Orbifold subfactors and an analogue of Connes’ x(M)
TRz (K - BELRE)

§0 Introduction

Jones ZIHALICE, TEFIZEEGR, K7 subfactor BEHD combinatorial
MmN, WS, RO bR Y - OEBEBIEE S THKTWS, &
Di#E D HMWIX, conformal field theory D7 A T4 7, 77 =y )N
ED & 51z, subfactor EFRIZINHI N DD, 2NN HNZ, von
Neumann E¢® automorphism ZHLh&E T 57 70 —F 06 HWHIZH
RIRBDEARIND D, ZRTILITHD. FHAWL L, [EK1],
X], [Ka3] T# 5.

£ 9, Ocneanu ® paragroup [O1, O2] IZDWTHHHEIZEZL & 5.
AFD II,; factor @ index AR D subfactor % 734H3 5 DIZ higher relative
commutants WEHTH 2 Z L IFRI po@ichTwiz., 207 7o
—F CHRERSEEZHEDITIE, (1) tunnel 2* 515 5315 higher relative
commutants TJtD subfactor WEILTEE0 7, 2) HiiTEsL &
higher relative commutants % & 5 X - T combinatorial/algebraic (2%
BT 20?22 WD 2DODRENDH 5. HB— ORI BIEURITHY
THY, Hm# A. Ocneanu 2 finite depth (7245 principal graph »*
AR LWSIREDTFTOK. THhBHZaFRUAZ. L UEDREHIE
FERINBWEF, S. Popa DEERIANFEERIN, X 512 Popa i,
z 0)%“6‘ subfactor MEILTE 272D DRBEFH7EME EhVWRE TR

. —h, EOE_OREIZ (finite depth DIHFE) 2 REWTH D,
A. Ocneanu 2 &> C, REDUNRERIN, ZONHERZMZTH/
R RELIIS R UL paragroup & BT 5Nz, T ORI, ZOMEEYE
REFEDOE Y LEIRTOEFLE AL IND I LITHRKRT S, TH5TD
WTH Ocneanu 13582 FEHHZ ZE VT WARWS, DL D2 H &
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2, STIEERICHMINT WS, O paragroup DAFRAL, WK
THH, rational conformal field theory, quantum 6j-symbol 7S 42 U
% 3IRTEEHRIRIZN 9 % topological quantum field theory [EK2] 72 & D
AHRERESMYUTED, ZOHLMEZBERT S I LIZXD, subfactor
DOHREMNEE 2 LI N 5.

FRZZ 2T, AR To T 7 =y 79 53 L 7z subfactor
IZ3B1F % orbifold construction [Kal, Ka2, EK1] A%, rational conformal
field theory [BG, W] L#lAHHLE S Z LiZ k> THHfRICHETEZ S Z &
X], T 5IZFNBMEMAZEERRTD automorphism approach, %2 Connes
@ invariant x (M) [C1] ¥, modular automorphism group & OFEL &
DRMOHRIHEINTE D Z L 2R

§1 Paragroup @ symmetry & orbifold subfactor

Subfactor T® orbifold construction 1&, [Kal] {2 &> T SNz,
ASRDHBIE, A. Ocneanu % 1987 fFIZFEHAME L 12 F & U 72 index< 4
® subfactor D A-D-E535ED 5% DIZET %484 (principal graph Do,
%, —ERNCEB I NG Dy 1 ld, AHEETH B.) ZAHTHI LT
Hol-. ZOMBEERIZDOWTIE, 21T Ocneanu A NDFEH DM [Ka2,
Appendix] SN IT 572U, R[12], Haagerup 512 K B HIDFEH S
H5. KT, Dopi1 DAFREMEIZ DWTIE, R[I1], Sunder-Vijayarajan
5D & 512 bimodule @ tensor FED 73D U H27= (fusion rule) % 5
ZEAME ARG Z 5 X 5. UL, orbifold construction %, &0 —
Wei72 FikETdH B Z L, subfactor D automorphism (ZEH3 5 E#H % 5- 2
B5LWVHHENHBDT, £TENEMHTS.

SRR RERGIE L, paragroup 232472 symmetry 2D & &, £
NTEH-T®2 Z 2IZL>TH U\ paragroup 2/E2HTHB. 777D
symmetry (Z 2 WTIXEH[Ch] THRbLNTW\WBE A, Fi% paragroup T
IBHIEIZRB. HB\WIE commuting square D symmetry £ \WoTH X
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W, UL, 2ITREMITRLS TER SR\ &1 principal graph (&
distinguished vertex * (Bratteli diagram D% 1 & H=fusion algebra ®
BATT) 2RO Z 8 THB. L, 5FZTWVW5D symmetry 232 D% B
TV 5, O symmetry (& non-trivial 72 Loi @ invariant [L] % 5[ &
U, [IK] D& 5T subfactor DFHIZKILT 5N 5%, automorphism
DN H 6L, THNIFEHAHWI IFEI SRV, o HAVDIE, *
DE) < & TH S, Dynkin BIJE Ay, _3iE, £D X 5% symmetry 2§D
ZEITHEET S, 94805, graph DXEETH 5. (5, THMD Zy-grading
Z R D symmetry 72172 F X TWBHDT Ay, ik, symmetry Z£F7272 0
LHLIND.) INT, [Elo7) 770D, THdIZLIFEDTbH
5. ML, THHAARYIZ (H B subfactor D) principal graph T®H 5 5>
EDMMTHS. Paragroup DAHRIIEZSNTVWEDTHE0 6, T
DfEZFARNDIZFZNSDREZF 2y 7§ NEL VDT THS. T
% & biunitarity (# %\ &, unitarity + crossing symmetry &\ oTH
W WhHd B local axioms) D7z I NT WD Z EIXEBIZH D
5. £ZTH I —DODH flatness 7 key point IZRBEDTH5B. T
X, *NSFT B, BED string algebra BAHATH 5, &5 KMAT,
parallel transport Z W THET &, MR D flat connection @ discrete
fRE B3 Z N TESDT, flatness & &A1) 507z, Bimodule @
intertwiner (Z & %7 70 —F TlX, T DEM LD BFD associativity #
KUTHD, A& THEEIZET S Yang-Baxter A2, quantum 6;-
symbol @ pentagon equation, rational conformal field theory (ZH 1} %
braiding-fusion relation 72 & & BRI H 5.

X T, orbifold construction 121} % flatness TH 5 A%, T\ -
7z A string algebra O AMHMEIZE EHZ 725 &, #2472 fixed point algebra
EHRBZEIZED, £ & D paragroup (2B 52472 partition function
DFHMIIZIFET B Z eDARIND. T4bH, LD symmetry ZHf -
7= paragroup T partition function ZFtH 9 5 Z £ BT ENIX, orbifold
construction 47> 7% & @ flatness BWF v 7 T& 5B, L\WH I & T
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»H5. ZO partition function DFFHE I I ITMD THREEZD, H D
FEDWUWRIL R TIXEITHHETH B. TN, A,, 38D subfactor IZ
X UT, EEEITLZOM[Kal] THD. Partition function D FHEHER
i induction T, (—1)"&7h, Thdn DMAIZL->T, D,D flatness
DESLARESL PRI N BB TH . IRWT, [EK1] T, ZOFHHEZ
Wenzl @ SU(N) B! subfactor (= Hecke algebra subfactor of type A)
WZHERE L &K 5 & U7z, A, B subfactor 1&, ZOEKTN=2&L7=HD
DT, —MD NIZDWT partition function ZEIHEL L5 & L7zbl}
Thbd. TOMEE, NIPZHFEHD L ZIX\WDTH partition function & 1
B EeNbNYD, LA 5T, orbifold construction IFWDTHH L
W flat connection 2 5- 25 Z &b h o7z, ThRbDEL, N2 DR & F
FZBOR LTI, REWBVDBHEDIITHS. BRLIFXIDEWVE, ND
WEZITITLDBDZEFHUA, Yang-Baxter A [DZ, IMO] (2
oL Fx DFMREIZ, b EMT, —ROGEDFREIXETTE Lo
7z. £ZIZ, F. Xu [X] #%, Witten @ lattice gauge theory % paragroup
I 5 FEBG] 2 AL, R —BNREEDS &L T OO/’
BDRIRTED I L EZRLZDTH 5.

¥9, Moore-Seiberg 4D rational conformal field theory Tl, &5
FED combinatorial 7R ANER % {72 97175 brading matrix & fusion matrix
2D I EITHERET S, XHBG] TREI NI LXK, TD KD R175
DHNIE, BHIRIZ paragroup DMEND, L \WH I L THho7z. T HIC
ST Xu ik, T4 DF751% W T orbifold construction %17 - 72D
Thd. TNITIX, compact, connected, simply connected, simple 72
Lie #f G & level L ELNEBENSHIFT 5. 95 & Wess-Zumino-
Witten D% 17 o 728, #E G @ center A* paragroup @ symmetry &
ULTIE76LK ZEDEEHTE 5. 20D & X partition function 1, knotted
graph IZX§3 % regular isotopy invariant & UCEIHETH I LN TE,
orbifold @ flatness % {RE 9 5 DX, Reidemeister move I (Z£f - TH
49 %, conformal dimension TH5. THiZL->T, LD SU@2N) &
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SU(2N +1) D#EWE, 2RI —MBIIGEHTE 5D THS. Thbb,
Dynkin B Dy, D Ds, 1 DiE W, conformal dimension & orbifold
construction 2 & 5 fieh TR BIR DIEE (R hl el & LT, R
WZHREINDEDTH D, Xu kX 5122 ZIizEHb 5 flatness AN D 728
D level IZB9 5 578 Dijkgraaf-Witten (2 & 5 G /21235 < Chern-
Simons gauge theory DFED7ZHDEMEH U THB Z L HFEML T
W5,

ZIZTHERELTELAREZ L, LoD orbifold construction (Z &1
I, (atness DK D 3. DHE) paragroup (EXV 5 A3, rational conformal
field theory I HEARF— X T RTIFED ARV, WS LThS.
X, Do, 29 % rational conformal field theory IFfE#VR W (SF7
FINS £ <L BNZW) ZEPHoNTWDS, £/, R[I1]ITXB, fusion
rule 13® %73, flat connection DN F T[] $ Z ZITHARIZEH DN S.
L7535 T, Z® orbifold construction i, fusion rule @ consistency,
paragroup DM, rational conformal field theory D RELD 3 DA%, Z
DIEIZARLIZHR LS > TVWBE Z L ZHRIIR LT WS,

Eﬁ@é c:(ﬂé% LT y Dynkln ﬁZ EG; Ego)i}%/ﬁ\ci, A117 A297b) ‘5 D
paragroup action (Z & % orbifold & &5 Z & H[EETH B. LA L, 5
DEIZH, TH58->TH, MEFHRELOFRITMNE S THS.

§2 Central sequence subfactor & Connes’ x(M) @ subfactor ik

X T, §1 TIX orbifold construction % & 7zA%, Z ik subfactor @
SETE D L 52607 subfactor N € MIZH U, #2472 EGRAEDH
2oz U T, [k fixed point algebra N C M®® paragroup
ERHTWS, WS Thd. 7222, Ay, sDEEIE, ZTDLD
72 order 2 DHCHIZ L 5T Do, ESNEDITTHB. §56&ZD
&, ZOHCRMIIMERZRRIVIZET, MP2rHHVWEFZREEDI L
PHIFIND., TNHREBRIZZDE BV THDEILERTONRIITD
HEETH 5.



9, Ayn_3BID subfactor D ZofEFHDEGERZEZTALD. ZDY;
%, [AII fixed point algebra T subfactor DAY Dy, IZED-TWNE I &
WCHERT S, HelE, [L] D& DT, Connes B DIERHL Rohlin D IC
£oT, ZOHCHAA approximately inner 7> centrally trivial TH %
Zenbhrb. T4b5H, Loi DAERIZ L - T approximate innerness &
D invariant @ triviality THIE T E 5 DT, outer period & asymptotic
period 23— 9 NI, splitting B TE TEHAPEMRMIZIRE->TLE S
MoTHd. 61T, SU(N) T, NBW&HRHED L EROHRA FTHE

UL, & partition function DFfHEZ H 5D UIFEREL TEITTH
X, Agn_179D subfactor M & &%, [FAIKF fixed point algebra DAL IFZH
S5RWZH 1D 5T, action I, centrally trivial ThH 5 Z & HRE 3.
X 5IZZDEE Xu iz & 5 partition function @ Witten D EHE & %
&bE b L, Wenzl @ subfactor T index %° sin?(N7/k)/ sin® (7 /k) D
&, d=(k,N) &BITIE Z;DERR orbifold action ° centrally trivial
THBIENDNEDTH 5.

X T, T5UT, centrally trivial 7% action 23& 5 /E &5 5 93
Do TN, RIS FHEM 2 F5121E, “T R T D centrally triv-
ial automorphism Z{RET 5 Z LVBMBETHD. T T, ZD7D,
A. Ocneanu IZ & % central sequence subfactor D L%z S5 Z £ I12F
5. LPAF, subfactor N € MI%, AFD, irreducible, finite index, finite
depth &9 5. ZdD& &, subfactor N N M' C M,Z2&ZX5Z &N
Ocneanu FARDLTH 5. Ocneanu 1%, Z D subfactor IZ2WT, in-
dex @, higher relative commutant {(Z2WT®D, asymptotic inclusion
MV (M'NMy) C My, & DR &% < OEM % FEIA DM L 12[02]
TF¥ELEZ. LU, ThodDdbEZ statement (X, EEHEHAL
FFBHTE 5D THBH. —F, centrally trivial automorphism 238 - 7z &
95 & EFNIE, ED central sequence subfactor @ dual principal graph
WCKEI NG Z EDREB IS DT, ZOmikT, Ct(M,N)/Int(M,N)
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DY A RIS 2 Lo DFHiEAFONEDTH L. 405, M,
N® non-trivial 72 normalizer Z & 72 \W& L7z& &, OOV X
i% “dual principal graph @ even vertex @ 9 %, normalized Perron-
Frobenius weight Of 1 ZFfDJHM D TEI A 6N I LIk 5.
D SUN) OB&E, Z0O ERD attain SNTWSHIZ LT <ICh
ma.

T 512, single factor DHH D Connes’ x(M) [C1] 1272565 T
X(M, N) = (Tt(M, N) 1 Ce(M, N))/Tns(M, N)

EBIH. THE, ZNEFAHEETH D, exact sequence 72 & DIEARHY
ME IS single factor DRFEFIRRTH S Z LS. I HIZ LD ERE XA
D72oTWVWBDITTHD. EDK DI partition function DFHFIZIFE X
5 ZLiZL D, rational conformal field theory 7* 5 ¥4 9 % subfactor
TIEWDTH, x(M,N) WRETEBH I LILiRb. £7-, TV VIVH%E
2, IRTOAR abel HEDY, Y(M,N) L LTEEHTESZLbb
nb.

—J3, Popa [P], RH-£EIF[CK, Ko i&, AlJiFAH» 5 Aut(M, N) Ot
RaftoTW\Wiz. 51, FRRT strogly outer = properly outer @ notion
IZE[E L, PopalP] I%, strongly amenable subfactor {23 L, strongly
outer &, centrally trivial DEENFEMETH S Z & ZFEHL, F/-KEH-
F[CK, Ko] I, strong outerness D5 % canonical endomorphism %
FICCEEA T 72, 2o 2 DOREEE b ES L LDy (M, N) OW A
AD ESX, strongly amenable DA THELWI EWRDZDTH 5.

¥ 7z, orbifold construction & sector (% 7zi%, bimodule) DEEHfR
ERD LIRS, £, EHEDZD Ay, 1 FLD subfactor ZHLA 5. *
TIER WD graph D sild (H72 % endomorphism TiZ7 <) auto-
morpphism Z&Z L THE D, 5D5E Aut(M,N) Dz 525, Zhl,
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centrally trivial TH 206, EOFEMRL YL, Z 2B D7z automor-
phism &, orbifold construction TEARMIZE->72EDEFUTHB I &
DREBLDTHD. X517, Tk rational conformal field theory %2 5 4k
U %9 RTOD subfactor IZDOWTEKD LD, TIZTHOHRA Y bD—DIF,
strong outerness D fiNve F v 794 5 K @, central triviality % F = v
IJTHILEDIFINLITLIEBLY, LEHZLTH5.

272U, WO TH LD LA attain SND DI TIERNI &ITHE
B9 5. TOHIE, Haagerup 235 L 7z index = (54 +/13)/2 O finite
depth subfactor TH 5. D& & EFRIZ3 25 A 50, EBEDY(M,N)
0 THhHS. ZOFERREZ % FERIZIXS.

§3 Aut(M, N) @73 & modular automorphism & DOXH{LL

RIZZZTlE, EDx(M,N) 73, single factor D& & kL T,

EDEDIT MR TEBh%Eimd 5. Connes iE single factor DA,
(M) 73 non-trivial 72 II; factor Z2\WA WA EfEoTREA, T ol

WINEFEAZEINT WSO L7 Y B 57z factor TH B. (AFD
TH, non-I'TEHY(M) IF0IZZ>TULES.) —7H, LRD Hecke algebra
subfactor 72 £l subfactor HERIZH W T H - & HEHARM L object TH D,
D& D7 TH factor 0)@4&%9:%%5/\%’6 AR, HEix, E
UWHELIIE (AFD) type 11 factor D TdH 5. £ZTET, AFD type
III factor M DO HCCREMEIZOWTHEEL THZ 5. Connes-Takesaki
module % mod, extended modular automorphism Za5& &FH<L Z 129
HiE, Ker(mod) = Int(M), Ct(M) = {Ad(u) - 5;u € U(M)} DD
DL 2, 70 AR Connes 12 & o TREASELIZT F 7 v A X
N, X, JEHEKST] THEALNZHDTHS. Tz LD (type 1T;)
subfactor @aﬁ & &R TAHANIX, Loi @ invariant <> Connes-Takesaki

module, orbifold action <> (extended) modular automorphism &\ 5 Xf
Wb Z L5, F£7-, paragroup ZIVH G A 111 # factor @ flow
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of weights CHM L7z DTHBZ b I<{HoNTWVWSE. AT, ZD
SHHNEHKREDTHD I D G 2 W 2hdhif LS.

[1] FH-F1& D non strongly outer automorphism @ characteriza-
tion (&, HAFE % Jones tower IZHAR L 72 & & “l1F & A & inner” &\
SEMTHB. —F, I factor DIE, (up to inner automorphism
T) extended modular automorphism TH» 5, &5 %M1%, modular
automorphism group IZ kX A EEREICERE Lz & % IZ inner 12725, &\
5 Haagerup-Stgrmer D& [FMETH 5. (ZHZ1E, amenability 1,
WHER\WN,) T 2T, basic construction, downward basic construction
1%, N %1 modular automorphism group 12 & 5 EF & centralizer

IZHIELTWS

2] Longo &, 3 TIZHD canonical endomorphism % modular au-
tomorphism (ZITWB Z & ZHANn6HERML T\\W5., EH-EWD Gk
IZ& D, canonical endomorphism @ power D EERI 3R IZEIH IS auto-
morphism Z RNE, X S5IZHELA ILBEDOEAETIZ) Eo&b LT
*%. Longo ML LTW5, KMS ZRFDHLLRES ZDRFGFDIZF
IMMBOPVRT VD TIERVWALEbs.

(3] Agn_3B subfactor DIGH, ElRD ZEHT, HEAEBZED, N
SHEM %2 JAUE, Do, subfactor D U ED 2 THRZRXH#LTWBEHD
IZHoTWABZ WS, Z0D 2 DDMEMD duality 1%, 111 B DGHED
Connes-Takesaki module & Sutherland-Takesaki modular invariant @
duality & DL TH 5.

[4] Popa {2 & % subfactor LO#EEX amenable #EH D73 #H1X, prop-
erly outer (= centrally free) action I, Loi ® invariant THHI N5, &
WHIETH D, T, I injective factor £ D#ERK amenable #£D cen-
trally free fEFH 1% Connes-Takesaki module THHI N5, L \WIHEDH
ThHhsd. ZOIIEDFERIE, Connes, Ocneanu, Sutherland-Takesaki,
Kawahigashi-Sutherland-Takesaki D#fEHEZ HbE~ZEDTH 5.
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7z, subfactor EDH BFEOE/EHIE, modular obstruction D4
LDEAIZ & o T I factor DRFE FRRIZHFHIND Z L HFEET 5.
(7272 U, ILMEOKROMEATHEEHN O 2RI, R 2 divisible TH S
ZEEHWTWS. 5056, ZOHEMREARILDOZD, REFFEL LS
IZTEBDIFTIERN.)

PEDZehroEZO6NEZLIE, TIE factor TOI LT E 48]
H1Z discrete 728 T I 4D subfactor IZEHbONBTHA S, L\WH T &
THhb. X617 I # subfactor DEGEIEX, Z D I B D discrete 72 B4
&, b H LI B single factor TOHRD, R > THbLNWS &
ZAoNd. C. Winslow [Wn] IZ & % Connes-Takesaki module & Loi
® invariant OFFHLRIZZ D & 5 RBEE - 2BR ORI OHITH 5.

(R4 BEHY A b
(FEL <&, [Ka3] NOFIHHE - &)
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