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Automorphism groups of free groups

• Fn := 〈x1, . . . , xn〉 : Free group of rank n ≥ 2

• H := H1(Fn,Z) ∼= Z⊕n : Abelianization of Fn

ρ : AutFn
surj.−−−→ Aut(H)

=

GL(n,Z)

GL(n,Z) := {A ∈ M(n,Z) | detA = ±1}



IA-automorphism groups

IAn := Ker(AutFn → GL(n,Z))

• Magnus, 1935

IAn is finitely generated by

Kij : xi )→ xj
−1xixj,

Kijk : xi )→ xi [xj, xk], j < k

! "
Problem For n ≥ 3,

Find a presentation for IAn.
# $



Mapping class groups of surfaces

• g ≥ 1,

Σg,1 :=

· · ·

∗

· · ·

π1(Σg,1, ∗) ∼= F2g

• Mg,1 := Diff+(Σg,1, ∂)/isotopy



! "
Theorem (Dehn, Nielsen) g ≥ 1

ι : Mg,1 ↪→ AutF2g

Im(ι) = {σ ∈ AutF2g | ζσ = ζ}
# $
• Torelli group

Ig,1 := IA2g ∩ Mg,1

1 −→ IA2g −→ AutF2g
ρ−→ GL(2g,Z) −→ 1! ι

!
!

1 −→ Ig,1 −→ Mg,1 −→ Sp(2g,Z) −→ 1



Andreadakis-Johnson filtration of AutFn

• Γn(k) : lower central series of Fn

Γn(1) := Fn, Γn(k) := [Γn(k − 1), Fn]

• Ln(k) := Γn(k)/Γn(k + 1)

! "
Facts. (Magnus, Witt, Hall)

Ln :=
⊕

k≥1

Ln(k) is the free Lie algebra generated

by H.# $



• Andreadakis-Johnson filtration k ≥ 1

An(k) := Ker(AutFn → Aut(Fn/Γn(k + 1)))

IAn = An(1) ⊃ An(2) ⊃ · · ·

! "
Theorem (Andreadakis, 1965)

(1) [An(k),An(l)] ⊂ An(k + l)

(2) grk(An) := An(k)/An(k + 1) is free abelian.

# $

• grk(An) : sequence of approximations of IAn.



! "
Remark For any σ ∈ An(k) and x ∈ Fn,

x−1xσ ∈ Γn(k + 1)
# $

• The k-th Johnson homomorphism of AutFn

τk : grk(An) → HomZ(H,Ln(k + 1))

σ )→ (x )→ x−1xσ)



! "
Facts.

(1) τk is injective.

(2) τk is a GL(n,Z)-equivariant homomorphism

(3) Under the identification

HomZ(H,Ln(k + 1)) = Der(Ln)(k),

the graded sum

τ :=
⊕

k≥1

τk :
⊕

k≥1

grk(An) → Der(Ln)

is a Lie algebra homomorphism.
# $



! "
Problem

• Determine Im(τk) and Coker(τk).

• Determine Im(τk,Q) and Coker(τk,Q).
# $

• A, B : Z-module, f : A → B : Z-map

AQ, AQ := A ⊗Z Q

fQ, fQ := f ⊗ idQ



Johnson cokernels for AutFn

• A′
n(k) : Lower central series of IAn

An(1) ⊃ An(2) ⊃ An(3) ⊃ · · ·
= = Bachmuth ⊂ Pettet

A′
n(1) ⊃ A′

n(2) ⊃ A′
n(3) ⊃ · · ·

! "
Conjecture (Andreadakis) For any n, k ≥ 3,

An(k) = A′
n(k)

# $



• grk(A′
n) := A′

n(k)/A′
n(k+1) H∗ := HomZ(H,Z)

τ ′
k : grk(A′

n) → grk(An)
τk−→ H∗⊗ZLn(k + 1)

Coker(τ ′
k,Q)

surj.−−−→ Coker(τk,Q)

! "
Theorem (S., 2009) For k ≥ 2, n ≥ k + 2,

Coker(τ ′
k,Q)

∼= CQ
n(k)

# $

Cn(k) := H⊗k/〈a1⊗a2⊗· · ·⊗ak−a2⊗· · ·⊗ak⊗a1 | ai ∈ H〉



How to detect CQ
n(k)

• Ln(k) ↪→ H⊗k

[X,Y ] )→ X ⊗ Y − Y ⊗ X

• H∗⊗ZH⊗k+1 → H⊗k

x∗
i ⊗ xj1 ⊗ xj2 ⊗ · · ·⊗ xjk+1

)→ x∗
i (xj1) · xj2 ⊗ · · ·⊗ xjk+1

! "
Contraction map

Φk : H∗ ⊗Z Ln(k + 1) → H⊗k

# $



• H⊗k → Cn(k) : projection

Φk : H∗ ⊗Z Ln(k + 1)
Φk−−→ H⊗k → Cn(k)



Examples

• A Magnus generator of IAn.

Kij : xi )→ xj
−1xixj

• Johnson images. For any distinct i, j, and l,

τ1(Kij) = x∗
i ⊗ [xi, xj]

τ ′
2([Kij,Kil]) = [x∗

i ⊗ [xi, xj], x∗
i ⊗ [xi, xl]]

= x∗
i ⊗ [[xi, xl], xj] − x∗

i ⊗ [[xi, xj], xl]

= x∗
i ⊗ [[xj, xl], xi]



• H∗⊗ZLn(k + 1) → H∗⊗ZH⊗k+1

τ ′
2([Kij,Kil]) = x∗

i ⊗ [[xj, xl], xi]

)→ x∗
i ⊗ ([xj, xl] ⊗ xi − xi ⊗ [xj, xl])

Hence,

Φ2(τ
′
2([Kij,Kil])) = −(xj ⊗ xl − xl ⊗ xj) ∈ H⊗2

)→ 0 ∈ Cn(2)



! "
Theorem (S., 2009)

For any n ≥ k + 2,

Im(τ ′
k,Q) = Ker(Φ

Q
k )

# $

grkQ(A
′
n)

τ ′
k,Q−−→ H∗

Q⊗ZLQ
n(k + 1)

Φ
Q
k−−→ CQ

n(k) → 0

(exact)



Generators of Im(τ ′
k,Q)

• x∗
i ⊗ [xi1, xi2, . . . , xik+1

] for i1, . . . , ik+1 0= i

• x∗
i ⊗ [xi1, . . . , xik, xi] for i1, . . . , ik 0= i

• x∗
i ⊗ [xi, xi1, . . . , xik] − x∗

j ⊗ [xj, xik, xi1, . . . , xik−1]

for i, j 0= i1, . . . , ik and i 0= j,

• x∗
i ⊗ [xi1, xi2, . . . , xik+1]

−
∑k

l=1 δi,ilx
∗
m ⊗ [xi1, . . . , xil−1, xm, xil+1, . . . , xik, xik+1]

for m 0= i1, . . . , ik+1

• x∗
i ⊗ [xi, xi1, . . . , xik]−x∗

i ⊗ [xi, xik, xi1, . . . , xik−1] for i 0= i1, . . . , ik

• x∗
i ⊗ [xi, xi1, . . . , xik] − x∗

j ⊗ [xj, xi1, . . . , xik]

for i, j 0= i1, . . . , ik and i 0= j



Observation

For any 1 ≤ l ≤ k + 1

• H∗⊗ZH⊗k+1 → H⊗l−1 ⊗ H⊗k−l+1

x∗
i ⊗xj1⊗· · ·⊗xjl⊗· · ·⊗xjk+1

)→ x∗
i (xjl)·xj1⊗· · ·⊗xjk+1

Φ
l
k : H∗ ⊗Z Ln(k + 1) → Cn(l − 1) ⊗ Cn(k − l + 1)

! "
Proposition For any 1 ≤ l ≤ k + 1,

Im(τ ′
k,Q) = Ker(Φ

1
k,Q) ⊂ Ker(Φ

l
k,Q)# $



• Enomoto and S. (2010)

We give a combinatorial description of the irreducible

GL-decomposition of CQ
n(k) for n ≥ k + 2.

k CQ
n(k)

2 (2)

3 (3) ⊕ (13)

4 (4) ⊕ (2, 2) ⊕ (2, 12)

5 (5) ⊕ (3, 2) ⊕ 2(3, 12) ⊕ (22, 1) ⊕ (15)

• (λ) : the irreducible polynomial representation
corresponding to a Young diagram λ



Morita obstruction

• SkHQ ∼= (k) : the Symmetric tensor product of HQ
of degree k

• Morita’s trace map

Tr(k) : H
∗⊗ZLn(k + 1)

Φk−−→ H⊗k → SkH

! "
Theorem. (Morita) For any n, k ≥ 2,

(1) Tr(k) is surjective.

(2) Tr(k) vanishes on Im(τk).

# $

SkHQ ⊂ Coker(τk,Q)



• ΛkHQ ∼= (1k) : the exterior product of H of degree k

• Trace map for (1k)

Tr(1k) : H
∗⊗ZLn(k + 1)

Φk−−→ H⊗k → ΛkH

! "
Theorem. (S.) For any k ≥ 3 and n ≥ k + 1,

if k is odd,

(1) Tr(1k) is surjective.

(2) Tr(1k) vanishes on Im(τ ′
k).

# $

ΛkHQ ⊂ Coker(τ ′
k,Q)



• Enomoto-S., 2010 For any n ≥ k + 2,

(1) [CQ
n(k) : (k)] = 1 for any k ≥ 2

(2) [CQ
n(k) : (1k)] = 1 for any odd k ≥ 3


