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Automorphism groups of free groups

e F,, ;== (x1,...,xp) : Free group of rank n > 2

o H := H{(Fy,7) = Z9™ : Abelianization of F,

surj.

p: Aut F, —— Aut(H)
]
GL(n,Z)

GL(n,Z) :={A € M(n,Z)|det A =

+1}



IA-automorphism groups

TA;, := Ker(Aut F;, - GL(n,Z))

e Magnus, 1935

IA,, is finitely generated by

—1

K,,;' Ty > Lj “LiLy,

Kz]k P X — Xy [a:j,azk], ] <k

"Problem For n > 3,

Find a presentation for IA,,.




Mapping class groups of surfaces

eg>1,

Zg,l —

m1(2g,1, %) = Faq

e M, 1 := Diff (£, 1, 9)/isotopy



" Theorem (Dehn, Nielsen) g >1
L: Mg1 — Aut Fy,

Im(e) = {o € Aut Fp, | (7 = ¢}

N

e Torelli group

Ig,l = IAzg M Mg,l

1 — TAg, — Aut Fy, LN GL(2g,7) — 1

[ T

1 — Zg1 — Mgi1 — Sp(2g9,Z) — 1



Andreadakis-Johnson filtration of Aut F,

e I'),(k) : lower central series of Fj,

Ty(1) := Fp, Tn(k) = [Cn(k — 1), Fy]

o L(k):=Tpn(k)/Tn(k+1)

Facts. (Magnus, Witt, Hall)

N

Ly = @ L (k) is the free Lie algebra generated
k>1
by H.




e Andreadakis-Johnson filtration &k > 1

An(k) ;= Ker(Aut F;, — Aut(F,/T'n(k+1)))

IAp = Anp(1) D Ap(2) D ---

" Theorem (Andreadakis, 1965)

-

(1) [An(k), An(l)] C An(k +1)
(2) grf(Ap) := An(k)/An(k + 1) is free abelian.

° grk(.An) : sequence of approximations of IA,,.




'Remark  For any o € Ap(k) and x € F,,

rla? € Tp(k + 1)

e The k-th Johnson homomorphism of Aut F),

Ty grk(.A,n) — Homy(H, Ly(k+ 1))

c — (T+— z1x9)



-

N

Facts.
(1) 7, is injective.
(2) 7, is a GL(n,Z)-equivariant homomorphism

(3) Under the identification

Homy(H, Ln(k + 1)) = Der(Ly)(k),
the graded sum
T = @ Ty @ gr®(A,) — Der(Ly)

k>1 k>1
is a Lie algebra homomorphism.




KProblem

e Determine Im(7) and Coker(7y).

e Determine Im(7y ) and Coker(1 )-

N

e A, B: Z-module, f:A — B : Z-map
Ag, AY:= A®;Q

fo, £%:=f ®idg



Johnson cokernels for Aut Fy,

o A/ (k) : Lower central series of IA,,

An(1) D An(2) D An(3) D -
| | Bachmuth U Pettet

A (1) DA (2) DA (3)D---

KConjecture (Andreadakis) For any n,k > 3,

An(k) = A, (k)




o gr¥(A) := Al (k)/ AL (k+1) H* := Homy(H,Z)

us gri(A;,) — erf(Ay) 5 H*®gzLn(k + 1)

surj.

Coker(T,;,Q) —— Coker(7g @)

‘Theorem (S., 2009) For k>2, n>k+ 2,

Coker(7}, ) = C2(k)

Cn(k) := H®* /(a1®a2®" - -Qap—as®- - -®ar®aq | a; € H)



How to detect Cg(k)

o L,(k) — H®F
(X, Y] - XQQY - Y®X

o H*®@zH®kT1  H®k

T; QLj QTjy Q-+ Q Ty | T, (Tj,)  xjp @+ Q Lik+1

p
Contraction map

&) : H* Qy Lp(k+1) — HOF




o H®F — C, (k) : projection

__ P
) : H* Qy Ln(k + 1) — HOk 5 ¢, (k)



Examples

e A Magnus generator of TA,,.

. —1

e Johnson images. For any distinct 2,7, and [,

T1(K;j) = ;] @ [z, 2]

To([Kijs Ki]) = [2] @ [z4, 2], =] @ [x4, ]
"R [[x4, 1], 4] — 2] @ [[24, 4], 2]

*
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e H*®yLp(k + 1) > H*®QyH®F]

T ([Kij, Kip]) = xf Q [[x}, 2], 4]
— z; @ ([T, )] @ T; — x; @ [, 7])

Hence,

Do (5([Kij> Kit]) = —(2; @ 2 — 2, @ @) € H®?

— 0 € Cn(2)



-
Theorem (S., 2009)
For any n > k + 2,

Im(7f, o) = Ker(3)

Q
—= Hy®zL2(k + 1) 2k, CI(k) — 0

(exact)




Generators of Im(}, Q)

* . 0 o
® T R [T; 5 Tiys-- .,azikH] for i1,...,%41 # 1

© 7 R [Tjy.ees Ty ;] fOr dy,...,ip £ 1
® L' R [TiyTiyye--,Tiy| — i & [Ty Tipy Tigy o v vy Tip_ ]

for i,j # 41,...,1, and © # 7,
® 7 Q [Ti, Tiyy .- Tiy, ]

— Zle 5i,ilm:n ® [iI)il, « oo wil—l’ Lo wil+17 oo wik, wik_H]

for m # 41,..., %11
@ XX [Xiy Tiyyenos Ty | — Q[ Xiy Tiyy Tiyy e ey iy, | fOr T # 21,...,1%
® L' R [Tiy Tiyye--,Ti| — :13;" ® [Xjy Tiyy ooy Tiy]

for 2,7 # 41,...,1%, and 7 # )



Observation

Forany 1 <[ < k+41

° H*®ZH®k+1 s H®l_1 R H®k—l+l

%k k
T, QTG Q- QTj Q- -Qxj, Ty (zj,) 2 & QTjy

T, H* Q@ Lok +1) = Cn(l — 1) ® Cp(k — L + 1)

KProposition For any 1 <[ < k41,

Im(T,;’@) = Ker(@,lc’@) C Ker(@ﬁc’@)




e Enomoto and S. (2010)

We give a combinatorial description of the irreducible

GL-decomposition of Cg(k) for n > k 4+ 2.

Cl(k)

(2)

(3) ® (1°)

(4) ® (2,2) & (2,17

(5) @ (3,2) ®2(3,1%) @ (2%, 1) @ (1°)

CU = W N

® (M) : the irreducible polynomial representation
corresponding to a Young diagram A



Morita obstruction

o SkHQ = (k) : the Symmetric tensor product of Hg
of degree k

e Morita’s trace map

P
Tr(k) : H*(X)Zﬁn(k -+ 1) —k—) H®Fk — SkH

‘Theorem. (Morita) For any n,k > 2,
(1) Try, is surjective.
(2) Tr() vanishes on Im(7y).

-

SkH@ C Coker(Tg,q)



° AkHQ >~ (1%) : the exterior product of H of degree k

e Trace map for (1F)

P
Tr iy : H*®@zLn (K + 1) —* H®% 5 AFH

‘Theorem. (S.) Forany k>3 and n > k + 1,
if k is odd,

1) Tr &\ 1s surjective.
(17)

(2) Tr (k) vanishes on Im(7y).

N /

A*Hg C Coker(ty, o)




e Enomoto-S., 2010 For any n > k + 2,

(1) [CY(k) : (k)] =1 for any k > 2

(2) [CR(k) : (1F)] =1 for any odd k > 3



