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Ψεܕղੳؔͱͦͷྺ࢙

• i =
√
−1 : the imaginary number.

• ඪ४ෳૉΨε֬ܕม : ζ = ζ1 + iζ2
d∼ NC(0, 1), ͜͜Ͱ

ζ1, ζ2
i.i.d.∼ NR(0, 1/2).

• E[ζ ] = 0, E[|ζ|2] = 1.
• {ζn}n∈ZΛಠཱಉͷඪ४ෳૉΨε֬ܕมͱ͢Δͱɼҙͷ
n,m ∈ Zʹରͯ͠ɼE[ζnζm] = δn,m.

ఆٛ (ΨεܕղੳؔʢGaussian analytic function, GAFʣ)
f͕ྖҬD্ͷΨεܕղੳؔʢGAFʣͱɼf͕z, w ∈ Dʹରͯ͠ڞ֩ࢄ
Kf(z, w) = E[f (z)f (w)]Λͭਖ਼ଇؔΨεաఔͷ͜ͱͰ͋Δɽ͢ͳΘͪɼ
ҙͷn ∈ Nͱz1, ..., zn ∈ Dʹରͯ͠, ྻߦࢄڞ

Σ = (Kf(zj, zk))1≤j,k≤n

͕ଘͯ͠ࡏɼ

(f (z1), ..., f (zn))
d∼ NCn(0,Σ).

ͷ͜ͱͰ͋Δɽ

GAFͷڀݚͷయٴྫܕͼՐ͚ͱͳͬͨͷ࣍ͷPeres-VirágͷGAFʹΑΔɿ
fPV(z) =

∑∞
n=0 ζnz

nɽڞࢄE[fPV(z)fPV(w)] = (1− zw)−1 = SD(z, w). (Szegő
kernel.)Ͱ༩͑ΒΕΔɽPeres-Virág࣍Λࣔͨ͠ɿ
ఆཧ (Peres-Virág, 2005)
ZfPV = fPV

−1{0}ΛfPV(z)ͷྵաఔͱ͢Δ. ͜ͷͱ͖, ྵաఔZfPV୯Ґԁ
൘D = {z ∈ D : |z| < 1}্ͷBergman kernel KBerg(z, w) = (1− zw)−2ʹਵ͢Δ
.աఔͱͳΔࣜྻߦ

ɽྫ͑ɼͭ࣋աఔૉΒ͍͠ੑ࣭Λଟࣜ͘ྻߦ
NfPV(r) = #{z ∈ ZfPV : |z| < r}ͱ͓͘ͱɼࣜྻߦͷද͔ࣔΒ࣍ͷΑ͏ʹ࣍ߴ
ϞʔϝϯτΛ໌ࣔతʹࢉܭͰ͖Δʂ

E

(
NfPV(r)

k

)
=

rk(k+1)

(1− r2)(1− r4) · · · (1− r2k)
.

͜Ε͔ΒɼฏۉENfPV(r) =
r2

1−r2ΛͪʹಘΔɽ
ྵաఔ͕ࣜྻߦաఔͱͳΔϥϯμϜڃࡏݱΒΕ͍ͯΔݶΓɼ
Peres-VirágͷGAFͱͦͷ֦ྻߦு൛ʹݶΔ͕ɼ͜ͷ͘ڻ͖݁Ռ͕Ψεܕϥ
ϯμϜڃͷྵͷڀݚͷϒϨΠΫεϧʔͱͳͬͨɽ

ྫ (Random power series)
• {an}n∈Z≥0 : ෳૉɽ
• {ζn}n∈Z≥0 : i.i.d. ඪ४ෳૉΨε֬ܕมɽ

f (z) =
∑∞

n=0 anζnz
nGAF. ֬1Ͱlimsupn→∞|ζn|

1
n = 1ͳͷͰ,

f (z)ͷऩଋܘ=
∑∞

n=0 anz
nͷऩଋܘ.ɹ࣍ܗڞෆมੑΛͭ࣋GAF.

• fHyp
L (z) =

∑∞
n=0

√
Γ(L+n)
Γ(L)n! ζnz

n for L > 0ɽ͕ͨͬͯ͠ɼfPV(z) = fHyp
1 (z).

• fFlat
L (z) =

∑∞
n=0

√
Ln

n!ζnz
n for L > 0,

• fElli
L (z) =

∑L
n=0

√(L
n

)
ζnzn for L = 1, 2, ....

ͷҙຯͰಉͷ͜ͱɿ࣍ෆมੑͱɼྫ͑ܗڞ

fHyp
L (ϕ(z))

d
=

∃
h(z)fHyp

L (z), z *→ ϕ(z) =
az + b

bz + a
, |a|2 − |b|2 = 1.

͜͜Ͱɼh(z)ɿඇθϩܾఆతؔɽfFlat
L ɼfElli

L ͦΕͧΕɼz *→ az + b
(|a| = 1)ɼz *→ az+b

−bz+a
(|a|2 + |b|2 = ෆมੑΛܗڞΔɽ࣮͜ͷΑ͏ͳ͢༺࡞͕(1

ΒΕΔɽʢCalabi’sݶʹͭࡾGAF͜ͷͭ࣋ rigidityɽʣ
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Figure: fFlat
L (z)ͷྵͷplot Figure: fElli

L (z)ͷྵͷplot

Peres-VirágͷGAFͷϒϨΠΫεϧʔͷޙɼଞʹҎԼͷΑ͏ͳͷ͋Δɽ
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Figure: ߳औ-നҪͷGAF
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Figure: Holomorphic chaos 1
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Figure: Holomorphic chaos 2

͍Ζ͍Ζͳ͕ΓΛ͍ͯͤݟΔɽ͔͠͠ɼ͍ͣΕಠཱಉͷඪ४ෳૉΨ
ε֬ܕมΛʹͭϥϯμϜڃͷΈΛ͍ͨͯ͑ߟɽ
dependentͷ߹Ͳ͏ͳΔʁ→ΨεܕϥϯμϜڃͷࣗવͳҰൠԽɽ
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ఆৗෳૉΨεաఔΛʹͭ࣋ϥϯμϜႈڃ

ҎԼͷڀݚനҪ๎೭ڭतͱͷڞಉͮ͘جʹڀݚɽ
• Ξ = {ξn}n∈Z͕ฏ0ۉͷఆৗෳૉΨεաఔͱɼ Ξ͕ฏ0ۉɼڞ֩ࢄ
γ(k) = E[ξnξn+k]ΛͭෳૉΨεաఔͷ͜ͱͰ͋ΔɽʢҎԼͰɼৗʹฏۉ
0ɼ1ࢄͱԾఆ͢Δɽʣ

• ,ۙ࠷ MukeruɼMulaudziɼNazabanitaɼMpandaϋʔετࢦ0 ≤ H < 1ʹ
ରͯ͠ɼfractional Gaussian noiseʢfGnʣ Ξ(H) = {ξ(H)

k }∞k=0Λʹͭ࣋୯Ґ
ԁ൘্ϥϯμϜႈڃfH(z) =

∑∞
k=0 ξ

(H)
k zkͷྵΛௐͨɽfGnͷڞࢄ

֩࣍Ͱ༩͑ΒΕΔɽ

E[ξ(H)
k ξ(H)

k+n] =
1

2
|n + 1|2H +

1

2
|n− 1|2H − |n|2H

• ൴ΒfH(z) =
∑∞

k=0 ξ
(H)
k zkͷDrʹ͓͚Δྵͷݸͷظ͕࣍Ͱ༩͑Β

ΕΔ͜ͱΛࣔͨ͠ɽ
r2

1− r2
− C1,H

(
1

2
√
1− r2

− 1

2

)
≤ E[NfH(r)] ≤

r2

1− r2
− C2,H

(
1

2
√
1− r2

− 1

2

)
,

͜͜ͰɼNfH(r) = #{z ∈ C : |z| < r, fH(z) = 0}Ͱ͋ΓɼC1,H, C2,H ≥ 0H
ʹͷΈґଘ͢Δఆ.

Remark
ओཁ߲Peres-Virágͱಉ͡ͷ͕ݱΕ͓ͯΓɼͦͷ࣍ʹಠཱಉͷ߹ʹ
ͳ͔ͬͨෛͷslower term͕ݱΕ͍ͯΔɽ͔͠͠ɼҰൠʹ͜ͷਖ਼֬ͳۙల։
Θ͔͍ͬͯͳ͍ɽʢ͜Ε͕Ϟνϕʔγϣϯɽʣ

ྵͷݸͷฏۉͷۙڍಈΛਖ਼֬ʹΔ͜ͱ͕dependentͷ߹ΛऔΓѻ͏
ͷެࣜʹཔΔɿ࣍ղੳؔͷཧͰ༗໊ͳܕॳͷεςοϓɽΨε࠷
໋ (Edelman-Kostlanͷެࣜ)

• D ⊂ C: ͳΊΒ͔ͳڥքΛྖͭ࣋Ҭɽ
• f : DͷۙͰఆٛ͞ΕͨGAF.
• Kf(z, w) = E[f (z)f (w)]: fͷڞ֩ࢄɽ
• Nf(D): Dͷfͷྵͷݸ.
͜ͷͱ͖,

ENf(D) =
1

4π

∫

D
∆ logKf(z, z)d

2z =
1

2πi

∮

∂D
∂z logKf(z, z)dz

͕Γཱͭɽ͜͜Ͱɼೋͭͷࣜʹ͓͍ͯɼ∂D্ʹsingularityͳ͍ͱԾఆ
͢Δɽ

ఆৗෳૉΨεաఔΛʹͭ࣋ϥϯμϜႈڃͷઃఆʹԠ༻͢Δͱɼ
ܥ

• Ξ = {ξk}k∈Z : ฏ0ۉɼ1ࢄͷఆৗෳૉΨεաఔɽͦͷڞࢄ
E[ξkξl] = γ(k − l) for k, l ∈ Z,

Ͱ༩͑ΒΕΔͱ͢Δɽ͜͜Ͱɼγ(0) = 1.
• f (z) =

∑∞
k=0 ξkz

k.
• D ⊂ D: ∂D্ͰsingularityΛͨͳ͍ͳΊΒ͔ͳڥքΛྖͭ࣋Ҭ.
• Kf(z, w) = G2(z, w)/(1− zw)ͱ͓͘ɽ͜͜ͰɼG2(z, w) = 1 +G(z) +G(w)ɼ
G(z) =

∑∞
n=1 γ(n)z

n.
͜ͷͱ͖ɼ

ENf(D) =
1

2πi

∮

∂D

z

1− |z|2dz + J (D),

͕Γཱͭɽ͜͜Ͱɼ

J (D) =
1

2πi

∮

∂D

G′(z)

G2(z, z)
dz = −1

π

∫

D

(
|G′(z)|
G2(z, z)

)2

d2z.

͜ΕʹΑΓɼ࣍ͷ͜ͱΛࣔ͢͜ͱ͕Ͱ͖Δɿ
ఆཧ (Main result 1, Shirai and N., 2021.)
্ͷܥͱಉ͡ઃఆɽ͜ͷͱ͖ɼ

E[Nf(D)] ≤ E[NfPV(D)].

͕Γཱͭɽ·ͨɼྖҬD্Ͱ߸͕ΓཱͭͨΊͷඞཁे݅
f (z)

d
= fPV(z).

͜ΕɼϥϯμϜωε͕࠷͍ڧ-ྵͷݸ͕࠷େɼͱ͍ͯͬݴΔɽಛʹ
D = Drͷ࣌, ENf(r) =

r2

1−r2 + J (r)ɽ͜͜ͰɼJ (Dr) = J (r)ɽD = DrͰz *→ rz
ͱมมͯ͠ɼ

J (r) =
r

2πi

∮

∂D

G′(rz)

Θ(r, z)
dz, Θ(r, z) =

∑

k∈Z
γ(k)r|k|zk.

Θ(r, z)ͷྵ͕ղੳͷ؊ͱͳΔʂ͔݁Βड़Δͱ
ϥϯμϜͳྵͷݸͷۙڍಈεϖΫτϧؔΘ(1, z)ͷྵ͕୯Ґԁप্
ʹΔ͜ͱͱͦͷଟॏʹΑΓܾఆ͞ΕΔʂ
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finitely dependent caseʹ͓͚Δྵͷݸͷۙڍಈ
Δɿ͑ߟdependentͳఆৗෳૉΨεաఔ߹Λ·ͣ-2ͭ࣋Λࢄڞͷ࣍

γa,b(k) =






1 (k = 0)

a (k = ±1)

b (k = ±2)

0 (otherwise).

• Ξ = {ξk}k∈Z: γa,b(k)ΛͭఆৗෳૉΨεաఔɽࢄڞ
• fa,b(z) =

∑∞
k=0 ξkz

k.

• Nfa,b(r) = #{z ∈ C : |z| < r, fa,b(z) = 0} for 0 < r < 1.
• Kfa,b(z, w) =

(
1 + a(z + w) + b(z2 + w2)

)
/(1− zw).

• Θ(r, z) = 1 + ar(z + z−1) + br2(z2 + z−2).
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(IV)
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Figure: γa,b(k)͕ਖ਼ఆͱͳΔྖҬP .
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ఆཧ (Main result 2, Shirai and N., 2021.)
ͷΑ͏ʹͳΔɽ࣍ಈڍɼENfa,b(r)ͷۙ࣌ͷ2-dependentέʔεͷࠨ
(i) ͠(a, b)͕a2/8 + (b− 1/4)2 = 1/16͔ͭ1/6 < b ≤ 1/2Λຬͨ͢ͳΒ,

ENfa,b(r) =
r2

1−r2 −
√

2b
6b−1

1
(1−r2)1/2

+O(1) as r → 1.

(ii) ͠(a, b)͕b = |a|− 1/2͔ͭ−1/2 ≤ b < 1/6Λຬͨ͢ͳΒ,

ENfa,b(r) =
r2

1−r2 −
1
2

√
1−2b
1−6b

1
(1−r2)1/2

+O(1) as r → 1.

(iii) ͠(a, b) = (±2/3, 1/6)Λຬͨ͢ͳΒɼ
ENfa,b(r) =

r2

1−r2 −
1

25/4
1

(1−r2)3/4
+O

(
1

(1−r2)1/4

)
as r → 1.

(iv) ͠(a, b)͕Pͷ෦ʹଐ͢ͳΒ, ∃C(a, b) ≥ 0 s.t.
ENfa,b(r) =

r2

1−r2 − C(a, b) +O
(
1− r2

)
as r → 1.

• Δɽ͑ߟn-dependentͳఆৗෳૉΨεաఔΛͭ࣋Λࢄڞͷ࣍

γn(k) =

{( 2n
n+k

)(2n
n

)−1
(|k| = 0, 1, 2, ..., n)

0 (otherwise).

• n-dependentͷ߹ʹ͕࣍Γཱͭɽ
J (r) = r

2πi

∮
∂D

G′(z)
Θ(r,z)dz = r

2πi

∮
∂D

pn(r,z)
qn(r,z)

dz, ͜͜Ͱ

qn(r, z) = zn
(
2n

n

)
Θ(r, z) = zn

n∑

k=−n

(
2n

n + k

)
r|k|zk, qn(1, z) = (z + 1)2n.

• Θ(1, z)࣍Ͱ༩͑ΒΕΔΨεաఔͷεϖΫτϧີؔͱҰக͢Δɿ

Θ(1, z) =
n∑

k=−n

γn(k)z
k =

(
2n

n

)−1

z−n(z + 1)2n for z ∈ ∂D,

͜Ε࠷ୀԽ͍ͯ͠Δ߹, ͭ·Γ, z = −1ଟॏ2nͷྵͰ͋Δɽ
• qn(r, z(r)) = 0ʹର͢Δղz(r)ͷr → 1ͰͷۙڍಈͷࢉܭΛ͢ࢉܭΔඞཁ
͕͋Δɽ͔͠͠ɼӄؔఆཧద༻Ͱ͖ͳ͍ઃఆʂ͜ͷΛʢฏ໘ʣ
ۂઢͰΑ͘ΒΕ͍ͯΔPuiseux expansionͰࠀͨ͠ɽ

• ϥϯμϜͳྵͷݸͷۙڍಈΛ͢ࢉܭΔͨΊʹɼఆৗෳૉΨεաఔ
ͷεϖΫτϧີؔͷྵΛௐΔඞཁ͕͋Γɼͦ͜ʹۂઢͷٕ๏
Λԉ༻͢Δͱ͍͏ֶͷ༗ػతͭͳ͕ΓΛ͡ײΔɽ

Ҏ্Λ·ͱΊΔͱ࣍ΛಘΔɽ
ఆཧ (Main result 3, Shirai and N., 2021.)
Ξ = {ξk}k∈Z: 1ͷn-dependentͳఆৗෳૉΨεࢄ0ɼۉฏͭ࣋Λࢄڞͷ࣍
աఔɽ

γn(k) =

{( 2n
n+k

)(2n
n

)−1
(|k| = 0, 1, 2, ..., n)

0 (otherwise),
and f (z) =

∞∑

k=0

ξkz
k.

͜ͷͱ͖ɼ

ENf(r) =
r2

1− r2
−Dn(1− r2)−

2n−1
2n +O

(
(1− r2)−

2n−3
2n

)
as r → 1.

͜͜Ͱɼ

Dn =
1

2n sin π
2n

{(
2(n− 1)

n− 1

)} 1
2n

.

Peres-Virágͷͱ͖ʢಠཱಉͷ߹ʣɼENf0,0(r) =
r2

1−r2.
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(a,b)=(1/4,-1/4). (a,b)=(2/3,1/6).



finitely dependent caseʹ͓͚Δྵͷݸͷۙڍಈͱޙࠓͷ՝

Ұൠʹɼ͠Θ(1, z)͕∂D্ʹଟॏ2kͷྵΛͭͳΒɼ(1− r2)−
2k−1
2k ͕

ENf(r)ͷr → 1ͷۙڍಈͰݱΕΔɽ͕ͨͬͯ͠ɼn-dependentͷ߹ʹ͓͚Δ
݁Ռ࣍ͷΑ͏ʹҰൠԽ͞ΕΔɽ
ܥ (General form)

• Ξ = {ξk}k∈Z: ฏ0ۉɼ1ࢄͷfinitely dependentͳఆৗෳૉΨεաఔɽ
• ΞͷεϖΫτϧີؔΘ(1, z)ଟॏ2kjͷྵθj (j = 1, 2, ..., p)Λͭɽ
• α = (2k − 1)/(2k) with k = max1≤j≤p kj; α = 0 otherwise ͱ͢Δɽ
͜ͷͱ͖ɼ∃CΞ > 0 s.t. f (z) =

∑∞
k=0 ξkz

kͷDrʹ͓͚Δྵͷݸͷظ
ΛNf(r)ͱ͓͘ͱɼ͕࣍Γཱͭɽ

ENf(r) =
r2

1− r2
− CΞ(1− r2)−α + o

(
(1− r2)−α

)
as r → 1.

• ΔɽΑΓਖ਼֬ʹྵͷৼΔ͍Λଊ͑ΔͨΊݟͷྵͷplotਤͷਪҠΛ࣍
ʹɼcone wiseͷྖҬͰྵΛௐΔඞཁ͕͋Δɽ
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Figure: Peres-Virág case
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Figure: {γ30(k)}k∈Z case
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Figure: {γ60(k)}k∈Z case

• ճfinitelyࠓ dependentͷ߹ʹ͕ͨ͠ࢉܭͯͬݶɼPeres-Virágͷ߹ͱͷ
ຊ࣭తͳҧ͍ϥϯμϜႈڃͷڞ͔ࢄΒܾ·ΔεϖΫτϧؔͷྵ
͕r → 1Ͱ୯Ґԁप্ͷʹऩଋ͢Δ͔Ͳ͏͔ͱͦͷྵͷଟॏͰ͋ͬ
ͨɽΑΓҰൠతͳΨεաఔͰࢉܭͰ͖Δͣɽ

• ͦͷୈҰาͱͯ͠ɼfinitely dependentΑΓҰൠͷఆৗෳૉΨεաఔͷ
߹ͰྵͷݸͷࢄͷۙڍಈΛ͢ࢉܭΔඞཁ͕͋ΔɽࢄҰൠʹ
Edelman-Kostlanಉ༷ʹΨεܕղੳؔͷ߹࣍Ͱॻ͚Δɿ

VarNf(r) =
1

4π2

∫

D

∫

D
∆z∆w

1

4
Li2 (ϑf(z, w)) d

2zd2w.

͜͜ͰɼfD্ͷΨεܕղੳؔͰD ⊂ Dेྑ͍ྖҬͰ͋Δɽ·
ͨɼKf(z, w) = E[f (z)f (w)]Ͱ͋Δͱ͢Δͱ͖ɼ

ϑf(z, w) =
|Kf(z, w)|2

Kf(z, z)Kf(w,w)
.

• ࢄ͕ࢉܭϋʔυͰ͋Δ͚ͩͰͳ͘ɼਖ਼֬ͳۙڍಈΛଊ͑ΔʹΑΓ
ણࡉͳ3มଟ߲ࣜ͋Δ͍ڃͷྵͷৼΔ͍ͷղੳ͕ඞཁͱͳΔɽ

• Peres-Virágͷ߹ɼ͢ͳΘͪɼಠཱಉͷෳૉΨε֬ܕมΛ
ղੳଓʹΑͬͯɼDͷ֎ଆʹ֦ுͰ͖ͳ͍͜ͱڃϥϯμϜႈͭ࣋ʹ
͕ΒΕ͍ͯΔɽ͜Εྵ͕ࣗવڥքʹूੵ͍ͯ͠Δ͜ͱ͕ݪҼͰ͋Δ
͕ɼఆৗෳૉΨεաఔΛʹͭ࣋߹ɼզʑͷ݁Ռ͕͍͍ࣔࠦͯ͠Δ
͜ͱʢฏۉͷҙຯͰʣྵͷݸݮগ͍ͯ͠ΔɽఆৗෳૉΨεա
ఔΛʹͭ࣋߹ͰDͷ֎ଆʹղੳଓͰ͖ͳ͍ͷͩΖ͏͔ʁ
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