Large time behavior of solutions to the 3D anisotropic

Navier-Stokes equation
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Introduction

The 3D anisotropic Navier-Stokes equation :

O —Apu+w-Vu+Vp=0, t>0,x€R3,
V-u=0, t>0,xeR3, (ANS)
u(0, x) = up(x), x€R3,

@ A= 0% +6% : the horizontal Laplacian,

@ u = (uy(t,x),ux(t,x),us(t,x)) : the unknown velocity field of the fluid,
=tup(1,x)

@ p = p(t,x) : the unknown pressure of the fluid,

@ up = (up,1(x),up 2(x),up3(x)) : the given velocity field of the fluid,

@ V =(01,02,03) : the 3D gradient. (V, = (d1,0>) : the 2D gradient.)

@ [P decay rate of the solution u(z).

@ Asymptotic expansion of u(t) as t — oo.

Ifler = { [, If(x)l”dx}p (1<p<oo)  Ilfls:=inflB>0: [xe R |f(0] > Bl =0)
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Known Results (Large Time Behavior)

HTS(R3) = (1- Ay, —%(l_ag)—%L2(R3), s,0€R

Well-posedness

Chemin-Desjardins-Gallagher-Grenier (2000), Iftimie (2002)

up € H*S(R?) (s > 1/2) : small = 3!u : global sol to (ANS).

Large-time behavior

Ji-Wu-Yang (2021)

up € (H*NH ) R3) 3/4< 0o <1):small, u:sol to(ANS).

+ay |

@+ < Clluollgs, IV*u@®liz < CA+0" 72 lluoll s o

forall £ >0 and @ = (e, @3) € NU{0}H2 x (NU{0}) with |e < 1.

. . _(rﬂuhl
Linear estimates: ||e’Ahu0||H4 < Cllupll g+, ||V”e’Ahu0||Lz SCA+0"77 luollg+npg-o1 -

Xu-Zhang (arXiv:2107.06453)

[lun(®)llz2 ~ (2D heat kernel), |luz(?)|l;2 ~ (3D heat kernel) as ¢ — co.
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Main Results

@ XS(R®) := HS®R)NLIR2 ; (W nWL)(Ry,)).

2
@ Gp(t,xy) = (4ﬂt)_le_% (t> 0,x, € R?) : the 2D Gaussian.

Theorem

Let s € N with s > 5. If ug € X*(R3) satisfies V-ug = 0 and |lug|lxs < 1, then the solution
u(t) = (un(t),u3(r)) € R* xR satisfies

_(1—Ly_lenl 31— Ly_len!
IV un@lie < €70 2 luglls, IV us@llr < €207 Jluglxs
forall1<p<oco,t>0anda=(ap,a3) e NU {0H2 x N U {0}) with |a| < 1. Moreover,

“h(t,x)th(tyxh)jl;z uo,h(Yn> X3)dyn
Yh

_Gh(”"h)f f 83 (u310)(T. o x3)dyndr + o 1) in IP(RP) (1 < p < o0),
0 R2

_3aq-1 .
u3(t,%) = Gn(t, ) fR o3, x3)dy +0(™21 7)) in LP(R?) (1< p < o).
Yh

v
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Idea of the Proof

Linear Analysis: e’Ahu0,3 behaves like the 3D Gaussian:

Let ug € LY(R3) satisfy V-up=0. For1 < p< o, AC >0 s.t.

_3(_1
e ug 3l < Ct 2(1-3) uolly 1, t>0.
5 L

Proof(The case p = o). By the divergence free condition, d3ug3 = —Vy, - ug . Therefore,

1A < TAh(’) _ l‘AhV . < C —2 O
lle™uosliL= < lle™ dsuosllpe 1y = lle™ Vi -uoplipe 11 < Cr 2 lluopllzr-

Nonlinear Analysis: Since the nonlinear terms are decomposed as
(u-V)un = (un - Vn)un — (V- up)un + 03 (uzup), (- Vuz = (up - Vin)uz — u3(Vy - up),
we have
un(t) = e™ugp — f l I3 (w3up )(7)dT + Ri(D),
(1) = e™ug 3 + 7%2(0,

-3-4H-L

1 1 1y 1
IRy <C V9 210gr, IRy <C 972 = 207075
g
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