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Invariants of PSL,R-Fuchsian Representations

and a Slice of Hitchin Components

By Yusuke INAGAKI

Abstract. The Hitchin component H,,(S) is a special component
of the PSL,R-character variety of a closed surface S of genus g > 2
which contains the discrete faithful representations m(S) — PSLyR
via an irreducible representation. Bonahon-Dreyer ([BD14], [BD17))
gave a parameterization of H,(S) by the triangle invariants and the
shearing-type invariants fixing an arbitrary maximal geodesic lamina-
tion on S, so that the Hitchin component is a cone in a Euclidean
space.

The images of discrete faithful representations 71(S) — PSLoR in
H,(S) are called PSL,R-Fuchsian representations. In this paper we
characterize the PSL,,R-Fuchsian representations of the Hitchin com-
ponent in the Bonahon-Dreyer coordinates. In particular this explicit
characterization implies the set of the PSL,, R-Fuchsian representations
is an affine slice. We also discuss the case when S has boundary.

1. Introduction

Let S be a closed oriented surface of genus ¢ > 2. The Hitchin com-
ponent of S is a special connected component H,(S) of the PSL,,R-character
variety X,(S) = Hom(m(S),PSL,R)/PSL,R, the space of conjugacy
classes of representations. This component was introduced by Hitchin in
[Hi92]. When n = 2, the Hitchin component Hs(S) is the Teichmiiller
space J(S) of S, which is the deformation space of hyperbolic structures
on S. For general n > 2, H,(S) is, by definition, the connected com-
ponent of X,,(S) which contains elements induced from holonomy repre-
sentations of hyperbolic structures on .S via the irreducible representation
tn: PSLoR — PSL,R. The Hitchin component has many properties which
the Teichmiiller space has, and it is a higher dimensional analog of the
Teichmiiller space in the sense of the rank of Lie groups. It is natural to
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consider the relation between the Teichmiiller space and the Hitchin com-
ponent.

In this paper, we characterize PSL,R-Fuchsian representations in the
Hitchin component. We call the elements of H,(S) the Hitchin represen-
tation, and call Hitchin representations induced from holonomy represen-
tations of hyperbolic structures the PSL,R-Fuchsian representation. The
locus of PSL,,R-Fuchsian representations in Hy,(S) is called the Fuchsian
locus. To characterize PSL,R-Fuchsian representations, we use the parame-
terization of the Hitchin component given by Bonahon and Dreyer ([BD14],
[BD17]). The Hitchin component is parameterized by two kinds of invari-
ants, the triangle invariant and the shearing-type invariant along maximal
geodesic laminations on S. Through an observation of the invariants of
PSL,,R-Fuchsian representations, we show that, a Hitchin representation is
a PSL,R-Fuchsian representation if and only if the triangle invariants are
equal to zero, and the shearing-type invariants are equal to the shearing
parameters of hyperbolic structures.

Let A be an arbitrary maximal geodesic lamination on S, which yields
an ideal triangulations of S. Given a representation in H,(S), the trian-
gle invariants are defined for ideal triangles of this triangulation, and the
shearing-type invariants are defined for leaves of A.

The Bonahon-Dreyer parameterization is different depending on whether
A consists of finitely many geodesics, or contains an irrational sublamination.
Although the triangle invariants are defined in the same way, the shearing-
type invariants are defined in different ways. In particular, the former case is
more combinatorial. In this paper, we characterize, indeed, the parameters
for PSL,R-Fuchsian representations in the both cases.

When A consists of finitely many leaves, letting x(.S) be the Euler char-

acteristic, we set A = {C1,--+,C, By, -+, Byjy(s)|} where C1,---,Cj is a
closed geodesic (1 < k < 3g—3), and B; is a bi-infinite geodesic. We denote
the ideal triangles which are complementary regions of A by 71, -+, Ty, (s))-

Let 86, st s% be the spikes of the ideal triangle 7;. In this case, Bonahon and
Dreyer introduced the invariants, called the triangle invariants, the shear-
ing invariants, and twist invariants to define the parameterization of H, ().
Given p € Hy(S),

(1) the triangle invariant qur(sé-, p) is defined for spikes sz- of the ideal
triangles Tj,
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(2) the shearing invariant oy(B;, p) is defined for the bi-infinite leaves
B;, and

(3) the twist invariant 6.(Cj, p) is defined for the closed leaves Cj,
where the indices p, q,r, b, c are positive integers with p + ¢ + r = n, and
1 < b,c <n—1. In this setting, the Bonahon-Dreyer parameterization
®y: Hy(S) — RY is defined by

@)\(p) = (TPQT(Séap)a T 7706(Bi7p)7 Tt 796(Ci7p)7 e )7

where N = 6|X(S)|(n§1) + 3Ix(S)|(n — 1) + k(n — 1). The image of ®),
denoted by Py, is the interior of a certain polyhedron of RV ([BD14]). The
following is our main theorem.

THEOREM 1. Let S be a closed oriented surface of genus g > 2, and A

be a mazimal geodesic lamination on S consisting of finitely many leaves.
Then, it holds that

(i) a Hitchin representation p € Hy(S) is PSL,R-Fuchsian if and only if
all triangle invariants are zero, and the shearing, and twist invariants
are constants depending only on p, i.e.

Togr(s5:0) =0, 04(Bi, p) = o (Bi, p),  0(Ci, p) = 0 (Ci, p)
for all possible i,7,p,q,7,b,b,c,c.

(ii) Moreover, if p is a PSL,R-Fuchsian representation, setting
n: m1(S) — PSLaR be its corresponding Fuchsian representation (so
that p = 1, om), it holds that op(Bj, p) = o"(B;) for all'b and 1.

This theorem characterizes the PSL,,R-Fuchsian representations in the
Hitchin component by the conditions of the triangle, shearing, and twist
invariants.

In the case of general laminations, we use the shearing classes instead of
shearing, and twist invariants. In [BD17], Bonahon and Dreyer defined
the twisted tangent cycle relative to slits for maximal geodesic lamina-
tions, which was a vector valued cocycle defined on the set of oriented
arcs transverse to A. The shearing class is a twisted tangent cycle rel-
ative to slits defined by Hitchin representations. The Bonahon-Dreyer
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parametrization in this case is a parameterization defined by the trian-
gle invariant and the shearing class. We denote this parameterization by
By: Ho(S) — Z (A, slits; R*1) x ROXSI("2") | where Z (), slits; R*1) is the
vector space of the twisted tangent cycles relative to slits. The image P of
®, is the interior of a convex polyhedron in Z(\, slits; R"~1) x ROX(S)I(";")
([BD17]). We show that the shearing classes o*»°f of PSL, R-Fuchsian rep-

resentations ¢y, o p are determined only by the shearing cocycle o*.

THEOREM 2. Suppose that A is an arbitrary maximal geodesic lamina-
tion. Then a Hitchin representation p € Hy(S) is PSL,R-Fuchsian if and
only if all triangle invariants are equal to zero, and, for any oriented arc
k tightly transverse to X\, the shearing class is of the form (o (k), -+ ,o(k))t
where o is a transverse cocycle of X, i.e. o € Z(\;R).

Theorem 2 generalizes Theorem 1, in the following sense. Let A be an
oriented maximal geodesic lamination which consists of finitely many leaves.
For a bi-infinite leave B; of A, we pick an oriented arc k transverse to B;
so that k intersects to B; only once from left to right. Then the shear-
ing class o”(k) associated to k is the vector whose entries are the shearing
invariants oy(B;, p), i.e. of(k) = (01(Bi,p), - ,0n—1(Bi, p)). Since The-
orem 2 implies that all entries of shearing classes are equal to each other
for PSL,R-Fuchsian representations, Theorem 2 proves the statement with
bi-infinite leaves in Theorem 1.

Structure of this paper
- Section 2: We recall Teichmiiller spaces, geodesic laminations, and the
shearing parameterization of Teichmdiiller spaces.

- Section 3: We define Hitchin components, and recall the related con-
cepts, the hyperconvexity, the flag curves and the Anosov property.
The flag curves play an important role in the definition of the
Bonahon-Dreyer parameterization of Hitchin components.  The
Veronese flag curve, defined in Subsection 3.2, is used in Section 5.
This is the flag curve of PSL,R-Fuchsian representations.

- Section 4: The Bonahon-Dreyer parameterization of Hitchin compo-
nents is defined. In Subsection 4.1, we recall the double ratio and the
triple ratio, which are certain ratios defined for tuples of flags. We
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consider the case of maximal geodesic laminations with finitely many
leaves in Subsection 4.2, and the case of maximal geodesic laminations
which may contain irrational laminations in Subsection 4.3. In each
case, we define the Bonahon-Dreyer parameterization.

- Section 5: We compute the triple ratios and the double ratios of the
Veronese flag curves. The main propositions are Proposition 26 and
Proposition 30.

- Section 6: We show the main results of this paper. Theorem 31 and
Theorem 33 give the sufficiency of the main theorems. Theorem 31
and Theorem 33 characterize the triangle invariants and the shearing-
type invariants of PSL,R-Fuchsian representations. Theorem 32 and
Theorem 34 imply the necessity of the main theorems. In the proof
of these theorems, for any parameters which satisfy the condition
for invariants, we construct PSL,R-Fuchsian representations whose
Bonahon-Dreyer parameters are equal to given parameters.

- Section 7: We give an argument with surfaces with boundary. The
main theorems are extended to the case of compact surfaces with
boundary.

REMARK. This paper is an updated version of the author’s unpublished
paper [In]. Theorem 1 and Theorem 2 hold true for general compact surfaces
with boundary (we consider only the case of a pair of pants in [In]).

Acknowledgements. The author would like to thank Shinpei Baba,
Hideki Miyachi, and Ken’ichi Ohshika for their warm encouragement and
valuable discussions. He also would like to thank the referee for useful com-
ments.

2. Hyperbolic Geometry of Surface

2.1. Hyperbolic structures on surfaces

Let S be a closed oriented surface of negative Euler characteristics. A
hyperbolic metric on S is a complete Riemannian metric on S of constant
curvature —1. A hyperbolic structure on S is an isometric class of a hyper-
bolic metric on S.
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We denote, by H?, the hyperbolic plane of the upper-half plane model
with the orientation induced by the framing (e, e3), where e; = (1,0)%, eo =
(0,1)%. The group of orientation-preserving isometries Isom™ (H?) is isomor-
phic to PSLyR, where PSLyR acts on H? as linear fractional transformations.

If S is endowed with a hyperbolic metric, we obtain an isometry f: S —
H? with respect to the metric on S induced from the hyperbolic structure
on S. Then, there exists a representation p: m1(S) — PSLsR so that f
is (m1(S), p)-equivariant, i.e. for any z € S and v € m(S), f(y-2z) =
p() - f(x). This representation p is discrete, faithful and unique up to
conjugacy of PSLoR. We call a discrete faithful representation p: m(S) —
PSLoR a Fuchsian representation. The above isometry f: S — H? with
the equivariance for a Fuchsian representation p is called the developing
map associated to p. In this paper, we denote, by f,, the developing map
associated to p.

The correspondence between hyperbolic structures and conjugacy classes
of Fuchsian representations is one to one. In fact, for a Fuchsian represen-
tation p, we have the universal covering H? — S with the covering trans-
formation group p(m1(S)). This covering map defines the hyperbolic metric
on S, which is unique up to isometry.

2.2. Teichmiiller space
The Teichmiiller space J(S) of S is defined by

I(S) ={p: m(S) — PSLaR | Fuchsian, f, is orientation-pres.}/PSLyR

where the quotient is defined by the conjugate action of PSLoR. The topol-
ogy of J(S) is the quotient topology of the compact open topology which
is defined on the set of representations.

We remark an equivalent definition of the Teichmiiller space via hyper-
bolic structures on S. Let Hyp(S) be the set of hyperbolic metrics on S, and
Diff((.S) be the group of diffeomorphisms isotopic to the identity. The group
Diffy(S) acts on Hyp(S) by the pull-back. Then the Teichmiiller space is
also defined by J(S) = Hyp(S)/Diffo(S).

Two definitions above are equivalent via the one to one correspondence
between hyperbolic structures and Fuchsian representations. There are an-
other equivalent definitions of J(5), see [IT].
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2.3. Geodesic laminations

Fix a hyperbolic metric on S. A geodesic lamination is a closed subset
of S which is a disjoint union of simple complete geodesics, called leaves.
Geodesic laminations consist of closed geodesic, called closed leaves, and
bi-infinite geodesics, called bi-infinite leaves.

The concept of geodesics depends on a hyperbolic metric on S. We
remark that, for different hyperbolic metrics g1 and go on S, there exists a
natural bijection between the set of gi-geodesic laminations and the set of
go-geodesic laminations. In particular, for any hyperbolic metric g and any
simple curve c on S, there is a g-geodesic ¢4 which is isotopic to c.

The bi-infinite geodesics on the universal covering S are characterized
their ideal end points. Especially, there exists a bijection between the space
G(S) of bi-infinite geodesics on S and (35 x &S — A)/Zy, where A denotes
the diagonal and where Zy acts by exchanging the two factors. The metric
structure and the Hélder structure on G(S) (used in Section 4.3.2) is given
by an (arbitrary) metric structure on (95 x dS — A)/Zs via this bijection.

A geodesic lamination is oriented if each leaf is oriented. We may choose
the orientation of each leaf independently.

For a geodesic lamination A of S, the preimage Xof Ain S gives a
geodesic lamination of H?. A connected component of the closure of H? \ A
is called a plaque.

A geodesic lamination is said to be mazimal if it is properly contained in
no other geodesic lamination. This property is equivalent to the condition
that the complementary regions of A consists of ideal triangles. Hence, a
maximal geodesic lamination induces an ideal triangulation on S.

Given maximal oriented geodesic lamination A with finitely many leaves,
we often use the bridge system for closed leaves as an additional data, which
is used in [SZ], [SWZ]. Let C be a (oriented) closed leaf of A. Since A
consists of finitely many leaves, in both sides of C, some bi-infinite leaves
and ideal triangles spiral to C'. A bridge Jo along C is a pair of ideal triangles
{T* TR} where T spirals to C from left, and T* spirals to C from right.
A bridge system of X is J = {Jo | C is a closed leaf}, an association of
bridges to closed leaves. We denote, by A7, the lamination A with a bridge
system J. The bridge system in this paper plays a role of the system of
short arcs in [BD14].
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2.4. Hyperbolic structures on surfaces with boundary

Let S be a compact oriented surface of negative Euler characteristics,
which has non empty boundary. A hyperbolic metric on S is a complete
Riemannian metric of constant curvature —1 which makes the boundary
components totally geodesic. A hyperbolic structure on S is an isometric
class of hyperbolic metrics on S. Geodesic laminations on S is similarly
defined. In the case of compact surfaces with boundary, we require that
maximal geodesic laminations must contain all of the boundary compo-
nents as closed leaves. A hyperbolic structure on the surface with boundary
also uniquely corresponds, up to conjugacy, to a representation with the
following properties:

(i) pis a discrete and faithful representation, and

(ii) if v € m(9) is the homotopy class of a boundary component, then
p(7y) is a hyperbolic element in PSLsR.

In this paper, we call such a representation a hyperbolic Fuchsian repre-
sentation. We can associated to a hyperbolic Fuchsian representation p the
developing map f,: S — H2. The image of f, is a convex domain of H?,
which does not coincides with H? in general.

We define the Teichmiiller space J(S) of S by

T(S) = {p: m1(S) — PSLaR | p is hyperbolic Fuchsian,

f, is orientation-pres. }

This Teichmiiller space is also identified with the deformation space of hy-
perbolic structures as in the case of closed surfaces.

2.5. Shearing parameterization of Teichmiiller spaces
2.5.1 The space of transverse cocycles
We recall transverse cocycles. Let S be a compact oriented surface of
negative Euler characteristics, and A be an (arbitrary) maximal geodesic
lamination on S. An (R-valued) transverse cocycle o for X is a map asso-
ciating a real number (k) € R to each (unoriented) arc k transverse to A
which satisfies that

(i) (Additivity) if k is cut into the union of two subarcs at an interior
point of k\ A so that k = kj U ko, then o(k) = o(k1) + o(ke), and
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switches

Fig. 1. Train track neighborhood.

(ii) (Homotopy invariance) if k and k" are homotopic respecting to A, then
o(k) = o(k).

We denote the space of transverse cocycles for A by Z(\).

The space Z(\) is parameterized by the train track neighborhood
([Bo97]). The train track neighborhood Ny of X is a family of finitely many
“long” rectangles e, - , e, called edges, so that the union of e; contains .
Two rectangles intersect only along their short sides, and every point of the
short side of a rectangle is contained in another short side of the rectangles.
We require that the complementary region of Ny contains no component
which is a disc with 0, 1, or 2 spikes, or an annulus with no spikes. Trans-
verse cocycles o € Z(\) associate a real number to each e; as follows. Each
e; is foliated by the arcs parallel to the short sides of e;. We call the leaves
of this foliation ties. We pick a tie k; for the edge e;, which is transverse
to A. Given o € Z()), we define o(e;) by the value o(k;). The homotopy
invariance of o implies that o(e;) is independent of the choice of k;.

THEOREM 3 ([Bo97, Theorem 11]). Let A be a geodesic lamination,
and let Ny be an train track meighborhood of A consisting of the edges
e1,---,ep. Then, the mapping Z(\) — R, which sends transverse cocy-
cles o to the point (o(e1), -+ ,0(er)), is a bijection onto the image. The
image is defined by the switch relation.
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Let us recall the switch relation. Switches of Ny are ties, which are short

sides of edges. Suppose that e{‘, e ,65 and e{%, ‘e ,ef intersect along a
L

switch s such that elL, -+, e, are the edges adjacent to the one side of s,
and e{%, - ,ef are the edges adjacent to the other side. The switch relation
at s is the equation el +- - -+e£ =elt+.. '+e§. All possible switch relations
define the range of the above parameterization of Z (). The topology and
the analytic structure of Z(\) is defined by the structure of the Euclidean
space R! via the mapping in Theorem 3.

2.5.2 Shearing cocycles and a parameterization of Teichmuller spaces

Given p € J(S), we construct the shearing cocycle o € Z(\) of p, which
is the transverse cocycle associated to p. Fix a universal covering H? — S
associated to p. To define o”(k) for an arbitrary arc k transverse to A\, we
lift k& to Z:, which is transverse to the preimage XA C H? of \. Then the
endpoints of k are contained in different plaques. We denote these plaques
by P and @, and consider the set % of plaques which separate P and ). Let
g (resp. h) be the boundary leaf P (resp. () which is nearest to @) (resp.
P). On g (resp. h), there is a canonical base point which is the orthogonal
projection of the third vertex of P (resp. Q). We call this point the base
point of g (resp. h). Each plaque in P is partially foliated by the horocyclic
flow. Then, we can construct a foliation which joins g and h. Along this
foliation, we carry the base point of g to a point in h.

We define o”(k) by the signed length between the carried point and the
base point of h. Here the sign of the length is defined by the parameteriza-
tion of h by R as follows. The orientation of S defines an orientation of the
boundary of ), so of h. Then we can take an isometric parameterization
R — h so that it is compatible with the orientation of h and maps 0 to the
base point of h. The value o”(k) is independent of the choice of %, and we
finish the construction of the shearing cocycle o” of p.

For an arc k£ which is transverse to a bi-infinite leaf B of A only once,
there is a simple formula of the value o”(k). To explain this, we recall the
cross ratio on the boundary OH?.

DEFINITION 4. Let a,b,c,d € OH? be a quadruple of distinct points of
the ideal boundary OHZ2. The cross ratio cr(a, b, c,d) is the ratio

cr(a,b,c,d) = (o~
a
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We respectively lift £ and B to k and B on the universal covering so that
they intersect. There are two plaques P,(Q which contains the endpoints
of k. In particular, since A is maximal, these plaques are adjacent ideal
triangles along B. We denote, by x,y, 2%, 2, the ideal vertices of P,Q by
the following rules : (i) z and y are the endpoints of B, (ii) z, 2%, y, 2% are
in counterclockwise order. By direct computations, we obtain the following
relation. Let us write o”(k) by o”(B).

LEMMA 5.

o?(B) = log[—cr(z,y, 2L, 21)].

The shearing cocycle is applied to parameterize the Teichmiiller spaces.

THEOREM 6 ([B0o96, Theorem A]). There is a real analytic homeomor-
phism ¢x: T(S) — Z(X) : p — of onto an open convex cone bounded by
finitely many faces in Z(\).

This parameterization is called the shearing parameterization. The im-
age of ¢ is characterized by a certain intersection form on Z()), defined
along train tracks. A train track neighborhood is called generic if all
switches are trivalent as Figure 2.

s

e

e

Fig. 2. A generic switch.

We can always choose a generic train track neighborhood for all geodesic
laminations. Fix a generic train track Ny of A. At each switch s of Ny, a
single edge “comes” to the switch s, and two edges “leave” the switch. We
denote, by e, the edge which leaves to the left of the incoming edge, and,
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by e the edge which leaves to the right. For 0,7 € Z()\), the intersection
form 7 is defined by

o) =5 3 (

s

)
—~
]
©
N~—
3
—~
)
® I~
N—
<)
—~
]
» ~
S~—
3
—
]
©
N—
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where s ranges over all switches of N). The following theorem determines
the image of ¢).

THEOREM 7 ([B0o96, Theorem 20]). For every non-zero transverse
measures (1 € Z(\) and for every shearing cocycles o, T(u, o) > 0.

Note that this theorem follows for all generic train track neighborhoods
of A, hence the positivity of intersection numbers is independent of the
choice of N,.

2.5.8 Shearing parameterization along train tracks

We arrange Theorem 6 by the weights on the edges of the train track
neighborhood and the twist parameters along closed leaves of A\. Let us
define the twist parameter. Let C1,--- ,C) be closed leaves of A, contained
in the interior of S. Under the ideal triangulation by A, some ideal triangles
spiral to C; from the both sides. Choose an ideal triangle TF in the one
side, and an ideal triangle T® in the other side.

N

We respectively lift C;, TY, and T to CZ, T , and TR so that T and
TR have a common end point with C We denote, by x and y, the endpoints
of C; so that z is on the left from TF. Two edges of TL are asymptotic to
C;. In particular, one of these edges separates S so that C’,, TL and T are
contained in the same component. We denote, by 2z, the end point of the

edge, which is different from x or y. Similarly we take the ideal vertex z%
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for TR. Note that the points z, 2%, y, 2z are in counterclockwise order. We
define the twist parameter 0°(C;) by log[—cr(f,(z), f»(v), fo(z1), fo(zF)].

We distinguish the edges of generic train track neighborhoods as follows.
We call that an edge is internal if the edge intersects to no closed leaves,
and we call the other edges non-internal. In addition, we call that a switch
is internal if it is a short side of three internal edges, and we call other
switches non-internal. In other words, the internal switch is a switch which
intersects to no closed leaves.

The following version of Theorem 6 is used in the proof of Theorem 32.

THEOREM 8. Let S be a compact oriented surface of negative Fuler
characteristics, and A be an arbitrary maximal geodesic lamination on S,
which has closed leaves C1, - - - ,Cy in the interior of S. Fix a generic train
track neighborhood Ny. We denote, by e1,--- , e, the internal edges of Ny.

Then, the following map is an analytic embedding of the Teichmiiller space
T(S).

dr: T(S) = RFE: piss (0P(eq), -, 0P(er),0°(Ch), -+ ,0°(C)).

To prove this, we determine the range of the mapping 5,\ by three con-
ditions as follows.

(I) The parameters o”(eq),--- ,0”(e;) satisfy the switch relations at all
internal switches by Theorem 3. This is the first condition which defines
the image of ggk.

(IT) Next, we focus on the spiraling of bi-infinite leaves along closed
leaves. Let us introduce the signature of the spiraling of bi-infinite leaves.
When the spiraling occurs in the direction opposite to the orientation of S,
we call this spiraling positive spiraling. See Figure 3. Similarly, we call the
spiraling in Figure 4 negative spiraling.

We refer to the following proposition.

ProPOSITION 9 ([Th, Proposition 3.4.21]). Let F' be a compact ori-
ented surface of negative Euler characteristics with boundary. Fiz p € J(F),
and a maximal geodesic lamination X on F'. Let By,--- , By be the bi-infinite
leaves of A spiral to a boundary component C' of F. Then, if the spiraling
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Fig. 3. Positive spiraling. Fig. 4. Negative spiraling.

of Bj is positive,

!
L,(C) = o"(By),
j=1

and if the spiraling of B; is negative,

l
1(C) = =Y ().
j=1

For each Cj, let Bi’L, e ,BZL be bi-infinite leaves spiraling to C; from
the one side, and Bi’R, e ,Bli}’?R be bi-infinite leaves spiraling to C; from
the other side. Then, Proposition 9 gives us the following relation

lL lR
sign Z o?(B") = sign - Z o?(BA) > 0 (%)
k=1 k=1

The symbol “sign” means the signature of each spiraling along C;. Similarly,
for each boundary component C of S, letting Blc o ,Blc(; be the bi-infinite
leaves spiraling to C, it follows that

lo
sign - Z oP(BS)>0 - (%)
k=1
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by Proposition 9, where “sign” also means the signature of the spiraling
along C.

By definition of o”(e;), (%) and (xx) give the relations between the pa-
rameters o”(ey),- -+ ,0”(e;), which are the second condition.

(ITI) The final condition is given by Theorem 7, which implies that
7(1,0”) > 0 for every non-zero transverse measure p. For switches s, set
7s(, 0?) = p(ef)o?(el) — u(el)o?(ef). The non-internal switches corre-
spond to the spiraling of bi-infinite leaves to closed leaves. Depending the
signature of the spiraling, two types of the branches at non-internal switches

occur as the following figures.

/ a closed leaf
S

i~

w

|

a cIoseh

Fig. 5. Positive case. Fig. 6. Negative case.

If s is given by the positive spiraling (Figure 5), then 74(u,0”) =
p(ef)ar(ek), since the support of y contains no isolated bi-infinite leaves,

so p(ek) = 0. Similarly if s is given by the negative spiraling (Figure 6),
then 7,(u, 0”) = —p(eL)oP(el). Hence, 7(u,0”) > 0 implies that

1"

> 7l o?) + ) (ule)o(eg)) = > (nleg)o?(ef)) > 0,

s

where s ranges over the internal switches, s’ (resp. s”) ranges over the non-
internal switches which correspond to the positive (resp. negative) spiraling.
If A is uncountable, then we can take transverse measures p such that p
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associates 0 to the non-internal edges. Hence, for all such p,

Y mslio?) = (uled)o?(ef) — u(ed)a?(efh)) > 0,

S

where s ranges only over internal switches. Note that e and el are
internal edges, and this inequality is a relation between the parameters
oP(e1), - ,aP(er).

If A consists of finitely many leaves, all bi-infinite leaves are isolated.
Then u(e;) = --- = u(eg) = 0 since the support of p contains no isolated
bi-infinite leaves. Hence we obtain

S (B0t ) + (— 5 (u(eé)a”(eﬁ))) ~0

S/ S//

However this inequality follows from the condition (II) since p(ef) and
,u(esL,/) are positive, so it gives no new conditions.
We summarize these conditions (I), (II), and (III).

PRrROPOSITION 10. The parameters of(ey), - ,0P(es) satisfy the fol-
lowing three conditions:

(I) The switch relations at all internal switches.

(IT) The equality and inequality obtained from the condition (x) and (xx)
along each closed leaf.

(IIT) The positivity Y, Ts(p,0”) > 0, where (1 is an arbitrary transverse
measure which associates 0 to the non-internal edges, and s ranges
over the internal switches.

Now we prove Theorem 8. The analyticity is obtained from the argu-
ment of [Bo96] and [BD14]. Hence it suffices to give an inverse mapping of
(ZA. In particular, we reconstruct a Fuchsian representation of S from the
parameters which satisfy the conditions (I), (II), and (III) in Proposition 10.

PROOF (Theorem 8). Given parameter (zi,---,2;,y1, - ,Yx) where
x; is the o”(e;)-entry and y; is the 6°(C;)-entry , we construct a Fuchsian
representation which has this parameter. To construct this, cut the surface
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S along the closed leaves C; of A. Then § is separated to finitely many
(compact) surfaces with boundary.

First we construct a Fuchsian representation of each separated compo-
nent. Let F' be a connected component which is obtained in the above
separation. Then the lamination A (resp. the train track neighborhood Ny)
are restricted to the lamination Ap (resp. the train track neighborhood
Ny,.) on F. We denote the internal edges of Ny, by ei, e ,ef;,

the o” (65 )-parameter by xf; . The switch condition (I) implies the existence

and denote

of a transverse cocycle in Z(Ap) which sends efj, to xfj (Theorem 3), and
the condition (II) and (III) implies that its transverse cocycle satisfies the
positivity in Theorem 7 for all non-zero transverse measures p of A\p. Thus,

applying Theorem 6 to A\r, we obtain a Fuchsian representation pp € J(F).

We can glue these representations pr on each component F' to obtain a
Fuchsian representation p on S. Indeed, the condition (II) implies that the
glued boundaries have the same length. By the construction, o”(e;) of p is
equal to the given parameter x;.

Now we deform the Fuchsian representation p to a representation 7 by
the twist deformation along each closed leaf C; to realize that 07(C;) = y;.
For the universal covering m: S — S, we set €; = 7~1(C;), which is an
geodesic lamination on the universal covering. In the definition of 6°(C;),
we fix a geodesic 5’1-, ideal triangles TL ) TR, and ideal vertices x,y, 2%, 2.
We orient @ in the direction from gy to x, and orient the leaves of 6; so

that, for all ¢ € €;, 7(¢) and 7(C;) are oriented in the same direction.

Let f, be the developing map associated to p. The twist deformation of p
along Cj is lifted onto the universal covering as follows. Each leaf £ € €; cuts
S into two components P and @, where P is on the left of /. We consider
these £, P, in the hyperbolic plane H? via fp- Let hf be the hyperbolic
translation along ¢ whose translation length is ¢. Here the direction of hf
is determined by the orientation of £. Then we define a mapping g by hf
on P\ ¢, and the identity on Q. The iteration of such an action via gf for
all ¢ € €; gives a new universal covering of S, and the associated Fuchsian
representation is a twist deformation of p.

We consider the variation of 6°(C;) under the twist deformation along
C;. Let £ € 6;, and let P (resp. Q) be the left (resp. right) side of £. If £ is

different from Cj, the ideal verices z, y, 2%, 2% are in the common side for .
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Hence, in the both cases,

cr(gf o fo(2), 9f o foly), gt © fo(25), gt o f,(2))
= cr(fp(x), fp(?J)» fp(ZL)a fp(zR)>-

If¢ = éi, zl'is on P and 2% is on Q. Then, via the translation g{, only z”
moves on the interval between = and y, and the other vertices z,y, 2 are
fixed. In particular, the point 2~ goes to # when t — oo and goes to y when
t — —oo. Hence, we obtain the following variation of the cross ratio.

cr(gf o fo(2). 9 © foly), g1 © fo(25), gf 0 f,(2™))
= cr(fp(x), (1), of © fo(27), £o(27))

_){o (t — 00)

-0  (t — —00).
Note that the cross ratio is monotone for ¢. This proves the next lemma.

LEMMA 11. For any negative real numbers r < 0, there exists a unique
twist deformation n; of p along C; such that

Cr(fﬂi($)7 fm (y)7 fm (ZL), fm(ZR)) =7

Applying Lemma 11 as r = —e¥, we complete the twist deformation
n; of p along the leaf C; to obtain a Fuchsian representation 7; such that
0":(C;) = y;. We note that this twist deformation preserves the other twist
parameters 6°(C;) for i # j. Since the closed leaf C; does not intersect to
C;, the geodesic laminations 6; and 6; are disjoint. Moreover, C; is asymp-
totic to some bi-infinite leaves, but does not intersect to bi-infinite leaves
transversally. Thus the points z, y, z¥, 2, which define the twist parameter
along C';, belong to a common plaque of 6;. Hence, under the twist deforma-
tion along Cj, it holds that 6°(C;) = 6" (C};). Similarly, the twist deforma-
tion preserves the shearing parameters, i.e. o”(e;) = o™ (ey), - ,0”(er) =
o (eg). Therefore, twisting p along all closed leaves C1, - - - , C, we obtain a
Fuchsian representation 7 of S such that 67(Cy) = y1,--- ,0"(Ck) = yi. For
this 7, the shearing parameter does not change from one of the original rep-
resentation p. We finish the reconstruction of Fuchsian representations. [
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Finally, we make remarks about the case of laminations A\ consisting
of finitely many leaves. In this case, letting By, -, B3| (s) be bi-infinite
leaves of A, and C1, - - - , C), be closed leaves in the interior of .S, we can take a
simple generic train track neighborhood N, which satisfies that the internal
edges of N are only 3|x(S5)| edges e1,- - , e3),(s)| such that e; intersects only
to B; and has no intersections with other leaves. Then the parameterization
gg,\ along N, is defined by

dA(p) = (0°(e1), -, 0P (ez(s)), 07 (Ch), -+, 0°(Ch)).

Note that there are no internal switches of N,. Thus, Proposition 10 im-
plies that the range of ¢, is determined only by the condition (II). This
parameterization is used in the proof of Theorem 32.

3. Hitchin Representations and their Properties

3.1. Hitchin components

The PSL,R-representation variety R, (S) of S is the set of group homo-
morphisms R, (S) = Hom(m(S5), PSL,(R)) with the compact open topol-
ogy. PSL,R acts on the representation variety by conjugation. The quotient
space X, (5) = R,(S)/PSL,(R) is called the PSL, (R)-character variety.
The Teichmiiller space J(.5) is naturally embedded in the character variety
X2(S) by definition. It is known that J(S) is a connected component of
X2(S) ([Goss)).

The Hitchin component is the component of X,,(S) which contains J(.S)
in the following sense. Let us consider an irreducible representation SLaoR —
SL,R which is unique up to conjugacy. This representation is obtained by
the symmetric power. We denote its projectivization PSLosR — PSL,R
by t,. The representation ¢, induces a map between character varieties
(tn)s: X2(S) — X, (S) by the correspondence p +— ¢, o p. Since ¢, is a
group homomorphism, this induced map is well-defined.

DEeFINITION 12. The (PSL,R-) Hitchin component H,(S) is the
connected component of X, (S) which contains the image F,(S) =

(n)«(T(5))-

We call the image F,,(S) of J(S) the Fuchsian locus of H,(S). Hitchin
representations are representations p: m(S) — PSL,R whose conjugacy
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class belongs to H,(S). A Hitchin representation p is PSL,R-Fuchsian if p
is contained in F,,(5), i.e. there is a Fuchsian representation pg: m1(S) —
PSL2R such that p = ¢, 0 po.

The definition and the diffeomorphic type of Hitchin components was
given by Hitchin in [Hi92].

THEOREM 13 (Hitchin [Hi92]). The Hitchin component Hy/(S) is dif-
feomorphic to R(29=2)(n*=1)

Moreover, Hy(S) consists of faithful discrete representations. This fact
was shown by Labourie [La06] from the Anosov property of Hitchin repre-
sentations, see Section 3.3.

3.2. Hyperconvex property

The projective special linear group PSL,R acts on the projective space
RP"~1 = P(R™) by the projectivization of the linear action of SL,R on R".
We define the hyperconvexity of projective linear representations of m(.S).
Let 0m1(S) be the ideal boundary of 71 (S) which is the visual boundary of
a Cayley graph of 71 (S). Note that 91 (S) is homeomorphic to &S through
a hyperbolic structure on S. Therefore, in this paper, we identify dm;(5)
with 95 by using the reference hyperbolic structure on S.

DEFINITION 14. A representation p: m1(S) — PSL,R is said to be
hyperconvex if there exists a (m1(95),p)-equivariant continuous map
&, Om(S) — RP" ! such that &,(z1)+- - - +&,(y,) is direct for any pairwise
distinct points 1, - , 2, € dm1(95).

The associated curve §, is called the hyperconver curve of p. Labourie
showed that Hitchin representations are hyperconvex by the Anosov prop-
erty which is explained in the next subsection. The converse result was
shown by Guichard in [Gu08], so

THEOREM 15 (Guichard [Gu08], Labourie [La06]). A representation
p: m1(S) — PSL,R is Hitchin if and only if p is hyperconvez.

In addition, Labourie showed the following theorem.

THEOREM 16 ([La06]). Let p: m1(S) — PSL,R be a hyperconvex rep-
resentation with the hyperconvex curve £,: Om (S) — RP"!. Then there
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exists a unique curve §§: o1 (S) — Gr¥(R™) with the properties from (i) to
(iv) below.

(i) €P(x) C &P(x) for any x € Om (S).

(ii) &M (z) = &,(x) for any x € Om1(9).

(iii) If ny,--- ,n; are positive integers such that > n; < n, then £™ (1) +
oo+ &M (xy) is direct for any pairwise distinct points x1,--- ,x; €
87['1(5).

(iv) Ifny,--- ,n; are positive integers such that p = > n; < n, then

lim §" (1) + -+ " (y) — ()

(y1,- y1)—x; y;distinct

This theorem implies that any hyperconvex curves are extended to
curves in the flag manifold. (See Section 4.1 for the precise definition of
flags.) The map (£1,---,&"71): Om1(S) — Flag(R") is called the (osculat-
ing) flag curve of the hyperconvex curve &,.

We can explicitly describe the hyperconvex curve of PSL,R-Fuchsian
representations. Let p, = t,0p be a PSL,,R-Fuchsian representation. Recall
that the irreducible representation ¢, is defined by symmetric power of the
representation (SLoR,R?). We identify R™ with Sym" 1(R?). Consider
the Veronese embedding v: RP! — RP"! defined by sending [a : b] to
[a®t : a"2b : .-+ : "1, Then the composition v o f, of the Veronese
embedding with the developing map gives the hyperconvex curve of p,.
Using homogeneous polynomials, the flag is also described explicitly. The
symmetric power Sym™ !(R?), which is identified with R, is also identified
with the vector space

Poly, (X, V) = {a1 X" + a; X" 2V + -+ 4 a,Y"! | a; € R}

of homogeneous polynomials of degree n—1. If we denote the canonical basis
of Sym™~1(R?) by 6711_1,671’_2 “eg, ,63_1, where e, es are the ganonical
basis of R?, the identification is defined by mapping the vector el - eg_l_z
to (”;I)X {yn=1=i_ Then the one dimensional subspace v([a : b]) is equal

to R{(aX + bY)" '} in the vector space Poly,(X,Y). In addition, the



614 Yusuke INAGAKI

d-dimensional subspace of the flag curve associated to v, which is again
denoted by v, is defined by

{P(X,Y) € Poly, (X,Y) | P(X,Y) can be divided by (aX + bY)" ¢}

We call the flag curve v the Veronese flag curve. The composition v o f,
of the Veronese flag curve with the developing map is just the flag curve of
PSL,,R-Fuchsian representations.

3.3. Anosov property

The existence of the flag curve of Hitchin representations follows from
the Anosov property. Although we do not need it essentially in this paper,
we recall this property to introduce backgrounds of Hitchin representations
and flag curves.

Let G be a semisimple Lie group, and P be a parabolic subgroup, that is,
the stabilizer of a point of the visual boundary of the Riemannian symmetric
space G/K. A representation p: m(S) — G is said to be P-Anosov if there
exists a continuous p-equivariant map &,: Osem1(S) — G/P with a certain
dynamical property with respect to the action of p(71(S)). In general case,
the dynamical property is defined by the Cartan projection of GG, and the
definition is not short. However, in the case of G = PSL,R, we can define
the Anosov property more simply and more explicitly. Let s1(A4) > s9(A) >

- > 5,(A) be the singular values of A € PSL,R. For 1 < k < %, a
representation p: m1(S) — PSL,R is said to be Pi-Anosov if there exist
constants A, C' > 0 such that si(p(7))/sk+1(p(7)) > Aexp Cly|.

Especially, when p is Py-Anosov for all k, p is called Borel-Anosov. In
[La06], Labourie showed Hitchin representations are Borel-Anosov. More-
over it was also shown by the Borel-Anosov property that Hitchin represen-
tations are faithful, discrete, irreducible and purely-loxodromic.

For a Borel-Anosov representation p, through the argument with the
action on the symmetric space G/K and its Furstenberg boundary G/B,
we obtain a continuous p-equivariant map &: dwom1(S) — G/B, called the
boundary map of p. The boundary maps are the analog of the limit set
of discrete subgroups of rank 1. In particular, when G = PSL,R, the
boundary G/B is the (complete) flag manifold Flag(R™). Recall that Hitchin
representations are hyperconvex, and they have the osculating flag curves.
These osculating flag curves are just equal to the boundary maps of the
Borel-Anosov property.
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REMARK 17. For general references of Anosov representations/
Anosov subgroups, see Guéritaud-Guichard-Kassel-Wienhard [GGKW17],
Kapovich-Leeb-Porti [KLP17]. The original definition was given by
Labourie [La06] for surface groups, and by Guichard-Wienhard [GW12] for
Gromov hyperbolic groups.

4. The Bonahon-Dreyer Parameterization

4.1. Projective invariants
We define projective invariants of tuples of flags. A (complete) flag in
R™ is a sequence of nested vector subspaces of R"”

{0})=F'cF'cF*c..-c F" =R",

where dim F¢ = d. The flag manifold of R™ is a set of flags in R®. We
denoted the flag manifold by Flag(R™). Note that Flag(R") is diffeomorphic
to a homogeneous space PSL,,R/B, where B is a Borel subgroup of PSL,R,
and PSL,R naturally acts on the flag manifold. A generic tuple of flags is a
tuple (F1, Fy,- -+, Fy) of a finite number of flags F, Fy,--- , F}, € Flag(R")
such that if nq,--- ,ng are nonnegative integers satisfying ny +---+ng = n,
then F{" N---NE'* = {0}.

Let (E, F,G) be a generic triple of flags, and p,q,r > 1 integers with
p4+q+r=n. Foreachd = 1,--- ,n, choose a basis “e?, f¢, g% of the wedge
products “/\d E4, /\d F, /\d G? | respectively. We fix an identification be-
tween A" R™ with R. Then we can regard e A f92 A g% as an element of R
when d; + dy + d3 = n. In particular e A f92 A g% is not equal to 0 since
(E, F,G) is generic.

DEFINITION 18. The (p, q,r)-th triple ratio Tp,q-(E, F, G) is defined by

p+1 A 9N r—1 P A q—1 A r+1 , p—1 A q+1 Ad"
T r(E F7 G) _ € f g € f g e f g cR
pq ) ep—1 A fIN gr+1 .eP A fq+1 A grfl .eptl a fq—l Agr

The value of Ty (E, F, G) is independent of the identification A" R™ =~ R
and the choice of elements e?, ¢, g%. If one of exponents of e?, f?, g¢ is equal
to 0, then we ignore the corresponding terms. For example, e A fIA g9 =
f4 A g™ 1. The triple ratio is invariant under the action of PSL,R.
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For permutations of (E, F,G), the triple ratio behaves as follows.

PROPOSITION 19. For every generic triples (E, F,G) of flags,

Tpgr (B, F,G) = Typp(F, G, E) = Ty (F, E,G) .

Let (E,F,G,G") be a generic quadruple of flags, and b be an inte-
ger with 1 < b < n — 1. We choose nonzero elements “e?, f¢, g%, g/®”
of “A?E? N FI ANTGT NG respectively. We fix an identification
A" R™ = R again. Then, e? A f92 A g% and e? A f92 A g’%3 are also regarded
as real values when di 4+ ds + d3 = n.

DEFINITION 20. The b-th double ratio Dy(F, F,G,G") is defined by

eb A fn—b—l /\gl . eb—l A f’n—b /\gll

_€b A fn—b—l /\gll . 6b—1 A fn—b Agl c€R.

Dy(E,F,G,G') =

This is well-defined since the ratio is independent of the choice of
A'R® = R and e, f¢, g%, g'?. The double ratio is also invariant under
the action of PSL,R.

4.2. The Bonahon-Dreyer parameterization for finite lamina-
tions
4.2.1  Construction of invariants

We define three kinds of invariants of Hitchin representations, triangle
invariant, shearing invariant, and twist invariant for an oriented maximal
geodesic lamination which consists of finitely many leaves with a bridge sys-
tem. We fix a hyperbolic metric on S, and an oriented maximal geodesic
lamination A on S. We suppose that A consists only of closed leaves
C1,--+,Ck and bi-infinite leaves By, -+, B3|y (s)- In addition, we fix a
bridge system J = {J¢,}i of A. The lamination A\ induces an ideal tri-
angulation of S by ideal triangles T1,--- ,T5),(s). Each ideal triangle T;
has three spikes. We denote these spikes by sg,si,sé so that, in a lift ﬁ
of T;, their corresponding ideal vertices of Tl are in clockwise order. Let
p: m1(S) — PSL,R be a Hitchin representation and &,: dm(S) — Flag(R")
the associated flag curve.



Invariants of PSL,R-Fuchsian Representations 617

Let T; be an ideal triangle, and choose a spike sé- of T;. Fix a lift i
of T;. We denote the ideal vertex corresponding to 53- by v. In addition,

we denote the other vertices of T} by v/, v" so that v,v’,v” are in clockwise
order. Let p,q,r be integers such that p,q,7 > 1 and p+ q¢+r =n.

DEeFINITION 21. The (p,q,r)-th triangle invariant qur(sj-,p) of a
Hitchin representation p associated to the spike 32- of the ideal triangle T;
is defined by

qur(8§, :0) = log qur (5/)(”)7 gp(v/)7 fp(vll))‘

The triangle invariant is independent of a choice of the lift T, since flag
curves are p-equivariant and the triple ratio is invariant under the PSL,R-
action. By Proposition 19, we have the relation between triangle invariants:

qur(367p) = Tqrp(silﬁ’) = Trpq(sg’p)‘

This relation is called the rotation condition, and is going to be used to
define the parameter space.

A bi-infinite leaf B; € A7 is a side of two ideal triangles. Let T* (resp.
T%) be the ideal triangle which is on the left (resp. right) side with respect
to the orientation of B;. We lift B; to a geodesic B, in § and we also lift T'F
and T to two ideal triangles TL and T® so that they are adjacent along
B;. We denote the repelling point and the attracting pomt of B; by y and
x, and denote the other vertices of T~ (resp. TR) by 2% (resp. z). Let b
be an integer with 1 < b <n — 1.

DEFINITION 22. The b-th shearing invariant of a Hitchin representa-
tion p along B; is defined by

oy(Bs, p) = log Db(fp(ff)a §p(y)> fp(ZL)a gp(zR))-

This invariant is also well-defined for a choice of lifts by the same reason
with the case of triangle invariants.

Consider a closed (oriented) leaf C; € A7. By the bridge system J, we
have a bridge Jo, = {TF, T} associated to C;. Here T spirals to C; from



618 Yusuke INAGAKI

the left, and TR spirals to C; from the right. Lift Cj, TL and TR to 51, TVL
and TR in the universal coverlng so that the ideal trlangles TL TR have a
common ideal vertex with C;. We denote, by z, the attractlng pomt of C
and, by y, the repelling point of C;. Let us define the vertex z~, 2% of ideal
triangles TL TR as follows. Note that two sides of TL are asymptotlc to C;.

One of these sides cuts the universal cover S such that an ideal triangle TZL
and the geodesic @ is contained in the same connected component. The
ideal vertex z” is the end point of such a geodesic side of IN“iL other from the
ideal point z or y. We define 2% for i-R similarly. Let ¢ be an integer with
1<c<n-1.

DEFINITION 23. The c-th twist invariant of a Hitchin representation p
along C; is defined by

0.(Ci, p) = log De(€p(), &(y), £o(25), &5 (7).

The invariants above are well-defined on Hitchin components i.e. these
three invariants are independent of representatives of conjugacy classes of
Hitchin representations.

4.2.2  The Bonahon-Dreyer parameterization

Set N = 6|x(5)|("5") +3[x(S)|(n — 1) + k(n — 1). Bonahon and Dreyer
showed that Hitchin representations are parameterized by the all triangle
invariants, shearing invariants, and twist invariants we can define.

THEOREM 24 (Bonahon-Dreyer [BD14]). The map ®y,: H,(S) —
RN defined by

(p)\j(p) = (TPQT(S‘??p)v Tt aab<Bi7p)7 e 7‘90(02'7[3)7 t )

s an analytic homeomorphism onto the image. Moreover the image of this
map is the interior Py, of a convex polyhedron.

We denote the coordinate of the image by

(TPQT('S;")’ o 7Ub(Bi)a o 700(Oi)7 to )
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4.2.3  The parameter space Py,

The range P, , is defined by the rotation condition referred after Defi-
nition 21, and the closed leaf condition defined as follows. This condition
is given by the equality and the inequality of triangle, shearing invariants
associated to closed leaves C. Let C be a closed oriented leaf of the lami-
nation A\. We focus on the right side of C' with respect to the orientation
of C. Let By,--- , Bj be the bi-infinite leaves spiraling to C' from the right,
and 717, --,71; be the ideal triangles spiraling to C from the right. Suppose
that these leaves and ideal triangles spiral to C' in the direction (resp. the
opposite direction) of the orientation of C. Let s; is the spike of T; which is
asymptotic to C. Define 7(B;) by o3(B;) if B; is oriented toward C', and
by o,,—y(B;) otherwise. We define

l l
Ry(C) = ZE},(BZ') + Z Z qur(si)

in the former case, and

in the latter case.
When we focus on the left side of C', we can similarly define Ly(C) by

I
Ly(C)==>T(Bi) = > > Togr(si)

i=1 i=1 g+r=n—>b

if the spiraling is in the direction, and

Zan bB2 +ZZ nb)qr Sz

1=1 g4+r=b

if the spiraling is in the opposite direction.

The closed leaf equality for C' is the equality Ly(C) = Ry(C), and the
closed leaf inequality for C is the inequality Ly(C), Ry(C) > 0. The rotation
condition for all spikes and the closed leaf condition for all closed leaves
define Py . See [BD14] for details.
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4.3. The Bonahon-Dreyer parameterization for general lamina-
tions

In the previous subsection, we recall the Bonahon-Dreyer parameteriza-
tion for laminations with finitely many leaves, which is a higher dimensional
analog of Theorem 8. In this subsection, we recall the Bonahon-Dreyer pa-
rameterization for general laminations, which is a higher dimensional analog
of Theorem 6. In the following, we fix a maximal geodesic lamination A on
S which may contain an irrational lamination.

4.3.1 Relative tangent cycles

A relative R"!-valued tangent cycle is roughly a twisted transverse
cocycle of )\, which is an association of vectors in R™~! to oriented tightly
transverse arcs. A tightly transverse arc k of A is an arc transverse to A with
the following properties:

(i) k is contained in a fixed small train track neighborhood of A, and

(i) if a component d of k\ A contains no end points of k, then d cuts only
one spike.

Here “spike” means a spike of an ideal triangle, which is a complementary
region of A. We denote the set of such spikes by sx. The tightness of a
transverse arc k implies that every components of k£ \ A, which contains no
end points of k, pass near a spike s € s).

A relative R"!-valued tangent cycle a for ) is an assignment of a vec-
tor a(k) € R™! to each oriented arc k tightly transverse to A with the
homotopy invariance respecting A, and the quasi-additivity defined below.

Consider the splitting of k to k1 and ks at an interior point of a compo-
nent d of k\ A, where d has no end points of k. Let s € s, be a spike, which
corresponds to d. Then we require that there exists a vector da(s) € R"~1
such that

a(k) = a(ky) + a(ks) — 0a(s)
if k£ passes in counterclockwise direction for s, and
a(k) = a(ky) + a(ks) + 0a(s)

if k passes in clockwise direction for s. This property is called the quasi-
additivity. We call the correspondence Oa: sy — R"! the boundary of
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a. We denote the space of relative R"~!-valued tangent cycles of A by
Z (M, slits; R"~1) following [BD17]. We remark that, in this paper, “slits”
simply means s).
4.8.2  Slithering maps and shearing classes
Let p be a Hitchin representation and &, be the associated flag curve.
We denote, by X, the preimage of A into the universal covering of S. The
slithering map is a family of elements ¥, € SL,R associated to all pairs of
leaves of A which is uniquely determined by the following conditions:
(i) Xgg =Idre, Xgg = E;gl,, and Xggn = Xgg 0 Bggr if g,¢', g are leaves
of X such that ¢, ¢ are separated by ¢/,

(ii) ¥,4q depends locally Holder continuously on g and ¢’ (here we fix an

arbitrary metric structure on G(S) in the sense of Section 2.3),

(iii) if g and ¢’ have a common ideal vertex, then X,, naturally sends the
associated line decomposition of ¢’ to the line decomposition of g.

In the condition (iii), the line decomposition associated to a leaf ¢ is defined
as follows. Fix an orientation of g. Let x be its attracting point, and y be its
repelling point. We set F© = ¢,(z) and F'~ = &,(y). By the hyperconvexity,
the intersection Ly(g) = (FT)* N (F~)"~**! are one dimensional subspaces
for every b = 1,---,n, and give a decomposition of R" = @®}_,Ly(g). If
two geodesics g, ¢’ have a common vertex x, we orient g, ¢’ so that z is the
attracting point with respect to the orientation. The condition (iii) says
that Yy, is a unipotent special linear transformation which sends Ly(g') to
Ly(g) forall b=1,2,--- ,n.

The shearing class ¢” of a Hitchin representation p is one of relative
R"lvalued tangent cycles defined by the flag curve &p- Let k be a tightly
transverse oriented arc of \. We define o (k) (1 < b < n — 1) as follows.
Consider two plaques which contains the endpoints of a lift k of k in the
universal covering. Note that k is also oriented from the orientation of k.
We denote the plaque containing the starting (resp. terminal) point of k by
P (resp. Q). Let g (resp. ¢') be the side of P (resp. @) which are nearest
to Q (resp. P). Let x,y,z be the ideal vertices of P and 2’ be the ideal
vertex defined as Figure 7. Then, for b=1,2,--- ,n — 1, we define

Ug(k) = log[Dy(&p(2), §p(y), €p(2), Egg’fp(z’))]-
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Combining these, we define o”(k) = (o7 (k)), € R""'. We call this vector
valued cocycle o” the shearing class of a Hitchin representation p. The
shearing class has the homotopy invariance respecting to A, and has the

quasi-additivity, so this is a relative tangent cycle. For more details, see
[BD17, Section 5].

Yy

Fig. 7. Ideal vertices z,y, z, 2’.

4.3.8  The Bonahon-Dreyer parameterization for general laminations

In general cases, the Hitchin components are parameterized by the shear-

ing classes and the triangle invariants. By the maximality, A induces an

ideal triangulation of S. Let T; be ideal triangles obtained by the ideal
triangulation of A, and 53- € 5 be its spikes.

THEOREM 25 ([BD17]). The map ®y: H,(S) — Z(\,slits; R?1) x
n—1 .
ROXI("2") defined by ®x(p) = (07, Tpqr(s}, p)) is a homeomorphism onto
the interior Py of a conver polyhedron.

4.8.4  The parameter space Py
The image of @) is determined by three conditions, the rotation condi-
tion, the shearing cycle boundary condition, and the positive intersection
condition. The rotation condition is the same as the case of laminations
with finitely many leaves. The shearing cycle boundary condition is given
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by the following relation. For every spikes s € sy,
805(8) = Z quT(Sa p)a
q+r=n—>b

where 805 is the boundary of the b-th entry of the coordinate o”.

The positive intersection condition is defined by a homological interpre-
tation of relative tangent cycles. Each entry af of relative tangent cycles o”
of A can be translated to relative homology classes defined from train track
neighborhoods of A\. The positive intersection condition is the inequality

,u-ag>0

for all non-trivial transverse measures p. Here the intersection number is
defined in the homological sense.

These three conditions define the range Py of the Bonahon-Dreyer pa-
rameterization. See [BD17, Section 8] for more details.

5. Computations of Ratios for the Veronese Flag Curve

In this section, we compute the triple ratio and the double ratio of the
Veronese flag curves. Let v : RP! — RP" ! be the Veronese flag curve.
First we show that all triple ratios of v are equal to 1.

PROPOSITION 26. For any triples (x,y, z) of clockwise ordered points
in PRY, an integer n > 2, and positive integers p,q,r which satisfy that
ptat+r=n, Tu(v(x),v(y),v(z) =1

PrROOF. Given (z,y, z), we can take a transformation A € PSLsR such
that A(x) = 0o, A(y) = 1, and A(z) = 0. Using this normalization, we have
Togr (v(2), (), (2)) = Tpgr (V(A™" (00)), v(ATH(1)), ¥(ATH(0))
= Tpgr(tn(A) ™' 0(00), ta(A) ~1w(1), ta(A) "' 1(0))
= TPCIT(V(OO)a l/(l)a V(O))
Thus it is enough to consider the value Ty (v(00), v(1),v(0)).
Recall that the flag v([a : b]) = {Vy}q for [a : b] € RP! consists of the
nested vector space V; of dimension d =0,1,--- ,n defined by
Vd = {P(X7 Y) S POlyn(X7 Y) |
P(X,Y) can be divided by (aX + bY)" 4},
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For example, the d-dimensional vector space V(O)d is
v(0)" ={P(X,Y) | 3Q(X,Y) s.t. P(X,Y) =Y""Q(X,Y)}
= {1 X 4 b X972 4o kYY" | Ky, kg € RY
— SpaH{Xd_IYn_d, Xd—2yn—d+1’ L. 7yn—1}.
Similarly,
v(oo)? = Span{X"~1 xn2y,... xn-dyd-1}
v(1)? = Span{(X + V)" IXI (X + V)" dx42y,...
(X 4+ ) dyd-1},
To compute the triple ratio, first we choose a basis of A%1(0)%, A% v(1)?,
A v(c0)? as follows:
d
tg — Xd—lyn—d A Xd—2yn—d+1 A /\Yn_l c /\V(O)d,
d
th = X"TAXTY A AXTIY T e A\ w(oo),
= (X + V)" 49X A (X +Y)IXI2Y A A (X 4 YY) dydt

d
€ /\ v(1)<,
Then Tpqr(v(00),v(1),(0)) is precisely equal to

A AT B AT AT BT AT At
B A AT B AT A B AT A

so we should verify the values of wedge products 5, A t] At} for integers
p,q,r with 0 < p,q,r < n and p+ ¢+ r = n. (There is abuse of notations
p,q,r which appeared in the statement of Proposition 26.) The following
formula is shown by easy linear algebra.

LEMMA 27. Let V be an n-dimensional vector space with a basis
{b1,-+- ,bp} and {vy, -+ ,v,} be arbitrary vectors in V. We set v; =
E?:l Uijbj with Vij € R. Then

vi A Avp = Det((vi5))b1 A=+ Aby.
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We fix a basis of Poly, (X,Y) by by = X" 1 by = X"2Y,--- b, =
Y"1 and we may choose an identification A" Poly, (X,Y) — R so that
b1 Aby A --- A by is identified with 1. Then, using this basis,

NN,
= X"IAXP2Y A A XTTPY P A
(X +Y)"IXTIA (X +Y)"IXI2Y A A (X Y)Y A
erlynfr A er2Ynfr+1 A-ee A Ynfl
=by AbyA---by A

n—gq n—gq n—gq n—gq n—q n—gq
2( ; )bi+1/\2< ; )bi+2/\"'/\zl< ; )bi+q/\
1= 1= 1=

brn—rs1 ANbp—ri2 A+ Aby.

By Lemma 27 and a computation of determinants of matrices, if ¢ # 0, then

") ()
N Aty = : : : ;
(ram) o ()

and if ¢ = 0, then 5% A t{ At} = 1. We may suppose ¢ # 0. In this
determinant, we consider an extended binomial coefficient which is defined
by

<n>_ on—py Ospsn)

p 0 (otherwise).

Hence many zero entries may appear in the determinant above.

LEMMA 28. The determinant

DI oa )
Grar) ()
is equal to
(—1)% m=—g)!(n—q+D---(n=11 1121 (¢g—1)!

m—r—q)!n—r—q+1! - (n—r—r(r+1)!-(r+q—1"
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ProOOF OF LEMMA 28. The following formulae still hold for extended
binomial coefficients.

o ()G =Go)

By elemental transformations of matrices, adding the second row to the
first row, the third row to the second row, ... and then the gth row to the
(¢ — 1)th row, and applying the formula (5.2), we obtain

(P (P+r+1)

p+1 p—q+2
(p+7“+1) . (p—l—r-l—l)
ptry .. (Pt i s
( P ) (p—q—i—l) ( p+3 ) T (pfq+4)
Ghal) - |Gt e ()
(P-H“-H) .. (p+7’+1)
Phg! o
G ()

Next, by adding the second row to the first row, the third row to the second
row, ... and then the (¢ — 1)th row to the (¢ — 2)th row and using (5.2),

(P+r+1) . (p+r+1) (p+r+2) . (P+r+2)
p+1 P—q+2 p+2 p—q+3
p+r+1y . (pr+l p+r+2y . (P2
( p+2 ) (p—q—l—S) ( p+3 ) (p—q+4)
(p+r+1) . (p-‘rr-i—l) (p+r+2) . (P+r+2)

p+3 p—q+4 pt+4 pP—q+5
e T v [ [ IR
(rg1) - ) |Gigs) o ()
A IR G0 B B % 940 IR (A
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Iterating such a deformation, we get

(p+r+q71) L. p+r+q—1
pt+g—1 P
(p+:_+312) . p+r+q—2
(p+r) . ( p+r ) (pirququ) L. (p+r£q73)
p p—q+1 pt+q—1 p
oA T o N N B o
p+r+1 p+r+1
(p+qu71) e ( £ )
‘a T
(p—[&)-q—l) e (pp )
o) )
(p;il-ggl) T (ng?))
p+q—1 ( p )
N (o) L a2
pray n—g41
(PJrg*l) T ( P )
(piqzl) e (np q)

Note that p + ¢ + r = n for the last equality. We consider a similar defor-
mation for columns. By adding the second column to the first column, the
third column to the second column, ..., and the ¢th column to the (¢ —1)th
column, and using the formula (5.2), the determinant is deformed to

(p+271) (p+272) (p+273) (piQ) (p$1) (";1)
(o) () () L (o) () (g

By adding the second column to the first column, the third column to the

second column, ..., and the (¢ — 1)th column to the (¢ — 2)th column, and
using the formula (5.2), the determinant is again deformed to

(p:l-;ril) (p-ril-;ri2> (p-ril-;ri3> e (Z-E) (pzlz-l) (n;z_)l)

Grat) Gra2) Grgs) o (580 (500 (59
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By iterating such a deformation, the determinant is deformed to:

Gt Gl (i) (pr2) )|

n+q—3 n+q—4 n+1 n n—1

)

p+q—1
(

n—1
p+g—1

)

p+q—2

n—2
p+g—2

(P

p+q—3

n—3
p+g—3

(pre"s)

p+2

n—q+2
p+2

(")

(p—|—1

n—q+1
p+1

(")

p

o)

Using p + ¢ + r = n and replacing columns and rows, the determinant is
deformed as follows.

(n+q—2
p+g—1
(n+q—3

ptq—1

n+q—3
p+q—2
n+q—4
p+q—2

)
)

)
)

(p—?—l

(n—l

p+1

)
)

n—q+2

)

n—2
p

(

)

(p—|—g;1) (p—|—g52) ( Z—H——}—l) (ningl)
(pzil-q—l) (pj—q 2) (np-(il—l ) (npq)
(igh) GiZa) o () (9
a(a—1) ;D+Zfl pzq72 (npzl) (nz )
=(-1) =z : : : :
G G e G ()
(pra-1) (g G ()
(0 C) o Gt ()
( 1)@ aa=1) ( Z ) (p—?—l ) (p+(‘1—2) (p—i—(‘]—l)
G Gy G
") G (rra—2) (gt
(Z:th) (ni;gj}_-i-l) (ni;—Z) (n—?—l)
= : : : S PN )
(nﬁ;—q) (n—rﬁq—i-l) (zi—ZZQ) (ztzzl)

Lemma 28 is obtained by applying the following lemma. The determinant
O(n, k,1) below corresponds to a rhombus in Pascal’s triangle. The entries
of O(n,k,l) are usual binomial coefficients, so positive integers. We can
apply the formula in Lemma 29 to compute (f) by replacing n, k&, to n —
q,m—1r —q,q— 1, and we obtain Lemma 28. [J
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LEMMA 29. Letn,l € N and 0 < k <n. The determinant

O(n, k1) = Yy (Y
(n;rl) (n]j_fj{l) cee (7212/)

is equal to

n! (n+ 1 (n+1)!

1(1+1) | I
(= 2 ..
BB+ (E+D)! (n—=K)!-(n—k+1)! (=1) N
PROOF OF LEMMA 29. First, we deform Q(n, k,!) as follows.
n! (n+1)! (n+1)!
El(n—k)! (E+D)(n—Fk)! o (E+DI(n—Fk)!
(n+1)! (n+2)! . (nri+1)!
O(n, k1) = k!(nf'kJrl)! ((k+1)!(?1—k+1)! | (k+l)!(1?—k+1)!
(n+1)! (n4141)! o (n+20)!
K=kt DI (n—k+0)! ) (k1)
1 1 e 1
(n+1) (n+2) (n+1+1)
m+1)---(n+l) m+2)---(n+1+1) -+ (n+l4+1)---(n+2])

where
nl(n+ 1) (n+1)!
TR D)kt D) () (n— kD)
We add the (—I+ 1) times of the [-th row to the (I + 1)-th row, the (—I+2)

times of the (I — 1)-th row to the I-th row, ..., and (—1) times of the second
row to the third row:

1 1 1
(n+1) (n+2) (n+1+1)
(1) (n+1) (42 (n4l+1) - (n4l+1)e(n+2)
1 1 1

(n+1) (n+2) (n+1+1)

(n+1)2~---(n+l) (n+2)2~-~.(n+l+1) (n+l+1)5~~~(n+2l)
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The iteration of such a deformation gives us the following determinant:

1 1 .. 1
n+1) n+2) - (n+1+1)
1 (42) o (it 1)

Using the formula of Vandermonde’s determinant, we can expand this as
follows.

1 1 . 1
(n—|—1) (n—|—2) (n—i-.l—i-l) _ _1)11' ( 1)1—1(l D (1)
(1) (2 - (ntl+1)
= (=)D =1
—(—1)"

Thus

nl(n+ 1) (n+1)!
El(k+1)!-(E+1D) (n—Fk)!-(n—k+1)!

1(1+1)

(=) O

O(n, k1) =

Finally, applying Lemma 28, we can check that the value of the triple
ratio Tpqr(v(00),v(1),00(0)) is equal to 1. We finish the proof of Proposi-
tion 26. J

PROPOSITION 30. Let (z,2,y,2") be a quadruple of counterclockwise
ordered points in RP'. The b-th double ratio Dy(v(x),v(y),v(2),v(2)) is
equal to —r for all integers b with 1 < b < n — 1, where r is the cross ratio
r=cr(z,y,z2).

PrOOF. Let A € PSLyR be a transformation which sends x,y,2" to
00,0, 1. Then the transformation A maps z to r—!, where r = cr(x,y, 2, 2').
Then, by the same computation with the case of triple ratio,

Db(”(x)a V(y)a V(Z)a V(Z,)) = Db(V(OO)7 V(O)a V(T71)7 V(l))'
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The flags v(00), v(0), v(r~1), (1) are defined by the following vector spaces:
v(

oo)d = Span{by, ba,- -+ ,ba},
v(0)* = Span{b,_gi1,bn—di2. ** ,bn}s

n—1
v(1)t = RZ (n B 1) bit1,
i=0 !
—131 n-1 —(n—1—4)
v(r—) = RZ ;)T biy1,

i=0
where by, - -+ , by, are the basis of Poly, (X,Y") we used in the proof of Propo-
sition 26. We choose bases of A v(00)?, A v(0)%, v(1)L, v(r~1)! as follows:

d
tgozbl/\bg/\-“/\de/\V(OO)d,
d
t5 = bp—ap1 Abp—ar2 A Abn € A\ v(0)Y,

By the definition of the double ratio,
o Nt S Aty T A
th Aty T AE T Aty TOAEL

Dy(v(00),v(0), v(r™),v(1)) =

Compute each factor of this fraction.
d, 0 ("ghHr—D
b b—1 4 41 (")
oAt A L, = ,

0 Tdypy (1)

n—1

= (~1)nb1 (” ; 1> p(n=b=1),
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oo AT A =

Hence

Dy (v(c0),v(0), v(r~1),v(1))
(=)t () e (L )
(_1)n7b71 (ngl) . (_1)n7(b+1)71 (Z;ll)rf(nf(bJrl)fl)

=—rQd

6. The Fuchsian Locus is a Slice

6.1. The case of finite laminations

Let S be a closed oriented hyperbolic surface, and A be an oriented
maximal geodesic lamination consisting of finitely many leaves. We denote
bi-infinite (resp. closed) leaves of A by B; (resp. C;). The maximal geodesic
lamination A gives an ideal triangulation of S. We denote ideal triangles of
the ideal triangulation by 7;. In addition, we fix a bridge system system J
for A\. Recall that the Bonahon-Dreyer parameterization ®) , : H,(S) — RN
associated to A7 is defined by

q))\J(p) = (qur(sévp)v' s aab(Biap)v' o 790(Ci7p)7" )

and the coordinate of RY is represented by (qur(3§), ey op(Bi)y
0.(Cs),--+). Set Py, = Image(®y ), which is the interior of a convex poly-

hedron in R,

THEOREM 31. If p, = 1 0 p: m(S) — PSL,R is a PSL,R-Fuchsian
representation, then
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(i) all triangle invariants qur(sé, pn) are equal to 0, and

(ii) all shearing invariants oy(Bj, pr), and all twist invariants 0.(C;, py)
are constants depending only on the Fuchsian representation p, and
are independent of their indices b, c.

Moreover, the shearing invariant of p, along B; is equal to the shearing
parameter of p along B;, i.e. op(Bj, prn) = 0P (B;).

PRrROOF. (i) Recall the definition of triangle invariants. Fix a spike s§~

of the ideal triangle T;, and a lift T, of T;. Let x,y,z € Om1(S) be the
the vertices of i-, where = corresponds to sé- and they are in clockwise
order. Then quT(sz-,pn) = log[Tper (&p, (), €p, (1), &p, (2))]. Since &, is of
the Veronese type, its triple ratio is equal to 1 by Proposition 26. Hence
Tpar (5§, pn) = 0.

(ii) Let B; be a lift of a bi-infinite leaf B;. We denote the left ideal trian-
gle with the side B i by T} TL , and the right ideal triangle by T~ TR. Respecting
the orientation of BZ, we label z,y, 2l 28 on the ideal vertices of TL TR
as in Section 4.2. Then the quadruple (z, 2", y, %) is counterclockwise or-
dered, so by Proposition 30,

ob(Bi, pn) = log Dy(&,, (), &0, (), &p, (27), &5, (21))
=log[—cr(f,(x), fo(y), fo(5), fo(z™))].

Especially, the shearing invariant is independent of the index b, and is equal
to the shearing parameter of p by Lemma 11. We can similarly show the case
of twist invariants. The differences are only in the choice of ideal triangles
and a quadruple of ideal vertices which are used in the definition of the twist
invariants. [J

We define an affine slice Sy, of Py, by quT(sé-) =0, 0p(B;) = oy (By),
and 0.(C;) = 0.(C;) for all possible indices.

THEOREM 32.  The restriction @y ,|r,(s): Fn(S) — S, is surjective.
PROOF. A point x € S, is represented by the following coordinate

(O’... ,O,Zl,"' ’2’17... ’ZS‘X(S”"” az3\x(S)|aw1a'” ,wl’... ’wkh'.. ’wk)7
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where 0 is the qur(sé)—coordinate, z; is the op(B;)-coordinate, and w; is
the 6.(C;)-coordinate. It suffices to show that, for such z;,w; € R, there
exists a Fuchsian representation p: 71(S) — PSLyR such that the associ-
ated PSL,R-Fuchsian representation satisfies that oy(B;, ¢y © p) = z; and
0c.(Ciy Ly, 0 p) = w; for all i.

We see that the closed leaf condition of the Bonahon-Dreyer parameter-
ization implies that the parameter (z1, - - - s 23]x(S)|» W1y " " , W) is contained

in the range of the shearing parameterization ¢, in Theorem 8. Here we
define @ along the simple train track neighborhood Ny (see the end of
Section 2.5.3). To define the twist parameter of 5)\, we require to choose
two spiraling ideal triangles for each closed leaf C; on both sides. As these
two ideal triangles, we choose the bridge Jo, = {T*, TH} from the bridge
system . Then the parameterization ¢y : T (S) — R3XG)+E i5 defined by

5,\(p) = (Up(el)v T >Up(63|x(S)\)7 9p<01)7 T 79p(0k>)'

Note that o”(e;) is defined by o”(B;).

It is enough to check only the condition (II) of Proposition 10 by the final
remark in Section 2.5.3. Let Bi’L, e ,B;’LL be bi-infinite leaves spiraling to
C; from left and Bi’R, e ,B;};R be bi-infinite leaves spiraling to C; from the
right. We denote, by z;-’L, the Ub(B;-’L)-coordinate of x. Since z € S,
it satisfies the closed leaf condition. Note that B;-’L spirals to C; from the
left with respect to the orientation of C;. In addition, we remark that
B;-’L spirals to C; in the direction (resp. the opposite direction) of the
orientation of C; if and only if the sign of this spiraling is negative (resp.
positive). (See Figure 3 and Figure 4.) Hence, using the condition that all
qur(sz)—coordinates are equal to 0, the closed leaf inequality implies that

lr lr
Ly(C) ==Y By ) ==Y >0
j=1 j=1
if the spiraling is negative, and
lr, ' lr, '
Ly(C) = (B ) =Y 2 >0
Jj=1 J=1

i L
AL}

if the spiraling is positive. Thus, we have Ly(C;) = sign - > " z;
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We give a similar observation for the bi-infinite leaves B;-’R. Let z;-’R

be the ab(B;-’R)—coordinate of z. Since B;-’R spiral to C; from the right,
B;-’L spirals to C; in the direction (resp. the opposite direction) of the
orientation of C; if and only if the sign of this spiraling is positive (resp.
negative). Hence, the closed leaf inequality implies that

I In
Rb(Cl) = Zﬁb(B;’R) = ZZ}’R >0

Jj=1 J=1

if the spiraling is positive, and
lr ,
— i, R iR
Rb(CZ) = — Zan,b(B; ) = — Zz; >0
j=1

if the spiraling is negative. Thus, we have R,(C;) = sign - ZéRz 1 zj’R > 0.
Finally, the closed equality Ly(C;) = Ry(C;) gives us the following con-

dition

This implies that the parameters z; and w; satisfy the condition (II). Hence,
(21, 5 Z13y(5)|, W1, * + , W) is contained in the range of (Z)\.

Using the reconstruction of the Fuchsian representations in Theorem 8§,
we obtain a Fuchsian representation p € J(S) such that o”(B;) = 0”(e;) =
z; and 0°(C;) = w;. For this Fuchsian representation p, we have 0.(C;, v, 0
p) = 6°(C;) = w; by Proposition 30, and o4(Bj, ity 0 p) = 0P(B;) = z; by
Theorem 31. Hence we finish the proof. [J

6.2. The case of general laminations

The Fuchsian locus is a slice even in the case of general laminations. Let
S be a closed oriented hyperbolic surface, and A be an arbitrary maximal
geodesic lamination on S. In this case, the Bonahon-Dreyer parameteriza-

tion @y : H,(S) — Z(A,slits; R™) x RIXI("2") is defined by

D5 (p) = (0°, Tpgr(s5, p))-
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Let pp, = tn 0 p € Hy(S) be a PSL,R-Fuchsian representation.

THEOREM 33. We denote, by o, the b-th entry of o?*. Let k be a
tightly transverse arc of . Then, for allb=1,2,--- ,n—1, oy" (k) = o(k),
where o” s the shearing cocycle associated to p.

PrOOF. Recall the definition of the shearing class. For a tightly trans-
verse arc k, we take the plaques P, (@, the ideal vertices x,v, 2, 2/, and the
boundary leaves g,g’ as we prepared in Section 4.3.2. Then, the value of
the shearing class 07" (k) is defined by

o (k) = 1og[Dy(v o fyl),v 0 fy(y),v 0 fy(2), v o f()].

In the PSL,,R-Fuchsian case, the slithering map -” ", is equal to Ln(Zp /)
since the linear map Ln(Zg ,) satisfies the properties Wthh define Zp " In—
deed, the first property holds since ¥4, is the slithering map and Ln is a
group homomorphism. The second property follows since ¢,, is Holder con-
tinuous with respect to the operator norm. In particular, by definition of
tn, the image ¢, (A) has entries which are polynomials of the entries of A. In
the definition of ¥* g W€ consider the flag curve of Veronese type. Since the
Veronese flag curve v is t,,-equivariant, ¢, (27 " ;) satisfies the third property.
Thus we obtain Z;’ = Ln(Zg ) by the uniqueness.

Using this equality and Proposition 30, we can calculate the shearing
class as follows.

o™ (k) = log[Dy(v o f,(x),v 0 fy(y).v o fo(2), Zw 0 fo(2))]
Dy(vo fol),v 0 foly) v o F5(2), (20, )00 f())]

v o 0w S0 T o)
—ex(fol@), £ ). Fo(2), 2y Fo2))]

@)
b
—

8
S—

A

We remark that the slithering map ZZ g is the extension of the horocyclic
flow onto the ideal boundary. The slithering map E;’ o is constructed by the

ordered product of 3. € PSLyR as T ranges over all ideal triangles of S \ A
separating g and ¢ ([BD17, Proposition 5.1]). Here the ideal triangles T
are ordered from g to ¢’. All triangles T has two edges gr and ¢/» so that
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they separate g and ¢, and gr (resp. ¢/7) are near to g (resp. ¢'). The
element Y. is defined by the parabolic element which sends ¢/ to gr, and
this implies that E’; o is obtained by the horocyclic flow. Hence the last
quantity is just equal to the value o”(k) by the definition of the shearing
cocycle. [J

We construct an affine slice of Py. Let Sy be the slice of Py so that the
first coordinate o consists of the same entry, i.e. of = -+ =0l | = «
where « is a R-valued relative tangent cycle of A, and the second coordinate
is equal to 0. Let x = (0,0) be a point of Sy, and let 0 = («, -+ , ). By
the shearing cycle boundary condition for x, the boundary of the tangent
cycle a is equal to zero since all qur(sg)—coordinates are 0. Then the quasi-
additivity of « gives the additivity, so the entries « is just a transverse
cocycle. Moreover, the positive intersection condition implies that, for any
non-zero transverse measure p on A, the intersection number p-« is positive.
Hence « is a shearing cocycle, and there exists a Fuchsian representation
which defines ¢ by the shearing parameterization. This argument shows the

following conclusion.

THEOREM 34. Let Sy be the affine slice which is defined by the condi-
tions that all qur(sp—coordz'nates are equal to zero, and, for any oriented arc
k tightly transverse to X, the shearing class is of the form a(k) - (1,---,1)*
where a is a transverse cocycle of A. The restriction ®)|p, (s): Fn(S) — Sx
18 surjective.

7. The Case of Surfaces with Boundary

7.1. The Hitchin component of surfaces with boundary

A representation p: m(S) — PSL,R is said to be purely lozodromic
respecting boundary if the image of each boundary component via p is con-
jugate to an element with pairwise distinct, only real eigenvalues. We de-
note, by RI°%°(S), the space of representations which are purely loxodromic
respecting boundary. In addition, we define X)%°(S) = Rlox°(S)/PSL,R,
where the quotient is defined by the conjugate action.

Note that J(S) is contained in X1*°(S), and (1,)«(F(S)) is contained
in Xox°(8). The (PSL,R-) Hitchin components H,(S) is the connected
component of X/°*°(S) which contains the image F,(S) = (tn)«(T(9)).
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7.2. The main result for surfaces with boundary
To define the Bonahon-Dreyer parameterization for surfaces with bound-
ary, Bonahon and Dreyer used the result of Labourie and McShane.

THEOREM 35 (Labourie-McShane [LaMc09, Theorem 9.1.]). Let S be
a compact hyperbolic oriented surface with nonempty boundary, and
p: m(S) — PSL,R be a Hitchin representation. Then there exists a unique
Hitchin representation p: 7r1(§) — PSL,R of the fundamental group of the
double S of S such that the restriction p to m1(S) is equal to p.

The extension p of p is called the Hitchin double. For the flag curve
gﬁ: dm1(S) — Flag(R™), we set Ep = gf,|8711(5), the restriction to the bound-
ary of m1(S). We call this restriction the restricted flag curve. In the param-
eterization of Hitchin representations in this case, we can use this restricted
flag curves instead of the usual flag curves. (See [BD14, Section 7].) Then
our results are extended to the case of surfaces with boundary. To check
this, we focus on the doubling construction of PSL,,R-Fuchsian representa-
tions. In the proof of the existence of Hitchin doubles ([LaMc09, Theorem
9.1]), we can see that the double of a PSL, R-Fuchsian representation ¢, o p
is again PSL,R-Fuchsian. Especially, the Hitchin double i, o p is equal to
the PSL,R-Fuchsian representation ¢, o p induced by the hyperbolic double
p of the Fuchsian representation p. Thus the restricted flag curve of ¢, 0 p is
the restriction of the Veronese flag curve of ¢, o p, and our results are shown
similarly in the case of compact surfaces with boundary.
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