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A Nowel Statistical Approach for Two-Sample Testing
Based on the Overlap Coefficient

By Atsushi KoMABA, Hisashi JOHNO and Kazunori NAKAMOTO

Abstract. Here we propose a new nonparametric framework for
two-sample testing, named as the OVL-q (¢ = 1,2,...). This can be
regarded as a natural extension of the Smirnov test, which is equivalent
to the OVL-1. We specifically focus on the OVL-2, implement its fast
algorithm, and show its superiority over other statistical tests in some
experiments.

1. Introduction

The overlap coefficient (OVL) is a measure of the similarity between
two probability distributions, defined as the common area under their den-
sity functions. Previously, we have developed a nonparametric method to
estimate the OVL [6].

In any two-sample test for equality of (continuously differentiable) dis-
tribution functions, the null hypothesis is equivalent to the OVL being one.
To date, however, the OVL has not been the main subject of such hypothesis
testing.

The objective of this study is to construct a new nonparametric two-
sample test for distribution equality based on the OVL estimation, which
will be referred to as the OVL-¢ (¢ = 1,2,...). Furthermore, we aim to
implement algorithms for the OVL-g and experimentally compare the sta-
tistical power of the OVL-1 (which is equivalent to the Smirnov test) and
OVL-2, for example, with that of other statistical tests.

In this paper, we start with preliminaries and basic results in Section 2.
The algorithms for the OVL-q are described in Section 3. Experimental
results are shown in Section 4, and the conclusion follows in Section 5. The
proofs of Theorems 2.6 and 3.9 are given in Sections 6 and 7, respectively.
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A system to perform the OVL-1 and OVL-2 is available at https://
fiveseven-lambda.github.io/ovl-test/ along with its source code.

Notation. Throughout this paper, we denote by Z, N, N, Q, and R the
sets of integers, nonnegative integers, positive integers, rational numbers,
and real numbers, respectively. If —oco < a < b < oo and if there is no
confusion, we write [a,b] = {x : a < z < b}, [a,b) = {z : a < z < b},
(a,b] = {x :a <z < b}, and (a,b) = {z : a < x < b} as (extended) real
intervals. For ¢ € N, we define RL = {(v1,...,v5) € R?: vy < -+ < yg}.
For a set A, #A denotes the cardinality of A.

2. Analytical Framework
2.1. Estimation of the OVL

DEFINITION 2.1. On a probability space (2,2, P), let Xy,...,X,, be
real random variables with a continuous distribution function Fy, Y1,...,Y,
be those with Fy, and Xi,..., X, Y1,...,Y, be mutually independent.
The empirical distribution functions corresponding to {Xi,...,X,,} and
{Y1,...,Y,} are given by

Foml@) = = T wom(X) (@ €R),

1) o

Fl,n(:L‘) = n Z]l(—oo,z] (Y3) (z €R),
=1

respectively, where 1 denotes the indicator function. Put Fy(oo) = Fj(0c0) =
Fom(00) = F1 p(00) =1 and Fy(—o00) = F1(—00) = Fym(—00) = F ,(—00)
=0.

DEFINITION 2.2. For a real function g on a set A and =,y € A, we
write g7 = g(y) — g(x). For v = (v1,...,v,) € RL, define

q
(2) r(v) =Y min {Fploi, o}
=0

q
(3) rm,n(”) = Z min {FO,m’Z::Jrl ) Fl,n Zi+1} 5
=0
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where vg = —o0 and vg41 = 00. Note that 0 < r(v) <1land 0 < ry,p(v) <1
for all v € ng. We also define

(4) Pqmn = min Tm,n(v) S [07 1]:
UGRQS

which exists because 7, , takes at most finitely many values.

REMARK 2.3. Note that pg m , is measurable on 2, because 7, ,(v) is
obviously measurable for each v € RZ and RZ in (4) can be replaced by its
countable subset RL N QY (since Fy,, and Fy, are right continuous).

DEFINITION 2.4. Suppose £ is a random variable on (2,2, P) taking
values in a separable metric space (£, d); {§; :4 € Ny} and { ;4,5 € Ny}
are two sequences of random variables on (2,2, P) into E. Then we say
that {&} and {¢ ;} converge almost surely to & if

P({oen mew -cw}) -1
P({wen: m g0 =cw}) -1

respectively.

REMARK 2.5. If Fy and Fj are differentiable on R with continuous
derivatives fy and fi, respectively, then the OVL between the two distribu-
tions is given by

(5) p= [ min {fo(o). fila)} d

We call x € R a coincidence point between fy and f1 if fo(z) = fi(z);
x € R a crossover point between fy and f1 if there exists a neighbor-
hood V' of z such that for any a,b € V, (a — z)(b — z) > 0 if and only
if [fo(a) — fi(a)][fo(b) — fi1(b)] > 0. The set of crossover points and that
of coincidence points are denoted by C(fo, f1) and C'(fo, f1), respectively.
Note that C(fo, fl) C C/(f(), fl)

THEOREM 2.6. Suppose fo and fi are as in Remark 2.5, #C"(fo, f1) <
00, and #C(fo, fi) = N < co. Then pnmn converges almost surely to p as
m,n — oo.
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See Section 6 for the proof of Theorem 2.6.
Hereafter, Fy and F} are only assumed to be continuous, unless otherwise
noted.

2.2. The OVL-q test

For ¢ € N, we define the OVL-q test statistic as pgm,n. Under the null
hypothesis Hy : Fy = Fi, the p-value of pgmpn is given by pgm.n(Pg,m.n)
where

(6) Pgman(r) = P{w € Q: pgmn(w) < x}) (z € R),

and the lower limit of a 100(1 — «)% confidence interval (0 < a < 1) of

Pqm,n 18
(7) lymn(a) =sup{z € R: pgmn(x) < al.

2.3. The Smirnov test
(See [2] for reference.) The Smirnov (or the two-sample Kolmogorov-
Smirnov) test statistic is defined as

zeR

PROPOSITION 2.7 (see [4, Section 3.2] for reference). The relation
P1mmn = 1 — Dy holds.

Proor. We have

Pimmn = lglelﬁ Tm,n (V)

by

= InlIl (min {Fp m(v), F1 n(v)} +min {1 — Fy,,(v),1 — F1 »(v)})
= mln (min {Fp m(v), Fin(v)} +1 —max {Fym(v), Fin(v)})

(1 — | Fom(v) = F1n(v)])

=1 max [y ) ~ Fia(0)

= ngﬁ (min {Fovmﬁoov Fl,n‘zoo} + min {Foam’?)ov

= mln

=1—Dnnp
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by definition. [

Let
DPmn(x) = P{w € Q: Dy p(w) > z}) (r € R).

The p-value of D,,,, under Hy : Fy = Fy is given by ppn(Dm,n). Since
Dy = 1 — p1,mn by Proposition 2.7, we have

Pmn(@) =P{w e Q:pimn(w) <1—2a}) =p1ma(l —2x) (x € R).
Hence py n(Dm.n) is equivalent to the p-value of p1 ,,, under Hy because
ﬁm,n(Dm,n) = pl,m,n(l - Dm,n) = pl,m,n(pl,m,n)-

Therefore, the OVL-1 is equivalent to the Smirnov test.
3. Algorithms for the OVL-q
3.1. Basic principles

DEFINITION 3.1. For k € N, let 'y = {0,1}* and define Ny(v) =
Zle vi and No(vy) = k — Ni(v) for v = (y1,...,7%) € T'x. Let Iy = {e}
where e is the empty sequence, and define Ny(e) = Nj(e) = 0. Define
Vij = (Yig1s---,y) for vy = (y1,...,) €Tk (k> 1) and 4,5 € {0,...,k}
(t<j),and v;; =efory eIy (k>0)andie{0,...,k}. Let I'y; ={v €
it : No(v) =k, Ni(v) =1} for k,l € N. For v € I',, , and g € N, define

(8) Pa(Y) = o< in LT (J1s-- -1 Ja)s
where
g —~ . —~ .

9) P eonda) = D min { o 17 By 11}

i=0

~ N, y ~ N y

(10) FO,‘y (Z) _ 0(704) : Fl,*y (Z) _ 1(70.1) ’

m n

Jo =0, and jg+1 = m +n. Note that 0 <75 (ji,...,7) < 1, and hence

(11) 0<py(vy) <L
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Let € be the set of all w € Q such that X, (w), ..., Xm(w),Y1(w),...,
Y, (w) are all distinct. Since Fjy and F} are continuous, we can see that

(12) P(Q) =1.

Hence we can put {Z1,..., Zmsn}t = {X1,..., Xm, Y1,..., Y} with Z; <
« < Zman almost surely. We also put Zyp = Z; — 1. Now define 4 =
(15> Ym4n) € Imp on Q by

o if zZje{Xi... X},
TN e Z;e{Y1,...,Ya}.

REMARK 3.2. By (1) and (10), we have Fy_(i) = Fom(Z) and

Fy (i) = Fin(Z) for all i € {0,...,m +n}.

REMARK 3.3. Under the null hypothesis Hy : Fy = F, we have 'Ay(ﬁ) =
Iy, and

m

P({w € Q:3(w) =7}) = (#Tma)” =<m+n>1

for all v € I'y, -
PROPOSITION 3.4.  For q € Ny, pg() = pgmn € [0,1].
PrROOF. By (4) and (8), we have

Pay) = min_ 751 da)

= min T Ziiseui L
C0<j1< < jg<mtn mn(Zirs - Zjg)

= min \ Tmn(V1, ..., V)
(1)1,...,1)(1)€]RS

= Pgmmn € [07 1]7

noting that

jl,...,jq Zmln{ 77

Jivl T3 |Jit1
Ji 07 Ly lgs
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q
Z;. Z;.
= Z min{FO,m‘Z;%+1 ) Fl,n‘Z;Z‘Jrl }
ZZO 1 1
= Tm,n(Zjla ey qu)
by (3) and (9), where jo = 0 and jy41 = m +n. O

THEOREM 3.5. Under the null hypothesis Hy : Fy = F1, we have

 #{veTmn:pg(v) <}
B #

pq,m,n(m) (l‘ € R)

forq e N;.

Proor. This is obvious from (6), (12), Remark 3.3, and Proposi-
tion 3.4. J

With this theorem, we can naively perform the OVL-¢ (see Section 2.2).
Let us call this algorithm the naive OVL-q. If ¢ = 2 and m = n, a faster
algorithm can be applied, as described in the next subsection. An optimized
algorithm for the OVL-1 (equivalent to the Smirnov test; see Section 2.3)
has been previously proposed by [8].

3.2. A faster algorithm to calculate ps,, ,
Throughout this subsection, we assume that m = n and Hy : Fy = I}
hold.

ProprosITION 3.6. For any v € Iy, and ¢ € Ny, there exists k €
{0,...,n} such that py(vy) = k/n.
Proor. It follows from (8), (9) and (11) that
q . .
i~ _ ; : 5 Jivl o Jitl
P = gy L, D i {Foalf Frali™ } € 0,1]
1=
1 2
AR EEE

where jo = 0 and j,41 = m + n. Noting that
min {F\oﬁ |§z+l s F\L')’ §1+1} € {0,

by (10), we obtain the claim. [J
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REMARK 3.7. We can see from Proposition 3.6 that the distribution
function pg ., in Theorem 3.5 is uniquely determined by the values
Pgnn(k/n) for k=0,...,n.

DEFINITION 3.8. Define a sequence {Q;(z)} of polynomials in z induc-
tively by

Q1(r) = Qo(x) =1,
Qit2(7) = Qit1(x) — 2Qi(x) (i € N).

We denote by Q)(x) the derivative of Q;(x). Note that Qo(x),Q1(x), ...
can be regarded as formal power series. For a formal power series Q(x),
we denote by [z¥]Q(z) the coefficient of ¥ in Q(x), and by 1/Q(z) the
multiplicative inverse of Q(x) (if it exists).

We can find {Q;(x)} in [10] as a variation of the Fibonacci polynomials.
For each i € N, we can easily see that [2°]Q;(x) = 1, and hence 1/Q;(z)
exists.

THEOREM 3.9. For k=0,...,n, we have

2:+1(x) Q;H-Q(x))

(13) #{’7 €lyn:p2(y) >1— Z} = [In]( Qe(z)  Qrsii(2)

See Section 7 for the proof of Theorem 3.9.

REMARK 3.10. For k=0,...,n, Theorem 3.5 and Proposition 3.6 im-
ply

kY _,_#{r€lun ) >3
P2,n,n #an
_ # {7 € Fn,n : Ib\2<7) > %}
#Fn,n 7

=1

where

#{r e T pala) 2 B2 = oy (2t SnenD)
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if K <n —1, by Theorem 3.9. It is obvious that p , n(n/n) = 1.

Remarks 3.7 and 3.10 imply that we can calculate p2,,,, with the use of
{Qi(x)}. Let us call this algorithm the fast OVL-2. In Section 4.1, we will
numerically compare the computation times of the naive and fast OVL-2.

4. Numerical Experiments

4.1. Computation times of the naive and fast OVL-2

We performed the following benchmark test on a personal computer
with min 2200 MHz — max 5083 MHz CPU (AMD Ryzen 9 5950X 16-Core
Processor), 62.8GiB RAM, and Linux 5.16.14 (Arch Linux). For each
n € {10,12,14,16}, we compared the mean computation times of the naive
and fast OVL-2 (averaged over 10 computations for the naive; 100000 com-
putations for the fast) to calculate pa, ,(1/2). We further measured the
mean computation time of the fast OVL-2 (averaged over 10 computations)
to calculate pa 5 (1/2) with n € {500, 1000, 5000,10000}. The source code
used here was written in Rust (2021 edition, rustc 1.58.1), and is published
at https://github.com/fiveseven-lambda/fast-0VL-benchmark/.

Table 1 shows the result of the benchmark test. As can be seen, the
fast OVL-2 was much faster than the naive OVL-2 (e.g., more than one
million times faster to compute p2 16.16(1/2)). The calculation of p2 ,, ,(1/2)
with n € {500, 1000, 5000, 10000} was computationally difficult for the naive

Table 1.
Mean computation time [ms]
n | naive OVL-2 fast OVL-2
10 9 0.026
12 135 0.026
14 2153 0.028
16 34361 0.023
500 - 12
1000 - 49
5000 - 1865
10000 - 8027
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OVL-2 but easy for the fast OVL-2 (e.g., the fast OVL-2 could compute
p2’10000?10000(1/2> in around eight seconds).

4.2. The statistical power of the OVL-2 test

In this experiment, we focused on the case m = n and simulated X7, ...,
Xn,Y1,...,Y, in Definition 2.1, with fo and f; in Remark 2.5 being spe-
cific functions (described in the next paragraph). The random samples
were subjected to the OVL-1, OVL-2, and other statistical tests (i.e., the
Welch t [12], two-tailed F' [11, Section 6.12], Mann-Whitney U [7], and
two-sample Cramér-von Mises test [1]) to verify the null hypothesis Hy :
Fy = Fy with 95% confidence interval. This trial (from the generation
of 2n random samples) was repeated 20000 times independently for each
n e {22, 2% ..., 212}, and the statistical power (or equivalently the rejection
ratio) of each test was calculated. The source code used here was written in
Rust (2021 edition, rustc 1.58.1) and Python (version 3.9), and is published
at https://github.com/fiveseven-lambda/0VL-q-test-comparison.

As probability density functions, we used

r— )2
Normal, , () = \/21?0 exp (—%) (x € R)

with ¢ € R and o > 0 for normal distributions;

x+2)/2 if —2<az<-—V2,
2-v2)/2 if —V2<a2<V2,
—z+2)/2 if V2<x<2,

if r<-2o0r2<uzx

—~~

Trapezoidal (z) =

o

for a trapezoidal distribution;

(x+6)/6 if —V6<z<0,
Triangular (z) = ¢ (—z ++6)/6 if 0<x <6,
0 if z<—vV6orv6<uz

for a triangular distribution;

1
Mixed (z) = 3 (Normal_g g 0.6 + Normalgg o) () (x € R)
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Fig. 1. The random variables X1,..., X5, Y1,...,Y, were realized with fo = Normalg 1
and f1 = Normalg 1.1, and subjected to the statistical tests (the OVL-1, OVL-2, Welch
t, F, Mann-Whitney U, and Cramér-von Mises test) to verify the null hypothesis
Hy : Fy = F; with 95% confidence interval. This trial was repeated 20000 times
independently for each n € {22, 2% ..., 212}, and the statistical power of each test was
evaluated. Note that Normalg; has mean 0 and variance 1, while Normalp 1.1 has
mean 0 and variance 1.21.
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Fig. 2. The random variables Xi,..., X,,Y1,...,Y, were realized with fo = Normalg
and f1 = Trapezoidal, and subjected to the statistical tests (the OVL-1, OVL-2, Welch
t, F, Mann-Whitney U, and Cramér-von Mises test) to verify the null hypothesis
Hy : Fy = F; with 95% confidence interval. This trial was repeated 20000 times
independently for each n € {22,23,...,2"2}, and the statistical power of each test was
evaluated. Note that Normalp,; and Trapezoidal have mean 0 and variance 1.
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Fig. 3. The random variables Xi,..., Xy, Y1,...,Y, were realized with fo = Normalg
and f; = Triangular, and subjected to the statistical tests (the OVL-1, OVL-2, Welch
t, F, Mann-Whitney U, and Cramér-von Mises test) to verify the null hypothesis
Hy : Fy = Fy with 95% confidence interval. This trial was repeated 20000 times
independently for each n € {22,23,...,2"}, and the statistical power of each test was
evaluated. Note that Normalp ; and Triangular have mean 0 and variance 1.
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Fig. 4. The random variables Xi,..., X5, Y1,...,Y, were realized with fo = Normalg 1
and fi = Mixed, and subjected to the statistical tests (the OVL-1, OVL-2, Welch
t, F, Mann-Whitney U, and Cramér-von Mises test) to verify the null hypothesis
Hy : Fy = Fy with 95% confidence interval. This trial was repeated 20000 times
independently for each n € {227 2% ..., 212}, and the statistical power of each test was
evaluated. Note that Normalp,; and Mixed have mean 0 and variance 1.
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Fig. 5. The random variables Xi,..., X,,Y1,...,Y, were realized with fo = Normalg
and f1 = Normalg.o,1, and subjected to the statistical tests (the OVL-1, OVL-2, Welch
t, F, Mann-Whitney U, and Cramér-von Mises test) to verify the null hypothesis
Hy : Fy = F; with 95% confidence interval. This trial was repeated 20000 times
independently for each n € {22,23,...,2'2}, and the statistical power of each test was
evaluated. Note that Normalp,; has mean 0 and variance 1, while Normalg.2,1 has
mean 0.2 and variance 1.

for a mixed normal distribution. As a control function, we fixed f, =
Normalg 1.
Figures 1 to 5 show the experimental results:

e In the case fi = Normalg 1.1 where fy and fi were the densities of two
normal distributions with identical means and different variances, the
power of the F' test was the highest, followed by the OVL-2, Cramér-
von Mises, OVL-1, and then Welch ¢ or Mann-Whitney U test (Fig-
ure 1).

e In the case f; € {Trapezoidal, Triangular, Mixed} where fy and f;
were the densities of two different distributions with identical means
and variances, the power of the OVL-2 test was the highest, followed
by the OVL-1 or Cramér-von Mises, Welch ¢ or Mann-Whitney U,
and then F' test (Figures 2 to 4).

e In the case fi = Normalp21 where fp and f; were the densities of
two normal distributions with different means and identical variances,
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the power of the Welch ¢ test was the highest, followed by the Mann-
Whitney U, Cramér-von Mises, OVL-1, OVL-2, and then F test (Fig-
ure 5).

5. Conclusion

Based on the OVL estimation, we have devised a novel statistical frame-
work for two-sample testing: the OVL-¢ (¢ € N, ), which can be regarded
as a natural extension of the Smirnov test (since the OVL-1 is equivalent
to the Smirnov test). We have explained and implemented the algorithms
for the OVL-¢q (in particular, the fast OVL-2 algorithm). Furthermore, we
have demonstrated the superiority of the OVL-2 over conventional statisti-
cal tests in some experiments, although the reason for this is not clear at
present.

One limitation is that we are currently unable to rapidly perform the
OVL-2 if m # n or the OVL-q if ¢ > 3. To overcome this, we should explore
the possibility of expanding fast and exact algorithms for the OVL-q, or
should investigate the asymptotic distribution of pg ., (as m,n — o) to
approximate the OVL-q in future works. The treatment of ties (which may
occur in Q \ Q if Fy or Fy is practically discontinuous) is also an impor-
tant topic of research. In addition, it is meaningful to further evaluate the
statistical power of the OVL-q both in simulations and in real observations.

6. Proof for Theorem 2.6

DEFINITION 6.1. In the setting of Definition 2.4, we say that {&} con-
verges completely to & if

Y P{we:d(&(w),Ew)) > e}) < oo

i=1
for any € > 0.

REMARK 6.2 (see [5] for reference). It is well known that {{} con-
verges almost surely to £ if and only if

l—o0

lim P (U {weQ:d(&w),Ew)) > e}) =0

1=l
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for any € > 0. Note that if {£} converges completely to &, then {&;}
converges almost surely to &.

THEOREM 6.3 (the Glivenko-Cantelli theorem. See [9, Theorem A, Sec-
tion 2.1.4] for the proof). Asm — oo and n — oo,

sup [Fo.m () — Fo(z)|,  sup|Fin(z) — Fi(z))
zeR z€R

converge completely to 0, respectively.
LEMMA 6.4 (see [6, Lemma A.12] for the proof). Ifz,y,z,w € R, then
(a) |max{z,y} —max{z,w}| <[z —z[+ |y —w],

(b) |min{,y} — min {z,w} < [z - 2| + [y — wl.

In accordance with Theorem 2.6, let Fy and F; be differentiable on
R with continuous derivatives fo and fi, respectively, #C’(fo, f1) < oo,
C(f(),fl) = {Cl,...,CN} with ¢ < - < ey, ¢ = (Cl,...,CN), cop = —00,
and cy41 = 0.

REMARK 6.5. It follows from (5) and Definition 2.2 that r(c) = p.
DEFINITION 6.6. For q € N4, define

V, = argmin r(v),

veR"”S
Vq,m,n = arg min rm,n(”),
UGRQS
Cq:{(cil,...,ciq) 1<y < <iq SN}

REMARK 6.7. It follows from (4), Theorems 6.9 and 6.13, and Corol-
lary 6.12 that V; # 0 and Vg # 0 for all ¢ € Ny. It is obvious that
Cn={c}and C;=01if ¢ > N.

LEMMA 6.8. Suppose ¢ € Ny, v = (v1,...,v) € RL, vy = —00, and
Vg+1 = 00. If v; < ¢g < viyq for some i € {0,...,q} and s € {1,...,N},
then r(v) > p.
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PROOF. Since #C'(fo, f1) < 0o, there is an open interval U C (v;, vi11)

with U N C'(fo, f1) = {cs}, so that [fo(a) — fi(a)][fo(b) — f1(b)] < O for all
a,b € U with a < ¢; < b. Now fix such a and b. Without loss of generality,
we assume that fo(a) < fi(a) and fo(b) > f1(b). If Fyloi™ < Fi|oi™", then

r(v) —p

= §<min {/Ujj+l fo(x) dez, /Ujjﬂ fi(zx) d:z:}

J

J

_ / T min {fo(a), f1(2)} dx)

> min { / fole) da. [ " i) d:c} -/ " min {folw), f1(2)} da

@ @

= /vi+1 (fo(x) —min {fo(z), fi(z)}) dx

CH

b
> / (fo(z) — fi(x)) da
> 0.

We can similarly prove that r(v) — p > 0 if Fyl,' ™ > Fy|o™. O
THEOREM 6.9. The minimum of r on ]RJ! is p, which is uniquely at-
tained at c.

Proor. Ifv = (vi,...,vN) € RJSV with v # ¢, then ¢ ¢ {vi,..., 0N}
for some s, hence v; < c¢s < v;41 for some ¢ as in the assumption of Lemma
6.8, so that r(v) > p = r(c) (note Remark 6.5). O

THEOREM 6.10. Ifg € {l,...,N —1} and v € RL, then r(v) > r(c).

PROOF. Since ¢ < N, ¢ ¢ {v1,...,v4} for some s. The proof is similar
as that of Theorem 6.9. [J

THEOREM 6.11. Ifqe€ {1,...,N —1}, then for any v = (v1,...,v4) €
RL, there exists w = (Cjisevnrey,) with 1 < jy < --- < jg < N such that

r(w) < r(v).
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PROOF. Let v = (v1,...,14) € R%, Vg = —00, Ug41 = 00, and

77(’0) = #{’L S {1, .. .,q} TV ¢ C(f();fl)}

The statement obviously holds when n(v) = 0. Hence suppose n(v) > 0.
Then we can choose i € {1,...,q} and s € {1,..., N} satisfying cs_1 <
vi < €5 < vig1 or vi—1 < ¢s < v; < cs41. We will only prove the case
Ccs—1 < v; < ¢s < viy1, as the other is similar. Without loss of generality,
we may assume that fo < f1 on (cs_1,¢s), so that Fp|gi | < Fi|g | and
Folg: < Filgs, since #C'(fo, f1) < oo. In the following, we consider the
cases (I) Folyi | < Fi|yi | and (II) Folyi | > F1[yi |

(I) Suppose Folyi_, < Fi[yi_ . Then

Folg: , < Pl ),
F’vl 17F'|w +Fj|zc): (]_071)7
Bl = Bl - Bl (G=0,1),

hence
min 5, +min FIE = B, +min (B~ BI2)
= Fol,: | + Foly: —I—mln (F; i — Fjl5)
< Folyi_, + Folg; + min Fyloi™ = Folg;
= Foly | + mln F; ]v“’l

. v
=min Fj[i | + mm Fjlvit,
J

and setting v/ = (v1,...,0;-1, Cs, Vit1, . -
and r(v') < r(v).

(IT) Suppose Fplyi | > Filyi . Since fo < f1 on (cs—1,¢s5), we can see
that v;_1 < cs_1 < v; and Fo|oi”) > Fi|i-). (II-i) First consider the case
Folo™ < Fy|pi*'. Then Fylet™) < Fyleit), hence

s—19

-, 0q) € RL results in n(v') < n(v)

. Cs—1 . Vit Cs—1 Vi+1
min Filg:t + min File,") = F1lgz) + Fole™s

= F1|ff_’71 -I—F’0|UZ +F0|Uz+1
<FRgh+ R+ Folo™
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— F1|Z,L _|_ FO"UH—l

. v
=min F;[i | + mln Flot,
j

and setting v = (v1,...,0i—1,Cs—1,Vit1,--.,V4) € RL results in n(v’) <
n(v) and r(v') < r(v). (II-i) Next consider the case F0|v”r1 > Fyloit. (T1-i-

a) If there is € (cs—1,v;) such that F0|U“’1 < Fy|g", then Fy|f > Fi[7 1
hence the case (II-i) applies to v" = (v1,...,0i—1,%, Vit1,. .. vq) € RS’
where n(v"”) = n(v) and

r(v") = r(v) = min Fj|},_ +min Fj[z""" — min Fj[}}_ — min Fj|;"
j j J J

i1

v ) v
+F|Z+1 F1|zz —F1 i+l

<Al +RET =Rl - Rl
=0.
(LLiib) I R( > A3 for any o € (co1,u), then RIS > RS, and
setting v’ = (v1,...,0i-1,Cs-1,Vi41,..,7) € RL results in n(v') < n(v)
and
r(v) —r(v) = mjln F; |f,s L+ Hl]ln F; ottt — mjin Fj|g; m]m F; it

= RGPt — By — Bl
=0.

Taken together, for any v € RL with n(v) > 0, there exists v € RZ such
that n(v") < n(v) and r(v') < r(v). The statement follows by induction. [J

COROLLARY 6.12. Ifq e {1,. — 1}, then there exists ¢’ € Cy such
that r(c’) = inf {r(v) : v € RZ}. Furthermore r(c) > r(e).

PROOF. Since there are only finitely many choices for w € RZ in The-
orem 6.11, we can choose w' = (c;,,...,¢;,) € argming,r(w), where w
ranges over the choices. Then r(w’) < r(v) for all v € RZ. Suppose
w' ¢ Cy and put A = {c¢;,,...,c;,}. Then #A < g, and there exists
A" ={cj,,...,cj,} such that A C A" and 1 < j; < --- < j, < N. Putting
c = (¢jy,...,¢cj,), we have ¢’ € C; and r(c’) < r(w’) by definition. Hence
r(d) = r(w') = min{r(v) : v € RL}. Furthermore, 7(c’) > r(c¢) by Theo-
rem 6.10. OJ -
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THEOREM 6.13. Forq= N+ 1,N +2,..., the minimum of r on R%
18 p.

Proor. Since {ci,...,ent C {v1,...,v,} implies r(c) =
r(v1,...,vq), the claim follows by Remark 6.5 and Lemma 6.8. [

REMARK 6.14. For some ¢ € {1,...,N — 1}, v € V, does not nec-
essarily imply v € C;. (Note that VN = Cy = {c} by Theorem 6.9 and
Cni1 = Cnyg = -+ = (0.) Here we give an example for the case where
N =3, ¢g=2, and Vs ¢ Co. Assume that fy and f; are defined by

fo(x) _ {12‘7(351 (0 <z < 471'); fl(l') _ {%’f% (71' <z < 57'(')’

0 (otherwise), 0 (otherwise).

Then (37/2,11) is in Vo but not in Co = {(37/2,57/2), (37/2,77/2), (57 /2,
7r/2)}. (Note that 77/2 = 10.995. .. < 11.)

The measurability of sup,, cgs |"mn(v) — 7(v)| on Q can be proved by
the same argument as in Remark 2.3.

THEOREM 6.15. For ¢ € Ny, sup,cgre [rmun(v) — 7(v)| converges al-

most surely to 0 as m,n — 0.

PROOF. For v € RZ, we have

[rmn(v) = ()] < |min { Fomlo™s Finlo, ™ } —min {Folo;™, Filo;t' }|

)

-

0

)

Uz+1 F |Uz+1

MQ

(|Foanlii = ol

o

1=

by definition and Lemma 6.4. Since

< NFom(vig1) — Fo(vigr)| + [Fo.m(vi) — Fo(vs)]

<28UP!F0m() Fo(x)],
zeR

<|F150ig1) — F1(vig1)| + | Fin(vi) — Fi(v;)]

< QSleFln( ) — Fi(z)],
zeR

|Fomliit = Folii

Vs V;
= Al

’Fl,n
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we obtain

<2(g+1) (igﬁwo,m(x) - Fofa)| + sup (o) - F1<x>\> ,

whose right side converges almost surely to 0 as m,n — oo by Remark 6.2
and Theorem 6.3. [J

DEFINITION 6.16. Let (A,d) be a metric space. We define a discrep-
ancy of A1 C A from As C A by

D(Ay,As) = sup < inf d(al,a2)>.

a1€A1 a2€A2

If the metric space is R? (¢ € N;) with the Euclidean metric, we write D,
in place of D.

LEMMA 6.17. Let (A,d) be a metric space. Let g and g;; (i, € N)
be real functions on A such that min{g(t) : t € A} and min{g; ;(t) :t € A}
exist. Put T = argmin,e 4 g(t) and T; ; = argmin,c 4 g; j(t). Suppose g is
continuous on A, sup,c i ;(t) — g(t)] — 0 as i,j — oo, and there is a
compact set K C A such that

min {g(t) : t € A} <inf{g(t):t € A\ K}.

Then D(T;;,T) — 0 as i,j — oo.

Proor. If T" = argmax,cy (—g(t)) and T} ; = argmax,cy (—gi,j(t)),
then 7" = T and T;; = Tj;, hence D(T;;,T) = D(T};,T") — 0 by [6,

Lemma A.15] (replace g and g; with —g and —g; ;, respectively). O
LEMMA 6.18. There exists a compact set K C Rg such that

min{r('v):’vERg} <inf{r('v):'v€]R]§V\K}.
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PrOOF. By Theorem 6.9 and Corollary 6.12, there exist
Mq:min{r(v):vERqS} (g=1,...,N)

and M = min {M;,...,Mnx_1} > My. Choose € > 0 with e < (M —Mpy)/3.
We can take o, 3 € R with o < 3 such that Fj(a) < e and 1 — F;(f) < €
(7 = 0,1), since F}j are nondecreasing functions with lim,_, ., F;(z) = 0 and
limg—oo Fj(x) = 1. Let K = [o, B NRY and v = (vy,...,vy) € RY \ K.
Then v1 < @ or vy > ( holds. B -

J

Suppose v1 < « and put v’ = (vg,...,vy). Using Lemma 6.4, we obtain
r(0) = ()] = pmin F% + i £33~ min %
J J J
< min B[+ i 755 — i 15
J J

<et |Roliz - Ryl

+ |l - Rl
= e+ | Rl | + A1
< 3e.
Hence M < r(v') < |r(v') — r(v)| + r(v) < 3e + r(v). We can similarly

prove that M < 3e + r(v) for the case vy > 3.
Therefore M < 3¢ + r(v) for all v € RJSV \ K, so that

My < M —3e <inf{r(v) : v ERJSV\K}
holds. This is the claim. (O

The measurability of Dy (VN m.n, VN) will be proved at the end of this
section.

THEOREM 6.19. As m,n — o0, DN(VNmn,VN) converges almost
surely to 0.

PrROOF. InLemma 6.17, let (A, d) be the subspace RJSV of the Euclidean
metric space RY, g = 7 (which is continuous on RJSV ), and g; ; = r;j. Then
by Remark 6.7, Theorem 6.15, and Lemma 6.18, the assumptions in Lemma



226 Atsushi KomaBA, Hisashi JOHNO and Kazunori NAKAMOTO

6.17 are satisfied almost surely, hence Dy (Vnmn, VN) converges almost
surely to 0 as m,n — oo. J

COROLLARY 6.20. As m,n — 00, Umn € VNmn converges almost
surely to c.

PRrROOF. Since Vi = {c} by Theorem 6.9, we have

DN(VNmmn,VN) = sup d(v,c) > d(Vmpn,c).

VEVN,m,n

Hence the claim follows from Theorem 6.19. [J

We cannot guarantee that wv,,, is necessarily measurable. We mean
by “v.,, converges almost surely to ¢” that there exists a measurable set
A C {w € Q: limy, no0 U = ¢} with P(A) = 1. In fact, we can take
A={w e Q:limynoo DN(VNmn, VN) = 0}. If (Q,2, P) is complete, we
have P({w € Q : limy, p—oo UVmpn = c}) = 1.

THEOREM 6.21. As m,n — 00, pNm,n converges almost surely to p.

PROOF. Let vy = (v1,...,9N) € VNmon, Vo = —00, and vn41 = 00.
By Definition 2.2, Lemma 6.4, and Theorem 6.9, we have

|pN,m,n —pl= ‘Tmm(vm,n) —r(c)|

N
Vi1 Ci+1
<3 (\Fom Vi |t
1=0

Vit1 Cit1
|l - R

).

where

Vi+1 Ci+1
FO,m’vi - FO’Ci

= [Fo,m(vit1) — Fom(vi) — Fo(ciy1) + Fo(c)|

< [Fom(vig1) — Fo(viga)| + [Fo(vier) — Folciv)]
+ [Fom(vi) — Fo(vi)| + |Fo(vi) — Fo(ei)|

and
Fiplo™ = Fula™ | = [Fin(vis1) — Fia(v) — Fi(ciq1) + Fi(c)|

< |F1n(vig1) — Fi(vign)] + [Fi(vigr) — Fi(civ)|
+ [ F1n(vi) — Fi(vg)| + [F1(vi) — Fi(c)] -
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Now recall that we are considering the probability space (2,2, P). By
Remark 6.2 and Theorem 6.3, there exists A1 € 2A with P(4;) = 1 such
that for each w € A,

sup | Fo,m () — Fo(z)] — 0, sup |Fin(z) — Fi(z)| — 0
xR zeR

as m,n — oo. Since Fj and Fj are continuous on R and vy, ,, = (v1,...,0N)
— ¢ almost surely as m,n — oo by Corollary 6.20, there exists As € 2 with
P(A2) =1 such that for each w € Aj,

|Fy(v;) — Fr(c;)| — 0 (k=0,1; :=1,...,N)

as m,n — oo. Put A = A; N Ag. Then P(A) = 1. For each w € A and for
any € > 0, there exist integers Nj(w), Na(w) such that m,n > Nj(w) implies

sup |Fo m(z) — Fo(x)| <, sup |F1p(x) — Fi(x)] <€
zeR zeR

and m,n > Na(w) implies
|Fj(vi) — Fr(ci)| < e (k=0,1;i=1,...,N),
hence m,n > N(w) = max { N1 (w), No(w)} implies

Vi1 Ci+1 Vi4+1 Ci+1
FO,m v; _F0|c; vi _F1|CZ < 8e

+ ‘Fl,n

for ¢ =0,..., N, and therefore

N

|pN,m,n(W) — p| < 286 = 8(N + 1)6.
=0

Since € was arbitrary, pnm,, — p almost surely as m,n — oo. [

Note that Theorem 6.21 is exactly Theorem 2.6.
Hereafter, we prove that Dy (VN m.n, VN) is measurable on 2 (related to
Theorem 6.19).

DEFINITION 6.22. Let (Z1,7),-..,(Zm+n,Ym+n) be the rearrange-
ment of (X1,0),...,(Xm,0),(Y1,1),...,(Yn,1) with Z; < -+ < Zpyp, 7
be the set of tuples (t1,...,t;) of positive integers with t; +-- -+t = m+n,
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Rm—l—n

(t1,eest1)
Vg4l = =0 = Uty < o < Vfyqodty_1+1 = *° = Um+n, and S(tl,.,.,tl) =
({0,1}11/ ~) x -+ x ({0,1}1/ ~), where {0,1}!/ ~ denotes the t-th sym-
metric product of {0,1}. For t € 7 and s € &, let Q = {w € Q
(Z1,. .. Zman) € RPTY, Qs = {w € Q¢ : (91,- -+, Ymsn) corresponds to
s}. Put Iy = (—o00,21) and I; = [Z;, Zi+1) for i@ = 1,...,m + n where
Zmin+1 = o0o0. Denote by J the set of N-tuples (ji,...,jn) of inte-
gers with 0 < j; < .-+ < jy < m+n. For (j1,...,jn) € J, define
I y= (I, x - x L) NRY.

the set of real m + n-tuples (v1,...,Upm4n) With v; = -+ = v, <

J1rodN

REMARK 6.23. Since RT'HZ are measurable and pairwise disjoint for
t € 7, so are Q. In addition, RZ?™" = User RY*™ implies that Q =
UteT ¢, where €2 equals the disjoint union of 23, € 2 over s € §;. Besides,
for any t € 7, there exists a nonempty set J; C J such that, on the event
Oy, RY equals the disjoint union of I; (# 0) over j € J;.

For t € T and s € S, consider the event Qs in the case Qs # 0. Then
Tm,n i constant on I; for any j € J, since it depends only on the rank
statistics of X1,...,Xm, Y1,...,Y,. Furthermore, there exists a nonempty
set Jis C J¢ such that Vi, = arg minveR&v Tm.n (V) equals the disjoint
union of I; (# 0) over j € Jys. B

THEOREM 6.24. DN(VNmn, VN) is measurable on €.

PrOOF. Let t € 7 and s € S;. Since 2 equals the disjoint union
of Qts € A over t € 7 and s € S; by Remark 6.23, it suffices to prove
the measurability of Dy (VN mn, V) on each Q4. In the rest of the proof,
we restrict Dn(VNmn, VN) to Qs which gives Dy(Vnmn, VN) =
maxje 7, , Dn (1 {c}).

If there exists j = (j1,...,Jn) € Js such that j1 = 0 or jy = m + n,
then I; = ((—00,Z1) X Ijy x -+ x L)) NRY or I; = (I, x --- x Ij , X
[Zmtn, 00)) N ]R]<V, so that Dn(VNmn, VN) = 0 (the measurability is obvi-
ous). -

Next, let 3 = (jl,...,jN) € %73 withl <jp <---<jy<m+n-—1.
Then the closure I; of I equals ([Z},, Zj,+1] % X [Zjx, Zjn+1]) NRY. Since
Ij # 0, we have Zj, < Zj, 41 for all k=1,...,N. Put V :_{(ful,.._.,vN) €
Ij v € {Zj;,Zj,41} fori = 1,...,N}. We can see that I; is the convex
hull of the finite vertex set Vj, so that SUD e, d(v,c) = maxyey; d(v,c)
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since I_J D Vj by definition and the closed ball with center ¢ and radius
maxyey; d(v, ¢) contains I;. Noting that SUPycy, d(v,c) = SUD 7, d(v,c),
we obtain Dy([j, {c}) = maxyey;d(v,c). Since d(v,c) for each v € Vj
is obviously measurable on Qys, Dn(I;,{c}) and also Dn(VNmn, VN) are
measurable on €y ;. [J

7. Proof for Theorem 3.9

Here we assume the same setting as in Section 3.2. We denote by R[z]
and R[[x]] the rings of polynomials and formal power series in = over a ring
R, respectively.

DEFINITION 7.1 For v € I'y, (k € N), define

by (1) = No(Y0:1) — N1(Y0:4) (1=0,1,...,2k),
dy (1, 7) = [0 ()| + |65 (3) = 05 (D + |6 ()] (4,5 =0,1,...,2k).
Note that 6,(0) = 6,(2k) =0,

(14) 6 (i) =k (Fon () = Fia(d) (K >0),
and

by definition.

LEMMA 7.2. Forally €Dy,

1
—1- = d~ (31, 52).
p2(y) o oo nax ~ (j1,72)

PRrROOF. Let us put

2
8y (j1,42) = > _max {Fo,—y!;fl,FLﬂﬁH} (0 <1 <j2 <2n),
=0
where jo = 0, js3 = 2n. Then

Sy (71, 42) + 7 (41, J2)

2
_ o it 1
= E :(maX{FO,ﬂjz Py
=0

Ji+1 . 5 Jikl o (it
i }mem{FOwbi il })
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|
-M”

s
I
=)

(Foali*" + Fis

On the other hand, by (14),
5. (jl J2) = 7 (j1, J2)

= Z <max {F07|J2+1 Fl,’y

Z Foaly

_ %Z 8y (1) = 8y ()|
=0

~ (41, J2)

Jit1 : o Jikr o (Jig
; }_mm{FO,ﬂjz Py, })

Ji+1
77 Ji

S
N

Hence we have

Ty (j1,72) =1 — d7(22]2)7
so that
p2(y) = OgjlnglijI21§2n 7 (J1, j2)
=1- % 0B 5 B (1. 2)
=1- % g max  dy (1, J2)
by (15). O

DEFINITION 7.3. For v € I'y i, (k € N), define

=20 &= a0

Note that ¢, < 0 < & since 6,(0) = 0.
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LEMMA 7.4. Forally €Dy,
0<I?ga§2nd 1(0:) =2(0y = &y).
PROOF. Denote 6,;; = max{d,(i ) 6y(j)} and &, =
min {65(i),64(j)}. Note that &y 5 + 8,5 = 64(i) + 64(j) and 6,4 —

_fy i, ’6 () 6’)’(.7)|
If 64 (i) > 0 and 64 (j) > 0, then

dy (i, §) = 8y (1) + 6/(5) + 65 () = 85 (5)]
= 0ryij + 00+ 0vyij—0
= 20~.i
< 264
SQ(S“I_Q’y)'

27,8,

If 64 (i) < 0 and 6, (j) < 0, then

dy(3,7) = =0 (1) — Oy (J) + [0 (1) — 6 (5)]
=~ (0y,id +0y.i5) T 0y,i5 — 0544
2Q’y7z717
—26

< -26,
B 2(57 _é'y)'
If 6~ (i)~ (j) <0, then
dy (i, 3) = 2165 (i) — 65 (4)]
<2(5, - 8,).

Taken together, we have dy (i, ) < 2(6, — év) in general. On the other

hand, if 6 (i) = 6~ and 64 (j) = 0., then

d (1 J) }5 ‘—i—’&—éﬂ-ﬁ-’éﬂ
+(y—8,) -8
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This completes the proof. [J

THEOREM 7.5. For ally € T'y 5,

~

by =&
p(y) =1- ——

n

PrOOF. This follows immediately from Lemmas 7.2 and 7.4. [J

The following arguments (from Definition 7.6 to Theorem 7.15) refer to
[3, Section IJ.

DEFINITION 7.6. A combinatorial class is a set A on which a size func-
tion | -] : A — N is defined so that {o € A : |o| = k} is finite for all £ € N.
Unless confusion arises, we simply say a class instead of a combinatorial
class.

Any subset B C A is also a class with its size function defined as in A.
The counting sequence {ay} of A is defined by

ar = #{a e A: o] =k} (k e N),

and the ordinary generating function (OGF) A(zx) € Z[[z]] of A is by

A(z) = Z apz”.
k=0

DEeFINITION 7.7. Let A and B be two classes. A map ¢ : A — B is
called a homomorphism between A and B if |a| = |¢p(a)| for all a € A. If,
in addition, ¢ is bijective, then we call ¢ an isomorphism, say that A and
B are isomorphic, or write A =2 .

REMARK 7.8. Let A and B be two classes, {ay} and {bx} their counting
sequences, and A(x) and B(z) their OGFs, respectively. We can easily see
that the following three statements are equivalent:

1. A=EB.
2. ap = by for all kK € N.
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DEFINITION 7.9. The neutral class £ and the atomic class Z are classes
with #E =#Z=1,le|=0(c€&),and |(| =1 (( € 2).

REMARK 7.10. The OGFs of £ and Z are 1 and z in Z[[z]], respectively.

DEFINITION 7.11. Let {A;} be a set of classes, where i runs over some
indexset I. If B = {(i,a) : i € I, a € A;} is also a class with its size function
defined by |(i, )| = |af, then we call B the combinatorial sum (or simply
the sum) of {A;} and write B = | |,c; A;. In particular, if I = {1,...,k},
then B is always a class, and we may write B = Ay +--- + Ay.

DEFINITION 7.12. The Cartesian product (or simply the product) A; x

- x A of k classes Aj,..., A is the class {(aq,...,ax) : a1 €
A, ... ar € Ag} whose size function is defined by |(aq,...,ax)| = |aa| +

For a class A and k € N, we may write A" instead of A x --- x A (k
times). Let A = & = {e}. If a class B = | |;,.y.A" exists, then we call B a
sequence class of A, and write B = SEQ(A).

REMARK 7.13. If Ai(z),...,Ap(z) are the OGFs of classes
Ai, ..., Ag, respectively, then the OGFs of Ay +---+ A and Ay x -+ - X Ay,
are Aj(z) + -+ + Ag(x) and Aj(x) - - - Ax(x), respectively.

THEOREM 7.14 (see [3, Section 1.2.1] for reference). Let {a;} be the
counting sequence of a class A. Then SEQ(A) ezists if and only if ag = 0.

THEOREM 7.15 (see [3, Section 1.2.2, Theorem I.1] for the proof). Let
A(x) be the OGF of a class A and assume that SEQ(A) exists. Then the
OGF of SEQ(A) is 1/(1 — A(x)).

DEFINITION 7.16. Define a class G by
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s 6 <1} and Gy (x) be the OGF

For k,le N, let Gy ={veG:—-k<¢
i > 1), define

of ng. For ~ = (’)/1,. . .,722‘) € Fm‘ (

M) =(0,71,...,72i 1) € Dig1i41,
A (v) =07, ,72i,0) € Tigr it

Put A" (e) = (0,1) € I'1; and A~ (e) = (1,0) € I'y 1 for e € 9. Note that
AT and A\~ are injective on G.

LEMMA 7.17. Forany HC G, H x Z=2 X T (H) = X\ (H).

PROOF.  Since [(v,0)] = 7l +1¢| = |7l + 1 = [\ ()] for all (v,¢) €
H x Z, the bijection v : H x Z — AT(H) defined by v (v,¢) = AT ()
is a homomorphism, hence H x Z = A*(H). Similarly, the bijection v~ :
H x Z — A~ (H) defined by v~ (v,() = A () is a homomorphism, hence
Hx Z2)\(H).O

COROLLARY 7.18. If H(x) is the OGF of H C G, then the OGFs of
AT (H) and X\~ (H) are both equal to xH (x).

PROOF. By Remark 7.8 and Lemma 7.17, the OGFs of A\T(H) and
A~ (H) are equal to that of H x Z, which equals xH (z) by Remarks 7.10
and 7.13. I

LEMMA 7.19. For all k,l € N, we have G110 = SEQ(A (Gko)),
Go,+1 = SEQ(AT(Goy)), and Gry1,141 = SEQ(A ™ (Gro) + AT (Goy))-

PROOF. Define a map o : Gri10 — SEQ(A™(Gko)) by o(e) = (0,¢)
where £ € £ = (A (Gk))?, and by

o(y) = (p, (Vjgurs - 7'7jp,1:jp)) (veTi;i>1)

where {jo,...,j5p} = {7 €{0,...,2i} : 65(j) =0} and 0 =jp < --- < jp =
2i. Tt follows from definition that o is bijective and |o ()| = || for all v €
Gr+1,0, S0 that o is an isomorphism, i.e., G110 = SEQ(A™(Gro)). We can
similarly show that Gp;+1 = SEQ(A1(Go,)) and Gyt1,141 = SEQ(A™ (Gryo) +
AT (Goy))- O
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LEMMA 7.20. For all k,l € N,
(16) Qr+1(2)Qu1(z) — 2°Qp—1(2) Q11 (%) = Qppr41 ().

PROOF. Since Q2(z) = Q1(z) — 2Qo(z) = 1 — = by Definition 3.8, we
have
Qi+1()Q2(2) = Qpi1(2) — 2Qk41 ()

= Qr41(2) — 2(Qk(z) — 2Qr—1 (7))
= Qrr1(z) — 2Qp(z) + 2° Qg1 (2)

(17) = Qi12(7) + 2?Qp1 ()
= Qrya(z) + 2*Qp—1(2)Qo(2),

hence (16) holds for I = 1. We also have

Qi+1(2)Q3(7) = Qp41(2)(Q2(z) — 2Q1(2))

= Qk+1(7)Q2(7) — 2Qp41()

= Qrt2(2) + 2°Qp—1(2) — 2Qp41(2)
= Qrt3(x) + 2°Qp_1 ()

= Qry3() + 2°Qp_1(2) Q1 ()

by (17), hence (16) holds for [ = 2.
By Definition 3.8, we have Q;. () = RQ,(z) for all j € N, where

2= (i) 7= (5 1)

If (16) holds for [ =i € N4 and | =i + 1, or equivalently

Qk+1(x)Qi+1(x) - $2Qk—1($)Qi—1(«T) = Qk+i+1(x)
holds, then

Qr41(2)Qy1o(7) — 2° Qi1 (2)Q;(2)

= Qr11(2)RQ11 (2) — 2°Qr—1(2) RQ;_1 ()
= R(Qi11(2)Qi11 (z) — 2°Qr1(2)Q;_1 ()
= RQpyip1(2)

= Qprir2(),
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hence (16) holds for | =i + 2. The claim follows by induction. [J
LEMMA 7.21. Forall k € N,
D Qi(@)Qr—i1(x) = Qi (@).

0<i<k

PrOOF. Define Q(z,t) € (Z[z])[[t]] as

= Qua)tF
k=0
Since
Qz,t) = Qo(x) + Qu(x t+ZQk :
t9Q(x, ) = Qo(z)t + Z Qr_1(z)tF,
k=2
et?Q(z,t) =2 ) Qa(2)tF,
k=2

we have

(1 —t+2t))Q(z,t) = Qo(z) + Q1 ()t — Qo(x)t
+Z Qk(2) = Qp-—1(z) + 2Qp—o(x))t*

=1
by Definition 3.8, hence
1
18 )= ———.
Therefore
> B, t2
/ tk - t - -
kZ:O (@)t = 5. 8(, 1) (1—t+ 2t2)?

= —t*(Q(a, 1)) Z( > Qi) Qr—ial ))tk“,

k=0 \0<i<k
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which implies the claim. [

ProprosIiTION 7.22. For all k € N,

(19) Gro() = Go(a) = 2@

Qi)

PROOF. Since Goo(z) =1 = Qo(x)/Q1(x), (19) holds for k£ = 0.
Suppose (19) holds for some k& € N. Since Gi11,0 = SEQ(A™(Gk,0)) by
Lemma 7.19, we have

= 1 — Qk+1(x) _ Qk;+1($)
1—2Gro(r)  Qri1(z) — 2Qk(z)  Qppa(w)

by Definition 3.8, Theorem 7.15, and Corollary 7.18. Similarly, since
Gok+1 = SEQ(AT(Go k) by Lemma 7.19, we obtain

Gopi(z) = Qry1(7)

© Qraa(x)’

Therefore, (19) holds for k£ 4 1 in place of k, and the proof is complete. [J

Gri10(x)

ProroOSITION 7.23. For all k,l € N,

(20) Giyla) = LD@LT)

" Qppi ()

ProoOF. If k=0 or =0, then (20) holds by Proposition 7.22.
Suppose k > 1 and [ > 1. Since G ; = SEQ(A™ (Gr—1,0) + AT (Go-1)) by
Lemma 7.19, we have

1
- 1-— JCG]C_Lo(I) - :IZG()J_l(z)

Gk’l(!E)

by Remark 7.13, Theorem 7.15, and Corollary 7.18, where

Qr—1(x) ~ Qra(x)

B eTEy
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by Proposition 7.22. Hence

() = Qr(x)Qi(z)
’ Qr(2)Qu(z) — 2Qk-1(2)Qi(7) — 2Qx(2)Q1-1(x)

_ Qr(2)Qu(x)
(Qr(x) — 2Qp—1(2))(Qi(z) — 2Qi_1(x)) — 2Qp—1 () Q11 ()

_ Qr(x)Qi(z)
Qrt1(2) Q1 (x) — 22Qp—1(2)Q1—1 (x)

_ Qi(z)Qu(x)
Qryi+1(T)

by Definition 3.8 and Lemma 7.20. [J

PROPOSITION 7.24. Fork € N, the OGF of Gy, = {y € G : 6, —6., < k}

18

=~ . §c+1($)_ 2:+2(95)
Crle) = Qr(r)  Qrpi(z)

PRrROOF. For i,j € N, let @,j ={yegG:—i=4¢,, 6y < j} and éiyj
Ee the OGE of @-,j. Since goﬂ' = QOJ, giyj = gi,l,j + @,j if 4 > 1, and
G = |_|f:0 Gi k—i by definition, we have

= Gox(w) + Z (Gig—i(x) — Gi—1 j—i(z))

1<i<k+1
Z sz Z sz i— 1
0<i<k+1 0<z<k
Z Q Qk z Z Qz Qk i— 1( )
C Qui(z)

0<i<k+1
_ Q;H—l(x) B Qk+2($)
Qk(ﬂﬁ) Qk+1($)

by Remark 7.13, Lemma 7.21, and Proposition 7.23. [

0<i<k
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THEOREM 7.25. For k=0,...,n, we have

rermine 15 (G ),

Proor. We have

k _
#{’Y € Fn,n : Z)\Z('Y) 2 1- E} = #{7 € Fn,n : 67 _éfy S k}
=#{7 € Gr : [y] = n}
= [2"]Gy(z)

— " Q;€+1($)_ ?c+2($)
= ]<Qk<x> @k+l<x>>

by Theorem 7.5 and Proposition 7.24. [J

Note that Theorem 7.25 is exactly Theorem 3.9.
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