
Ψ΢εܕղੳؔ਺ͱͦͷҰൠԽ

໺ా ฏʢNodaߤ Koheiʣ
۝भେֶେֶӃ਺ཧֶ෎തظޙ࢜՝ఔ1೥ ϚεɾϑΥΞɾΠϊϕʔγϣϯ୎ӽେֶӃίʔε

঺հݾࣗ

ੜཱ͍ͪ ෱Ԭੜ·Εɼ෱ԬҭͪͷੜਮͷതଟͬࢠͰ͢ɽֶ෦ɾम࢜՝ఔͱ΋
ʹ۝भେֶͰա͝͠·ͨ͠ɽ

׭ڭಋࢦ നҪ๎೭ڭतʢ۝भେֶϚεɾϑΥΞɾΠϯμετϦڀݚॴʣͰ͢ɽ
ઐ໳ɾͦͷັྗ ֬཰࿦Ͱ͢ɽಛʹɼ֬཰࿦తݱ৅͕෣୆૷ஔͱͳΓɼؔ਺࿦
΍ௐ࿨ղੳͷٕज़Λఐ͍ͯ͠ڀݚʹࢠ·͢ɽ͜ͷϙελʔൃදͰͷओ໾Ͱ
͋ΔΨ΢εܕղੳؔ਺ͷྵ఺͸ɼ͍ޓʹ૬࡞ޓ༻͠߹͏ϥϯμϜͳྵ఺ͷ
ԿزΊͯඒ͍͠ۃͷϞσϧͷҰͭͰ͢ɽͦͷϥϯμϜͳྵ఺ͨͪ͸ܥࢠཻ
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΍େ·͔ͳҐஔ͚ͮػͷಈڀݚ

ϥϯμϜςΠϥʔڃ਺ͷྺ࢙ 1930೥ͷSteinhausͷ࢝ʹࣄ࢓·ΓɼPayleyɼ
ZygmundɼWienerͱ͍ͬͨ໘ʑʹΑΓϥϯμϜςΠϥʔڃ਺͸ࠓ೔·Ͱ੝
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਺Λ༻͍͍ͯ·͢ɽ·ͨɼϥϯμϜଟ߲ࣜͷྵ఺͸Littlewood΍Offordɼڃ
KacɼRiceΒʹΑΓ͔͘ݹΒ͞ڀݚΕଓ͚͍ͯ·͢ɽ

ϒϨΠΫεϧʔ 2005೥ʹPeres-Virág͸ಠཱಉ෼෍ͷඪ४ෳૉΨ΢ε֬ܕ཰ม
਺Λ܎਺ʹͭ࣋ϥϯμϜڃ਺ͷྵ఺Λ֬཰աఔͱ࣌ͨ͑ߟɼࣜྻߦ఺աఔ
ͱݺ͹ΕΔͱΓΘ͚ૉ੖Β͍֬͠཰աఔͱͳΔ͜ͱΛࣔ͠·ͨ͠ɽ͜ͷ݁
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Ψ΢ε֬ܕ཰ม਺͸ಠཱಉ෼෍ੑΛԾఆ͍ͯ͠·͢ɽ

ੑنɾ৽ػͷಈڀݚ ಠཱಉ෼෍Ͱͳ͍Ψ΢ε֬ܕ཰ม਺Λ܎਺ʹͭ࣋ϥϯμ
Ϝႈڃ਺ͷྵ఺Λௐ΂Δͱ͍͏ࣗવͳ֦ு͸Ψ΢εܕϥϯμϜႈڃ਺ͷݚ
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͸ൃ͠ݟ·ͨ͠ɽ͜ͷ࣮ࣄ͸܎਺ͷಠཱੑ͕ྵ఺ͷৼΔ෣͍ͷॏཁͳཁૉ
Ͱ͋Δ͜ͱΛ͓ࣔࠦͯ͠Γɼ͜ͷํੑ޲ͷڀݚ͸͜Ε·Ͱͳ͞Ε͍ͯͳ
͔ͬͨͷͰ͢ɽ࣍ͷ3ͭͷਤ͸Ψ΢εܕϥϯμϜႈڃ਺ͷྵ఺ͷplotਤͰ
͢ɽҰ൪͕ࠨಠཱಉ෼෍ͷ৔߹ͰɼҰ൪ӈ͕͋ΔఆৗෳૉΨ΢εաఔΛ܎
਺ʹͭ࣋৔߹ɼதԝ͕ͦͷplotਤͷॏͶ߹ΘͤͰ͢ɽ͜ΕΒͷҧ͍Λఆੑ
తɾఆྔతʹઆ໌͢Δ͜ͱ͕ࢲͷڀݚͷ࠷ऴ໨ඪͰ͢ɽ
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Ψ΢εܕղੳؔ਺ͱͦͷྺ࢙

• i =
√
−1 : the imaginary number.

• ඪ४ෳૉΨ΢ε֬ܕ཰ม਺ : ζ = ζ1 + iζ2
d∼ NC(0, 1), ͜͜Ͱ

ζ1, ζ2
i.i.d.∼ NR(0, 1/2).

• E[ζ ] = 0, E[|ζ|2] = 1.
• {ζn}n∈ZΛಠཱಉ෼෍ͷඪ४ෳૉΨ΢ε֬ܕ཰ม਺ͱ͢Δͱɼ೚ҙͷ
n,m ∈ Zʹରͯ͠ɼE[ζnζm] = δn,m.

ఆٛ (Ψ΢εܕղੳؔ਺ʢGaussian analytic function, GAFʣ)
f͕ྖҬD্ͷΨ΢εܕղੳؔ਺ʢGAFʣͱ͸ɼf͕z, w ∈ Dʹରͯ͠ڞ෼֩ࢄ
Kf(z, w) = E[f (z)f (w)]Λ΋ͭਖ਼ଇؔ਺஋Ψ΢εաఔͷ͜ͱͰ͋Δɽ͢ͳΘͪɼ
೚ҙͷn ∈ Nͱz1, ..., zn ∈ Dʹରͯ͠, ྻߦࢄ෼ڞ

Σ = (Kf(zj, zk))1≤j,k≤n

͕ଘͯ͠ࡏɼ

(f (z1), ..., f (zn))
d∼ NCn(0,Σ).

ͷ͜ͱͰ͋Δɽ

GAFͷڀݚͷయٴྫܕͼՐ෇͚໾ͱͳͬͨͷ͸࣍ͷPeres-VirágͷGAFʹΑΔɿ
fPV(z) =

∑∞
n=0 ζnz

nɽڞ෼ࢄ͸E[fPV(z)fPV(w)] = (1− zw)−1 = SD(z, w). (Szegő
kernel.)Ͱ༩͑ΒΕΔɽPeres-Virág͸࣍Λࣔͨ͠ɿ
ఆཧ (Peres-Virág, 2005)
ZfPV = fPV

−1{0}ΛfPV(z)ͷྵ఺աఔͱ͢Δ. ͜ͷͱ͖, ྵ఺աఔZfPV͸୯Ґԁ
൘D = {z ∈ D : |z| < 1}্ͷBergman kernel KBerg(z, w) = (1− zw)−2ʹ෇ਵ͢Δ
.఺աఔͱͳΔࣜྻߦ

ɽྫ͑͹ɼͭ࣋఺աఔ͸ૉ੖Β͍͠ੑ࣭Λଟࣜ͘ྻߦ
NfPV(r) = #{z ∈ ZfPV : |z| < r}ͱ͓͘ͱɼࣜྻߦͷද͔ࣔΒ࣍ͷΑ͏ʹ࣍ߴ
ϞʔϝϯτΛ໌ࣔతʹࢉܭͰ͖Δʂ

E

(
NfPV(r)

k

)
=

rk(k+1)

(1− r2)(1− r4) · · · (1− r2k)
.

͜Ε͔ΒɼฏۉENfPV(r) =
r2

1−r2Λ௚ͪʹಘΔɽ
ྵ఺աఔ͕ࣜྻߦ఺աఔͱͳΔϥϯμϜڃ਺͸ࡏݱ஌ΒΕ͍ͯΔݶΓɼ
Peres-VirágͷGAFͱͦͷ֦ྻߦு൛ʹݶΔ͕ɼ͜ͷ͘ڻ΂͖݁Ռ͕Ψ΢εܕϥ
ϯμϜڃ਺ͷྵ఺ͷڀݚͷϒϨΠΫεϧʔͱͳͬͨɽ

ྫ (Random power series)
• {an}n∈Z≥0 : ෳૉ਺ɽ
• {ζn}n∈Z≥0 : i.i.d. ඪ४ෳૉΨ΢ε֬ܕ཰ม਺ɽ

f (z) =
∑∞

n=0 anζnz
n͸GAF. ֬཰1Ͱlimsupn→∞|ζn|

1
n = 1ͳͷͰ,

f (z)ͷऩଋ൒ܘ=
∑∞

n=0 anz
nͷऩଋ൒ܘ.ɹ࣍͸ܗڞෆมੑΛͭ࣋GAF.

• fHyp
L (z) =

∑∞
n=0

√
Γ(L+n)
Γ(L)n! ζnz

n for L > 0ɽ͕ͨͬͯ͠ɼfPV(z) = fHyp
1 (z).

• fFlat
L (z) =

∑∞
n=0

√
Ln

n!ζnz
n for L > 0,

• fElli
L (z) =

∑L
n=0

√(L
n

)
ζnzn for L = 1, 2, ....

ͷҙຯͰಉ෼෍ͷ͜ͱɿ࣍ෆมੑͱ͸ɼྫ͑͹ܗڞ

fHyp
L (ϕ(z))

d
=

∃
h(z)fHyp

L (z), z *→ ϕ(z) =
az + b

bz + a
, |a|2 − |b|2 = 1.

͜͜Ͱɼh(z)ɿඇθϩܾఆ࿦తؔ਺ɽfFlat
L ɼfElli

L ͸ͦΕͧΕɼz *→ az + b
(|a| = 1)ɼz *→ az+b

−bz+a
(|a|2 + |b|2 = ෆมੑΛܗڞΔɽ࣮͸͜ͷΑ͏ͳ͢༺࡞͕(1

ΒΕΔɽʢCalabi’sݶʹͭࡾGAF͸͜ͷͭ࣋ rigidityɽʣ
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Figure: fHyp
L (z)ͷྵ఺ͷplot
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Figure: fFlat
L (z)ͷྵ఺ͷplot Figure: fElli

L (z)ͷྵ఺ͷplot

Peres-VirágͷGAFͷϒϨΠΫεϧʔͷޙɼଞʹ΋ҎԼͷΑ͏ͳ΋ͷ΋͋Δɽ
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Figure: ߳औ-നҪͷGAF
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Figure: Holomorphic chaos 1
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Figure: Holomorphic chaos 2

͍Ζ͍Ζͳ͕޿ΓΛ͍ͯͤݟΔɽ͔͠͠ɼ͍ͣΕ΋ಠཱಉ෼෍ͷඪ४ෳૉΨ΢
ε֬ܕ཰ม਺Λ܎਺ʹ΋ͭϥϯμϜڃ਺ͷΈΛ͍ͨͯ͑ߟɽ
dependentͷ৔߹͸Ͳ͏ͳΔʁ→Ψ΢εܕϥϯμϜڃ਺ͷࣗવͳҰൠԽɽ
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ఆৗෳૉΨ΢εաఔΛ܎਺ʹͭ࣋ϥϯμϜႈڃ਺

ҎԼͷڀݚ͸നҪ๎೭ڭतͱͷڞಉͮ͘جʹڀݚɽ
• Ξ = {ξn}n∈Z͕ฏ0ۉͷఆৗෳૉΨ΢εաఔͱ͸ɼ Ξ͕ฏ0ۉɼڞ෼֩ࢄ
γ(k) = E[ξnξn+k]Λ΋ͭෳૉΨ΢εաఔͷ͜ͱͰ͋ΔɽʢҎԼͰ͸ɼৗʹฏۉ
0ɼ෼1ࢄͱԾఆ͢Δɽʣ

• ,ۙ࠷ MukeruɼMulaudziɼNazabanitaɼMpanda͸ϋʔετࢦ਺0 ≤ H < 1ʹ
ରͯ͠ɼfractional Gaussian noiseʢfGnʣ Ξ(H) = {ξ(H)

k }∞k=0Λ܎਺ʹͭ࣋୯Ґ
ԁ൘্ϥϯμϜႈڃ਺fH(z) =

∑∞
k=0 ξ

(H)
k zkͷྵ఺Λௐ΂ͨɽfGnͷڞ෼ࢄ

֩͸࣍Ͱ༩͑ΒΕΔɽ

E[ξ(H)
k ξ(H)

k+n] =
1

2
|n + 1|2H +

1

2
|n− 1|2H − |n|2H

• ൴Β͸fH(z) =
∑∞

k=0 ξ
(H)
k zkͷDrʹ͓͚Δྵ఺ͷݸ਺ͷظ଴஋͕࣍Ͱ༩͑Β

ΕΔ͜ͱΛࣔͨ͠ɽ
r2

1− r2
− C1,H

(
1

2
√
1− r2

− 1

2

)
≤ E[NfH(r)] ≤

r2

1− r2
− C2,H

(
1

2
√
1− r2

− 1

2

)
,

͜͜ͰɼNfH(r) = #{z ∈ C : |z| < r, fH(z) = 0}Ͱ͋ΓɼC1,H, C2,H ≥ 0͸H
ʹͷΈґଘ͢Δఆ਺.

Remark
ओཁ߲͸Peres-Virágͱಉ͡΋ͷ͕ݱΕ͓ͯΓɼͦͷ࣍ʹಠཱಉ෼෍ͷ৔߹ʹ͸
ͳ͔ͬͨෛͷslower term͕ݱΕ͍ͯΔɽ͔͠͠ɼҰൠʹ͜ͷਖ਼֬ͳ઴ۙల։͸
Θ͔͍ͬͯͳ͍ɽʢ͜Ε͕Ϟνϕʔγϣϯɽʣ

ྵ఺ͷݸ਺ͷฏۉͷ઴ۙڍಈΛਖ਼֬ʹ஌Δ͜ͱ͕dependentͷ৔߹ΛऔΓѻ͏
ͷެࣜʹཔΔɿ࣍ղੳؔ਺ͷཧ࿦Ͱ༗໊ͳܕॳͷεςοϓɽΨ΢ε࠷
໋୊ (Edelman-Kostlanͷެࣜ)

• D ⊂ C: ͳΊΒ͔ͳڥքΛྖͭ࣋Ҭɽ
• f : Dͷۙ๣Ͱఆٛ͞ΕͨGAF.
• Kf(z, w) = E[f (z)f (w)]: fͷڞ෼֩ࢄɽ
• Nf(D): D಺ͷfͷྵ఺ͷݸ਺.
͜ͷͱ͖,

ENf(D) =
1

4π

∫

D
∆ logKf(z, z)d

2z =
1

2πi

∮

∂D
∂z logKf(z, z)dz

͕੒Γཱͭɽ͜͜Ͱɼೋͭ໨ͷ౳ࣜʹ͓͍ͯɼ∂D্ʹsingularity͸ͳ͍ͱԾఆ
͢Δɽ

ఆৗෳૉΨ΢εաఔΛ܎਺ʹͭ࣋ϥϯμϜႈڃ਺ͷઃఆʹԠ༻͢Δͱɼ
ܥ

• Ξ = {ξk}k∈Z : ฏ0ۉɼ෼1ࢄͷఆৗෳૉΨ΢εաఔɽͦͷڞ෼ࢄ͸
E[ξkξl] = γ(k − l) for k, l ∈ Z,

Ͱ༩͑ΒΕΔͱ͢Δɽ͜͜Ͱɼγ(0) = 1.
• f (z) =

∑∞
k=0 ξkz

k.
• D ⊂ D: ∂D্ͰsingularityΛ΋ͨͳ͍ͳΊΒ͔ͳڥքΛྖͭ࣋Ҭ.
• Kf(z, w) = G2(z, w)/(1− zw)ͱ͓͘ɽ͜͜ͰɼG2(z, w) = 1 +G(z) +G(w)ɼ
G(z) =

∑∞
n=1 γ(n)z

n.
͜ͷͱ͖ɼ

ENf(D) =
1

2πi

∮

∂D

z

1− |z|2dz + J (D),

͕੒Γཱͭɽ͜͜Ͱɼ

J (D) =
1

2πi

∮

∂D

G′(z)

G2(z, z)
dz = −1

π

∫

D

(
|G′(z)|
G2(z, z)

)2

d2z.

͜ΕʹΑΓɼ࣍ͷ͜ͱΛࣔ͢͜ͱ͕Ͱ͖Δɿ
ఆཧ (Main result 1, Shirai and N., 2021.)
্ͷܥͱಉ͡ઃఆɽ͜ͷͱ͖ɼ

E[Nf(D)] ≤ E[NfPV(D)].

͕੒Γཱͭɽ·ͨɼྖҬD্Ͱ౳߸͕੒ΓཱͭͨΊͷඞཁे෼৚݅͸
f (z)

d
= fPV(z).

͜Ε͸ɼϥϯμϜωε͕࠷΋͍ڧ-ྵ఺ͷݸ਺͕࠷େɼͱ͍ͯͬݴΔɽಛʹ
D = Drͷ࣌, ENf(r) =

r2

1−r2 + J (r)ɽ͜͜ͰɼJ (Dr) = J (r)ɽD = DrͰz *→ rz
ͱม਺มͯ͠׵ɼ

J (r) =
r

2πi

∮

∂D

G′(rz)

Θ(r, z)
dz, Θ(r, z) =

∑

k∈Z
γ(k)r|k|zk.

Θ(r, z)ͷྵ఺͕ղੳͷ؊ͱͳΔʂ݁࿦͔Βड़΂Δͱ
ϥϯμϜͳྵ఺ͷݸ਺ͷ઴ۙڍಈ͸εϖΫτϧؔ਺Θ(1, z)ͷྵ఺͕୯Ґԁप্
ʹ৐Δ͜ͱͱͦͷଟॏ౓ʹΑΓܾఆ͞ΕΔʂ

ҟ෼໺ɾҟۀछྲྀަڀݚձ2021



finitely dependent caseʹ͓͚Δྵ఺ͷݸ਺ͷ઴ۙڍಈ
Δɿ͑ߟdependentͳఆৗෳૉΨ΢εաఔ৔߹Λ·ͣ͸-2ͭ࣋Λࢄ෼ڞͷ࣍

γa,b(k) =






1 (k = 0)

a (k = ±1)

b (k = ±2)

0 (otherwise).

• Ξ = {ξk}k∈Z: γa,b(k)Λ΋ͭఆৗෳૉΨ΢εաఔɽࢄ෼ڞ
• fa,b(z) =

∑∞
k=0 ξkz

k.

• Nfa,b(r) = #{z ∈ C : |z| < r, fa,b(z) = 0} for 0 < r < 1.
• Kfa,b(z, w) =

(
1 + a(z + w) + b(z2 + w2)

)
/(1− zw).

• Θ(r, z) = 1 + ar(z + z−1) + br2(z2 + z−2).

(I)

(III)(III)

(II)(II)

(IV)
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Figure: γa,b(k)͕ਖ਼ఆ஋ͱͳΔྖҬP .
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ఆཧ (Main result 2, Shirai and N., 2021.)
ͷΑ͏ʹͳΔɽ࣍ಈ͸ڍɼENfa,b(r)ͷ઴ۙ࣌ͷ2-dependentέʔεͷࠨ
(i) ΋͠(a, b)͕a2/8 + (b− 1/4)2 = 1/16͔ͭ1/6 < b ≤ 1/2Λຬͨ͢ͳΒ͹,

ENfa,b(r) =
r2

1−r2 −
√

2b
6b−1

1
(1−r2)1/2

+O(1) as r → 1.

(ii) ΋͠(a, b)͕b = |a|− 1/2͔ͭ−1/2 ≤ b < 1/6Λຬͨ͢ͳΒ͹,

ENfa,b(r) =
r2

1−r2 −
1
2

√
1−2b
1−6b

1
(1−r2)1/2

+O(1) as r → 1.

(iii) ΋͠(a, b) = (±2/3, 1/6)Λຬͨ͢ͳΒ͹ɼ
ENfa,b(r) =

r2

1−r2 −
1

25/4
1

(1−r2)3/4
+O

(
1

(1−r2)1/4

)
as r → 1.

(iv) ΋͠(a, b)͕Pͷ಺෦ʹଐ͢ͳΒ͹, ∃C(a, b) ≥ 0 s.t.
ENfa,b(r) =

r2

1−r2 − C(a, b) +O
(
1− r2

)
as r → 1.

• Δɽ͑ߟn-dependentͳఆৗෳૉΨ΢εաఔΛͭ࣋Λࢄ෼ڞͷ࣍

γn(k) =

{( 2n
n+k

)(2n
n

)−1
(|k| = 0, 1, 2, ..., n)

0 (otherwise).

• n-dependentͷ৔߹ʹ͸͕࣍੒Γཱͭɽ
J (r) = r

2πi

∮
∂D

G′(z)
Θ(r,z)dz = r

2πi

∮
∂D

pn(r,z)
qn(r,z)

dz, ͜͜Ͱ

qn(r, z) = zn
(
2n

n

)
Θ(r, z) = zn

n∑

k=−n

(
2n

n + k

)
r|k|zk, qn(1, z) = (z + 1)2n.

• Θ(1, z)͸࣍Ͱ༩͑ΒΕΔΨ΢εաఔͷεϖΫτϧີ౓ؔ਺ͱҰக͢Δɿ

Θ(1, z) =
n∑

k=−n

γn(k)z
k =

(
2n

n

)−1

z−n(z + 1)2n for z ∈ ∂D,

͜Ε͸࠷΋ୀԽ͍ͯ͠Δ৔߹, ͭ·Γ, z = −1͸ଟॏ౓2nͷྵ఺Ͱ͋Δɽ
• qn(r, z(r)) = 0ʹର͢Δղz(r)ͷr → 1Ͱͷ઴ۙڍಈͷࢉܭΛ͢ࢉܭΔඞཁ
͕͋Δɽ͔͠͠ɼӄؔ਺ఆཧ͸ద༻Ͱ͖ͳ͍ઃఆʂ͜ͷ໰୊Λʢฏ໘ʣ୅
਺ۂઢͰΑ͘஌ΒΕ͍ͯΔPuiseux expansionͰࠀ෰ͨ͠ɽ

• ϥϯμϜͳྵ఺ͷݸ਺ͷ઴ۙڍಈΛ͢ࢉܭΔͨΊʹɼఆৗෳૉΨ΢εաఔ
ͷεϖΫτϧີ౓ؔ਺ͷྵ఺Λௐ΂Δඞཁ͕͋Γɼͦ͜ʹ୅਺ۂઢͷٕ๏
Λԉ༻͢Δͱ͍͏਺ֶͷ༗ػతͭͳ͕ΓΛ͡ײΔɽ

Ҏ্Λ·ͱΊΔͱ࣍ΛಘΔɽ
ఆཧ (Main result 3, Shirai and N., 2021.)
Ξ = {ξk}k∈Z: 1ͷn-dependentͳఆৗෳૉΨ΢εࢄ0ɼ෼ۉฏͭ࣋Λࢄ෼ڞͷ࣍
աఔɽ

γn(k) =

{( 2n
n+k

)(2n
n

)−1
(|k| = 0, 1, 2, ..., n)

0 (otherwise),
and f (z) =

∞∑

k=0

ξkz
k.

͜ͷͱ͖ɼ

ENf(r) =
r2

1− r2
−Dn(1− r2)−

2n−1
2n +O

(
(1− r2)−

2n−3
2n

)
as r → 1.

͜͜Ͱɼ

Dn =
1

2n sin π
2n

{(
2(n− 1)

n− 1

)} 1
2n

.

Peres-Virágͷͱ͖ʢಠཱಉ෼෍ͷ৔߹ʣ͸ɼENf0,0(r) =
r2

1−r2.

ҟ෼໺ɾҟۀछྲྀަڀݚձ2021

(a,b)=(1/4,-1/4). (a,b)=(2/3,1/6).



finitely dependent caseʹ͓͚Δྵ఺ͷݸ਺ͷ઴ۙڍಈͱޙࠓͷ՝୊

Ұൠʹɼ΋͠Θ(1, z)͕∂D্ʹଟॏ౓2kͷྵ఺Λ΋ͭͳΒ͹ɼ(1− r2)−
2k−1
2k ͕

ENf(r)ͷr → 1ͷ઴ۙڍಈͰݱΕΔɽ͕ͨͬͯ͠ɼn-dependentͷ৔߹ʹ͓͚Δ
݁Ռ͸࣍ͷΑ͏ʹҰൠԽ͞ΕΔɽ
ܥ (General form)

• Ξ = {ξk}k∈Z: ฏ0ۉɼ෼1ࢄͷfinitely dependentͳఆৗෳૉΨ΢εաఔɽ
• ΞͷεϖΫτϧີ౓ؔ਺Θ(1, z)͸ଟॏ౓2kjͷྵ఺θj (j = 1, 2, ..., p)Λ΋ͭɽ
• α = (2k − 1)/(2k) with k = max1≤j≤p kj; α = 0 otherwise ͱ͢Δɽ
͜ͷͱ͖ɼ∃CΞ > 0 s.t. f (z) =

∑∞
k=0 ξkz

kͷDr಺ʹ͓͚Δྵ఺ͷݸ਺ͷظ଴஋
ΛNf(r)ͱ͓͘ͱɼ͕࣍੒Γཱͭɽ

ENf(r) =
r2

1− r2
− CΞ(1− r2)−α + o

(
(1− r2)−α

)
as r → 1.

• ΔɽΑΓਖ਼֬ʹྵ఺ͷৼΔ෣͍Λଊ͑ΔͨΊݟͷྵ఺ͷplotਤͷਪҠΛ࣍
ʹ͸ɼcone wiseͷྖҬͰྵ఺Λௐ΂Δඞཁ͕͋Δɽ
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Figure: Peres-Virág case
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Figure: {γ30(k)}k∈Z case
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Figure: {γ60(k)}k∈Z case

• ճ͸finitelyࠓ dependentͷ৔߹ʹ͕ͨ͠ࢉܭͯͬݶɼPeres-Virágͷ৔߹ͱͷ
ຊ࣭తͳҧ͍͸ϥϯμϜႈڃ਺ͷڞ෼͔ࢄΒܾ·ΔεϖΫτϧؔ਺ͷྵ఺
͕r → 1Ͱ୯Ґԁप্ͷ఺ʹऩଋ͢Δ͔Ͳ͏͔ͱͦͷྵ఺ͷଟॏ౓Ͱ͋ͬ
ͨɽΑΓҰൠతͳΨ΢εաఔͰࢉܭͰ͖Δ͸ͣɽ

• ͦͷୈҰาͱͯ͠ɼfinitely dependent΍ΑΓҰൠͷఆৗෳૉΨ΢εաఔͷ৔
߹Ͱྵ఺ͷݸ਺ͷ෼ࢄͷ઴ۙڍಈΛ͢ࢉܭΔඞཁ͕͋Δɽ෼ࢄ͸Ұൠʹ
Edelman-Kostlanಉ༷ʹΨ΢εܕղੳؔ਺ͷ৔߹͸࣍Ͱॻ͚Δɿ

VarNf(r) =
1

4π2

∫

D

∫

D
∆z∆w

1

4
Li2 (ϑf(z, w)) d

2zd2w.

͜͜Ͱɼf͸D্ͷΨ΢εܕղੳؔ਺ͰD ⊂ D͸े෼ྑ͍ྖҬͰ͋Δɽ·
ͨɼKf(z, w) = E[f (z)f (w)]Ͱ͋Δͱ͢Δͱ͖ɼ

ϑf(z, w) =
|Kf(z, w)|2

Kf(z, z)Kf(w,w)
.

• ෼ࢄ͸͕ࢉܭϋʔυͰ͋Δ͚ͩͰͳ͘ɼਖ਼֬ͳ઴ۙڍಈΛଊ͑Δʹ͸ΑΓ
ણࡉͳ3ม਺ଟ߲ࣜ͋Δ͍͸ڃ਺ͷྵ఺ͷৼΔ෣͍ͷղੳ͕ඞཁͱͳΔɽ

• Peres-Virágͷ৔߹ɼ͢ͳΘͪɼಠཱಉ෼෍ͷෳૉΨ΢ε֬ܕ཰ม਺Λ܎਺
਺͸ղੳ઀ଓʹΑͬͯɼDͷ֎ଆʹ֦ுͰ͖ͳ͍͜ͱڃϥϯμϜႈͭ࣋ʹ
͕஌ΒΕ͍ͯΔɽ͜Ε͸ྵ఺͕ࣗવڥքʹूੵ͍ͯ͠Δ͜ͱ͕ݪҼͰ͋Δ
͕ɼఆৗෳૉΨ΢εաఔΛ܎਺ʹͭ࣋৔߹ɼզʑͷ݁Ռ͕͍͍ࣔࠦͯ͠Δ
͜ͱ͸ʢฏۉͷҙຯͰ͸ʣྵ఺ͷݸ਺͸ݮগ͍ͯ͠ΔɽఆৗෳૉΨ΢εա
ఔΛ܎਺ʹͭ࣋৔߹Ͱ΋Dͷ֎ଆʹղੳ઀ଓͰ͖ͳ͍ͷͩΖ͏͔ʁ
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