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Abstract

We recall the definition and basic properties of ramification groups. We
compute it in the most elementary cases. One is the classical case, i.e., the
case where the residue field is perfect. The other is the abelian and the equal
characterictic case.

Plan

1. Ramification groups.
2. Classical case.
3. Rank 1 case.

(Possible) Applications.
1. Grothendieck-Ogg-Shafarevich formula, conductor formula (in progress).
2. Ramification of finite flat group schemes, by S. Hattori.

1 Ramification groups.

Let K be a complete discrete valuation field and L be a finite Galois extension of Galois
group G. The lower numbering filtration G; C G, (i € N) is defined by

G; = Ker(G — Aut(Op/m?)).
They have the properties:
1. Easy to define.
2. Not compatible with quotients.
The upper numbering filtration has the opposite properties:
1. Definition is sophisticated.

2. Compatible with quotients.



Geometric interpretation of the definition of the lower numbering filtration. Take
a presentation O = Og[Xy,..., X,]/(f1,..., fm). Then G = Homo, ae(Or, Of) is
identified with the subset

G={r=(21,...,m) € D"|fi(x) = ... = fuu(2) = 0}
of the n-dimensional disk D™ of radius 1. Then G; is defined by
GZ' =GnN D(’L, Z)

where z corresponds to the unit of G, D(i, z) = {x € D"|d(x, z) > i} is a subdisk and
d(x,z) = ming ordy (z — 2x). Idea of the definition is that

z € G is close to e € G if the distance p~4*©) is small.

A defect in the definition is that the way G is defined and the way the distance is
measured are unrelated.

To remedy it, we make the following definition of the upper numbering filtration.
For a rational number j > 0, we define an affinoid subdomain X7 C D" by requiring
that the underlying set is given by

{z € D"|ordg fr(x) > jfor j=1,... ,m}.

We have G = X = ; X7. Now we can define the upper numbering filtration by
following the idea

x € GG is close to e € (G if they are in the same connected component.
Definition 1 For a rational number 7 > 0, we put
G7 = {x € G|z is in the same geometric connected component of X’ as e € G}.

Here, if A7 = K(Xy,...,Xn)(f1/77,..., fin/7’) denotes the affinoid algebra over K
defining X7, the geometric connected component means that in SpecA’ @ K.
With this definition, we have

Theorem 2 1. For a rational number j >0, G7 C G is a normal subgroup.

2. The filtration s compatible with quotient.

3. There exist a finite number of rational numbers 0 = jo < j1 < ... < jm Such
that G is constant for j € (jx_1,jx) and is 1 for j € (jm,o0).

4. GIx |GIx+1 4s an abelian p-group for j, > 1 at least if p is not a prime element.

Variants. .
1. logarithmic version. Replace X’ by an affinoid subdomain Xfog defined as
follows. Assume z; is a prime element and put e = ey /x and e; = ordpz; for i > 2.
Take polynomials u(z) and v;(x) satisfying 2§/m = u(z) and 27" /z; = v;(z). Then we
define Xf;)g by further imposing the conditions ord g (z§/m—u(z)) > j and ordx (] /z; —
vi(x)) = J.

2. We may replace the surjection Og[X1, ..., X,] — O by an arbitrary surjection
A — Oy from a smooth Og-algebra A.



2 Classical case

Assume L is totally ramified and Op = Og/[z]/f(z). We assume that the image z = z,
of z is a prime element of L and hence f(z) is an Eisenstein polynomial of degree
n. Then the affinoid variety X/ is described as follows using the Newton polygon of
h(z) = f(z + 2) as follows. The NP of h(z) = 2" + bjz" ' 4+ - - + b,_1x is defined as

the convex hull of of (0,0), (1,ordzb),...,(n —1,ordzb,—1).

Figure 2.
If we arrange the solution zy,... ,z, = z of f(x) in such a way that

ordr(z1 — z,) <ordp(ze — 2,) < -+ <ordp(zp—1 — 2n),

the slope on the interval [t — 1,] is given by ordy(z; — z,).
For ordy(z; — z,) < i < ordp(ze41 — 2n), We have

ordg f(z + 2z) = ordgh(z) = eLl/K (Z ordp(zs — z,) + (n — t)z)

(i) = L (Z ordp(zs — zn) + (n — t)z) ,

one can show that the inverse image X ¥ of the disk of radius ¢(i) is a disjoint union
of disks of radius i/er k. Further, we have the G; = G¥(.
The function (i) is called the Herbrand function. It is equal to the minimum of

the difference: .
(i) = _— Juin (p(t) — it — n))

where p(t) is the defining function of the Newton polygon. In other words,

1
o(i) = min(i(n — t) 4+ ordzb;)
er/k 't

— ordgh(n"/er/xg).

Thus, if
NP has slope ix_1 on the left of n — g, and i; on the right of n — g
then

Hf has slope gx on the interval [ig_1, ix].



In this case, we have g, = |G’| for j € (p(ix_1), ¢(ix)]. More precisely,
G' = {z € Glord(z — 2) > i1}

The fact that g, is a power of p is a consequence of the following elementary lemma
+ no cancellation.

Lemma 3 The vertices of the Newton polygon of (x +1)" — 1 are
(0,0), (n —p%,0), (n— p** ordp),...,(n—1,e-ordp)

where e 1s the p-adic valuation of n.

3 Abelian and equal characteristic case

Assume K is of characteristic p > 0. Then then Artin-Schreier-Witt theory gives a
surjection W, 11 (K) — H'(K,Z/p™*Z). Brylinski defined an increasing filtration on
Wit (K ) by

FEWoii(K) = {(20, .-, 2m)|p™ orda; > —r for i =0,... ,m}.

Theorem 4 The image of Fy on HY (K, Z/p™ ™ Z) = Hom(G32, Z/p™ ' Z) is the dual
of the logarithmic upper numbering filtration. More precisely, for an integer r > 1, we
have G?’lﬁg = G?’f‘;g forj e (r—1,7] and

F,HYK,Z/p" 7)) = Hom(G;tj{;g, 7.)p" 7).

Remark. The image of F, on H'(K,Z/p™'7Z) is known to coincide with the filtration
defined by Kato.
Let F' be the residue field. We put

Qp(log) = (Qrd FR K*)/(da —a®a,a € Oxg NK™).
We have an exact sequence 0 — Qp — Qp(log) =5 F — 0. We define a map
R, : GrEW,, 1 (K) — Hom(m /midt, Qp(log))

by
Ro(xg, ... ,xpm) = xgmdlogxo + -+ x,dlogx,,.

It is not obvious that the map is well-defined. However, one can prove it in the following
way.

Assume F' is a function field over a perfect subfield Fy. Let t; be a prime element
of K, ty,...,tq be a separating transcendental basis of F' over Fy and to,... ,t; be
their liftings. Let I be the fraction field of the completion of the localization of
Oxkluy, ... ,uq] at (t;) and a : K — K be the inclusion. We define another map
B : K — K by t; — t;(14u;t]) and requiring that the induced map on the residue field
is the canonical map. Then, some elementary computations show the following.
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Proposition 5 The map f— a: W,,11(K) — W,11(K) sends F,W,,11(K) to FoK =
Oxc. Further the following diagram is commutative

B—a

Fer+1(K) E— F()]C
Gri Wi (K) Ox/mx

7| v

Hom(m /mi5E" Qp(log)) LN > Fu;.
The bottom horizontal arrow T, is an isomorphism sending the basis t] — dlogt; to u;.

Proposition 5 forces R, to be well-defined.

Corollary 6 (Kato) The map R, : GrEW,,.1(K) — Hom(m} /mitt, Qr(log)) in-
duces an injection rsw, : GrE HY(K, Z/p™ ' Z) — Hom(my /mt", Qp(log)).

Sketch of Proof of Theorem 4. Let X be a smooth scheme over Fy and D be a
smooth divisor of X. Let £ be a generic point of D and assume Op is identified with
the completion of the discrete valuation ring Ox .

Let Y — X be a cyclic covering of degree p™*! étale on the complement U = X\ D.
Assume it gives a cyclic extention L over K. Then, a surjection A — Op, from a smooth
Oxk-algebra A is given by the immersion Y — Y x X to a smooth X-scheme. Since

the diagram
Y — Y x X

| |

X — X x X

is cartesian, the upper ramification group of G = Gal(L/K) is computed by the map
Y xX— X x X.

Let F be a smooth rank 1 sheaf on U defined by a faithful character of the Galois
group of Gal(Y/X). We consider a smooth sheaf H = Hom(psF,piF) on U x U. The
restriction of H to U x V' is the same as the sheaf defined by the upper right vertical
arrow in the cartesian diagram

VxU —— VxV

! !

UxU —— UxV

| |

u «—— V.



Then, Proposition 5 has the following geometric interpretation. Let (X x X)© —
X x X be the blow-up at D x D C X x X. The diagonal map X — X x X induce the
log diagonal map X — (X x X)©@, Let (X x X)) — (X x X)© at the image of D C X
by the log diagonal map X — (X x X)©. Applying the construction inductively, we
obtain a sequence of blow-ups

(XxX)" 50 5 (X x X)W 5 (X x X)O 5 X x X,

Figure 3.

The local field K is identified with the local field of (X x X)) at the generic
point of the exceptional divisor E() of the last blow-up. The maps a and 3 are
identified with the maps induced by the first and the second projections respectively.
Then Proposition 5 implies that the sheaf H has a smooth extension along E™) (after
shrinking X). Further Corollary 6 implies that its restriction on E() is an Artin-
Schreier sheaf defined by a non-trivial linear form. Thus Theorem 4 follows.



