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Σg = � � � � π1(Γg)\SL(2,R)/SO(2)
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•

. · Calabi–Markus

•
.
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“ ”

M : n

(M, g)
g : TxM × TxM → R

x ∈ M C∞
.

(p, q): g , p + q = n
q = 0 (M, g)
q = 1 (M, g)

4



Γ\X = Γ\G/H
Γ ⊂ G ⊃ H

G
↙ ↘

Γ\G G/H = X
↘ pΓ ↙
Γ\G/H = Γ\X

• Γ\G X = G/H C∞ (easy)
• Γ\X = Γ\G/H .

Γ X
Γ\G/H ( ) C∞ pΓ

. Γ\X � Γ\G/H G/H Clifford–Klein .
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(Γ ⊂) G ⊃ H

(K- ’87) (G,H)
G Γ ?

• Γ�G/H ,
• Γ\G/H ( ).

: H
⇒ G Γ

(Borel–Harish-Chandra, Mostow– )

Ex G/H = SL(2,R)/SO(2) (Poincaré )
↓ ↓

Γ\G/H � � � � (g ≥ 2)
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(Γ ⊂) G ⊃ H

(K- ’87) (G,H)
G Γ ?

• Γ�G/H ,
• Γ\G/H ( ).

“ ” : H .

⇒

n > m
SL(n)/SL(m) Γ .
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SL(n)/SL(m)

(1990–2017):
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K– (Proc. Lake Kawaguchi ’90)
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� K– (Duke Math ’92)

10

SL(n)/SL(m)

(1990–2017):

�

�

1 2 3 4 5 6 7 8 9 10 11 12 13 n

1

2

3

4

5

6

7

8

m

• • • • • • • • • • •

• • • • • • • • • •

• • • • • • • • •

• • • • • • • •

• • • • • • •

• • • • • •

• • • • •

�

K– (Proc. Lake Kawaguchi ’90)
���
� � � � � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � �

� � � � �

� �

� �

� K– (Duke Math ’92)

× × × × × × × × ×
× × × × × × ×

× × × × ×
× × ×

×

× Zimmer (Jour. AMS ’94)
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� Labourie–Mozes–Zimmer (GAFA ’95)

� � � � � � � � �
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� � � � � � �
� � � � � �
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� Labourie–Zimmer (Mat Res Let ’95)
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�

�

�

� Benoist (Ann Math ’96)
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Margulis

�

�

�

Y. Morita (2017, PhD),
Tholozan (preprint)

�
��

Shalom (Ann Math 2000)�
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SL(n)/SL(m) (n > m > 1)
.

K– n > 3
2 m + 2

+

Zimmer Ratner n > 2m
Labourier–Mozes–Zimmer

n ≥ 2m
Benoist n = m + 1, m even
Margulis (n ≥ 5,m = 2)
Shalom n ≥ 4,m = 2
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· · ·

L � X

X L
∪ � ∪
S LS := {γ ∈ L : γS ∩ S � ∅}

. L� X (proper) ⇐⇒ LS

(∀S : )
L� X (free) ⇐⇒ #L{p} = 1 (∀p ∈ X)
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L� X

(A) �=⇒
(B) �=⇒ L\X

L ⊂ G ⊃ H X = G/H

L � Rk (A), (B)

4. (G = S L(2,R)) ( 3 “ ”)
L = R� X = R2 \ {0} ( )

Ex. (G = )
L = R2� X = R5 ( )

( 2004, )
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:

L ⊂ G ⊃ H

L G/H
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� ∼ ( )

L ⊂ G ⊃ H

: L H

. (K– 1996)
1) L � H ⇐⇒ L ∩ S HS

(∀ S ⊂ G)
2) L ∼ H ⇐⇒ L ⊂ S HS H ⊂ S LS

S (⊂ G) .

H
HS

S HS
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� ∼ ( )

L ⊂ G ⊃ H

G L H

1) L � H ⇐⇒
2) L ∼ H ⇐⇒

� : L H

L � H ⇐⇒ L�G/H (proper)

∼ �
H ∼ H′ =⇒ H � L⇐⇒ H′ � L
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� ∼ ( )
G:
G = K exp(a)K:
ν: G → a: (Weyl .)

6. ν : GL(n,R)→ Rn

g �→ 1
2 (log λ1, · · · , log λn)

, λ1 ≥ · · · ≥ λn (> 0) tgg .

G = GL(n,R)
K = O(n)
a� Rn

� Sn
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� ∼ ( )
G:
G = K exp(a)K:
ν: G → a: (Weyl .)

A (K– 1989, 1996, Benoist 1996)
1) L ∼ H in G ⇐⇒ ν(L) ∼ ν(H) in a.
2) L � H in G ⇐⇒ ν(L) � ν(H) in a.

(1)’s⇒ : .
(2)’s⇔ : .

• L,H , K– ’89
⇒ SL(2,R) ,

( , Bocheński, Jastrzębski, Tralle)
• ( A)
⇒ (F. Kassel–K, 2016) 20



— “ ”

(M, g) : ,
( )

. (M, g)
⇐⇒ κ

21

(n = p + q ):⎧
⎪⎪⎨
⎪⎪⎩

g (p, q)
κ ∈ {+, 0,−}

q = 0 ( )

S n
R

n

κ > 0 κ = 0 κ < 0

q = 1 ( )

κ > 0 κ = 0 κ < 0
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(p, q), κ ∈ {+, 0,−}

⇓

• ?

• ?
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(p, q): (p ≥ q), κ ∈ {+, 0,−}
• κ > 0: Calabi–Markus ( : K–, 1989)

(Calabi, Markus, Wolf, Wallach, Kulkarni, K–)

• κ = 0: Auslander
(Bieberbach, Auslander, Milnor, Margulis, Goldman, Abels, Soifer, . . . )

• κ < 0:
(Kulkarni, K-1994, Tholozan, Morita)

(p, q) = (2, 1), (4, 1), (6, 1), (8, 1), (10, 1), . . . ,
(4, 3), (8, 3), (12, 3), (16, 3), (20, 3), . . . ,
(8, 7)
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Riemannian case

Compact space forms always exist:
• κ > 0 S n

• κ = 0 R
n/Zn

• κ < 0 compact hyperbolic manifolds exist

⇐⇒ Cocompact discrete subgps of O(n, 1) exist
(Siegel, Borel
︸����������︷︷����������︸

arithmetic

, Makarov, Vinberg, Johnson–Millson, Gromov–Piateski-Shapiro
︸�����������������������������������������������������������������������������������︷︷�����������������������������������������������������������������������������������︸

non-arithmetic

· · · )

Lorentzian case

Compact space forms of dimension n
• κ > 0 (de Sitter mfd) (Calabi–Markus )

• κ = 0
• κ < 0 (anti-de Sitter mfd) ⇔ n
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• (p, q)

B
1© q , p = 0 (↔ κ > 0) (⇔ )
2© q = 0, p ( )
3© q = 1, p ≡ 0 mod 2 ( )
4© q = 3, p ≡ 0 mod 4

︷
�
�︸
︸
�
�︷

( )
5© q = 7, p = 8

Proof (1950–1994)
( 1© 2© ( ); 3© 4© 5© ( ) Kulkarni ’81, K– ’94 )

(K–) B

:

p ≤ q (Calabi–Markus ’62, K– ’89),
or p ( , K– ’90, ’17) 26

• (p, q)

B
1© q , p = 0 (↔ κ > 0) (⇔ )
2© q = 0, p ( )
3© q = 1, p ≡ 0 mod 2 ( )
4© q = 3, p ≡ 0 mod 4

︷
�
�︸
︸
�
�︷

( )
5© q = 7, p = 8

Proof (1950–1994)
( 1© 2© ( ); 3© 4© 5© ( ) Kulkarni ’81, K– ’94 )

cf. Cartan
G/H = O(p, q + 1)/O(p, q)� Gθ/Hθ

Gθ = K � p G = K exp(p) Cartan

Thm (K– ’06) Gθ/Hθ Clifford–Klein
q < p Radon–Hurwitz 27

Clifford–Klein Γ\G/H ( B )

Γ ⊂ G ⊃ H

Γ\G/H .

Γ ⊂ L
∩
G � X = G/H

• H G X = G/H
(proper) .

Step 1 X L (⇐ ).

Step 2 L .

28



Clifford–Klein Γ\G/H

Γ
ϕ
↪→ G ⊃ H︸���︷︷���︸

ϕ

� ϕ(Γ) \G/H Γ\G/H ??

• 2
— ϕ ?;
— ϕ ?

29

3 Goldman

XΓ = Γ\X : X = G/H Clifford–Klein
· · · Γ ⊂ L� G/H

Int(G) G Γ .

Γ XΓ ?

(Goldman 1985) X = AdS 3

(K–, Math Ann 1998) Goldman .

� XΓ “ ”

⇒ Γ π1(Σg) 3 XΓ
12g − 12

30

Γ\X = Γ\G/H ( )

Γ ⊂ G ⊃ H

G
↙ ↘

Γ\G G/H = X
↘ pΓ ↙
Γ\G/H = Γ\X

• Γ X
Γ\G/H = Γ\X C∞ pΓ

.

pΓ : X → Γ\X
Γ\X = Γ\G/H X = G/H G

.
31

Γ\X = Γ\G/H �Γ\X

pΓ : X → Γ\X
Γ\X = Γ\G/H X = G/H G

.

G ⊃ H
=⇒ Killing X = G/H G

.
=⇒ Γ\X = Γ\G/H

.

� := div grad ( )

, �X ◦ p∗
Γ
= p∗

Γ
◦ �Γ\X

7 ( ) (G,H) = (O(n, 2), O(n, 1))
=⇒ X = G/H

�X .
32



Γ\X = Γ\G/H

X = G/H
↓
Γ\X = Γ\G/H

DG(X) � D

←↩

�→

D(Γ\X) � DΓ

X G D
f ∈ C∞(Γ\X) ( L2(Γ\X) )

:

DΓ f = λ(D) f (∀D ∈ DG(X)).

λ : DG(X)→ C .

λ(D) : X G DG(X) � D
DG(X) ( X = G/H

)
33

Γ\G/H
Γ ⊂ G ⊃ H SL(2,Z) ⊂ SL(2,R) ⊃ SO(2)

G
↙ ↘

Γ\G G/H
↘ ↙
Γ\G/H

SL(2,R)
↙ ↘

R
3\

↘ ↙

−1 0 1

.

• Γ = {e} · · · G/H
Gelfand, Harish-Chandra, S. Helgason, Flensted-Jensen, , Delorme, . . .

• H , Γ · · · (local theory)
Siegel, Selberg, Piateski-Shapiro, Langlands, Arthur, Sarnak, Müller, . . .

• G = Rp,q ( ), Γ = Zp+q, H = {e}
Oppenheim conjecture, Dani–Margulis, Ratner, Eskin, Mozes, . . . 34

Γ\G/H
Γ ⊂ G ⊃ H

G
↙ ↘

Γ\G G/H
↘ ↙
Γ\G/H

: G H Γ

Γ\G/H

• ( ) “ ” Γ\G/H ?

• ( ) Weyl .
• ( ) Γ\G/H Γ\G 35

“ ”

M:
⇐⇒
def

(≡ −1)

(� 0)
.

:

C (F. Kassel–K, Adv Math 2016)
3

� ‘ ’

‘ ’ =
def

( )
12g − 12 36



“ ” (2016)

↗ ↖
Symmetries in Geometry
theory for discontinuous gp
for pseudo-Riemannian mfds

Symmetries in Analysis
(infinite-dim’l vector space
controlled by Lie groups)

( ) ( )
. . . ...

→

37

C
Chern’s double fibration

Z S 3
Cq ← ←p ⊂ ⊂

Ξ H
3 AdS3 −→M = AdS3/Γ

3

Lemma (1) h = η ◦ p! ◦ q∗(g) is well-defined, eigenfunction of
the hyperbolic Laplacian � of AdS3.

(2) ( ) Ξ g �

h Γ-

hΓ :=
∑

γ∈Γ
h(r · ) � 0

.

� hΓ M = AdS3/Γ �
38

Γ\G/H L2

� f = λ f on Γ\G/H
Step 1

( , Poisson )

Step 2 ( “ ” )
(Flensted-Jensen’s )

Step 3 (Poincaré )
• Γ

�G/H
(Kazhdan–Margulis, K– , Benoist, Kassel–K, . . . )

• G/H
( )

( – – , , . . . )

39

References
• T. Kobayashi, Proper action on a homogeneous space of reductive type,

Math. Ann. 285 (1989), pp. 249–263.

• , , 36
, , 1989, pp. 104–116.

• T. Kobayashi, Deformation of compact Clifford–Klein forms of indefinite-
Riemannian homogeneous manifolds, Math. Ann. 310 (1998), pp.
395–409.

• T. Kobayashi, Discontinuous groups for non-Riemannian homogeneous
spaces, Mathematics Unlimited — 2001 and Beyond Springer-Verlag, 2001,
pp. 723–747

• T. Kobayashi, From “local” to “global”: Beyond the Riemannian geometry.
Kavli IPMU News, 25, (2014), pp. 4–11.

• T. Kobayashi, Intrinsic sound of anti-de Sitter manifolds, PROMS, 191
(2016), pp. 83–99.

• F. Kassel and T. Kobayashi, Poincaré series for non-Riemannian locally
symmetric spaces. Adv. Math. 287, (2016), pp.123–236.

• T. Kobayashi, Global analysis by hidden symmetry, Progr. Math. vol. 323,
pp. 359–397, 2017. 40


