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Symmetry Protected Topological (SPT) phases

We consider the set of Hamiltonians satisfying the following.

(i) a unique gapped ground state,

(ii) satisfy a given symmetry β,

(iii) can be smoothly deformed into a fixed reference
on-site Hamiltonian without a phase transition.
(Excludes long- range entanglement.)

We would like to classify them with the criterion :

Two Hamiltonians are equivalent if they can be smoothly deformed
into each other without a phase transition, preserving the
symmetry.

The resulting phases are the SPT-phases.
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Symmetry Protected Topological (SPT) phases

This talk is about

classification of SPT-phases
in ν = 1 and ν = 2-dimensional quantum spin systems,

with on-site finite group symmetry.

We consider this problem in the operator algebraic framework of
quantum statistical mechanics. Namely, instead of considering
finite systems and taking the thermodynamic limit, we start from
infinite systems.
The reason for that is

the invariant of the classification is most naturally defined in
infinite systems.

Cf. Fredholm index is 0 for any operators on a finite Hilbert space.
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Cf. Fredholm index

We consider this problem in the operator algebraic framework of quantum statistical mechanics. Namely, instead of

considering finite systems and taking the thermodynamic limit, we start from infinite systems. The reason for that

is the invariant of the classification is most naturally defined in infinite systems.

Fredholm index of an operator T (with dim kerT , dim kerT ∗ <∞
and TH closed) on a Hilbert space H is defined by

indT := dim kerT − dim kerT ∗.

This is always 0 if H is of finite dimensional.
It is not the case if dimH = ∞.
For example, on H = l2(N), the unilateral shift

S (ξ1, ξ2, ξ3, . . .) := (0, ξ1, ξ2, ξ3, . . .) , (ξ1, ξ2, ξ3, . . .) ∈ l2(N).

has ker S = {0}, ker S∗ = (1, 0, 0, 0, . . .) and

indS = 0− 1 = −1.

An analogous thing happens to our index.
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Quantum spin system

Let d ∈ N be fixed.Let ν ∈ N be a spacial dimension.
A ν-dimensional quantum spin system is the C ∗-algebra

A :=
⊗
Zν

Md , Md : matrix algebra of size d .

For each Γ ⊂ Zν , AΓ :=
⊗

ΓMd is naturally regarded as a
subalgebra of A. We use the notation

Aloc :=
∪

Λ⋐Zν

AΛ.
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Interaction

An interaction is a map

Φ : SZν → Aloc

where SZν is the set of all finite subsets of Zν , satisfying

Φ(X ) = Φ(X )∗ ∈ AX

for all X ∈ SZν .
An interaction Φ is of finite range if there exists m ∈ N such that
Φ(X ) = 0 for X with diameter larger than m. It is uniformly
bounded if

sup
X∈SZν

∥Φ(X )∥ <∞.

Interaction such that

Φ(X ) = 0, if |X | ̸= 1,

is called on-site/ trivial interaction.
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Dynamics

For an interaction Φ and a finite set Λ ⊂ Zν , we define the local
Hamiltonian as

(HΦ)Λ :=
∑
X⊂Λ

Φ(X ).

For a uniformly bounded finite range interaction Φ, the limit

αΦ
t (A) = lim

Λ→Zν
e it(HΦ)ΛAe−it(HΦ)Λ , t ∈ R, A ∈ A

exists and define a dynamics αΦ on A.
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Ground states

Definition

Let δΦ be the generator of αΦ. A state ω on A is called an αΦ-ground
state if the inequality

−iω (A∗δΦ (A)) ≥ 0

holds for any element A in the domain D(δΦ) of δΦ.

Let us consider this condition for a finite system Mn with dynamics

αt(A) = e itHAe−itH , t ∈ R, A ∈ A,

Let P be the spectral projection of H corresponding to the lowest
eigenvalue. Then a state ω is an α-ground state if and only if the support
s(ω) of ω satisfies s(ω) ≤ P.
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Unique gapped ground states

Definition

Suppose that there is a unique αΦ-ground state ωΦ. Then we say
Φ has a unique gapped ground state in the bulk if there exists a
γ > 0 such that

−iωΦ (A∗δΦ (A)) ≥ γωΦ(A
∗A), for all A ∈ D(δΦ) with ωΦ(A) = 0.

Let us consider this condition for a finite system Mn with dynamics

αt(A) = e itHAe−itH , t ∈ R, A ∈ A,

with a self-adjoint element H in Mn. Then the above condition
means that ”the lowest eigenvalue of H is non-degenerated and
the difference between the lowest eigenvalue and the second lowest
eigenvalue is at least γ”.
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On-site symmetry

Let G be a finite group and U a unitary representation of G on Cd .
Let β be an action of G on A such that

βg (A) :=

(⊗
x∈Λ

U(g)

)
A

(⊗
x∈Λ

U(g)∗

)
, g ∈ G ,Λ ⋐ Zν ,A ∈ AΛ.

We say an interaction Φ is β-invariant if βg (Φ(X )) = Φ(X ) for all
X ∈ SZν and g ∈ G .

Yoshiko Ogata Classification of SPT phases



Classification of gapped Hamiltonians without symmetry

We would like to classify

PU.G . :=

{
Φ

∣∣∣∣∣ finite range uniformly bounded interactions

with unique gapped ground state

}
with respect to the following criterion.

Two interactions Φ0,Φ1 ∈ PU.G . are equivalent (Φ0 ∼ Φ1) if
there is a smooth path in PU.G . connecting them.

Smoothness means

[0, 1] ∋ s 7→ Φs(X ) ∈ AX is smooth,

the gap is uniformly bounded from below by some γ > 0
along the path,

the path of expectation values [0, 1] ∋ s 7→ ωΦ(s)(A) ∈ C of
sub-exponentially localized elements A ∈ AZν with respect to
the ground state ωΦ(s) is regular with respect to s ∈ [0, 1].
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Reference on-site interaction

Throughout this talk, we fix some on-site interaction Φ0 with
unique gapped ground state.
Note that its ground state ωΦ0 is a product state.� �
Interaction such that

Φ0(X ) = 0, if |X | ̸= 1,

is called an on-site interaction.� �
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SPT phases

Now we introduce the on-site symmetry β to the game.
The set we consider in this talk is

P0
U.G .β := {Φ ∈ PU.G . | Φ ∼ Φ0 and β-invariant} .

Two interactions Φ0,Φ1 ∈ P0
U.G .β are equivalent (Φ0 ∼β Φ1)

if there is a smooth path in P0
U.G .β connecting them.

P0
U.G .β may split into multiple equivalence classes with respect to

∼β.

Definition (Symmetry Protected Topological (SPT) phases)

Each equivalence class of P0
U.G .β with respect to ∼β is called

Symmetry Protected Topological (SPT) phases.
(Gu-Wen ’09)
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The question I would like to ask in this talk is the following:

Question

How can we see that Φ1 ∈ P0
U.G .β and Φ2 ∈ P0

U.G .β belong to
different equivalence class?

Natural approach:
Define some index on P0

U.G .β and show that it is an invariant of
∼β.
Indeed, physicist took this approach, [Pollmann et.al. ’10,’12
Chen-Gu-Wen ’11 Schuch et.al. ’11, Molnar ’18 et.al.], and they
conjectured that

for ν-dimensional quantum spin systems, there is a
Hν+1(G ,U(1))-valued invariant for the classification,

based on analysis of MPS/PEPS, and TQFT.
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Indeed, physicist took this approach, [Pollmann et.al. ’10,’12
Chen-Gu-Wen ’11 Schuch et.al. ’11, Molnar ’18 et.al.], and they
claimed that

for ν-dimensional quantum spin systems, there is a
Hν+1(G ,U(1))-valued invariant for the classification

based on analysis of MPS/PEPS, and TQFT.� �
i-cochain of G :

C i (G ,U(1)) =
{
f | G×i → U(1)

}
.

The i-th differential d i : C i (G ,U(1)) → C i+1 (G ,U(1)) is given by

(
d iσ

)
(g0, . . . , gi ) = σ (g1, . . . , gi )

 i∏
k=1

σ(g0, . . . , gk−1gk , . . . , gi )
(−1)k

σ
(
g0, . . . , gi−1

)(−1)i+1
.

Z i (G ,U(1)) := ker d i , B i (G ,U(1)) := Im d i−1

H i (G ,U(1)) := Z i (G ,U(1)) /B i (G ,U(1)) .� �
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Main result

Theorem (Main Theorem O’20, O’20+)

There is an Hν+1(G ,U(1))-valued invariant if ν = 1, 2.
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ν = 1 case

The invariant should be H2(G ,U(1))-valued.

It is well known that H2(G ,U(1)) shows up naturally from
projective representation

uguh = σ(g , h)ugh, g , h ∈ G .

A projective representation was already there!

(i) Thm [T. Matsui ’13]
Unique gapped ground state satisfies the split
property

(ii) A projective representation can be associated
naturally to β-invariant pure split state. [’01 Matsui]

⇒ h(Φ) ∈ H2(G ,U(1)).

Theorem (O ’20)

The index h(Φ) is an invariant of our classification ∼β.
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How about ν = 2 case??

Any form of split property for unique gapped ground state in
2-dimensional quantum spin systems is not known. Even if it was
known, it is apriori not clear how to use it to define an index.

So I decided to take an advantage of the situation of the problem.

Definition (Symmetry Protected Topological (SPT) phases)

Each equivalence class of P0
U.G .β with respect to ∼β is called

Symmetry Protected Topological (SPT) phases.

Fix any trivial Φ0 ∈ PU.G .. (Its ground state ωΦ0 is of product
form.)
Then for any Φ ∈ P0

U.G .β, we have

Φ ∼ Φ0.

⇒ This means that ωΦ has short range entanglement!
Automorphic Equivalence
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Automorphic Equivalence (Hasting’s adiabatic Lemma )

Theorem (Hastings-Wen ’04, Bachmann et.al. ’12 Nachtergaele
et.al. ’19, Moon-O ’20)

For a smooth path of interactions Φ(s) in PU.G ., there is a smooth
path of automorphisms αs , satisfying a concrete differential
equation given by some time-dependent local interactions such that

ωΦ(s) = ωΦ(0) ◦ αs , s ∈ [0, 1]

Because αs is given by local interactions,

we can cut αs and factorize it.
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The factorization property of α1 : ν = 1 case

α1 = (inner) ◦ (αL ⊗ αR) .
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The factorization property of α1 : ν = 2 case

HL :=
{
(x, y) ∈ Z2 | x ≤ −1

}
, HR :=

{
(x, y) ∈ Z2 | 0 ≤ x

}
,

Cθ :=
{
(x, y) ∈ Z2 | |y| ≤ tan θ · |x|

}
, 0 < θ <

π

2
.

Proposition

For any 0 < θ < π
2 , there is αL ∈ AutAHL

, αR ∈ AutAHR
, and

Θ ∈ AutA(Cθ)
c such that

α1 = (inner) ◦ (αL ⊗ αR) ◦Θ.
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� �
For any interaction Φ in SPT phase P0

U.G .β, there is an auto-
morphism α1 such that

(i) ωΦ = ωΦ0 ◦ α1, and

(ii) α1 factorize nicely.� �
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Inspiration from operator algebra cocycle action
[Connes’77] [Jones ’80]

Still, how can we derive H3(G ,U(1))?

Let {γg}g∈G be automorphisms on a factor M.
Assume that there are unitaries {u(g , h)}g ,h∈G ⊂ U(M) such that

γgγh = Ad (u(g , h)) γgh.

Then by the associativity, we have

γgγhγk = Ad (u(g , h)) γghγk = Ad (u(g , h)u(gh, k)) γghk

γgγhγk = γg Ad (u(h, k)) γhk = Ad (γg (u(h, k))) γgγhk

= Ad (γg (u(h, k)) u(g , hk)) γghk

⇒ ∃c ∈ C 3(G ,U(1)) s.t.

u(g , h)u(gh, k) = c(g , h, k)γg (u(h, k)) u(g , hk).

It turns out that

c ∈ Z 3(G ,U(1)) ⇒ [c]H3(G ,U(1)) ∈ H3(G ,U(1))
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Remark:

If γg = Ad(ug ), (for example if M is of finite dimension), then we may
take u(g , h) in

γgγh = Ad (u(g , h)) γgh.

as uguhu
∗
gh. Substituting this to

u(g , h)u(gh, k) = c(g , h, k)γg (u(h, k)) u(g , hk),

we obtain(
uguhu

∗
gh

) (
ughuku

∗
ghk

)
= c(g , h, k)Ad (ug ) (uhuku

∗
hk) · uguhku∗ghk ,

hence c(g , h, k) = 1.
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Naive consideration

If we have automorphisms {γg}g∈G on A such that γgγhγ
−1
gh is inner,

then we get some [c] ∈ H3(G ,U(1)).

But how we get such a thing?

Hint from former works on index of gapped pahses

Cut the system into two!
Bulk-edge correspondence in free Fermions
F. Pollmann, A. Turner, E. Berg, and M. Oshikawa ’10
O’ 20, Bachmann-Bols-DeRoeck-Fraas ’20,

Consider the action of G given by

βU
g := idAHD

⊗
⊗
x∈HU

Ad (U(g)) , g ∈ G .
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Good situation

If there are automorphisms {γg}g∈G on A such that γgγhγ
−1
gh

is inner, i.e., γgγhγ
−1
gh

= Ad (u(g, h)) then we

get some [c] ∈ H3(G ,U(1)).� �
For any interaction Φ in SPT phase P0

U.G.β , there is an automorphism α1 such that ωΦ = ωΦ0
◦ α1.� �

Lemma

Suppose that

α1β
U
g α

−1
1

(
βU
g

)−1
= (inner) (ηg ,L ⊗ ηg ,R)

Set γg := ηg ,Rβ
U,R
g . Then we have γgγhγ

−1
gh = Ad (u(g , h)), with some

unitary. Hence we obtain some [c] ∈ H3(G ,U(1)).

Proof

id = α1β
U
g α

−1
1 ◦ α1β

U
h α

−1
1 ◦

(
α1β

U
ghα

−1
1

)−1

= (inner) ◦
(
γg ,Lγh,Lγ

−1
gh,L

)
⊗
(
γg ,Rγh,Rγ

−1
gh,R

)
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Good situation : example (Dijkgraaf-Witten model)

Let Cd = l2(G ), spanned by CONS {|g⟩ | g ∈ G}, and Ug |h⟩ = |gh⟩.
Fix any φ ∈ Z 3(G ,U(1)) and set

ν(g0, g1, g2, g3) := φ(g−1
0 g1, g

−1
1 g2, g

−1
2 g3).

⇒ ν(g1, g2, g3, g4)ν(g0, g1, g3, g4)ν(g0, g1, g2, g3)

ν(g0, g2, g3, g4)ν(g0, g1, g2, g4)
= 1.

For each SN := {S(x,y)}(x,y)∈ΛN
: ΛN → G , a configuration, set

ψN(SN)

:=
∏

(x,y)∈[−N+1,N−1]2

ν (e, s(x , y), s(x + 1, y), s(x + 1, y + 1))

ν (e, s(x , y), s(x , y + 1), s(x + 1, y + 1))
, and

VN :=
∑
SN

ψN(SN) |SN⟩ ⟨SN | .

∃α1 such that
α1(A) = lim

N
Ad(VN)(A), A ∈ A.

α1β
U
g α

−1
1

(
βU
g

)−1
(A) = lim

N→∞
Ad(VNβ

U
g (V

∗
N))(A) ⇒ VNβ

U
g (V ∗

N)?
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Good situation : example

ν(e, s(x, y), s(x + 1, y), s(x + 1, y + 1))

ν(g, s(x, y), s(x + 1, y), s(x + 1, y + 1))
=

ν(e, g, s(x + 1, y), s(x + 1, y + 1))ν(e, g, s(x, y), s(x + 1, y))

ν(e, g, s(x, y), s(x + 1, y + 1))

ν(e, s(x, y), s(x, y + 1), s(x + 1, y + 1))

ν(g, s(x, y), s(x, y + 1), s(x + 1, y + 1))
=

ν(e, g, s(x, y + 1), s(x + 1, y + 1))ν(e, g, s(x, y), s(x, y + 1))

ν(e, g, s(x, y), s(x + 1, y + 1))
.
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Good situation : example

As a result, in this model, α1β
U
g α

−1
1

(
βUg
)−1

is localized around
y = 0, and can be cut into left and right modulo (inner).
⇒ We may apply

Lemma

Suppose that

α1β
U
g α

−1
1

(
β
U
g

)−1
= (inner)

(
ηg,L ⊗ ηg,R

)
Set γg := ηg,Rβ

U,R
g . Then we have γgγhγ

−1
gh

= Ad (u(g, h)), with some unitary. Hence we obtain some

[c] ∈ H3(G ,U(1)).

and obtain
[φ] ∈ H3(G ,U(1)).
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H3(G ,U(1))-valued index

Lemma

Suppose that α1β
U
g α−1

1

(
βU
g

)−1
= (inner)

(
ηg,L ⊗ ηg,R

)
. Set γg := ηg,Rβ

U,R
g . Then we have

γgγhγ
−1
gh

= Ad (u(g, h)), with some unitary. Hence we obtain some [c] ∈ H3(G ,U(1)).

Unfortunately, it is not clear if α1 satisfies such a property, in
general.

However, ”some weaker version” is true, and from this, we can
derive an element h(Φ) ∈ H3(G ,U(1)).

Theorem (O’ 20+)

h(Φ) is independent of choice of α1.
(ωΦ = ωΦ0 ◦ α1.)

Furthermore,

Theorem (O’ 20+)

h(Φ) is an invariant of the SPT phases.
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Thank you
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