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Abstract. These are some notes on the basic properties of algebraic K-theory and
G-theory of derived algebraic spaces and stacks, and the theory of fundamental classes
in this setting.

Keywords and phrases: algebraic K-theory, virtual fundamental classes, derived alge-
braic geometry, stacks

Mathematics Subject Classification (2020): 19E08, 14A30, 14A20

Contents

1. Perfect and coherent complexes .........oooevuiiiiiiiiii 4
1.1. Complexes over derived commutative rings............coeoeviiiiiiiiinii.. 4
1.2. Quasi-coherent, perfect, and coherent complexes ...............cocvviiiiiinn.., )
1.3. Tensor, Hom, and inverse/direct images .............cccoveueiuiieiiiniineiniianns. 7
1.4. Finiteness of Tor-amplitude ... 9
1.5. Finiteness of cohomological dimension ..............c.coooiiiiiiiiiiiiiiiiininin... 10
1.6. CohomologiCal PrOPEITIESS ...vvuiniiit ettt ettt et e e e eeeaaaanns 12
1.7. The resolution PropPerty .....o.ouie i 13
1.8, Perfect StacKs ...viuiiri e 14
1.9, Perfectness Criterian.......iieiee i eae e 15
110 COMBINUIEY « . et vttt 19

2. Algebraic K-theory ... 20
2.1, DefINItIONS . oneieiiti e 21
2.2, OPETatIONS . eueuinitit e 23

A.A. KHAN

Institute of Mathematics Academia Sinica Taipei 10617 Taiwan
(e-mail: adeelkhan@gate.sinica.edu.tw)



A.A. Khan

2.3. Projective bundles and blOW-Uups .......cccoiiiiiiiiiiiiiiiii 25
2.4. Excising closed SUDSEtS ....oovviiiitiiiiii 26
2.5. EXCISING OPen SUDSEES . .uiuiiiiiitii e 27
2.6. Bass fundamental SEqUENCe. .........coooiiiiiiiiiii 29
2.7 CONBIMUITY . ettt e 30
2.8, NIHNVATIATICE .uvniniiit it 30
GrtEOTY et 31
3.1. Definition and basic Properties. ....c.cooeeiiriiiiiiiiiiii i 31
BT O ) 7Y = 1 s (o)1= J 32
S TR 0> 1] 1) o L P 34
3.4. Projective bundles and blow-Ups .......oviiiiiiiiiiiii 34
3.5. Homotopy InvarianCe ..........c..oiiiiiiiiiiiiiiii 35
. Homotopy invariance and singularities .............c.coooviiiiiiiiiiiiniiiiiiiiininn. 37
4. 1. Welbel’s CONJECTUTE. . .vuinit it 37
4.2. Homotopy invariant K-theory .........c.cooiiiiiiiii 38
4.3. Properties of KH. ..o 40
Rational étale K-theory and G-theory ............cooiiiiiiiiiiiiiiiii 41
5.1. Descent on algebraic Spaces .........cocvuiriiiiiiiii i 41
5.2. Etale K-theory and G-theory ..........cccooeeieiiiiiiiiiiiiiiieeeee e 43
5.3, Proper COAESCONT . ...uuii e 44
5.4. Non-representable direct image ..........cccoooiiiiiiiiiiiiiiiiiiii 46
. Virtual fundamental Classes ..........ovuiiiiiiiiiiii 47
6.1. Fundamental classes in G-theory ..........c.ooiiiiiiiiiiiiiiiiiii 47
6.2. Fundamental classes via deformation to the normal stack...................... 49
6.3. Grothendieck—Riemann—Roch formulas ....................c, 50
6.4. K-theoretic fundamental classes ..........oooviiiiiiiiiiiiiiiii 52

6.5. The ~-filtration and Chow cohomology of singular schemes ................... 54



	Perfect and coherent complexes
	Complexes over derived commutative rings
	Quasi-coherent, perfect, and coherent complexes
	Tensor, Hom, and inverse/direct images
	Finiteness of Tor-amplitude
	Finiteness of cohomological dimension
	Cohomological properness
	The resolution property
	Perfect stacks
	Perfectness criteria
	Continuity

	Algebraic K-theory
	Definitions
	Operations
	Projective bundles and blow-ups
	Excising closed subsets
	Excising open subsets
	Bass fundamental sequence
	Continuity
	Nil-invariance

	G-theory
	Definition and basic properties
	Operations
	Excision
	Projective bundles and blow-ups
	Homotopy invariance

	Homotopy invariance and singularities
	Weibel's conjecture
	Homotopy invariant K-theory
	Properties of KH

	Rational étale K-theory and G-theory
	Descent on algebraic spaces
	Étale K-theory and G-theory
	Proper codescent
	Non-representable direct image

	Virtual fundamental classes
	Fundamental classes in G-theory
	Fundamental classes via deformation to the normal stack
	Grothendieck–Riemann–Roch formulas
	K-theoretic fundamental classes
	The gamma-filtration and Chow cohomology of singular schemes




