the approach of the SCF sequence to I'y , we need a
uniform decay estimate for the functions in the sequence. The following
bound on the orbital energies is necessary for the decay estimate.

LEMMA 8. Let {®*} be a uniformly well posed SCF sequence with the
gap v > 0. Thenefg—'y, 1<i<N forany k> 1.

PROOF. Since elfv = max{e}, ..., 67\[}, we have only to prove eﬂ“\, < —.
If we prove gess(F(®F1)) = [0, 00), by the uniform well-posedness we ob-
viously have €k, < inf o¢ss(F(®F71)) — 4 = —v, and the proof is completed.
By 0ess(h) = [0,00) and the Weyl’s essential spectrum theorem (see e.g.
[17]) we only need to prove that G(®*1) is h-compact. Since R®" ' (z) is
a bounded function decaying as |z| — oo, R¥ 7' is A-compact, and thus
h-compact. Because S s an integral operator of the Hilbert-Schmidt
type, it is a compact operator. Consequently, G(®*~1) is h-compact, which
completes the proof. [J

Let us define (x) := /1 +|z[2. We denote the L?(R3) norm of w €

L?(R?) by |Jw||. Recall that since ¢* ! is an eigenfunction of F(®F) associ-

k+1

ated with the eigenvalue €;" ", we have

(2.2) f(CI)k)gofH = eerl(pr.
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The following lemma gives a uniform H' bound for the sequence.

LEMMA 9. For any v > 0 there exists a constant C, such that any
solution ® =t(p1,...,0n) EW of

for some b e @f\il H?(R?) and (e1,...,en) € RN with || <v, 1<i< N
satisfies ||Ve;|| < Cy, 1 <i < N.

REMARK 10. Assume that ® € W and that ® is a solution of (2.3)
with the orbital energy e = (€1, ..., en) satisfying ¢, <0, 1 <i < N. Then
by G(®) > 0 we have

so that Lemma 9 yields || V|| < Cy, where b := | inf o(h)|.

PrOOF. By the Hardy inequality we can estimate the Coulomb poten-
tial as

1 1 _
/mlw(ﬂf)l% < Hmw(iﬂ) lwll < 2[|Vwllllw] < 8]IVwl® + = lwll,

for any w € H'(R3) and § > 0. Since the center of the Coulomb potential
is irrelevant to the Hardy inequality, the potential V' in h is estimated as

[(w, V)| < Zi(8]|Vwl® + 67 |wl]|?).
l

Thus we obtain
IVw|* = (w, (—A + V)w) — (w, V)

< (w, hw) + Y Z(6]|Vw® + 5~ |[w]?).
l

If we choose ¢ small enough so that 6>, Z; < 1 will hold, we have

IVwl? < Clw, hw) + C61 S Ziljwl?,
l
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where C := (1 — 63, 7;)~". Since F(®) = h + G(®) and G(®) > 0, we can
see that

(2.4) IVw|* < Clw, F(@)w) + C6 )~ Z||w|.
l
Substituting w = ¢; into (2.4) and using F(®)p; = €;ps, ||¢il| = 1 and the
assumption |¢;| < v, we obtain
IVeil* < € 1<i< N,
where C, := (Cv 4+ C6~13", Z;)'/%. This completes the proof. (]

The bound in Lemma 9 is fequently used in combination with the fol-
lowing lemma.

LEMMA 11. Let a > 0 be a constant. Assume that ® =(p1,...,0N),
®(p1,....0n) € DL L*RY) and ¢ € L(RY) satisfy ||oill i (goy.
Bill e (rsys 1901 e (rsy s H1/~J||H1(R3) < a. Then there exists a constant Cgq > 0
such that

19(@)0 ~ G@)B] < Ca (10 = Dllg x 1o + 10 = B -

Proor. We shall estimate S;I;w — Sg?zﬂ. We have
S8 — 529 = ( 1o = v i) - @(yw(y)dy) i)
# ([ 1= o o000 ~ Sy ) o
# ([ 1= o i ) (o) - @)
Thus the Cauchy-Schwartz inequality and the Hardy inequality give
152 — SEP|| < 4a?(lps — Bill + 242 — -

We have a similar estimate also for Q;I; (x)(x) — ;%(x)q;(m) Since G(®) =
>4 ;IZ - Sfi’), we obtain the result. OJ
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In the proof of Proposition 5 we need the following uniform decay esti-
mate.

LEMMA 12. Let {®*} be a uniformly well posed SCF sequence. Assume
that there exists a constant Co > 0 such that

()¢} ()] < Co, 1 <i < N.
Then there exists a constant C > 0 such that
(2.5) ()i (x)] <C, 1<i <N,
for any k > 0.

PROOF. Let k be fixed and let us assume that there exists C) such
that

(2.6) )} (2)]]> < Ck, 1< i < N.

We shall seek Cj41 so that (2.6) will hold with k replaced by k + 1. Let
n(r) € C3°(R) be a function such that n(r) = r for —1 < r < 1 and
In'(r)] < 1. For any m € N we set pp,(z) := mn((z)/m). By a direct
calculation we have

Re ((=A¢i ™), oot ™) = IV (omed "I = (Vo) 1%
Thus by (2.2) we obtain

(2.7)
0 =Re <(_A+V(ﬂr)+R‘bk(x)—e’?+1) k+1 _ gk k+1’pm¢f+1>
= IV (ome FHIZ = 1(Vpm)eor |
+{(V(z) + B (2) — e )b, plob )
—Re(S‘b k+1 P 90k+1>

7

k
> —[(Vom)ei T2+ (V(@) + RY () — el el ™)
—Re <S<I> k+17 pmsok—i—l)

)

> —1 4 ((V(2) + B (2) — ), oot ™) = Re (5% o+, ol ),

(2
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where we used [[F | = 1 and that |Vp,,(2)] < 1 for any z € R3.
Here we note that

‘pm(w) - pm(y)| =
Thus we have

k k k k
(ST L p2 oF Yy — (S0 5T p ity

\ [ 1= AT @on ) on() — o) @)k @ >dxdy'

/O (z—y) - Vou(tlz —y) + y)dt' <lz -yl

< [T Wem() et @) dady
< om0,

where 7 is the complex conjugate of u. Since the factors in the right-hand
side are estimated as

1/2
ol /26541 (/ (@)l >\2da:>

< lpm@E Y2152 = | pmip T2,
we obtain
(ST QL g2 GFHL) (52 pn L pohtL)
< lom@l 1M 2 | pmep /2

< (29)7'N + 2N) " llpm@f |l ome |

< (29)7'N + @N) " llon@f 12+ GN) T llomel P

< (29)7'N + (4N) TG, + (AN) T pmel T,
where ~ is the gap in the uniform well-posedness. Therefore, we have

(ST L, PRty = (S gL, )]
< (29) 7' N2+ 470k + 47l pmel T
Thus by (2.7) and (w, (R®" — S‘Dk)w) > 0 with w = ppre*™ we obtain
0> —1—(29)7'N? =47 Cp — 47y llpmey 12
(2.8) H((V(@) = e oot
> —1—(29)7'N? =47 G + (V@) + B/ et pei ),
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where we used ekH < —v of Lemma 8 in the second inequality

Now let 79 > 0 be a constant such that [V (z)| < J for |z| > ro. Then
decomposing the integral in (2.8) into those on |z| § ro and |z| > 19 we
have

2—1 k+1 de
V/MM 2 (2) o+ ()]

<14 (29) IN? 44710y + / V() + (3/4)7] ()|t () P

|z|<ro

<14+ (29) N2 44790, + (14 12) <2ZZzIIVgo’“+1H+(3/4) )

<14 (29)IN? 4470 + (1 +13) (2 > ZCy+ (3/4)7> ,
l

where we used |p,,(z)| < (z) and the Hardy inequality in the second in-
equality, and Cj is the constant in Remark 10. Hence Fatou’s lemma yields

m—00

[ @tk @Ps = imint [ 2 @)l @) P
|z[>70 |:z:|>r0

S 2_10k + év

where C' := 2y~ H1+(27) " 'N24+(1+72) (23, ZiCy+(3/4)7)} is independent
of k. Therefore, noting that

/ (@2 () Pde < 1+ 12,
\a:|<7’0

we obtain

ahk I = [Pk @) < 271C+ €4 1 41d

Thus setting ¢ := C 4 1 + 3 we can choose Cj 1 = 27'Cy + C in (2.6)
with k£ replaced by k + 1. Then we can easily see that

k—1
Cr = 2_k00 —i—C’ZQ_j < Cy +20,
=0
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for any k > 1. Therefore, we can choose C := (Cy + 2C)'/? as the constant
n (2.5), which completes the proof. [J

PROOF OF PROPOSITION 5. We have only to prove that any sub-
sequence of {(®* ®*+1)} contains a subsequence converging to a point
in I', ,. Proposition 5 follows from this assertion as follows. Suppose
d((®*, ®F1), T, ) does not converge to 0 against the result of Proposition
5. Then we can choose a constant 6 > 0 and a subsequence {(®*i, ®Fi+1)1
such that d((®%, ®*+1), T, ) > & for any j, which contradicts the assertion
above.

Step 1. First we shall prove that any subsequence {®*i} of {®*} con-
tains a convergent subsequence in @Z]\L L L*(R3). A bounded subset B of
L?(R™), m € N is relatively compact if and only if f|x|>R |f(z)|?dz — 0
and f|€‘>R |Z f(€)]2d¢ — 0 as R — oo both uniformly for f € B, where
F f(&) is the Fourier transform of f(x) (cf. [16, Theorem 3]). By Lemma
12 there exists a constant C such that H(w)go,’f] ()| <C, 1 <i< N for any
k;. It follows from Remark 10 also that H|§|ﬁg0,’f](§)H <Cy 1<i<N
for any k;. Hence {®"i} is relatively compact and contains a convergent
subsequence.

By the same argument as above we can see that there exists a Cauchy
subsequence of {®*~1} in @Z]\L L L*(R3). Hence we can extract a Cauchy
subsequence of {(®%~1 ®k)} in (@Y, L*(R%)) ® (@Y, L(R?)), still de-
noted by {(®%~1 ®%)}. Since by Lemma 8 and Remark 10 we have
e* ¢ [info(h), =]V, we can further extract a subsequence so that e will

be a Cauchy sequence. Then using the equation F (@kj—l)gofj = efj , We can
see that

(2.9)
[h(p;™" — ;)]
k. ki —1 ki, —1 k. k. ki, —1 ki, —1 k.
< H(Ei]l _ R(IJ 71 +S<I> J1 )%’Jl _ (eim _ R(ID 72 +S<I> 72 )wiJQH‘
Noting that by the Hardy inequality we have estimates as
1, ki —1 Kjo—11\ % k; kj, —
M/M—M1Wﬂ —0% ) (We" (y)dy| < 2|
1 k

~ k* P
<2C[lp =0

1 kjo,—1 k;
- Vel
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with the constant Cj, in Remark 10, it follows from (2.9) that there exists a
constant C7 > 0 such that

C A ]

< Cl(H(I)kj1 - <I)kj2 H@ ﬁil L2(R3) + ||(I)kj171 - (bkhiln@ fV:lLQ(]R?’)

+ ‘ekjl — ekj2 |)

Because V' is A-bounded with a relative bound smaller than 1, A is h-

bounded, and therefore, we can conclude that {®*i} is a Cauchy sequence
. N
in @;_; H*(R?).

Step 2. In the same way as above we can see that there exists a con-
vergent subsequence of {®*+1} in @Z]\Ll H?(R?). Besides there exists a
convergent subsequence of {(e*i,e**1)}. Hence we can extract a Cauchy
subsequence of {(®%, @%i 1)} in (BN | H2(R?)) BD(DY | H*(R?)), still de-
noted by {(®*/, ®*%*1)}, such that {(e*i,ekiT1)} also converges. Set

(9%, %) = lim {(&%, oMF1)},

j—oo
where ®® = (3, ..., %), &® =H(@°,...,$%¥) and

(€%,8%) := lim {(e®, &)},
j—00
where e® = (€5°,...,€3), € = (6°,...,&%). Taking the limits in L*(R3)

of the both sides of
k41

F@b)er T =7y

)

we obtain
(2.10) F(@2)@:° = &°¢7°.

In order to consider the convergence of the other equation

- k; k; kj
(2.11) F@H N =670

7

we shall prove Iimjﬁoo"f(@k'ﬁl)%@?j - f@'”“)s@?\l = limj

Hg(@kﬁl)gofj — g(@kﬁ_l)cpfjﬂ = 0. Recall that £(®F, ®**+1) converges to
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1. Hence by Lemmas 6 and 7 for any § > 0 there exists jg such that for any

j > jo with appropriate N x N unitary matrices A,

Azjﬂ we have
A+ ki+1 A— ki—1112

||Ak;j+1(I) it — Ak;j_1(I) ’ H@ ?;1 L2(R3)

< ||D<ij+1 - D@’%*H%

<2y L(E(@N L ok — g(dFi dRith)) < 6.

Note also that by Remark 10 there exists a constant Cy > 0 independent of
7 such that

HA—ij_,_lq)ijHeafilHl(RS) - ||(Ekj+1”®£\;1 H(RS) < Oy,

A . i
145125 g 1, msy = 195 g v sy < O

Thus it follows from Lemma 11 that there exists a constant C’g > 0 such
that for j7 > jg

IG(@R )l — Gkt

. . kj i sk
= HQ(AZ+1(I)’€]+1)%J - g(Akj—lq)kj N

A N . .
< G| A @M = Ap @M g x ooy < C36'2

Since we can choose arbitrarily small 6, This implies

k;

lim [|G(®% 1Yok — Gk 1)l | = 0.

J—00

Thus we have lim;_,«, f(@kj*l)gofj =limj f(q)kj“)(pfj = F(9®®)p% in
L?(R?). Hence taking the limits in the both sides of (2.11) we obtain

(2.12) F(2®)pi = ¢

The conditions £(®>®, ®>°) = y and €*,é>° < — follow from the definition

10
p=limg_ oo E(P*, ®*+1) and Lemma 8, and therefore, by (2.10) and (2.12)
we have (®>°,®>°) € I'y ,, which completes the proof. [J

3. Compactness of Critical Sets

Let I'y ,, be the set defined at the beginning of Section 2.
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PROPOSITION 13. For any v > 0 and p € R, the set Iy ;, 1s a compact
subset of (i1, H*(R*) (DL, H*(R?)).

The proof of this lemma is similar to that of Proposition 5. Therefore,
we prepare the corresponding decay estimate.

LEMMA 14. Let v > 0 and p € R. Then there exists a constant Cﬁy
such that for any (P, <i>) eIy, we have

1{z) @[ N L2(R3) H<x>(i)Hea N [R3) S .

PROOF. By exactly the same way as (2.8) we obtain

0>—1—(2y)"'N? — (4N)~ vZHpm%HZ 47 lpmepil®
7j=1

+{(V(2) = €)gis pnpi), 1 <i<N,

and
N

0>—1-29)7'N? = (4N)"7 Y llpmeill* — 4 llomil®
j=1

+{(V () = &)@i ppi), 1<i<N.
Adding the both sides of the inequalities for 1 < ¢ < N and noting that
€, € < —v we have

0> —2N—~ 1N3+Z ) +7/2)¢i PP +Z 2)+7/2)¢i Prnipi)-
i=1 i=1

Let 71 > 0 be a constant such that |V (x)| < /4 for |z| > 1. Decomposing
the integral into those on |z| < r; and |z| > r; we have

- vZ / i@ + |8i(2)P)da

|>7“1

<ON 44 wuz / V(@) +7/2)(0i(@)? + i) 2)da

|<r1

<2N 4+~ 'N? 4 N(141) (42 ZCy + 7> :
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where C is the constant in Remark 10. Fatou’s lemma yields

. 'yz / 2(|ips(2) 2 + i(2)|2)

\>r1
< 2N + 47 IN? £ N(1+13) (42 Z,Cy + ’y) .
Noting that
/||< (@)% (l9i(2)* + |@s(2) P)dz < 2(1 + 1),
z|<r

we obtain
N

> ()il + 1) il®)

=1
< 4y <2N +y N+ N(1+73) <4Z Z,Cy + 7)) +2N(1 +72).
l
Thus if we set

c ::{47—1 <2N + 47 IN3 £ N1 +79) (42&@ + 7))
l

1/2
+2N(1+ r%)} ,

the result follows. OJ

PROOF OF PROPOSITION 13. Let {(®* ®*)} c I',, be an arbitrary
sequence in I'y ,. Using Lemma 14 in the same way as in the proof of Propo-
sition 5 we can see that there exists a subsequence {(®*i, ®¥i)} of {(d*, )}
converging to a point (®%,®>) in (@Zj\il H?(R3)) @(@fil H?(R3)),
and the associated orbital energies e® and &% converge to some e>® =
(€5°,...,€%) and > = (€°,...,€X) respectively. Taking the limits in the
both sides of

f‘ @k]‘ i Ekj ]?J
( )9”; Y 1<i<n,
f@kj)@zj = gi] Nij
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we obtain
F (%) = €%

00\ %00 __ ~00 =00 1§Z§N
F(O%)pi° = €°¢;

Since £(®>, ) = ;1 and €°,€° < —v, 1 <1i < N obviously hold, we can
see that (®>°,®*°) € I, ,,, which completes the proof. OJ

4. Fredholm Property of Fréchet Derivatives

In this section we prove that the Fréchet second derivatives of an auxil-
iary functional are decomposed into sums of an isomorphism and a compact
operator. Denote by

N N
— (P @) PP ®) Pr' PRV,
=1 =1

and
N

N
z:= (P LE) DD L ®) PR PR,
i=1 i=1

the direct sums of Banach spaces regarding @Z]\L L H?(R3) and EB?; L LA(R3)
as real Banach spaces with respect to multiplication by real numbers. Let
us introduce an auxiliary functional. We define a functional f : X — R by

&

(4.1) f(@, @,e,é) = Zfz H90$||2 Z HSOZH

i=1 i=1
We also define a bilinear form ((-,-)) on X and Z by

N

N
(@1, 8" '8, [0%, 87, e?,6%)) =2 Re(p},¢}) + 2 Re (5}, 7}
i=1 i=1

N

Z Z 2122
+ 6 'L 7/’

i=1

for [®1, d' e!,&'] € X and [®2, ®2,e2,&?] € Z. Then the Fréchet derivative
of f is given by

df([2°, 27, €%, &% [@', @', e, &]) = (([@!, &', €', 8], (2", 27, ¢, &%),
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where F' : X — Z is defined by

F((b7 é7 e7 é)
= [[(Fi(®,®,e),...,Fn(D,®,e)), (Fi(D,D,8),..., Fn(D,®,8)),
A=l 1= llenl?), @ = l@all?, .., 1= l&n )]

Here F; : (@Y, H*(R?) @B, H*(R?)) RN — L*(R?) is given by

Fi(®,0,e) := F(®)p; — €ipi.

LEMMA 15. For any [, ®,€/,&] € X satisfying €, <0, 1<i<
N, the Fréchet derivative F'(®', &' €' ,&) of F(®,®,e, &) at &, &, &) is
written as

F'(®', 0, e,&)=L+ M,

where € = (€] ...,€y), € = (&, ...,&y), L is an isomorphism of X onto Z

and M is a compact operator.

PRrROOF. By the assumption clearly there exists a constant € > 0 such
that ¢,é, < —e, 1 < i < N. For a mapping G(®,®) : (@f\il H?(R?)) P
(@Y, H*(R%) — L*(R%) we denote by G, = G, (¥, &) : H*(R?) —
L?(R?) the partial derivative

G, (9, ®)h
= m(G(g) .yt th, o, @) = Gl e DI,
with respect to ¢; at (&', ®'), where ' =Y, o), =@, ..., Py
The partial derivative G, = G (9, ®') : H?(R?) — L?(R3) with respect to
@i at (9, ®') is defined in the same way. For fixed €’ and & we shall consider
the Fréchet derivative of the mapping F(®,0) : (@Y, H2(R?) BN, H?
(R%)) — (DiL; L*(R?)) (D, L*(R?)) given by

F(D,®)
= [[(F(®,D,€),...,Fx(®,0,€)), (Fi(D,0,&),..., Fxn(®,®,&))].
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The Fréchet derivative

) ) N N N N

@) : (B E*R) PEP H*R?) — (P L*(R?)) PEP L*(R?)),
i=1 i=1 i=1 i=1

of F' at (®',®') can be expressed as a 2N x 2N matrix of operators from
H?(R3) to L?(R3) as

. _ K(i)/ e/) T@’,‘i/
4.2 F/ q)/7 (D/ - 5/ ’ ’ ’
( ) ( ) ( T<I> P K(‘I)/, é/)

where K(®',€’) is a diagonal matrix defined by
K(®',€) == diag [F(®) — €],..., F(P') — €],

and the N x N matrix 7% of operators is given by

LU A < i < K 4 D 5P
Tij = [Fi(®, 2, e )]gbj = S’L’j + S’L’j - Qz’j - Sji :

Here

S8 0w = ([ 1o~ By el
(12 = v wtzia) o)

([12 = Bt wie)

(52 w)(x) -

QY w)(x) :

Let us define the matrices S"I’/"i’/, S and Q‘I’/"i/ by the matrix elements
5’5/’@, 5’5,’@ and Qg’q)/ respectively. We can rewrite (4.2) as
F' (' d)=K+T,

with
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The matrices 3, S and Q are defined replacing T in T by S@/j’/, 5o
and Q‘b/"b/ respectively. Then we have
T=8+8-Q-'S.
On the other hand X is decomposed as
K=H+R-S,

where

H :=diag[h —€,...,h — ey, h—&,....h —&y],

R :=diag[RY,...,RY R ,...,RY,

S :=diag[S®,..., 5%, 8%, ..., 5%
Since Sg-’/, SZ-‘I;,, Sf;/’q)/ and SEI’(DI are integral operators of the Hilbert-
Schmidt type, they are compact. Thus S, 5’, S and 'S are compact op-
erators.

We shall show that R — Q is a positive definite operator as an op-
erator on the Hilbert space (EBfil LQ(R?’))GB(GEZ-]\L1 L*(R3)). Set W :=
Hwy,. .., wN, 1, ..., 0n) € (BN, LX(R3) @Y, L*(R%)). Then we
have

N N
(W, (R— QW) = (w;, R wy) + Y (w;, R ;)
=1 =1
N . N -
iR - Y
- Z(wi7Qij w;) — Z<wi7Qij wj)
(4.3) i,j=1 ij=1
N ~
=) {(wi, QFwi) + (b, Q5 ;)
ij=1

- (qu?} Piry) — (wjaQi' P}
On the other hand we have
[ 1o = ol @) (0) — 5006w Pdady
(4.4)

z/ . r P - ~ Ry
= (w;, QFjwi) + (W, QfF ;) — (wi, Q55 ) — (W5, Q™ w).
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Since the left-hand side is positive, the right-hand side is also positive.
Therefore, comparing (4.3) with (4.4) we can see that R — Q is a positive
definite operator.

Next we shall consider H. We denote the resolution of identity of h by
E(X). Then we can decompose h as

h=hE(—€/2)+ h(1 — E(—¢€/2)).
Thus H is decomposed as H = Hy + Ho, where

Hy :=diag [h(1 — E(—¢/2)) — €}, ..., h(1l — E(—€/2)) — €y,
h(1 — E(—€¢/2)) —¢€,...,h(1 — E(—¢/2)) — &y,

and
Ho := diag [hE(—¢€/2),...,hE(—€/2),hE(—€/2),..., hE(—€/2)].

Since €,¢&; < —¢, 1 < i < N we have h(l — E(—¢/2)) — €, > ¢/2, and
h(1 — E(—€/2)) — € > €/2, so that Hi > €/2. As for Ha, inf oess(h) =
0 implies that hE(—e€/2) is a compact operator. Thus Hy is a compact
operator.

The Fréchet derivative F/(®, ®') is written as
FI(® &) =H +Hy+R-S+S+S-Q-'S=L+ M,

where £L:=H;+R—-Qand M = Hy—S+S+S —1tS. Since H; > €/2 and
R — Q >0, we have £ > ¢/2, and thus L is invertible. Since £ can be re-
garded as a self-adjoint operator in (@fil L?(R3)) @(@f\;l L?(R3)), we can
see that Ran £ = (@Z]\Ll L2(R?)) @(@f\il L?(R3)) and it is an isomorphism
of (B, HA(R?) D(@DY, H2(R?)) onto (B}, LA(R?)) DD, L*(R?)).
Moreover, since each term in M is a compact operator, M is also a compact
operator.

For fixed @', ®" we set

F(e,&) :=YF (', e),..., Fn(P & e), F (D, & &),... Fy(@, & 8)).
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Then we obtain
F'(9', @ € ,&)[®,0,e,é
= [F'(®', &) [®, ®] + F'(e,&)[e, €],
—2Re (p1,¢)), ..., —2Re (N, ©N),
— 2Re (@1, 41); - - -, —2Re (@n, Py)]
=L[®,P,e, €] + M[D,D,e,¢€],

where

L[®, ®, e, 8] := [L][D, D], e, €],

M[®,®,e,8
= [M[(I)’ (i)] - [e(I)’, é(i)/]v —2Re <Q017 90/1> —€1,...,—2Re <§0N7 90/]V> — €N,
—2Re <¢17 ()5/1> —€1,...,—2Re <¢Na ¢§V> - gN]
Here e®’ :=!(e1¢], ..., en¢'y). We can easily see that L is an isomorphism

and M is a compact operator, which completes the proof. [
5. Lojasiewicz Inequality

The Lojasiewicz inequality for functionals that satisfy a certain condition
is crucial for the proof of the convergence of SCF sequences. Let us denote
by |||lx the norm in a Banach space X.

DEFINITION 16. Let X and Y be real Banach spaces and O be an open
subset of X. The mapping F' : O — Y is said to be real-analytic on O if
the following conditions are fulfilled:

(i) For each = € O there exist Fréchet derivatives of arbitrary orders
d"F(x,...).

(ii) For each z € O there exists 6 > 0 such that for any h € X satisfying
|lh]|x < 6 one has

. 1 m m
Flz+h)=)_ —d" F(x, h™),
m=0
(the convergence being locally uniform and absolute), where A™ :=
[h,...,h] (m-times).
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LEMMA 17. Let Z be a real Hilbert space equipped with an inner product
((-,9)) and a norm |||z := ((-, )2, Let X be a dense subspace of Z and
assume that X is a real Banach space with respect to another norm ||-||x
such that ||z||z < ||z||x for any x € X. Moreover, let f(z) be a real-analytic
functional in X and x¢ a critical point of f(x). Suppose that there exists a
real-analytic mapping F(x) : X — Z such that

(f1) df (z,y) = ((y, F(2))),

(f2) F'(z¢) = L+ M, where L is an isomorphism of X onto Z and M is
a compact operator.

(f3) F'(z°) is a selfadjoint operator with the domain X, when it is regarded
as an operator in Z.

Then there exist constants k> 0, 6 € (0,1/2] and a neighborhood U(x) of
x¢ such that

(5.1) [f(@) = f@)'0 < w|F(2)]|z,
for any x € U(x°).

For the proof of Lemma 17 we need the following real-analytic version
of the implicit function theorem.

LeEMMA 18 ([6, Proposition 2.1] see also [7, Lemma 3R]). Let X,Y,Z
be real Banach spaces, O C X XY an open set and [xo,yo] € O. Let
F : O — Z be a real-analytic mapping such that [F)(zo,y0)]™" exists and
F(xo,y0) = 0. Then there exist a neighborhood U(xg) in X of the point x
and a neighborhood U (yo) in'Y of the point yo such that U(xzg) x U(yo) C O
and there exists one and only one mapping y : U(xg) — U(yo) for which
F(z,y(z)) =0 on U(xg). Moreover, y is a real-analytic mapping on U(zg).

PROOF OF LEMMA 17. Due to the decomposition F’'(z¢) = L + M,
F'(z°) is a Fredholm operator (see e.g. [2, Proof of Theorem 2.1]). Thus
X := Ker (F'(x¢)) is finite-dimensional. Set X5 := X{-NX, where Xi- is the
orthogonal subspace of X; in Z. Then we have X = X; @ X». In addition,
F'(z¢) is an isomorphism of X, onto a closed subspace Z := F'(z°)(X>)
of Z. We write x = [z1,22], z; € X; (i = 1,2) correspondingly to the
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decomposition X = X; € Xs2. Let us denote the norm ||-||x restricted to
X by ||-||x, and the norm ||-||z restricted to Z by ||-|| ; with which X and
Z are regarded as Banach spaces.

If X; = {0}, then by the open mapping theorem F'(z°)~!: 7 — X is
continuous, and therefore, there exists a constant C; > 0 such that

(52)  allx = [F'(*)" F'(2)illx < CillF' (23]l ; = Crll ' (2%)3 ]|z,

for any & € X. Since by the definition of the Fréchet derivative and F'(z¢) =
0 we have F(z) = F(2%) + F'(2%)(z — 2°) + o[ — 2°|| x) = F'(2°)(z — 2°) +
o(||lx —z¢||x), using (5.2) we can see that there exists a neighborhood U (2¢)
of z¢ and constants 0 < 7 < C’1 , Cy > 0 such that

(5-3) IF(2)llz > C7 Iz — 2°llx — 7lle — 2°llx = Collz — 2°x,

for any 2 € U(z). On the other hand since z€ is a critical point of f(z),
by the Taylor formula (see e.g. [21, Theorem 4.A]) we have

1
f(z) = f(z°) + / (1-— t)de(xC + t(x — z, (x — xc)Q)dt.
0
Hence we can see that there exists a constant C5 > 0 such that
(5.4) f(x) = ()] < Cslz — 2°||%,

for any « € U(z°). From (5.4) and (5.3) it is seen that (5.1) holds with
U(z°) = U(2°), k = Cy 'CY/? and 0 = 1/2 if X; = {0}.

If Xy # {0}, applying Lemma 18 to P; o F' with X = X;, Y = X, and
Z = Z it follows that there exists nelghborhoods U(x$) of x5, U(xs) of x5
and a real-analytic mapping w : U(z$) — U(z§) such that = = [z, 2] €
U(x$) x U(x§) satisfies Py o F(z) = 0 if and only if 22 = w(z1), where
P is the orthogonal projection from Z onto Z. Moreover, since F'(x°) is
selfadjoint, we have X; = Ker (F'(z°)) = Ker (F'(2¢)*) = Z+. Let v :=
dim X; and {v1,...,v,} be a basis of X;. Set v := (v1,...,v,). We write
tvi=3" tjvjfort = (t1,...,t,) € R”. Thenany z; € U(x5) is expressed
asx1 = 2§ +t-v,and f(z§ +t-v,w(z{+t-v)) is a real-analytic function
of t € R” since f and w are real-analytic. Thus applying the Lojasiewicz
inequality in finite-dimensional space we can see that there exist constants
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K1,k2 > 0, 0 € (0,1/2] and a neighborhood U (z$) of x$ such that for any
z1 € U(x9)
|f (@1, w(1)) = f(af,25)['
= |f(z1,w(z1)) = f(af, w0 (D))"
=[f(af +t-v,w(af +t-v)) = faf,w(z9))]' 7

v
(5.5) =i > (g, Pl + ¢ v,w(af + t-v)))
j=1
+ (W@ + V)] Feg + b viw(zf + - v)))}

< ko||F(zf +t-v,w(ai+t-v))|z

= kgl F(z1,w(21))| 2,
where we used that ||w'(z +t-v)[v;]]lz < |/ (2§ +t-v)[v)]||x < C for a
constant C' > 0 independent of t such that 2§ +t - v € U(x$).

By the open mapping theorem [P;F,, (z§,25)]™' : Z — X, is continu-

ous. Thus there exists a constant €y > 0 such that
1Z2llx, = [I[P5 7, (25, 25)] ' Py, (2, 25) @2 x,

(56) A c ,.C\x s c ..C\A
< Cy||PzFy, (25, x5) 22| ; = Cul| Pz Fy, (2, 25) 22| z,

for any Zo € X,. Since F(z) is a real-analytic mapping, choosing U (x5)
and U (z5) small enough and using (5.6) we can see that there exists C5 > 0
such that

(5.7)
LNCRENEAP
2 1P (@, a9)%allz = (P (wn, (@) = Pafy(ef,08) 2
> Cs||Z2]|x,

for any 1 € U(x$) and Z3 € Xo. Moreover, by the definition of the Fréchet
derivative and P;F'(z1,w(x1)) = 0 we have

(5.8)

P;F(x1,22)
= Py F(a1,w(21)) + Pz, (21,w(21)) (22 — w(21)) + o(|[z2 — w(@1)]|x,)
= P;Fy, (z1,w(z1)) (2 — w(z1)) + o(||lz2 — w(z1)] x2),
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for any x; € U(z$) and zy € U(x§). It follows from (5.7) and (5.8) that
choosing smaller U(z$) and U(x§) further there exists Cg > 0 such that

(5.9) |P;F(21,22)| 2z > Collwe — w(@1)]|x,,

for any z; € U(x$) and xy € U(z5). Moreover, using (5.9) we can see that
there exists C7 > 0 such that

[F(z1,w(21))llz < [[F(z1,22)| 2z + | F (21, 22) — F(21, w(21)) 2
(5.10) < || F(z1,22) |z + Crllze — w(@)]| 2
< (14 C7Cg || F (21, 22)||2.

On the other hand, since P;F(x1,w(x1)) = 0, we have

fx1,22) — f(21,w(21))
= ((m2 — w(x1), Pz F(x1,w(21)))) + O(l|lz2 — w(z1)[|%,),

where Pz, is the orthogonal projection onto Z+. Since Z+ = X; and
X1 L X5 with respect to the inner product ((-,-)) in Z, the first term in the
right-hand side vanishes. Thus there exists a constant Cs > 0 such that

(5.11) |f(x1,22) = fz1,w(z1))] < Csllz — wlz)]|%,,
for any z1 € U(z$) and xy € U(z5). Combining (5.9) and (5.11) we obtain
[Fe1,22) = flan,w(@)|? < Cg 'GP (w1, 20) | 2
It follows from (5.5), (5.10) and (5.11) that for € U(z°) := (U(z$) N
U(2$)) x U(x5) we have
|f (21, m2) — f(a)|°
= [f(z1,22) — flar,w(@1)) + flr,w(z)) — ()7
< 2'70(|f (21, 22) — flar,w(@)0 + | f (21, w(z1)) — f(29)]'7)
< 270 f (1, w2) — flrr,w(@) V2 + | (a1, w(z1)) — f(29)17)
< 217G 4 ka1 + CrC V)| F (1, 22) 2,

where in the third step we assume |f(x1,22) — f(z1,w(z1))| < 1, which
holds if we choose sufficiently small U(z¢). Thus (5.1) holds with x =

21_9(06_1@;/2 + Ko(1+ 6'76'51)), which completes the proof. [J
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6. Proof of the Main Theorems

For the proof of Theorem 1 the following lemma about convergence of
positive term series is needed.

LEMMA 19. Let (a1, a0,...) be a sequence of real numbers such that
2

ag >0 forany k> 1 and Y 2, a:ézl converges. Then Y 72 | ay converges.

PrOOF. Let kg € N be a fixed number. Then by the Cauchy-Schwarz
inequality we have

Ko 2 12 g 1/2
(8
Yoca- Y o< (Y00 (Ya)
k=1

k=1 Oy k=1

Hence we have

9 1/2 ko
Zak<a1+2ak+1 <a;+ (Z agj:) (Zak>
k=1

k=1

1/2

1/2
Dividing both sides by (leozl ak> we obtain
ko 1/2 ko ko 2 1/2 19 ko 2 1/2
(zak> <o (zak) +<z_§;> <a/+<z_§f) |
k=1 k=1

k=1 k=1
2
Since > 722, a(l;:l converges, the right-hand side is bounded by a constant
C > 0 independent of ky, and therefore, we have

ko
Z ap < C?.
k=1

Since ko was arbitrary, this implies that y p-; aj is convergent and

oo
S <,
k=1

~1/2

which completes the proof. [J
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We also need a bound of the H? norm of differences of solutions to a
sequence of equations by the L? norm.

LEMMA 20. Let ¢ >0 be a constant and =% =1(¢F, ... k) e W, k=
0,1,... be a sequence satisfying

N
=k—1\ ¢k k ¢k
FETEG :Z% 1
Jj=1

with some constants efj, 1 <i,57 < N such that |efj| <{( 1<4,5<N for

any k > 1. Then there exists a constant B3¢ > 0 independent of k such that
kel

—_
— —
— —

k—
o, e
=k _ —k— =k —k—
<BIE =22 lg v | pagey I =2 g v p2ge)):
for any k > 2.

Proor. First note that by the same proof as that of Lemma 9 we can
see that there exists a constant C’é > 0 such that

(6.1) IVEF < CL 1<i <N,
for any k > 0. It follows from the equations
N
FEET =) ag
(6.2) o
FEhE =3 g,
j=1

(6.1) and Lemma 11 that there exists a constant §; > 0 independent of k
such that

IR+ — &l
N

N

—=k\ ¢k k+1ek —k—2y ck— bl ke

= [IG(ZF)eltt — 7 ekttt _ g(Ehtyehl 4 N btk

(6.3) g =
: 3 (1=k _ ok =k k-

< B(IEY -2 QH@é\;lm(RB)"'H: B 1”@1{\’:19(1@3)

N

k k—
+ Z |€Z»jJrl — € 1 ).

Jj=1
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By (6.2) we have

et = (L FERE,

et = (et FERET.

(1]

Thus by (6.1) and Lemma 11 there exists a constant ﬁ} > 0 independent of
k such that

e+l

k=1 <« A (1=k _ =k—2
(6.4) ij € | <BE"—E"" g N L2(R3)

G = I = .

Since A is h-bounded, the result immediately follows from (6.3) and
(6.4). O

PROOF OF THE THEOREM 1. Step 1. First note that if |Dgrs1 —
Dgi-1]|2 = 0 for some k, then F(®F*+1) = F(®F~1), and thus Dgri2 = Dgr.
Therefore, by induction we have Dgs = Dgs+2 for any s > k. Then since
PFH2 ¢ = 0,1,... (resp., ®¥F2FL + = 0,1,...) are tuples of the eigen-
functions corresponding to the same eigenvalues of F(®*~1) (resp., F(®*)),
there exist unitary matrices Ay o; (resp., Agror+1) such that || Ay o, ®F+2 —
k|| = 0 (resp., ||Apyory 1 ®FF2FL — @FFY| = 0) for t > 0. Hence the re-
sults in Theorem 1 are obvious in this case. Therefore, hereafter we assume
| Dgr+1 — Dgr—1ll2 > 0 for any k > 1. As in Section 2, £(®F, ®F*1) is de-
creasing with respect to k and converges to some p € R. If £(®F, dF+1) =
for some k, then we have yu = £(®F, F+1) > £(@k+1 @k+2) > 44 and there-
fore, £(®F, PF*1) = £(OF*+! ®F+2). Recalling that by Lemma 6 we have

(6.5) E(PF, M) — (@ ®M2) > 271y Dgrra — Dgrl[3,

we obtain ||Dgr+2 — Dgr|l2 = 0, which contradicts the assumption above.
Thus we may also assume &£(®%, ®*+1) > 4 for any k > 0.
We can easily see that for any constants p > ¢ > 0 and 6 € (0,1/2] we
have ~
P -¢ > %
p

Applying this inequality to p = £(®F, ®F1) — 14, ¢ = E(OFH, ®FF2) — 4 we

(p—q).

St
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obtain

(g(q)k’ (I)k—I—l) _ 'u)é _ (g(q>k+1’ (I)k+2) _ M)é
(6.6) § 6
T (E(DF, DFFL) — )10

((c/‘(q)k:7 q)k‘-i-l) . 5(@]&‘-"—17 @k‘-i-Z)).

The factor (£(®F, F+1) —&(®F+1 ®F+2)) in the right-hand side is estimated
from below by (6.5).

Step 2. As for the denominator in the right-hand side of (6.6), recalling
lof]l, [leF ™ = 1,1 <i < N we can see that

(67) g((I)k, q)k+1) _ f(q)k, (I)k+1, ek’ ek+1),
where f is the functional defined by (4.1). Set
fv,u = {[@,é,e, é] : [(I),i)] € F’Y,/M € = <90i7f((i))90i>7 € 1= <¢17F((I))95Z>}7

and let d be the distance function in (EBf\;l H?(R3)) @(@fil H?(R3))
ARYPRYN. As in the proof of Proposition 5 using Lemmas 6 and 7
we can show

(6.8) Jim (i, F(RF)f) — (o, F(OF g = 0.

Using Lemma 5, €f = (¢F, F(®*~1)pk) and (6.8) we can see that

(6.9) lim d([®F, ®F+1 ek 1) T, ) = 0.
k—o0

By Lemma 15 for any [@', &, ¢/,&] € 1;%,“ F'(®', @, ¢,&) is decom-
posed into a sum of an isomorphism L and a compact operator M. More-
over, extending the domain of ((-,-)) from X x Z to Z x Z in the ob-
vious way, Z can be regarded as a real Hilbert space equipped with the
inner product ((-,-)). Since the Fréchet derivative is symmetric [21, Prob-
lem 4.3], we have d?f(z1,[22, 23]) = d?f(21,[23,22])) = ((20, F'(21)23)) =
({23, F'(21)22)) = ((F'(21)22, 23)) for any 21, 29,23 € X. Thus F'(z) is a
symmetric operator with the domain X C Z. The operator F’(z1) is a sum
of H := diagh,...,h,0,...,0] (h appears 2N times) and a bounded oper-
ator, and H is a selfadjoint operator with the domain X in the real Hilbert
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space Z equipped with the inner product ((-,-)), which follows from that h
is a selfadjoint operator with the domain H?(R?) in L?(R3) equipped with
the usual inner product. Thus F’(z1) is also a selfadjoint operator with the
domain X. It is also easily seen that f and F' are real-analytic. Therefore,
we can apply Lemma 17 to f and see that there exist a neighborhood U of
(@', @', ¢,&] and constants x > 0 and § € (0,1/2] such that

f(@,2,e,8) — u|' ™ < K|F(®,2,e,8)|z,

for any [P, D, e, €] € U. Because by Proposition 13 I', , and therefore, f‘%u
are compact, we can choose a finite cover of I', , from such neighborhoods.
Therefore, by (6.9) there exist & > 0, § € (0,1/2] and k; € N such that

(6.10)  [f(DF, DML &P ef ) — ' 7? < E||F(OF, o511 e, eF 1) 2,

for any k > ki. Since ||@F|, |¢F =1, 1 < i < N and F(®*)pF™ =
efﬂcpfﬂ, 1 <i < N, we can see that the RY @ RY component and the
second @Y | L?(R3) component of F(®F, &F+1 eF eF+1) vanish. Thus we
have

N 1/2
| (@F, 25 ¥ ")z = (ZIIF@'““%O? - 6?%0?”%2@1@3)) :
i=1

Using F(®F 1)k = bk we obtain

(6.11)

N 1/2
|F(@F, @, ", )| 2 = (lef(fbk“)wf - f(¢k‘1)w?\\i2(Rs>>
i=1

N 1/2
= <ZIIQ(¢"““) - g(¢k_1))¢f\\%2(ms)> :
=1

Let us denote by A;H, A, the N x N unitary matrices A and A in

Lemma 7 with ® and ® replaced by ®**1 and ®*~! respectively, namely we
have

k - k-

(6.12) [Dgr+1 — Dgr—r |2 > HALJP - A, @ 1”@ N L2(R®)
: =k =k—

I =2 e 1, oy
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where Ei“ = AILFI(I)’“H, =kl = A,;1<I>k_1. Then it is easily seen that

g(@k“) = g(é’fl), g(q)k—l) = g(é’fl). Therefore, using Lemma 11 and
(6.12) we can see that there exists a constant C' such that

ZH G(@**) = G(@" )l I1 2 ey = ZH G(E) (é'i_l))ﬁlliz(RS)

Combining this inequality, (6.10) and (6.11) we obtain
(6.13)  |f(@F @F ek &) — !0 < ROV Dgis — Dyioa 2
for k > k;.

Step 3. It follows from (6.5)—(6.7) and (6.13) that

(5(@"37@"34‘1) _ M)é - (g(q)k—l—l’(bk-‘ﬂ) _ M)é

0
%él/2||D¢,k+1 - .Dq)k—l HQ

(27'9|[Dgr+2 — Dor|13),
for £ > kq. Since the sum of the left-hand side for £k = 1,2,... is finite,

the corresponding sum of the right-hand side is also convergent. Setting
ap = |[Dgr+1 — Dgr—1]|2 this sum is written as

O‘k-s—l
2/601/221 ag

Hence by Lemma 19 we can see that

o o
ZO&k = ZHD@I@JA — Dq;kfl ||2,
k=1 k=1

is convergent.
Let us define unitary matrices Ax so that

|~k+1

Zk-1
| A1 EF — A4 ”@N L2(rs) = | - ||@§V:1L2(]R3)’
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will hold for any k& > 1. We set Ay := I, A; := I, where I is the identity
matrix. Assume that Ax_; has been defined. Since Aj_; is unitary and
"kH A;H(A,;_l) 12F L we have

Skl k-1
=5 -2 H@N | L2(R3)
1=k+1 5 ~k—1
= HAk 1Ak+1(Ak+1) B — Ap1EY H@ N L2(R3)"
Thus we should set Ak+1 = Ay 1Ak+1(A;+1)_1. Consequently, we obtain

Agp = AT (A7) 71 Af (A M AS (A0

1212k+1 = A;(A?:)il T A;(k:—l)—f—l(A_(k 1)+1) A2k+1(A2_k:+1)7 ’

fE)r k > 1. Now set Ag := I, Ay := I and Ay := AQkA;k, Aggy1 =
Aok+1A49;,4, for k > 1. Then if we define =k .= A, ®F for k > 0, we have

—k Hk =k+1 =k
(6.14) 1= - 1”@1\’ L2(IR3) —H =k H@N L2(R3)

for any k£ > 1. Slnce {®F} satisfies F(PF)ph ! = FHlphtl 1 < < N, We
can see that = satisfies F(ZF)eF ! = Zjv 1 fflfkﬂ 1 <i < N, where ng
is the (i, j)th entry of the matrix Ag(diag[e},...,e%])A; . Noting that Ay
is a unitary matrix we have Zf’Yj:l ‘EZ 2=V |52 < N|inf o(h)[2. Thus
we can apply Lemma 20 to {ZF}, which combined with (6.14) and (6.12)
yields

o0

—k+1 —k—1
2 IE =2 e x, e
=1

o0
—k —k _ _
< 20 E |=F! — = 1H@ N @yt IE? - :OH@ N H2(R3)
k=1

=20 ZH + =k IH@ N L2(R3) + H‘:2 - :'OH@ N H2(R3)

< 26420% + HE2 - EO”EB N H2(R3) < 00,
k=1

with C = N'Y2|inf o(h)|. Thus there exist limits E%° := limy_,o, Z2* and
2% = limp_oo 22! in @l | H?(R3). Now noting that Dzx = Dgk, that
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limg o0 Dz2r = Dzeo, limy oo D=2e1 = Dzo, with respect to the topology
of L(L*(R?)), that Dgox and Dgaws1 converge in Tz, and that ||-[| (p2(rs)) <
Ill2 (cf. [17, Theorem VI.22 (d)]) the results in Theorem 1 follow, and the
proof is completed. [J

PrROOF OF THEOREM 3. (1) Since Z? converges to Z=* in
@ﬁil H?(R3), the operator F(®?*) — F(E*) = G(Z%¢) — G(E™) converges
to 0 in £(L?(R3)). Thus by the upper semicontinuity of the spectrum (see
e.g. [10, Theorems IV 1.16 and IV 3.18|) and the uniform well-posedness,
for any & > 0 there exist &/ € N and a constant v € R such that the N
smallest eigenvalues of F(Z*°) and F(®%) for k > k' are smaller than v
and the rest of the spectra of them are larger than v + v — d, which proves
(1) for F(E*). The proof for F(Z°) is exactly the same.
(2) By the proof of (1) there exists a closed curve g in C such that the N
smallest eigenvalues of F(2*°) and F(®?*) for k > k' are enclosed by g, and
the distances between g and the spectra of F(Z>°) and F (&%) for k > k' are
larger than /3. Thus using the representation Pp = —(2mi)~! §g(.7:(<1>) —
z)~!dz of the projections P to the direct sum of the eigenspaces of F(®)
we can see that limy_ o Ppar = Pe in L(L?(R?)). Hence with fi%'“ in the
proof of Theorem 1 we have

£° = lim M = lim Ppae&?"! = Po€®, 1 <i <N,
k—o0 k—oo

where 2% = t(gfo, . ,5;@) This means that 2% is an orthonormal basis
of Hze := Ran Pzw. In the same way we can also prove that =
orthonormal basis of the direct sum Hz., := Ran Pz...

1S an

Let & =*(1,...,¢n) be a tuple of the eigenfunctions of F(2°) cor-
responding to the IV smallest eigenvalues €7, ..., €3 € R as above Theorem
3. Then ®°° is an orthonormal basis of H=«~ and

(6.15) F(E®)@® = e°¢°, 1< i < N.

Thus > and = are orthonormal bases of the same space H=e. Therefore,
there exists a unitary matrix A, such that 2% = A P>®. We note here
that F(2°) = F($>) also holds.

Next we shall prove €° = limj_, o e?kﬂ, 1 <i < N. From the proof of
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Theorem 1 it follows that there exists a Hermitian matrix (€f]°) such that

N
FEOE® =) GG 1<i<N.
j=1

Thus by (6.15) we can see that diag[€7°,...,€¥] = Agol(éff)Aoo. Since

(€SJ°) is the limit of the Hermitian matrices (e?f“) whose eigenvalues are
(e%kﬂ, cee ef\lfﬂ), the perturbation theorem for the eigenvalues of Hermitian

matrices (see e.g. [4, Problem 1.17]) yields é° = limy_ ., ¥ 1 <i < N.
(3) If 2° = O=>, we have F(E*) = F(2*°) and thus

F(EX) = F(E®) = F(&).
Hence by (6.15) we have
F(®%)p = 27, 1<i <N,

which means that ®* is a solution to the Hartree-Fock equation.

(4) Assume that > forms an orthonormal basis of the direct sum of the
eigenspaces of the N smallest eigenvalues of F(®>). Then recalling that
F(®%) = F(2) it follows that &> is an orthonormal basis of Hz. . Since
> is an orthonormal basis also of Hze, we have Hzoo = Hzoo, which im-
plies that Z°° and = are orthonormal bases of the same space. Therefore,
there exists a unitary matrix © such that Z° = @=°°.

(5) This result follows from (2) if we prove that the necessary and sufficient
conditior} that ®,® € W siitisfy D¢ = Dy is that there exists a unitary
matrix A such that ® = A®. The sufficiency is obvious. The necessity
follows from that @ is an orthonormal basis of Ran Dg, which was also
mentioned in Section 1.[]
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