Nets of subfactors on the circle
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1 Introduction

ZhiX, R. Longo & OILFEWIETH 5.

REZE i O 1T )IG LT, FEFAFEERD net {M(0)} 2% X % Z & |d algebraic quan-
tum field theory IZEWTE N ST N T &7z, Longo-Rehren [19] I%, subfactor
D net {N(0) C M(O)} ZAMFENZIAZET 5 Z L2z, K2 T T, NZE] 2
LGEHA S Th s G2 EAS. £ZTO [HE] LiF, S' oEEREST, 4
THWHETLERVLDDILTHS. TOL L DEHIT [XH &S, KX[HE
FEFEEZ R LU TWROVDT “net” & WS IFOAIFAEY 2, LIELIEZ DL ST
XN TWD., (TNHBARTERS, STho TEIREA] ZBRE L CHEl LA RBHX
MaHZEZ5ZLHHEETHSD. FEL<IE[15, Appendix| M. ) I — M(I) &\ %
JBIZE D WA GRMEZ DT BENIEVDWAERFENRDH LD, T TEHEHRDZO —HK
HMWEEZE XS, $72b5, isotony, conformal invariance, positivity of the energy,
locality, vacuum DAFAE, BERIPE, split property, strong additivity ZIKE L7z E, X5
ICRDGEMEZEZD. (ZNODERIZOVWTIIZE ZIT[11] 2. )

LNL=0THdE5_"DOOKM I, I, ZELY, TOMESDEERD % I, 1,
£95. ZD&E, ML)V M(I;) C M(]g) N M(I;) & subfactor 52 508, Z
D index WERTHDZ L 2RETSH. ZD&Z, {M(I)} & completely rational T
HdBELFD. [15]12&>T, net {M(I)} DEEKIZ DHR sector (XA RME L 272 <, 3
NTHRRTTHS. F/IDeE, LD index DfEZE {M(I)} D p-index & I3,

FTRTO M) HC 205 AR ERNTS T, - ORIFTE M(I) 13
3§ AT injective type III; factor (2720, 7z, “vacuum vector” QIXdXTD M(I)
IZDWT, cyclic 72D separating £ 72 5.

ZD X 57 net DHIE L TIE, A. Wassermann [24] 12 &5, SU(N)g-net, Xu
28, 31] {2 & %, orbifold net, coset net 72 £73&% 5. (HiFE H¥ completely rational T
5 DiF Xu [27] 12 & B. F7z coset net A% completely rational T % Dl Longo [18]
IZ&B. ) THIT, TITEIZERDDIL, Loke [16] 12 &5, Virasoro net TdH 273,
INBLATIZAS L5112, completely rational TH 2 Z EHHn 5.

BAF nets of subfactors IZDWT#H Z 5[HEIZ, completely rational net {N(I)}
Ezonize &2, TOIR{M (1)} 20T 2L WO HETHS. (ZDI, N(I) C
M(I) DEEIE» AR index 22 RKET 5. EBS6EZFELTHRILIETHS. ) T
M@ HE D subfactor D FEZXM T EWINTA =K ETEZLLDEFADLTE
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Y, EE AN, BPEZONTEOMAREZAFELES L LTWEDTIERS,
HZ oz net DILRZDFHL LS L LTWA I LIZIEET 5. @D subfactor Hiiw
DFEETIE, basic construction UTHAREKNIZFTEIZZD SRWDT, NC M %i#
RZDEMC M ZFRZOIFFAL EE 2TV, net iEDH S & ZEZ S5 T
BNWEWD ZEDNRHIDOEERARA VM THD. DF D, KT ZEE L T subfactor
N(I)Cc M(I) & A THLD. ZOD subfactor @ (dual) canonical endomorphism i,
N(I), M(I) D27 X2 —% 525D, Hi#ldnet 24KD DHR sector & 5-Z % DIZXH L,
BEHEIEZD TIERVDTHD. ZOEKT, {N()} & {MD)} TR TIEARL, #
NEREZZDDLIIREZEZDDIZITEVDHEDTHS. £7-Z1 LD, subfactor
D net (Z DWW T I basic construction (ZFTERWIZ & Hbhd. £72, {NU)} 15
ZoNTze T, ZO subnet IZ—MITRIZH B 0%, LIRDOFIFAERMEL 7N &
b h 5. Net D p-index 1Z, DHR sector D system D global index TH & 5 D773,
{N(I) c M(D} 2 UTIE, un > py THEZebbnd., ZOREKT, net DL
KEHZEZDIZ LD, “quantum symmetry” D 55Tl “subsystem” 25 2 5 Z & 124
2o TWVWBZ LITH>TW5b. HiE Wassermann-Wenzl X Kirillov-Ostrik [13] D5
“quantum subgroup” H ZNEIFE A LR UUYZEZEZ TV 5.

ZD &S net DIEE{N(I) C M(I)} dHIIE, a-induction iZ&->T, “modular
invariant” WAL 5 Z &3O R o TWAEDT, LD EIL modular invariant @
SHEMEE BEBRICEEL TWAZ B0 5. 22T, a-induction &1, Longo-
Rehren [19] IZ & > TEZE I N7z N(I) ® DHR endomorphism % M (1) IZIER T 5 F5
ETHD. (JLELZHDIX, DHR endomorphism & IXES W Z & I2iERET 5. ) Z
NiE, Xu [25, 26) 12L& 5T < OEIRENEEDH S 2NZZ2 D, 51T, 2, 3,4, 5)
IZ & o TREL KBS N7z, Modular invariant & OE#IL, [2] IZEDE, [4] THS
MIZEI N7z, 705, Rehren [21] DEIRTD braiding X H AU, net Hd 32 <
TH a-induction FEHRTE, TN X>TEXDTS 2y, = (o), a,) »*, Rehren
[21] DFERTD S 174, THILXMMTE2DTHS. £72, TOREKRTOD a-induction
7%, Ocneanu [20] @ graphical 72 FIEDHILRIZ A > TWE Z & HRI Nz,

SU(2); D net IZD2WTIX, A. Wassermann O fusion rule DFHE & 0, Rehren D=
kTD, ST75, T174l&, character DZEHL L TD ST75], TATHIN—HT 5T &
BHNBDT, a-indution 725 _ED K 512 LU TH U % modular invariant & Cappelli-
Itzykson-Zuber [6], Kato [12] IZX > TAEINZHDIZ—ET 5. L2H, local net
DILFR DRI TIE, type I £ IEIXN D modular invariant U2 H72WD T, T o 1d
Dynkin X, A,, Da,, Es, Es IZE > THBIZAHINT WS, [4,5] TR->TW5
ZrE 19 D E & < ANUE, SU(2)p-net DILIRMEIEX, Dynkin K, A,, Do,
Eg, Eg iZE > TRIDEDIZHEEIIAHEINTWE I D005, (I DHLED
HBEZELEFFPODONR>TVWT, T Lrnwled 45 2L Adtbhrd
WS Z e THhb. ) Kirillov-Ostrik [13] 12 B IFIXFEBRDOFERH B, 7272 L — 7%
R TIE, D& 512 modular invariant D738 & net DIEE D3 FHPERIT—ET
52 IHRfFTER .

STURNIZTERASDIX, Virasoro net DILIED AT H 5.



level k Dynkin RS
n—1,(mn>1) A, SU(2), BE
dn —4,(n > 2) Do, Simple current extension of index 2
10 Eg Conformal inclusion SU(2);9 C SO(5),
28 Eg Conformal inclusion SU(2)ss C (G2)1

Table 1: Extensions of the SU(2); net

2 Virasoro algebras, Virasoro nets, and their modular invariants

£ 9, Virasoro net & X539 % modular invariant D FIZ DWW THISGNT WS Z &
DEEMPSIRD K 5. Virasoro net IZXnd 5 H DI, conformal field theory Tl
minimal models & EHNTW5.

Loke [16] I%, Diff(S') DRBLDEERRSZ VT, central charge ¢ = 1—6/m(m+1),
(m=2,3,4,...)Dnet {M(I)} ZR¥L7z. T3, FU central charge T®D Virasoro
algebra @ unitary RIS IESNTWAS. (728, central charge 7% 1 KD & Z I,
Z DfEIZ U A2 Virasoro algebra @ unitary ZEUZZR W E WD DHBE 472 Friedan-Qui-
Shenker [8] DFERTH S, Z DETD unitary RILDFEHLIX, Goddard-Kent-Olive
9112 & 5. ) IITZ D & S 7 central charge DfEIZX U T, character 725 1%, (p,q),
1<p<m—-1,1<qg<m&WVIRT (p,q) =(m—p,m+1—q) &I FE—H%E AN
ZEDTRINDZEDRDD>T WD, Loke [16] DREIZ K > T I35 D character
(¥ net {M (1)} DEE#IZ: DHR sectors [N q] & 10 LIZHIBELTWS. T S5ITHIXZ
N6 D fusion rule ZFHE U TIRD KX S 12 B T 2R U T,

min(p+p'—1,2m—p—p'—1)  min(g+¢'-1,2(m+1)—g—¢'-1)

Ao Pl = X X [Ar,s)] (1)

r=|p—p’|+1,r+p+p’:0dd s=|g—q'|+1,5+q+q":0dd
Z 1uid character @ fusion rule & —2 LT\ 5. F7z, character (p, ¢) {Zx L T spin A%

((m+1)p—mq)*—1
dm(m + 1)

hpq = (2)

THAONDEZHEDLD>TWVWT, T LD Guido-Longo [11] @ spin-statistics the-
orem (2 & T DHR sector A(,q) @ statistics phase |, exp(27ih, ) THA 5N 5.
INoxzEbET, character IZX9 5, Kac-Petersen @ S 1741, T 17%1&, DHR
sector {Apq} 72*5 Rehren [21] D X512 UL THEL B S174, THMNERA LY TH S
Zehbns.

—7, Goddard-Kent-Olive [9] @ coset construction 2*5 .5 &, central charge 7*
c=1-6/m(m+1)DEED EDnet &, Xu[28] DL SIZL T, diagonal embedding
SU(2)pm-1 C SU(2) 2 x SU(2); D*54FE> 7z coset net BAMTH 5 Z & WEIFFI N
5. ZNHARENIL, Virasoro net A% completely rational Td % Z & A% Longo [18] (Z
EoThhrdDTHD. ZDILDFERFIZIRD & 512475



1. Diffeomorphism A2 7% net 1&[F] U central charge @ Virasoro net % BEf)72 subnet
ELTED.

2. Virasoro net 2 rational 222 & £ 0, Z® index IHRTH 5.
3. Virasoro net (& completely rational T 5.

4. Xu DFHE U 7z coset net @ p-index & Virasoro net @ S {740 S & HE U 72 u-
index 155 L .

5. [15] DFERE D index 11 TH 5.

& TIRIZ modular invariant T 5. Cappelli-Itzykson-Zuber [6] (2 & > T, 77#
DRI NTH Y, #1751 Dynkin IEOMIZE > TIRLBDTFS5NTWD. 5,
B2 IZBEBRDDDIE type I EIEEN D DT RDT, ZHUIDWT central charge
c=1-6/mm+1)<1,m=234,. . OLED[EICLINEELE2IHBITS.

m Labels for Z

n (An—h An)
4n + 1 (A4n, D2n+2)
4n + 2 (D2n+2, A4n+2)

11 (A1, Es)
12 (Eg, A12)
29 (Azg, ES)
30 (Es, Aso)

Table 2: Type I modular invariant for the Virasoro nets

HELZZ N 6 AY, Virasoro net DIEED L L 10X 1IZHIGLTWD Z & &R
TZETH5. £, dual canonical endomorphism % Z #15 @ modular invariant @
vacuum block {255 U TWRWE WIF WD TRIEZRHIRA DL, ZDdhe, (A A)
B & Zidindex 1 TMORBES LWDTIRIZ, (A, D)8, (D, A)BDGEEEZS.
Z M & ZFlFindex 2 D simple current extension & X X & <, spin ZFANRSB Z &I
LOTHHABETHE2ILLE—ETHD I LA HRIZSNS.

BRBIZFEL DN, (A E)H, (BE,A)BD4DTHS. Z0O& ZIXRD & 5 I
5.

1. Fusion rule 7*5 A #®D fusion rule subalgebra 2 & A TWA Z &b h 5.
2. A®I®D connection [ —EHRD T, SU2), DKL F U Q-system BMENS.

3. Longo-Rehren [19] IZ & 5T, locality % fif 9 4vIE net DILEEATE 5. (Spin
PEED SU2), LiESTWHDT, HIZ [SU2),) ERUI TREITEAW. )

4. Local T7: < T%H a-induction (Z & - T modular invariant I3 T& T\ 5.



5. Modular invariant D73 %3k % X, [F U central charge D & Z A TlX, Trace
DIE D DT, Q-system D5, M-N sector DEZMZ TIELWEDBRETE 5.

6. Bockenhauer-Evans [3, Proposition 3.2] IZ & > T, locality Vi LTW\W5 Z &
nbons.

ZHNUIT X > TRENPTHT 5.

¥ 72, FRRORERIZ & > T type II ® modular invariant ® local TR WERIZ & -
THEETETWVD.

F7z, BEELULKE TIZDWTTETWS subfactor N(I) € M(I) 1& Virasoro
net D& EH, SU12), D& & &AUL, Goodman-de la Harpe-Jones subfactor [10]

3 Applications

DEDIGHEROPRRS, £7, ETHRRZZ 2 LD, diffeomorphism AZ 7 net
19 R T Virasoro net DIEEIZ A > TV 5 DT central charge ¥ 1 Kiii THNIX, E
DREEMNHEHATE 5.

7= & Z21E, Xuld, [30, Section 3.7] T, central charge 4/5 %2 3 DD coset net
SU(2)s C SU(3)q, SU(3)y C SU(3); x SU3)y, U(l)g C SU(2)3 & AT=. i, 3
’) t £ 6 DDOBER 7 DHR sector 255, WU ST TQFT 252252 & 2R L7

, EBRIZE EOFRIZE - T3 Db net LLTHETH L Z EADN5. T05
i’é’f\f, central charge 4/5 @ Virasoro net @ simple current extension T®H 5.

DHRD DB, (Eg, Aro), (Eg, Azg) D DIZH L TiE, Bockenhauer-Evans [1, Sub-
section 5.2) IZH D L DT, JERIX coset & UTEHEIT DD TIELRWNAE WIS 2R
b s, $72bb, SU2) C SO(B) x SU(2); & SU(2) C (Go)1 x SU(2),
TH 5N, [1, Subsection 5.2) T ZNAEBICHIRINIERTH S Z L 2 RET,
[ZNDIEEZ5726] LWOIRED S & T a-induction Ziw U TW5. (& 72FI7
DIY DD, (A, Fg), (Agg, Ex) IZDWTIE [1] TIZHIT “there is no such natural
canidate” & HPNT WS, ) BUN, EOSHEHOEHE LT, NS ELWERT
HBZE%ERT. TN5D Virasoro net D local extension TH 5 Z & BRIEHT & 274
D720, [MEIE index Y1 T, Virasoro net IZ—H L TLE 50 Lnenws Z
KT%%.@@AQCOhfiﬁ®i9Liﬁ%@@%.

1. 2 DD coset IZX)Hd % commuting square {Z & Y, cofiniteness @ index O K>
5 DR 215 5.

2. Rehren @ canonical tensor product subfactor DGR [22, 23] Z HWTFE U index
AlgEMEZE 3 DItk 5.

3. [15] D p-index DFEAMi &, Virasoro net DHLIRD HFHEH D & H[F U index D AJ
BEMEDS 2 DI LN,

4. ED 3 DDOHIR %729 index DEIX—D L 272\,

5. 2D & &, KX modular invariant 1% (Es, A1p) 25 A 5.
(Es, Ag) DWW T H IZIEABORIEDEHTE 5.
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