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But 04 is equal to the height of the cone C'; therefore, since
cones are equal if their bases and heights are reciprocally
proportional, it follows that the cone C (or the solid sector
OBADR) is equal to a cone whose base is the circle on BB’ as
diameter and whose height is equal to OH.

And this latter cone is equal to the sum of two others
having the same base and with heights OM, MH, ie. to the
solid rhombus OBHB'.

Hence the sector OBAB’ is equal to the rhombus OBHB'.
Taking away the common part, the cone OBB’,

the segment BAB’ = the cone HBB'.
Similarly, by the same iffethod, we can prove that

the segment BA’B’ = the cone H'BB'.
Alternative proof of the latter property.

Suppose D to be a cone whose base is equal to the surface
of the whole sphere and whose height is equal to 0A4.
Thus D is equal to the volume of the sphere. [1. 33, 34]
Now, since OA’+A'M: A’M=HM: MA,
dividendo and alternando, as before,
OA:AH=A'M: MA.

Again, since H'M:MA'=0A+ AM: AM,
H'A':0A=A'M: MA
= 04 : AH, from above.
Componendo, HO:0A=0H:HA.................. ).
Alternately, HO:0H=04:4H........ T (2),

HH' : HO=0H : HA,

and, componendo, .
=H'0 : 04, from (1),

whence HH'.0A=H'0.0H.................. ).
Nezxt, since H'O: 0H=04: AH, by (2),
=AM : MA,

(H'O + OHY : H'0.OH = (A'M + MAY : A'M. MA,

Boork T

s

e

v,,..
AT

ON THE SPHERE AND CYLINDER II. 61

whence, by means of (8),
HH”: HH'.0A=AA": A’M.MA,
or HH' : 0A=A44": BM*,

Now the cone D, which is equal to the sphere, has for its base
a circle whose radius is equal to .4.4’, and for its height a line
equal to OA.

Hence this cone D is equal to a cone whose base is the circle
on BB’ as diameter and whose height is equal to HH";

therefore the cone D = the rhombus HBH'B’,
or the rhombus HBH’B’ = the sphere.
But the segment BAB' = the cone HBB';

therefore the remaining segment BA’B’ = the cone H’BB’.

Cor. The segment BAB' is to & cone with the same base and
equal height in the ratio of OA'+ A'M to A'M.

Proposition 3. (Problem.)

To cut & given sphere by o plane so that the surfaces of the
segments may have to one another a given ratio.

Suppose the problem solved. Let AA’ be a diameter of a
great circle of the sphere, and suppose that a plane perpendicular
to AA’ cuts the plane of the great circle in the straight

H| K

-]

line BB, and A4’ in M, and that it divides the sphere so that
the surface of the segment BAB’ has to the surface of the
segment BA’B’ the given ratio. :
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Now these surfaces are respectively equal to circles with
radii equal to 4B, 4B [I. 42, 48].

Hence the ratio AB* : A’B* is equal to the given ratio, i.e.
AM is to MA’ in the given ratio.

Accordingly the synthesis proceeds as follows.
If H : K be the given ratio, divide 4 A’ in M so that
AM: MA'=H: K.
Then AM : MA'=AB*: A’'B*
= (circle with radius A B) : (circle with radius 4'B)
= (surface of segment BAB’) : (surface of segment BA’B’).

Thus the ratio of the surfaces of the segments is equal to

the ratio H : K.
N

Proposition 4. (Problem.)

To cut a given sphere by a plane sothat the volumes of the
segments are to one another in a given ratio.

Suppose the problem solved, and let the Trequired plane cut
the great circle ABA’ at right angles in the line BB’. Let
AA’ be that diameter of the great circle which bisects BB’ at
right angles (in M), and let O be the centre of the sphere.

8

Al b 7,.' {s]
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Take H on OA produced, and H’ on 04’ produced, such
" that
OA’+ A’M : A’'M=HM : MA,............. (1),

and OA+AM : AM=H'M:MA'.......... (2).
Join BH, B’H, BH’, B'H". ‘
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~ Then the cones HBB’, H’BB’ are respectively equal to the
segments BAB', BA'B’ of the sphere [Prop. 2].

Hence the ratio of the cones, and therefore of thejr altitudes,
is given, i.e. ' .
HM : H'M = the given ratio............... 3).

We have now three equations (1), (2), (3), in which there
appear three as yet undetermined points M, H, H'; and it is
first necessary to find, by means of them, another equation in -
which only one of these points (M) appears, i.e. we have, so to
speak, to eliminate H, H',

Now, from (8), it is clear that HH’: H'M is also a given
ratio; and Archimedes’ method of elimination i8, first, to find
values for each of the ratios A’H’: H'M and HH': H’A’ which
are alike independent of H, H’, and then, secondly, to equate
the ratio compounded of these two ratios to the known value
of the ratio HH': H' M.

(@) To find such a value for A’H’: H'M.

It is at once clear from equation (2) above that

AH :HM=04:04+AM............(4).

(b) To find such a value for HH’ : A’H".

From (1) we derive

A'M: MA=04"+A'M: HM

=04’ :AH ...ccoooo........... (3);
and, from (2), A'M:MA=HM:0A+AM
=A'H": QA weuvueeerannan..... (6).
Thus HA:A0=04": A'H',
whence OH :0A’'=0H': A’H’,.
or OH:0H'=04': A'H".

It follows that
HH': OH'=0H': A'H’,
or HH'.H'A’'= 0H".
Therefore HH’: H'A'=OH"*: H'A"
=A4A4" : A’M°, by means of (6)
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(©) To express the ratios 4’H’ : H'M and HH' : H' M more
simply we make the following construction. Produce 04 to D
so that 04 =AD. (D will lie beyond H, for A'M > MA, and
therefore, by (5), 04 > AH.)

Then AH :HM=04 :04A+AM
=AD:DM..................... )
Now divide AD at E so that
HH' :H'M=AD :DE.................. (8).

Thus, using equations (8), (7) and the value of HH' : H'A’
above found, we have
AD:DE=HH': HM
=(HH': H'A").(A’'H’ : H'M)
=(44": A’'M*).(AD : DM).
But AD : DE=(DM : DE).(AD : DM).

Therefore MD:DE=AA™: A'M................. 9).
And D is given, since AD=0A. Also AD : DE (being equal
to HH': H'M) is a given ratio. Therefore DE is given.

Hence the problem reduces itself to the problem of dividing
A'D into two parts at M so that

MD : (a given length) = (a given area) : A’M>

Archimedes adds: “If the problem is propounded in this
general form, it requires a Swopiouds [ie. it is necessary to
investigate the limits of possibility], but, if there be added the
conditions subsisting in the present case, it does not require a
Seopeapds.”

In the present case the problem is:

Given o strasght line A’A produced to D so that A’A = 24D,
and given a point E on AD, to cut AA’ in a point M so that

AA™: A'M*=MD : DE.

“And the analysis and synthesis. of both problems will be
given at the end*.”

The synthesis of the main problem will be as follows. Let
R : S be the given ratio, B being less than 8. AA’ being a

* See the note following this proposition.
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diameter of a great circle, and O the centre, produce 04 to D
80 that 04 = 4D, and divide 4D in £ so that

AE:ED=R:S.
Then cut A4’ in M so that
MD :DE = AA™: A'M°.
Through M erect a plane perpendicular to AA4’; this plane

will then divide the sphere into segments which will be to one
another as R to S.

Take H on A'A produced, and H’ on 44’ produced, so that
OAd'"+ A'M : A’M=HM MA,............Q),
OA+AM : AM=H'M : M4’ .......... -(2).
We have then to show that
HM:MH'=R:8, or AE : ED.
(a)- We first find the value of HH’: H’A’ as follows.
As was shown in the analysis (b),
HH'.H'4A’'=0H",
or HH': HA'=0H": H'A"
=AA4"%: A'M*
=MD : DE, by construction.
(B) Next we have
HA :H'M=04:04+AM
=AD: DM, :
Therefore HH':H'M=(HH’: H'A").(H'A': HM)
=(MD: DE).(AD : DM)
=AD: DE,
whence HM : MH'= AE : ED
=R:S. QE D,

Note. The solution of the subsidiary problem to which the
original problem of Prop. 4 is reduced, and of which Archimedes
promises & discussion, is given in a highly interesting and
important note by Eutocius, who introduces the subject with
the following explanation.

H. A. ’ 5
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The Algebra of Omar Khayyam

tio: -Méhini, See Woepcke, L’Algébre d’Omar Alkhayyimi, p. 3;
A. Sédillot, Sur les instrumenis asironomiques des arabes, pp. 154-162 and
185-101; Heath, Euclid, vol. I, p. 85, and Suter, Die Mathematiker und
Astronomen der Araber, 1900, p. 58.
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e Algebra of Omar khojyom
AMS  press 193/

CHAPTER I
DEFINITIONS

Algebra. By the help of God and with His precious assistance,
I say that Algebra is a scientific art. The objects with which it
deals are absolute numbers and measurable quantities which,
though themselves unknown, are related to “things” which are
known, whereby the determination of the unknown quantities is
possible. Such a thing is either a quantity or a unique relation,
which is only determined by careful examination. What one

searches for in the algebraic art are the relations which lead from

the known to the unknown, to discover which is the object of
Algebra® as stated above. The perfection of this art consists in
knowledge of the scientific method by which one determines numeri-
cal and geometric unknowns.

' Measurable Quantities. By measurable quantities I mean con-
tinuous quantities of which there are four kinds, viz., line, surface,
solid, and time, according to the customary terminology of the
Categories 2 and what is expounded in metaphysics.® Some con-
sider space a subdivision of surface, subordinate to the division of
continuous quantities, but investigation has disproved this claim.
The truth is that space is a surface only under circumstances the
determination of which is outside the scope of the present field of
investigation. It is not customary to include “time” among the
objects of our algebraic studies, but if it were mentioned it would
be quite admissible.

The Unknown. It is a practice among algebraists in connection
with their art to call the unknown which is to be determined a
“thing,” ¢ the product obtained by multiplying it by itself a
“square,” 8 and the product of the square and the “thing” itself
a “cube.” The product of the square multiplied by itself is “the
square of the square,” the product of its cube multiplied by its
square “the cube of the square,” and the product of a cube into
itself “a cube of the cube,” and so on, as far as the succession is
carried out. It is known from Euclid’s book, the Elements,” that all
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48 The Algebra of Omar Khayyam

the steps are in continuous proportion; i.e, that the ratio of one
to the root is as the ratio of the root to the square and as the ratio
of the square to the cube.? Therefore, the ratio of a number to a
root is as the ratio of roots to squares, and squares to cubes, and
cubes to the squares of the squares, and so on after this manner.?

Sources. It should be understood that this treatise cannot be
comprehended except by those who know thoroughly Euclid’s books,
the Elements and the Data, as well as the first two books from
Apollonius’ work on Conics. Whoever lacks knowledge of any
one of these books cannot possibly understand my work, as I have
taken pains to limit myself to these three books oaly.

Algebraic Solutions. Algebraic solutions are accomplished by
the aid of equations; that is to say, by the well-known method of
equating these degrees one with the other. If the algebraist were
to use the square of the square in measuring areas, his result would
be, figurative 2 and not real, because it is impossible to consider the
square of the square as a magnitude of a measurable nature. What
we get in measurable quantities is first one dimension, which is
the “root” or the “side”® in relation to its square; then two
dimensions, which represent the surface and the (algebraic) square
representing the square surface; and finally, three dimensions, which
represent the solid® The cube in quantities is the solid bounded
by six squares, and since there is no other dimension, the square
of the square does not fall under measurable quantities. This is
even more true in the case of higher powers.14 If it is said that
the square of the square is among measurable ‘quantities, this is
said with reference to its reciprocal value in problems of measure-
ment and not because it in itself is measurable. This is an important
distinction to make.

The square of the square is, therefore, neither essentially nor
accidentally a measurable quantity, and is not as even and odd
numbers, which are accidentally included in measurable quantities,
depending on the way in which they represent continuous measur-
able quantities as discontinuous.

What is found in the books of algebra relative to these four
geometric quantities—namely, the absolute numbers, the “sides,”
the squares, and the cubes—are three equations containing numbers,
sides, and squares. We, however, shall present methods by which
one is able to determine the unknown quantities in equations includ-
ing four degrees concerning which we have just said that they are
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the only ones that can be included in the category of measurable
quantities, namely, the number, the thing, the square, and the cube.

The demonstration ** (of solutions) depending on the properties
of the circle—that is to say, as in the two works of Euclid, the
Elements and the Data—is easily effected; but what we can demon-
strate only by the properties of conic sections should be referred
to the first two books on conics.’¢ When, however, the object of the
problem is an absolute number,!" neither we, nor any of those who
are concerned with algebra, have been able to prove this equation—
perhaps others who follow us will be able to fill the gap—except
when it contains only the three first degrees, namely, the number, the
thing, and the square?® For the numerical demonstration given
in cases that could also be proved by Euclid’s book, one should
know that the geometric proof of such procedure does not take
the place of its demonstration by number, if the object of the prob-
lem is a number and not a measurable quantity. Do you not see
how Euclid proved certain theorems relative to proportions of geo-
metric quantities in his fifth book, and then in the seventh book
gave a demonstration of the same theorems for the case when their
object is a_number? ¥°

‘BIBLIOGRAPHICAL AND EXPLANATORY NOTES

I. The author refers here to the algebraic relations existing between the
known and the unknown quantities which the algebraist has to establish.
For other Arabic definitions of algebra see Haji Khalpha, Mohammed ibn
M4si, by Karpinski, p. 67; Mukadamat ibn Khaldan, p. 422 (Egypt).

2. Category of Aristotle, cap. 6; phys. lv, cap. 4 ult. According to Aristotle’s
definitions, point, line, and surface are first principles and must be assumed.
Heath, Euclid, vol. I, pp. 155-156, 158, 150, 165, 170.

3- Here the author is referring to his book on metaphysics. See A. Christen-
sen: Un Traité de Métaphysique d’Omar. Le Monde Oriental, 1908, vol. I,
pp. 1-16. ,

4. The Arabic word shai (literally a “thing”) here means the “unknown.”
Latin translators used the word res.

S. Mal (literally, “substances”) is the word used by the author to indicate
the second power of the unknown. Gherardo of Cremona (c. 1150) used
census, which has the same meaning.

6 22=2" sar=2" Par=3 PP= &, Pl =2

7. Elements of Euclid, Heath, vol. II, P. 390.

8 Eg, Ita=a:a"=2%: 5" .

9. Eg, a:ar=gar:ar’ =as':a¢’ = as*: gz, etc.

10. The literal translation of the Arabic word majiz is “path, way.” The
author means that a quantity raised to the fourth power cannot be repre-

sented geometrically and therefore has no real geometric meaning, while
\
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