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On a Generalized Brauer Group in Mixed

Characteristic Cases

By Makoto SAKAGAITO

Abstract. We define a generalization of the Brauer group Hg (X))
for an equi-dimensional scheme X and n > 0. In the case where
X is the spectrum of a local ring of a smooth algebra over a dis-
crete valuation ring, Hy (X)) agrees with the étale motivic cohomology
H%M (X, Z(n — 1)). We prove (a part of) the Gersten-type conjecture
for the generalized Brauer group for a local ring of a smooth algebra
over a mixed characteristic discrete valuation ring and an isomorphism
HE (R) ~ Hy (k) for a henselian local ring R of a smooth algebra over
a mixed characteristic discrete valuation ring and the residue field &
of R. As an application, we show local-global principles for Galois
cohomology groups over function fields of smooth curves over a mixed
characteristic excellent henselian discrete valuation ring.

1. Introdution

Let A be a Dedekind ring or field, X a smooth scheme over Spec(A),
Z(n)¢ the Bloch’s cycle complex for étale topology and Z/m(n)g = Z(n)e®
Z/mZ for a positive integer m. Let D(Xg,Z/mZ) be the derived category
of bounded complexes of étale Z/mZ-sheaves on X.

Then

(i) If I € N is invertible in A, there is a quasi-isomorphism
Z/1(n)es = 1" 0]

in D¥(Xg,Z/1Z) by (]2, p.774, Theorem 1.2.4], [22]). Here 1 is the
sheaf of I-th roots of unity.

(ii) If A is a field of characteristic p > 0, there is a quasi-isomorphism

Z/pr (n)ét — W, QnX,log[_n]
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in D°(X¢,Z/p"Z) for any positive integer r by [2, p.787, §5, (12)].
Here W, Q%log is the logarithmic de Rham-Witt sheaf.

Assume that a positive integer m equals [ in (i) or p" in (ii). Let R be
a local ring of a smooth algebra over A, k(R) its fraction field and x(p) the
residue field of p € Spec R. Let n be a positive integer. Suppose that n > N
in the case where A is a field of characteristic p > 0 and [k(R) : k(R)P] = N.
Then the sequence of étale hyper-cohomology groups

(1.1) 0 — HEM (R, Z/m(n)) —HET™ (k(R), Z/m(n))
— P HZ (k(p),Z/m(n - 1))

peSpec R
ht(p)=1

is exact by ([2, p.774, Theorem 1.2.(2, 4, 5)], [22]) and [21, p.608, Theorem
5.2].

Since HY,. (R,Z(n)) = 0 for i > n by [2, p.779, Theorem 3.2 b)] and [2,
p.786, Corollary 4.4], we have

Hi™ (R, Z(n)) = Hf; (R,Q(n)) = 0

for i > n by [2, p.774, Theorem 1.2.2] and [2, p.781, Proposition 3.6]. Hence

the étale motivic cohomology Hgt+2 (R,Z(n)) is a torsion group and

HE ™ (R, 2/m(n) = Ker (W52 (R, Z(n)) =™ W2 (R, Z(n)) )

for any positive integer m. Therefore we can regard the sequence (1.1) as
(a part of) the Gersten type resolution for the étale motivic cohomology.

One of the objectives of this paper is to prove that an improved version
of the sequence (1.1) is exact in the case where A is a discrete valuation
ring of mixed-characteristic (0,p) and m = p” as follows:

THEOREM 1.1 (Proposition 3.4 and Theorem 4.6). Let A be a discrete
valuation ring of mized-characteristic (0,p), R a local Ting of a smooth
algebra over A, k(R) the fraction field of R and k(p) the residue field of
p € Spec R.

Then the sequence

(1.2) 0 — HE™ (R.Z/p"(n)) — Hg™ (k(R), Z/p" (n))
- @D Hi(x®).Z/p"(n-1))

peSpec R
he(p)=1
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s exact for integers n > 0 and r > 0 where

HEH (K(R), Z/p" (n)

=Ker | K& (k(R), Z/p"(n)) — [ HE™ (k(Rp).Z/p" (n))
peSpec R
ht(p)=1

and Ry is the strictly henselization of Ryp.

This paper is organized as follows. In §2 we prove Proposition 2.1 which
is an improved version of the purity theorem of the Bloch’s cycle complex
for étale topology ([2, p.774, Theorem 1.2.1]) by improving the proof of |2,
p.774, Theorem 1.2.1] and prove that the sequence (1.2) is exact in the case
where R is a discrete valuation ring.

In §3 we define a generalization of the Brauer group. We show the reason
why we can regard it as a generalization of the Brauer group (Proposition
3.3) and a relation between it and étale motivic cohomology (Proposition
3.4).

In §4 we prove (a part of ) the Gersten-type conjecture for the generalized
Brauer group for a local ring of a smooth algebra over a mixed characteristic
discrete valuation ring (Theorem 4.6). In §5 we prove the rigidity theorem
for étale motivic cohomology for a henselian local ring of a smooth algebra
over a mixed-characteristic discrete valuation ring.

Namely we prove the following theorem:

THEOREM 1.2 (Theorem 5.6). Let R be a henselian local ring of a
smooth algebra over a mized-characteristic discrete valuation ring A and

k the residue field of R.
Then we have an isomorphism

He ™ (R, Z/m(n)) = Hg™ (k, Z/m(n))
for any positive integer m.

Theorem 1.2 is proved in the case where m is invertible in A by (]2,
p.774, Theorem 1.2.3], [22]).

Finally we prove the following local-global principle in §6 by applying
Theorem 1.1 and Theorem 1.2.
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THEOREM 1.3 (Theorem 6.3). Let A be an excellent henselian discrete
valuation ring of mized characteristic (0,p) and m™ a prime element of A.
Let X be a connected proper smooth curve over Spec A, K the fraction field
of X and K, the fraction field of the henselization of Oxy,.

Then the local-global map

(1.3) Hgtﬂ (K, N%n) - H HZtH (K(n),uffl")
neX®

is injective for integers n > 0 and m = p" where X1) is the set of points of
codimension 1.

Suppose that X is a regular scheme which is flat of finite type over an
excellent henselian discrete valuation ring A and whose fiber over the closed
point of Spec A is reduced normal crossing divisors on X. Then the local-
global map (1.3) is injective for n > 0 and m which is prime to char(A) (cf.
[6, Theorem 3.3.6], [7, Theorem 1.2] and [18, Theorem 1.2]).

Acknowledgements. The first version of this paper ([17]) was written
in 2013-2016, while the author was staying at Harish-Chandra Research
Institute. He thanks Harish-Chandra Research Institute for the supports
during his study and writing.

Notations. Throughout this paper, p will be a fixed prime, unless oth-
erwise stated. For a scheme X, X¢, Xnis and Xz, denote the category of
étale schemes over X equipped with the étale, Nisnevich and Zariski topol-
ogy, respectively. For ¢ € {ét, Nis, Zar}, Sx, denotes the category of sheaves
on X;. X® denotes the set of points of codimension 7 and X (i) denotes the
set of points of dimension i. k(X) denotes the ring of rational functions
on X and k(x) denotes the residue field of x € X. For scheme over [,
Q% = Q% /7 denotes the exterior algebra over Ox of the sheaf Q} /7 of ab-
solute differentials on X and Qg(,log the part of Q% generated étale locally
by local sections of the forms
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2. Etale Motivic Cohomology

(2
Let D; = Z[to, - - - %]/(Z t; —1), and A? = Spec D; be the algebraic i-
=0
simplex. For an equi—dimenjsional scheme X, let 2™ (X, ) be the free abelian
group on closed integral subschemes of codimension n of X x A?, which
intersect all faces property. Intersecting with faces defines the structure of a
simplicial abelian group, and hence gives a (homological) complex 2" (X, ).
The complex of sheaves Z(n); on the site X;, where t € {ét,Zar}, is
defined as the cohomological complex with 2" (—,2n — i) in degree i. For an
abelian group A we define A(n) to be Z(n) ® A.
First we show an improved version of the purity theorem of the Bloch’s
cycle complex for étale topology ([2, p.774, Theorem 1.2.1]).

PROPOSITION 2.1.  Let A be a regular local ring with dim(A) < 1, X
a scheme which is essentially of finite type over Spec A and i :Y — X a
closed subscheme of codimension ¢ with open complement j : X — X.

Suppose that X is essentially smooth over a regular ring of dimension
at most one. Then we have a quasi-isomorphism

(2.1) Tenso <Z(n - c)ét[—zc]) s rensoRIZ()e
and a quasi-isomorphism

(2.2) Tenst (Z/m(n - c)ét[—zc]) s ren i RIZ/m(n) e
for any positive integer m.

PROOF (cf. The proof of [2, Theorem 1.2.1]). Let Xg — Xza be the
canonical map of sites. Then we have a quasi-isomorphism

(2.3)  T<nr1€RIZ(N)zar — T<np1€ REREZ(N)er — T<nt1RIZ(n)s
by ([2, p.774, Theorem 1.2.2], [22]) (cf. [2, p.787]). Since

R (t<nn1ReZ(n)a) — Ry (Re.Z(n)er)
is injective by a distinguished triangle

- — T<pnt1REZ(n)ey — ReZ(n)ey — T>nioReZ(n)gy — -
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and the equation
Rj" " (ton2ReZ(n)s) = 0,
the composite map
ER™25.7(n) zar — € R, (T<np1ReZ(n) )
SR, Re,Z(n) e, — R™25,Z(n)e

is injective by ([2, p.774, Theorem 1.2.2], [22]). Moreover we have the map
of distinguished triangles

€Z(n — ¢)zar|—2c] —— € *Z(n)zar —— € T*RGZ(N)7zar
Ri'Z(n)e —— "Z(n)sg —— "RYZ(n)e.

Hence we have the quasi-isomorphism (2.1) by the five lemma. Moreover the
quasi-isomorphism (2.2) follows from the quasi-isomorphism (2.1). There-
fore the statement follows. [

REMARK 2.2. If A is a Dedekind ring and ¢ is the inclusion of one
of the closed fibers, we have the quasi-isomorphisms (2.1) and (2.2) as [2,
p.774, Theorem 1.2.1].

LEMMA 2.3. Let ' : A — B be a left exact functor between abelian
categories and let A be a Grothendieck category. Then

R (12, A%) = Ker(R”“F(A’) - F(H"+1(A')))
for any complex A°.

Proor. If B*®isbounded below, there is a convergent spectral sequence
for the hyper-cohomology with

(2.4) RPF(HI(B®)) = RPTIF(B®)
and

R"F(B*) = R"F(B®).
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So

R"F(15>p41A°%) =R"F(1>p414°%) =0,
R (70414%) = R (15,414%) = F(H"(A%))
for any complex A°®. By a distinguished triangle
o T A® = A e A
we have a distinguished triangle
= RF (7,A%) — RF (4°) = RF (T2 4%) — - -
Therefore,

R F (72, A%) = Ker (R”“F(A') - F(H”H(A‘))). 0

REMARK 2.4. Let A® be a bounded below complex. Since the edge
maps of spectral sequence are natural maps, the morphism

R"F(A%) — R F(r5n414°)
corresponds to the edge map of RPF(HI(A®)) = RPTIF(A®).

PROPOSITION 2.5. Let A be a discrete valuation ring with the mazximal
ideal m the fraction field K and the residue field k. Let j : Spec K — Spec A
be the generic point and Km the mazimal unramified extension of K.

Then

HE (Spec A, TenRyjsZ/m(n)) = Hi (K, Z/m(n))
for integers n > 0 and m > 0 where
Hg‘:rl (K, Z/m(n))/
— Ker (ngl (K, Z/m(n)) — HE (K, Z /m(n))).
Moreover the sequence

(2.5) 0 — HEM (A, Z/m(n)) — HH (K, Z/m(n))'
— Hg (k,Z/m(n — 1))
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s exact.

PRrROOF. For each x € Spec A, we choose a geometric point u, : & —
Spec A.
Then

Fo J[ (uo)e(ws)F

zESpec A

is injective for a sheaf F' on (Spec A)¢ ([12, p.90, III, Remark 1.20 (c)]).
Hence

Hg‘;rl (Spec A, 7<pRyj<Z/m(n))
— Ker (ngl (K,Z/m(n)) — T (Spec A, R"*! j*Z/m(n))>

:Ker(ngl (K.Z/m(n)) — ] (R"“j*Z/m(n))j)
z€Spec A

= Ker(HE™ (K, Z/m(n)) — HE™ (K Z/m(n)) )

by Lemma 2.3.
Let 7 : Speck — Spec A the closed immersion. Since we have a distin-
guished triangle

= Zjm(n)es — T<nRjZ/m(n)sy — iuZ/m(n — L)eg — - -
by Proposition 2.1 and [2, p.786, Corollary 4.4], the sequence

HE (K, Z/m(n)) — Hgtfl (k,Z/m(n—-1)) — Hg;r1 (A, Z/m(n))
— Hy M (Spec A, 7<n Ry Z/m(n)) — HY, (k, Z/m(n — 1))

is exact.
By [2, p.774, Theorem 1.2.2] and [4, Lemma 3.2], the homomorphism

(2.6) H, (K, Z/m(n)) — Hg ' (k,Z/m(n — 1))
agrees with the homomorphism

Ky (K) /m — KpLy (k) /m
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which is induced by the symbol map of the Milnor K-group.
Hence the homomorphism (2.6) is surjective and the homomorphism

H’e?;rl (A,Z/m(n)) — Hgt+1 (Spec A, T<pRjsZ/m(n))
is injective. Therefore the statement follows. [J
PROPOSITION 2.6. Let A be a henselian discrete valuation ring with

the fraction field K and the residue field k. Let j : Spec K — Spec A be the
generic point. Suppose that char(k) =p > 0. Then

He ™ (Spec A, 7<p (RGZ/p" (n)))
=H' (Gal(ks/k), KM (Km)/p")
for integers n > 0 and r > 0. Here ks is the separable closure of k, Km

is the mazimal unramified extension of K and KM (Kg) is the n-th Milnor
K-group of Ka.
PROOF. Let Eé’m = E"™ be a spectral sequence. Suppose that
Eém =0 for [ <0 or m < 0. Then we have a filtration
I+ P+q p+q _ p+
OCcF"C.-CcFCET =B
such that
Fll—i-m/Fvllj_-lm ~ E(l),om

and we can define the morphism
(2.7)  Ker (E” — ES’”) ~ FP — FJ'JF) ~ ELl e gt

Moreover, the morphism (2.7) is an isomorphism if Eé’m =0 for [ > 2.
Let ¢ : Speck — Spec A be the closed immersion. Since k has p-
cohomological dimension at most 1,

HY; (Spec A, R™j.Z/p" (n)) = Hy, (Speck, i*R™ . Z/p" (n)) = 0
for I > 2 by [2, p.777, The proof of Proposition 2.2 b)] and
Ker (H’c}tﬂ(Spec K,Z/p"(n)) — T (Spec A, R”+1j*Z/m(n))>

=H, (Spec A,R"j,.Z/p"(n))
=H}, (Speck,i*R"5.Z/p"(n))
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by the spectral sequence
Hi; (Spec A, R™j.2/p' (n)) = H™ (K, Z/p" (n))
and [2, p.777, The proof of Proposition 2.2 b)]. Moreover
(" R"J.Z/p" (n)) g = HE, (Spec Km, Z/p" (n)) = Ky (Km) /0"

by [12, p.88, III, Theorem 1.15] and [1, p.131, Theorem (5.12)]. Here m
is a geometric point of Spec A such that x(m) is the separable closure of
k = k(m) and (i*R"j,Z/p"(n))m is the stalk of i*R"j,Z/p"(n) at m. Hence
Ker (Hgt"'l(Spec K,Z/p"(n)) — T (Spec A, R"+1j*Z/m(n)))
=H' (Gal(ks/k), KM (Km)/p") -

Therefore the statement follows from Lemma 2.3. O

Let A be a discrete valuation ring with the maximal ideal m and the
fraction field K. Suppose that char(k) =p > 0.

Let j : Spec K — Spec A be the generic point, ¢ : Speck — Spec A
the closed immersion, ks the separable closure of k and Km the maximal
unramified extension of K.

Then

HZ, (Spec A,i.Z/p" (n — 1))
=Hg; (Speck, Z/p"(n — 1))
—=H" (Gal(ky/k), KM, (k) /p")

by [4, Theorem 8.5] and [1, p.117, Corollary (2.8)].

PROPOSITION 2.7. Let the notations be same as above. Suppose that
A is a henselian discrete valuation ring. Then the homomorphism

HIH (Spec A, 7<y, (RjZ/p" (n))) — HZ (Spec A, iy (Z/p"(n — 1)))
which is induced by the map

T<n (RIZ/P" (n)st) = ix (Z/P" (0 = D)r) [1]
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agrees with the homomorphism
(2.8)  H'(Gal(ks/k), KN (Km) /p") — H (Gal(ks/k), K} (ks)/p")
which is induced by the symbol map of the Milnor K -group.

PrROOF. We have the commutative diagram

He (K, Z/p" (n))

H{, (Spec A,R"j.Z/p"(n)) ——  HEL™ (Spec A, Rj.Z/p"(n))

(2.9) l l

H{, (Spec 4,4, R"14'Z/p"(n)) —— HLT (Spec A, 4, Ri'Z/p" (n)[+1])

H. " (Spec A, Z/p" (n))
where the horizontal maps are given by spectral sequences
Hi; (Spec A, R™j.Z/p" (n) = H™ (K, Z/p" ()
and
HY, (Spec A i, R™i'Z/p" (n — 1)) = HL™ (Spec 4,Z/p" (n)) .
Moreover, we have the commutative diagram

ETURIZ/P"(N)zar ——  €Z[p"(n — 1)zar[—1]

l l

*Ten (RGZ/P(n)er) —— Tent1 (RIZ/p"(n)a) [+1]
where the vertical maps are quasi-isomorphisms and the homomorphism
(""H" (RjxZ/p" (n)zar) ) — H ! (€Z/p"(n — 1)zar) s

agrees with the symbol map KM(Kg)/p" — KM | (ks)/p" by [4, Lemma 3.2].
Therefore the statement follows. [
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REMARK 2.8. Let A be a discrete valuation ring with the fraction field
K and the residue field k. Suppose that char(k) =p > 0.

In the case where A is henselian and [k : kP] < n—1, the homomorphism
(2.8) is defined by K.Kato ([9, p.150, §1, (1.3) (ii)]).

In general, the homomorphism

He ™ (K, Z/p" (n))' — He (K, Z/p" (n — 1))
in the exact sequence (2.5) is the composition of homomorphisms
~ /
i (K20 () — g (R 2/ ()
and (2.8) where Ky, is the henselization of K.
3. Definition of a Generalized Brauer Group

In this section, we define a generalization of the Brauer group.
Let € : X¢t — Xzar be the canonical map of sites. Then we define a
generalization of the Brauer group as follows.

DEerFINITION 3.1. Let X be an equi-dimensional scheme. Then we de-
fine HR(X) as

HE(X) =T (X,R"e,Z(n — 1)) .

REMARK 3.2. Let X be an essentially smooth scheme over a Dedekind
domain and m a positive integer. Since

R”e*(n — ].)ét ~ Hn(Z(n - 1)Zar) =0

by [2, Theorem 1.2.2 and Corollary 4.4] and [22], we have

HE (X ) & Ker (Hj(X) = HE (X))

=I' (X, R"e,Z/m(n — 1)¢)
by a distinguished triangle

= ReZ(n — g —5 Re.Z(n — 1)gg — Re.Z/m(n — L)gg — -+ .
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Therefore this cohomology group relates to Kato homology (cf. [10, p.160,

(5.3))).

For the following reason we can regard Hp as a generalization of the
Brauer group.

ProrosiTiON 3.3. Let X be an essentially smooth scheme over the
spectrum of a Dedekind domain. Then

HL(X) = HY (X,Q/Z) and H3(X) = Br(X)
where Br(X) is the cohomological Brauer group H%, (X, Gy,).
PRrROOF. We prove
(3.1) H%(X) = Br(X).

Since X is a smooth scheme of finite type over the spectrum of a
Dedekind domain, there is a quasi-isomorphism

Z(1)et = G [—1]
by [3, pp.196-197] and we have the morphism
(3.2) HY (X, Z(1)) - T (X, R%.Z(1)¢)
which is induced by the morphism
7<3 (RexZ(1)g) — R3e.Z(1)¢.

Let z € X () and i, : @ — X the closed immersion. Then the morphism

(XRe* H T (z, (ig) Y R3e.Z Z(1)s)
CEGX(O)

is injective and
T (2, (iz)*R%e.Z(1)s) = HZ, (Spec Ox 4, Z(1))
by [12, p.88, III, Proposition 1.13]. Hence

I'(X,R%.Z(1)a) C (| HE (SpecOx ., Z(1)).
JJEX(O)
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On the other hand,

HY (X, Z(1)) = (] H (SpecOx ., Z(1))
r€X(0)

by [16, Remark 7.18]. Therefore we have an injective homomorphism
(3.3) I'(X,R3%.Z(1)¢) — HE (X, Z(1))

such that

(3.2)

—=T (X, RSE*Z(I)ét) (3-9)

HE (X, Z(1)) Hg (X,2(1)) = id

and the morphism (3.2) is an isomorphism. Hence the equation (3.1) follows.
Moreover we can show that

Hp (X) = Hy (X, Q/Z)
as above. Therefore the statement follows. [
In the following case, Hp is expressed by étale motivic cohomology.

ProrosiTiON 3.4. Let X be an essentially smooth scheme over the
spectrum of a Dedekind domain and Hy, (X,Z(n —1)) =0 fori>n+ 1.
Then

(3.4) HR(X) = HE (X, Z(n — 1)).

Especially, if A is a local ring of smooth algebra over a Dedekind domain
and X = Spec A, then the equation (3.4) holds and

HE (X)) % Ker (H" (X) 2™, g (X))
(3.5) = HY, (X, Z/m(n — 1))
for any positive integer m.

PrROOF. Since the canonical map induces a quasi-isomorphism

(3.6) Z(n — 1)zar ~ T<pReZ(n — 1)g
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([2, p.774, Theorem 1.2.2], [22]), we have a distinguished triangle

(3.7) coo = Z(n — 1)zar — T<pt1ReEZ(N — 1)g
— R"™e,Z(n —1)g[-(n+1)] —

Hence the sequence

0— HZ N (X, Z(n — 1)) — HE T (X, Z(n — 1))

Zar
— T (X,R"Me.Z(n — 1)¢)
(3.8) — Hp 2 (X, Z(n — 1)) — HE ™ (X, Z(n - 1))

is exact. Therefore the equation (3.4) holds.
Assume that A is a local ring of a smooth algebra over a Dedekind
domain and X = Spec A. Then

Zar (X Z(n_ 1)) 0
for i > n by [2, p.786, Corollary 4.4] and
H (X, Z(n—1)) = Hz,, (X, Z(n - 1)) =0

by the equation (3.6). Therefore the equations (3.4) and (3.5) hold. This
completes the proof. [J

REMARK 3.5. In general,
Hgtﬂ (X,Z(n — 1))y, # T (X R e, Z Z(n — 1)ét)

tor °

Let K be a field and [ a positive integer. Suppose that yu; C K.
Then we have

HZar( Z(3)) - H%ar(spec K’Z(l)) = K"

for an integer m > 2 by the relation
Zzar ’ @HzZarJ Spec K,Z(Tl _])) .

Hence

HZar ( %? Z<3))tor 7& 0.
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Since the sequence

O _>HEZ)ar ( ?7 Z(S))tor - Hgt ( %7 Z(S))tor
—I (X, R°e.Z(3))

tor

is exact,

HE (PR, Z(3)) o # T (X, RPZ(3)),,,

tor

ProrosiTION 3.6. Let X be an essentially smooth scheme over the

spectrum of a Dedekind domain. Let o : X¢ — Xnis be the canonical map
of sites. Then

HE (X)) =T (X, R"Pa,Z(n)e) -

PrROOF. Let 0 : Xnis — Xzar be the canonical map of sites. Since (*
is exact and

B Z(n — 1)zar = Z(n — 1)Nis,
we have a quasi-isomorphism
Z(n — D)nis ~ T<nRaZ(n — 1)g
by ([2, p.774, Theorem 1.2.2], [22]) and the sequence

0 — HE Y (X, Z(n — 1)) — HETH (X, Z(n — 1))
— T (X, R, Z(n — 1))
— Y2 (X, Z(n — 1)) —» HIP2 (X, Z(n — 1))

is exact. Moreover the sequence (3.8) is exact and
iZar (X7 Z(n - 1)) = iL.\Iis (Xa Z(n - 1))

for any ¢ by [2, p.781, Proposition 3.6]. Therefore the statement follows
from the five lemma. [J
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ProrosiTiON 3.7. Let X be an essentially smooth scheme over the
spectrum of a Dedekind domain. Then

(3.9) HEH (X)) =T (X, R"'e.Q/Z(n)«)
(3.10) =T (X,R"".Q/Z(n)a) -

PROOF. We prove the equation (3.9). The sequence
Rn+1€*(@(n)ét - RnHG*Q/Z(n)ét - Rn+2€*Z(n)ét - Rn+2€*(@(n>ét
is exact. Thus, the canonical map
Q(n)zar — ReQ(n)s
is a quasi-isomorphism by [2, p.781, Proposition 3.6], hence
R"™e,Q(n)es = R"6,Q(n)ey = 0

by [2, p.786, Corollary 4.4]. Therefore we have the equation (3.9). We can
also prove the equation (3.10) as above. [J

4. Purity

First we show the exactness of the following sequence in equi-charac-
teristic cases.

PRrROPOSITION 4.1. Let k be a field and X an essentially smooth scheme
over Spec k. Suppose that X is an integral quasi-compact scheme.
Then the sequence

0 — Hpt (X) — Ker | HE™ (k(X),Z(n)) — H H2 (k(O%xz), Z(n))
xeX®)

(4.1) — P HL (5(2), Z(n — 1))

ze XM

1s exact.

PROOF. Let g : Speck(X) — X be the generic point.
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Since R" ¢, Z/m(n) is the Zariski sheaf on X associated to the presheaf
U — H (U2 /m(n)
for any positive integer m, we have homomorphisms
R™HeZ/m(n) — go (H3 (h(X), Z/m(n)))
and

9o (2 (1(32), Z/m(n))) — @ (ia)s (HEH (5(x), Z/m(n).
zeX®)

Here
g (HE (k(%), Z/m(n)))’
= Ker (g* (HEH (k(x), 2/m(n))) — [] (ia)s (HEH <k<ox,m>,2/m<n>>)> .
xex®)

Then it suffices to show that the sequence
0 — R" e, Z/m(n) —g. (HE (k(X), Z/m(n)))’

= [ (o)« (HE™ (K(Ox2), Z/m(n)))
zeX®)

is exact. Hence it suffices to show that the sequence (4.1) is exact in the
case where X is the spectrum of a local ring of a smooth algebra over k.
If m € k*, then there is a quasi-isomorphism

Zjm(n)es = fio"[0]

in D*(X4,7Z/mZ) by [5, Theorem 1.5]. Here 1 is the sheaf of I-th roots of
unity.

On the other hand, if k£ has characteristic p, then there is a quasi-
isomorphism

Z/pr(n)ét - WT Q?f,log[_n]

in D¥(X4,Z/p"Z) for any positive integer r by [2, p.787, §5, (12)]. Here
W, 0% 1o 18 the logarithmic de Rham-Witt sheaf.
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Therefore the statement follows from [13, 5.2. Theorem C] and (Propo-
sition 2.5, [21, p.600, Theorem 4.1]). OJ

In the following, we consider Hf(X) in the case where X has mixed-
characteristic.

THEOREM 4.2. Let A be a discrete valuation ring of mized-character-

istic, R a local ring of a smooth algebra over A and K the quotient field of
R.
Then the homomorphism

HiH (R Z(n)) — Hg ' (K, Z(n))
18 1njective.

PrROOF. Let Y — Spec R be the inclusion of the closed fiber with open
complement j : U — SpecR. Then Y is the spectrum of a local ring of
smooth algebra over a field and

Hg; (Y, Z(n — 1)) = Hz,, (Y, Z(n — 1))
by ([2, p.774, Theorem 1.2.2], [22]). Moreover
e (V.2 — 1)) = 0
by [2, p.779, Theorem 3.2] and [2, p.786, Corollary 4.4]. Hence
Hy"2 (Rey, Z(n)) = Hg, (Y, Z(n — 1)) = 0
by Proposition 2.1. Therefore the homomorphism
HE2 (R.Z()) — Hi (U Z(n)

is injective.
On the other hand,

Z'Zar (U,Z(’I”L)) =0

for i > n+ 2 by [2, p.779, Theorem 3.2] and [2, p.786, Corollary 4.4].
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Hence
Hy "2 (U, Z(n)) = HEH (U)
by Proposition 3.4 and the homomorphism
H5™ (U) — Hg™ (K, Z(n))
is injective by Proposition 4.1. Therefore the statement follows. [

COROLLARY 4.3. Let A be a Dedekind domain of mized-characteristic

and X an essentially smooth scheme over Spec A.
Then

HEH (%) = () HE'' (SpecOxy).
xex(o)

PrROOF. Let j : Xg — X be the inclusion of the generic fiber and
iq : ¥4 — X the closed embedding of the fiber of X over a € (Spec A)().
Then we have a distinguished triangle

> P iR, (R 6Z/m(n)) — R eZ/m(n)
ac(Spec A)(1)

by [2, p.778, Lemma 2.4]. On the other hand,
(jiud” (R"HZ/m(n)))x =T ((Spec Oxg) g » R”He*Z/m(n))
by [12, p.88, III, Proposition 1.13] and the homomorphism
R""e,Z/m(n) — j.j* (R"e.Z/m(n))
is injective by Theorem 4.2. Moreover, the homomorphism

). ((’)x@, R”He*Z/m(n))

T

I‘(%,ia*Rli!a (R"He*Z/m(n))) o 61;([ Hio,
T 0)



A Generalized Brauer Group 49

is injective where (Oxz), = Oxc ®4 A/a. Hence the sequence

0 — Hg" (%) — Hg™ (Xk) — H H%anz) (0%, R" e, Z/m(n))
zeX “
a€(Spec (.2)(0)

is exact and

HEt (k)= (] HE™ (SpecOx z)
ch(xK)(o)

by Proposition 4.1. Therefore the statement follows. [

LEMMA 4.4. Let A be a discrete valuation ring of mized-characteristic,
R a local ring of a smooth algebra over A and X = SpecR. Leti: Z — X
be a reqular closed subscheme of codimension 2 with open complement j :
U — X. Suppose that char(Z) =p > 0.

Then

Zar (U, Z(n)) =0
fori>n+2 and

(42) HE, (U) = HE™ (U, Z(n — 1))

PrROOF. Let Z = SpecR'. Then R’ is a local ring of a regular ring
of finite type over a field. By Quillen’s method (cf.[15, §7, The proof of
Theorem 5.11}),

R’ =1lim R;

where R is a local ring of a smooth algebra over F,, and the maps R, — R;-
are flat. Hence

(4.3) b (Z,2(n)) =0

Zar

for i > n+1 by [2, p.786, Corollary 4.4]. Therefore

Z'Zar (U?Z(n)) =0
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by [2, p.779, Theorem 3.2] and we have the equation (4.2) by Proposition
3.4. This completes the proof. [J

ProrosiTION 4.5.  With the notations of Lemma 4.4, we have

Hp (X) = Hg (U).

Proor. We have

B(U)= () Hj(Oua)

CL‘EU(O)

by Corollary 4.3.
Let [ be a positive integer which is prime to char(Z) = p > 0. Suppose
that p; C A. Then
n def n x 1 n
HE (Oue), (< Ker (HE (Ou) =5 g (Ova) ))

n n l n
= ﬂ Hg (Ouy), | = ﬂ Ker (HB (Ouy) = Hy (OU,y)>
yeU®@) yeU®)

for = € Uy by [2, p.774, Theorem 1.2.(2, 4, 5)] and [22].
On the other hand, we have
H% (X)l = ﬂ H% (OX,x)l
zeXx @)
by [2, p.774, Theorem 1.2.(2, 4, 5)] and [22].
Since XM = UM we have
(4.4) Hg (X), = Hg (U), -

Even if that is the case where p; ¢ A, we can show the equation (4.4) by a
standard norm argument.
Therefore it is sufficient to prove that

HE (X), = HE (U),
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in the case where A has mixed-characteristic (0, p).
Assume that A is a discrete valuation of mixed-characteristic (0,p).
Then we have quasi-isomorphisms

Ten+1 (Z(n = 3)4[~4)) > T<unRIZ(n — 1)
by Proposition 2.1 and
Z[p(n = 3)41-4] = T<nnRI'Z/p(n — 1)

by [19, p.540, Theorem 4.4.7] and [20, p.187, Remark 3.7].
Since the sequence

HE 3 (Z,Z(n — 3)) =2 HE73(Z,Z(n — 3)) — HL 3 (Z,Z/p(n — 3)) — 0

is exact by ([2, p.774, Theorem 1.2.2], [22]) and the equation (4.3), the
sequence

HE (Xgp, Z(n — 1)) =5 HE (Xg, Z(n — 1)) — HE (X, Z/p(n — 1)) — 0
is exact and we have
HY? (Xe, Z(n — 1)), = 0.
Therefore we have
H (X, Z(n - 1)), = HEM (U, Z(n — 1)),
and the statement follows from Lemma 4.4 and Proposition 3.4. [

THEOREM 4.6. Let A be a Dedekind domain of mixed-characteristic

and X an essentially smooth scheme over Spec A.
Then

(4.5) HE(X) = () HB(Ox.)
ze XM
and the sequence
(46) 0—HL (%)ﬁKer(H% (kx)— [ = (k(oﬁ)))
ze XM

— P HE ' (k(2))

zeX®)
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s exact.

PrROOF. By Proposition 2.5, it suffices to prove the equation (4.5). We
shall show the equation (4.5) by induction on dim(X). In the case where
dim(X) = 1, we can prove the equations (4.5) and (4.6) by Proposition 2.5
and Corollary 4.3.

Assume that the equation (4.5) holds in the case where dim(%X) < a—1.
Suppose that dim(X) = a.

Let € Xy and iy : Z; — SpecOx, a regular closed subscheme of
codimension 2 with open complement j, : U, — Spec Ox,. Then we have

Hg (Ox.) = Hg (Us)

by Proposition 4.5. Since (Spec Ox, ) = U and dim(U,) = dim(X) — 1,
we have
HE (Uz) = (1) HE (Ox,)

yeX®
ze{y}

by induction hypothesis. Therefore the equation (4.5) follows from Corollary
4.3 and the sequence (4.6) is exact by Proposition 2.5. This completes the
proof. [

COROLLARY 4.7. Let R be a henselian local ring of a smooth algebra
over a discrete valuation ring of mized-characteristic (0,p). Then the se-
quence

0 — HL (R, Z/p" (n)) — HE™ (k(R >Z/p”< )’
— P HE (5(p).Z/p"(n— 1))
peSpec R
ht(p)=1

1s exact for integers n > 0 and r > 0 where

He™ (k(R), Z/p" ()

=Ker H’c}t"'l(( ),Z/p"(n H Hm_1 (Rp),Z/p"(n))
Spec R
R (ot
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and Ry is the strictly henselization of Ry.
PROOF. Let A be a regular local ring with dim(A) <1 and
R’ = lim A;
i€l

where A; are A-algebras essentially of finite type over A and the maps
A; — Aj are étale.
Then we have

HE(R') = lim Hi (A;)
i€l
by [12, pp.88-89, III, Lemma 1.16]. Therefore the statement follows from
Theorem 4.6 and Proposition 3.4. [J
5. Etale Motivic Cohomology of Henselian Regular Local Rings

5.1. The equi-characteristic case

The objective of this subsection is to prove Theorem 1.2 in the case where
R is a henselian local ring of a smooth algebra over a field of characteristic
p > 0 (Theorem 5.3).

LEMMA 5.1. Let A be a regular local ring over IF,,. Let t be a regular
element of A, n = (t) and B = A/n. Then we have an eract sequence

0 — () + dQiT ) /dTt — QA 25 0l 1dit — 0
where the homomorphism g; is induced by the natural homomorphism g; :
O — 0.

PROOF. A can be written as a filtering inductive limit lim Ay of finitely

generated smooth algebras over F,, by Popescu’s theorem ([14]) Let ny be
an ideal (t) of Ay and By = A)/(t). Then we may assume that B) is
0-smooth over [Fp,.

By [11, p.194, Theorem 25.2], we have a split exact sequence

0— n)\/ni L QAA ®a, By 1, QB)\ — 0
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where the maps are given by
b(a)=da®1
and
a1(db® ¢) = edb
for a € ny and b,c € A). Let 1 be a section of a;. Then we have
y1(edb) — db® & € Tm(61)
for b,c € Ay. Therefore we have an exact sequence
0 — ny/nd ®p, Qg1 25 0l @4, By Q0
by [11, p.284, Theorem C.2]. Here
§i(@® (dby A+ Adbi—1)) =(daAdby A+~ Ndbi—1) @1
for a € ny, by, -+ ,b;—1 € Ay and

Oéi((dC1/\”'/\dCi)®fT):f_dél/\”‘AdEi

for ¢y, ,¢i, f € Ay. Hence the sequence
2 i—1 b i Y oy
is exact.

On the other hand, we have
Ker () = Im (&;) C (dQ5 " +nQYy) /nQYy
by the sequence (5.1). So we have
Ker (g;) C dQ'; 1 + nQYy.
Since

a0t =Tm (a0t — 0 £ Q).
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we have
Ker (g;) C (dQ " +nQy) /dQy .
Therefore the statement follows. [J

LEMMA 5.2. Let A be a reqular local ring and X = Spec A. Suppose
that char(A) =p > 0. Then

I/, (X, ZQ%) = H), (X,d%) =0
for all j,i > 0. Here ZQY%, = Ker (d 1 Q4 — Ql;l) .

PROOF. ZQY and dQ% are locally free Ox-modules after twisting with
Frobenius. Hence we have

H]Zar (X7 ZQ?X) = H]Zar (X7 dQS{) =0
for all j > 0 by [12, p.103, III, Lemma 2.15]. On the other hand,
(U, ZQ% @0y U) = ZQ%; and T(U, dYy @0, U) = dQ;

for U/ X étale by [12, p.48, II, Proposition 1.3] and [21, p.574, Proposition
2.5]. Therefore we have

HY, (X, ZQY) = H), (X,dQ%) =0
by [12, p.114, III, Remark 3.8]. This completes the proof. [J

THEOREM 5.3. Let A be a henselian reqular local ring over F), and k
the residue field of A. Then the homomorphism

(5.2) Hét (Spec A, QiAJog) — Hét (Spec k, Qi7log)

s an isomorphism.
Suppose that A is a henselian local of smooth algebra over a field of
characteristic p > 0. Then we have an isomorphism

HE (A, 2/p(i)) = HiF (k, Z/p(3))

by the isomorphism (5.2) and [2, p.787, §5, (12)].
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PROOF. Let t a regular element of A and B = A/(t). Then it suffices
to show that the homomorphism

(53) Hét (Spec A, Qfél,log) - Hét (Spec B> QZ'B,log)

is an isomorphism.
We have the following commutative diagram.

Ker(g;)— (nQiA + dQZA_I)/inA_I

1-F l

Qf  — T /a0t — HY (Spec A, Q. ) = 0

(5.4) 9 l l

O T /a0t — H, (Spec B0, )

0
where F' is the homomorphism which is induced by the Frobenius operator
and n = (¢).

Then the horizontal arrows in (5.4) are exact by [21, p.576, Proposition
2.8] and Lemma 5.2. Moreover the vertical arrow in (5.4) is exact by Lemma
5.1.

If the upper homomorphism in (5.4) is surjective, we can show that
the homomorphism (5.3) is injective by chasing diagram (5.4). We have
surjective homomorphism

Ae (A% - Q)

a®b1®'-'®bz"—>a%/\---/\@
b1 b;

by [1, p.122, Lemma (4.2)] and

db; db; dby db;
Fla—mA---AN— ) =adP— A --- N —.
(a b bz> ¢ b1 b;

Since

nQYy C Ker(g;),
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it suffices to show that for any a € n there exists a b € n such that
(5.5) b —b=a.

By the definition of Henselian, there exists a b € A\ A* such that b is
a solution of the equation (5.5) and b+ 1,--- b+ p —1 € A* are also
solutions of the equation (5.5). Hence b € n by the equation (5.5). Therefore
the homomorphism (5.3) is injective. Moreover the homomorphism (5.3) is
surjective by the diagram (5.4). This completes the proof. O

5.2. The mixed-characteristic case

In this subsection we show Theorem 1.2 in the case where R is mixed-
characteristic (Theorem 5.6).

Let A be a mixed-characteristic henselian discrete valuation ring, K its
fraction field and 7 a prime element of A.

We consider the following diagram of schemes.

%@AK% X ;Y:%@)AA/(T[')
Spec K —— SpecA «——  Spec A/(m)

where the vertical arrows are smooth.
Suppose that char(A/(7)) = p > 0. Then the filtration U™ M of

r

is defined and the structure of M7 is studied in [1].
In particular, the structure of M7 is as follows.

THEOREM 5.4 ([1, p.112, Corollary (1.4.1)]). Let e be the absolute

ramification index of K and ¢ = 2.
p—1

Then the sheaf MY has the following structure.
(i)
MT /UMY =~ QF o, © Q3.
(i) If 1 <m < € and m is prime to p,

U™ Mp /U™ MY ~ Q1
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(iii) If 1 <m < € and p|m,
UMy /U™ MY ~ B~ @ BY 2
where
BY = Image (d : Qg,_l — Q‘{/)
for an integer q.
(iv) Form > ¢,

U™ M? = 0.

[8, p.548, Corollary 1.7] and [20, pp.184-185, Theorem 3.3] are the im-
proved versions of Theorem 5.4.
As an application, we have the following lemma.

LEMMA 5.5. Let R be a henselian local ring of a smooth scheme over

a mized-characteristic discrete valuation ring A and © a prime element of
A.
Then we have

HY (R/(7),U'M}) =0
forq>1.

PrROOF. We may assume that A is a henselian discrete valuation ring.
Let ¢ > 1. Since R/(m) is a henselian local ring and char(R/(w)) > 0, we
have

HE, (R/(m),BI™") = HY (R/(7),B{ %) =0
by Lemma 5.2. Moreover
n—1
Hy, (R/(m), ) =0

by [12, p.103, III, Lemma 2.15] and [12, p.114, III, Remark 3.8]. Therefore
the statement follows from Theorem 5.4. [



A Generalized Brauer Group 59

We prove Theorem 1.2 by computing the cohomology group
HEH (R (r), ier<nRip")
as follows.

THEOREM 5.6. Let R be a henselian local ring of a smooth scheme over
a mized-characteristic discrete valuation ring A and k the residue field of

R.

Then we have an isomorphism
He (R, Z/m(n)) = Hg™ (k, Z/m(n))
for any positive integer m.

PROOF. Let 7 be a prime element of A and i : Spec R/(w) — Spec R
the closed subscheme with open complement j : Spec R[r~!] — Spec R.
Then the restriction map

HE (R Z/m(n) = By (R (x), 72 /m(n))

is an isomorphism by [2, p.777, The proof of Proposition 2.2.b)]. Therefore
it suffices to show that the homomorphism

(5.6) Hit (R/ (), 72 /m(n)) — Hg™ (R/(m), Z/m(n))

is an isomorphism in the case where m = char(k) = p > 0 by Theorem 5.3.
We consider the cohomology group ngl (R/ (), i*TSnRj*,uf?") .
We have the spectral sequence

(5.7) HE (R/(m), H' (i*T<nRjupiy ")) = R Ty (" r<nRijspy™)
and
R Mg (i*r<nRjupy™) = HE (R/ (1), " r<nRyjip™)

where R*T'g; is the right hyper-derived functor of the global sections functor

L from S(spec /(). -
Since p-cohomological dimension of k is at most 1,

(5.8) HS, (R/(m),i"RYj,pE") = 0
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for s > 2 by [2, p.777, The proof of Proposition 2.2.b)]. Hence we have
He ™ (R/(m), 7<n (" Rjspy™)) = Hey (R/(m), " R" jupy™)
by the spectral sequence (5.7) and
He, (R/(m), i R"jupy™) = Heg (R/(m), M7 / U MY)
by Lemma 5.5. Therefore we have

He ™ (R (), m<n (("Rjepry™))
(5.9) =H™ (R/ (), Z/p(n)) ® Wy, (R/(7), Z/p(n — 1))

by Theorem 5.4 (i). On the other hand, the homomorphism
HY, (R/(m), " r<nRiupy™) — He (R/(m),i* R jupy™)

is surjective by the spectral sequence (5.7) and the equation (5.8). Moreover
the homomorphism

He, (R/(m), "R jupy™) — He, (R/(m), MY / U MY)
is surjective by Lemma 5.5. Therefore the homomorphism
H, (R/(m), " r<nRijepy) — He ™" (R/ (), Z/p(n — 1))
is surjective and the sequence

0 — Hg" (R/(m),i*Z/p(n)) — Hg™ (R/(7), i r<nRijepsy")
(5.10) — Hg (R/(7), Z/p(n —1)) — 0

is exact by the distinguished triangle
= L/p(n)e — T T<nRIZ/p(n)es — Z/p(n)es — - -

Therefore the homomorphism (5.6) is an isomorphism by (5.9) and (5.10).
This completes the proof. ]
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6. Local-Global Principle

PROPOSITION 6.1. Let A be a discrete valuation ring of mixed charac-
teristic (0,p) and m a prime element of A. Let R be a henselian local ring
of a smooth algebra over A. Then the map

6.1)  HL(K(R). )
— Hg (k(REﬂ)),u;?%”) o fpH mr ((B?p)ét,u?i”)
pe(Spec R) D\ ()
1s injective where R~p 1s the henselization of R at p.
Proor. By Theorem 4.6, it suffices to show that the homomorphism

(6.2) HE (R 2 (n) — HE™ (R, 2/0"(n)

is injective.
We consider the commutative diagram

2wy (Re, 2/ ()

HEH (R, Z/p" (n)
(6.3) l
HE (R (1), 2/p7 () —— W& (R /(7). 2/5"(n) ).

Then the left map in the diagram (6.3) is an isomorphism by Theorem 5.6.
Moreover the lower map in the diagram (6.3) is injective by Theorem 4.2
and R /(m) = szr) /(7). Therefore the homomorphism (6.2) is injective.
This completes the proof. [J

We review the K-theoretic fact before we prove the main result of this
section (Theorem 6.3).

For a field F and an integer n > 1, KM(F) denotes the n-th Milnor
K-group of F'. Then we have the following fact:

LEMMA 6.2 (cf.[7, Lemma 2.1]). Letvy,--- ,vs be a finite collection of
independent discrete valuations on a field F' of characteristic 0. Denote by



62 Makoto SAKAGAITO

F; the henselization of F' at v; for each i. Let r > 1 be an integer. Then for
every n > 1, the natural map

K2 (F)/r — DK (F)fr

18 surjective.
PROOF. Since the sequence

KM(F)fr 225 KM (F) fri! — KM (F) /' — 0

n

is exact, it suffices to show the statement in the case where r is a prime
number p.
Let

i3 ={z € F;,v;(1 —x) >m}
form > 1. If
Ugj C (FF)P

for any ¢ and sufficient large N, we can show the statement by the weak
approximation property.

Let x(v;) be the residue field of v;. In the case where (char(x(v;)),p) =1,
we have

Up, C (F)P.
In the case where char(x(v;)) = p, we have

7 C(F)P

for m > Ulp(%)l'p (cf. [1, p.124, Lemma (5.1)]). This completes the proof. O

THEOREM 6.3. Let A be an excellent henselian discrete valuation ring
of mized characteristic (0,p) and m a prime element of A. Let X be a
connected proper smooth curve over Spec A, K the fraction field of X and
Ky the fraction field of the henselization of Ox.
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Then

n—1
HE, (K, u5" V)

n n—1 n— n—2
- P HLKp " e @ HE Ms()wp ")
ney () zeXM\Y ()

is injective for n > 2.

PrROOF. The proof of the statement is same as [7, Theorem 2.5]. The
statement follows from Proposition 6.1 and Lemma 6.2. [J
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