STABILITY OF MULTIPLICITIES IN SYMMETRY
BREAKING: THE sl, CASE

TOSHIYUKI KOBAYASHI

ABSTRACT. This expository paper explains, in the case of slp, the
ideas introduced in the preprints (arXiv:2509.17007, 2604.22262),
which develop a new framework for the study of multiplicities in
branching laws of representations, with particular emphasis on
their dependence on representation parameters.

Taking the Lie algebra sly as a guiding example, we show that
multiplicities, which are often computed via ad hoc, case-by-case
arguments, are in fact governed by universal systems of linear in-
equalities. To describe these inequalities, we introduce the notion
of fences, which encode the piecewise-linear boundaries of regions
in parameter space on which multiplicities remain constant.

Within this framework, we give an explicit description of how
multiplicities vary as parameters move inside reduced coherent fam-
ilies of representations. Our approach applies uniformly both to
finite-dimensional representations and to admissible smooth Fréchet
representations of real reductive Lie groups, and reveals a subtle
and intrinsic interplay between the parameters of a group and those
of its subgroup.

As an application of the general theory, we establish stability
results and explicit formulas that clarify and unify a variety of clas-
sical phenomena, including the Pieri rule, K-type formulas, fusion
rules, and tensor products of Verma modules. In particular, the
stability of fusion multiplicities provides a concrete manifestation
of the theory. More broadly, this framework suggests a unified ap-

proach to branching multiplicities extending beyond the sls case.
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1. INTRODUCTION

This article proposes a new perspective on multiplicities in branching
laws of representations, with a particular emphasis on stability phe-
nomena. Our primary focus is the Lie algebra sl,, where these features
can be illustrated through classical examples that exhibit a common
underlying structure. In a variety of settings, multiplicities are tra-
ditionally obtained through detailed case-by-case analyses; however,
as we demonstrate, they are in fact governed by universal systems of
inequalities that control how multiplicities change as representation pa-
rameters vary. Identifying and organizing these inequalities in a unified
way is the main objective of the present work.

We begin by presenting four representative examples that share a com-
mon structural pattern.

(1) (Pieri rule) For the irreducible (m + 1)-dimensional represen-
tations V,,, of SU(2), the irreducible constituents in the tensor
product decomposition are determined by a system of inequal-
ities (see (3.7)), together with the parity condition m +n =k
(mod 2):

Vi@V, Vi] #0 <= Im—n| <k <m+n.

(2) (K-type formula for discrete series) For the discrete se-
ries representation Il of SL(2,R), the K-type decomposition
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is governed by inequalities (see Example 2.14), together with
the parity condition A =n+ 1 (mod 2):

[, :C,]=1 <= n>A+1.

(3) (Fusion rule for discrete series ([15, 18])) Let II,,, i =
1,2,3, be discrete series representations of SL(2,R). Then

[H/\1®H)\2 ZH,\S] =1 <— )\32)\14‘)\24‘1,
together with the parity condition A\; + Xy — A3 € 2Z + 1.

(4) (Tensor products of Verma modules) Let M(a), M(b),
and M(c) be Verma modules over s[(2,C). Generically, the
multiplicity

m(a, b, ¢) = dim Homg,, (M (c), M (a) @ M (b))

is 0 or 1. However, the multiplicity jumps to 2 precisely in cases
characterized by explicit inequalities ([12, Thm. 9.1], [16]; see
also Example 3.12), together with the parity conditions a, b, ¢ €
Z and a+b— c € 2N:

a+b+c< -2, la — bl < —c—2.

Rather than relying on ad hoc, case-by-case computations, our goal is
to uncover a universal mechanism underlying these inequalities and to
formulate it in a representation-theoretic framework. More precisely,
we formulate certain universal properties in branching laws in terms
of infinitesimal characters, independent of the real form or the specific

representations considered.

For infinite-dimensional representations, the notion of multiplicity re-
quires a more careful formulation, as it depends on the topology of
the representations. Let G be a real reductive Lie group. In this ar-
ticle, we primarily consider the category M(G) of admissible smooth
representations of G of finite length and moderate growth, realized on
Fréchet spaces (see, e.g., [20, Chap. 11]). Let Irr(G) denote the set of
irreducible objects in M(G).
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Let G D G’ be a pair of real reductive groups, and let IT € M(G) and
m € M(G'). When G’ is compact, we have

dim HOngl (’/T, Hygl) = dim Homg/(H\G/, ’/T).
However, this equality does not hold in general if G’ is noncompact.

In the general setting where G’ is not necessarily compact, we con-
sider

(11) HOII’IG/<H|G/,7T),

the space of symmetry breaking operators, namely, the space of G’'-
homomorphisms from II to 7, that are continuous with respect to the
Fréchet topologies. Its dimension is called the multiplicity and is de-
noted by

[H|g : 7], orsimply, [II: 7.

Our primary objective is to understand how multiplicities vary as the
parameters vary when both a representation Il of G and a representa-
tion 7 of its subgroup G’ are equipped with natural parameters. Fami-
lies of representations parametrized in a compatible manner are called
coherent families. Although coherent families can be considered for
G and G’ separately, multiplicities in branching laws are governed by
a subtle but highly nontrivial interaction between the parameters of
the two groups, as illustrated by the four examples above. This inter-
play makes the problem considerably more intricate than the study of
coherent families for a single group.

We give an explicit description, in the case of sl; and its direct sums, of
how multiplicities change under parameter shifts. We identify relations
between the parameters of the two groups that control these changes;
these relations are expressed as systems of inequalities, whose bound-
aries we term fences (Theorems 2.3, 3.1, and 4.1). We also establish
stability results for multiplicities (Theorems 2.10 and 2.11).

This problem is naturally studied in settings where multiplicities are
uniformly bounded. Pairs of complex Lie algebras with this property
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were classified in [11], see also [7, 9, 19], and are limited to

(5[7179[7171) and (Ona onfl)-

The former case has been generalized in recent preprints [4, 14], and
the latter in a preprint [10].

This provides a new conceptual framework for understanding branch-
ing laws beyond traditional case-by-case analysis. A particularly trans-
parent manifestation of this framework appears in the study of fusion
rules for sly. More precisely, a general translation formula for sym-
metry breaking operators (Theorem 3.1) serves as a special case of our
main results and leads directly to stability phenomena for fusion multi-
plicities. These stability properties are illustrated in concrete terms by
two explicit examples in Section 3.6, which demonstrate how multiplic-
ities remain constant within regions of the parameter space bounded

by finitely many linear inequalities.
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Convention. We write N := {0,1,2,...}, Ny = {1,2,...}, and
N_:={-1,-2,... }.

2. FunDAMENTAL ExampLES: sl((2,C) | gl(1,C)

To illustrate the general phenomena discussed in the introduction, we
begin with the most elementary example of branching: the restriction
from sly to its Cartan subalgebra gl;. Although this case is elemen-
tary, it already exhibits a key feature of multiplicity patterns: the
relations governing multiplicities depend only on the complexified Lie

algebra and the infinitesimal character, independently of the choice
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of real form and of whether the representations are finite- or infinite-

dimensional.

This example serves as a foundation for the more detailed analyses that
follow. At the same time, it provides a concrete and computationally
transparent model for key concepts such as the diagonal action of the
Casimir element on tensor products and symmetry breaking operators.
It will also serve as a model for subsequent sections and future work,
including the study of fusion rules for sl and their extensions to higher-

rank and infinite-dimensional settings.

2.1. Basic Setting for sl(2,C) | gl(1,C).

We now formulate the problem in this simplest setting:
(gc, g¢) = (s1(2,C), gl(1,C)).

We consider the standard basis of gc = s((2,C):

(2.1) H:z(1 O), X::(0 1), Y:z(0 0).
0 —1 00 10

Then {H, X, Y} forms an sly-triple; that is,

[H,X]=2X, [H)Y]=-2Y, [X,Y]=H.

Let jc := CH C gc¢ be a Cartan subalgebra. We identify ji with C
via A — A(H), so that the unique positive root in A(gc,jc) is 2 and

p=1
We use the normalization of the Casimir element €2 such that

Q:=H>+2(XY +YX) € Uge).

Then the center 3(gc) of the enveloping algebra U(gc) is a polynomial
ring generated by 2. We normalize the Harish-Chandra isomorphism
as

(2.2) Homc aig(3(gc), C) ~ jo/W ~ C/{£1},
so that Q acts on a module 7 by the scalar A — 1 if 7 has the 3(gc)-

infinitesimal character .
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For a G-module V and
7 € Home e (3(gc), C),

let P-(V) denote the 7-primary component of V' (in the sense of gen-
eralized eigenspaces):

P(V)y:=]J () Ker(z—7(2))".

k=1 z€3(gc)

Then we have the primary decomposition of V' € M(G):
V=P (),

and we denote the projection onto the 7-primary component by the
same letter P,: V — V.

We shall work in the following setting:

Setting 2.1. Let G D G’ be a pair of Lie groups with complexified Lie

algebras

(2.3) (9c, 9c) = (s1(2,C), gl(1,C)),

and let {H, X,Y} C gc be an sly-triple such that g, = CH.

We denote by C, the one-dimensional representation of g given by

gc D tH — vt € C, t € R.

For simplicity, we assume that G’ is connected, and use the same no-
tation C, for the representation lifted to G'.

Example 2.2. Let G = SL(2,R).

(1) Let G' be a maximal compact subgroup K = SO(2), and let C,
denote the character of K given by

c9s€ —sinf N _—
sinf  cos®

(2) Let G' = A, where

A::{<€0 i) :xeR} C G=SL(2,R),
e
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and let C, denote the character of A defined by

(e 0 > — e, v e C.
0 e*®

2.2. Translation of Symmetry Breaking via Tensoring with

el el

Let
C? .= CfroCf_

for the natural representation of gc = sl(2,C).

and write

We investigate how symmetry breaking operators transform under ten-
sor product with the standard representation C2, which provides a basic

instance of translation of infinitesimal characters.

Suppose that I € M(G) has infinitesimal character A € C (with re-
spect to the Harish-Chandra isomorphism (2.2)). Then IT ® C? admits
the following primary decomposition

N®C*~ P, (I®C?* e P (I®C?.

For § € {1,—1}, let
(2.4) Py st T®C? — Prys(IT@ C?)

denote the natural projection.

Theorem 2.3. Assume that
(2.5)
3(gc) acts on each primary component Py (I ® C?) by scalars.

Let I € M(G) have a nonsingular infinitesimal character A # 0. Let
ee€{+,—} and § € {1,—-1}. Let T: 11 — C, be a symmetry breaking

operator. Then, for every u € 11, we have

A+6(1+ev)

o (Tu) ® f-.

(2'6) (T ® pl"e) © pr}\—>)\+6(u ® fs) =
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This identity (2.6) describes explicitly how symmetry breaking opera-

tors transform under shifts of the infinitesimal character.

We define the translation functor wiil by

X\H(H) =pry g s(IT® C?).

Under the assumption (2.5) and A # 0, Theorem 2.3 immediately im-
plies the following propagation property of multiplicities:

(2.7) I:CJ#0 = | /)\\—HS(H) 1 Cuie] # 0,
whenever A+ 6(1 +¢ev) # 0.

We now explain how Theorem 2.3 controls the multiplicities in a con-
crete setting involving finite-dimensional representations of SU(2). In
this case, assumption (2.5) is automatically satisfied due to the com-

plete reducibility of representations of compact groups.

Example 2.4. For every n € N, there exists a unique irreducible
(n + 1)-dimensional representation of G = SU(2), denoted by V. It
has 3(G)-infinitesimal character n + 1.

We consider the weights of V,, with respect to the maximal torus G’ :=
T C G. The irreducible decomposition (the Pieri rule)

Vn—i—la lf n = 0,
Vn+1 @ Vn—l; it n Z 17

V, @ C? ~

implies that the family {V},},en satisfies
(2.8) U (Vaer) = Vi, (V) = Vi,

for every n € N,. (This property is part of the definition of a reduced

coherent family of G-modules; see Definition 2.6 below.)

When n = 0, V) is the trivial one-dimensional representation, and hence

(2.9) Vo:Cl#0 = v=0.
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By iterating (2.7), we can determine the weights of V,,. Specifically,
V,:Cl#0 <= ve{nn—-2...,—n},

for every n € N, starting from the trivial case (2.9) for n = 0.

=) Assume for some n € N, that
Voo :Coq] =0 ifvég{n,n—2,...,—n}.
Applying (2.7) with § = =1, e = —, and A = n + 1, we obtain
Va1 : Coma] = [¥541(Va) : Coa] =0 = [Va:C] =0
if (n+1)—(1—wv)#0. Thus,

Vo:C)l=0 ifve{nn—2,....,2—n}U{-n}

<) Assume for some n € N, that
Vi1 :Cl#0 ifve{n—1n-3,...,1—n}.
Applying (2.7) with § = 1, A = n, we obtain
Va1 iG] #0 = [Ypt (Vao1) : Cupe] = [V 1 Cupd] #0
if n+14ev # 0. Hence V,, has weights

n—2n—4,...,—n, from the case e = —,

n,n—2,...,2—n, from the case € = +.

Thus the induction proceeds.

This example pertains to the finite-dimensional case. Although the
result is classical, the method presented here is new: it reconstructs
branching laws inductively from the trivial representation using trans-
lation. This method can also be applied to symmetry breaking for the

infinite-dimensional representations.
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2.3. Reduced Coherent Family of Representations.

To extend the idea of Example 2.4 to the infinite-dimensional set-
ting, we recall the notion of a coherent family of representations. Al-
though coherent families provide a powerful framework for studying
wall-crossing phenomena, we shall only consider parameters lying within
a fixed Weyl chamber.

In the framework of coherent continuation, the following result is par-
ticularly important (we do not recall the general definition here).

Fact 2.5. Let G be a real linear Lie group contained in a connected
complexified Lie group G¢, and let II € Irr(G) have a nonsingular
infinitesimal character. Then there exists a unique coherent family in
Irr(G) passing through II.

In the present paper, however, we use only one aspect of coherent fam-
ilies in a special case. More precisely, we adopt the following simplified
definition.

Definition 2.6 (Reduced Coherent Family). Let G be a real form
of SL(2,C), and let II € M(G) have infinitesimal character ¢ € C.
Assume that ¢ is nonsingular, i.e., £ # 0.

Define the parameter set A by

Z+¢ e,
(2.10) A=AE):={N,, iféeN,,
N_, if¢éeN_.

A family of representations {II, € M(G) : A € A} is said to form
a reduced coherent family through II if the following conditions are
satisfied:

oI, =11 ifA=¢

e I, has infinitesimal character A;

e For every § € {1,—1}, whenever A and A + § both lie in A,
(2.11) Py s(ITy ® C?) ~ 1T 5, Py(TTy 5 ® C?) =~ TI,.
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Example 2.7. Let G = SU(2). Define IT) := V) _; for A € N,. Then
{II,} forms a reduced coherent family, where V}, denotes the (m + 1)-

dimensional irreducible representation.

Example 2.8. Let G = SL(2,R), and let P C G be the parabolic
subgroup consisting of upper triangular matrices. For A € C and k €
Z7]27, let C, , denote the one-dimensional representation of P defined
by

a b

Xaw: P — C, (
0 —a

) — |a|*(sgna)”.

We define the normalized principal series representation of GG by
II(\, &) == Ind%(Cyyy ).

Then, for any £ € C\ {0}, the family
{II(¢+m,k +m) :m € Z}

forms a (reduced) coherent family.

Example 2.9. Let G = SL(2,R). Then the set of holomorphic discrete

series representations
{H)\ . )\ € N+}

forms a reduced coherent family. Each representation II, has infini-
tesimal character A, and its minimal K-type is given by Cyy; € K ,
where K = SO(2). By our convention, we equip II, with the Fréchet
topology of smooth vectors, rather than the Hilbert space topology.

2.4. Stability Theorem of Multiplicities in Symmetry Break-
ing.
As an application of Theorem 2.3, we present a stability theorem for

multiplicities in symmetry breaking, see (1.1).
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For subsets A C C and H C C, we set =:= A x H and define

EM:={(\,v) €Z:Rev > |Re)| + 1},
=7 :={(\,v) €=Z:ReX >|Rev|+ 1},
=hi={(\,v) €Z:Rev < —|Re )| — 1},
=7 ={(\,v) e =Z:ReX < —|Rev|—1}.

Theorem 2.10 (Stability of Multiplicities). Let (G,G’) be as in Set-
ting 2.1, and let {II, : X € A(§)} € M(G) be the reduced coherent
family passing through I1 = I, € M(G) with nonsingular infinitesimal
character £ # 0.

Let C,, be a character of G' for some n € C.
Set

=Z:=A¢) x(Z+n).
(1) If § —n &€ 27 + 1, then

[ : Cy)] = [II: C,
for all (\,v) € E.

(2) Suppose that € —n € 2Z+ 1. Then (§,n) € Z° for some s € {1, —
4, <}. Moreover,
[y :C,] = [l : C,]

for every (\,v) € =°.

When n € Z (for example, when G is a compact torus), we may refor-
mulate Theorem 2.10 as follows:

Theorem 2.11 (Stability of Multiplicities). Retain the setting of The-
orem 2.10. In particular, let I € M(G) have nonsingular infinitesimal
character £ € C\ {0}, and let {I1, : A € A(§)} be the reduced coherent
family passing through I1. Assume that n € Z so that the parameter set
H for C, s identified with 7., and set

=:=A¢) X Z.
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(1) Suppose that & & 7. Then the multiplicity
[ : G, (A v) €E,
depends only on the parity of A\ — & — v € Z.
(2) Suppose that & € N.. Then the parameter space
E=AE XZ=N,x2Z

decomposes as a disjoint union

— —
—_— =

even LI Zodd-
according to the congruence condition
A=v(mod2) and A = v+ 1 (mod 2),
respectively. Furthermore, we decompose
Eodd = Egdd M= I Eidd

according to the conditions v > X+ 1, A > |v|+ 1, and v < =\ — 1,
respectively. Then the multiplicity Iy : C,] remains constant within
each of the four regions

—_ -1 — -l

= = = =
—even) —odd> —odd> —odd

in the (\,v)-plane defined above.

Example 2.12. [Restatement of Example 2.4] Let (G, G’) = (SU(2), T).
Let A € N, and let IIy := V) _; be the irreducible A-dimensional rep-
resentation of G. Then = = N, x Z and

0, if (A, V) € Zeven U Zpqq U —odd>

1, if (\v) € B

The following example appears to be absent from the literature: despite
the failure of general multiplicity-one results, the multiplicity is not
only uniformly bounded but identically equal to two, independently of
all parameters.

We emphasize that, in our setting, (G,G’) is a pair of real reductive
groups whose complexified Lie algebras are of the form (sl,, gl,_ ;).
The general theory of uniform boundedness (Kobayashi-Oshima [11])



STABILITY OF MULTIPLICITIES IN SYMMETRY BREAKING 15

still applies in this setting. However, the multiplicity-one theorem of
Sun—Zhu [19] does not apply, since the subgroup A is connected.

Example 2.13. Let G = SL(2,R), and let II(\, k) (A € C,k € Z/27)
denote the principal series representation of G as in Example 2.8. Let
C, (v € C) be a character of the subgroup A C G as in Example 2.2.
Then

II(\, k) : C,)=1 forall (\k,v)eCxZ/2Z x C.

In particular, the multiplicity is independent of the parameters and no
vanishing occurs. The proof can be obtained by adapting the method
of Kobayashi-Speh [13, Thm. 3.16] to this special case.

Example 2.14. Let G = SL(2,R), and let II) (A € N ) denote the
discrete series representation of G' as in Example 2.9.

(1) (G | K) Let K = SO(2). Then, using only the following three
K-types of I, for A = 1:

(212) [HA : CO] = [HA : Cl] = 07 [H)\ : CV] - 17
we can determine the K-type formula for every IT, (A € N, ); that is,

1, ifrel+1+2N,
[H)\ZCV]:

0, otherwise,
by Theorem 2.3. In the context of Theorem 2.11, = = N, x Z and
[, :C,] <= (\v)€E,.
(2) (G 1 A) In contrast to the restriction G | K, the following holds:
(2.13) [, :C,] =1 for all (\,v) € N, x C.
We divide the argument into two cases.

First, suppose that v ¢ A+2Z+1 or |v|+1 > A. Then the assertion fol-
lows from Example 2.13. Indeed, the discrete series representation IIy
can be realized as a quotient of a principal series representation, whose
subrepresentation is finite-dimensional and, by weight considerations,
does not contain C, for such v (this also follows from Example 2.12 via
Weyl’s unitary trick).
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Next, we consider the remaining case. We restrict to = = N, X Z.

Using the special case
I, :C,| =1 for (\,v) = (1,0),
and applying Theorem 2.3, we obtain

[II,:C,)=1 for (\,v) € =4

Thus, in contrast to the compact case, no vanishing occurs and the

multiplicity is identically one.

The multiplicity also admits a natural geometric interpretation. We
illustrate this using the G | A case from the above example. For
v € C, consider the G-equivariant line bundle

E,, =G XA (C,,
over the anti-de Sitter space GG/A. By Frobenius reciprocity, one has
[II: C,] = dim Homg (I, C*(G/A, L,)),

for every smooth admissible representation II of G and every v € C.

Consequently, we obtain the following result:

Example 2.15. Let II, (A € N) be the smooth representation of a
discrete series representation of G = SL(2,R). Then, for any character
veC,

dim Homg(H)\, COO(G/A, El,)) =1

2.5. Proof of Theorem 2.3.

We recall that © denotes the Casimir operator. Also, for § € {1, —1},
let

Py aps: T ®C? — Pyys(TT® C?)

denote the projection onto the corresponding primary component (see

(2.4)).
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Under the assumption (2.5), the Casimir element €2 acts on the primary
component Py41(II® C?) by the scalar (A+1)* —1 = £2\. From this,
we obtain the following lemma:

Lemma 2.16. We set
Qy =0 — N2 +2)\

Then we have
Qp =4A pryyg -
Lemma 2.17. The diagonal action of Q on Il ® C? is given explicitly
by
(V=N =2) (s @ fu_©f) = 2 Huy +2Y u_)@ f1+2( Xy —Hu_ )@ f

for all uy,u_ €1l

Proof. By the Leibniz rule, for any v € IT and f € C?, we have
Quaf)=(Qu)ef+uRQf+2(Hu® Hf +2Xu®Y f+2Yu® X f).

Since the Casimir element € acts on II and C? as scalar multiplication
by A2 — 1 and 3, respectively, we obtain

Q=-XN-2uxf)=2Hu@ Hf +4Xu®Yf+Yu® Xf).

The lemma then follows from the action of the sl generators on the
basis vectors f4:

Hfy =xfy, Xfi=Y/f =0, Xf - =[f, Yfi=/[.
O

2.6. Translation of Symmetry Breaking via Tensoring with
C3.

We continue our analysis of the symmetry breaking s((2,C) | gl(1,C),
extending the results of the previous section to the tensor product of
II with the three-dimensional irreducible representation F' := C3 of
gc =6 [(2, C)

We retain Setting 2.1. In particular, gc = spanc{H, X,Y} and g =
CH. We realize F' as the adjoint representation of gc. Under the
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identification F' ~ gc, the g’-invariant subspace I’ C F' corresponds to
CH ~ C. The projection

gc=CXeCHaeCY — CH
thus induces a natural projection
prp_m: FF— C.

Suppose that I € M(G) has infinitesimal character A\ € C. Then
II ® C? admits the following primary decomposition:

NRC*~ P ,(IeC*) e (Il C*) & P _y(l ®C*).
For § € {1,0,—1}, let
(2.14) Pl ynpzst 1@ CP — Prygs(IT@ C?)

denote the natural projection onto the corresponding primary compo-
nent.

Arguing as in Theorem 2.3 for the case of IT ® C?, we obtain the fol-

lowing.

Theorem 2.18. Assume that the center 3(gc) acts by scalars on each
primary component Py, 95(IT® C3) for § € {0,+1}.

Let I1 € M(G) have infinitesimal character A\ € C with respect to the
Harish—Chandra isomorphism (2.2), and let § € {1,—1} be such that

A {0,-0).

LetT: II — C, be a symmetry breaking operator. Then, for anyu € 11,
we have
(A+0)? —v?

Tu.
AN +0)

(T @prp_p) o Pryas(u® H) =

Proof of Theorem 2.18. The argument follows that of Theorem 2.3,
and we only sketch the main steps.

Define a polynomial in the Casimir operator {2 by

1
§+25 :: 6_4(9_ A2+ 1)(Q — ()\_25)2+ 1).
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Then ¢§+25 acts by the scalar %)\()\ + §) on the primary component
Py 1o5(IT). Hence,

1
f\\+25 = 5)\0‘ +8) Pry_aios -

Set Q:=Q—A\2—7.
A direct computation shows

(2.15)  (i[d®@prp_m) Qu® H) =0,
(2.16) (d@prp_,pm) P(w® H) =16(\? — Du® H — 16H?*u @ H.

Writing
1 ~ ~
AT = 6—4(9 + 8)(Q 4 4(1 + 0N)),
we obtain

1 1
(id®@prp_m) o3 (u® H) = Z(A+5)2U®H— ZH2U®H.

Applying the symmetry breaking operator 7', we obtain
1

(I'®@prp_pm)o iHé(U@H) = 1

(A+0)> —12) Tuw H.

3. SYMMETRY BREAKING FOR sl(2,C) @ sl(2,C) | sl(2,C)

We now extend the translation principle for symmetry breaking oper-
ators to the setting of a pair G D G of real reductive groups whose
complexified Lie algebras satisfy

(gc, gc) =~ (sl(2,C) @ sl(2,C), s1(2,C)).

This framework naturally encompasses the fusion rules for tensor prod-
ucts of representations of sly, and provides a uniform mechanism for
describing how the associated multiplicities vary under translation of

infinitesimal characters.
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Typical examples of such pairs (é, () include the following, covering

compact, noncompact, and complex cases:

(SU(2) x SU(2),SU(2)),
(SL(2,R) x SL(2,R), SL(2,R)),
(SL(2,C),5U(2)),

(SL(2,C), SL(2,R)),
(0(2,2),0(2,1)).

The first two cases correspond precisely to the fusion rules for tensor
products of representations of G, and serve as a guiding example for
the general theory developed below.

Although the main results apply uniformly to all these settings, we
first present them in a form tailored to the study of fusion rules (see
Theorems 3.1 and 3.10).

In Section 4, we then reinterpret these results in a different geometric

guise via the isomorphism
(s1(2,C) & 5l(2, C), diag(sl(2, C))) ~ (0(4,C), 0(3,C)),

leading to Theorem 4.1.

3.1. Translating Fusion Rules.

In this subsection, we introduce a translation principle for fusion rules
associated with a simple Lie group G where complexified Lie algebra
satisfies gc ~ s[(2,C). Our aim is to describe explicitly how the mul-
tiplicities depend on the parameters of the representations, and how

they transform under translations of infinitesimal characters.

Explicit branching laws in this setting are classical in several important
cases. For finite-dimensional representations of SU(2), they are given
by the Pieri formula; for irreducible unitary representations, they were
determined independently by Molchanov [15] and Repka [18]. More re-

cently, Kobayashi—Pevzner [12] treated the fusion rules for non-unitary
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holomorphically induced representations, including negative param-
eters, and Clerc [1] studied non-unitary principal series representa-

tions.

In the non-unitary case, however, multiplicities may jump at certain
parameter values, which highlights the need for a mechanism that con-
trols these discontinuities.

The translation principle for fusion rules developed below provides an
explicit and uniform criterion guaranteeing the stability of multiplici-

ties, culminating in Theorem 3.10.

Let II" and II” € M(G) have 3(G)-infinitesimal characters A" and \” €
C, respectively.

Asin (2.4), let
(31) pro: H,\®C2 —>P)\11(H)\®C2)

denote the projections onto the corresponding primary components for
A= X and \".

For §,e € {+,—} = {1, -1}, we introduce the four projections
PTs.: (H/ X C2) X (H// X (CQ) — P)\/+5<H/ (029 C2) X P)\//Jrs(Hll (24 (CQ)

Next, consider the projection prp_, » associated with the fusion rule of

the finite-dimensional representation of sl(2, C):
F=CeC~C*aC.
Let {e;,e_} and {fy, f_} be the standard bases of the two copies of

C?, so that

C* ® C* = Spanc{ey,e_} @ Spanc{fs, f-}.

Then the projection onto the trivial one-dimensional subrepresenta-

tion

(3.2) Fri=Cle,®@f —e . ®f)~C
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is given explicitly by

1
(3.3) (aeq +be-) ® (cfy +df-) — §(ad —be)(er @ fo —e-® fy).
Finally, we define a linear map
H:TI'ell" - (II'® C*) X (II” ® C?),

which realizes the embedding of IT" ® I1” into the G-submodule corre-
sponding to the trivial component F' ~ C Cc C*®C? (i.e., the antisym-

metric tensor component) under the diagonal action. Explicitly,

(3.4) Hu,v) = (u®er) ® (0@ f-) - (u®e ) ®(v® fr),

for u € IT" and v € I1".

With these definitions in place, the translation of symmetry breaking
from the pair of parameters (X', \") to (X +d, N +¢) is explicitly con-

trolled on the image of the map H, leading to the following foundational
identity.

Theorem 3.1. Let G be a real reductive Lie group whose complexified

Lie algebra satisfies
gc ~ sl(2,C).
Then there exist rational functions
cse(N, A AT), (6,6 € {+,-}),
depending only on the parameters N, \N', N", such that the following
holds.

Let IU, 11", and II" be representations in M(G) with infinitesimal char-
acters X', X', and N, respectively. Assume that X', \" # 0, and that
the primary components of I' @C? and 11" @ C? are genuine eigenspaces

of 3(gc)-

Let

T: 'K — 11"
be a symmetry breaking operator, and let §, e € {4+, —}. Then, for every
u €Il and v € 11", we have

(35) (T ®prpp) oprs(H(u,v)) = e (N XN T(u© ).
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Moreover, the functions cse(N, N'; N') are universal in the sense that
they depend only on the infinitesimal characters X', X', and X', and are
independent of the choice of the real form G and of the representations

I, 11", and I1". Explicitly, they are given by

6)\/ _"_ 8)\” _'_ 1 _"_ )\/// 5)\/ _"_ 8)\” _"_ 1 _ )\///
(36)  csa(N, N5 A7) = | - A)& )

3.2. Outline of Proof.
In a forthcoming paper [10], we prove the existence of such a rational
function for more general pairs of Lie algebras (gc, g¢), in the spirit of
Theorems 2.3 and 2.18.

The main task here is therefore to determine the rational function
C(SE()\,, )\//; )\///)'

We first reduce the problem to the compact case, where explicit com-
putations of tensor product decompositions are available.

Since a rational function in the parameters (A, A", \"") is determined
by its values on a Zariski dense subset, it suffices to compute cs. on a

convenient Zariski dense set of parameters.

The computation is carried out in the following subsections using only
the finite-dimensional representation theory of compact groups.

3.3. Analogue of Rankin—Cohen Brackets in Finite-Dimensional
Representations.

Let m € N, and set
Vin i= Pol,, [2] = C™ 1,

the space of polynomials in z of degree at most m. This space carries
a natural action of SL(2,C) defined by

<w_m<g>F><z>=<cz+d>mF(“”b), for g1 = (j 2)

cz+d
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The Pieri rule for tensor products implies that

(3.7) Vi@V, : Vi] #0 ifand only if k=m+n—2(
for some integer ¢ with 0 < ¢ < min(m, n).

To determine the rational function cs.(A1, Ag; ) in Theorem 3.1, we
work with finite-dimensional representations. For this purpose, we
provide an explicit symmetry breaking operator that will allow us to
compute the coefficients cs. (N, \; \'") explicitly.

Proposition 3.2. Let k = m+n— 20 with 0 < ¢ < min(m,n). Define
RE V@V, =V

by

(3.8)

y —Oln—j) &
o= Restac, 03 (=1)" (m +J ——
B = Restamy 0 j:0< S = W= )0 — 1 9270w

(—1)%!(8‘ (m+1-0¢ 9 +)

- tz:w - 0\ 5,
Rest—w o =0 \ 921 n o 0z10w

Then Rfﬁw s a nonzero symmetry breaking operator.
The operator Rf;‘m provides a finite-dimensional model of the Rankin—-
Cohen bracket. Its construction is obtained via meromorphic contin-
uation of the Rankin—Cohen bidifferential operator, which we now re-
call.

Let H :={z € C: Im z > 0} be the upper half-plane. For A € Z, define
a representation w, of Gg = SL(2,R) on the space of holomorphic
functions on H, O(H), by

(wr(g)F)(2) = (cz+d)‘AF(az+b) . forgl= <a b) .

cz+d

The representation w) has infinitesimal character A — 1. It contains a
discrete series representation if A > 2, and a finite-dimensional subrep-

resentation of dimension 1 — A if A < 0.
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For positive integers ky, ko and ¢ € N, the Rankin—-Cohen bracket
R: @iy & Why — Why+kyt+20
is given by the differential operator
i(_l)](kﬁrﬁ—l)(k:ﬁ—ﬁ—l) 0
= j —j 021=30wI’

followed by the restriction Rest,—,; see [2, 17].

To extend this operator beyond the discrete series range, that is, to
negative parameters, we rewrite it in terms of infinitesimal characters
and apply meromorphic continuation. Set X' := 1—k; and \" := 1 —k;.
Then the above operator can be expressed as

é 1)) TA-XN+0 TA=MN+0 9

o e (RS Er ey e e e

Using the reflection formula

Fz)ra-=z) =

sinmz’
this expression can be rewritten as

z‘: TN =+ )T\ —j) 8

(39) « Jll =5 TN =0T\ —£) 02'-70wi”

This expression is well-suited for meromorphic continuation in the pa-
rameters X', \”.

Proof of Proposition 3.2. Set m := X' — 1 and n := X" — 1. Then (3.9)
is well-defined for X', \" € Z- provided that
¢ < min(m,n).
This expression, followed by the restriction Rest,—,,, defines a symme-
try breaking operator
wi_y My — @iy,
where A" := N + X\ — 20 — 1.

Moreover, this operator coincides with RF, . defined in (3.8).
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Restricting to finite-dimensional subrepresentations yields a symmetry

breaking operator

Vi XV, — Vi,
with k =m +n — 2¢.

The restricted operator is nonzero, since

(=1)n!

(3.10) Ry (F®1) = A0

£ 0.

Hence the symmetry breaking operator anm generates the one-dimensional
space Homg (V,, @ V,,, V). O

3.4. Determining the Rational Function cs (X, \"; \").
In this section, we explicitly determine the rational function cs. (N, \; \")
appearing in Theorem 3.1, thereby completing the proof of the main

formula.

Theorem 3.3. The function cs.(N, N'; X" is given by

(5)\/ + 8)\// _'_ 1 + )\/N)(é)\/ _|_ 8)\” + 1 _ )\///)

058()\/’ A//; )\/1/) — 8/\/)\”

To this end, we define the functions

m+n—k+2)(m+n+k+4),
n—m-+k)(m—n+k+2),

G+ (m,n; k
g+-\m, n; k

g_+(m,n; k m—n+k)(n—m+k+2),

( )= (
( )= (
( )= (
_(m,n; k) = (

m+n—k)(m+n+k+2).

Proposition 3.4. Let m,n,k € N. Suppose that [V,, @ V,, : Vi| # 0.
Then, setting

(3.11) N, NN =(m+1,n+1;k+ 1),
we have

8NN cse (N, N XY = gse(m,m; k).
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Since both sides are rational functions in (AN, \”; \); and since the set

of triples of infinitesimal characters

[m+ L+ L+ 1): [V @ Vi s V] £0)

={(m+1,n+1;k+1) : m,n € N, [m—n| < k < m+n, k = m+n (mod 2)}
is Zariski dense in the (N, \”; \”")-space, Theorem 3.3 follows immedi-
ately from Proposition 3.4. Consequently, the identity (3.5) in Theo-

rem 3.1 holds for arbitrary real forms (G, G'), with the rational function
cse(N, N7 A" given by (3.6).

Retaining the notation in the previous subsection, suppose that [V, ®
Vo o Vi] # 0. Then R,’jm: Vo XV, — V, defines a nonzero symmetry
breaking operator.

We now turn to the determination of the rational function cs. (X, \; \')

using the finite-dimensional setting.

Proposition 3.5. Let §,e € {+,—}, and define H(u,v) as in (3.14)
foru=z" and v =1. Then

1 gse(m,n; k)
8(m+1)(n+1)

(R @ Prp_ypr) 0 Prs(H (u,v)) = R (Z®1).

This proposition provides the explicit evaluation needed to identify
the scalar cs.(A, \”; \'") in Theorem 3.1, showing Proposition 3.4. To
prove Proposition 3.5, we analyze the terms appearing there (or in
Theorem 3.1) one by one. We begin with the projections onto the

primary components, as defined in (3.1).

For the finite-dimensional representations V,, with infinitesimal char-
acter A = m + 1, the irreducible decomposition (Pieri rule) is

(3.12) Vin @ C? ~ Vi1 @ Vi,

as sly-modules.

The projections onto the irreducible summands
pro: V,®@C: = Vs CV,,®C?

correspond to the projections onto the primary components.
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The following lemma gives explicit formulas for these projections.

Lemma 3.6. The decomposition (3.12) can be realized explicitly as
follows. For F € V,, = Pol,,[z],

F (m+1-z4)F zLF
s e (0)=(" ) (1)
0 (m+1-— z%)(zF)) (z(z% — m)F)
m+ 1 = .
(m+ )<F> ( 4 (zF) " —(zL —m)F

The operator
prs. € End((V,, ® C*) @ (V, ® C?))
is obtained by combining the projections
pry: Vi, ® C? = Vipar,  pry: V, @ C* = Vi,

Accordingly, we obtain four projections:

pryy : (Vi @ C*H) R (V, ® C?) — Vst X Vi,
pry_: (V@ CH R (V, ®C?) — Vit KV,
pr,: (Vu®@CHR(V,®C?) = Vo BV,
pro_:(Va@CHR(V, ®C?) =V, KV, 4.

Next, we compute the expression obtained by applying
(id @ prp_, pv) © prs.
to the element H (u,v) defined in (3.4).
In the finite-dimensional setting, we take
u=F(z2) € V,, v==G(w) €V,

Then H (u,v) is a polynomial in (z, w) with values in C*®C?, explicitly
given by

(3.14) H(u,v) :=F(2) ey @ G(w) f- — F(2)e- @ G(w) fy.

On the other hand, the projection onto the trivial G-module,

prp_m: C2®C* — C,



STABILITY OF MULTIPLICITIES IN SYMMETRY BREAKING 29
is given explicitly in (3.2).

Thus, the computation reduces to evaluating each of the four cases
corresponding to (4,¢) € {+, —}*%

(id @ prp_,p) © pro.(H(2, w)),
which we now carry out explicitly.
Lemma 3.7. Let F € V,, and G € V,,. Then
2(m +1)(n+1)(id®@prp_,p) o prs.(H(z, w))
15 given by:
o For (d,e) = (+,4):
(3.15) (z —w)*F'G'+ (z — w)(—mFG +nF'G) + (m +n+2)FG,

e For (0,e) = (+,—):

(3.16) —(z—w)’F'G'+ (2 —w)(mFG —nF'G) + (m + 1)nFG,

e For (§,e) = (—,+):

(3.17)  —(z —w)*F'G' + (2 — w)(mFG" —nF'G) + m(n + 1)FG,
e for (d,e) = (—,—):
(3.18) (w—2)*F'G' + (w — 2)(—nF'G + mFQ&").

Proof. We illustrate the case (J,¢) = (+,+). By (3.3) and Lemma 3.6,

the expression can be written as

o ((m +1)F —2F" nwG — wQG’> et <sz —2’F (n+1)G - wG’) |
F’ G+ wqG' F+zF G’

A straightforward computation yields the formula given in (3.15). The

remaining cases follow by analogous computations. U

Proof of Proposition 3.5. Let

T =Ry, Vu®V, =V,



30 TOSHIYUKI KOBAYASHI

be the symmetry breaking operator. Then it induces an sly-homomorphism

We first consider the case (6,e) = (4, +) with u = 2* and v = 1.
By (3.15), we have
2(m + 1)(n+ 1)(R}, , @ prp_p) o pry (H(u,v))
= Rﬁl,n (nl(z —w)2""' + (m+n+2)2").

Applying the explicit formula (3.8) for RE  this becomes

m,n’

On—oi\ozt = 0 o ow

(—1)‘n! (af (m+1-0¢ 0 >’

(nl(z —w)z"~' + (m +n+2)z")

:%(ﬁﬂ)(mm—uz).

By the definition of g, (m,n;k) with k = m + n — 2¢, this simplifies

to ( )e |
—1)'n!
mg-i"‘r(m? n; k).

On the other hand, from (3.10),

_ 1\
B (o) =

Combining these, we obtain

(3.19)

C+1)(m+n—0+2
(R]:n,n®er_>F/)OpI'++<H(ZZ71)) — ( )( )

2(m+1)(n+1)

an,n(zf® 1).

Hence, the constant ¢, (X, \’; X) in (3.5) is

gt (m,n; k
C-H—()‘/a )\//; /\///) _ 8(7:;-;( 1)<n +>1)‘

Rewriting the right-hand side in terms of infinitesimal characters, as in
(3.11), yields the desired formula for ¢, (A1, Ag; V).
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The other cases (+, —), (—,+), and (—, —) are treated in an analogous
manner. Thus the explicit formula (3.6) is obtained. This completes
the proof. O

3.5. Stability Theorem of Multiplicities in Fusion Rule.

In this subsection, we formulate a stability theorem for multiplicities
in fusion rules, describing regions in the parameter space on which the

multiplicity remains constant.
For &',&" # 0, we set

A(E,€") == A(E) x A(E"),
where A(§) C € + Z is defined in (2.10).

Set
(Z2>even = {(kla k2) < Z2 : k'l = kg mod 2}
We define = by

—_
—
—_—

E(€,€") = MEL )N ((€,6") + (Z°)even),

which serves as the natural parameter lattice compatible with parity
conditions in the tensor product.

Definition 3.8 (Fence). Let ¢, ¢” € C\ {0} and pu € C. For each «,
S € {+,—}, we define a subset D,5 = D,p(&', ", p) of Z=Z(¢, ") by

Case 1. If af' + BE" + pn & 2Z + 1, we set Dypg 1= E,
Case 2. If &' + "+ € 2Z + 1,

Dap = {(N,X") € Z: sgn(a) + X' + ) = sgn(ag’ + " + )}
We set

D¢ )= () Das
047/86{""7_}

The boundaries of the sets D,3 may be regarded as “fences” in the

parameter space across which the multiplicity may jump; the region
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enclosed by these fences defines a domain where no such jumps oc-
cur.

Example 3.9. Fix u € N,. Then there are five possibilities of the
region D(&',&"; ) for ¢, & € Ny, and it gives a decomposition of N :

Ni = (Ni)even I (Ni)odd
=NDeea I | (V)20
st /)
where
(NS Jeven 1= {(X, \") : N, M € No, V4 X'+ X € 22,
(ND)oad = {(N, ") s XA € Ny, M+ X+ X" € 2Z + 1,
(ND)baa ={(N, X") € (W )oaa : A = X > X" + 13,
(N2) g ={(N,X") € (ND)oaa t [N = X[ <N = LN+ X >N+ 1},
(NDoda = {(N, X") € (N )oaa : X' = X" = A" + 1},
(N2)2q =={(N V) € (N )oaa : [N = N[ SN =1L N + X <N -1},

This decomposition illustrates how the stability region is divided into
finitely many chambers.

As in the stability theorem for the branching corresponding to s((2,C) |
gl(1,C) in Theorem 2.10, we deduce the following stability result as a
direct consequence of Theorem 3.1.

Theorem 3.10 (Stability of Multiplicities). Let G be a simple Lie

group whose complexified Lie algebra satisfies
gc = sl(2,C).
Let
{IT), : X € A(£)}, {11}, : X" € A(E")} € M(G)
be reduced coherent families of representations passing through IT" = H’g,
and 11" = 1I¢,,, respectively, where &' and §" are nonsingular infinitesi-

mal characters. Let yn € M(G) be a representation with infinitesimal
character \".
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Then the multiplicity
[ /)\/ X ,)(// : H)\m}
1s constant for all parameters
()\/’ )\//) 6 D(g/’ g//; )\///).

In particular, the multiplicity is locally constant within the region D(&',£"; N'")
of the parameter space, and may change only when crossing its bound-

ary.

In particular, multiplicities are constant inside the region D(¢', £”; ')
and may change only when crossing its boundaries.

3.6. Examples for Stable Multiplicities in Fusion Rule.
We present illustrative examples of the stability of multiplicities dis-

cussed in Theorem 2.10.

Example 3.11. We consider the multiplicity
[Vin @ Vi, 2 Vi]

for the tensor product of finite-dimensional representations. The infin-
itesimal characters of V,,, V,,, Vi are given by N =m + 1, N =n + 1,
and "' = k + 1, respectively.

Fixing k£ and applying Theorem 3.10 together with Example 3.9, the
multiplicity [V,, ® V;, : V] is constant on each of the following (m,n)-
parameter regions:

e m+n # kmod2,

e m+n=kmod2,n—m>k+2,

e m+n=kmod2, |m—n|<k m+n>k,

e m+n=kmod2, m—n>k+2,

e m+n=kmod2, |m—n|<k |m+n|<k-2
This fits with the Pieri rule asserting that

V@V, Vi]=1 & m+n=kmod2, |m—n| <k m+n>k.
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Example 3.12. Let gc = sl(2,C), and let be = RH + RX C g¢ be a
Borel subalgebra. For p € C, let

M(p) == Ul(gc) @uee) Cu

denote the corresponding Verma module. In our convention, M (u) has
infinitesimal character A = p + 1, and admits the finite-dimensional

irreducible quotient V,,, when p =m € N.
We consider the multiplicity

m(p, p"s 1) = dim Homg, (M (1), M (1) @ M(p"))

n

for parameters ', y”, i’ € C. For generic triples (u/, u”, ") € C3, this

multiplicity is either 0 or 1; see [7, Theorem 5.1] for the multiplicity-free
theorem in the general setting of restricting parabolic Verma modules
with respect to reductive symmetric pairs.

A remarkable multiplicity-two phenomenon was discovered in [12]:
m(p, )" i) =2
if and only if
pop )" ez, pp =" € 2N, plp " < =20 pl—p” < =2
In terms of infinitesimal characters
N=u+1, N=p"+1, N =" +1,

these conditions are equivalent to

N NN e, N+ XN = N"e2N+1,
together with

N4+ N+ N <1, N =N <=\ —1.

Once again, these inequalities describe precisely one of the regions iden-
tified in Theorem 3.10 on which the multiplicity is stable; see also Ex-
ample 3.9.
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4. SYMMETRY BREAKING FOR 0(4,C) | 0(3,C)

Since the results in Theorem 3.1 depend only on the pair of complexified
Lie algebras (gc, g¢), they admit an equivalent reformulation via the

isomorphism
(4.1) (sl(2,C) @ s1(2,C), diag(sl(2,C))) ~ (0(4,C),0(3,C)).

Fix a standard basis of a Cartan subalgebra of o(n,C) for n = 3,4.
The Harish-Chandra isomorphisms are then given by

Hom@_alg(3(0(4, (C)), (C) ~ CQ/W(DQ),
Homc _,15(3(0(3,C)),C) ~C/W (By).

Let ' := C* denote the natural representation of gc = 0(4,C). As a
representation of gf., it decomposes as C* = Cd C? =: F' & F”. We
fix a generator fo € F' and identify F' = Cf, with C. Let

prp: F— F' ~C
denote the projection.

Theorem 4.1. Let (G,G’) be a pair of real reductive Lie groups whose
complexified Lie algebras satisfy

(gCa Qgc) = (0(47 (C)v 0(37 C))
Then there exist rational functions
Ci75()‘17)‘2;y)7 (NS {172}7 0 € {+7_}7

depending only on the parameters A1, \o, and v, such that the following
holds.

LetII\ € M(G) be a representation with infinitesimal characters (A1, A2),
and let m, € M(G') have infinitesimal character v € C. Assume that
A\ # E)o, and that the primary components of Il ® C* are genuine

eigenspaces of 3(G) = U(gc)®.
Let

T:1I, — 7w,
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be a symmetry breaking operator. Fizi € {1,2} and d € {+,—}. Then,

for every u € IIy, we have

(T ®@pre_m)o Py a+6e; (u® fo) = Cis(M, A3 v) Tu.

Moreover, the rational functions C;s(A1, A2;v) are universal in the
sense that they depend only on the infinitesimal characters (A1, Ag) and
v, and are independent of the choice of real forms (G,G") as well as of

the representations 11 and m,. Explicitly, they are given by

Ni+v+38) (N —v+ 1)

(4.2) Cis(M, Ag;v) = ( 2(\2 — A2

Proof. This is a reformulation of Theorem 3.1, and we only outline the
proof.

Via the isomorphism (4.1), the infinitesimal characters (A, \”) and X"’
for (sly @ sly, diag(sly)) correspond to (A1, A2) and v by

)\/ == )\1 + )\2, )\” = )\1 — )\2, )\”/ = 2v.
Moreover, the projections prs. correspond to pr;, according to the

following correspondence:

b |++ +- —+ —-
G,5) | 1+ 2+ 2— 1-

Hence, the rational functions C; s(A1, Ao; v) in Theorem 4.1 are obtained
from cs- (N, A”; X'") in Theorem 3.1 via the relation

Cis(M, Ag;v) = cse (N, A A7),
This completes the proof of the theorem. O
This reformulation highlights the intrinsic nature of the translation

principle, showing that it depends only on the underlying complexified

Lie algebras and not on the choice of real forms.
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