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Moderate Degenerations of Ricci-Flat Kahler- Einstein

Manifolds Over Higher Dimensional Bases

By Shigeharu TAKAYAMA

Abstract. We study moderate degenerations of Calabi-Yau /
Ricci-flat Kéhler-Einstein manifolds in a holomorphic family over a
base of arbitrary dimension. We discuss various equivalence relations
among a limit variety has canonical singularities at worst, a uniform
diameter bound of nearby smooth fibers, and others.

1. Introduction

We shall study moderate degenerations of Calabi-Yau / Ricci-flat
Kahler-Einstein manifolds. In our previous work [Ta3|, we study such de-
generations over a l-dimensional base. Motivated by a study of compacti-
fications of moduli spaces of Calabi-Yau manifolds, we study degenerations
over a base of arbitrary dimension. Our basic set up we shall use frequently
is as follows.

SET UP 1.1. (1) Let f: X — Y be a projective surjective morphism
with connected fibers between normal quasi-projective varieties with a spe-
cial point 0 € Y and of dimY = m > 1. Let X, be the scheme theoretic
fiber of y € Y. Let Y° C Y be the maximal Zariski open set such that
Y° C Yieg and f is smooth over Y°, and let X° = f~}(Y?). We suppose
YO #£ (.

(2) Suppose Kx, = Ox, for every y € Y°. Let L be a line bundle on
X° which is f-ample (i.e., f|xo-ample). Then by Yau, for every y € Y°, X,
admits a unique Kéhler-Einstein metric w, € ¢1(Ly), where L, = L|x,,.

Then our main result is as follows. Technical terms “weakly semi-
stable”, “(relative) good minimal model” will be recalled in §2.1. In the
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case dim X = 2, these are nothing but a semi-stable reduction and a rela-
tive minimal surface/fibration over a curve.

THEOREM 1.2. In the situation 1.1, the following properties are equiv-
alent.

(1) For any weak semi-stable reduction f': X' =Y’ of f and any good
minimal model f" : X" —Y' o : X' ——» X" of f', there exists a Zariski
open subset 0 € W C 'Y such that for any p € 71 (W), the fiber X, of f"
has canonical singularities at worst and KX;)/ = (’)X{;.

r<f o Ly

L

V==Y ——>Y

(2) There exist a generically finite surjective morphism 7 :Y' —'Y from
a normal quasi-projective variety and a strict modification X' — X xy Y’
(i.e., a proper birational morphism to the main component of X' xy Y')
from a normal quasi-projective variety, such that the induced morphism f’ :
X' — Y is flat over 71(0) and for every p € 771(0), the fiber X, of f’
contains an irreducible component F,(C (X})req) with non-negative Kodaira
dimension: k(F,) > 0.

(3) The diameter of X, (y € Y°) with respect to the Kdhler-Einstein
metric wy s uniformly bounded from above as y — 0. Namely there ex-
ist an open neighborhood W of 0 € Y and a constant o« > 0 such that
diam (Xy,wy) < o for any y € YONW.

For example, if f is flat over 0 € Y and X contains an irreducible
component F' with x(F") > 0, then 1.2 (2) holds. This is a sufficient condition
for 1.2(2). But it is not a necessarily condition, already when dim X =
2,dimY = 1, i.e., elliptic fibrations. We also note X’ — X in 1.2 (1) may
blow-up smooth fibers, and hence general fibers of f’ may not necessarily be
Calabi-Yau in a strict sense. We (the author) do not know if f” is generically
smooth when a general fiber of f is not Calabi-Yau.

A possible approach to 1.2 is restricting everything over a general curve
in Y and use known results in [W1], [To|, [Ta3|, ... It is useful in some
case, but sometime it is not, as in the case of a dis-continuity phenomenon
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of a function of several variables. In any way, we still use Wang’s Hodge
theoretic approach [W1] [W2], Rong-Zhang’s estimate on diameter [RZ, 2.1],
and Donaldson-Sun’s compactness result [DS]; an existence of a Gromov-
Hausdorff limit under a volume non-collapsing/a diameter bound condition.

Due to the nature of our problem, we can actually suppose in most cases
that f : X — Y is weakly semi-stable and admits a good minimal model.
Our main new technical result is the continuity of a canonical fiberwise L?-
metric in such a case. This continuity holds not only in the Calabi-Yau
case, but also in general, and is interesting by itself. As a general fact, if
f: X — Y is weakly semi-stable, then Kx is a line bundle ([AK, 6.4]) and
f+Kx/y is locally free ([Ka3, Theorem 26]).

THEOREM 1.3. Suppose in 1.1(1) that f : X — Y is weakly semi-
stable, and that f admits a good minimal model f': X' - Y, o : X --» X'
such that X|, has canonical singularities at worst. Then the canonical L?-
metric on f«Kxo yo extends as a continuous and non-degenerate Hermitian
metric on f.Kx/y on a neighborhood of 0 € Y (if f.Kx/y is non-zero).

Here the canonical L?-metric on f.Kxo,yo is given by

n2 —
/X (—1) /2uy Ay for uy, vy € (filxo yo)y = HO(Xy,KXy),

Y

where n = dim X — dimY. Yoshikawa [Y, 7.1] essentially shows 1.3 when
dimY = 1, without assuming f is weakly semi-stable. When dimY = 1,
we can keep the flatness of f under modifications of X; a usual Hironaka’s
resolution theorem is suffice. It would be an interesting question if 1.3 holds
true without assuming f is weakly semi-stable.

It would be useful in some purposes to state 1.2 in a specific situation
as follows (cf. [To, 1.1], [Ta3, 1.5, 1.6] in the case dimY = 1).

THEOREM 1.4. Suppose in 1.1 that f : X — Y is weakly semi-stable.
Then the following properties are equivalent:

(a) For any good minimal model f' : X' — Y, p : X' —-» X of f, the
fiber X{, has canonical singularities at worst.

(a’) There exists an (in fact unique) irreducible component F' of X¢ such
that Ho(ﬁ, K) # 0 for a smooth projective variety F birational to F.
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(c) As f«Kx/y is a line bundle on' Y ([Ka3, Theorem 26]), there exists
Qe HO(X,KX/Y) such that H(X, Kx)y) = Qf*H°(Y,Oy) possibly re-
place Y by a smaller neighborhood of 0 € Y (cf. [Ta3, 1.2(1)]). We denote
the restriction by Q, = Q|x, € H*(X,, Kx,) fory € Y° and regard it as a
nowhere vanishing holomorphic n-form on X,, where n = dim X — dimY".
Then, there is a constant o > 0 such that ny(—l)”zﬂQy AQy < o as
y (€Y°) — 0. '

(¢’) In the notations in (c), there is an open set W C Y containing 0
such that the smooth function ny(—l)”Q/QQy AQy ony € Y°NW extends
continuously on W and nowhere zero on W.

(¢”) There is an open set W C Y containing 0 such that the canon-
ical L?-metric on J«Kxoyo extends as a continuous and non-degenerate
Hermaitian metric on the line bundle f Kx/;y on W.

(d) There is a constant a > 0 such that wy > ail(—l)”Q/QQy AQy, on
Xy asy (€Y°) — 0, where Q € HY(X, Kx/y) is a section as in (c).

(e) There is a constant o > 0 such that diam (Xy,wy) < « as y (€
Y?) — 0.

(f) The volume non-collapsing property with respect to L holds (cf. [DS,
(1.2)], [Ta3, 1.2(3)]).

We add partially one more property. These equivalent properties in 1.4
imply a property

(b) dwp(0,Y°) < oo, namely the point 0 € Y is of finite distance from
Y © with respect to the Weil-Petersson pseudo-distance wwp.

Here the Weil-Petersson pseudo-distance wwp is the curvature form of
the canonical L?-metric on f, K xo /yeo. To deduce the last implication to
obtain (b), we can reduce to the case dimY = 1. There is an expectation
or a conjecture that the converse also holds true ([Lee, §1.1]). In the case
dimY = 1, it was a conjecture due to Wang [W1], and it is confirmed by
Tosatti [To] and the author [Ta3]. There is a subtlety in the case dimY > 1
to measure the length of a pass (a real curve) which is not contained in a
holomorphic curve (see [Lee, Remark 4.9, Example 4.10]). Namely we can
not reduce to the case dimY = 1 to obtain, say (a) from (b).

The organization of the paper is as follows. We recall, in §2, basic
notions from algebraic geometry, and Kawamata’s inversion of adjunction.
In §3, we discuss fiberwise integrals for weakly semi-stable morphisms in a
particular case and prove 1.3. We then finally prove 1.2 and 1.4 in §4.
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2. Preliminary from Algebraic Geometry
We shall recall or generalize some results in algebraic geometry.

2.1. 'Weak semi-stable reduction and good minimal model

We first recall a weak semi-stable reduction theorem of Abramovich and
Karu [AK]. We refer [KKMSD] for generalities on toroidal varieties.

A toroidal variety (X, B) is a pair consisting of a normal variety and
an effective reduced divisor such that each point x € X has a toric local
model in the following sense: there is a complex analytic neighborhood U of
x such that the pair (U, Bly) is complex analytically isomorphic to another
pair (U, B'|y) which comes from a toric variety (X', B); a normal variety
with an action of an algebraic torus X’ \ B’ (and U’ C X' is complex
analytic open). We assume moreover that the pair is strict or without self-
intersection in the sense that each irreducible component of B is normal.
Refer to [AK, Definition 1.2, §1.3].

A toroidal morphism f : (X, B) — (Y,C) between toroidal varieties is
one which has a toric local model at each point x € X in the following sense:
there is a toric morphism between local models f’: (X', B") — (Y, ("), i.e.,
fllxnp : X'\ B — Y'\ " is a surjective homomorphism of algebraic tori,
and f’ is equi-variant under the torus actions. Refer to [AK, Definition 1.3].

A toroidal variety (X, B) is said to be smooth if X is smooth and B has
only normal crossings (in particular, every irreducible component of B is
smooth as it is normal). It is quasi-smooth if there exists a local toric model
of each point which has only abelian quotient singularities.

REMARK 2.1.1 ([Ka3, Example 1]). Let (X,B) be a quasi-smooth
toroidal variety. Let x € X be a point.

(1) Then there is a complex analytic neighborhood U C X of z and
a finite Galois toroidal covering 7 : (X', B’) — (U, B|y) from a smooth
toroidal variety with a point 2’ € X’ such that m(2’) = x. There exist local
coordinates (], ... ,z}) centered at z’ € X’ which are semi-invariant with

n

respect to the Galois action. In particular if Bly =3 ,c; Bi, B' = >, ; B;
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respectively is the irreducible decomposition, we then have a one-to-one
correspondence a, : I — J such that 7=(B;) = B! ()" We would simply
express as (U, B|y) = (X',B’)/G for a finite abelian group G. We can
suppose G C GL(n,C) to be a “small subgroup” [Sb, 1.2, 1.3]. (Steenbrink
[Sb, 1.16, 2.2] uses terminologies V-manifolds and V-normal crossings.)

(2) Let f: (X, B) — (Y,C) be a toroidal morphism to a smooth toroidal

/

variety (Y, C), and y = f(x). Then there exist local coordinates (2, ... ,z})

centered at 2’ € X' as above and (y1,...,ym) centered at y € Y such that
(fom)ty =TI, :r;-”j , where the r;; are non-negative integers. (Note that

the composition fox : (X',B") — (Y,C) is a toroidal morphism between
smooth toroidal varieties, [AK, Corollary 1.6].)

DEFINITION 2.1.2 ([AK, Definition 0.1, §8.2]). Let f : X — Y be
a projective surjective morphism with connected fibers of normal quasi-
projective varieties. The morphism f : X — Y is said to be weakly semi-
stable, if (i) there exist toroidal structures (X, B) and (Y,C) with (X, B)
is quasi-smooth and (Y, C) is smooth, (ii) f: (X, B) — (Y, C) is a toroidal
morphism with X \ B = f~1(Y \ ©), in particular f is generically smooth,
(iii) f is equi-dimensional, (iv) all the fibers of f are reduced. A weakly
semi-stable morphism f : X — Y is said to be semi-stable, if X is smooth.

We follow the terminology in [Ka3, §1] (the only difference is the quasi-
smoothness of (X, B)). (There are almost semi-stable, nearly semi-stable
in literature.) If f is weakly semi-stable, it follows that X has rational
Gorenstein singularities at worst [AK, §6], in particular it has canonical
singularities at worst, [KM, 5.24].

Now we recall a weak semi-stable reduction theorem of Abramovich and
Karu (refer [Ka3, Theorem 2] for a more detailed account).

THEOREM 2.1.3 ([AK, Theorem 0.3, §8.2]). Let f: X — Y be a pro-
jective surjective morphism with connected fibers of normal quasi-projective
varieties. Then there exist a generically finite morphism Y' — Y from a
smooth quasi-projective variety and a strict modification X' — X xy Y’
from a mormal quasi-projective variety such that the induced morphism f’ :
X' — Y’ is weakly semi-stable and semi-stable in codimension 1.

Here a strict modification means that the morphism is a proper birational
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morphism to the main irreducible component of X xy Y’ which dominants
Y’ [AK, 0.10].
We next recall another type of nice morphisms.

DEFINITION 2.1.4 (see [F, §3] for more advances). Let f : X — Y
be a projective surjective morphism with connected fibers of normal quasi-
projective varieties. Suppose X has canonical singularities at worst. A
normal variety X’, a morphism f’: X’ — Y and a rational map ¢ : X --»
X' over Y is called a minimal model of X over Y, if (i) X’ is Q-factorial,
(i) f’ is projective, (iii) ¢ is birational and ¢ ~! has no exceptional divisors,
(iv) Kx/ is f'-nef, and (v) a(E,X) < a(E,X’) for every @-exceptional
divisor £ C X, where a(F, X) is the discrepancy of E over X ([KM, 2.22]).
Furthermore, if Ky is f’-semi-ample, then X’ is called a (relative) good
minimal model of X over Y.

By Hacon-Xu [HX], if a (sufficiently) general fiber of f has a good min-
imal model, then f: X — Y has a good minimal model. So in our interest
as in 1.2, we are free to pass to a relative good minimal model. We recall
some basic properties from [F].

LEMMA 2.1.5. Suppose in 1.1(1) that f : X — Y is weakly semi-stable
and admits a good minimal model f': X' —Y,p: X --» X',

(1) [F, 4.4 (see also Corrigendum, page 262, line 20-21)]. The total space
X has only rational Gorenstein singularities. Lety € Y be an arbitrary point
and let C' be a smooth curve passing through y such that C' = HiNHsyN...N
Hyimy_1, where every H; is a general smooth Cartier divisor on' Y. Then
Xo =X xy C — C is also weakly semi-stable (by [Kar, Lemma 2.12]), and
X = X' xy C is normal and has only canonical singularities.

(2) [F, 4.3] The morphism f': X' — 'Y is equi-dimensional and flat. For
every y € Y, the scheme theoretic fiber Xz,// of f' has only semi-log-canonical
singularities (which is reduced at least), and Ox: (mKX/)|Xé =0Ox;, (mKXé)
for every integer m > 0. In particular Kx: is Q-Cartier and semi-ample.

(3) [F, §4, Proof of 1.6, Step 3| For every integer m > 0, the dimen-
sion hO(Xl’/, Ox (mKX/)\Xé) is independent of y € Y, and f.Ox/(mKx) is
locally free. We also note hO(X;,OXé (mKx;)) = (X, 0x,(mKx,)) =
P (Xy) for general y € Y.

We will use the following basic observation several times.
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LEMMA 2.1.6. Suppose in 1.1 (1) that f: X — Y is weakly semi-stable
and admits a good minimal model f': X' —Y,p: X --» X'. Suppose fur-
ther the Kodaira dimension of a general fiber of f is zero: k(Xy) = 0. Then
for every integer m > 0 with Pp(Xy) # 0 fory € Y general, Ox/(mKx1y)
is a line bundle and f'-trivial. In fact f"" Ly, = Ox/(mKxi/y) with Ly, =
[:Ox1(mKx/y) which is a line bundle.

Proor. (1) By 2.1.5(3), every direct image L, := f.Ox/(pKx//y)
with an integer p > 0 is a line bundle or the zero sheaf. We will denote by
np s HO(Y, L,) = H°(X', Ox/(pK x//y)) the natural identification.

As Kx1/y is Q-Cartier and f’-semi-ample, for every large and divisible
integer q, Ox/(q¢K x/ /y) is a line bundle and the natural homomorphism
7 FiOx1(qK xr /y) — Ox/(qK x1y) is surjective. As both are line bundles,
the homomorphism is actually isomorphic. Hence f*L, = Ox/(qK x/ /Y )-
If we take an open set W C Y such that L, = Ow on W and b €
HY(W, L,) a nowhere vanishing section, then f"*b € HO(f~Y(W), f*L,)
generates f'* L, everywhere, and n,(b) € H(f~Y(W), Ox (¢Kx/y)) gener-
ates Ox/(qK x//y) everywhere on ftw).

(2) Let ¢ = pm, for a large and divisible integer p, so that (1) holds.
We take any affine open set W C Y so that L,, = Oy and L; = Ow on
W. We still denote by W =Y. Let a € H°(Y, L,,) be a nowhere vanishing
section of the line bundle. Then we have a section a? € HY(Y, L,) induced
by the natural maps

HO(X/, OX/(mKX//y))®p — HO(X/, OX/(mKX//y)®p)

— HY(X', Ox1(qKx1/y)).
We note that ng(a”)|x;,, = (nm(a)|X;cg)®p, i.e., ny(a) is a usual p-th power
of m(a) on X{.,. (Mind that Ox/(mKx//y)®P may have a torsion.) Let b €
HO(Y, L,) be a nowhere vanishing section. Then there exists s € H’(Y, Oy)
such that a? = sb.

If s(0) = 0, then ny(a?) = 0 on X, and hence 9y, (a) = 0 on (X{)reg-
We note that (Xg)reg C Xjop as Xj is locally complete intersection in X'.
As a generates L, = flOx/(mKx/ /v) everywhere on Y, the natural ho-
momorphism f'* flOx/(mKx:/y) — Oxi(mKxs/y) is zero on (X{)reg, and
hence it is zero on X, as the degeneracy locus is closed (recall that X, is
reduced and hence (X{)eg is everywhere dense in X(). That means a is
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zero at 0 € Y, which contradicts to the fact that a is nowhere vanishing.
By the same token, s is nowhere vanishing. Then n,(a?) = (f'"s)n,(b) (and
hence 7,,(a)) are nowhere vanishing on Xj... Thus 7, (a) gives a trivi-
alization Ox/(mKxy)|x;, = Oxy,. Finally we have Ox/(mKx//y) =
J:(Ox(mKxryy)|xy,) = Ox, where j : X[, — X' is the open immersion.

The argument above shows that, over any such W C' Y, Ox/(mKx/y)
is a line bundle and the natural homomorphism f"fiOx/(mKx: y) —
Ox/(mKxy) is surjective (and hence isomorphic). This is enough to con-

clude our assertion. OJ

2.2. Kawamata’s inversion of adjunction

We take this opportunity to prove an inversion of adjunction, essentially
due to Kawamata [Ka2], which we will need in our argument. We will use
an independent notation.

LEmMA 2.2.1. Let f: X — B be a flat morphism from a germ of an
algebraic variety to a germ of a domain B in C™ centered at the origin
0 € B. Assume that the scheme theoretic fiber Xo of f has only canonical
singularities.

(1) Deformation of canonical singularities. Then (after shrinking X and
B), X as well as any fiber X, = f~1(b) of f has only canonical singularities.

(2) Inversion of adjunction. Moreover, if By C B is a smooth divisor
containing 0 and if p : 'V — X is a birational morphism from a normal
variety, then (after shrinking X and B), So := f*By has only canonical
singularities and Ky +W > p*(Kx + So) holds, where W C V' is the strict
transform of So. In particular, Kyv — p*Kx > p*Sog — W > 0 and the pair
(X, S0) is canonical.

This is due to Kawamata [Ka2, 1.4] when dim B = 1. We will reduce
our assertion by induction on dim B to the case dim B = 1. The assertion
(2) is a sort of an inversion of adjunction, cf. Stevens [Sv] ([Ko, 7.9]) in
the case wy is locally free. In fact, [Ka2, 1.4] implies the following: Let X
be an algebraic variety and let S be a Cartier divisor on X. Then S has
only canonical singularities if and only if the pair (X, S) is canonical around
S. If S is canonical, we can see easily (well known) that X is normal and
Kx is Q-Cartier. The pair (X,S) is canonical requires that X is normal
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and Kx is Q-Cartier. It is easy to see that S is canonical if (X,S) is
canonical.

PrROOF. We first note in any event that X is normal and Kx is Q-
Cartier around Xy. This can be seen inductively. Let L be a line in B
containing 0. We note that f~!(L) is Ry (regular in codimension 1), CM
(Cohen-Macaulay), and Gorenstein in codimension 2 around Xy (in par-
ticular f~1(L) is normal), as the Cartier divisor Xo C f~1(L) (which has
canonical singularities at worst) has the same properties. Stevens [Sv, p. 280]
observed that Ky, is Q-Cartier of index m 1mphes Ky is Q-Cartier of
index m. We can see also inductively that f~1(M) is Rl, CM and Goren-
stein in codimension 2 around X for any hyperplane M C B containing 0
(including the case M = B and f~!(M) = X). The canonical divisor Ky
is also Q-Cartier of the same index as Kx, has.

Let us see our main assertions. In the case m = 1, this is [Ka2, 1.4].
Suppose our assertion holds in the case when the base dimension is m — 1
(and m > 2). We shall prove our assertion as in the statement with dim B =
m.

We take a local coordinate centered at 0 € B such that the given smooth
divisor By in (2) is a coordinate hyperplane in the new coordinate (after
shrinking B). Let ap : B — B be the blow-up at 0 € B, and let Ep(
P™=1) C B be the exceptional divisor. We consider the fiber product:

X — )/Z =X XRB E a—X> X
d 7] g
pr-1 2 B Y

We note that ap : B\ Eg — B\ 0 is isomorphic, ax : )A(:\a;(l(Xo) — X\ Xo
is isomorphic, and that a)_(l (Xo) = f_l(EB) = Fp x0 Xo 2P ! x X;. In
particular Ex := a;(l (Xo) is the unique exceptional divisor for ax : X - X.
We set

Xtreg = {2 € Xieg; [ : X — B is smooth at z},

which is Zariski open in X, and (Xjp)reg C (Xp N Xf reg) for any b € B,
and hence codim (X \ Xf,e5) > 2. We see X xp B = BZXUX holds “over

Xfreg - We can see the closure of X \ay (Xo) in X is X in particular X
is irreducible.
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The space B is realized in B x P! in a standard manner by the given
coordinate on B. We take a convention that P™~! is the space of lines
in B passing through 0. Let p : B — P™ ! be the map obtained via the
projection B x P! — P~ We consider g = p o f: X — P™L. This g
is flat as a composition of two flat morphisms f and p ([Har, I111.9.2]) (f is
flat as a base change of the flat morphism f([Har, 111.9.2]); p is flat and in
fact a locally trivial family of lines in B passing through 0).

We take an arbitrary point ¢ € P™~! and let L; be the corresponding line
in B containing 0. By [Ka2, 1.4] (asdim L; = 1 and f : f~1(L;) — L is still
flat), f~!(L¢) has only canonical singularities and any fibers of f~!(L;) — L;
has canonical singularities (after shrinking X and B, or f~!(L;) and L;).
We consider the fiber g=(£) € X. Then by construction g=1(t) = f~1(Ly),
which has only canonical singularities. (Note that p~!(t) = az'(L:) and

(Lt) L; by ap for the line L;.) Thus by induction hypothe51s applied
to g: X — P L X has only canonical singularities around g’ 1(t). As
t e Pm—1is arbltrary, X has only canonical singularities around f YEB) =

. As P! = Ep is compact, we only need to shrink X and B finitely
many times in fact to obtain our assertion (1).

We take an arbitrary hyperplane H (= P™~2) C P! and let By C B
be the corresponding hyperplane containing 0. By the induction hypothesis
(asdim By =m—1and f: f~1(By) — By is flat), f~1(Bp) has canonical
singularities (and all fibers of f~1(By) — By has canonical singularities).
We consider p~'(H) = By, where By is the strict transform of By (i.e.,
the blow-up of By at 0 € By), and g~*(H) = f~(By). By construction
g Y(H) is the strict transform of f~'(Bp) by ax in X. We suppose our
initial By corresponds to a hyperplane Hy C P™~!. In particular we proved
that Syp = f* By has canonical singularities.

Let v : V! — X be a birational morphism from a normal (or smooth)
variety with a strict transform W’(C V') of g=1(Hp) € X (recall g=(Ho)
is the strict transform of f~!(By) = Sp). Then by the induction hypothesis
applied to ¢ : X — P™ ! with a smooth divisor Hy C P71 we have
Ky + W' > v*(Ky + g *(Ho)), and the pair (X, g (Hp)) is canonical.

We note that a3 By = p~1(Hp) + Ep and aXSo =g (HO) + Ex. The
latter formula is obtained as a% .Sy = a% f*By = fraz 5Bo = f*( —1(Hp) +
Ep) = g '(Ho) + Ex. We also have Ky = ajKx + (m — 1)Ex (this
formula holds on ay! (X reg) C X with codim (X \ ax' (Xfreg)) > 2 by
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the usual manner first, then it holds on X because there is no divisor in
X\ ax' (Xfreg)). Now, Kyi + W' > v*(Ky + g '(Ho)) = v*(ahKx +
(m — 1)EX + CL}SO - Ex) = (aX o V)*(KX + So) + I/*((m - 2)Ex) >
(ax ov)*(Kx + Sp) as m > 2. Thus the pair (X, Sp) is canonical. As
(ax ov)*Sp > W', X has only canonical singularities.

Since any 4 : V — X in (2) is dominated by some v : V/ — X as above,
we have Ky + W > p*(Kx + Sp). For a given p : V — X, we can find
v:V'— X as above with ¢/ : V! — V such that v = poy/. In general
1Oy (m(Ky +W')) C Oy (m(Ky +W)). Thus Ky +W' > v*(Kx + So)
implies Ky + W > p*(Kx + Sp). O

3. Continuity of the Canonical L?-Metric
Throughout this section, we use the following set up.

SET up 3.0.1. We suppose in 1.1(1) that f: X — Y is weakly semi-
stable and admits a good minimal model f': X’ — Y, : X --» X’. Let
Xo = U, Fi be the decomposition into irreducible components (recall that
f has reduced and equi-dimensional fibers, 2.1.2).

X'<2-Xx
"
Y:Y

We further suppose that Y is affine and Ky = Oy, and hence K y/y = Kx.

3.1. A simultaneous minimal model

We recall a result in [Ta4]. For a proper variety V', the m-genus P, (V)
is defined by that of any smooth birational model V; P,(V) =
ho(\N/,(’)V(va)). We note, by [Tal, 1.2]: the lower semi-continuity of
plurigenera, that in the setting 3.0.1, >, ; Pn(F;) < Pp(Xy) holds for
every integer m > 0 and a general point y € Y.

THEOREM 3.1.1 ([Tad, 1.1)). Suppose that for every large and divisible
integer m > 0, the plurigenera equality Y. ; Pn(F;) = Pr(Xy) holds for a
general point y € Y.
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Then the fiber X{, of f’ over 0 is birational to an irreducible component,
say Fi, by the birational map ¢ : X --+ X', and other components F; (i €
I\ {1} if |I| > 2) are uniruled and contained in the stable base locus of
Kx: F; C SBs(Kx). Moreover X(’) 1s normal with canonical singularities at
worst and Kx; is semi-ample, and Pp(F1) = Pp(Xj) = Pn(Xy) holds for
every integer m > 0 and a general point y € Y.

The property F; C SBs(Kx) means that F; is contained in the zero
locus of any s € HY(X,0Ox(mKx)) and any integer m > 0.

LEMMA 3.1.2 ([Ta4, 2.5]). Let X = U,c; G} be the irreducible de-
composition of the fiber of f'. Suppose k(G}) > 0 for any £ € L. Then
Xo = Uper, Ge U Unep Fr with irreducible components Gy birational to G,
by the birational map ¢ : X --+ X' and other components F\ are uniruled.

We state some conclusions which are specified in the present paper,
especially 1.3.

COROLLARY 3.1.3.  Suppose that X{ has canonical singularities at
worst. Then there exists a unique irreducible component of Xg, say Fi,
such that Fy is birational to X{, by the birational map ¢ : X --» X', and
other components F; (i € I\ {1} if |I| > 2) are contracted by ¢, F; are
uniruled, and F; C SBs (Kx).

REMARK 3.1.4. Suppose that X has canonical singularities at worst.

Then by 2.2.1, there exists an open neighborhood 0 € W C Y such that
all X; (y € W) has canonical singularities at worst. We can apply 3.1.3 to
X, (y € W) too (for y € Y°, X is simply birational to X, and no other
components).

Let C1 C Y be an irreducible divisor containing 0, and let f*C; =
> jes Bj be the decomposition into irreducible components. We then have
Xy = c;(Xy N By) for every y € C1 N W. (We do not say that X, N B,
is irreducible.) Except one irreducible component of X, other components
of X, are contained in SBs(Kx). As } .., B; has only finite irreducible
components and as {y € C1 NW} are uncountable, we have .. y\ ;3 Bj C
SBs (Kx) (except one index j; € J). Note that SBs (Kx) is closed.

REMARK 3.1.5. Suppose that x(X,) = 0 and p,(X,) = 1 for every
yevYe.
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(1) Then by 2.1.6, Kx//y is f'-trivial and Ky /)y = f"" fiKx:/y.

(2) The plurigenera equality condition ) . ; P, (F;) = Pn(Xy) in 3.1.1
is equivalent to that there exists an integer £ > 0 and an i € I such that
Py(F;) > 0. As a conclusion of 3.1.1, there exists a unique i € I, say i = 1,
such that P, (F1) =1 for any m > 0, and that P, (F;) = 0 for any m’ > 0
and any ¢ € I\ {1}. We also have Kx; = Ox; by adjunction.

3.2. Continuity of fiberwise integrals
We shall prove 1.3. We use the same notations in 3.0.1. Then 1.3 is

THEOREM 3.2.1. Suppose further X{ has canonical singularities. Let
€ H(X, Kx/y). Then a C*-function thu AT ont € Y° extends as
continuous function on Y around 0 € Y. Moreover limyos¢ . th (TN
# 0 if fiu is non-zero at t = 0, where fyou € HO(Y, [«Kx/y) is the
section corresponding to u via the natural isomorphism HY(X, KX/Y) =
HO(Y7 f*KX/Y)

Sl o 8

We start with some generalities of fiber integrals based on the setting of
3.0.1.

REMARK 3.2.2. Let f: (X,B) — (Y,C) be the toroidal structure in
2.1.2, and let n = dim X, m = dimY.

(1) Let {Ux}aea be a (fine enough) locally finite open covering of X,
and let {px}x be a partition of unity subordinate to {Ux}x. The fiberwise
L?-norm of u € HO(X,Kx,y)on X; (t €Y \C CY°)is

/ (=1)(=m)*/2 A g = Z/ pa(—=1) /2 A 7,
X A XNUy

Thus, as usual, our assertion is reduced to a local computation (note f
is proper). We take one of Uys. As (X, B) is quasi-smooth, we may as-
sume as in 2.1.1 that there exists a finite Galois toroidal cover 7 : (U, D) —
(U, B|u, ) such that (U, D) C C™is smooth toric and (Uy, Bly, ) = (U, D)/G
for a finite abelian group G (which is “small”). Then we have

1
/ PAUNT = — T (pau A W)
XUy Gl Jo=(fom)-1(1)
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for t € Y\ C. Hence the continuity of [ x, WA uat 0 €Y is reduced to a
computation on smooth toric local models (U, D).

(2) We consider a semi-stable morphism fox: (U, D) — (W, C), where
W CY is a small analytic open subset. We let

p
Ot (log) = Oy (log D) /(fom)*Qiy (log C) and Q) (log) = A\ Q0w (log)

(as in [Ka3, Example 13]), where };(log D) is (as usual) the sheaf of log-
arithmic differential 1-forms. Then QZ?V”[}(log) = Ky,w as it is remarked
after [Ka3, Theorem 26] (the horizontal part is zero in our setting).

(3) We take local coordinates z = (z1,... ,xz,) on U and t = (t1,... ,tm)

on W in (2) above such that the morphism fom:U — W is given by

4y Lo L
t1:ij, to = H (L’j,...,tm: H Z g
Jj=1 j=f1+1 J=lm—1+1

for some 0 < 1 < ... < 4y, < n ([AK, §0.3]). We set J = {1,2,...,
b1, b} \ {1, ... . €n}, and set Dy =3, ; D; with D; = {z; = 0}. We

denote by dlogx; = % Then we can take

dlogxy /w = /\ dlog x; A /\ dz; € HO(U, QZ?I:‘”,(log))

jeJ L <i<n

as a nowhere vanishing section on U. The labelling among {1,... , ¢} for
example is not essential, which we mean ¢; is not special. In fact, we
have 251:1 dlogz; = dlogt; in Qf;(log D), and hence Zflzl dlogz; = 0 in
Q}]/W(log). Thus for any ig € {1,... {1}, we have \jcry o1\ 1o} Al0g @i =

Ni<ice, 1 dlogz; in Qf}/_ml,(log) up to a sign (a permutation).

These are generalities on fiber integrals for weakly semi-stable mor-
phisms. A special feature in our 3.2.1 is that, by applying 3.1.4 for each
irreducible component of C' C Y, we can suppose (after re-labeling z;)
m(Dy) C SBs (Kx) = SBs(Kx/y). In particular, for u € H(X, Kx,y) in
3.2.1, m*u € HY(U, Ky w) vanishes along D;. We here note Ky = 7* Ky,
(as Uy is Gorenstein and 7 : U — U, is finite and unramified in codimen-
sion 1) and hence Kyw = 7Ky, jw. The following is the main proposition,
which concludes 3.2.1 applied to o = 7*u.
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PROPOSITION 3.2.3. Let 0 € H(U, QZ?{;(log)), and suppose its zero
divisor contains Dy as a line bundle Q’{;{C{}(log) = Ky w valued section. Let
p € Co(U,C) be a continuous function with compact support on U. Then

(1) there exists 6 € HY(U, Q™) such that o|y, = 0|y, for any t €
W\ C.

(2) A continuous function fUt po AN on W\ C extends as a continuous
function on W.

(8) Suppose further that o does not vanish identically along Uy =
(f o ®)~Y0), the function p takes values to Rso, and ply, Z 0. Then

hm(W\C)Bt—>O fUt p (_1)(n—m)2/20. ANa > 0.

PROOF. (1) We can write as o = oodlogzyy with o9 € H°(U, Op)
vanishing along Dy, i.e., 0o = ([[;c; %;)o1 with o1 € H°(U,Oy). Then we
can take 0 = o1 Ny dxj AN, iy di € HY(U, Q™).

(2) By using & in (1), we have [, po AT = [, po NG fort € W\C. As
p o AT is a continuous (n —m,n —m)-form with compact support on U, the
fiberwise integral fUt p& A G is defined for every t € W and continuous on
W (see Barlet [B, p.378, Théoreme 1] for the continuity of fiber integrals
for flat morphisms). In particular

lim /pa/\E:/ p&Agzz/ pTAG.
(W\C)3t—0 U Uy Uo

sreg

(3) The function o1 € H°(U, Oy) above does not vanish identically along
Up. Then it is not difficult to see that [, s p(—1)=mP?25 AT > 0. O

4. Proofof 1.2 and 1.4

We shall prove 1.2. We introduce the following intermediate condition
(1’) in 1.2 to divide our proof into several steps:
1.2 (1’) There exist a weak semi-stable reduction f': X' — Y’ of f and a
good minimal model f" : X" —Y' p: X" --» X" of f' (as below) such that
for any q € 771(0), the fiber X(;’ has canonical singularities at worst.

r<f o Ly

el el

Y'=—Y ——=Y
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We note that in 1.2 (17), Kxn/ys is f’-trivial by 2.1.6 without knowing if
X, (’1’ has canonical singularities or not. It is easy to see that implications (1)
= (1’) = (2) hold. We shall prove (1’) = (3) = (1) and (2) = (1).

4.1. Proof of 1.2 (1’) = (3)

There are 2 steps. The first step is to bound the diameter of (X,,w,) by
the canonical L?-norm of J«Kx1/y. We then secondly apply 1.3 i.e.3.2.1:
the continuity of the canonical L?-metric of f.Kx:/y-.

The first step is a variant of [RZ, 2.1], where a family = : M — Al over
a disc Al € C with K, /a1 = O is considered. We generalize it when the
base space is a polydisc and when a general fiber is a modification of Calabi-
Yau (see 4.1.1 below). We localize our f' : X’ — Y’ in (1’) over a small
polydisc A(22 A™) C Y centered at a given point ¢ € 771(0). Denote it by
m: M — A, where M = X\ == f/71(A), and 7 = f’]X/A. We recall M is
normal Gorenstein with canonical singularities. Let f : (X', B’) — (Y',C")
be the toroidal structure as in 2.1.2. We will let Uy = M N (X' \ B’) and
Ua = AN(Y'\C") with Upq = 7= 1(Ua). We will denote by 0 € A the center
instead of ¢ € Y’ (we hope there is no risks of confusions with 0 € Y'). We
will not distinguish a Ké&hler form and the associated Kéahler metric. For
every y € Y, we denote by wxgy € c1(L|x,) the unique Ricci-flat Kéhler
metric on X,. Let L' = (7x]|,,~1(x0))*L a line bundle on 75! (X°); the pull
back of L. We note that L} := L’|p, is merely semi-ample and big. Here
t € A stands for a point and ¢ = 0 corresponds to g € Y.

We recall that Kx»/y: = Oxn on X} = " 1(A). We take a nowhere
vanishing section Q" € H(XX, Kxnyyr). Asp: X' —-» X" is birational and
both X’ and X” have only canonical singularities at worst, Q" corresponds
to a section Q' € HO(M, K /a)- Let F' be the unique irreducible compo-
nent of X; = M such that F' is birational to X/ via ¢ : X --» X" (see 3.1.3,
here we use the assumption that Xé’ has canonical singularities at worst).
Then € does not vanish identically along F. Let Q) = /|y, € HO(M;, Kyy,)
for t € Un. We shall prove the following estimate, which will also corre-
sponds to the implication (c) = (e) in 1.4.

ProproSITION 4.1.1 (cf. [RZ, 2.1]). There is a constant D > 0 inde-
pendent of t € Ua such that

diam (Xy,wkey) <2+ D (—1)”2/292 A
M,
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holds for all t € Un with y = 7(t) € Y°, where n = dim X — dimY".
Let us conclude 1.2 (1’) = (3) by taking 4.1.1 for granted.

PrOOF OF 1.2 (1’) = (3). In the setting of 4.1.1, 1.3 namely 3.2.1
implies that the fiberwise integrals [ M, (=1)"*/ 2Q) A, is continuous (smooth
in fact) in t € Ua and extends continuously (and non-degenerate) on A,
possibly shrinking A. Possibly after shrinking A further, we can suppose it
is bounded continuous.

In the case Uyr = 771(Y°) on a neighborhood of 0 € Y, it is enough
to combine 4.1.1 and 3.2.1 directly (note that 7 : Y’ — Y is proper, we
can cover 7 (0) by a finite number of polydiscs A appeared in the dis-
cussion above). Even if it is not the case, 4.1.1 and 3.2.1 show that there
exist an open neighborhood W of 0 € Y and a constant a > 0 such that
diam (Xy,wkry) < a for any y € (Y°N W)\ 7(Y" \ Uys). Then by the
continuity of diam (X, wkg ) on y € Y, we have diam (X, wkg,y) < « for
any y € Y°NnW. O

PrROOF OF 4.1.1. We closely follow the argument of [RZ, 2.1]. We
take an auxiliary m-ample line bundle £ on M, which gives an embedding
M — PN x A over A such that £™ = (priOpn(1))|s for some m > 1,
where prq : PN x A — PV is the projection. Let wps; = %wFs|Mt be
the pull-back of the Fubini-Study metric/form via the induced embedding
M; — PV (see [RZ, p. 241 top], wrs, is simply w;). We use the Kihler
metric wrg; as a reference metric. Although in the set up of [RZ, 2.1], L'
(the pull-back of our L) and £ are the same, we can actually separate them.

We denote by t € Ua and indicate y = 7(¢) € Y° correspondingly. The
morphism 7x : X’ — X gives a birational morphism 7, : M; — X, be-
ing y = 7(t). We consider a possibly degenerate Kéhler-Einstein metric
Wy = TfwKE,y € ¢1(L}). The metric @; may degenerate, but it behave quite
well as it is a pull-back of a usual (Kéhler-Einstein) metric by a birational
morphism. We have H°(M;, Ky;,) = HO(Xy,KXy) via 7, in particular
we have a unique nowhere vanishing section Q, € H°(X,, K x,) such that
7,y = Q; (as a pull-back of (n,0)-form). We can use known results for
wkE,y and €, to obtain some variants for w; and 2} by pull-back. For ex-
ample, the Ricci-flat Kahler form wikg 4 satisfies a Monge-Ampere equation

Wity = € (~1)/20, AT,
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for a normalizing constant ¢, € R satisfying c1(L,)" = e% [ Xy(—l)”z/ 2Q, A
Q,, where c;(L,)" is independent of y € Y°. Thus by pulling-back on M;,

we have
T = et (—1)" 2 A Q.

Here ¢, € R also satisfies ¢;(L})" = e f]\/[t(—l)’“ﬂn{)?t A Qf. These are
around [RZ, p.241, (2.1)].

We take a general point p € F' C My = X,’J such that ¢ : X' --»
X" is biregular around p and f’ : X’ — Y’ (and hence 7 : M — A
also) is smooth around p. Let U be a coordinate neighborhood of p in
M, which is biholomorphic to a polydisc A™ x A™ in C™ x C" and the
projection A™ x A" — A™ is compatible with the map 7 : U C M — A
and the identification A = A™ (possibly after shrinking A). Let wg =
V=180 | |z|? be the standard Euclidean Kéhler form on A", and gg
denotes the corresponding metric. As {wpst}tcam is a smooth family of
usual Kéhler forms/metrics on a neighborhood of U, there exists a constant
Cy1 > 1 (independent of t) such that Cfle < wrst < Ciwg holds on
Ulp, = {t} x A" for any t € A. These are around [RZ, p.241, (2.2)]. As
¢ : X' --» X" is biregular around p and Q" € H(XJ, Kxn y+) is nowhere
vanishing (in particular Q' € HY(M, Kxq/a) is nowhere vanishing on the
neighborhood U of p), there exists a constant kyy > 0 (independent of t)
such that (—1)"/2Q A Q) > kywhg, on Uly, for any t € A (as in the
bottom line in [RZ, p. 242)). 7

So far, these are our set up to obtain 4.1.1: a variant of [RZ, 2.1]. We
then continue to repeat the argument in [RZ, 2.1] with possibly degenerate
Kaéhler form w; (and g; the associate Kéhler metric). The Fubini-Study form
wrg, (this is denoted by w; in [RZ, 2.1]) and the local Euclidean Kéhler
form wg on the fibers are the “same”. We note again that w; = 7/wkgy,t €
Ua = AN(Y'\C"), is a C*-smooth d-closed semi-positive form and strictly
positive on a non-empty Zariski open subset. For example, we understand
diam,, in [RZ, Lemma 2.2, lengthy, in [RZ, p. 242, line 3] with respect
to our degenerate metric, and Voly, in [RZ, p. 243, line 3] with respect to
our degenerate volume form w;*/n!. It is almost enough to mind that the
length of a curve v in My, v : [0,1] — M, with respect to w; is that of
7oy :[0,1] = Xy, y = 7(t), with respect to the (usual) metric wkg,. We
can also understand a geodesic ball By, (¢q,7) C M; centered at q € M; of
radius 7 with respect to gy, is thl(BwKE,y (1¢(q), 7)), where By (1¢(q),7) C
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Xy,y = 7(t), is the geodesic ball centered at 74(q) € X, of radius r with
respect to wxg,y. Its volume is Vol g, (By,(q,7)) = Vol WKE.y (BwKE,y (1¢(q), 7))

as
[ o= 7 (ekte) = | ey
B (‘L'r) Tt (BwKEyy(Tt(Q)aT)) BwKEyy(Tt(q)aT)

A key estimate is [RZ, p. 242, line 7]: fMt wr A wggi =L} - LY (=
C'/Cy), which is topological (i.e., given by an intersection number of L} and
L) and independent of t € Ua with y = 7(t) € Y°. In the course of the
proof [RZ, 2.1], they also apply some properties of Riemannian manifolds

9t

with non-negative Ricci curvature: Bishop-Gromov’s comparison principle
[RZ, p. 243, line 8] and [RZ, Lemma 2.3]. We first apply these results to
(Xy,wkE,y), and get the same results for (M;,w;) = 7, (Xy,wKkEy) as we
need. In conclusion, the proof of [RZ, 2.1] goes through in our setting, and
provides that

diam (M, &) <2+ D [ (=)™ 2Q, A QY
M,
hold for all t € Ua with y = 7(t) € Y°. The left hand side is nothing but
diam (Xy,wkry),y = 7(t). O

4.2. Proofof 1.2 (3) = (1)

We take arbitrary point p € 771(0), and take a general smooth irre-
ducible curve C' C Y’ passing through p. Let C = 7(C’), and let v : C,, — C
be the normalization. We have an induced morphism 7, : ¢/ — C,,. By
passing to a Zariski open neighborhood W of 0 € Y and restricting every-
thing over W, we may suppose C' is smooth except 0 and f is smooth over
C'\ 0. Let X,, be the normalization of the main component of X xy C,,, and
let f, : X, — C, be the induced morphism. We note that, over C,, \ v~1(0),
fn is a smooth family of polarized Calabi-Yau manifolds; the polarizations
are given by the pull-back of L by the induced morphism X,, — X.

By the assumption: a uniform bound of diameters and by the result in
dimY = 1 case ([Ta3, 1.7]), the Weil-Petersson metric g; on C,, \ v~1(0)
is incomplete around every point of »~1(0). On the other hand, the in-
duced family for @ X' xyr C" — C’ is weakly semi-stable ([Kar, Lemma
2.12]). Although general fibers X, (¢ € C') may not be Calabi-Yau type,
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X, is a modification of X, (which is Calabi-Yau) and hence py(X,) = 1.
In particular the direct image (fcr)«K(x/x,. ¢y cr is a line bundle on C”.
The canonical L?-metric on (for)« K (x50 cr over C"\ 771(0) has semi-
positive curvature (by Griffiths), and hence the curvature form defines a
(possibly degenerate) Kihler metric gi on C'\ 771(0). This gy is called as
the quasi-Hodge metric in [W2, §1] (see 4.2.1 below). For f,, : X,, — C), (a
Calabi-Yau case), the quasi-Hodge metric is nothing but the Weil-Petersson
metric g1 thanks to Tian [Ti] and Todorov [Tod] (see [W1, 0.7]). Then,
by the finite base change 7, : ¢/ — C,, the incompleteness of g; around
every point of v~1(0) implies the incompleteness of g around p. Then by
4.2.2 below (which is a minor generalization of [W2, 1.1 (2)]) for the weakly
semi-stable family X’ xy» C' — (', there exists a unique component, say
F1, of X, such that py(F1) > 0 (it is then py(F1) = 1). This implies X
has canonical singularities at worst and Kxy = Oxy (by 3.1.1 and 2.1.6).
(Recall that f” : X" — Y’ is a minimal model of ' : X’ — Y”.) We note
that a weakly semi-stable morphism over a curve is log-canonical ([CLS,
11.4.24]), and hence 4.2.2 can be applied. This concludes 1.2 (3) = (1).
We refer to [KM, 7.1] for the definition of a log-canonical morphism. [J

It is quite likely that the morphism X” xy+ C’ — C’ above is a minimal
model of X’ xys C" — C". If it were so, we could apply directly [W2, 1.2],
[To|, [Ta3] in the final step. In any way, we recall

ProprosITION 4.2.1. Let m : X — A be a projective morphism from
a complexr manifold X to the unit disc A C C with a m-ample line bundle
(a polarization) L on X. Suppose 7 is semi-stable and smooth over A* =
A\{0}, and let Xy = U;V:1 G be the irreducible decomposition of the central
fiber. Moreover suppose py(Xs) # 0 for every smooth fibers, and let gg be
the quasi-Hodge metric on A* ([W2, §1]).

(1) [W1, 2.1]. Suppose every smooth fiber X, is Calabi-Yau. Then gg
(which is in fact the Weil-Petersson pseudo-metric g1 on A*) is incomplete
at s = 0 if and only if there exists a unique irreducible component G; of Xo
such that pe(G;) = 1.

(2) [W2, 1.1(2)]. The quasi-Hodge metric gg is incomplete at s = 0 if
and only if py(Xs) = fo\;() Pg(Xi) holds

The later assertion is a generalization of the former. We then generalize
slightly 4.2.1 in the following form.
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PROPOSITION 4.2.2.  Suppose in 1.1 (1) thatdimY =1and f: X —Y
1s log-canonical. Then the quasi-Hodge metric g is incomplete at 0 if and
only if pg(Xy) = > ic1Pg(F3) holds, where Xo = 3 ;.1 Fy is the irreducible
decomposition.

PROOF. The proof is reduced to the semi-stable case by a finite base
change. It is the same as the one in [Ta3, 2.5] (up to Step (3) in the
proof), where we could suppose the smooth fibers X, were Calabi-Yau (with
Kx, = Ox,) and we could use [W1, 2.1]: 4.2.1(1). This time, we use [W2,
1.1(2)] instead of [W1, 2.1]. We add a few more words about the proof. By
an appropriate base change, we may suppose that there exists a resolution
of singularities p : X — X such that ]7 = fou: X — Y is semi-stable
([KM, 7.17]). We then note that every irreducible component of X, which
is p-exceptional, is uniruled ([HM, 1.5]). Hence >, pg(F7) = -5 pg(Gy)
holds, where X, = >_jes Gj is the irreducible decomposition. We then
apply (W2, 1.1(2)]: 4.2.1(2). O

4.3. Proofof 1.2 (2) = (1°)

Let 7: Y — Y and f': X’ — Y’ be as in (2). We apply [AK] for f’ to
obtain a weakly semi-stable model f” : X" — Y" of f’ (see 2.1.3) and run
the relative minimal model program ¢ : X” --» X" over Y (see 2.1.5).
We then obtain a diagram:

® X
X//I<__X//_>X/_>X

A

y! vy sy —T sy

As f'is flat over a neighborhood W of 771(0), X’ xy+ Y" is irreducible over
W, and X" is a modification of X’ xy+ Y"” at least over W ([Har, IIL.9.8],
[AK, p.245]). Let ¢ € 7/ *(p). Then the induced morphism X — X,
is surjective, and every irreducible component of X and of X, has the
dimension dim X — dim Y. Thus there exists an irreducible component G,
of Xy which is mapped surjectively to F},. In particular x(Gy) > s(Fp) > 0.
Then by 3.1.5 and 3.1.1, we see X’ has canonical singularities at worst.
This is a memo: p,,(G4) = 1 for any m > 0, however we do not know if this
holds for F,. O
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4.4. Proof of 1.4

We can see the equivalences (c) < (d) and (e) < (f) by some classical
arguments (see the proof of [To, 1.1] (c) < (d) and (e) < (f)). 1.2 shows
(a’) = (a) & (e). 3.1.3 shows (a) = (a’). 1.3 and 3.2.3 show (a) = (¢’).
By definition of the canonical L?-metric, the equivalence (¢’) < (c”) follows
(i-e., (¢”) is nothing but (c’) when f. K x/y is a line bundle). The implication
(¢’) = (c) is clear.

The final implication is (¢) = (e). The argument in the proof of 4.1.1 can
be adapted to show (c) = (e). (In fact, the original argument in [RZ, 2.1]
is closer.) We modify the set up of 4.1.1 as follows. We take 7 : M — A
in 4.1.1 as a local model of f/ : X’ — Y in 1.4, namely A C Y and
M= "N A) C X' in 1.4. Then Ky /a = Opq by 2.1.6.

As smooth fibers of f : X — Y is Calabi-Yau by our assumption in 1.4,
f is already good minimal over Y°, and hence ¢ : X --» X’ is isomorphic
over Y (the MMP only modifies X \ X?). What we obtained is a good
minimal model f' : X’ — Y whose fibers over Y° are smooth Calabi-Yau.
As a restriction m# : M — A has the same properties. In particular we
do not need to worry about degenerate Kéhler-Einstein metrics on general
fibers of m : M — A in this case. (As we have remarked after 1.2, also
in the setting of 1.2 (1’) at the beginning in this section, general fibers of
f/ may not necessarily be Calabi-Yau, and hence we do not know if f” is
generically smooth.)

Let Q' € H°(M,Kpa) be the section corresponding to the
Q € HY(X,Ky/y) in 1.4 over A via the ¢ : X --» X'. In view of
HO(M,KM/A) = Q'f"HY(A,Op) and Kaya = Opm, we see that ' is
nowhere vanishing. We take any irreducible component F' of M, = X
(which is reduced). Then, needless to say, ' € H(M, K /a) does not
vanish identically along F'. These are all what we need to repeat the argu-
ment in 4.1.1. More details are left to the readers. [

References

[AK]  Abramovich, D. and K. Karu, Weak semistable reduction in characteristic
0, Invent. Math. 139 (2000), 241-273.

[B] Barlet, D., Convexité de I’espace des cycles, Bull. Soc. Math. France 106
(1978), 373-397.

[CLS] Cox, D., Little, J. and H. Schenck, Toric varieties, Graduate Studies in



358

[Ka3]

Shigeharu TAKAYAMA

Math., 124, Amer. Mathe. Soc., Providence, RI, 2011.

Donaldson, S. and S. Sun, Gromov-Hausdorff limits of Kéhler manifolds
and algebraic geometry, Acta Math. 213 (2014), 63-106.

Fujino, O., Direct images of relative pluricanonical bundles, Algebr. Geom.
3 (2016), 50-62. Corrigendum 3 (2016), 261-263.

Hacon, C. D. and J. McKernan, On Shokurov’s rational connectedness
conjecture, Duke Math. J. 138 (2007), 119-136.

Hacon, C. D. and C. Xu, Existence of log canonical closures, Invent. Math.
192 (2013), 161-195.

Hartshorne, R., Algebraic geometry, Springer-Verlag, New York, 1977,
Graduate Texts in Math. 52.

Karu, K., Minimal models and boundedness of stable varieties, J. Algebraic
Geom. 9 (2000), 93-109.

Kawamata, Y., Deformations of canonical singularities, J. Amer. Math.
Soc. 12 (1999), 85-92.

Kawamata, Y., On the extension problem of pluricanonical forms, Alge-
braic geometry: Hirzebruch 70 (Warsaw, 1998), 193-207, Contemp. Math.
241, Amer. Math. Soc., Providence, RI, 1999.

Kawamata, Y., Variation of mized Hodge structures and the positivity for
algebraic fiber spaces, Algebraic geometry in east Asia — Taipei 2011, 27—
57, Adv. Stud. Pure Math., 65, Math. Soc. Japan, Tokyo, 2015.

[KKMSD] Kempf, G., Knudsen, F., Mumford, D. and B. Saint-Donat, Toroidal

(Ko

embeddings I, Lecture Notes in Math., vol. 339, Springer-Verlag, New York,
1973.

Kollar, J., Singularities of pairs, Algebraic geometr — Santa Cruz 1995,
221-287, Proc. Sympos. Pure Math., 62, Part 1, Amer. Math. Soc., Prov-
idence, RI, 1997.

Kollér, J. and S. Mori, Birational Geometry of Algebraic Varieties, Cam-
bridge Tracts in Math. 134, 1998.

Lee, T.-J., A Hodge theoretic criterion for finite Weil-Petersson degenera-
tions over a higer dimensional base, Math. Res. Lett. 25 (2018), 617-647.
Rong, X. and Y. Zhang, Continuity of extremal transitions and flops for
Calabi-Yau manifolds, J. Differential Geom. 89 (2011), 233-269.
Steenbrink, J. H. M., Mized Hodge structure on the vanishing cohomology,
Real and complex singularities (Proc. Ninth Nordic Summer School/NAVF
Sympos. Math., Oslo, 1976), pp. 525-563. Sijthoff and Noordhoff, Alphen
aan den Rijn, 1977.

Stevens, J., On canonical singularities as total spaces of deformations, Abh.
Math. Sem. Univ. Hamburg 58 (1988), 275-283.

Takayama, S., On the invariance and the lower semi-continuity of pluri-
genera of algebraic varieties, J. Algebraic Geom. 16 (2007), 1-18.
Takayama, S., On uniruled degenerations of algebraic varieties with trivial



[Ta3]

[Tad]

[T]

[Tod]
[To]

(Wi]

W2

Degeneration of Ricci-Flat Kdhler-Einstein 359

canonical divisor, Math. Z. 259 (2008), 487-501.

Takayama, S., On moderate degenerations of polarized Ricci-flat Kéhler
manifolds, Kodaira Centennial issue of J. Math. Sci. Univ. Tokyo 22
(2015), 469-489.

Takayama, S., A filling-in problem and moderate degenerations of minimal
algebraic varieties, Algebraic Geom. 6 (2019), 26-49.

Tian, G., Smoothness of the universal deformation space of compact
Calabi-Yau manifolds and its Peterson-Weil metric, Mathematical Aspects
of String Theory, Adv. Ser. Math. Phys. 1 (1987), 629-646.

Todorov, A., The Weil-Petersson geometry of the moduli space of SU(n >
3) (Calabi-Yau) manifolds. I, Comm. Math. Phys. 126 (1989), 325-346.
Tosatti, V., Families of Calabi-Yau manifolds and canonical singularities,
Int. Math. Res. Not. IMRN (2015), 10586-10594.

Wang, C.-L., On the incompleteness of the Weil-Petersson metric along
degenerations of Calabi-Yau manifolds, Math. Res. Lett. 4 (1997), 157—
171.

Wang, C.-L., Quasi-Hodge metrics and canonical singularities, Math. Res.
Lett. 10 (2003), 57-70.

Yoshikawa, K., Singularities and analytic torsion, arXiv:1007.2835v1
[math.AG].

(Received June 28, 2018)
(Revised June 17, 2019)

Graduate School of Mathematical Sciences
The University of Tokyo

3-8-1 Komaba, Meguro-ku

Tokyo 153-8914, Japan

E-mail: taka@ms.u-tokyo.ac.jp



