YEAZRER & 3 ¥RJT topological quantum
field theory

WSR2 (K - $5)

1 &R

V. F. R. Jones I&, H5SAI4 U 7z subfactor DEERIZFED &, 1984 41
%iU‘EO)T&E, Jones ZIHAZFR L7, Zhds, &8, HLEGH
i, AIEM TR, RO P ARR YR E R B Z AL TREDE Y %
RKELKHHESEBFEHO—DeRo-Z T I<HONTVWS., Z
NS DD E & R ER OBMRI, ﬁ?ﬂ(ﬁ’l iRE N E’ﬂﬁﬂﬁf)‘ﬂiﬁi
LR TWBM, EHZEEmM» S R-GE1, TOMOMNE%Z X
3 5 HERIE, 1987 F1Z A. Ocneanu (2 J:O“Cﬁ‘*&bbﬁ’w" paragroup Hi
i [10] THB. Ocneanu ik, ZOMFHIZDOWTIEHZELIW X ZE £ -
72K EVTWRWADY, FEEGELEK [11], [13] XA/ — b [12] BMFEEL,
bR 28301 (2], [4], [6] R E T XD, ZOFMASAITA > THET W
5. ZZTIE, F#T 3 ¥RIG topological quantum field theory (TQFT)
EDEERIZESZBWVWTHAL, X512 Evans-Kawahigashi @ orbifold
construction [1] & DERIZDWTHRNS.

9, paragroup HERDOBIKIZDOWTHRARS, X 0L < 1%, R
[]%%Tb\f’f"g‘f’b\ (FEAE L OREIZDWTIE, [3] LWV, £
3, 1L factor & F b%%ﬂﬁﬁ(km@ﬁ%@ﬁﬁffﬁ%#@’\T NcM
ZFZ5. ZOinclusion D “H A XD %2 DA Jones index [M :
Nlel,00] THB. UF, MEERELT NZ2ENPTEEZX, NCM
% HZ subfactor £\ 5. —fRITIX, [M : N IZRRICHERKIZZ2 > T
LES5D, ZITIHFAERDOEAEZITZFZ 5. (Jones index= co D



A D subfactor HFwlE, 1F& AL KMITHS.) Ocneanu DEAM T
174 7%, 22DII factor A%, — DO Hilbert ZE[IZ Wil A> & 1EH
3% bimodule 2% Z 1L (compact D) REGHTD X £ X F 70k
#9i<vmf%5 WS 2 ETH o 7. (KRB DD 2 5
79572121, bimodule Z2F 25 DHBNNE WD T A 74 7 HIKIX
Connes &%) BARIZIX, REWVERMEZELAPSDENTFNM, N
Z X BHNI BT bimodule & 5725 D%, fundamental representaion
DEMEES>DTH 5. (IEMEICIX, M% Hilbert 22123 5720, N
*ﬁ%)\ﬁ’bfmfﬁm’?é.) ZZT, UFD XD R rtibns.

BT bimodule

IEF IEF

tensor F& FHX} tensor F&
IXJT (Jones index)!'/2
Frobenius fH B.E | Frobenius fH .7
FARKIL My

WIZ, yMy& yMy 25612, IR%, f8Xf tensor FBEZEED, T DR
PEEITD. TO LU THOLNWATRTOD bimodule ZFHR5DTH 5.
(Bimodule X, Y DX tensor FE X @ Y Z/E5 121%, XIZHE»S/ERHL
“CL‘% factor & YIZEDSIEH L TW53 factor DA U TH B HEDH
5. %, factor l&, N,MD_D2%ZZT\WADT, bimodule %, N-N,
JVM]WN]WM@4@#%%)*W i, ZOLSIZLTWITIE,
EAEAH LW bimodule B TETWL D, HBEEDWWIRI T T
1%, AIRMED bimodule 721 TRETULE 5. ZDHK, £ & D subfactor
N C Mi%, finite depth ZFf2> & W\, (4FED) AFR{ED bimodule 7*
HERING “RIETHLEE BWEONS. (TbL, 2 DOLOHEN
tensor fE %, MOTLOIEABBUIRBOAIR 1 IFEG I NS.) Z
i, rational conformal field theory (RCFT) D EE % H L T fusion
algebra & FEIEN 5. (7272L, 4 DX tensor FElk, AH#LTIEARW
ZEIZERLTEL) Ik, IR level TD Wess-Zumino-Witten
model ¥, 1 DMIRTORFHORIGRIZ L SBUDRWTH S, MH,
AFD (approximately finite dimensional) II; factor & FFIX#1 2 FEAHY



MVEHFZE T, subfactor N C M7 finite depth 2254 (X 512
%, o & —f%IZ strongly amenable & SN 55E) 121, FEITHYIC
ESHLHOTVWWHEEZFEDZ DY, S. PopalZ Ko TREINTWVWSDT,
subfactor D738, MAKDOREIX, REWEEIZREINDLIDTH 5.

BER bimodule 1%, BEHIRIOELLDT, 2O 3% 95 21T &
D, 6j-symbol DFELINESNS. Tk, quantum 6j-symbol 72 & &
Sbnd. THIFHERIIZIE, b 5REOBIFRAZ 72 94 FRIE DO EFEL
DA TH 5. Fusion algebra & quantum 65-symbol DT, H 5 AHR
G723 HD, L\WD DA paragroup D— 2D formulation TH 5. (G
L&, [12], [2] 25 &.) T, Moore-Seiberg D combinatorial 73
BIETORCFT IZELKBLTED, FEEde Boer-Goeree 1%, RCFT 225
paragroup BMENS Z & ZRLTWA. SU(2), WZW-model D573,
Jones @ A, subfactor, SU(N);, WZW-model D& DY, Wenzl O
Hecke algebra subfactor Td %. Paragroup @ % & % & @ formulaton
[10] 1, quantum 6j-symbol @ 6 2D bimodule D 5 H D 2 D & [EE L
T, BODADEHENLZ—EDOT—X 125K D12, flatness
EEDLNLBNEA TONHZRETHEDTH L. T4, AT
BHNIZ B 1 % face model X°, % Z T partition function 2% 2 5 Z & IZ
FAMTWB. 72, W AFEOMBNRELE L EX5DT, 65-
symbol D72 Y IZ flat connection & WD ZETHA DWW T WA, (Flatness
DR, ARG AL ORfRIZDOWTIE, [11], [12], [6], [1], [3] 2 R
&£.) Dynkin BIIZ ST 2856748, BRRIZEHAET 256121%, 2
5 5 D formulation DIF D BEBE NN T & L.

E. Witten 1%, Jones ZHAZWHNT A T 1 TIZHEDIWTER, A
#7% 3156 TQFT @ formulation 2187z, ZVIIEFIITIX, BT
WRIPo72DT, HEREDEGZZHMANEL DAL > T bz,
Zh61E, UIX UK combinatorial 72 GIEIZED &, T4 DL ITHE
WZBEER T 5 DI, Reshetikhin-Turaev IZ &5 H D&, Turaev-Viro iZ &
5HEDTHD. HiElE, link @ surgery & Z ®D Kirby calculus (23D
X, BHEIX, ZEARD triangulation & Z ® Alexander move (23D <.
SU(2), s DA, %BED TQFT X, AiZD TQFT & £ D#E#E
1% & D tensor FEIZET 5 Z LAY, Turaev iZ Lo CREHINT W .
Turaev-Viro D5 D%, TR AH %723 H 2D 6j-symbol 5



SHFETNETNDTEFEND EVWIFEITR>TED, TDLS 40—
b X 17z 65-symbol DHilE U T, Kirillov-Reshetikhin ® U, (sly) @
quantum 6j-symbol 23® 1T SN TW5B. Fik, FH4 D subfactor DK
T®D quantum 6j-symbol @ 3 DDOAHIE, TD TQFT D/zHD 3 D
DR E RKBEIZF U7 DT, finite depth @D subfactor 225 1%, WD
TH 3Kt TQFT MEN, F72, 6j-symbol 123D < 3Rt TQFT 7>
51k, WD TH subfactor IZEENS Z 21245, (Zhik, & [12] T
FiRI Nz, EMERAT—MA Y N EFERHIE, [2] A K.) Subfactor
T, (EEITIE) PR PSR VE DN ORI N T/E
DT, ZTNSHIZHINT S TQFT @ bR\ ¥ — 72 2=k O fig B 73 Bl ik
Z\. Reshetikhin-Turaev B2 TQFT 1%, “& 0 @AM 2S5
DT, BEF7 subfactor 7 SIFENR . TDRUTDWTIE, KEIT
EHIZHIT 5.

2 FRARIRE TQFT — AR EMER —

k@D triangulation/6j-symbol 1230 < 3 kot TQFT 2 & para-
group DRERIZDOWVWT I SIZFEL <FHT 5. Kirillov-Reshetikhin O
6j-symbol 1232 <, Turaev-Viro ® TQFT D&, 1 D%
exp(mi/(n+1)) DICITHIIEX, ZD X £ A, BLD Jones D subfactor A*
TE5. TOFKRT, WHK, KREMIZIZFEL W THWWDZA,
RIEIVELDENDDHD. TUTIDEVR VS NS & BIRENBIR
ZH756TDTH5.

9, I unitarity & SONLMETHS. LT, 1 OME%E
exp(mi/(n + 1)) OBIZE - 720, TNEIEFVLOFIZE->TLE D &,
TERAZBRITITHIG LR > T UL E 5. £hiE, FHZEERTIX, Hilbert
72 D NFE DS postive definite TZ < TIEWIT W, WD RAFEITHE
$ 5. 7z, trace D positivity EE->TH LW, LArLEbHZRT, Z
NIEZ T BRI VIE N Z 72 6 T2\,

X DEELRKRA Y M, subfactor DRI TIX, WM~ SIERHT 5
factor ZNZNIZDWT Zo-grading b5 L VWS 2L TH5S. ThiZ
& 5T 4 FED bimodule BFAET 2 DN, E£id TQFT O 72HIZ1,



M-M bimodule 1 f&%H, F 721X N-N bimodule 1 fEEZ T F 21X L VD

FEXED bimodule 2 A > TWIULXE & D subfactor BELTE %23,
1A TS TIIEILTE R, 20720, index A%E S subfactor
DR TQFT 252562 HhH 0 5 5. FOHERFEND, [9) TH
ZH N7z, index MY 4cos?(n/12) D A FLD Jones subfactor &, index
7% 3 + /3D Goodman-de la Harpe-Jones subfactor DB TH 5. 1%
#1%, Wess-Zumino-Witten model 2* & B2 1372\ subfactor & U
ThH o &b ELE subfactor D—DOTH o720, HHTL % TQFT I3,
SU(2)10 (@D integer spin 721 o725 D) LEUIZKR->TLES>DT
H5. X, THITINEEDD L, ZD index 3 + /3D subfactor
», EHZRGRNICEIEEZF-oTWnwasZ e bbnsd. Zhld, Z
@ subfactor %, principal graph & dual principal graph 23 U 7223,
M-M bimodule @ fusion rule &, N-N bimodule @ fusion rule 55
W5, EWHZEThHB. FAD fusion rule 1%, LD XS5 A;;D
integer spin M43 D fusion rule (truncated Clebsch-Gordan fRE( T
REBED) LRIUTHDH, 5 FHIF, index ¥ 4dcos?(r/12) D
EsB1 D subfactor @ fusion rule LR UKD TH 5. fEHFELRIHIIIZ
Lo EBbALERIE, EMTQFT X, AR TQFT OES T —& 72
FEFSTELSNTWS, E\WHZeTHHd. 7200, MoK T
—RPEZFEMEST272DIIM A > TENEDIZARD, WS afaElkd &
D55, EE, Ocneanu DD Nitica & Torok DtEIZ XX By
B TQFT &, lens space L(3,1) @ orientation % detect 35 &\W5 Z
ETHHN, AT TQFT 1%, W72 5% KD orientation & detect
TERWZ DT SIThhrb.

REID quantum double & DREE# TH Z D grading 73, & O @&Wxf
EZGE 720D L 725,



3 Quantum double, TQFT, and asymp-
totic inclusion

Subfactor 254 U % TQFT O &EE 7 s(l%, Drinfeld D quantum dou-
ble (ZH 7= KA, M EERMF EEHZRERON 16 BRIZEH DN
5L THd. RDIDDFEERES.

(&%) Drinfeld ® quantum double construction
[#fr]] Turaev-Viro BL®, triangulation (Z&2 < 3t TQFT

[f#4T] Ocneanu @ asymptotic inclusion & central sequence subfactor

FEITINS1E, conceptual IZIZFARRRED%Z, ©LE S HETHE
Bd 23 00HMALEAONDEDTHD. KELIZWAIE, 1o
FWIhEHERE, The S 1285545 (dual, complex con-
jugate, opposite 72 &) EHlAEYE, I SITNIMMEE O BEEEZ A 72
HEDEEZH5NS. Quantum double DIFEIE, FIIZEFDEED
L, asymptotic inclusion & &, N C M»H M @ (M' N M) C M
BIEAHEETH 5. (M1, Jones tower @ “MHfE” ¥ LTHELND I
factor THB.) Z Z T, AFD % finite depth & WS {RED KTl
M' N Myl%, M® opposite algebra (FEDIEFEZ V> ONZ LD
D) IZFABIZ7 B D TH 5. Central sequence subfactor DFEIE, X
D ERTRN 7S RERR 723, REA 72 A 5 1%, asymptotic inclusion & AR
B IZ[Rl— D paragroup ZE 58k & 72T 5. Triangulation (25
DK TQFT &1L, HE D “double” DRRIZE AR WrH Lawn
D, ZTHIZDOWTiEd & THblT 5.

BREEGOLOHEF L E, ED3DIE, EBRIZEUSDEEH5Z 5.
TQFT (Z D4 1E, Dijkgraaf-Witten (2 X %) & quantum double (Z
DWTIX, Z®dZ &Iid Dijkgraaf-Vafa-Verlinde-Verlinde DL 25D
& Dijkgraaf-Pasquier-Roche 1Z X - T 17z, Central sequence
subfactor & Dijkgraaf-Vafa-Verlinde-Verlinde @ B{%1%, Ocneanu (Z
£5.



Subfactor N C M D6 ¥ U T paragroup 21E->TH, —#RIZIZE
SNBENFMEIFEIZZNIZFEFE <RV, UL7A 5T, Moore-Seiberg %
RCFT %, Resheteikhin-Turaev # TQFT Z/EA 5 & L TH —fKITIE
TERVWDOTHSD. UL, Tureav-Viro B TQFT IXWDTHTE S
DT, ZOBRSND, 250 b — 7 AT 2 A RIXIC Hilbert 24
M Heiyqr ZIANRTHELSD. TQFT O —fim TlIAK, Zihid K
£ & (conformal block, ETFHDORELLE) 72, ZTDOXRTHVHAR
BHIEE 525 IS, 5, “KREEEE” 1E, bimodule TH
H0F7EH, —#&IZIE bimodule % ¥ S5 MAEDLETE Hg g DIEJE
oW, KRR, EHRERDOSGT, NC Mebo20H0D
IO AR WL, ELVWHEERRATRREVWOTHS. Thbb,
asymptotic inclusion (finite index, finite depth Z£fD) IZ¥o7-H &
D MR(M'NMy) C M JAZRIRT % M- M,y bimodule 232 @ Hilbert
ZEEOBARGEIEZ G A 5D TH B, (FEIZIE, fusion graph OEfE
WIS KMV BETHD. VW TOVWOHES BHITIE, ZOREI
M-I TWnwb.) LT, ZTD M. -M, bimodule D5 TIZ, fusion
algebra [XA[#a L 72 0. S TITHIDFEL, SITFIX fusion rule % X4
fbU, TA751E 1 DRz 0 M3 IR DX AT 5. 2o i,
RCFT (28135, Verlinde % Vafa DFEROHLITH 5. T DHDGEH
IZ1%, bimodule % 2 IRITDKRTET Ocneanu D HiEBHb s, K
2, HDEA L7z tube algebra @ center M minimal projecton &, Bk
# M- M, bimodule DK IGAHR A >~ N ThH 5.

Asymptotic inclusion TD, M&(M'NM.)-M&(M'NM) bimodule
DFlE, BIZFED M-M bimodule DRT ThH 5. Thbb, ZOERK
TlX, HIZ “double” Z{E>TKEL L7272 TH D, ZNH grading
2% HWT, My-My bimodule IZ#1735Z2I12&>T, S, T 174
BREDENHIMENRZESNDEDTHS. 22 TH bimodule D grading
BRIV TWB. ZDVEH 5 1E, asymptotic inclusion 1, paragroup
IZX9 % quantum double construction & F > TH L\,

X T, Turaev-Viro B0 TQFT T®H 5 %%, “double” & &5 HH
X, FARTEDOEWT —& (RCFT &) o liFEL L EiTi3,
Reshetikhin-Turaev B TQFT WHEIZZEHIZKE LI N TWEZIT7Z
PoTHS. ZOFEEF, AULELEAPTRWD, SUQ2)0%EE, ik



D& HIZ, Turaev IZ L > TREI Nz, Turaev 1F, o & —#{LL 7=
FEHEIEAL TH Y, Ocneanu HIEAFZEEmZ HWT, —MZRdE
ERETWA. Tabb, EAZRRRIIZEWKFER GO S HiiE,
Reshetikhin-Turaev 1 TQFT & Turaev-VIro & TQFT DX A5 H3E U
subfactor 7 SAENT, #HFIX, R & £ DEFILE L D tensor FIZ 5T
g5, WSO TH5. ([13] 2B 3 chirality DiEE%E 2 MH.)

4 Orbifold construction

%12 orbifold construction ® TQFT (21} B ERIZEST 5, “HifF”
ZiBHU & 5. £, orbifold consruction 1%, CFT IZJi% 5, AlfiR
M HIT D, Fendley, Ginsparg, Kostov, Roche, Zuber & D J5ikiZ
FDF, subfactor TiX, [6] THRMIZHWSN. ZD&K, [1] T—#
M7 FikE UTHENLE N, X 5IZF. Xull &> T, RCFT & OF%EDS
oMz Nz, BETIH, B 5 IT&-T, RBMIZ—bInT
w3,

Z 1iZ paragroup % H B MFMET “E]5” WS T A T4 7T, Al
Ci, Dynkln ﬁ? A4n,3;& 22 f%ug <, Dynkln % DQH’Ef%"E) DIz [6]
Tz, (Ay,_; DS, flatness (2B 5 obstruction 23849
HDT, #HloTH Ay, 1 DEFTHSH. ZD obstruction &, RCFT ®
conformal dimension THZ 6N5H%Z Xu WRUL7z.) ZTZTHLN
% symmetry 1, subfactor N ¢ MO HCARM L JARd Z L WAEET
H5.(Tibb, MOHCHEMT, N% global IZEINI R WE DT
5. 95¢, TOHARMIX, ROEHIZHOLNEZEDLFEUTH
52D, RH-ERDOERMEZHWNVTRING. £72, BTN ILIEGD
5%, ZOHCAREBIE, centrally trivial & W5 RJETHREN T 51,
Connes DH X R AL Y (M) O subfactor iR [7] #5-A 5. ZD KD
IZ, WAWARNGNORAZENTE S, EELHAHBARDTH
57, TQFT L Of#E 2 R TA LS. $25&, ZOHDAEK, HR
IZ central sequence subfactor @ intermediate subfactor Z 5- 2 %5 Z &
Nohsd. LHrd, ZO0 intermediate subfactor (%, Z,/EFIZ & 24 H)
MEE UTHLONS., —f&IZ, intermediate subfactor 23HNIE, &



@ subfactor &, primitive 7% object TIXZR\W&E WS Z &7 L, 50D
£l%, X 51T, asymptotic inclusion 1%, “DFE &7\ WFMEZ RDIZ
BATWVWD, EWDZ2ilib. TDEI2EDIE, AED “quantum
symmetry” TIRBRWVWDENS, BHORWTEZBZRETHS. 0D,
DESBRWVWKFMEZELD BR< & WS {EM %, orbifold construction A%
FoTWwad, WSONRZZTHFEhs2ZA5TH5.

(22 TIE, EHEBRT SEMRERROMXUPEIHL TWRWL.,
DIHIZDWTFEL < 1L, U TFOFXDOFHXHEY A %2R XK. ]

References

[1] D. E. Evans & Y. Kawahigashi, Orbifold subfactors from Hecke
algebras, to appear in Comm. Math. Phys.

[2] D. E. Evans & Y. Kawahigashi, From subfactors to 3-dimensional
topological quantum field theories and back, to appear in
Astérisque.

3] D. E. Evans & Y. Kawahigashi, Subfactors and conformal field
theory, in “Quantum and non-commutative analysis”, 341-369,
Kluwer Academic (1993).

[4] D. E. Evans & Y. Kawahigashi, Asymptotic inclusions for subfac-
tors, topological quantum field theories and quantum doubles, in
preparation.

[5] S. Goto, Orbifold construction for non-AFD subfactors, HUR K
fE1Lam >, 1994.

[6] Y. Kawahigashi, On flatness of Ocneanu’s connections on the
Dynkin diagrams and classification of subfactors, to appear in J.
Funct. Anal.



[7]

[10]

[11]

[12]

[13]

Y. Kawahigashi, Centrally trivial automorphisms and an analogue
of Connes’ x(M) for subfactors, Duke Math. J. 71 93-118, (1993).

Y. Kawahigashi, Subfactor D& ¥ Galois & U TD paragroup,
T 45 346-358, (1993).

Y. Kawahigashi, Classification of paragroup actions on subfactors,
preprint 1993.

A. Ocneanu, Quantized group, string algebras and Galois theory
for algebras, in “Operator algebras and applications, Vol. 2 (War-
wick, 1987),” London Math. Soc. Lect. Note Series Vol. 136, Cam-
bridge University Press, pp. 119-172, (1988).

A. Ocneanu, “Quantum symmetry, differential geometry of finite
graphs and classification of subfactors”, University of Tokyo Sem-
inary Notes 45, (Notes recorded by Y. Kawahigashi), (1991).

A. Ocneanu, An invariant coupling between 3-manifolds and sub-
factors, with connections to topological and conformal quantum
field theory, unpublished announcement, (1991).

A. Ocneanu, Chirality for operator algebras, (recorded by Y.
Kawahigashi), to appear in Proceedings of the Taniguchi Sym-
posium, 1993, World Scientific.



