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Bounds for the Order of Automorphism Groups of
Cyclic Covering Fibrations of an Elliptic Surface

By Hiroto AKAIKE

Abstract. We study automorphism groups of fibered surfaces for
finite cyclic covering fibrations of an elliptic surface. We estimate the
order of a finite subgroup of automorphism groups in terms of the
genus of the base curve, the covering degree and the square of the
relative canonical divisor.

Introduction

We shall work over the complex number field C. This is a continuation of
our previous work [1] studying the order of automorphism groups of fibred
algebraic surfaces.

The study of automorphism groups of projective varieties has a long
history. Hurwitz’s classical theorem states that if C' is a smooth projec-
tive curve of genus g(C') > 2, then the order of the automorphism group
is bounded by 84(¢g(C) — 1). Xiao attempted to generalize this result to
minimal surfaces of general type and gave the upper bound of the order
of the automorphism groups ([10],[11]). While studies of the automorphism
groups of surfaces exist in absolute settings as above, we can consider a sim-
ilar problem in relative settings. For this purpose, we define basic notions
of fibered surfaces and its automorphisms.

Let f: S — B be a surjective morphism from a complex smooth pro-
jective surface S to a smooth projective curve B with connected fibers. We
call it a fibration or a fibered surface of genus g when a general fiber is a
curve of genus g. A fibration is called relatively minimal, when any (—1)-
curve is not contained in fibers. Here we call a smooth rational curve C
with C? = —n a (—n)-curve. A fibration is called smooth when all fibers are
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smooth, isotrivial when all of the smooth fibers are isomorphic, locally triv-
ial when it is smooth and isotrivial. Assume that f: S — B is a relatively
minimal fibration of genus g. We denote by Ky = Kg — f*Kp a relative
canonical divisor.

An automorphism of the fibration f : S — B is a pair of automorphisms
(ks,kp) € Aut(S) x Aut(B) satisfying fokg = kpo f, that is, the diagram

S .9
fl lf
B——1B

KB

is commutative. We denote by Aut(f) the group of all automorphisms of f.
Our main objects are primitive cyclic covering fibrations:

DEFINITION 0.1 ([5]). Let f:S — B be a relatively minimal fibration
of genus g > 2. We call it a primitive cyclic covering fibration of type
(9,1,n), when there are a (not necessarily relatively minimal ) fibration
P W — B of genus 1 (i.e. elliptic surface) and a classical n-cyclic covering

6:8= Spec~ @(’) —W

branched over a smooth (not necessarily irreducible) curve R € |n0] and
e Plc(W) such that f is the relatively minimal model of f = G o 6.

Though it seems restrictive, it should be noticed that this class contains
some classically important fibrations as subclasses. In fact, one sees im-
mediately that any hyperelliptic (resp. bielliptic) fibrations of genus g are
necessarily primitive cyclic covering fibrations of type (g,0,2) (resp. of type
(9,1,2) when g > 6). Here, a bielliptic curve is a smooth projective curve
admitting a double covering of an elliptic curve and a fibration is called
bielliptic if a general fiber is a bielliptic curve. Bielliptic fibrations are an
interesting class of fibrations. For instance, it seemed that the lower bound
of slopes of fibrations increases monotonically with respect to its gonality.
But it is not true. There exists a tetragonal fibration and its slope is less
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than the lower bound of the slope of trigonal fibrations. Such tetragonal
fibrations are nothing more than bielliptic fibrations ([3],[8]).

Arakawa [2] and later Chen [4] studied the automorphism groups for
hyperelliptic fibrations and gave the upper bound of the order of a finite
subgroup of Aut(f) in terms of g, g(B) (the genus of B) and K]% In [1], we
considered the case that h = 0, and gave an upper bound on the order of
Aut(f), generalizing results due to Arakawa [2] and Chen [4] for hyperelliptic
fibrations. We constructed an example that shows our bound is almost
optimal in some cases.

In this paper, we study the case that h = 1, that is, cyclic covering
fibrations of elliptic surfaces. In order to state our results, we need some
further notation. Keeping the notation in Definition 0.1 with A = 1, let
¢ : W — B be the relatively minimal model of ¢ : W — B, R the image
of R by the natural birational map W — W, and I', the fiber of ¢ over
p € B. If ', is a smooth fiber, fixing a point O, € Ty, we can regard I';, as
an abelian group with the unit element O,. Put

6 := min{#§Aut(I'y, O0p) | p € B and I'j, smooth },
where Aut(I'y, Op) := {k € Aut(I'y) | K(Op) = Op}.

THEOREM 0.2 (Theorem 6.1). Let f : S — B be a non-locally
trivial primitive cyclic covering fibration of type (g,1,n) with g >
max{ 300 =47n+25 Tn(n—1)+1}. Put

n+1 ’ 2 :
_ 12n%
n2—1
Assume furthermore that when g(B) = 0, f has at least 3 singular fibers.
Let G be a finite subgroup of Aut(f). Then it holds

G < {6<2g<B> ~ DK} (9(B) 21
Lok (9(B) = 0)

Hn -

THEOREM 0.3 (Theorem 6.2). Let f : S — B be a non-locally
trivial primitive cyclic covering fibration of type (g,1,n) with g >
max{%,%n(n— 1)+ 1}. Put

;o 6126
B = G =D (5n— 4y
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Assume furthermore that the branch locus R has singular points on at least
three (resp. one) fibers when g(B) = 0 (resp. g(B) > 1). Let G be a finite
subgroup of Aut(f). Then it holds

G < {6<2g<B> ~ D KG (9(B) =1
= 5w KS (9(B) =0).

THEOREM 0.4 (Corollary 6.3). Let f: S — B be a non-locally trivial
bielliptic fibration with g > 17. Assume furthermore that the branch locus

R has singular points on at least three (resp. one) fibers when g(B) = 0
(resp. g(B) > 1). Let G be a finite subgroup of Aut(f). Then it holds

iG < 245(29(B) - 1)K} (9(B) > 1
~ | 206K7 (9(B) = 0).

THEOREM 0.5 (Corollary 6.4). Let f : S — B be a non-locally
trivial primitive cyclic covering fibration of type (g,1,n) with g >
max{w#, In(n—1)+1}. Put Aut(S/B) := {(ks,idp) € Aut(f)}.
Assume that the branch locus R has a singular point. Then it holds

6n%6
K2
(n—1)6n—4)" '

tAut(S/B) <

We state the outline of the proof. Let G be a finite subgroup of Aut(f).
Then G can be expressed as the extension of its horizontal part H by its
vertical part K, thatis, 1 - K — G — H — 1 (exact). We can study H
by using known results for the automorphism groups of curves. Hence it
suffices to estimate K. Then K induces a subgroup K of the automorphism
group of the elliptic surface ¢ : W — B preserving the branch locus R
and our task is reduced to estimating the order of K. For this purpose,
we use the localization of the invariant KJ% It is known that KJ% can be
localized to fibers of f ([6]). We refine the localized K]% further by using the
quantity defined at a point on a fiber, and obtain the new expression of it
in Proposition 2.2. Then, we estimate the order of K from above with the
localized Kj% multiplied by an explicit function in g and n (Propositions 5.3,
5.4 and 5.5).
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In Section 1, we recall the basic properties of primitive cyclic covering
fibrations mainly due to [5]. In Section 2, we recast Section 5 of [5] and
consider the refined localization of KJ% In Section 3, we summarize the
basic properties of elliptic surfaces as group manifolds. In Section 4, we
descend the automorphism group to the elliptic surface W and analyze its
action. In Section 5, we estimate the order of K. In Section 6, we show our
main result, Theorem 6.1, 6.2, Corollary 6.3 and 6.4. Section 7 is devoted to
constructing an example of bielliptic fibrations with a large automorphism

group.
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1. Primitive Cyclic Covering Fibrations

We recall the basic properties of primitive cyclic covering fibrations,
most of which can be found in [5].

DEFINITION 1.1. Let f : S — B be a relatively minimal fibration of
genus g > 2. We call it a primitive cyclic covering fibration of type (g,1,n),
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when there are a (not necessarily relatively minimal ) fibration ¢ : W — B
of genus 1 (i.e. elliptic surface) and a classical n-cyclic covering

n—1
f:S5= Specﬁ/ EBOVV(_jD) — W
§=0

branched over a smooth (not necessarily irreducible) curve R € \nb] and
e Plc(W) such that f is the relatively minimal model of f = @ o 6.

In addition, we employ the following notations. We denote by ¥ = (5)
the covering transformation group of § and by ¢ : W — B the relatively
minimal model of ¢ : W — B with the natural contraction map 1Z W —
W. Furthermore, F F, [ and T will denote general fibers of f, f, ¢ and
¢, respectively. We write fibers of f, f, @ and ¢ over p as Fp, Fy, F and
I, respectively.

REMARK 1.2. We note important properties of primitive cyclic cover-
ing fibrations in the following, which can be found in [5].

e There exists an automorphism o € Aut(S) which satisfies the follow-
ing:
— The natural morphism S — § is a minimal succession of blowing-
ups that resolves all isolated fixed points of o.

— The automorphism o is induced by o.

e Let R, be the sum of p-vertical components of R. The self-intersection
number of each irreducible component of R, is equals to —an for some
positive integer a.

e Any @-vertical (—1) curve intersects R.

From now on, we let f : S — B be a primitive cyclic covering fibration
of type (g,1,n) and freely use the above notations and conventions.
Since the restriction map 9\ P . F — T is a classical n- cyclic covering

branched over R N F, the Hurwitz formula for 9| 7 gives us

(1.1) i 29l

n—1
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From R € ]nb| it follows that r is a multiple of n.

Since ¢ : W — W is a composite of blowing-ups, we can write w =
101N, where ¥; : W; — W,;_1 denotes the blowing-up at z; € W;_1 (i =
1,--+,N), Wy =W and Wy = W. We define reduced curves R; inductively
as R;_1 = (¢;)«R; starting from Ry = R down to Ry = R. We call R; the
branch locus on W;. We also put E; = w;l(zi) and m; = mult,,R;_1 (i =
1,---,N).

LemMA 1.3 ([5], Lemma 1.5). In the above situation, the following
hold for anyi=1,--- ,N.

(1) Eitherm; € nZx>y or nZs>1+1, where Z>1 is the set of positive integers.
Furthermore, m; € nZ>1 if and only if E; is not contained in R;.

(2) Ry = Y;Ri—1 — n[=t]E;, where [t] denotes the greatest integer not
exceeding t.

(3) There ea:issz a 0; € Pic(F;) such that 0; = ;0,1 — ["2]|E; and R; ~
no;, Oy = 0.

We say that a singular point of R; is of type nZ (resp. nZ + 1) if its
multiplicity is in nZ>; (resp. nZ>1 + 1).

2. Localization of KJ%

We recall the argument in Section 5 of [5] and give localizations of KJ%.
Let f: S — B be a primitive cyclic covering fibration of type (g,1,n).

First of all, let us recall the singularity indices introduced in [5]. For
any fixed p € B, we consider all singular points of the branch loci R =
Ry,--- ,Rn—1 over I',. For any positive integer k, we let ax(I',) be the
number of singular points of multiplicity either kn or kn 4+ 1 among them.
We put oy := > pag(lp) and call it the k-th singularity index of the
fibration. For an effective vertical divisor T' and p € B, we denote by T'(p)
the biggest subdivisor of 7" whose support is in the fiber over p. Then
T = > ,epT(p). We sometimes write 7" as the number of irreducible
components of T'.

Let j,4(I'y) be the number of irreducible curves with genus b and self-
intersection number —an contained in R, (p).
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We introduce the following indices:

Joa(Tp) = joa(Tp)s  Goe(Tp) = joa(Tp), dox:= > joa(Tp).

b>0 a>0 peEB

Let A be the sum of all g-vertical (—n)-curves contained in R and put~§o 1=
R — A. Then the 0-th singularity index is defined by g := (K3 + Ro)Ro.
Put

ad (Tp) :== RuL, — #(Supp(Ry) N Supp(T,)),

ao(Lp) := O‘(J)r(rp) -2 ZjO,a(Fp)a
a>2

where ﬁh is the @-horizontal part of R. We note that ap =Y.
We introduce some indices depending only on I',.

Xo(I'p) :=e(I'y) /12 where e(I',) is the topological Euler number of I,
v(I'y) :==1—1/I(I',) where [(I'y) is a multiplicity of T,
vi=2 pepv(lp)

Then it holds that e, = > cpe(I'y) and xp = > 5 X (T'p)-

LeMMA 2.1 ([6], Lemma 2.1). Let f : S — B be a primitive cyclic
covering fibration of type (g,1,mn). Then it holds

2 2 (n — 1)2 .
Kf: Z((n —1)k—n) Oék—i-T(Oéo—z]o’l)
k>1
n?—1 .
+ r(Xe + V) + Joa-

Hence if we put

n—1)2
KA = 3 (0% = Dk — ) ag(Ty) + " ag(r,) — 201 (1)
E>1
n? —
o) + (D) + o (T)
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for p € B, then we get Kf =2 e K (Fp).

Let ¢ : W — B ‘be any intermediate elliptic surface between W and
W, and regard 1/1 IiV\ - W as | the composite of the natural birational
morphisms 1/) W — W and ¢ : W —Ww.

We put R= 1;*]? The fiber of ¢ over p € B will be denoted by fp.

Let a(I'p) and & (I)) be the number of the singular points contributing
to oy (') appearing in @ and 1), respectively. We note that the number of
singular points of R on fp is counted by aj(I'y). Then we have oy (I')) =
ak(L'p) + ar(Typ).

We note that an arbitrary irreducible component of fiv(p) is a proper
transform of either an exceptional curve appearing from ¢ : W — W or an
irreducible component of I',. Let }'\0 a(Ty) (resp. jo.ao(Tp)) be the number of
irreducible components of R,(p) contributing to Jo,a(I'p) which are proper
transforms of exceptional curves appearing from w (resp. ). Let j(’)@(I‘p)
be the number of irreducible components contributing to jo (I',) which are
proper transforms of irreducible components of I',. Then we have jo o (Tp) =
J'Oya(rp) + jO,a(Fp) + jf),a(rp)- Put jo,e(I'p) := ZaleOﬂ(FP)? 50,0(Fp) =
>a>1J0a(T'p) and jo o(Tp) := 3051 50, (L'p)-

Choose and fix p € B and Z € F We consider the vertical part R, =
> peB R, (p) of R with respect to @ : W — B. We let R, (p)s be the biggest
subdivisor of R, (p) contracted to Z by . Note that we have R, (p)s # 0 only
when there exists a singular point (of the branch loci) of nZ 4 1 type and
which is infinitely near to 2 (including 2 itself). Note also that R, (p)s is a
disjoint union of non-singular rational curves each of which is a (—an)-curve
for some positive integer a.

To decompose E%(p)g, we define a family {L;}; consisting of vertical
irreducible curves in R, (p); as follows.
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(1) Choose and fix a (—1)-curve Ej over z on an elliptic surface between
W and W and let L1 be the proper transform of £; on w.

(ii) For ¢ > 2, L; is the proper transform of an exceptional (—1)-curve E;
that is contracted to a point x; in E}, or its proper transform for some
k <.

Put £ := {{L;}i | {Li}; satisfies (i) and (ii)}. If {L;}; and
{L5}; ({Li}i{L}}; € £) have a common curve, one can show the union
of them {L;, L’};; is in £. We define a partial order {L;}; < {L}}; if
{Li}i C {L}};. Then (£, <) is a partial order set. Applying Zorn’s lemma,
one should check that every chain admits the upper bound. Hence there ex-
ist maximal elements {Ll,k}];?:p - v{ank}::v where 7, is the number of

k
maximal elements. Any two of {Ll,k}ilzl, o {Ly, £}, have no common
curves. We put Dy := Zitzl Lij fort=1,--- n;s.
We can describe Ry (p)s by using (the above) D;’s as follows. The divisor

R, (p)s is decomposed into a disjoint sum consisting of such sums uniquely.
We denote as

(2.1) Rv(p)2=D1+"‘+ D,,, ZLtk

Let Cy i, be the exceptional (—1)-curve whose proper transform on Wis Ly .
We let (/(I'y), and x'(I'y), denote the numbers of singular points of the
branch loci R = Ry, -+, Ry_1 over z of types nZ and nZ + 1, respectively,
at which the proper transforms of two curves in {Ct,k:}it:l meet, and put
v(Tp): = Y02 4(Ty)s and K(Tp): = Y72, k'(T,)s. By the definition of
!(Tp): and £*(Tp)s, we note that ¢(T'p); = x(Tp); = 0 if R is smooth at 7.

Furthermore, we localize some indices to points on fp. Let ax(T'p):
be the number of singular points contributing to ay(I',) which is infinitely
near to z. Let 5OQ(F )z (resp. %a( p)z for t = 1,---1;) be the num-
ber of irreducible components of R, (p )2 (resp. Dy) contributing to %ﬂ.
Put ]Q (Tp)z = D a1 joa(F )z and j§ o(Tp)s == 3,51 76.4(Tp)s for each
t = 1,---m:. Note that jo (Tp): = tho(z( p)z-  We have ai(I')) =
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Ezel“p ak(I'p)z and ]0 a(Tp) = Zzer JO a(I'p)z. We put

( = = ~ ~
(Rp,Tpz) — 8 (Supp(Rh) N Supp(Fp,z))
(if R is singular at Z ),

Oéa_(Fp)% = (The ramification index of {5|Rh : Eh — B at 2) —1
(2:2) (if R is smooth at 7 ),
0 (if ¢ R),
ap(Lp)s = af)i_(rp)é —2 Z;O,a(r )z
a>2

where I, is the biggest subdivisor of fp which is contracted to z by 1Z

We ;;jt
K}(Ty): =Y _ ((n* = )k —n) ax(Tp).
k>1
(n - 1)2 ~ ~ ~
+ ———(@0(Tp)z — 2j0,1(Tp)z) + Joa(Tp)s.

Then we get the following:

PROPOSITION 2.2. Let f : S — B be a primitive cyclic covering fi-
bration of type (g,1,n). Let 1/1 P o w be an arbitrary decomposition of
v W — W so that the commutative diagram

Denote a fiber of ¢ over p € B by fp. Then it holds that

= Z K}(Fp)z + Z ((n* =1k —n) ap(Ty)

2el, k>1
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(n— 1)

i (Jo,e(T'p) + Go.a(T'p))

n?—1
+

(e (Tp) + (1)) + J0.1(Tp) + 501 (Tp).

PrOOF. By definition, we have

o (T'p) = Z ak(Lp)z + ax(Tp),
zel'y,

]0 a Z ]0 a +.70 a(r ) + j(/),a(rp)'

zel'y

(2.3)

By (2.3), we have

) =3 (0 = 05 =) )+ () 2 1)
;”2 - 1r(X<p(1“p) +v(Ip)) + o1 (T'p)
:kzx ((n* = 1)k —n) (ZT ax(Tp) + c‘vk(m)
L ;1)2 (zr: ao(Tp)s — 2 ; (J0.a(To) + j0,a(Tp))
2 X 2 )+ 36, )

2

+ Z]Ol )z + Joa (T )+j6,1(Fp)+n _17‘(Xso(rp)+’/(rp))

n
zelp

=Y KjTy):+ Y ((n* = 1)k —n) a(Ty)
zel, k>1

=1

(50,-(Fp) =+ jé,o (Fp))

n®—1

— (X (T'p) + ¥(Tp)) + jo1 (Tp) + o1 (Tp) O
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We consider and recast Lemma 5.2 in [5].

LEMMA 2.3.  The following hold:

(1) u(Tp)z = jo,e(Tp)z — 7z

(2) g (Tp)s = (0 = 2) (Joa(Tp)z =7 +26(Tp): ).

(3) > ak(Typ): = > (an— 2)jo.a(T'p)z + 20z — (p)s.

k>1 a>1

Proor. For each t, we consider the graph G; corresponding to Dy
as follows. The vertex set V(G;) and the edge set E(G;) are respectively

the sets of symbols {vt’k}f’:"l(rp)z and {ey},, where x runs over all the sin-
gular points contributing to «*(T'y);. If Cyj or a proper transform of it
meets a proper transform of Cy s at the singular point x of type nZ, the
edge e, connects vy and v . By the definition of D;, we see that Gy
is a connected tree. Counting the numbers of vertices and edges, we have
HTp)s = %7.(1})2 — 1. Thus, we get (1) by summing it up for t.

When the component L;j of D; is a (—an)-curve, it is obtained by
blowing Cyj up an — 1 times. We recall that ?7'\67(1(Fp)2 is the number of
irreducible components of D; with self-intersection number —an. By Dy :=
Zi;l Ly, we need blowing-ups > -(an — 1)%@(1})2 times to get Dy,
disregarding overlaps. Taking into the account the duplication and the
first blowing-up creating the (—1)-curve for L; 1, we see that the number of
blowing-ups to obtain D; is not less than

Z(an - 1)?3,a(rp)2 - Lt(rp)’z - Ht(rp)z +1

a>1
= D (an = 2)j,4(Tp)s +2 = &' (Tp)s,
a>2
since (!([y); = }6,(1})2 — 1. By Ry(p)s = i, Dy, we need blowing-ups
at least
M= N
Z Z(an - 2)j¢t1(rp)2 +2- ’ft(rp)z
t=1 \a>2

= Z(an - 2)30,a(rp)2 +2n; — k(Tp)2
a>2
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times to get R,(p)s. This gives (3). B
It remains to show (2). We may assume R is singular at 2. Let 'y, =
> m;G; be the irreducible decomposition. Then it follows from (2.2) that

~

af (Tp)z = Y miRpG; — #(Supp(Ry) N Supp(U;G;) Z — )Ry Gs.

7

We consider a directed graph [ whose vertex set V() is the set of symbols
{v;}, where = runs over all the singular points which contribute to either
t(T'p); or k(I'p);. We define the directed edge from v, to v, if 2’ is a singular
point infinitely near to x and any singular point between z and 2’ contributes
to neither ¢(I'y); nor x(I'y);. Let Tq,---,Ts be connected components of
the graph F. We note that T; (j = 1,---,s) is a directed and rooted tree
graph. We denote the leaf set of T; by L(T;). By the definition of F, any
vertex in L(T}) corresponds to a smgular point contributing to ¢(I'y);. Let
Tlast D€ a singular point of the branch locus over x such that there exist no
singular points over .5 and let E? be the exceptional curve of the blow-
up at Zjast. Since E® arises from a singular point of type nZ, we see that
RE® is a positive multiple of n, but it may be possible that E? meets two
vertical components of R Thus we have R,E* > n — 2. Letting m” be the
multiplicity along E® of Fp, we have

> (mi = DR,G >Z S (m" - 1)R,E".

i Jj=1zeL(Ty)

We will show that

> (m"—1) = o(T)) + 2x(Ty),

IEL(TJ')

where +(T;) (resp. ~(T;)) denotes the number of singular points of type nZ
(resp. nZ+1) in T;. Let P*(T;) be the set consisting of vertices appearing
in the path connecting the root of Tj and « € L(T;). We denote the number
of singular points of type nZ (resp. nZ + 1) in P*(T;) by «(P*(T;)) (resp.
k(P*(T;))). We claim that m* > 2.(P*(T;)) + «(P*(T;)). This can be
seen as follows. Put P*(T;) = {v1,--- ,vy = vy} and let mq,--- ,m; be the
multiplicities of the fiber fp along the proper transforms of the exceptional
curves arising from vy, - - - , vy, respectively. If vy is of type nZ, then we have
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mo > mq + 2. If vy is of type nZ + 1, then we have ms > m1 + 1. So we get
m® =my > 2u(P*(T;)) + x(P*(T;)) inductively. Then,

Y, (m*-1)> Z (2e(P*(T5)) + s(P*(T5))) — 4L(T;)
2u(T; )+2/<c( ;) — L(T;)

>
> (Tj) + Qﬁ(Tj)

as wished.
Now, we get

S
SomT-DRGi =D Y (m" = 1)R,E”
zeL(T)) j=1zeL(Ty)
> (n—2) (m®—1)
j=1 IEL(Tj)

> (n—2)((Tp)z + 26(Ip)z).

Y

Plugging the above inequalities to (2.2), we conclude that o T(Tp)s
(n —2)(t(T'p)s + 2k(Ip)z). Then, since ¢(I'y); = j(I'p)s —n: by (1
get (2). O

), we

We can show the following inequality similarly to Lemma 4.7 of [6]

LEMMA 2.4. Ifn =2, then it holds

LEMMA 2.5.  Let the notation and the assumption as above. Then it
holds that

nBnjo1(Tp):  (n>3)

)o + B S ai(T,)s —

k>1 0

is non-negative, where B, = 2/n if n >4, B3 =1/2 and By = 3/2.
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Proor. If n > 3, we can show the desired inequality similarly to
Lemma 2.2 of [1].
For n = 2, we have

ao(I'p)z + B Z ak(Ip)z

k>1
= ag (Tp): — 2 Z}O,a(rp)’z’ + B Z ak(Ip)s
a>2 k>1

> QBL (Ip): + Z (B2(2a —2) — 2);0,a(rp)2 +2B2n; — Bar(I'p):

a>2

4 -~

> af T+ X (50~ DB~ 2) oDy

a>2

where the first inequality is by (3) of Lemma 2.3, the second inequality is by
Lemma 2.4. Since By = 3/2, the coefficients of jy,(I'p); are non-negative
fora > 2.0

LEMMA 2.6. The following holds for p € B:

12
KJQ”(Fp)é = Z ((n2 -1k —n-— %Br) a(I'p)s.
k>1

In particular, K]%(Fp)z is non-negative.

Proor. If n >4, it is clear from Lemma 2.5.
If n = 3, we have

ao(Tp)z — 2jo1(Tp)z > —B3 > ak(Ty): — 3J01(Lp)z
E>1
from Lemma 2.5. Hence we get
~ 4 ~
K]%(Fp)2 2 Z (8k —3) ak(T'p)z — §B3 zak(rp)z
E>1 E>1
2 -~ -~
~3 Jo,1(I'p)z + Joa(Tp)z

4
> <8kz —3- 533> aR(T)s.
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If n = 2, we have

A 1.
K?(Fp)z = Z (3k —2) ak(I'p): + EOZO(FP)z-
k>1

Hence we get

1 ~
K?(Fp% > Z <3k —-2- §B2> ak(Ip)s
k>1
from Lemma 2.5. O

LEMMA 2.7. The following holds for p € B.

KJZ”(FP) Z Z MO‘J(FP)E

zely, "
n — 2

+YN ((n2 —Dk—n-— 2%) ar(T))s

2el, k21

n—1)?2 .

37 (02 = 1k — ) an(Ty) — 2 Gy + 0 (T)

k>1

nQ — -
F () + () + Joa(Ty) + b (T).

PROOF. By the definition of K]%(I‘p)g, we have
KJ%(FP)E = Z ((n2 -1k — n) ak(Ip)z

(n - 1)2 ~ > -~
+ ——(a0(Tp)z — 2j0,1(I'p)z) + Jo,1(I'p)z
for z € fp. Since irreducible components of J/%(p)z arise from singular points

of type nZ + 1, we have }0,.(1“},)2 < Zkzl ak(I'p);. Hence we get

K50 2 a0+ 3 (2 - k-2
k>1

(n—1)?

)au(r,)-

Combining this with Proposition 2.2, we get the desired inequality. [
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3. Automorphism Groups of Elliptic Surfaces

In this section, we summarize some properties of automorphism groups
of elliptic surfaces. Let ¢ : W — B be a relatively minimal elliptic surface.
We fix a point p € B and denote by A C B an analytic open neighborhood
of p. We suppose that I', is not multiple. Let ¢ : WA — A be a restriction
of p: W — B to A:

WA——W

%l lw

A~—— B.

Replacing A by a smaller neighborhood of p if necessary, we may assume
that oA has only one singular fiber I',.

Let WA sm := Wa \ Sing(I'p) and I'p ¢ := I';, \ Sing(I',), where Sing(I',)
is the set of critical points of ¢ on I',. Then there exists the natural map
©Asm : Wasm — A. The following theorem is due to Kodaira ([7]).

THEOREM 3.1 (Kodaira). There exist three holomorphic maps

Oar: A — WA,sm7 mA WA,sm XA WA,sm - WA,sma
LA L WA,sm - WA,sm

over A which satisfy the following conditions.
(1) The fiber germ @A sm : WA sm — A is a group manifold over A.
(2) LetT'y (g € A) be a fiber of pa and let Oy :=TyNOA(A). These three

maps induce the commutative group law on I'y sy whose unit element
is Oq. The group (I'qsm, Oq) is one of the followings.

The group law of elliptic curve (Ip-type)
(Cgsm,> Og) = S Gy, x G(Ty) (I.-type)
Gq x G(Iy) (other)
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where

(I.) 2 Z/cZ,

(I50) = (Z/22)°,
G(I5e41) = Z/AZ,

(IT) = G(I17) = {0},
G(IIT) = G(IIT*) = 7,/27,
G(IV) = G(IV*) = Z/37.

Proor. Since I', is not multiple, there exists a projective elliptic sur-
face over a smooth projective curve ¢’ : W? — B’ which admits a global
section and contains @A : Wa — A as a fiber germ:

%l |

A B

We denote by O, : B> — W’ a global section of ¢’. Let stm be an open
subset of W consisting of all regular points of ¢°. From Theorem 9.1 of [7]
there exist holomorphic maps p, : W2, X g W2, — W2 and ¢, : W2,
W2 over B® which satisfy conditions (1) and (2). These three maps O,, 1,
and ¢, induce Oa, pa and ta by the universality of base change. [J

e We denote by Wy (A) the set of sections of pa gm. Since YA sm :
Wasm — A is a group manifold over A, Wy (A) is a commutative
group with the unit element Oa. The symbol 5 & (2 denotes the
sum of (1, B2 € Wyn(A) and ©F denotes the inverse element of 3 €
Wem(A).

e We have the following commutative diagram for a section 5 € Wy (A):

WA,sm — WA sm XA WA ,sm " WA,sm
BX WA sm (prl) pr2
@Al lprl lWA
A WA,sm A
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Hence we have an automorphism 75 := pa o (8 Xw, . (pr1)) €
Aut(Wa sm/A) for each 8 € Wyy(A). Thus, there exists a natural
injective homomorphism Wy, (A) — Aut(Wa sm/A); B — 75.

e We define the following groups.

Aut(Wa gm/A) == {k € Aut(Wasm) | ¢A,sm © K = PA sm}
Aut(Wa sm/A,Op) :={r € Aut(Wa sm/A) | Ko Oa = Oa}
(3.1) Aut(Tpsm, Op) = {k € Aut(Tpsm) | K(Op) = Op}

ProroOsSITION 3.2.  There exists the exact sequence
1 — Wem(A) — Aut(Wa sm/A) = Aut(Wa sm/A,0a) — 1.
In particular, it holds that

Aut(WA7sm/A) = Wsm(A) X Aut(WA7sm/A, OA).

PRrooOF. It is sufficient to show the following two statements.

(1) There exist 7 € Wgm(A) C Awt(Waem/A) and e €
Aut(Wa sm/A, Op) for an action £ € Aut(Wa gm/A) such that xk =
ToE.

(2) Wem(A) <Aut(Wa sm/A).

(1) An action k € Aut(Waesm/A) determines a section k o Op €
Wim(A). We consider the action 75(400,)- Then we have € := 75(00,) ©
k € Aut(Wasm/A,Oa). Hence we get =} € Wsm(A) and ¢ €

S(koOA)
Aut(Wa sm/A, Oa) such that k = TégnoOA) oe€.

(2) We have to show ko7 okt € Wy, (A) for any £ € Aut(Wa sm/A)
and 7 € Wyn(A). In order to show the above statement, it is sufficient
to show o7 o™t € Wyn(A) for any € € Aut(Wa sm/A,0p) and 7 €
Wam(A). Suppose a section 3 € Wy (A) corresponds to the action 7 €
Aut(Wa gm/A) (namely 7 = 73). Let I'; be an arbitrary smooth fiber of
¢a. Then it holds that (¢ o0 7g0e™)|p, = (7e0p)|r, since |r, is compatible
with the group law of ;. Therefore we have (e07goe™1) = 7.5 € W (A). O
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4. Automorphism of Fibered Surface

For a fibration f : S — B, we define the automorphism group of f as
Aut(f) :={(ks,kB) € Aut(S) x Aut(B) | fokrs = kpo f}.

Let f : S — B be a primitive cyclic covering fibration of type (g,1,n).
Let ¥ be the cyclic group of order n generated by o, where o is defined
in Remark 1.2. Let G be an arbitrary finite subgroup of Aut(f). Since
Aut(S/B) := {(ks,id) € Aut(f)} is a finite group, we may assume o € G
to estimate the order of it. We have the exact sequence

1-K—-G— H—1,

where K := {(kg,id) € G} and H := {kp € Aut(B) | (ks,kB) € G,3rs €
Aut(S)}.

LEMMA 4.1. Assume r = RL > 4n. Take a smooth fiber F of f and a
point z € F'. Let kp be an automorphism of F'. Then it holds that

kp(X-2) =X kp(2),
where Y. - z denotes the Y-orbits of z.

PROOF. The subgroup ¥ C Aut(F) induces the quotient map 6 : F —
I' := F/¥ of degree n. From the assumption r > 4n, there exists an
isomorphism sr : I' — I such that the diagram

F2

eli 1&

commutes for any kp € Aut(F') from Proposition 3.1 of [1]. Thus, we obtain
kp(X-2)=% kp(z). O

E—
KT

In what follows in section 4, we tacitly assume that r > 4n.
We can show the following by a similar argument as in Lemma 3.3 of

).
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LEMMA 4.2. Let F be a smooth fiber of f : S — B. Regard ¥ as a
subgroup of Aut(F'). Then ¥ is a normal subgroup of Aut(F).

Since we have ¥ < K, the action of K C Aut(S/B) on S can be lifted to
the one on S and we can regard K as a subgroup of Aut(S /B). If we put
K = K/¥, then we have the exact sequence

1-Y—>K—>K—1.
Note that K C Aut(W/B) and R is K-stable (namely K(R) = R).

LEMMA 4.3. The action ofl? descends down faithfully on the relatively
minimal model ¢ : W — B. Hence we can regard K as a subgroup of
Aut(W/B).

ProOOF. Let fp be an arbitrary singular fiber of W — B and E any
(—1)-curve contained in I',. Then its K-orbits K - E satisfies one of the
following:

e K - E consists of a disjoint union of (—1)-curves in fp.
e We can find two curves in K = {E1,- -, E;} meeting a point.

In the former case, contracting K- E to points, the action of K descends
down to the action on the new fiber obtained by the contraction.

We will show the latter case does not occur. Since the intersection form
on 4 U E» is negative semi-definite, E% = E% = —1 and E1FEs > 0, the only
possibility is: E1Ey = 1 and (E; + E»)? = 0. So we get

Supp I'), = E1 U E»

by Zariski’s lemma. This is impossible by the classification of singular fibers
of elliptic surfaces. [

We fix a point p € B and denote by A C B an analytic open neighbor-
hood of p. We suppose that I', is not multiple. Let oA : WA — A be a
restriction of ¢ : W — B to A. We note that there exists a natural inclusion
K C Aut(Wa sm/A).
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DEFINITION 4.4. We call k € K a translation of K if k satisfies either
k(Ca) # Ca or k|c, # idc, for any pa-horizontal local analytic branch
Ca on Wagm. Let T(K )p be the set consisting of translations of K and

Idwy g
PRrROPOSITION 4.5. It holds that
T(K)y = K N Wan(A).
In particular, T([N()p is a subgroup of K.

PROOF. Since Wgy(A) is a normal subgroup of Aut(Wyy/A), we de-

duce that K N Wasm(A) is a normal subgroup of K. We have an exact
commutative diagram

1—— K N Wy (A) T K/(KNWgn(A)) —1

|

1—— Wsm(A) —— Aut(WA,sm/A) E—— AUt(WA,sm/Aa OA) —1.

We note that the injectivity of I?/(I?QWA,Sm(A)) — Aut(Wasm/A,Op) is
shown by a simple diagram chasing. Therefore we have the following exact
commutative diagram

11— K N Wn(A) K /(KN Wan(A) —1

T T

(Cgsm, Og) — = Aut(Igsm) — Aut(Fysm, Oy) —— 1

for an arbitrary fiber I'; (¢ € A) of pa. Since K/(Kn Wasm(A)) —
Aut(T'y sm, Oq) is injective, we deduce that

KN (Ty,0,) C KNWan(A)

for an arbitrary smooth fiber I'.

Take a non-trivial arbitrary automorphism x € T(IN( )p- Since £ is a
translation of K , k|r, has no fixed point for general ¢ € A. It implies
that x|p, € KN (T, 0,). By KN (Iy,0,) C K NWyn(A), we have « €
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[:( N Wsm(A). Therefore we obtain T(K )p C K N Wm(A). The converse
K N Wan(A) € T(K), is trivial. O

COROLLARY 4.6. There exists an exact commutative diagram

1

T(K), K K/T(K),
| | |

1— (Fgsm, Of) — Aut(I'y sm) — Aut(Iysm, Oy) — 1

for an arbitrary fiber I'y (¢ € A) of ¢a.
The following two Corollaries are mentioned in [9].

COROLLARY 4.7. If o : W — B has a singular fiber I'y (p € B) except
for type ll.. Then it holds that $T(K), < 4.

Proor. From Theorem 3.1 and Corollary 4.6, we have an injective
homomorphism

T(K)p, — Gq x G(T'psm)-
Since G, is a torsion free group, we have T(f()p — G(I'psm). By the
assumption that I', is not of type ll., we have §G(I'psm) < 4. Thus, it holds
that 4T'(K), < 4. 0O

COROLLARY 4.8. Let I'y be a singular fiber of type L. Then the only
points of I'), with non-trivial stabilizer subgroup under the action of T(K),
are nodes of I'),.

COROLLARY 4.9. Assume ¢ : W — B is not isotrivial. Then it holds
that §(K/T(K)p) < 2 for any p € B. In particular, it holds that §K <
2T (K)p.

PrOOF. Let pa : WA — A be a restriction of ¢ : W — B top € A.
Since ¢ : W — B is not isotrivial, there exists a smooth fiber I'; of ¢|a
such that §(Aut(I'y,Og)) = 2. From Corollary 4.6, we have the injective
homomorphism K/T(K), — Aut(I'y,0,). O
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We suppose that I', is the multiple fiber of type II.. Let = : At — A be
a [-th root map branched at p. Then there exists a commutative diagram

(4.1) Wi I
F\\

At ———>A

where W+ is the normalization of Wa xa AT, We note that WA+ is non-
singular. Since 77'(p) consists of only one point, denote this point by p'.
Let ')t be a fiber of oAt over pf. We note that [, is a singular fiber of
type Ij.. Put Ry := II"R. We note that II : Wx; — Wa is an unramified
covering of degree [.

ProproOSITION 4.10. There exists an injective  homomorphism
Aut(Wa/A) — Aut(Wat/AY).

PROOF. An automorphism x : Wa — Wa € Aut(Wa/A) induces the
automorphism

ﬁXAAT:WAXAATHWAXAAT

by the universality of the fiber product. Hence there exists the injective
homomorphism Aut(Wa/A) — Aut(Wa xa AT/AT). Furthermore, the

universality of normalization induces the injective homomorphism
Aut(Wa xa AT/AT) — Aut(Wo; /AT).
Thus, we get the desired homomorphism. [

Hence we can regard K as a subgroup of Aut(W,;/A"). We denote by
kil € Aut(Wat/ Al) the action which corresponds to x € Aut(Wa/A) and
let KT:={xl|xe€ K}.

PROPOSITION 4.11. Let 21 € Ly be a point and put z = (2" € T,.
Let k € Staby(2). Then ki€ Stabf(f(zT). In particular, it holds #(K - z)
Rt - 2h)
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PROOF. (1) The case that I, is smooth at 2F.

Then I'),eq is smooth at z. We take analytic local neighborhoods
(U; (21,22)) of z on Wa, (A;y) of p and (Af;23) of p! such that ¢*y = z}
and 7"y = 5. Then U xa AT is defined by 2} — 2} = 0 in U x AT. Put
H; = {(z1,22,(/z1) | (v1,22) € U} for i = 0,---,1 — 1, where ¢ is a
primitive [-th root of unity. Then we have

-1
UXAAT:UHiCUxA.
=0

Thus, the natural projection I_Ii;éHl- — U xa AT is nothing more than
the normalization of U xa Af. Let id # x € Stab.(z). Replacing U
by a smaller neighborhood of z if necessary, we may assume that x(U) =
U. We write k(z1,22) = (k1(21,2,), k2(z1,22)) on U. Then the induced
automorphism k xa Al : U xa AT — U xa AT by & is written by (k XA
AN (x1, 29, 23) = (k1 (21, 22), Ko(x1, 22), 23). It holds that (k xa AT)(H;) =

H; fori=0,---,1l — 1. Furthermore, we have a commutative diagram
AT
HZ- (HXA ) H,L
o |
U . U

for i =0,---,] — 1. Thus, we have ' € Stabk(zT).

(2) The case that ')+ has a node at 2F.

Then I'),eq has a node at z. We take analytic local neighborhoods
(U; (21,22)) of z on Wa, (A;y) of p and (Af;23) of pf such that ¢*y =
(xlxg)l and 7y = wé Then U xa Al is defined by (mlxg)l — xé =0in
U x At Put H; := {(z1, 22, (x122) | (w1,22) € U} for i = 0,---,1 — 1,
where (; is a primitive [-th root of unity. Then we have

-1
UXAAT:UHiCUxA.
=0

Thus, the natural projection I_Ié;éHi — U xa Al is the normalization of
U xa Af. We can show ! € Stab . (21) similarly to (1). O
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We can define T([?T)pf for Kt C Aut(Wai/AT) since [t is not multiple.
Hence we define

T(K), :={x € K | sl € T(K"),}
for a multiple fiber I',. We note that T(f()p = T(IN(T)pT and K =~ KT,
5. Estimation of the Order of ﬂf(

Let f: S — B be a primitive cyclic covering fibration of type (g,1,n)
. _ 2(g9-1)
with r = 7 = 4n.
DEFINITION 5.1. Let z € Ry, be a (smooth) ramification point of ¢|g, .
We call z a good ramification point when the ramification index of ¢|g, at
z is greater than the multiplicity of the fiber of ¢ passing through z.

The goal in this section is to show Proposition 5.3, 5.4 and 5.5.
DEFINITION 5.2. Put
6 := min{fAut(I'y, O,)| Vp € A with I'j is smooth},

where Aut(I'y,Op) is the same notation defined in (3.1). We note that
6=2,4o0r6.

PrOPOSITION 5.3. Let f: S — B be a primitive cyclic covering fibra-
tion of (g9,1,n) with r > 4n. Let I', be of type ll.. Assume R is smooth
locally around I'y, and has no good ramification points on I',. Then it holds
that

PROOF. Since R is smooth locally around I'y, we have j(’),a (I'p) =0 for
any a > 1if n > 3. Similarly, we have jg ,(T',) = 0 for a > 2 if n = 2. Hence
we have

(n—1)% | n?—1

K]%(Fp) = Tao (I'p) + n
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from Lemma 2.1. Since the ramification index of any ramification point of
¢|r, over pis [, we have

o () = r(1 - 7).
By Corollary 4.6, we have ér > jjf( Thus, we have

Ky () > <w <1 _ %) N n25; 1%> 7

(2 1),
12né 1. O

>

ProOPOSITION 5.4. Let f: S — B be a primitive cyclic covering fibra-

tion of (g,1,n) with r > max{60 + n2131 — ng—fl,7n}. Assume either T'y, is

not of type ll. or R has a singular point on I'y,. Then it holds that

MEKH(T,) > —(n —1)(5n — A)fK.

W =

ProPOSITION 5.5. Let f: S — B be a primitive cyclic covering fibra-
tion of (g,1,n) with r > 4n. Let I', is of type ll.. Assume R is smooth
locally around I'y, and has a good ramification point on I'y,. Then it holds
that

mEKF(T,) > (n—1)MK.

5.1. The proof of Proposition 5.4

LEMMA 5.6. Let f: S — B be a primitive cyclic covering fibration of
(9,1,n) withr > 4n. Assume L', is a singular fiber except for type ll.. Then
it holds that

n? -1 n—1 ~
nSK2(T,) > —12 K.
néKp(ly) 2 —5 (T n+1>ﬁ

If r > Tn, it holds

MEKF(T,) > —(n —1)(5n — A)fK.

W =
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Proor. Let I'), be a singular fiber except for type l[I.. We note that
e(l'p) > ', + 1 in this case. So we have jy(I'y) < #I'p and x,(I'y) >
(#Cp +1)/12. We have

(n—1)2, n? -1

K?(Fp) > _ZTJQO(FP) “‘j(/),l(rp) +

X (I'p)
from Proposition 2.2 and Lemma 2.6. Hence we have

(n—1)% . ) n?—1
K} (Ty) > —2T16,.(Fp) +j0.1(Tp) + o5 "

2 2 2
n—1 2(n—1) n—1
= - r
( " n )ﬁp+ 12n

(80 +1)

Thus, it is sufficient to show

21 -1 21 -1\ =~
26" r—12" _n r—12" 4K > 0.
6n n+1 12 n+1

Since I, is not of type II., we have jjl? < 46 from Corollary 4.7. Hence we
get the desired inequality. [

We assume ¢ : W — B has at most singular fibers of type [I. in what
follows in this subsection. Let z be a singular point of R and z € I, a fiber
of type lI. where [ and ¢ are non-negative integers. Recall the diagram (4.1).

AN

Wa XAAT—>WA

Pat l l%

AT — A

We recall that 7=1(p) = {p'} and Ry = II*(R|w,). Replacing A by a
smaller neighborhood of p if necessary, we may assume that @A+ has only
one singular fiber I' 1 and Ry has a singular point only on I'p;.
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Since II : Wa+ — Wa is an unramified covering, each singular point of
Ry is analytically equivalent to the corresponding singular point of R|yy,.
Hence we can consider a formal canonical resolution of R; as follows.

DEFINITION 5.7. Let ZI be a singular point of Ry on I')+ and (¢a1)1
Wai 1 — War the blowing-up at z1 We put

Ry = (Par)” RT—”[ ]Eh

where E; := (wAT)l_l(zD and my 1= mult_; (R;). We define (Wt ;, Ry ;) for
1 )

i =2,---,NT inductively as follows. Let zj be a singular point of Ry ;_1
and (Yat)i : Wat; — War,;—; the blowing-up at zj. We put

= (Yat)i Riic1—n [mn@] E;,

where E; := (@bN)i—l(z;r) and m; = mult_: (Ry;-1). We continue this pro-
cess until R;; is smooth. Since II is an unramified covering, this process
terminates. Let (Wat yt, R; yt) be the model which the above process ter-
minates and put ha; = (Yat)1 00 (Pat)nt- We call Ry (z =1,---NT)
the branch locus on Wyt ;. We rewrite (Wat yt, Ry yt) as (WN,RT)

REMARK 5.8. The following hold.

e The multiplicity of an arbitrary singular point of Ry ; is in nZ or nZ+1
fori=1,---,NT.

e The self-intersection number of any vertical component of ET which is
contracted to a point by ¥+ is divisible by n.

Let @ar : WN — AT be any intermediate elliptic fiber germ between
Wat and Wat, and regard ¥+ : WAT — Wt as the composite of the
natural birational morphisms Ya: : Wat — WN and ) : WN — Wt

— Pt~ R
WAT 2 WAT = WAT

@AT

B
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We put ]SLT = (@AT)*ET. The fiber of P+ over p € Al will be denoted by
L.
P

For any z' € T :, we introduce indices as Section 2.

pts
(R Ty er) — 2 (Supp(Bis 1 Supp (T .21))

(if Ry is singular at 21 ),

ag (Cyt)st i= <The ramification index of (}NET),L — Al at E) -1
(if ET is smooth at 2T ),

0 (ifzf ¢ Ry),

\

there fpf72-r is the biggest subdivisor of fpf which is contracted to z! by
(N

e Let & (I'yt) be the number of singular points of multiplicity either kn
or kn + 1 among all singular points of the branch loci appearing in
¢AT' If TZJAT = idWAT’ we define dk(FpT) =0.

o Let &k(I‘pT)ET be the number of singular points of multiplicity either
kn or kn+ 1 among all singular points of the branch loci which are in-

finitely near to 2f. If Y+ = idw,,, we rewrite a (It )z as ag(Tpi)sr

o Put jy,(Tyt) = Lo o(T'p) for a > 1. Put jo J(Tpi) = 3051 do.a(Tpt)

o Let j’oﬂ (pr) be the number of vertical irreducible components of ET
that satisfy following two conditions.
— The self-intersection number is —an.

— It is a proper transform of an exceptional curve appearing from

(LINE

Put 507'(FPT) = Za21 507(1 (pr). If @LAT = idWAT’ we define jo’. (pr) =
0.

o Let ‘/]TO’Q(FPT)QT be the number of irreducible curves with self-inter-

section number —an contained in (ET)U(pT) and contracted to zT by
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Q/JN Put jo (Lpt)zt = Za>1 Jo,a(Tpt)st- If Var = idw, ., we rewrite
JO,a(FpT)ZT as o o(Tpt)zt-

e Put aO(FpT)2T = ozar(f‘pf)gt — QZazggo,a(Fpt)zf. If ?LAT = idWAT’ we
rewrite aio(I'yt) st as ao(Lpt) -

. Kf( Tpt)st = Yt (02 =1k —n) ap(Tyi)st + M(ao(Fm)zf -
2501 (Tp)st) + o1 (Tt )t
® Xt (FpT) = lXSoA (FP)

Using indices of the case 1) At = idWA +» We put

(51) K]%(pr) = Z K)%(FpT)zT - 2Tj6,o(rpf>
ZTGFH—
-1
+ TX<PAT (FpT) + jO,l (pr)

PROPOSITION 5.9. Let the notation and the assumption be as above.
Then it holds that

K}T,1) = 1KF(Ty) —2(n — 1)r(l—1).
In particular, we have

IKF(Tp) > KF(L).

ProoF. By simple calculations, we have

—1)2
(5.2) S KHC)a =1 KAT,). - %(z —1)r.
zTGF + ZGFp
p

Applying Proposition 2.2 for ¢a = idw, , we have
n—1)>2
1Y K}(Ty). =1K3(T,) + 2%

zel'p

10,6 (Tp) — Lo 1 (Tp)

2 2
n°—1 n—1
rlxe(Tp) —
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Substituting (5.2) to the above equation, we have

(5.3) > Ki(T,) =1K3(Tp) + 2M

"
z EFPT

Lo,e(Tp) = Lo (Tp)

TL2—

Lo (Ty) = 201 = 1)(n — 1)

On the other hand, we have

_2(n—1 2
Z Kf pT ( ) ]6,0(pr)

2ter pt
2

n
+

"X\t (Fplf) + j(l),l(FpT)'
Substituting (5.3) to the above equation, we get

K}(I1) = 1KF(Tp) = 2(n— 1)r(l—1). O

87

PROPOSITION 5.10 (cf. Proposition 2.2).  Let @a+ : WN — AT be any

intermediate elliptic fiber germ between War and Way.

= J’AT = 1LAT
WAT WAT WAT

B

Then it holds that

Z Kf pf 21“"2 n —1 —n)ak(FPT)
zTEF k>1

(n—1)?

9 (oo (@yt) +70.0(Tp1))

2
n- — 1 ~ .
+ TTXSDAT (FpT) +]0,1(pr) +](l),1(rp7)'
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PROOF. We can check it by simple calculations. [J
We can show the following by a similar argument as in Lemma 2.6.

LEMMA 5.11 (cf. Lemma 2.6). It holds that

KT > Y <(n2 CDk—n— @BQ Gk(T i)t

k>1
In particular, K‘?(FPT)ET is non-negative.
LEMMA 5.12 (cf. Lemma 2.7). It holds that

(n— 1)2 +

K} () > Z EE—— (Lpi)zt
ztel
+ Z Z <(n2 —Dk—n-— 2@) g (Tpt) st
ztel k=1
+ Z ((TL2 — 1)/{7 — n) dk(FpT)
k>1
n—12 .
- 2u (Jo,e(Tpt) + J0.e(Tpt))

2
n- — 1 ~ .
+ X (Tpt) + 501 (Tpt) + o1 (Tyt)-

Proor. We can check it by simple calculations. [J

LEMMA 5.13. Let 27 € Ry be a singular point of Ry and let TI(2T) = 2.
Then there exist 1-§(T(KT),-21) singular points of Ry which are analytically
equivalent to z € R.

PrROOF. We note that ﬁH_I(T(I?)p cz) =1- ﬁ(T(I?)p - z) since II :
Wt — W is an unramified covering of degree I. There exists an analytic
neighborhood U of each zf € H_l(T(f()p - z) such that II|y : U — II(U)
is a biholomorphic map. Hence the singular point z' € R; is analytically

equivalent to z € R. Thus, there exist [ - §(T(K), - z) singular points of R
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which are analytically equivalent to z € R. On the other hand, we have
$(T(K)p - 2) = §(T(KT), - 2") from Proposition 4.11. O

Let (R;)n be the local analytic curve consisting of ¢ -horizontal local
analytic branches of Ry. Take a singular point 2f e Ri onI'pr. We introduce
the following notations for z.

(1) We denote by L(Ry,z") and L((R:)n,2") the sets of local analytic
branches of Ry and (Ry)p, at 2, respectively.

(2) Let Li(Ry,2") and Ly ((Ri)n, 27) be the subsets of L(R;,2") and
L((Rt)n,2") which consist of local analytic branches that meet Ly
transversally at zf, respectively.

(3) Let Lta(Ry,2") and Lia((Rt)n,2") be the subsets of L(Ri,z') and
L((Rt)n, 2") which consist of local analytic branches that are tangent
to ')t at 21, respectively.

(4) For a local analytic branch I'; of [t around 21, let Lta(RT,Fi,zT)
and Lia((R4)n, i, 27) be the subsets of Lia (R, 27) and Lia((Ri)n, 27)
which consist of local analytic branches that are tangent to I'; at zf,
respectively.

If the local analytic branch I'; of I'); is contained in Ry, we regard the
local analytic branch I'; as belonging to Lta(RT,Fi,zT). Hence we have
I'; e Lta(RTaFia ZT) C Lta(RTa ZT).

To show Proposition 5.4, we consider the following four conditions for
I, where Ry has a singular point.

C1) There exists a singular point zf € R+ on T,; such that
T j2
StabT(f(T)pT (z1) = {id}.

(C2) The condition (C1) does not hold and there exist a singular point 2
of (R;) on T')t and a local analytic branch I'; of '+ around 2 such
that La((Ri)n, i, 27) # 0.

(C3) Conditions (C1) and (C2) do not hold and there exists a singular
point 2" € Rt on T, such that € L ((Ri)n, 27) # 0.

(C4) Conditions (C1), (C2) and (C3) do not hold.
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PROPOSITION 5.14.  Assume r > 4n and (C1) holds. Then it holds
that

26nKJ%(Fp) >2n (n2 —1-n) BK .

PROOF. Let 2! be a singular point of R; onI'pr. By Lemma 5.13, there
exist ﬂT(IN( T)pfl singular points of the branch loci on I'j+ whose multiplicity
is at least n.

If there exists a singular point of the branch loci over zf € Ry, there
exist Qﬁ(T(I? T)pf)l singular points of R; on I'), whose multiplicity is at least
n. Applying Proposition 5.10 for ¢+ = id and Lemma 5.11, we have

K3(T,1) > 2 <(n2 —1)—n-— @B» (T (K1), 10
n—1)2 n2 _
P )+ e () + b ()
> 2 ((n2 —1)—n-— uBn) HT(KT) 4.

Hence it is sufficient to show

(n

46n ((n2 —1)—n-— Tl)QBn> ﬁT(kT)pT —2n(n®*—1—n) EK > 0.

From Corollary 4.6, we have $K < S4T(K T)pT. Hence it is sufficient to show
_ 1)2
22— —n-"" ) 21 _n) >0
(0200 - o1 2

We can check it by a simple calculation.

Suppose that there exist no singular points over z' € R;. We recall that
there exist #(T(K T)pf)l singular points of R; on I', which is analytically
equivalent to 2! € R;. Let UINE: WN — Wt be the composite of blowing-
ups at those §(T(K T)pf)l singular points. Since there exist no singular points
over zI € Ry, we have j’o,.(FpT) = 0. From Proposition 5.10 for 1A+, we get

K} Ty) = > KiT,)s + (n® =1 —n) §(T(K),0)l
2tel 4
n—1)?2, n?—1

(
- QTJO,o(FpT) +

TXQOAT (pr) + j(,),l (pr)‘
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Since we have '+ > jj 1 (I'pt) and X, (Tpt) > 81,1 /12, we have

- 2 B
K3T,0) > (n? —1—n) §(T(K),)l + = - 1 (r — 24Z—+D i,

> (n® —1—n) §(T(K"),0)l

Hence we have

K}(Tp) > (n* =1 —n) $(T(K),1).
Thus, it is sufficient to show

26m (n® —1—n) ﬁT(I?T)pT —2n(n® —1-n) HK > 0.

From Corollary 4.6, we have K < 6T (K T)pT. Hence we get the desired
inequality. [J

REMARK 5.15. If (C1) does not hold, there exist no singular points of
R; on I') s by Corollary 4.8.

PROPOSITION 5.16.  Assume r > max{60 + —%; — ng—&,éln} and (C2)
holds. Put

1
Cop = g(n —1)(5n —4).
Then it holds that

MEKF(Ty) > ConfK.

PrROOF. Take 27 € Ry and I'y C [+ such that Lea((Rt)p, T, 27) # 0.
For a local analytic branch D € L, ((Rt)p, 1, 27), let v(D) be the number
of blowing-ups until the proper transform of D is not tangent to I'y. Since
Lia((Ri)n,T1,27) # 0 is a finite set, there exists Dy € Lea((Ry)p, I, 27)
such that v(Dp) is a minimal value among Li((Ri)p,T1,27).  Let

StabT(f(T)pT (I'y,2") = {k € StabT(f(T)pT (z") | k(1) = I'1} and Dy be the
Stab ) (T, ZT)—OI‘bit of D1. We introduce some notations as follows.

Kt
T(KT),;
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e mp, :=mult,; Dy
o mp, := mult,;D;
e m :=min{m’' | m' >mp, m' €nZornZ+1}

Assume that we need blowing-ups v times until the proper transform of
D, is not tangent to that of I'y. Since pr has a node at zT, we have
(DlyrpT)zT < (U + 2)m.

From Lemma 5.13, there exist (T (I? T)pt - 211 local analytic curves of

Ry which is analytically equivalent to 21 € Dy. Let z; € ID; be such local
analytic curves for j =1,--- | (T(IN(T)pT -21)1, where we define zI = 2. Since
z; € D; is analytically equivalent to Z}L € Dy, the proper transform of D; is
not tangent to the proper transform of I',; after v-times blowing-ups over
z;f- foreach j=1,--- ,(T([}T)pf 2N

We consider two cases separately.

(I)n>3 or n =2 and mult, R; € 2Z.

Let ©at : Wat — Wt be the composite of the above v-times blowing-
ups over z; for each j =1,--- 7(T(I?T)p1- - 2N)1. Let E\T be the branch locus

on /VVN and pr a fiber of @ := pat 0 Q/VJAT over pi. We show
Joe (L) < H(T(KT),i - 21
if n >3,
5070(1_‘1)7) < jO,l(FpT) + ﬁ(T(IA{vT)pT . ZT)Z

if n = 2. We may assume v > 2. Let jO,O(FpT)zT be the number of irreducible
components contributing to j'o’.(FpT) which is contracted to z' by JAT. If
n > 3, it is sufficient to show j’o,.(FpT)zT < 2. Let (Yat),t (WAT)zT —
Wa+ be the composite of blowing-ups v-times over z' and &£, the set of
exceptional curves of (¢at),+. We note that €.+ = v. For an exceptional
curve E € £+, let n(E) be the number such that E is the exceptional curve
of the n(E)-th blowing-up in (¢at),+. Let E; be the exceptional curve in &£ 4
such that n(E;) =i for i =1,---v. We note that E; and E, are exceptional
curves of first and last blowing-ups in (¢ )+, respectively. Then the proper
transform of any local analytic branch in L((R4)s, 27) \ Lta(R+, Ty, 27) can be
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tangent to only F; among &.+. Furthermore, the proper transform of any
local analytic branch in L, (R;, I, 2T) can be tangent to only E, from the
choice of Dy. Thus, the self-intersection number of El(z =2,---,v—1)is -2,
where EZ C (WA) .t is the proper transform of F;. On the other hand, the
self-intersection number of each irreducible component of ET contributing
jo,e(Tpt) .t is at most —n. Thus, if n > 3, a proper transform of £,; which is
contained in ET is either El or EU at most. Hence we get j’o,.(FpT) Lt < 2 for
n > 3. Furthermore, since the branch loci have no double points, we have
jo,e(Tpi).+ < 1 by chasing a resolution of 2" € R;. If n = 2, we can show
j’o,.(FpT)zT < 5071(FPT)zT + 1 by chasing a resolution of zf € R;. Thus, we
can get the desired inequalities for 507.(pr).

Since T+ has at least ﬂ(T(IN(T)pT - 211 nodes, we have i, > ﬁ(T(IN(T)pT .
z1)1. Hence we get

Joo(Tpi) < 404
if n > 3,
J0,0(Cpt) < L5t + Jo1 (Tpt)
if n = 2. Put D := Stab,, (ZT) -Dyand v:=1-— 1/(D1,pr)zf. Then

we have

(KT) ¢

Z aE)‘—(FpT)sz > ’Y(DvaT)zTﬁ(T([?T)pT ’ ZT)Z
2tel
Since there exist §(T(K T)pf - z")vl-singular points of the branch loci on Ly
which appear in A+, we have

3" (0% — Dk —n) (L) = ((n2 —1) [%} - n) (TR, - 2ol
k>1
Thus, we have

(n—1)°

K/%(pr) > (]Da FpT)zTﬁ(T([N(T)pT ) ZT)Z

n ((n2 —1) [%] - n) H(T(KY),¢ - 2ol

n — 2 ~
_Q% (Jo.o (Tpt) + 6.0 (Tp1))
2

n ~ .
+ TXQOAT (pr) +JO,1(FpT) +]6,1(FPT)
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by Lemma 5.12. By X, (I) = e(T)/12 = 4T /12 > (T (K1) 1 - 21)1/12,
we have

2 (n—1)° Lot
Kf(FpT) > n (]D)7FpT)zTﬂ(T(K )pT z )l

n <(n2 1) [%} - n) HT(KT), - 2ty

; (—N ;1)2 4 "iz‘n 1r> HT(RT, -

By K7(Tp) > K3(T1)/1, we get

2 (n—1)" 7t
K5(Tp) 27— (D, L) 4 8(T (KTt - 27)
+ <(n2 ~1) [%} - n) HT(ET), - 2o

n (_4(n —1)? . n? — 1r> HT(EY), - ).

n 12n

Hence it is sufficient to show

2n5{7(n nl)Q(]D), Lpi)at + ((n2 -1) {@} - n) v

+(_4(71—1)2_1_712—1

n 12n

By (D, T')t),+ > §Stab,, (21), it is sufficient to show

(K1)t

2n{7(n ;L 1) (D, Tpt) ot + ((nz —1) [T} - n) v

n
(n—12 n?2-1

—4

+< n * 12n

T> } — ngn(D, FpT)zT Z 0.

It is equivalent to

2n (((n2 -1) [%} - n) v _4(n ;1)2 + n;_nlr)
+ (29(n— 1) = Cap) (D, Tpt)1 > 0.
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By 2m(v +2) > 2(D1, Tpt),+ > (D, 1) 1, it suffices to show

(5.4) 2n(((n2—1) [E} —n)v—4(”_1)2+”2—17,>

n n 12n

+2m(v+2) (27(71 —1)% - CQ’n) > 0.

Since it holds (D1,Tt),+ > 3, we have v = 1 — m > 2/3. Hence it

suffices to show

(5.5) 2n<((n2_1) [%} —n)v—4("_1)2+”2—1r>

n 12n

+m(v+2) (%(n —1)? - 202”1) > 0.

The coefficient of v in (5.5)

n

2n <(n2 —1) [m] - n) + <§(n —1)2 - 2027n) m

is non-negative. Hence we may assume v = 1 to show (5.5). We will show

(5.6) 2n<((n2_1) [%} _n) 1) +n2—1r>

n 12n

+m (8(n—1)* — 6Cy) > 0.

Since the coefficient of m is non-negative, we may assume m = n + 1 to
show (5.6). Hence it suffices to show

2n(n® — 1)+ (n+1) (8(n — 1)* — 6Cy,) > 0,

2_1 o 2
n 7“74(” 1)
12n n

—n > 0.

We can check the former inequality by a simple calculation. The latter one
clearly holds by the assumption r > 60 + nglzl — n9—+61'

(2) n =2 and mult,: Ry € 2Z + 1.

Let (Yat)o : (/VVN)O — Wt be the composite of the above blowing-ups
v-times over ZJT foreachj=1,---, (T(KT)pT 2N Let (ﬁf)o be the branch
locus on (WAT)O. Then all exceptional curves appearing from (iat)o are

~ ~~

contained in (Ri)o by the assumption (2). Thus, there exist #(T'(KT),; -
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2" (v — 1)l double points of (R\T)& Let At : /WN — Wi be the composite
of blowing-ups at those double points and (TLAT)Q. Let R; be the branch
locus on Wxi and I')i a ﬁberf\of @ 1= pat 0Pt over pt. Since an arbitrary
Pat-vertical component of R; appears from either exceptional curves in

(¢at)o or irreducible components of T+, we have

ph

Jo(Lyt) < H(T(KT),1 - 21yl

Put D := Staby, ) T(sz) Dy and v :=1—1/(D1,Tt),+. Then we have
p
> 0f (Ty)z 2 4D Ty )i fT (K, - 2N
zel'y

Since Ry has §(T (K ) i - 21 vl-singular points of multiplicity at least m and
8T (KT)p 27 (v = 1)1 double points which appear in (A1), we have

3 Bk - 2) a(Ty) = (3 [%} _ 2) (TR, - 2ol
k>1
+H(T(K ) 20 (0 = 1)L
Thus, we have

K2(Ty1) > (D, Ty ) 4 4(T(K T, - 211

=2

+(3[5] = 2) 4T (R - 2Dyl + (T (KT - 2w = 1)
~ (o () + (D) + 2

by Lemma 5.12. By o, (T)yi) > jj(T(f( )yt - 21)1/12 and 24T + (v —
DI(T(K),1 - 27) > (oo (L) + 560 (Tyt))

K}%(pr)

"Xt (Cpt) + 701 (Tpi) 4+ 30,1 (Cpt)

we have

> (D, ) H(T (K, - 21

+ (3 [%} - n) TR, - 21yl + (%r - 2) H(T(KT), - 20

Hence it is sufficient to show

m

4((3 [5] —2)1}—1—%7“—2)+2m(v+2)(27—02,2)20
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It clearly holds by (5.4). O

PROPOSITION 5.17.  Assume r > max{60
holds. Put

n—l—l’ (03)

Cspi=(n—1)2n—1).
Then it holds that
2(5an( p) > Cs3 nij

PrOOF. Take 27 € R; and D € Ly (Ry,27). Denote by D the
StabT(kf) (z1)-orbit of D. We introduce the following notations.

ot

e mp := mult_+D.

e m :=min{m’ | m' > mp,m' € nZso or nZso+ 1}.
From Lemma 5.13, there exist jj(T(I?T)pT - 211 singular points of the branch
loci on I')+ which is analytically equivalent to zFeD. Let ¢ N WN — Wt
be the composite of blowmg—ups at ZJr j=1,- (T(IN(T)pT 2N, Let ﬁf
be the branch locus on WN and pr a fiber of @ := @A+ 0 at over pi. Put
v :=1-1/(D1,T}t),+. Then we have

(n—1)?

K?(pr) > (D7rpT)zTﬂ(T(KT)pT ’ ZT)Z

+ (02 =) [Z] =) @&, -

(n—1)2 . n?—1

-2 (Jo,e(Tpt) + J0.e(Tpi)) + . Xeu (Lpt)-

n
By Xe,; (Dpt) > T,:/12, 40,0 > §(T(K ), - 201 and 20T > (joo(Tyr) +
730.6(T, 1)), we have

K3, 2" D ) TR, -

(GERIE )<T< Dt - 21)
4(n—1)2 —1

(™ T TR e 51,

+
+
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Thus, it is sufficient to show

(0[] ) o )
+ (29(n— 1) = C3,) (D,T1).1 > 0.

Since D is in L ((Ri)p, 21 and [+ has nodes at 2t we have 2m > 2mp =
(D, Tt ).+ and v > 1/2. Hence it suffices to show

(5.7) 2”<((n2—1) EED =)y +”2_1r>

n 12n

+2m ((n—1)* — Cs,) > 0.
The coefficient of m in (5.7)
2(n* = 1) +2((n — 1) — Cs,,)

is non-negative. Hence we may assume m = n + 1 to show (5.7). Thus, it
suffices to show

2n(n® — 1) +2(n+1) ((n — 1)® — Cs,,) > 0,

2_1 _1)2
n T_4(n 1)
12n n

—n > 0.
We can check it by simple calculations. [J
PROPOSITION 5.18.  One of (C1), (C2) and (C3) holds.

PROOF. Supposing that (C1), (C2) and (C3) do not hold, we lead a
contradiction. We note that I'); ¢ Ry in this assumption. Hence we have
'y ¢ R. Take an arbitrary singular point z € R. Let PN R; be the
singular point such that TI(z") = 2, where the morphism IT is in (4.1). Since
(C1) does not hold, we have StabT(RT)pT (z1) # {id}. By Corollary 4.8, the

singular point z' € R; is on a node of I' ;. Hence the singular point z € R
is on a node of I',. Let I'y and I'y be local analytic branches of (I')yeq at
z. Since (C2) and (C3) do not hold, R consists of I'; and I's locally around
z. Hence it occurs only if n = 2. If ', is of type lI;, we have (I'))rea C R.
But it is a contradiction. Hence we may assume that I', is of type lI. with
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¢ > 2. Since R has the singular point z, we need to blow up at z to get R.
Let Ty be the irreducible component of (I',);eq Which contains I's and Iy
the proper transform of I's in R. By n = 2, it holds f% < —4. Hence we
need blowing-ups on I's at least two times to get R. Furthermore, since an
arbitrary singular point of R is on a node of (I'y)red, there exists a singular
point of R on the other node of (I'y)req consisting of Ts. Let 253 be the node
and I's another irreducible component of (I'p)red passing through 253. We
note that the node z;?) of (I'p)rea consists of the intersection of Ty and T5.
Since (C2) and (C3) do not hold, R consists with T'y and T's locally around
293. Hence we have I's C R. Inductively, we can show (I'p)red C R. But it
is a contradiction. [J

5.2. The proof of Proposition 5.5
Let T, be of type lI.. Assume R is smooth locally around I', and has a
good ramification point on I',. We will show

mEK3(Tp) > (n— 1)%K.

Let z be a good ramification point of ¢|g, and I', the fiber through z of
type (1. where [ and ¢ are non-negative integers. Recall the diagram (4.1).

At ———>A

Since the ramification index of ¢|g, : Ry — B at z is greater than [, the
restriction map yat|(ry), : (Bt)n — Al is ramified at 2f € TT71(2). We have

(n—1)°

K]%(FpT) > (((RT)fHPpT)zT - 1) ﬂ(T(IA{VT)pT ’ ZT)Z

Hence we have

(n—1)?

2
K;(Tp) > -

(R, Tpi) ot — 1) 8(T(KT),1 - 21).
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So it is sufficient to show

(zh) = 0.

pt

26(n — 1) ((Ri)n, Tpt) ot — 1) — 6(n — 1)°4(Staby )

From ((Ri)n, Lpt)+ = ﬁ(StabT(RT) T(zT)), it suffices to show

26(n —1)% ((Ri)n: Tpt) ot — 1) = 6(n = 1)*((Ri)n, Tpt) ot 2 0.

By the assumption ((R;)n, I'yt).+ > 2, we have the desired inequality.

6. Upper Bound of the Order

Let f: S — B be a primitive cyclic covering fibration of type (g,1,n)

over an elliptic surface ¢ : W — B. We consider the upper bound of the
order of the automorphism groups of f. Let I', be a fiber of ¢ such that
K]%(Fp) > 0. Put r, := §Staby(p). Since K]%(F) > 0 for an arbitrary fiber

I', we have
K)% > #(H 'p)K)%(Fp)-

By #G = tK#H = niK#H, we have

7(Tp)
Put
12026
n _TL2 _ 17
, 6126

ngK ;
<u
K3y — "
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from Proposition 5.3 and 5.4. We recall
6 := min{fAut(l'y, O,)| Vp € A with I';, is smooth}.
We note that 6 = 2,4 or 6.

THEOREM 6.1. Let f: S — B be a non-locally trivial primitive cyclic
covering fibration of type (g,1,n) with g > max{%, %n(n— 1)+1}.
Put

_12n%
n2—1

Hn

Assume furthermore that when g(B) = 0, f has at least 3 singular fibers.
Let G be a finite subgroup of Aut(f). Then it holds

G < {6<2g<B> ~ DK (g(B) 21
R (9(B) = 0)

PRrROOF. Put r, = §Staby(p) for p € B. Let 7 : B — B/H be the
quotient map of B by H. Note that 1, is the ramification index of 7 at p.

(i) The case of g(B) > 2.

We denote the genus of B/H by g(B/H). From the Hurwitz formula,
we get

ri

29(B) —2 =tH (29(3/}1) —2+ZS: _1> :

r

where s is the number of ramification points and r; is the ramification index.
Put

T:=2¢9(B/H) —2+i
i=1

Ti—l
)
ri

which is positive. If g(B/H) > 2, then we get $H < g(B)—1by T > 2, and
it follows that r; <fH < g(B) — 1 for any : = 1,-- - s.

Assume that g(B/H) = 1. Then we get s > 0 by T'> 0. By r; > 2
for any i = 1,---s, we get 1 — 1/r; > 1/2. Therefore we obtain r; < §H <
4(g(B)—1) forany i =1,---s by T > 1/2.
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Assume that g(B/H) = 0. When s > 5, we get r; < fH < 4(g9(B) — 1)
forany i =1,---s by T'> 1/2. When s = 4, one of r; is not less than 3. So
we get ; < fH < 12(g9(B)—1) forany i =1,---s by T > 1/6. When s = 3,
we may assume 11 > ro > r3. By the definition of T', we get

so we obtain

r—1-L - <ogB) -2
ry T3

If r3 = 2, then 79 > 3, so we get

r1—1—%—%§2g(3)—2.
Hence we get 1 < 6(2g(B) —1). If ro > 73 > 3, we get r1 < 3(2¢9(B) — 1).
Therefore we obtain 7, < 6(2g(B) — 1) for any p € B.

(ii) The case of g(B) = 1.

We do not have to consider a translation, since it has no fixed points.
Then it is well known that the order of the automorphism groups of B which
fixes a point is at most 6. So the order of the stabilizer of H is at most 6,
and we get 7, < 6.

(iii) The case of g(B) =0

If H is neither a cyclic group nor a dihedral group, the order of the
stabilizer of H is at most 5. So we may assume H is either a cyclic group
or a dihedral group. It is well known that a rational pencil with at most
two singular fibers is iso-trivial. If the number of singular fibers of f is at
least three, then there exist a point p € B such that p,, > nﬁl?/K]%(Fp) and
rp < 2. Hence we may assume 7, < 2. [J

THEOREM 6.2. Let f:S — B be a non-locally trivial primitive cyclic
2
covering fibration of type (g,1,n) with g > max W, %n(n— 1)+1}.
Put

;o 6126
B = G =D (5n— 4y
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Assume furthermore that the branch locus R has singular points on at least
three (resp. one) fibers when g(B) = 0 (resp. g(B) > 1). Let G be a finite
subgroup of Aut(f). Then it holds

G < {6<2g<B> ~ D KG (9(B) 21
= K3 (9(B) =0).

COROLLARY 6.3. Let f: S — B be a non-locally trivial bielliptic fibra-
tion with g > 17. Assume furthermore that the branch locus R has singular
points on at least three (resp. one) fibers when g(B) =0 (resp. g(B) > 1).
Let G be a finite subgroup of Aut(f). Then it holds

4G < 248(29(B) - 1)K} (9(B)
~ | 206K7 (9(B)

v

1),
0).

COROLLARY 6.4. Let f: S — B be a non-locally trivial primitive cyclic
covering fibration of type (g,1,n) with g > max{?w#, In(n—1)+1}.
Put Aut(S/B) := {(ks,idp) € Aut(f)}. Assume that the branch locus R

has a singular point. Then it holds
6126
K3.
(n—1)(5n—4)" '

tAut(S/B) <

7. Example

We construct bielliptic fibrations f : S — B with a large automorphism
group. Let (E, O) be an elliptic curve with the identity element O € E. The
symbol P& @ denotes the sum of P, () € E as the group law. Furthermore,
we define

KP:=P@---@&P.
k d.

Let e be a positive even number and P a point of E of order e. We define
the automorphisms of E as follows:

p:E—-FE; Q—P®dQ
L E—FE; Q— oQ
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where ©(Q) denotes the inverse element of (). Let QQ1,Qs € E be distinct
points such that [2]Q1 = [2]Q2 = P. We note that the order of @1 and Q2
is 2e. We define divisors

0; = Qi +[3]Qi + -+ 2 - 1]Q; (1 = 1,2),
Rp :=01 + 09.

We recall that P ® @ = R if and only if P+ @ ~ R+ O, where the symbol
~ means the linearly equivalence. Since e is even, we have 07 ~ 05 ~ eO.
Hence we consider a double covering

7 F := Specp, ((’)EEBOE(—Dl)) — F
branched along Rp € |201]. Let Kg be the automorphism group on E

generated by 7p and ¢, then Kp has order 2e. Since 01 and Rp are Kp-
stable, there exists kK € Aut(F') for any k € Kg such that the diagram

F F
E E
commutes.

Put W := P! x E and let ¢ : W — P! be the projection. An action of
k € Kg induces the following action on W':

K
_—

e
K

KW =W : (z,y) — (z,k(y))

Thus, we can regard Kg as a subgroup of Aut(W/P!). Let Rj, and 9, be
the pullback of R and 91 by the natural projection W — E.

We recall that the icosahedral group Igy acts P'. We denote by pi,
.-+, p12 the Igp-orbit on P! with length 12. Let I'; be the fiber of ¢ over p;.
We define the action on W for h € Iy as follows.

h:W — W (z,y) = (h(z),y)
Hence we define an automorphism group

G:=Igppx Kg =2 IgoKg C Aut(go).
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The order of G is 120e. We define divisors
6 12
=0+ I, Ri=Ry+)» I
i=1 i=1

Since R and 20; are linearly equivalent, we have R € |20|. Hence we can
take a double covering

6 : Sy := Specyy (OW @OW(—a)) W

branched along R € |20|. Let S be the minimal resolution of Sy. Then the
induced fibration f : S — P! is a bielliptic fibration with ¢ = [ + 1. By
the assumption of é, we have K*0 ~ 0 and k*R = R. Thus, any action
k induces an action K € Aut(f). Hence we can construct a subgroup G
of Aut(f) generated by k’s and the covering transformation. Then G is a
finite subgroup with §G > 240e.

On the other hand, we have

K}(I;) = 2e.

since R has e ordinary double points on each I';. Thus, we have KJ% = 24e
and it holds that §G > 1OKJ%.

References

1] Akaike, H., Bounds for the order of automorphism groups of cyclic covering
fibrations of a ruled surface, arxiv:2011.03000v3[math.AG].

[2]  Arakawa, T., Bounds for the order of automorphism groups of hyperelliptic
fibrations, Toéhoku. Math. J. 50 (1998), 317-323.

(3] Barja, M. A., On the slope of bielliptic fibrations, Proc. Amer. Math. Soc.
129 (2001), 1899-1906.

[4] Chen, Z., Best bounds of automorphism groups of hyperelliptic fibrations,
To6hoku. Math. J. 50 (1998), 469-489.

[5] Enokizono, M., Slopes of fibered surfaces with a finite cyclic automorphism,
Michigan Math. J. 66 (2017), 125-154.
[6] Enokizono, M., Upper bounds on the slope of certain fibered surfaces, J.

Math. Soc. Japan. Advance Publication (2022), 1-51, https://doi.org/
10.2969/jms;j /86278627 .

[7] Kodaira, K., On compact analytic surfaces I, Ann. of Math. 71 (1960),
111-152; 11, ibid. 77 (1963), 563-626; 111, ibid. 78 (1963), 1-40.



Hiroto AKAIKE

Konno, K., A lower bound of the slope of trigonal fibrations, Intern. J. Math.
7 (1996), 19-27.

Miranda, R. and U. Persson, Torsion groups of elliptic surfaces, Compositio
Math 72 (1989), 249-267.

Xiao, G., Bound of automorphism of surfaces of general type, I, Ann. of
Math. 139 (1994), 51-77.

Xiao, G., Bound of automorphism of surfaces of general type, II, J.Algebraic
Geom. 4 (1995), 701-793.

(Received August 29, 2022)
(Revised April 3, 2023)

Department of Mathematics
Graduate School of Science

Osaka University

1-1 Machikaneyama, Toyonaka
Osaka 560-0043, Japan

E-mail: u802629d@ecs.osaka-u.ac.jp



