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Quantization of symmetric spaces and representation

The goal of this series of lectures will be to describe and com-
pare two intimately related but nevertheless fundamentally
different methods of quantization of symmetric spaces : on the
one hand deformation quantization and symbolic calculus on
the other hand. We shall also discuss interesting connections
with the representation theory of semi-simple Lie groups.
Undergraduate students are welcome.

e General setting and historic background : mathemati-
cal formulation of the Quantization procedure : Weyl
symbolic calculus and Moyal star product.

e Kontsevich’ deformation quantization of a smooth Pois-
son mani-fold.

e Quantization of a linear Poisson structure and Duflo
isomorphism.

e Non flat case, covariant symbolic calculus on co-adjoint
orbits of conformal Lie algebras.

e Quantization of para-Hermitian symmetric spaces :
spectral approach.

e Particular case of causal symmetric spaces of Cayley
type and Rankin-Cohen brackets.



Lecture 1

The first and introductory lecture of a series of four will be devoted to the dis-
cussion of fundamental principles of the Quantum mechanics and their mathematical
formulation. This part is not essential for the rest of the course but it might give a
global vision of the subject to be considered.

We shall introduce the Weyl symbolic calculus, that relates classical and quantum
observables, and will explain its relationship with the so-called deformation quanti-
zation of symplectic manifolds.

Afterwards, we will pay attention to a more algebraic question of formal deformation
of an arbitrary smooth Poisson manifold and will define the Kontsevich star-product.

Lecture 2

Back to Mathematics. Two methods of quantization.
We’ll start with a discussion on

e Weyl symbolic calculus on a symplectic vector space and its asymptotic behav-
ior.

In the second part, as a consequence of previous considerations, we’ll define the
notion of deformation quantization.

Lecture 3
Kontsevich’s formality theorem and applications in Representation theory.
We shall first give

e an explicit construction of an associative star-product on an arbitrary smooth
finite-dimensional Poisson manifold.

As application, we’ll consider in details the crucial example of the dual of a finite-
dimensional Lie algebra and will sketch a generalization of the Duflo isomorphism
describing the set of infinitesimal characters of irreducible unitary representations of
the corresponding Lie group.

Lecture 4
The last lecture will be devoted to following subjects:

e Application of Kontsevich’s star-product to the case of the dual of a Lie algebra.
e Duflo Isomorphism through deformation quantization.
e Covariant symbolic calculus on symmetric spaces.

We shall finish by discussing merits and demerits of these two approaches to the
quantization problem of homogeneous spaces.
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