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Construction a la Ibukiyama

of Symmetry Breaking Differential Operators
By Jean-Louis CLERC

Abstract. The construction of symmetry breaking differential
operators, using invariant pluriharmonic polynomials, due to T.
Ibukiyama in the context of the Siegel upper half space, is extended
for scalar representations to general Hermitian symmetric spaces of
tube-type. The new context is described in terms of Euclidean Jordan
algebras and their representations. As an example, new and explicit
differential operators are obtained for the restriction from the tube
domain over the light cone to the product of two upper half-planes.

Introduction

In his seminal paper [6] T. Ibukiyama introduced a construction of holo-
morphic differential operators, in the geometric context of the Siegel upper
half space, its group of holomorphic diffeomorphisms (the symplectic group)
and the holomorphic series of representations. The differential operators he
constructs are examples of symmetry breaking differential operators in the
sense of T. Kobayashi (see [9]). They can also be viewed as generalizations
of the classical Rankin-Cohen brackets, and they play an important réle in
the theory of Siegel modular forms. For more on the subject, see [7] and
the bibliography therein.

In the present paper, a broader geometric context is considered, namely
Hermitian symmetric spaces of tube-type. The theory of Euclidean Jordan
algebras is very useful to handle these situation and the (lesser known)
notion of representation of a Euclidean Jordan algebra, as introduced in [5]
and further studied in [1, 2, 4] is central to the present article.
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The main theorem of [6] is rephrased and proved in this broader context.
However, we only explore the situation called (I) in [6], and we only consider
the case of scalar holomorphic representations.

As a test of the efficiency of the process to produce new and explicit
examples, some symmetry breaking differential operators are obtained, in
relation with the restriction from the tube-domain over the light cone to the
product of two upper-half planes (or equivalently from the Lie ball to the
bi-disc).
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To complete the introduction, here is a more precise description of this

paper. Let D be a Hermitian symmetric space, and let Aut(D) be its
group of holomorphic diffeomorphisms. Let D’ be a Hermitian symmetric
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subspace of D. Let G be the subgroup of Aut(D) which preserves the smaller
domain D’. Let 7 a representation of Aut(D) realized on the space O(D)
of holomorphic functions on D, and let 7’ be a representation of G' which
is realized on the space O(D’). Finally let res : O(D) — O(D’) be the
restriction map. In this context, a symmetry breaking differential operator
(SBDO for short) is a holomorphic differential operator D on D such that,
for any g € G

(resoD) o(g) = 7' (g)(res oD) .

Among the Hermitian symmetric domains, there is the subclass of do-
mains of tube-type, those which can be realized as Siegel domains of type
I, i.e. complex tubes over convex symmetric cones in a Euclidean space. In
turn, symmetric cones are related to Euclidean Jordan algebras. More pre-
cisely to any Euclidean Jordan algebra J is associated a convex symmetric
cone ) and a Hermitian symmetric space of tube-type T, and vice versa,
in a very functorial way (see [11] Ch. I Section 9). The notion of complete
system of orthogonal idempotents (for short CSOI) allows to construct spe-
cific Jordan subalgebras J’ such that the associated tube-type domain Ty
is a Hermitian subdomain of T, both of the same rank. An example is the
situation studied by Ibukiyama, where J = Symm(r) is the Jordan algebra
of real symmetric matrices of size r, J' = Symm(r1) @ - - - & Symm(ry) and
r1 + 19+ + 1 = r. The corresponding tube-type domains are the Siegel
upper half-space T = H, and Ty = H,, @ --- © H,,.

Section 1 is devoted to study this situation for a general Euclidean Jor-
dan algebra and a general CSOI. The structure of the subgroup of Aut(7q)
which preserves the smaller tube-type domain T is precisely described.

The notion of representation of a FEuclidean Jordan algebra, systemati-
cally introduced by J. Faraut and A. Koranyi (see [5]) offers a nice frame-
work to reinterpret and generalize Ibukiyama’s construction. The notion is
recalled in Section 2, and further developped in the context of Section 1.
The notion of pluriharmonic polynomials is introduced in Section 3, and the
classical Hecke formula (already extended in [8]) is further extended to the
present situation.

Section 4 recalls the construction of the (scalar) holomorphic series of
representations for the group Aut(7Tq), in fact for a twofold covering of its
neutral component.



54 Jean-Louis CLERC

Section 5 contains the main result, and reduces the analytic problem
to an algebraic problem about a class of polynomials on J. The problem
is hard to solve in general, but many cases can be investigated, using in
particular the classical theory of compact simple Lie groups and theory of
invariants (see [7]).

Section 6 is devoted to an example, corresponding to the case where
the Jordan algebra J is of rank 2. The domain Tg, is the tube-domain over
the light cone, the subdomain T is a product of two upper half-planes.
The representations of J involved are interpreted as Clifford modules. In
this case, we investigate the algebraic problem and give explicit solutions,
producing new pluriharmonic polynomials and new SBDO.

1. The Algebraic/Geometric Setting

Let J be a Euclidean Jordan algebra. The main reference for results
and notation is [5]. See also [11].

1.1. Complete system of orthogonal idempotents and the asso-
ciated subalgebra

DEFINITION 1.1. A complete system of orthogonal idempotents (CSOI
for short) of J is a family ¢ = (¢, ¢a,. .., c;) of mutually orthogonal idem-
potents of J such that e =c; +co + -+ + ¢y.

Let ¢ = (c1,¢2,...,c,) be a CSOI of J. For each j,1 < j <k, let J; be
the Euclidean Jordan subalgebra defined by

Jj=J(cj,1) ={zx € J,cjx =z} .

Each J; is a subalgebra of J, and for any 7, j such that 1 < i # j <k,
JiN Jj = {0} and JiJj = 0. Define

J(C) = @J] .
j=1

Then J(c) is a Euclidean Jordan subalgebra of J, and we refer to it as the
subalgebra associated to the CSOI c.
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1.2. The group L(c)
Let Str(J) be the structure group of J. Its elements may be charac-
terized as follows : an element ¢ € GL(J) belongs to Str(J) if and only if

¢ preserves J* (the open set of invertible elements in J) and there exists
h € GL(J) such that for any x € J*,

(bx)™t = ha™t .

Moreover, the element A is unique and equal to ot

Consequently, the structure group Str(J) is a closed Lie subgroup of
GL(J), stable by the Cartan involution £ — ¢¢~".

Let © be the symmetric cone in J which can be defined as the set of
squares of invertible elements. The group G(€2) of all linear transformations
of J which preserve ) is closely connected to Str(J). In fact, both groups
have the same neutral component, henceforth denoted by L. The next result
is introduced (with proof) because of lack of reference.

ProrosiTioN 1.1. Let J be a Fuclidean Jordan algebra. The closed
subgroup of GL(J) generated by {P(x),x € Q} is equal to L.

PROOF. Let Ly be the closed subgroup generated by {P(z),xz € Q}.
For x € Q, P(x) belongs to L, so that L1 C L.

Let [ = Lie(L) = ste(J) and [; = Lie(L;). Let p = {L(x),z € J}. Recall
that for any = € J, P(expx) = exp2L(x). Moreover, ) = expJ, so that
[1 D p, and hence

LD [p,pl@p.
On the other hand,
[ = Der(J) ®p

where Der(J) is the space of derivations of J, which is known to be equal
to [p,p], so that

[=[p,p]®p.

and hence [; = [. As both L and L; are connected and L; C L, the
conclusion follows. O
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Let J be a Euclidean Jordan algebra, let ¢ = (¢, ¢a,...,c;) be a CSOI
and let J(c) be the associated subalgebra. Define

Str(c) = {¢ € Str(J),£(J(c)) = J(c)} .
The group Str(c) is a Lie subgroup and its Lie algebra str(c) is given by

str(c) = {T € ste(J), T(J(c)) C J(c)} .

PROPOSITION 1.2.  The group Str(c) is stable by the Cartan involution.

PROOF. Let J* be the open subset of invertible elements in J, and let
J(c)* the open subset of invertible elements of J(c). Then

(1) J(e)< = J(c)nJ* .

In fact, if x € J(c) is invertible in J, its inverse belongs to R[z]. As e
and z belong to J(c), R[x] C J(c), so that z is invertible in J(c). Hence
J(c)nJ* C J(c)*. The opposite inclusion J(c)* C J* is trivial.

Now assume that ¢ belongs to Str(c). Let z € J(c)NJ*. As ¢! belongs
to Str(J),

0 e = (tz)"t € J¥ N J(c)

and (1) implies that 0" maps J(c)* into itself. As J(c)* is dense in J(c),
¢ maps J (c) into itself. Hence the group Str(c) is stable by the involution
C— 0 O

Notice that, as a consequence of Proposition 1.2, the Lie algebra str(c)
is stable by the Cartan involution T +—— —T'°.

PROPOSITION 1.3. Let T € ste(c). Then T maps each J; into itself.

PROOF. IfT € [(c), then both 2(T—T") and 3(T+T") belong to [(c), so
that it suffices to prove Proposition 1.3 separately for T'= D € [(c)NDer(J)
and for those T'= L(v),v € J which belong to [(c).

So let D be a derivation of J which maps J(c) into itself. For 5,1 < j <
k, Dc; = chz = 2¢;Dc;j so that Dc; € J(cj,3). As J(cj,3) N J(c) = {0},
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Dc¢j = 0. Now for x € Jj, Dx = D(cjz) = ¢;Dx and hence Dz € J;. As
this is true for any j, the conclusion follows in this case.

Next, let ' = L(v) for some v € J and assume that L(v) maps J(c)
into itself. Let j,1 < j < k and let v = v1 + v1 + vg be its decomposition
relative to the idempotent c¢;. Then ’

[SIES

Do =

L(v)c; = L(cj)v =v1 +

As J(cj, 3) N J(c) = {0}, this forces L(v)c; = vy € Jj. So, for any j,1 <
Jj <k, L(v)e; € J;. Hence

v=L(v)e=Lw)(c1 +---+¢) = Lv)er + - - + L(v)cy,

belongs to J(c). But now for v € J(c), L(v) maps each J; into itself and
the conclusion follows. [J

Let L(c) be the neutral component of Str(c).

PROPOSITION 1.4. Let ¢ € L(c). Then ¢ maps J; into itself for any
7,1 <j < k. For each j,1 < j <k, the induced map {; : J; — J; belongs
to Lj, the connected component of Str(J;).

PROOF. Let ¢; = exptT be a one-parameter subgroup in L(c). Then
by differentiation at ¢ = 0, X belongs to [(c), which by Proposition 1.3
implies X (J;) C J; for any j,1 < j < k. Hence ¢;(J;) C J; for any t € R.
So the proposition is satisfied for all elements of L(c) sufficiently closed to
the identity. As L(c) is connected, the property ¢(J;) C J; is valid for all
¢ e L(c).

For the second part of the proposition, recall that for ¢ € Str(J) and
x € J,

2) P(lx) = LP(x)l"

Let ¢ € L(c) and let z € Jj, so that ¢z; € J;. The operators ¢, ¢*, P(x) map
J; into itself, so that by (2), P(¢x) also maps J; into itself. By restriction
to Jj, (2) implies

Pj(¢z) = £;P;(x) (L),
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By [5] Lemma VIIL.2.3 applied to J;, this implies ¢; € Str(J;) and
(eh,; = Z;-. As the restriction map ¢ —— /; is continuous, it follows that ¢;
belongs to L;. [J

The last proposition allows to define the restriction map
L(C) 50 — (61,52,...,&0 €Ly X Lox--- XLy .
For each j,1 < j <k let 2; be the symmetric cone of Jj.

PROPOSITION 1.5. Let x1 € J1,...,x; € Jj,..., 2 € Jp and let © =
x1+x2+ -+ € J(c). Then x belongs to Q iff x; belongs to Q; for
1<j<k.

Proor. For any j,1 < j < k let r; be the rank of J;. There exists a
Jordan frame (651) , grj )) of J; such that
T = a(l)e§~1) +- ag-rj)eg-rj) )
for some ag-i) € R,1 <4 < rj. The collection {egl), .. .,e&rl), . ,e,(gl), e

e,(:k)} is a Jordan frame of J and

k T‘j . .
T=21+T2+ -+ Tk :Z Zag-l)eg.z)
j=1 i=1
Now z; belongs to 2; if and only if agi)

to Q if and only if ag-i) >0for 1 <j<kandl<¢<r;. The proof of the
equivalence of the two properties follows easily. [

> 0 for 1 < ¢ < rj, and = belongs

Consequently, let
Qec)=Je)NQ=Q +---+Q + -+ Q.

PROPOSITION 1.6. Let ¢ an idempotent of J and let x € J(c,1), y €
J(c,0). Then P(z +y) maps J(c,\) into itself (A =1,3,0) and is equal to

i) P (z) on J(c, 1))
i) 2(L(z)L(y) + L(y)L(z)) on J(c,3) -
i) Poly) on Jo(c)
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PROOF. As P(y) = 2L(y)? — L(y?) we get

Px+y) =
2L(z +y)* — L((z +y)?)
= 2L(2)* + 2L(y)* + 2(L(x)L(y) + L(y) L(x)) — L(z*) — L(y*) — 2L(zy)
= P(x) +2(L(z)L(y) + L(y)L(z)) + P(y) .

Now, as P(c)z = z, P(z) = P(P(c)z) = P(c)P(z)P(c), P(xz) maps J(c,1)
on itself and is 0 on J(c, 1) & Jo(c). Permuting the role of ¢ (resp. x) and
(e—c) (resp. y), P(y) maps J(c,0) on itself and is 0 on J(c, 1)&.J(c, 3). Next,
L(z)isOon J(c,1)and L(y) is 0 on J(c, 1), so that 2(L(z)L(y)+L(y)L(x)) is
0on J(c,1)®J(c,0), and finally both L(z) and L(y) maps J(c, 3) into itself,
so that 2(L(x)L(y) + L(y)L(z)) maps J(c, 1) into itself. This completes the
proof of Proposition 1.6. [

PRrRoPOSITION 1.7. Let 1 € Q4,...,x2, € Q. and set x = 11 + T9 +
-+ x. Then P(x) belongs to L(c) and its image by the restriction map is
equal to

(P1($1)7P2(x2)7 . ’Pk(xk)) :

PROOF. As z belongs to €2, P(z) belongs to L. Let j,1 < j < k and set
yj = x—xj. Thenx; € J(cj,1) and y; € J(cj,0). Hence, by Proposition 1.6,
P(xz) = P(z;+y;) maps J(cj,1) = J; into itself and the induced restriction
on J(c;,1) = Jj is equal to Pj(x;). O

Let K be the neutral component of the group of automorphisms (for the
Jordan structure) of J. Recall that K is a maximal compact subgroup of
L and its Lie algebra ¢ is equal to Der(J). It is also the stabilizer of the
neutral element e in L. For each j,1 < j < k, the definition of Kj is the
same, adapted to the Jordan algebra .J;.

PROPOSITION 1.8.  The image of K N L(c) by the restriction map is
equal to K1 X Ko X -+ X K.
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PrOOF. Let k € KN L(c) and let (ki, ko, ..., k) be its image by the
restriction map. Then ke = e, so that, for any j, kjc; = ¢; and hence
k;j € Kj. Next, let uj,v; be in J;. Then [L(u;), L(v;)] is a derivation of J
which preserves J(c) and induces

(0, ce ,O, [Lj(Uj),Lj(Uj)],O, ce ,0)

on J(c). As elements of the form [L(u;), L(v;)] generate Der(J;), it follows
that Der(J;) x Der(Jz2) x - -+ x Der(Jy) is contained in the image by the
restriction map of Der(J) N L(c). Hence the image by the restriction map
of K N L(c) contains a neighourhood of the neutral element in K; x Ka x
-+ X Kj. As the image of K N L(c) is compact and as Kj x Ky X -+ x K},
is connected, the image is equal to K1 x Ko x --- x K. I

Let
M(c)={¢ € L(c),lx =z for all x € J(c)} .

Observe that M (c) is a closed normal subgroup of L(c), which is contained
in Aut(J). Let Lie (M(c)) = m(c).

PRroroOSITION 1.9.

i) The restriction map
L(C) 54— (51,...,&0 €Ly x---x L

s a surjective homomorphism.
i1) The kernel of the restriction map is equal to M(c).

iii) L(c) is the closed subgroup of L generated by {P(x), = € Q(c)} and
M(c) .

PROOF. Any element of L; can be written as k; P(z;) for some k € K;
and some z; € ;. So i) follows easily from Proposition 1.7 and Proposition
1.8. Further, 4i) is a merely a rephrasing of the definition of M(c).

Finally, let z; € Q; and set ©; = ¢1 + -+ c¢j—1 +x; +--- + c;. The
image of P(Z;) by the restriction map is equal to

(Idy, ..., 1d; 1, Pj(z;),1d; 1, ..., Idg) .
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As L; is the closed subgroup generated by {P;j(z;),z; € Q;}, the image by
the restriction map of the closed subgroup generated by {P(z;),z; € Q;} is
equal to {Id; } x -+ x{Id;j—1} x Lj x---x {Id;} and #3i) follows by repeating
the argument for all j,1 < j < k. [

1.3. The group G(c)
Let J be the complexification of J, and let

To=J+iQ2C]

be the tube over the cone 2, which is a Hermitian symmetric domain. Let
G be the neutral component of the group Aut(7Tq) of all bi-holomorphic
automorphisms of Tq,.

Let J; (resp. J(c)) be the complexification of J; (resp. J(c)). For
J;1 < j < k consider the tube-type domain T, C J;. As a consequence of
Proposition 1.5,

Tonl(c)=To, @ ®To, @-- & Ty,,

and this domain will be denoted by Tqc).
Let G(c) be the neutral component of the subgroup of G defined by

{g €GqG, g(TQ(c)) - TQ(C)} :

The subgroup G(c) is a closed Lie subgroup of G. We first determine the
Lie algebra g(c) of G(c). Recall that the Lie algebra of g is given by

g=JolegJ={X=(uTv), uveld Tel wvelJ}
with Lie bracket
[(ulaTlavl)v (UQaTZaUQ)] — (U,T,’U)
u :T1UQ —Tzul,

(3) T :[Tl, TQ] + 2u10ve — 2usuy,
v =—Tive + Ty .

For X = (u,T,v) € g, the vector field induced on Ty, by the one-parameter
subgroup exptX is equal to

X(z)=u+Tz—- P(2)v, zeTq .
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See [5] X.5 page 211.

PROPOSITION 1.10. The Lie algebra of G(c) is given by

g(c) ={X = (u,T,v), we J(c), Tellc), veld()}

PROOF. Assume that X = (u,T,v) with u € J(c),T € I(c),v € J(c).
Let z € Tg(). Then, by an elementary calculation u+71'2 — P(z)v belongs to
J(c) and hence, by exponentiation, exp tX preserves T, 0(c) SO that X € g(c).

Conversely, suppose that the vector field X (z), z € T is associated to a
one-parameter group of G(c). Then X (z) = u+ Tz — P(z)v must belong to
J(c) whenever z belongs to Tqc). As X(z) is polynomial in z, this property
has to be valid for any z € J(c). Set z = 0 to get v € J(c). Next, for any
t e C* and z € J(c)

1

Z(X(tz) —u) =Tz —tP(z)v € J(c) .
As this has to be valid for any ¢t € C*, necessarily, Tz € J(c) and P(z)v €
J(c) for any z € J(c). This implies that 7" maps J(c) into itself, hence

belongs to [(c). Finally, set z = e € J(c) to get P(e)v =v € J(c). O

PROPOSITION 1.11. Let g € G(c). Then there exists g1 € G1,...,gx €
Gy such that for any z = 21 + 22+ -+ + 2 € To(c),

(4) 9(2) = g1(21) + g2(22) + - - - + gr(2) -

PROOF. Let first assume that ¢ = exp X, where X € g(c). Then the
vector field generated by the one parameter group ¢g; = exptX is given by

X(z)=u+Tz— P(z)v ,u,v e J(c),Telc).
More explicitly, let

U= up+ug + -+ U, V=01 + V2 + A+ Vg,
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where for any j,1 < j <k, uj,v; € J;. By Proposition 1.3, T" maps each
J;j into itself and induces for each j,1 < j < k an endomorphism 7}, which
belongs to [;. As a consequence, at any point z = z1 + 22 + - + 2, € To(c),

X(z) = Xi(21) + Xo(22) + -+ + Xg(2x)

where X;(z;) = u; + Tjz; — P(zj)vj. Now let X; = X (uj,Tj,v;) € g; and,
for t € R, let g;; = exptX; € G;. Then by integration

gi(z1 + 22+ -+ 2) = g1.4(21) + g2.4(22) + -+ + gre(2k)

for any z = 21+ 22+ ... 2 € T(c)- So, the existence of a family (g1, ..., gr)
which satisfies (4) is proven for any ¢ in the image of the exponential map,
in particular in some neighborhood of the identity in G(c). Now property
(4) is stable by composition, i.e. if satisfied by two elements g and h of G(c),
it is satisfied for gh. As G(c) is connected, the property (4) is satisfied for
all elements of G(c). This finishes the proof of the proposition. [J

The last proposition allows to define the restriction map

G(c)>g— (91,92,---,9r) € G1 X G2 X --- x Gy, .

THEOREM 1.1. The restriction map is surjective. Its kernel is equal to
M(c).

PROOF. The restriction map induces an homomorphism from g(c) into
g1 X g2 X - -+ X g. From the proof of Proposotion 1.11, this homomorphism
is given by

X = (U, T7 U) i— ((Ul,Tl,Ul), R (ujaj—jjavj)a ) (Uk,Tk,Uk))

where u = uy +ug + -+ +up,u; € Jj, v =v1+---+v,v; € Jjand Tj =
1};,- By (the Lie algebra version of) Proposition 1.9, this homomorphism is
surjective. Hence the image of the restriction map contains a neighborhood
of the neutral element in Gy x --- X G. As for any j,1 < j < k, Gj is
connected, this implies the surjectivity.

Now let g be an element of G(c) which is in the kernel of the restriction
map. Then, as ¢; +c2 +...¢cx = ¢, the point ie belongs to Tq(c) and hence
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by assumption, g(ie) = ie. The differential Dg(ie) of g at ie belongs to L.
The tangent space to T'(£2(c)) at ie is equal to J(c), and Dg(ie) induces
the identity on it, hence belongs to M(c), say Dg(ie) = m with m € M(c).
Now consider ¢’ = gom™'. Then ¢’ is an isometry of the tube T, for the
Bergman metric which fixes the point ie and has differential Dg'(ie) = idj.
Hence ¢’ =id and so g € M(c). O

1.4. c-homogeneous polynomials and L(c)-covariant differential
operators
In this section we assume that J is a simple Euclidean Jordan algebra.

PRrROPOSITION 1.12. Let J be a simple Fuclidean Jordan algebra and
let ¢ be an idempotent of J. Then J(c,1) is a simple Jordan algebra.

PrROOF. Let c=dy+do+---+d,; be a decomposition of ¢ as a sum of
primitive idempotents of J. For any 1 < j < m, as cd; = dj, d; belongs to
J(c,1). This family of primitive orthogonal idempotents can be completed
to obtain a Jordan frame of J, namely {dy,ds,...,dmn,dmn+1,...,d-}. The
corresponding Peirce decomposition yields

J= P Jy

1<i<j<r
Now by an elementary check,
JijNJ(c,1) #{0} ifand only if 1 <i < j<m.

Hence J(c) = @1<;<j<y Jij- Now assume that J(c, 1) could be decomposed
as a sum of two non trivial Jordan subalgebras J(c,1) = J; & Ja. Let e;
(resp. e3) be the neutral element of J; (resp. Jz). Then ¢ = e; + €5 is a
decomposition of ¢ as a sum of two orthogonal idempotents, and there is a
Jordan frame of J(c,1) say {d1,ds,...,dy,} such that

er=di+--+dy, ea=dp1+-+dy.

Notice that di,...,d, € Ji,dpt1,...,dn € Jo. The space Jip41 is not
reduced to {0} (a consequence of the fact that J is assumed to be simple).
Let w € Jipt1,w # 0. Then w = wy + wo, w1 € Ji,w2 € Jo. Now



Construction a la Ibukiyama 65

diw; = dyw = %w, hence w € J;. But similarly dp jwe = %w and hence
w € Jo. As w # 0 whereas J; N Jy = {0}, this yield a contradiction. [J

Let ¢ = (c1,¢2,...,cr) be a complete system of idempotents and let
J(c) be the associated algebra. As a consequence of Proposition 1.12, J; =
J(cj,1) is simple for any j,1 < j < k.

There exists a character y on L, such that
(5) forte L, xe€l, det(fx) = x(¢)det x ,
and similarly for any j,1 < j <k

for Ej €L;, z¢€lJ; detj(éja:j) = Xj(éj)detjxj .

PROPOSITION 1.13. Let ¢ € L(c) and let (¢1,02,...,L) be its restric-
tion to J(c). Then

X(0) = xa(fr)x2(l2) - - xi (L) -

PROOF. Let x =21+ 22+ -+ bein € J(c). Then
det x = detxq detoxs ... detgpxy, .
Similarly, lx = {1x1 + loxo + -+ - + 2 and
det lx = dety (¢121)deta(loxs) ... dety (Lray) -
and the statement follows easily by choosing x such that detx # 0. J

DEFINITION 1.2. A polynomial ¢ on J is said to be c-homogenous of
degree (p1,p2,.-.,pk), if for any £ € L(c), for any x € J

(6) q(lx) = x1(1)P" .. xk ()R q(z) |

where (¢1,0a,...,/}) is the restriction of £ to J(c).
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Let ¢ be a polynomial on J, which we extend as a holomorphic polyno-
mial on J. Let D, be the unique constant coefficients holomorphic differen-
tial operator on J such that for any v € J

(7) Dy eV = q(v) e®v)
The polynomial ¢ is said to be the algebraic symbol of D,.

ProrosiTiON 1.14. Let q be a polynomial on J and assume that q is

c-homogeneous of multidegree (p1,p2,...,pr). Then the differential operator
D, satisfies for all f € C*(I)

k
¥ Dy(f oty =TT xi(6) P (Dyf)o

where £ € L(c) and (€1,¥a,...,0) is its restriction to J(c).
Proor. For v € J let f, be the function defined on J by
o) = ele).

It is enough to prove (8) for the family of functions (f,),v € J. Now
foot™l = fo-1t,, so that

DQ(f” °© g_l) = quéfltv = Q(é_ltv)fffltv

whereas
quv = Q(U)fvy Dq.fv ol = Q(U)fg—ltv .
Use the covariance property (6) of ¢ to conclude. O

2. Jordan Algebra Representations

2.1. Generalities

Recall that a representation of J is a triple (E,(.,.),®) where
(E,(.,.)) is a finite dimensional Euclidean vector space and ® : J —
Symm(FE) a unital Jordan algebra morphism, i.e. ® satisfies

i) ® is linear
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i) ®(zy) = 3(@(2)@(y) + ®(y)®(z)), for all z,y € J
iii) ®(e) =idg
i) (P(x)&,n) = (&, P(x)n), forallz e J, EEneEE.

For general results on the subject, see [5], IV.4 and ch. XVI, and [1].
The assumptions imply that

(9)  ®(x) is invertible if z is invertible and then ®(z)~! = ®(z71) ,

(10) O(P(z)y) = ¢(x)P(y)P(x), forall z,y € J .

To a representation E of J is associated a symmetric bilinear map H :
E x E — J define by

forallz e J,  (H(&n),z) = (®(x),n) .

Denote by @ : E — J the associated quadratic map, defined by

Q&) = H(E,¢) -

Let us recall some results which will be necessary later. For proofs, see

[1].

PROPOSITION 2.1. An element & € E is said to be regular if one of the
four equivalent propositions is satisfied :

iyreP(x){=0=2=0

i) Q(§) €

iii) det Q(&) # 0

iv) the differential deQ of Q at & is surjective.

PROPOSITION 2.2. A representation ® on E is said to be regular if one
of the three equivalent propositions is verified :

i) IEEE, Q) =e
i) 3 € E, £ regular

ProrosiTiON 2.3. Let J be a simple Fuclidean Jordan algebra of rank
r, and let (E,®) be a representation of J of dimension N.
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i) for a primitive idempotent d of J, q := rank(®(d)) is independent of
d and N = rq.

i1) for any idempotent ¢ of rank r., rank(®(c)) = r.q

iii) for x € J, Det ®(z) = (det ar;)vﬂ

ProoOF. For i) and iii), see [5]. For ii), let ¢ = dy + --- + d,, be
a Peirce decomposition of ¢ as a sum of mutually orthogonal idempotents.
Then ®(c) = ®(dy)+- - -+P(d,,) is a sum of mutually orthogonal projectors,
each of rank ¢. Hence rank (®(c)) = req. O

Let us give two typical examples of representations.

Let J = Symm(r) the space of real symmetric matrices of size r, with
the Jordan product x.y = %(my + yz). Let g be an integer, ¢ > 1 and let
E = Mat(r, q) be the space of real matrices of size (r,q), equipped with its
standard inner product (£,n) = tr(ént). For x € J and £ € E, define

D(z)¢ = € .

Then & is a representation of J on E. The representation is regular if and

only if ¢ > r. This example plays a fundamental role in Ibukiyama’s work.
The second example will be studied in Section 7. Let J be the quadratic

algebra of dimension n, i.e. J =R @R !, with the Jordan product

(s,z)(t,y) = (st + x.y, sy + tx), s,teR,z,y e R
where x.y = z191 + ... Tp_1Yn—1-

Let CI(R™ 1) be the Clifford algebra of R"~!, generated by R”~! and

the relations!

z,y € R"L zy+yr=2zy.

The representations of J coincide with the Clifford modules for the al-
gebra CI(R™1). In fact, If E is a Clifford module, then for z € .J and
(€ E,

O(s,x)=sE+x€

defines a representation of J on F, and vice versa. The regularity of these
representations is a rather subtle question, see [1].

Notice that it differs from the usual convention by the absence of a sign —.
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2.2. Restriction to J(c)
We now consider the situation studied in Section 1. So let ¢ =
(c1,¢2,...,¢c,) be a CSOI of J.

PROPOSITION 2.4.  The operators {®(cj),1 < j < k} form a complete
family of orthogonal projectors on E.

The proof is similar to the proof given for the case of a Jordan frame of
J in [5] Section IV.4 or in [1].

Let E=FE1 & Ey@® -+ @ Ei be the corresponding orthogonal decompo-
sition of the space F.

PropPOSITION 2.5. Let j,1 <j <k, andletx € J;. Then

i) fori#j, ®(z)E; =0

ii) ®(x)E; C E;

iii) The map ®; : J; — End(Ej) given by ®;(z) = ®(x) g, yields a
representation of the Jordan algebra J;.

PROOF. i) Let i # j and let & € E;. Then

1

D)6 = Plegr)6i = 5 (B(e) () + B()D ()& = 3 P(e)) D)6

But 2 is not an eigenvalue of ®(c;), so that ®(x)&; = 0.
i1) Let £ € Ej. Then
O(2)€ = (c;w)€ = 5 (B(cj) () + D(2)D(c;))¢

B+ SR

N — DN =
A

—

Ky

so that
(z)€ = 0(c;)®(2)¢
and hence ®(x) ¢ belongs to E;.

ii1) The verification of this result is elementary. O

For each j,1 < j < k,let Q; : E; — J; be the quadratic map associated
to the representation (Ej, ®;).
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Let proj(c) be the orthogonal projection from J onto J(c).

PROPOSITION 2.6. Forany& =& +&+---+& € F,

k
(11) proj(c)Q(&) = > Q;(&) -

Jj=1

PrROOF. Let z =x;+ - -+ € J(c) and let £ € E. Then

k
Z j, Q

Jj=1 j:1

k
$(@)&, &) =D (25, Q4(&))
7j=1

Mw

x]ég

Mw

]:1
As 2521 Q;(&;) belongs to J(c), the statement follows. O]

PROPOSITION 2.7. If the representation (E, ®) is regular, then for any
J, 1 < j <k the representation (E;, ®;) of J; is regular.

PROOF. By assumption, there exists €0 € E such that Q(&) = e. Now,
use (11) to obtain

k
e = proj(c)e = proj(c)Q(¢") =Z

and hence for each 7,1 <j <k
Qi) =¢;,
so that the representation (Ej, ®;) is regular. O

PropPOSITION 2.8. Let J be a simple Fuclidean Jordan algebra, and
let ¢ = (c1,¢2,...,c) be a CSOI, and let r; be the rank of J;. Let (E,P)
be a representation of J, and let N = rq be its dimension. Then, for any
5 1<j<k,

(12) dlm(EJ) = Nj =T5q .
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Proor. This is a direct application of Proposition 2.3. [J

ProrPosITION 2.9. Let g be a polynomial on J which is c-homogeneous
of multidegree (p1, .. .,px). Letp be the polynomial on E defined by p = qoQ.
Then p satisfies for any x = x1 +x2+ -+ + a3, € J(c),

(13) H det;(x;)?Pip(€) .

PrROOF. Let © = 1 + 22 + -+ + 2 € Q(c). Then P(x) belongs to
L(c) and its restriction to E; is equal to Pj(z;). As x;((Pj(z;)) = det;j(x;)?
follows

p(®(2)¢) = ¢(Q(®(2)E)) = q(P( Hdet )P1q(Q()) -

As both sides of (13) are polynomial in x, and Q(c) is an open set of of
J(c), the identity is valid on J(c). O

3. Pluriharmonic Polynomials

Let J be a Euclidean Jordan algebra, (E, ®) a representation of J, and
let Q: F x E— J be the associated quadratic map.

DEFINITION 3.1. A polynomial p on F is said to be pluriharmonic if
forall z € J

(14) Ap(po®(x)) =0,
where A is the Laplacian on F.

3.1. The Hecke formula for pluriharmonic polynomials

A key result to be used later is a generalization of the classical Hecke
formula, which we recall now, with a proof. For earlier occurrences of such
results, see [8, 6]. Let us also mention the paper [3], where a similar result
in an even more general context is proved.

Let J be a simple Euclidean Jordan algebra, and assume that (E, ®) is
a regular representation of J of dimension N.
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ProPOSITION 3.1. Let p be a pluriharmonic polynomial on E. Then
for x € Q,

(15)
/ ¢ Eme=3(@QE) p(¢) de = (27) % (detz) "2 e~ 2 QM) p(ig(z)n))
E

PRrOOF. First notice that for x € Q, the quadratic form (z,Q(¢§)) =
(®(x)E, &) = <<I>(:U%)£,<I>(x%)£> is positive definite on E. Hence the inte-
gral on the left hand side converges. Next, recall that for any harmonic
polynomial ¢ on a Euclidean space F',

(16) [ e 36 g(eya = 2m)
Let ¢ = ®(z2)¢. Then

/ i&m) =3 (,Q(8)) p(€) dE =
E

/ 1P =3 (o )e') Det (a ) de’
E

N
2

= (2m) 2 (detx)~ 2re2(@ Q) p(id(z™)n)

@(x_%)n and notice that by

where we apply (16) to ¢ = po <I>(m_2) n'
)2, O

Proposition 2.3 #ii), Det @(xfé) (detx

M|2 ||

Let J be the complexified Jordan algebra, E the complexification of F,
and extend ® C-linearly to J. The previous formula has an extension to
this complex setting.

ProrosiTiON 3.2.  Let p be a pluriharmonic polynomial on E and ex-
tend it holomorphically to E. Then for any z € Tq,

(17)
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) o is computed using the determination which is equal to

where (det(Z
T2 for z =1y,y € (.

(dety)

N
2r

PRrROOF. The left hand side of (17) is a convergent integral depend-
ing holomorphically on the parameter z € Tq. The right handside is also
holomorphic and both sides coincide on i) C T by (16). The conclusion
follows. [

3.2. c-pluriharmonic polynomials
Let J be a simple Euclidean Jordan algebra, let ¢ be a CSOI of J, and
let (E,®) a representation of J.

DEFINITION 3.2. A polynomial p on E is said to be c-pluriharmonic
(with respect to @) if for any = € J(c)

(18) for any x € J(c), Ag(po®(z)) =0.

Equivalently,
for any & € Ex, ..., &1 € Ej-1,&j41 € Ejp1,..., & € By,

the polynomial 5] — p(élag% cee ’5j*1?£j7£j+17 cee 75]6)

(19) . . :
is pluriharmonic on E; (w.r.t. ®;).

In fact, assume that p is c-pluriharmonic. Let z; € J;. For § = & +
o+ &R,

(I)(Cl+...+cj_1+l‘j+6j+1+-..+Ck)(f)

=&+ G+ P&+ G+

and hence the equivalent definition is satisfied.
Conversely, assume p is a polynomial on E which satisfies the conditions
(19). Let x =21+ - +ar € J(c). For §E =& + -+ &, € E,

p(2(2)8) = p(®1(z1)81, - -, D(2k)) -

So, if p satisfies the condition (19), A, (po®(z)) = 0 forany j,1 < j <k
and hence AE(po <I>(x)) =0,as Ap =Ag, +---+ Apg,.
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4. Holomorphic Representations

Let J be a simple Euclidean Jordan algebra, denote by J its complexi-
fication. Form the corresponding tube-type domain T = J 4+ i) C J. Let
G(Tq) be the group of bi-holomorphic automorphisms of T, which turns
out to be a Lie group. Its neutral component G(T)? is generated by

e the translations ¢, : z+— z +u,u € J

e the group L = Str(J)? = G(Q)°

e the inversion ¢ : z — —z~ !

(see [5] Ch. X).

It turns out to be wise to work with a two-fold covering of the group
G = G(Tq)°. Notice that already for the upper-half plane H = R + iR+
in C, the relevant group is SL(2,R), whereas the group of holomorphic
diffeomorphisms of H is PSL(2,R) = SL(2,R)/{£id}.

Viewing J as a complex Jordan algebra, there is a corresponding struc-
ture group Str(J) which is a complexification of Str(J). Let L be its neutral
connected component, which can be called the complexification of L. The
character x, being defined by an algebraic condition (5), has a natural com-
plex extension to L.

We now recall the construction of a two-fold covering group of G(Tq)°.
For g € G(T)° and z € Tq denote by D(g, z) the differential of g at z. A
remarkable fact is that Dg(z) belongs to L. This is obtained by verifying
the property for the generators of G and extending to the full group by the
chain rule.

Let x(g,2) = X(Dg(z)). This is a smooth cocycle, and the covering is
defined using a square root of this cocycle. Let

(20)
G= {(9,%9),9 € G(TQ)O,LDg :Tq — C holomorphic,wg(z)2 =x(g,2)},

with the group law

(97 wg)(ha QZ}h) = (ghv (d)g © h) wh) :

Then G has a natural structure of Lie group, and the projection (9,%g) — g
is a twofold covering of G. Elements of G will denoted simply by g and we
let ¥(g, z) = 14(z) be the corresponding choice of a square root of x(g, z).
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The group G has generators very similar to those for G.

e For u €, x(ty,z) = 1, so that the element (t,,1) belongs to G and is
(with some abuse of notation) still denoted by t,.

e For the inversion ¢, x(t,2) = (det 2)~2, so (1, (det z) 1) belongs to G
and is (again with some abuse of notation) denoted by «¢.

e Finally, let L = {(£,¢y = £x(0)V/2),¢ € L = Str(J)°}, a twofold
covering of L.

The group G is generated by the translations {tu,u € J}, the group L
and the inversion ¢.

It turns out to be necessary to consider also the twofold covering L
of L = Str(J)°, constructed exactly as the twofold covering of L, using a
square root of the complex-valued character x of Str(J). Denote by v the
corresponding (well-defined) character on L. It is worthwile to notice that
for any g € G, the function z — (g, )" is (the restriction to Tt of) a
polynomial function on J.

Let m be an integer. For any holomorphic function F on T and any
element g € C~¥, let

(21) Tm(9)F(2) = ¥(g7 ", 2)"F (97 (2)) -

This defines a smooth representation of G on the space O(Tq) of holomor-
phic functions on Tq, equipped with the Montel topology.

Let us write the expression of the representation m,, for generators of
the group G.

For translations t,,v € J,

(22) (T (t0) F) (2) = F(z —v)

for an element ¢ € L

(23) (Tm(O)F) (2) = w(0) " F (') ,
for the inversion ¢,

(24) (T ()F) (2) = (det 2) " F(=271) |

This construction of a twofold covering can be done in the context of the
algebra J(c) for ¢ being a complete system of mutually orthogonal idempo-
tents of J. We skip details, but just mention that all the results proved in
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Section 1 (and particularly Theorem 1.1) have an almost trivial extension
to the groups E, C~¥, ]/\ZC and Ej, éj.

Similarly, for each j,1 < j < k, we may define representations of the
group éj on the space of holomorphic O(Tq;) b

D9 F(z) = (9" )™ F (97" (%)) -

Given m = (ml,mg, ...,myg), consider the tensor product representation

7r7(77,3 ® m(ng Q- ® 777(7]2 of (~¥1 PERE ék defined on O(Tq,_) b

T (91) @ Ty (92) ® -+ @ Ty (k) F (21, 22, . . 21)

k
= H wj(gjila Zj)mj F(gfl(zl)7g;1(z2)a cee 791;1(216)) .
1

PROPOSITION 4.1.  The restriction map res : F —— Fig, intertwines
(1)

the restmctwn of ™ to G( ) and the tensor representation my’ ® 7r(2) ®

m OfG1>< XGk

PROOF. First notice that for g € G(c) and z € Tq,, Tm(g)F(z) only
depends on gmod M. Next use Proposition 1.13 (more exactly its analog
for the characters ¢ and ;) and the conclusion follows. [J

5. The Main Theorem

In this section, we want to construct a differential operator D on TQ
such that res(c)o D intertwines the restriction of m,, to G(c) and ®" =1 7 i
for an appropriate choice of m = (my,ma, ..., mg).

5.1. The data and the statement of the main theorem

THEOREM 5.1.  Let (E, ®) be a regular representation of J and assume
that N = dim E = 2rm for some m € N.
Let g be a polynomial on J which satisfies

(25) i) q is c-homogeneous of multidegree p = (p1,p2,---,Dk)
i1) p=qoQ is c—pluriharmonic on E .
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Let
miy=m+2p1, mg=m-+2py, ..., Mmp=m-+2p.

Let Dy be the holomorphic constant coefficients differential operator on J
with algebraic symbol q. Then Dy satisfies, for any g € G(c) whose restric-
tion to J(c) is equal to (91,92, .-, gk)

(26) res oDy 0 Ty (g) = (1) (g1) @ -+ @ 1) (gx)) o res oDy

1 k

5.2. The proof of the main theorem

It suffices to verify (26) for generators of G(c). First, the operator D
has constant coefficients, hence commutes to translations and (26) follows
for g =t,,v € J(c).

When ¢ is in L(c), the proof to get (26) is longer and we state it as
a lemma. Notice however that the intertwining property (26) is trivially
satsified for m € M(c)

LEMMA 5.1. For/l € z(c) and for z € To(c),

(27)  Domu(O)F(2) = () (6) ® - @ wh) (£)) (D Fiy, ) (2) -

PrROOF. As D is a constant coefficients differential operator, it suffices
to prove (27) for the family of functions f,,v € J, where f,(2) = e(#v),
Let ¢ € L(c). For any z € Tg,

T (€) fo(2) = ()" fye, (2) -
As va = Q(U)fva

D o mn () ful2) = $(0) g 0) fpae, (2)

so that, using (6)

k
(28) Domm(0) fuo(z) = [T wi(6;) "™ iq(v) fporr,(2) -
j=1
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Let further proj(c)v = vy +va + ... vg, where v; € J;. For z = 21 + 29 +
ot 2, € Toe)s

k
f’U(z) = H ei(zj7vj)
j=1
and hence
k .
DFpr,, (2) = qv) [ =),
j=1

so that
(29)

k t
(ef20) -+ & 7l8) (C)DFigy () = a(o) [[ ws(6) ™ [[ el )
j=1

Now compare (28) and (29) to finish the proof of Lemma 5.1. OJ
It remains to prove (26) for g = ¢, which we also state as a lemma.
LEMMA 5.2. Let z € To(). Then

(30)  Domu()F(2) = (r3) (1) ® - @ my) () (DFimy))(2) -

1 k

Proor. For € € E, let
Fe(z) = e%(z,Q(E)) )

As the representation (E, ®) is assumed to be regular, it is enough to
prove (30) for the family of functions F¢, ¢ € E.
For z € Ty

(1) Fe(2) = (det z)~mes (-271€),
Notice that for z = x + iy € T the quadratic form

(1. Q) = (B(y2 )¢, B(y?)E)
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is positive-definite, and hence, { —— F¢(2) is in the Schwartz class S(E).
Use (3.2) for p =1 on E and notice that m = 2° to get

() Fe(2) = (2m)F (—i)™ / ¢i(1€) 65 Q) g
E
Now use (7) to get

Dt (1) Fe(2) = (2) " 2 (—i)™™m2*P /E 2(Q(m)) e et (=) gy

where r.p = Z?:l TiDj-
Next, assume that z = 21 + 29+ -+ 21 € T(e). Then, as proj.(Q(n)) =
Zj:l Q;(nj),

N
2

Dy (1) Fe(2) = (2m) "2 (—4)"™27"P

k .
B JE, e

Use Fubini theorem and (3.2) repeatedly for j = 1,..., k, take into account
that N; = 2r;m (see (12)) to get

k -
D (1) Fe(z) = 277P [ det(2) mes 2 @& d(—27 1))
(3
j=1

Now use (12) and (13) to obtain

k
(81) Drm(t) Fe(z) = 27 [ det() e Qi) e, )
j=1

On the other hand, for z € Tg,

DFy(z) = a(5Q(6)) e (+20) = 3rpp(e) i (:20)

Hence for z = 21 + 20 + - + 2 € Ty

k .
DF(z) = 27*Pp(e) [ 2 (5:2©)

J=1
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so that

(w,@,ﬁ}(q) R ® Wg’ig(bk))DFE\Tn(c) (21,22, ..., 2k)

32 k : i
(32) = 27rwp(g) [ [ dety(2)7m ed(5:06)
j=1

Compare (31) and (32) to conclude. [J
This achieves the proof of the main theorem.
6. Examples in Rank 2

In this section, let J = J,, be the simple Euclidean Jordan algebra of
rank 2 and dimension n, i.e. J, = R @ R ! | with the Jordan product

(s,21y- .y 1)t Y1y oy Yn—1) = (st + z.y, sy1 +tx1,...,SYn—1 + txn_1) ,

where x.y = x1y1 + - - + Tp—1Yn—1-

We will assume that n > 4. In fact, for n = 2, the algebra Js is not
simple. For n = 3, J is isomorphic to Symm/(2,R) and this case differs from
the general case. See next footnote and final remark.

The trace and the determinant are given by

tr(s,z) = 2s, det(s,z) = 5% — |z|? .

The structure group of J is the product R* x O(1,n —1) and the group
denoted by L in the general case is equal to R x Sping(1,n — 1).
The cone Q = Q,, is the forward cone

Q={(s,2) ERxR" 1 s —|z[*>0, s>0}.
The tube-type domain is
To ={Z = (20,21,-..,2n—1) € C", Im(Z) € Q} ,

the group of biholomorphic automorphisms is isomorphic to O(2,n)/{+id},
and the group G is isomorphic to Sping(2,n), see [11]. The domain has a
bounded realization known as the Lie ball.
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It will be convenient to use for J the standard inner product on a Eu-
clidean Jordan algebra, which in this case is given by

((s, x), (t, y)) =2(st + z.y) .

An idempotent of rank 1 is of the form (3,), with [z| = 3. Up to an

isomorphism of J, there is only one (non-trivial) CSOI, namely

11 1 1

575707"‘70)7 02:(57_57

c = (c1,c2), 01:( 0,...,0).
Consequently,
J(c) = Re; @ Res.

The corresponding Peirce decomposition is given by

J:RC1@RC2@J%
where

J% ={(s,2),s =0,y =0} ~R"2 .
A well-adapted orthonormal basis of J is given by
1
V2
1

where 7 is in the j-th place. A generic element of J will be denoted by

fi=c, fa=c, andforj>3 f;=(0,...,0,—,0,...,0)

Y= (y17y27--'ayj""ayn) = (ylayQay/)

where y; is the j-th coordinate of the element in the new basis { f1,..., fo}.
The formula for the base change is given by

yi=s+a1, Yp=s—z1, y;=vV2x1,3<j<n.

The group L(c) preserves J(c) and hence also its orthogonal J 1 In the
basis {fi,..., fn}, an element of L(c) is represented by

ue’ 0
0 we™ 0

l(u,v,m) =

ueR,, veR
’ m € Spin(n — 2)
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Ly and Lg are both isomorphic to R, and the restriction map is given
by

L>/l(u,v,m) +—— (ue’,ue ’)e€ Ly x Ly .
The group M(c) is isomorphic to Spin(n — 2).

LEMMA 6.1. A polynomial g on J is c-homogeneous of multi-degree
(p1,p2) if and only if q is of the form
inf(p1,p2) ' ' ‘
(33) ay)= D a1
§=0

for some a; € C.

PROOF. The group M (c) is isomorphic to Spin(n — 2), fixes the sub-

algebra J(c) and acts as SO(n — 2) on Ji. Hence? a c-homogeneous poly-
2

nomial can be written as a polynomial in g1, y2 and |y/|?.

Now consider the elementary polynomial 4" y5"?|y'|*™. It satisfies the
required conditions for c-homogeneity if and only if m1,meo, ms satisfy

mi1+mg+m3=p1; +
(34) 1 2 3=Dp1+ D2
mp —m2=p1—p2.

Hence mi = p1 — j,mo = ps — j, mg = j for some 5,0 < j < p1,p2 and the
conclusion follows. U

The cone Q(c) is equal to {ajcy + azce, a1,as € RT} and is a product of
two positive half-lines, the tube-domain T () is equal to

{(20,21,0, ce ,0),Im(20 + Zl) > O,Im(Z() - 21) > 0}

and is a product of two complex upper half-planes, the groups él and ég
are isomorphic to SL(2,R).
Let (E, ®) be a representation of .J. For v,w € R*~!

n—1
(0,v)(0,w) = (v.w,0,...,0) , vaw = Zvjwj ,
j=1

?Here is the reason to exclude the case n = 3, as SO(1) = {id} and the invariance by
M (c) imposes no condition in this case.



Construction a la Ibukiyama 83

so that
®((0,v))®((0,w)) + @((0,w))®((0,v)) =2v.wldg .

Hence E is a Clifford module for the Clifford algebra Cl(n — 1) generated
by R"~! with the relation (beware of the absence of sign —)

vw +wu = 2v.w .
Conversely, if E is a Clifford module for Cl(n — 1), then set
(ss2)€J €€ B, ®((s,2))€ = s + €

to obtain a representation of J. For a deeper study of these representations,
see [1].

Let E = E1 @ Es the decomposition of £ with respect to the CSOI
c = (c1,¢2). For v € R" 2, ¢1(0,0,v) = 1(0,0,v) and hence ®((0,0,v)) =
20 (c1(0,0,v)) = ®(c1)®((0,0,v)) + @((0,0,v))®(c1), so that

®((0,0,v))®(c2) = (c1)®((0,0,v)) .

Hence @((0, O,v)) permutes F1 and Fs.
The quadratic map @ is given in the original basis of J by

Q& + &) = (%(|€1!2) + &)%), %(|§1!2 —[€al?), .., (D(ej)Er, &), ) -
and hence in the basis {f1, fo, ..., fu} by

Q& + &) = (&) |6 ... 2(R(f)é1, &), ... ) -

Let {ex,1 < k < N;} be an orthogonal basis of E; and denote by
(&1,k)1<k<n, the corresponding coordinates of a generic element & € Ej.
Finally, denote by A; the partial Laplacian on E related to Fy, i.e.

Ny 32
Ay =
2 o,

0
For the next statements, let 9; = —— be the partial derivative (on J)

0y

with respect to the coordinate y;.
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PROPOSITION 6.1. Let g be a polynomial on J and let p be the polyno-
mial on E defined by p=qo Q. Then for & = (&1,&2)

A1p(é1,&) = (610)(Q(&1. &))

where

n n
(35) 81 =2N101 + 41107 +4) ;000 +2y2 Y 07 .
=3 j=3

ProOOF. Consider p as a polynomial on F; @ FEs, so that

p(€1’£2) = Q(‘£1|27 |£2|27 SRR 2<£1a (b(f])€2>7 s )

Then, for any k,1 < k < N;

a n
96t (61,6) =286k 010 +2 (& B(fi)2) 9jq
j=3
92 =
5z, p(6,&) =2010+ 467,07+ 8&1k > (e, (f;)E2) 01054
j=3

+4ZZ ek’ f] 52 eka@(fi)§2> 8¢8jq .

Jj=31=3
Sum over k,1 < k < Nj and use the formula

Ny

> len @(f5)E2) (e, D(fi)é2) = (B(f3)2, (fil2))

k=1

to get

Aip(&1,&2) = 2 N101q + 4[&1| 51(1-1-82 &1, ©(f5)€2)0105q
7=3

+4ZZ (fj)E2, ®(f:)&2) 0i0; q -

=3 j=3
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For 3 <i# j <mn, fifj =0, so that ®(f;)®(f;) = —®(f;)P(fi), whereas
fj2 = 1e and hence (®(f;)&, ®(f;)&) = 1|&[?. The formula follows from
these observations. [

LEMMA 6.2. Let p1,p2 € N and let k € N, 0 <k <inf(p1,p2). Then
o1 (" 5 ) =
(36) (p1— k) (4k; +2N; +4py — 4)y{>1—k—1y§2—k’y/|2k
+ 2k (2k +n — )y Ry 22

The verification is elementary and left to the reader.

PROPOSITION 6.2. Let q be the polynomial defined by

inf(p1,p2) . ' '
(37) ay)= > a I
=0

and assume that g Z 0. Then p(§) = q(Q(&)) is c-pluriharmonic if and only

if p1 = p2 = p and the coefficients a; satisfy the relation

n—1
2

(38) (DG )t -G+ - Day =0

PROOF. The polynomial p = g o Q) is c-pluriharmonic if and only if
(39) b1g=0,  &q=0,
where
69 = 2N10o + 4y203 + 4 Z Y;020; + 21 Z 332 :

Jj=3 Jj=3

Use (36) to compute 61¢ and simlarly for d3g. The conditions (39) are
satisfied if and only if, for any k,0 < k < inf(p1,p2) — 1

n—1

(k+1)(k+

N
Jak1 + (p1 — k) (k + 71 +p1—1)ap =0
(40)

n—1

(k+1)(k+

N
Jars1 + (p2 — 1) (k + L py - ar=0.
2
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Hence p; = p2 and (38) follows. O

From Proposition 6.2 follows

1)+ p-2)

41 a; = a;_
( ) J ](“i‘nT_g) j—1

<

and hence

(42)

THEOREM 6.1. Letp,m € N, and let D be the holomorphic diffferential
operator defined on Tq by

P 92 92 \P I
— J— n,p,m ]
(43) D=Dyupm= Jz; a <—823 — —az%> A,

For any g € é(c), whose restriction to To(c) is equal to (g1, 92), the operator
D satisfies

(44) (resoD) o mp,(g) = (Wgzﬂp(gﬂ ® 7(7(72_2]3(92)) o (resoD) .

PrOOF. From the study fo Clifford modules for Cl(n — 1), recalled
for instance in [1], it is easily seen that there exists a regular represen-
tation £, of J whose dimension N = 4mg is a multiple of 4. Then
% = 1dim(E) = mo and the assumptions for Theorem 5.1 (adapted to
the present context) are satisfied for E,,,. Now consider the Clifford mod-
ule Ep, g = @?:1 E;, where each Ej; is a copy of E,,,. The corresponding

representation of J satisfies all requirements needed for Theorem 5.1 to be
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valid. Hence Theorem 6.1 is valid for any m = mgq, ¢ € N. Now the differ-
ential operator Dy, , ,, has coefficients which are polynomial in m. A simple
argument, based on the fact that two polynomials of one variable which
coincide on an infinite subset have to be equal, allows to conclude that The-
orem 6.1 is valid for all values of m. Explicitly, as G(c) is connected, (44)
is equivalent to its infinitesimal version

(45)

(resoD) o dmp,(X) = (d7r( )

W, (X1) @i +id @dr2),, (X2)) o (resoD),

m+2p

where X € g(c) and X (resp. X32) is the restriction of X to J; (resp J2).
It is easily seen by differentiation of (21) that dm,,(X) (resp. dﬂ'm +2p(X 1)
)

dﬂ',Enl_zp(XQ)) is expressed by a differential operator on J (resp. J), J(

which depends polynomially (of degree 1) on m. Hence both sides of (45
are polynomial in m and the conclusion follows. [J

)
)

Notice that the definition of a™P™ makes sense for any real number m.
This could be used to further extend our construction to the case of the
universal covering of G(c).

REMARK. When n = 3, as s0(2,2) ~ sl(2,R) x sl(2,R), the pair
(g,9(c)) is isomorphic to (s0(3,2),50(2,2)) and this case has been thor-
oughly studied in [10].
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